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SPECTRAL THEORY OF OPERATOR MEASURES
IN HILBERT SPACE

M. M. MALAMUD AND S. M. MALAMUD

Abstract. In §2 the spaces L2(Σ,H) are described; this is a solution of a problem
posed by M. G. Krĕın.

In §3 unitary dilations are used to illustrate the techniques of operator measures.
In particular, a simple proof of the Năımark dilation theorem is presented, together
with an explicit construction of a resolution of the identity. In §4, the multiplicity
function NΣ is introduced for an arbitrary (nonorthogonal) operator measure in H.
The description of L2(Σ, H) is employed to show that this notion is well defined. As
a supplement to the Năımark dilation theorem, a criterion is found for an orthogonal
measure E to be unitarily equivalent to the minimal (orthogonal) dilation of the
measure Σ.

In §5 it is proved that the set ΩΣ of all principal vectors of an arbitrary operator
measure Σ in H is massive, i.e., it is a dense Gδ-set in H. In particular, it is shown
that the set of principal vectors of a selfadjoint operator is massive in any cyclic
subspace.

In §6, the Hellinger types are introduced for an arbitrary operator measure; it is
proved that subspaces realizing these types exist and form a massive set.

In §7, a model of a symmetric operator in the space L2(Σ, H) is studied.
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§1. Introduction

The theory of orthogonal operator measures (spectral measures) is exhaustively com-
plete; see [1], [6], [17], [27]. The principal objects studied in this paper are operator
measures (not necessarily orthogonal) in a separable Hilbert space H .

Operator measures arise naturally in various questions of the spectral theory of selfad-
joint operators (with spectrum of finite or infinite multiplicity), in integral representations
of operator-valued functions of Herglotz and Nevanlinna classes, in the theory of models
for symmetric operators, etc. In [10], operator measures were employed for estimating
univalent functions.
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Such measures were also used in an essential way in the quantum measurement theory
and quantum statistics; see [32]. For example, from quantum theory it is known [32] that
every Rn-measurement (an affine mapping S 7→ µS(du) of the set of states to the set
of probability measures on Rn) is uniquely determined by a generalized (not necessarily
orthogonal) resolution Σ of the identity in H by the formula

µS(δ) = Tr(S ·Σ(δ)), δ ∈ B(Rn),

in which S is a state (S ∈ S1(H), S ≥ 0, TrS = 1).
We briefly describe the content of the paper.
Every operator measure Σ in H gives rise to a semi-Hilbert space L̃2(Σ, H) (en-

dowed with a seminorm instead of a norm) and to a Hilbert space L2(Σ, H). We re-
mind the reader that L̃2(Σ, H) is defined as follows. Consider the space C00(H) of
H-valued strongly continuous functions with compact support and taking values in finite-
dimensional subspaces of H . Then L̃2(Σ, H) is the completion of C00(H) with respect
to the seminorm

(1.1) ‖f‖2L2(Σ,H) := (f, f)L2(Σ,H) =
∫
R
(dΣ(t)f(t), f(t))H .

The integral in (1.1) is understood as the limit of the Riemann–Stieltjes sums. Fur-
thermore, the Hilbert space L2(Σ, H) is the quotient of L̃2(Σ, H) over the kernel of the
seminorm (1.1):

L2(Σ, H) = L̃2(Σ, H)/{f ∈ L̃2(Σ, H) : ‖f‖L2(Σ,H) = 0}.
The problem of an intrinsic description (in function theory terms) of the spaces

L̃2(Σ, H) and L2(Σ, H) was posed by M. G. Krĕın [22].
In the case where dimH < ∞, this problem was solved by I. S. Kats [20] (see also

[1], [17]). In §2 (see Theorem 2.14) we present a solution of this problem in the case of
infinite dimension.

Both in the proof of Theorem 2.14 and in subsequent constructions, a crucial role is
played by the Berezanskĭı–Gel′fand–Kostyuchenko theorem (BGK-theorem) about the
differentiability of an operator measure; see [2], [3], [13], [12].

We note also that the descriptions of the space L2(Σ, H) for dimH < ∞ and for
dimH = ∞ differ in principle. If dimH < ∞, the space L̃2(Σ, H) identifies with a
certain space of ρ-measurable H-valued functions, but if dimH =∞, this is not so even
in simplest cases. For instance, let 0 < K ∈ S∞, and let Σ(t) = 0 for t ≤ t0, Σ(t) = K
for t > t0. Then L2(Σ, H) = H−, where H is the completion of H with respect to the
negative norm ‖f‖− = ‖Σ1/2

0 f‖.
Moreover (see Proposition 2.2), not all strongly continuous vector-valued functions

with compact support belong to L2(Σ, H) if the variation of Σ is not bounded.
Also in §2, we present a new proof of the Kats theorem; this proof is much simpler

than other known proofs. Next, Theorem 2.14 is applied to the study of the existence of
the Riemann–Stieltjes integral in (1.1).

In §3, from Theorem 2.14 we deduce the well-known Năımark dilation theorem in an
easy way. Specifically, it turns out that the resolution E(t) of the identity for the operator
Q of multiplication by t in L2(Σ, H) is a minimal (orthogonal) dilation of a generalized
resolution Σ(t) of the identity, i.e., Σ(t) = PHE(t)dH . However (see Theorem 3.3), we
give quite an elementary proof of this fact; the argument only involves the definition of
L2(Σ, H) and does not refer to the description of this space in Theorem 2.14.

Next, in §3 we use the Năımark theorem to deduce the Sz.-Nagy–Foiaş theorem [29]
about the existence of a ρ-unitary dilation for an arbitrary operator T belonging to the
class Cρ(H). In the same section, with the help of a result due to T. Kato about U -smooth



SPECTRAL THEORY OF OPERATOR MEASURES IN HILBERT SPACE 325

operators (U is unitary), we prove the known result about the absolute continuity of the
spectrum of the unitary dilation U for simple operators T ∈ Cρ(H).

In §4, starting with an arbitrary orthonormal basis {ei}∞1 in H and an arbitrary scalar
measure ρ equivalent to Σ (ρ ∼ Σ), we introduce the multiplicity function NΣ(t) of the
operator measure Σ. Specifically, putting σij(t) :=

(
Σ(t)ei, ej

)
, we set

NΣ(t) = rank
(
dσij(t)/dρ(t)

)∞
i,j=1

(ρ-a.e.).

The definition itself of the multiplicity function NΣ is quite elementary (and does not
refer to Theorem 2.14); however, the proofs of the fact that NΣ does not depend on the
basis {ei}∞1 and of the fact that the new definition coincides with the classical one in
the case of a spectral measure Σ = E involve Theorem 2.4 and Theorem 3.3 (about the
existence of a unitary dilation) in an essential way.

The multiplicity function plays a crucial role in the subsequent discussion. With the
help of this function, in §4 we introduce the notion of spectral subordination: a measure
Σ1 is said to be subordinate to a measure Σ2 (Σ1 ≺≺ Σ2) if Σ1 is absolutely continuous
with respect to Σ2 and NΣ1(t) ≤ NΣ2(t). Two measures Σ1 and Σ2 are said to be
spectrally equivalent if Σ1 ≺≺ Σ2 and Σ2 ≺≺ Σ1.

This notion allows us to supplement Năımark’s well-known theorem in the following
way: a spectral measure E is isomorphic (unitarily equivalent) to the minimal orthogonal
dilation of a generalized resolution Σ of the identity if and only if E and Σ are spectrally
equivalent. Theorem 4.15 describes a criterion for Σ and E to be spectrally equivalent,
which is expressed in terms of cyclic subspaces of E.

As an application of the function NΣ, in Proposition 4.19 we calculate the multiplicity
function for the ρ-unitary dilation of an operator T ∈ Cρ(H) with r(T ) < 1.

Next, in §5 we study the set

ΩΣ := {f ∈ H : Σ ∼ µf , µf : δ →
(
Σ(δ)f, f

)
, δ ∈ Bb(R)}

of principal vectors for a nonorthogonal measure Σ. Two approaches to this problem will
be proposed. The first approach is new even for the orthogonal measures and allows us
to prove that ΩΣ is dense in H and also to explicitly indicate a part of the set ΩΣ.

The second approach is a development of a well-known method (see [1], [6]) that yields
the nonemptiness of ΩE in the case where the measure E is orthogonal. With the help of
it, in Theorem 5.10 we show that ΩΣ is a dense Gδ-set of second category in H . By the
Năımark theorem, this result implies (among other things) that for every cyclic subspace
L (⊂ H) of an orthogonal measure E in H (L ∈ CycE) the set ΩE ∩ L is dense in L
and of type Gδ and, consequently, of second category. Apparently, this is new even for
L = H .

In the same §5 we characterize the subspaces L ⊂ H for which ΩΣ ∩ L 6= ∅. It turns
out that either ΩΣ ∩ L = ∅, or “almost all” vectors in L (in the measure-theoretic and
in the Baire category sense) are principal.

In §6 we develop the theory of Hellinger types for a nonorthogonal measure Σ. It is
the multiplicity function NΣ that will allow us to introduce the Hellinger types Γi(Σ)
precisely as in the case of an orthogonal measure (cf. [6]):

(1.2) Γi(Σ) = {t ∈ R : NΣ(t) ≥ i}, i ∈ {1, . . . ,m(Σ)}.

Next, if ρ is a scalar measure equivalent to Σ, ρ ∼ Σ, then the ith Hellinger type is
defined to be the type [χidρ] of the measure χidρ, where χi is the indicator of the set
Γi(Σ).

In view of this definition, the nonemptiness of the set ΩΣ means that the 1st Hellinger
type is realized by principal vectors in H . At the same time, simple examples show
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that, generally speaking, “junior” Hellinger types of a nonorthogonal measure Σ are not
realized by vectors in H .

However, it turns out that the kth type can be realized by k-vectors, i.e., by elements
of the kth exterior power ∧k(H) of H , or by k-dimensional subspaces of H . Motivated
by the desire to realize the “junior” Hellinger types, we introduce the notion of Hellinger
subspaces.

Specifically, a subspace L = Lk with dimLk = k is called the kth Hellinger subspace
of an operator measure Σ in H (in symbols: Lk ∈ Helk(Σ)) if Γi(PLΣdL) = Γi(Σ) for all
i ≤ k (PL is the orthogonal projection onto L). In Theorems 6.7 and 6.12 we show that
for each vector h ∈ ΩΣ there exists a Hellinger chain

(1.3) {λh} =: H1 ⊂ H2 ⊂ · · · ⊂ Hk ⊂ · · · ⊂ Hm ⊂ H, Hk ∈ Helk(Σ),

if m is finite, and an infinite chain of such subspaces if m =∞.
Let H1 ⊂ · · · ⊂ Hm be a chain of subspaces of the form (1.3), and let {ei}m1 be an

orthonormal basis in Hm such that Hk = span{ei}k1 , k ∈ {1, . . . ,m}. We put σij(t) :=
(Σ(t)ei, ej), ψij(t) := dσij(t)/dρ, and Ψk(t) := (ψij(t))ki,j=1. Then the chain H1 ⊂ · · ·
⊂ Hm is Hellinger if and only if

(1.4) Γk(Σ) = {t ∈ R : det Ψk(t) 6= 0} (mod Σ), k ∈ {1, . . . ,m}.
Thus, Theorems 6.7 and 6.12 mean that there exists an orthonormal system {ei}m1 in
H such that the kth Hellinger type is realized by the measure (∧kΨ(t)ϕk, ϕk)dµ, where
∧kΨ(t) is the kth exterior power of the operator Ψ(t) := dΣT /dµ, and ϕk := e1 ∧· · · ∧ek
is a k-vector, ϕk ∈ ∧k(H). Theorem 6.7 implies the following statement (compare with
Theorem 6.10).

Corollary 1.1. Suppose that A is a selfadjoint operator in H , E(t) is the resolution
of the identity corresponding to A, L ∈ Cyc(A), and h ∈ ΩE ∩ L. Then L contains a
Hellinger chain of subspaces of the form (1.3) if m is finite, and an infinite Hellinger
chain if m =∞.

If the multiplicity m = m(E) of the measure E is finite, then Hm ∈ CycA.

If vectors {ei}mi=1 are pairwise spectrally orthogonal relative to the measure E and
Hk := span{ei}k1 , then the chain H1 ⊂ · · · ⊂ Hm of subspaces is Hellinger if and only if
ei realizes the ith Hellinger type: Γ(ei) = Γi(E), i ≤ m. Corollary 1.1 shows that the
Hellinger types of the operator A (and consequently, a complete sequence of its unitary
invariants) can be recovered by an arbitrary cyclic subspace L ∈ Cyc(A). It should be
noted that, though L may fail to possess a spectrally orthogonal sequence of vectors that
realize the Hellinger types, these types are realized by some subspaces Hk ⊂ L or by
k-vectors ϕk = e1 ∧ · · · ∧ ek ∈ ∧k(L) (see Corollary 1.1).

All results of §§5–6 are new also in the case where dimH <∞.
Finally, in §7 we construct a model of a symmetric operator in the space L2(Σ, H).

The description of L2(Σ, H) in Theorem 2.14 allows us to give a consistent proof of
Proposition 5.2 in [18]. In this connection, we mention the recent paper [15], in which a
different model of a symmetric operator was studied with the aid of Herglotz functions.

The main results of the paper were announced in [23].
We are grateful to Yu. M. Berezanskĭı, M. Sh. Birman, and L. L. Oridoroga for useful

discussions of the results of the paper. We are particularly thankful to V. I. Vasyunin for
careful reading of the first version of the paper, which has led to elimination of several
inaccuracies.

Notation. • H is a separable Hilbert space;
• B(H) is the algebra of bounded linear operators in H ;
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• Sp are the Schatten–von Neumann ideals in H (in particular, S2 is the ideal of
Hilbert–Schmidt operators);
• LatT is the lattice of invariant subspaces of an operator T ∈ B(H);
• D(T ) denotes the domain of T ;
• R(T ) is the range of a closed operator T ;
• σ(T ) and ρ(T ) stand for the spectrum and the resolvent set of T ;
• r(T ) is the spectral radius of T ;
• Hac(A) and Hs(A) are the absolutely continuous and the singular subspace of a

selfadjoint (unitary) operator A in H ;
• B(X) is the Borel σ-algebra generated by the open subsets of a topological space X ;
• C is the field of complex numbers;
• D = {z ∈ C : |z| < 1}; T = {z : |z| = 1}.

§2. Functional description of the space L2(Σ, H)

2.1. Operator measures. Let H be a separable Hilbert space, and let {ek} be an
orthonormal basis in H . We denote by B(R) the Borel σ-algebra of the line R and by
Bb(R) the algebra of bounded sets in B(R).

Definition 2.1. a) A mapping Σ : Bb(R)→ B(H) is called an operator measure in H if
it satisfies the following conditions:

i) Σ(∅) = 0; ii) Σ(δ) ≥ 0 for δ ∈ Bb(R); iii) the function Σ is strongly countably
additive, i.e., if δ =

⋃∞
j=1 δj is a disjoint decomposition of a set δ ∈ Bb(R) into the union

of sets δj , then Σ(δ) = s-
∑∞

j=1 Σ(δj);
b) an operator measure Σ is said to be bounded if it is defined on the σ-algebra B(R)

or, which is the same, Σ(R) ∈ B(H);
c) an operator measure Σ =: E : B(R)→ B(H) is said to be spectral or orthogonal if

it is projection-valued (E(δ) = E(δ)2 for δ ∈ B(R)) and E(R) = I.

We observe that the strong convergence of the series Σ(δ) = s-
∑∞
j=1 Σ(δj) in Definition

2.1 is equivalent to weak convergence. Indeed, since the operators Tn :=
∑n

j=1 Σ(δj) =
Σ(
⋃n

1 δj) form a monotone increasing upper bounded sequence (we have Tn ≤ Σ(δ)), the
weak convergence of it implies strong convergence (see [1], [6]).

Every operator measure Σ in H generates a monotone nondecreasing and strongly left
continuous operator-valued function, called the distribution function:

(2.1) Σ(t) :=


Σ([0, t)), t > 0,
0, t = 0,
−Σ([t, 0)), t < 0.

If Σ is bounded, then it is often more convenient to define Σ(t) in a different way,
namely, Σ(t) := Σ((−∞, t)). We show that, conversely, an arbitrary monotone nonde-
creasing strongly left continuous operator-valued function Σ(t) generates a measure Σ.
Indeed, fixing k ∈ N, we introduce an operator measure Σ on the semiring of intervals
{[a, b) ⊂ [−n, n]} by putting Σ([a, b)) = Σ(b) − Σ(a), and extend it to the algebra R

generated by this semiring. On R, we consider the finite measures µf := µf,f (δ) :=
(Σ(δ)f, f) ≥ 0, f ∈ H , and ρ : R 3 δ 7→

∑∞
k=1 2−k

(
Σ(δ)ek, ek

)
and take their Lebesgue

extensions to the entire Borel σ-algebra B([−n, n]) generated by R. Clearly, these ex-
tensions are compatible for different n, so that, in fact, we obtain σ-finite measures on
B(R).

By the polarization formula, on the interval [−k, k] the complex measure µf,g(δ) :=
(Σ(δ)f, g) is expressed as a linear combination of four measures of the form µf,f ; therefore,
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it extends to a complex measure on the algebra Bb([−n, n]). We show that, for fixed
δ ∈ Bb(R), the mapping µ(δ) : H ⊕H 3 {f, g} 7→ µf,g(δ) ∈ C is bilinear.

For every δ ∈ Bb(R), there exists a sequence {δn}, δn ∈ R, such that ρ(δn∆δ)→ 0 as
n→∞. Then µλ1f1+λ2f2,g(δn)→ µλ1f1+λ2f2,g(δ) as n→∞ for all f1, f2, g ∈ H .

On the other hand,

µλ1f1+λ2f2,g(δn) = λ1

(
Σ(δn)f1, g

)
+ λ2

(
Σ(δn)f2, g

)
→ λ1µf1,g(δ) + λ2µf2,g(δ),

and we have proved that the mapping µ(δ) is bilinear.
Next, if δ ∈ Bb(R), then δ ⊂ [−n, n) for some n, and by the Cauchy inequality we have

|µf,g(δ)|2 ≤ µf,f (δ)µg,g(δ) ≤ (Σnf, f)(Σng, g) ≤ c(n)‖f‖2‖g‖2, where Σn := Σ([−n, n)).
Therefore, the form µf,g(δ) admits a representation µf,g(δ) =

(
Σ(δ)f, g

)
with some

Σ(δ) ∈ B(H). Since µf,g(δ) = µg,f (δ), we have Σ(δ) = Σ(δ)∗ ≥ 0.
This is the required extension.

Definition 2.2. a) An operator measure Σ1 is said to be absolutely continuous with
respect to an operator measure Σ2 (in symbols: Σ1 ≺ Σ2) if Σ1(δ) = 0 whenever Σ2(δ) =
0 for δ ∈ B(R).

b) Two operator measures Σi in H (i = 1, 2) are said to be equivalent (Σ1 ∼ Σ2) if
Σ1 ≺ Σ2 and Σ2 ≺ Σ1.

2.2. The space L2(Σ, H). We recall the definition of the space L2(Σ, H) as it was given
in the book [3]. Let C00(H) be the set of strongly continuous functions f with values
in a finite-dimensional subspace of H depending on f . On the set C00(H), consider the
semiscalar product

(2.2) (f, g)L2(Σ,H) =
∫
R
(dΣ(t)f(t), g(t))H = lim

d(πn)→0

n∑
k=1

(Σ(∆k)f(ξk), g(ξk)),

where, as usual, πn = {a = t0 < t1 < · · · < tn = b} is a partition of a segment
[a, b]; this segment is chosen so as to include the supports of f and g. Next, Σ(∆k) :=
Σ(tk)−Σ(tk−1), ξk ∈ [tk−1, tk], and d(πn) is the diameter of the partition πn. The limit
in (2.2) is understood in the same sense as in the definition of the Riemann–Stieltjes
integral, i.e., the particular choice of πn with a given diameter and of ξk ∈ [tk−1, tk] is
irrelevant.

The completion of C00(H) with respect to the seminorm p(f) := (f, f)1/2
L2(Σ,H) is a

semi-Hilbert space L̃2(Σ, H) (i.e., a complete space with a seminorm in place of a norm).
The quotient of L̃2(Σ, H) over the kernel kerp := {f ∈ L̃2(Σ, H) : p(f) = 0} of the
seminorm is the Hilbert space L2(Σ, H).

Definition 2.3. a) A vector-valued function f : R → H is said to have a 1st order
discontinuity at a point t0 if the strong limits

f(t0 ± 0) := s-lim
ε↓0

f(t0 ± ε)

exist and f(t0 + 0) 6= f(t0 − 0).
b) A vector-valued function f is said to be piecewise continuous if it has at most

finitely many 1st order discontinuities and is strongly continuous at the other points.

Definition 2.4. An operator measure Σ in H is said to be of locally bounded variation
in the norm ‖ · ‖ (Σ ∈ BVloc(R)) if for every δ ∈ Bb(R) we have

(2.3) Varδ(Σ) := sup
{∑

i

‖Σ(δi)‖ : δ =
n⋃
1

δi, δi ∩ δj = ∅, δi ∈ Bb(R)
}
<∞,

where the supremum is taken over all disjoint Borel partitions of δ.
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Clearly, Σ ∈ BVloc(R) if Σ has locally finite trace: Varδ(Σ) ≤ Tr Σ(δ).

The following lemma is quite elementary and its proof is omitted.

Lemma 2.5. Let f and g be piecewise continuous H-valued functions with compact
support, and let {t′k}

n1
1 and {t′′k}

n2
1 be their respective points of discontinuity. If the

distribution function Σ is continuous at the points {t′′k}
n1
1 and {t′′k}

n2
1 and is of norm-

bounded variation, then
i) the Riemann–Stieltjes integral (2.2) exists;
ii) f, g ∈ L2(Σ, H);
iii) we have

(2.4) (f, g)L2(Σ,H) =
∫
R
(dΣ(t)f(t), g(t)).

Corollary 2.6. Suppose that all assumptions of Lemma 2.5 but the last are fulfilled, i.e.,
the measure Σ is not necessarily of bounded variation. If f and g take their values in a
finite-dimensional subspace L (⊂ H), then the conclusions of Lemma 2.5 are true.

The next statement shows that the boundedness of the variation of Σ is essential in
Lemma 2.5.

Proposition 2.7. Let tk ∈ (a, b) for k ∈ N, and let limk→∞ tk =: t0. Suppose that Σ is
the discrete measure of bounded variation with jumps Ak > 0 at the points tk, i.e.,

(2.5) Σ(t) = s-
∑
tk<t

Ak,
∑
k

‖Ak‖ =∞.

Then there exist strongly continuous vector-valued functions f : [a, b]→ H such that the
Riemann–Stieltjes integral (2.2)) diverges for g = f .

Proof. There is no loss of generality in assuming that t0 = a and tk ↓ a. Indeed, the case
of t0 = b is treated similarly, and the case of t0 ∈ (a, b) reduces to one of the preceding
cases because the integral (2.2) is finitely additive if it exists on [a, b].

We fix an arbitrary summable numerical sequence ak, 0 ≤ ak < ‖Ak‖, and choose
gk ∈ H in such a way that ‖gk‖ = 1 and (Akgk, gk) ≥ ‖Ak‖ − ak. Next, we put

(2.6) fk := s
−1/2
k gk with sk :=

k∑
j=1

(‖Aj‖ − aj), k ∈ N.

Now, we define a piecewise-linear function f(t) by setting f(a) = f(b) = 0, f(tk) = fk
for k ∈ N, and by making it linear on the segments [tk+1, tk], k ∈ N, and on [t1, b]. Since
limk→∞ f(tk) = limk→∞ fk = 0 = f(a), the function f is continuous on [a, b].

Consider a partition πn = {a < tn < tn−1 < · · · < t1 < b}. Taking ξk = tk, we form
the integral sum corresponding to πn:

(2.7)
n∑
k=1

(
∆Σkf(ξk), f(ξk)

)
=

n∑
k=1

(Akfk, fk) =
n∑
k=1

s−1
k (Akgk, gk) ≥

n∑
k=1

s−1
k (‖Ak‖−ak).

From the second identity in (2.5) and the definition (2.6) of the sequence sk, we deduce
that these integral sums are unbounded as n→∞.

Thus, the Riemann–Stieltjes integral (2.2) with f = g does not exist and ‖f‖2L2(Σ,H) =∑
k∈N(Akf(tk), f(tk)) =

∑
k∈N s

−1
k (Akgk, gk) =∞. �

In conclusion, we give an explicit example of a measure Σ and a continuous function
f not belonging to L2(Σ, H).
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Example 2.8. Let {ek}∞1 be an orthonormal basis in H , let Pk = (·, ek)ek be the
orthogonal projection to ek, and let Σ(t) :=

∑
1/k<t Pk be the orthogonal resolution of

the identity with jumps Pk at the points 1/k, k ∈ N. It is easily seen that Var[0,1](Σ) =∑
k∈N ‖Pk‖ =∞. We define a vector-valued function f : [0, 1]→ H by putting

f(t) =
(
ek√
k

(
t− 1

k + 1

)
+

ek+1√
k + 1

(
1
k
− t
))

k(k + 1), t ∈ [1/(k + 1), 1/k].

Then f(1/k) = ek√
k
, and f is strongly continuous on [0, 1].

Consider the partition πn = {0 < n−1 < (n − 1)−1 < · · · < 1} of [0, 1]. Taking
ξk = 1/k, we calculate the corresponding integral sum related to πn:

n∑
k=1

(
∆Σkf(ξk), f(ξk)

)
=

n∑
k=1

(
Pkf(ξk), f(ξk)

)
=

n∑
k=1

1
k

(Pkek, ek) =
n∑
k=1

1
k
∼ lnn.

Since the integral sums are unbounded as n→∞, the Riemann–Stieltjes integral (2.2)
does not exist, and ‖f‖2L2(Σ,H) =

∑
k∈N(Pkf(1/k), f(1/k)) =

∑
k∈N 1/k =∞.

At the 11th Summer Meeting in Mathematical Analysis in St. Petersburg (August,
2002) V. I. Vasyunin and N. K. Nikol′skĭı informed us that they also knew examples of
continuous functions f : [a, b]→ R not belonging to L2(Σ, H); see [10].

2.3. Direct integral of Hilbert spaces. Following the pattern of [6], we recall some
notions related to the definition of the direct integral and required in the sequel. Con-
cerning the properties of the direct integral and its applications, we refer the reader to
[6], [12], [28], [27].

Definition 2.9 (see [6]). a) Let {Y,A, µ} be a separable space with σ-finite measure.
Suppose that for µ-a.e. y ∈ Y some Hilbert space G(y) is given in such a way that the
dimension function N(y) = dimG(y) is µ-measurable. An at most countable set Ω0 of
vector-valued functions g with g(y) ∈ G(y) is called a measurable base if it satisfies the
following conditions:

(2.8)
span{g(y) : g ∈ Ω0} = G(y) for µ-a.e. y ∈ Y ;

(g1(y), g2(y))G(y) is a µ-measurable function for every g1, g2 ∈ Ω0.

b) If a measurable base Ω0 is fixed, then a vector-valued function h with h(y) ∈ G(y)
is said to be measurable (with respect to Ω0) if for every g ∈ Ω0 the scalar function
y 7→ (h(y), g(y))G(y) is µ-measurable. The set of all such vector-valued functions h(y)
is denoted by Ω̂0. Clearly, Ω = Ω̂0 is a linear space, and Ω ⊃ Ω0. The family G(y) of
Hilbert spaces together with the measurable structure Ω is called a measurable Hilbert
family and is denoted by (G(·),Ω).

c) A measurable base Ω1 = {ei(y)}∞1 is said to be orthogonal if the vectors {ei(y)}N(y)
1

form an orthonormal basis in G(y) for µ-a.e. y ∈ Y and ej(y) = 0 for j ≥ N(y).

It is known (see [6]) that for every measurable base Ω0 there exists an orthogonal
measurable base Ω1 such that Ω1 ⊂ Ω and Ω̂1 = Ω, and that the function (f(y), g(y))G(y)

is µ-measurable for f, g ∈ Ω.

Definition 2.10. Let (G(y),Ω) be a measurable Hilbert family on a separable space
(Y,A, µ) with σ-finite measure. On the set H̃ of vector-valued functions h(y) ∈ Ω for
which ‖h‖2 :=

∫
Y
‖h(y)‖2G(y) dµ(y) <∞, we introduce the semiscalar product

(2.9) (h1(y), h2(y)) =
∫
Y

(h1(y), h2(y))G(y) dµ(y).
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The space obtained from H̃ after factorization by the kernel of the seminorm is called
the direct integral of Hilbert spaces and is denoted by H =

∫
Y
⊕ΩG(y) dµ(y).

The space H is complete (see [6]), and so it is a Hilbert space. It is customary not to
specify the measurable structure explicitly and not to reflect the dependence on Ω in the
notation. Therefore, we shall write H =

∫
Y
⊕G(y) dµ(y).

2.4. The Kats theorem. The problem of an intrinsic functional description of L2(Σ, H)
was posed by M. G. Krĕın [22] and, in the case where dimH = n <∞, was solved com-
pletely by Kats [20] (see also [1] and [17]). Here we present a simple proof of that result.

Let Σ = (σij)ni,j=1 be a matrix measure with values in Cn×n, and let σ =
∑
σii.

Since the measure Σ is absolutely continuous with respect to σ, by the Radon–Nikodym
theorem there exists a σ-measurable matrix density Ψ = (ψij)ni,j=1 satisfying

(2.10) Σ(∆) =
∫

∆

Ψ(t) dσ(t), Ψ(t) := (ψij)ni,j=1 = (dσij/dσ)ni,j=1.

Let L̃2
0(Σ,Cn) be the set of σ-measurable vector-valued functions f : R → Cn such

that

(2.11) ‖f‖2
L̃2

0(Σ,Cn)
:=
∫
R
(Ψ(t)f(t), f(t)) dσ(t) <∞.

Theorem 2.11 (see [20]). The spaces L̃2(Σ,Cn) and L2(Σ,Cn) are identified isomet-
rically with the spaces L̃2

0(Σ,Cn) and L2
0(Σ,Cn) := L̃2

0(Σ,Cn)/N0, respectively, where
N0 = {f ∈ L̃2

0(Σ,Cn) : ‖f‖L̃2
0(Σ,Cn) = 0} is the kernel of the seminorm. Therefore, a

vector-valued function f belongs to L̃2(Σ,Cn) if and only if f is σ-measurable and the
norm (2.11) is finite.

Proof. Let G̃(t) be the n-dimensional Euclidean space with the semiscalar product 〈f, g〉
:= (Ψ(t)f, g). Putting N0(t) := {f ∈ G̃(t) : (Ψ(t)f, f) = 0} and G(t) := G̃(t)/N0(t), we
obtain a k-dimensional Euclidean space, where k = rank Ψ(t) ≤ n. Comparing (2.11)
and (2.9), we arrive at the relations

(2.12) L̃2
0(Σ,Cn) =

∫
R
⊕G̃(t) dσ(t) =: H̃, L2

0(Σ,Cn) =
∫
R
⊕G(t) dσ(t) =: H.

By (2.12), the completeness of L̃2
0(Σ,Cn) and L2

0(Σ,Cn) follows from that of H̃ and
H.

Let f = Σχ∆k
hk be a vector-valued step function, where ∆k = [ak, ak+1), hk ∈ Cn,

and Σ is continuous at the points {ak}. Then by (2.10) and Lemma 2.5 the seminorms
(2.2) and (2.11) coincide for such functions f and, consequently, for f ∈ C00(Cn) (by ap-
proximation). Since C00(Cn) is dense in L̃2(Σ,Cn), the spaces L̃2(Σ,Cn) and L̃2

0(Σ,Cn)
coincide isometrically. �

Remark 2.1. The relationship between direct integrals and the spaces L̃2(Σ,Cn) and
L2(Σ,Cn) (i.e., formulas (2.12)) was not mentioned in [20].

2.5. Theorem on the differentiability of an operator measure. In the next
subsection we shall give a similar description of the spaces L̃2(Σ, H) and L2(Σ, H) in the
case of dimH = ∞. For this, we need the following theorem due to Berezanskĭı [2] and
Gel′fand and A. G. Kostyuchenko [13]; see also [3] and [12] (the BGK-theorem).

Theorem 2.12. Let Σ be an operator measure in H , let ρ be a scalar measure, and let
Σ ≺ ρ. Suppose that K ∈ S2(H), kerK = kerK∗ = {0}, and let T := K−1. Then:
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i) there exists a weakly ρ-measurable nonnegative operator-valued function (an opera-
tor-valued density) Ψ(t) := ΨK(t) ≥ 0 with values in S1(H) and such that

(2.13) (Σ(δ)f, g) =
∫
δ

(Ψ(t)Tf, T g) dρ(t), f, g ∈ D(T ), δ ∈ Bb(R);

ii) the density Ψ(t) is the weak ρ-a.e. limit in H of the sequence K∗Σ(∆n)K/ρ(∆n)
of operators, where ∆n is a sequence of intervals shrinking to t, i.e., in the weak sense,
we have

(2.14) w-lim
n→∞

K∗Σ(∆n)K
ρ(∆n)

=:
dK∗ΣK
dρ

(t) =: Ψ(t) ρ-a.e.

Remark 2.2. Since for δ ∈ Bb(R) the operatorK∗Σ(δ)K is of trace class, we can introduce
a scalar σ-finite measure ρ ∼ Σ by setting

(2.15) ρ(δ) = Tr(K∗Σ(δ)K), δ ∈ Bb(R).

In the sequel we assume that Ψ(t) exists everywhere, putting (if necessary) Ψ(t) = 0
at the points t where the derivative does not exist.

Birman and Èntina [7] supplemented Theorem 2.12 for the case of a spectral measure
Σ = E by proving that the derivative in (2.14) exists in S1. Their proof extends easily
to the case of nonorthogonal measures Σ. Specifically, we have the following statement.

Proposition 2.13 (see [7]). Under the assumptions of Theorem 2.12, the derivative Ψ(t)
exists in S1.

Proof. Clearly, K admits a factorization K = K1K2 with K1 ∈ S2 and K2 ∈ S∞. Then
by Theorem 2.12 the derivative of the operator-valued function K∗1 ΣK1 exists in the
weak sense. Since K2 ∈ S∞, by [7, Lemma 2.1] the derivative also exists in the norm of
S1. �
2.6. Description of the space L2(Σ, H). Passing to the description of the space
L2(Σ, H) in the case where dimH = ∞, we mention a fundamental difference from the
case of dimH <∞. Namely, if H is infinite-dimensional, even in the simplest situations
the space L2(Σ, H) contains functions some values of which do not belong to H .

Indeed, let {ti}ni=1 be a collection of points in R, let Σi be nonnegative compact
operators in H , and let Σ(t) :=

∑
ti<t

Σi be a jump operator-valued function. Then

‖f‖2L2(Σ,H) =
n∑
i=1

(Σif(ti), f(ti)) =
n∑
i=1

‖Σ1/2
i f(ti)‖2.

Therefore, L2(Σ, H) =
⊕n

1 H
i
−, where Hi

− is the completion of H in the “negative” norm
‖f‖i,− = ‖Σ1/2

i f‖ (about spaces with negative norm see, e.g., [3]).
Denote by H̃t the semi-Hilbert space obtained by completing the space D(T ) = R(K)

with respect to the semiscalar product defined by the formula

(2.16) (f, g)
H̃t

:= (ΨK(t)Tf, T g)H = (ΨK(t)1/2Tf,ΨK(t)1/2Tg)H , f, g ∈ D(T ).

Factorization of H̃t by the kernel of the seminorm yields a Hilbert space H̃t. The next
theorem is the main result of this section.

Theorem 2.14. Let Σ be an operator measure in H , let ρ be a scalar measure, and let
Σ ≺ ρ. Then for every K ∈ S2(H) with kerK = kerK∗ = {0} the spaces L̃2(Σ, H)
and L2(Σ, H) coincide, respectively, with the direct integrals of H̃t and Ht against the
measure ρ:

(2.17) L̃2(Σ, H) =
∫
R
⊕H̃t dρ(t) =: H̃, L2(Σ, H) =

∫
R
⊕Ht dρ(t) =: H.
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Moreover, for f and g with values in H̃+ := R(K) (such functions form a dense subset
of L̃2(Σ, H)) we have

(2.18) (f, g)L2(Σ,H) =
∫
R
(ΨK(t)1/2K−1f(t),ΨK(t)1/2K−1g(t))H dρ(t).

Furthermore, the expansions (2.17) do not depend on the choice of a measure ρ (∼ Σ)
and an operator K ∈ S2(H). In particular, H̃t ⊃ H for ρ-a.e. t ∈ R.

Proof. It suffices to verify the first identity in (2.17).
i) Let {ei}∞1 be an orthonormal basis in H , and let gi := Kei. We show that the

system {gi}∞1 is complete in H̃t. Let T := K−1, and let f ∈ D(T ) = R(K). Then for
every ε > 0 there exist n ∈ N and αi ∈ C, 1 ≤ i ≤ n, such that

‖Tf − (α1e1 + · · ·+ αnen)‖ ≤ ε.
Consequently,∥∥∥(f −∑

i

αigi

)∥∥∥2

H̃t
=
(

Ψ(t)T
(
f −

∑
i

αigi

)
, T
(
f −

∑
i

αigi

))
≤ ‖Ψ(t)‖ ·

∥∥∥T(f −∑
i

αigi

)∥∥∥2

= ‖Ψ(t)‖ ·
∥∥∥Tf −∑

i

αiei

∥∥∥2

(2.19)

≤ ‖Ψ(t)‖ε2.

Therefore, the system {gi}∞1 of constant vector-valued functions constitutes a measurable
base for the space H̃ =

∫
R⊕H̃t dρ(t). We put

(2.20) Intc := {∆ = [α, β) : α, β ∈ R and the function Σ(t) is continuous at α and β}.
Since the set of discontinuity points for Σ(t) is at most countable, the minimal σ-algebra
generated by Intc coincides with B(R). Using this, we prove in an elementary way
(compare with the proof of Lemma 7.1.5 in [6]) that the set

(2.21) S′Σ := {hj,∆ := χ∆(t)gj : ∆ ∈ Intc , j ∈ N}
of vector-valued functions is dense in H.

ii) We show that the vector-valued functions χδ(t)g belong to the space L̃2(Σ, H) for
every δ ∈ Bb(R) and every g ∈ H .

Indeed, let C̃0(R) be the set of continuous scalar functions on R with compact support,
let ϕ ∈ C̃0(R), and let g ∈ H . By the definition of L̃2(Σ, H), the vector-valued function
ϕ(t)g belongs to L̃2(Σ, H) and

(2.22) ‖ϕ(t)g‖2L2(Σ,H) =
∫
R
|ϕ(t)|2 d(Σ(t)g, g).

We put Σg(t) := (Σ(t)g, g). By (2.22), the operator

(2.23) j̃g : C̃0(R)→ L̃2(Σ, H), j̃gψ(t) = ψ(t)g

(defined initially on D(j̃g) := C̃0(R)) is an isometry. Since the set C̃0(R) is dense in
L̃2(Σg) := L̃2(Σg,R), the mapping j̃g extends by continuity to an isometric embedding
jg : L̃2(Σg) → L̃2(Σ, H) (this embedding acts in accordance with the same formula
(2.23)). Therefore, χδ(t)g ∈ L̃2(Σ, H) for all g ∈ H and all δ ∈ Bb(R).

iii) At this stage we prove that the set of step functions

(2.24) SΣ :=
{
f =

n∑
j=1

χ∆jfj : fj ∈ H,∆j ∈ Intc,∆i ∩∆j = ∅ for i 6= j, n ∈ Z+

}
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is dense in L̃2(Σ, H). It suffices to show that SΣ is dense in C00(H).
Suppose f ∈ C00(H) and supp f ⊂ [a, b]. Since f is strongly continuous, for every

ε > 0 there exists ε1 > 0 such that ‖f(t) − f(s)‖ < ε as soon as |t − s| < ε1. Let π =
{a = t0 < t1 < · · · < tn = b} be a partition of [a, b] such that |tj − tj−1| < ε1 and ∆j =
[tj , tj−1) ∈ Intc. By Corollary 2.6, the vector-valued function fε(t) :=

∑n
j=1 χ∆j(t)f(tj)

belongs to L̃2(Σ, H), and we have

(2.25)

‖f(t)− fε(t)‖2L2(Σ,H) =
∫
R
(dΣ(t)(f(t) − fε(t)), f(t)− fε(t))

=
n∑
j=1

∫ tj

tj−1

(dΣ(t)(f(t) − f(tj)), f(t)− f(tj)).

We estimate the norm of each summand in (2.25). Since f belongs to C00(H), this
function takes values in some finite-dimensional subspace Hf ⊂ H .

Let P := PHf be the orthogonal projection of H onto Hf , and let Σf := PΣdHf .
Next, let πjm = {tj = tj0 < tj1 < · · · < tjm = tj+1} be a partition of [tj , tj+1], and let
∆jk := [tj(k−1), tjk) ∈ Intc. Then∫

∆j

(dΣ(t)(f − f(tj)), f − f(tj))

=
∫

∆j

(dΣf (t)(f − f(tj)), f − f(tj))

= lim
d(πmj)→0

m∑
k=1

(Σf (∆jk)(f − f(tj)), f − f(tj))(2.26)

≤ lim
d(πmj)→0

m∑
k=1

‖Σf (∆jk)‖ · ‖f − f(tj)‖2H ≤ lim
d(πmj)→0

m∑
k=1

Tr Σf (∆jk) · ε2

≤ ε2 ·Tr Σf (∆j).

Combining this estimate with (2.25), we arrive at the inequality

‖f(t)− fε(t)‖2L2(Σ,H) ≤
n∑
j=1

Tr Σf (∆j)ε2 = Tr Σf ([a, b])ε2,

which proves that the family SΣ defined in (2.24) is dense in L̃2(Σ, H).
iv) Now, we show that the spaces L̃2(Σ, H) and H̃ coincide isometrically. Let ∆i =

[αi, βi) ∈ Intc (i = 1, 2), let a = minαi, b = max βi, and let hk,∆i := χ∆igk, where
gk = Kek (i = 1, 2).

If πn = {a = t
(n)
0 < t

(n)
1 < · · · < t

(n)
n = b} is a sequence of partitions of [a, b] and

∆kn := [t(n)
k−1, t

(n)
k ), by Lemma 5 and formulas (2.4) and (2.13) we obtain

(2.27)

(hi,∆1 , hj,∆2)L̃2(Σ,H)

= lim
d(πn)→0

n∑
k=1

(Σ(∆kn)χ∆1(tk)gi, χ∆2(tk)gj) = (Σ(∆1 ∩∆2)gi, gj)

=
∫

∆1∩∆2

(Ψ(t)Tgi, T gj)H dρ(t) =
∫
R
(χ∆1(t)Ψ(t)Tgi, χ∆2(t)Tgj)H dρ(t)

=
∫
R
(χ∆1(t)gi, χ∆2(t)gj)Ht dρ(t) = (hi,∆1 , hj,∆2)

H̃
.
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By linearity, (2.27) extends to the vector-valued functions f (∈ SΣ) of the form (2.24)
with fj =

∑nj
i=1 αijgi, αij ∈ C. Next, since kerK∗ = {0}, the system {gi}∞1 is complete

in H . Thus, each vector f ∈ H can be approximated by finite linear combinations of the
vectors {gi}∞1 and, consequently, the system S′Σ of the form (2.21) is dense in L̃2(Σ, H).
Now, by continuity, (2.27) implies that the semi-Hilbert spaces H̃ and L̃2(Σ, H) coincide
isometrically.

v) We prove the uniqueness of the expansion (2.17). Let K1 ∈ S2 with kerK1 =
kerK∗1 = {0}, let ρ1 (∼ Σ) be a scalar measure, and let Ψ1 := ΨK1 be the density of
the form (2.14) constructed by K1 and ρ1. Starting with Ψ1, we define the subspaces
H̃1
t and H1

t of the form (2.16). By the statements already proved, along with (2.17) we
have the expansion L2(Σ, H) =

∫
R⊕H

1
t dρ1(t) =: H1. Since H = H1

(
= L2(Σ, H)

)
and

ρ ∼ ρ1, by Theorem 7.2.2 in [6] the identity mapping IH of the space H expands in a
“direct integral” of the mappings p(t)v(t) : Ht → H1

t , i.e., (IHh)(t) = p(t)v(t)h(t), where
p =

√
dρ/dρ1, and v(t) is a measurable operator-valued function that maps Ht onto H1

t

unitarily. It follows that v(t) = p(t)−1IHt and H1
t = Ht for ρ-a.e. t ∈ R.

Now it is clear that H̃t ⊃ H because for every h ∈ H there exists an operator
K = K∗ ∈ S2 (kerK = {0}) such that h ∈ D(K−1). �

Remark 2.3. If Σ = E is a resolution of the identity in H and f = E(δ)h, where
h ∈ H+ := D(T ) and δ ∈ Bb(R), then (2.18) takes the form

(E(δ)h, h)
(

= ‖f(t)‖2L2(E,H)

)
=
∫
δ

‖ΨK(t)1/2Th‖2H dρ(t).

This is equivalent to the BGK-theorem for E (in the form of a direct integral; see [4]).

2.7. An application of Theorem 2.14. The following analog of the BGK-theorem is
true; see [3].

Proposition 2.15. Let Σ be an operator measure in H with norm locally bounded vari-
ation (Σ ∈ BVloc(R)), and let ρ be a scalar measure, ρ ∼ Σ. Then:

i) the measure Σ is differentiable in the weak sense with respect to ρ and its derivative
Ψ(t) = dΣ(t)/dρ takes values in B(H) for ρ-a.e. t;

ii) we have

(2.28) Σ(δ) =
∫
δ

Ψ(t) dρ(t) and Varδ(Σ) =
∫
δ

‖Ψ(t)‖ dρ(t);

moreover, the first integral in (2.28) is a Bochner integral convergent in the norm of
B(H).

Proposition 2.15 allows us to refine Theorem 2.14 for the measures Σ ∈ BVloc(R).

Theorem 2.16. Let Σ, ρ, and Ψ be the same as in Proposition 2.15. Then for the spaces
L̃2(Σ, H) and L2(Σ, H) the expansions (2.17) are valid in which H̃t is the semi-Hilbert
space obtained by completion of H with respect to the seminorm p (p(f) := ‖f‖

H̃t
:=

‖Ψ(t)1/2f‖), and Ht := H̃t/ kerp.

Proposition 2.17. Let Σ be an operator measure in H with Σ ∈ BVloc(R), and let
Ψ = dΣ/dρ be its density. Next, let f be a bounded H-valued function with compact
support that is continuous a.e. with respect to Σ. Then the Riemann–Stieltjes integral
(2.2) exists, f ∈ L̃2(Σ, H), and

(2.29)
∫
R
(dΣ(t)f(t), f(t)) = ‖f‖2L2(Σ,H).
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Proof. Suppose supp f ⊂ [a, b]. Let πn = {a = t
(n)
0 < t

(n)
1 < · · · < t

(n)
n = b} be a

sequence of partitions of [a, b] such that πn ⊂ πn+1 and d(πn)→ 0 as n→∞. It is easily
seen that f is continuous at a point x0 if and only if the sequence of the step functions

(2.30) Sn(t) =
n∑
j=1

χ∆jnf(ξj) with ∆jn = [t(n)
j−1, t

(n)
j ), ξj ∈ ∆j ,

converges strongly to f at x0 as d(πn)→ 0: ‖Sn(x0)− f(x0)‖ → 0 as n→∞.
It can easily be checked that for Sn of the form (2.30) we have

(2.31) ‖Sn‖2L2(Σ,H) =
n∑
j=1

(
Σ(∆jn)f(ξj), f(ξj)

)
, n ∈ Z+.

Indeed, if ∆j ∈ Intc (see (2.20)) for j ∈ {1, . . . , n}, then this identity follows from Lemma
2.5. The general case is obtained by passage to the limit.

On the other hand, by Theorem 2.16 we have

(2.32) ‖Sn − Sm‖2L2(Σ,H) =
∫ b

a

‖Ψ1/2(t)
(
Sn(t)− Sm(t)

)
‖2H dρ(t),

where Ψ = dΣ
dρ . Since f is continuous ρ-a.e., we see that limn→∞ ‖f(t)−Sn(t)‖H = 0 for

ρ-a.e. t. Therefore,

(2.33) lim
m,n→∞

‖Ψ1/2(t)(Sn(t)− Sm(t)
)
‖2 = 0 for ρ-a.e. t ∈ [a, b].

Moreover, the relations ‖Sn(t) − Sm(t)‖H ≤ 2‖f(t)‖ ≤ 2c and ‖Ψ(t)1/2‖ ∈ L2[a, b]
show that the integrable function c2‖Ψ1/2(t)‖2 majorizes the integrand in (2.32). By the
Lebesgue dominated convergence theorem, (2.32) and (2.33) imply that

lim
m,n→∞

(‖Sn‖L2(Σ,H) − ‖Sm‖L2(Σ,H))2 ≤ lim
m,n→∞

‖Sn − Sm‖2L2(Σ,H) = 0;

consequently, the limit limn→∞ ‖Sn‖L2(Σ,H) exists.
To complete the proof, it remains to observe that, by (2.31), the norm ‖Sn‖2L2(Σ,H)

coincides with the Riemann–Stieltjes sum constructed by means of the function f and
partition πn. By (2.32), the limit is independent of the choice of a sequence Sn. �

§3. The Năımark theorem and ρ-unitary dilations

3.1. Orthogonal dilations. In this subsection we use the definition of the space
L2(Σ, H) to give a short proof of the Năımark dilation theorem and also to supplement
that statement. We recall the following definition.

Definition 3.1 (see [1]). A monotone nondecreasing operator function Σ = Σ∗ : R →
B(H) is called a generalized resolution of the identity if it is left strongly continuous and

(3.1) Σ(−∞) := s-lim
t→−∞

Σ(t) = 0, Σ(+∞) := s-lim
t→+∞

Σ(t) = I.

The well-known Năımark theorem [25, 29] makes the following definition natural.

Definition 3.2. a) Let Σ(t) be a generalized resolution of the identity in H . A left
continuous resolutionE(t) of the identity in a Hilbert space H̃ ⊃ H is called an orthogonal
dilation of Σ(t) if

(3.2) Σ(t) = PHE(t)dH, t ∈ R,
where PH is the orthogonal projection of H̃ onto H ;

b) the above E(t) is called a minimal orthogonal dilation for Σ(t) if

(3.3) H̃ = span{E(δ)H : δ ∈ B(R)} = span{E(∆)H : ∆ ∈ Intc}.
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We recall that C00(H) is the set of strongly continuous functions f with compact
support and with values in finite-dimensional subspaces of H depending on f , and that
C00(H) is dense in H := L2(Σ, H).

Theorem 3.3. Let Σ be a generalized resolution of the identity in H , and let E0(x) be
the family of operators in H = L2(Σ, H) defined by

(3.4) E0(x) : C00(H)→ H, E0(x) : h(t) 7→ χ∆(t)h(t), ∆ = (−∞, x).

Then:
i) the family E0(x) is well defined and extends up to a continuous resolution E(x) of

the identity in H;
ii) E(x) is a minimal (orthogonal) dilation for Σ(x);
iii) the operator

Q : f(t) 7→ tf(t), D(Q) = {f(t) ∈ L2(Σ, H) : tf(t) ∈ L2(Σ, H)},

is selfadjoint in H, and E(x) is its resolution of the identity; furthermore, the correspond-
ing (orthogonal) spectral measure E has the form

(3.5) δ 7→ E(δ), E(δ) : h(t) 7→ χδ(t)h(t), δ ∈ B(R).

Proof. i) First, let x be a continuity point for Σ. By Corollary 2.6, the operator E0(x)
is well defined on the vector-valued functions h ∈ C00(H), i.e., χ∆h ∈ L2(Σ, H) for
∆ = (−∞, x) and, moreover, χ∆h is Riemann–Stieltjes integrable. Inspection of the
integral sums yields

(3.6) ‖χ∆h‖2L2(Σ) =
∫
R

(dΣ(t)χ∆(t)h(t), χ∆(t)h(t)) ≤
∫
R
(dΣ(t)h(t), h(t)) = ‖h‖2L2(Σ).

This means that E0(x) is a contraction. Since E0(x) is a symmetric operator on C00(H)
(which also follows from the inspection of the integral sums), we see that E0(x) extends
by continuity to the entire space H, becoming a selfadjoint contraction E(x). Since
χ2

∆(t) = χ∆(t), E(x) is an orthogonal projection, E(x) = E(x)∗ = E(x)2. Moreover,
from the definition of L2(Σ, H) it easily follows that E(x) extends from C00(H) to H in
accordance with the same formula (3.4).

Now, if x1 < x2 are points of continuity for Σ and ∆i := (−∞, xi), then, by analogy
with (3.6), we obtain the inequality

‖E(x1)h‖2 = ‖χ∆1h‖2L2(Σ,H) ≤ ‖χ∆2h‖2L2(Σ,H) = ‖E(x2)h‖2, h ∈ C00(H).

Consequently, E(x1) ≤ E(x2). This inequality permits us to extend the projection-
valued function E(x) to all discontinuity points {tj}N1 (N ≤ ∞) of Σ. Namely, we put
E(tj) = sup{E(x) : x < tj ,Σ(x) = Σ(x + 0)}. It is easily seen that for every j ≤ N the
operators E(tj) also act on C00(H) in accordance with (3.4).

Now it is clear that the projection-valued function E(x) is monotone nondecreasing
on R.

Next, the definition (3.4) implies the relations

E(x− 0)h = E(x)h, lim
x↑∞

E(x)h = h, lim
x↓−∞

E(x)h = 0, h ∈ C00(H).

Since C00(H) is a dense subset of H, we see that the function E is left continuous and that
the completeness relations s-limx↑∞E(x) = I, s-limx↓−∞E(x) = 0 are fulfilled. Thus, E
is a resolution of the identity.

ii) Consider the trivial embedding j : H ↪→ H defined by the formula

(3.7) jh = h =: h(t)q, t ∈ R,
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i.e., h is identified with a constant vector-valued function. Clearly,

(3.8) (jh, jh)H =
∫
R
(dΣh, h) = (Σ(+∞)h, h)− (Σ(−∞)h, h) = (h, h)H ;

therefore, j is an isometry. This enables us to view H as a subspace of H. Let P := PH
be the orthogonal projection of H onto H . We show that Σ(x) = PE(x)dH for every
x ∈ R. Indeed, since Σ(−∞) = 0 (see (3.1)), it follows that

(3.9) ((PE(x)dH)h, h) = (E(x)h, h)L2(Σ,H) =
∫
R
(dΣ(t)χ∆(t)h, h) = (Σ(x)h, h)

for every h ∈ H , where ∆ = (−∞, x). So, E is a dilation of Σ.
E is a minimal dilation because the set SΣ of step functions defined in (2.24) is dense

in L2(Σ, H); see item iii) of the proof of Theorem 2.14.
iii) By Theorem 2.14, the space L2(Σ, H) is a direct integral of Hilbert spaces. There-

fore, by Theorem 6.2.1 in [6], the operator Q is selfadjoint and E is its spectral mea-
sure. �

In particular, statements i) and ii) of Theorem 3.3 imply the Năımark theorem [25].

Theorem 3.4 (Năımark dilation theorem). Let Σ(t) be a generalized resolution of the
identity in H. Then:

i) Σ(t) has an orthogonal dilation E(t) in a Hilbert space H̃ ⊃ H ;
ii) the dilation E can be taken minimal;
iii) every two minimal dilations for Σ are unitarily equivalent;
iv) if E is a minimal dilation for Σ, then Σ ∼ E.

Proof. Statements i) and ii) follow from Theorem 3.3.
iii) For k = 1, 2, let Ek be a minimal dilation of Σ in the space H̃k ⊃ H (k = 1, 2).

Then for every δi ∈ B(R) and every hi ∈ H (1 ≤ i ≤ n, n ∈ N) we have∥∥∥∥∑
i

E1(δi)hi

∥∥∥∥2

=
∑
i,j

(E1(δi)hi, E1(δj)hj) =
∑
i,j

(Σ(δi ∩ δj)hi, hj) =
∥∥∥∥∑

i

E2(δi)hi

∥∥∥∥2

.

Therefore, the operator U defined on the linear space {
∑
i E1(δi)hi} by the formula

U(
∑

iE1(δi)hi) =
∑

iE2(δi)hi is an isometry. Since the dilations E1 and E2 are minimal,
from (3.3) it follows that the operator U extends by continuity to a unitary operator from
H̃1 onto H̃2, U : H̃1 → H̃2. Taking n = 1 and δ1 = R in the definition of U , we see that
U is the identity on H (Uh = h, h ∈ H). Now, the relation UE1 = E2U is obvious.

iv) By (3.2), Σ(δ) = PHE(δ)dH , δ ∈ B(R). Consequently, Σ(δ) = 0 if E(δ) = 0.
Conversely, if Σ(δ) = 0, then by (3.2) we obtain ‖E(δ)h‖ = (E(δ)h, h)1/2 = 0 for

h ∈ H , i.e., E(δ)H = 0. Therefore, E(δ)E(∆)H = 0 for all . But then E(δ)H̃ = 0 by
(3.3), i.e., E(δ) = 0. �

Năımark′s Theorem 3.4 extends easily to the case of an arbitrary bounded operator
measure; see [8]. We present an analog of Theorem 3.3 for that case.

Theorem 3.5. Let Σ be a bounded monotone nondecreasing operator-valued function in
H satisfying the conditions Σ(−∞) = 0 and Σ(+∞) = K ≥ 0, let H := L2(Σ, H), and
let E(t) be defined by (3.4) and (3.5). Then:

i) E(t) is a resolution of the identity in H that satisfies the minimality condition (3.3)
with H̃ = H;

ii) there exists a bounded operator T : H → L2(Σ, H) such that

(3.10) Σ(t) = T ∗E(t) T ∗T = K;

iii) the spectral measure E is equivalent to Σ, E ∼ Σ.
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Proof. Statements i) and iii) were proved in Theorem 3.3, because the arguments given
there are applicable to arbitrary (even not necessarily bounded) measures.

ii) In the present setting, the embedding (3.7) is no longer an isometry because now
we have (jh, jh)H = (Kh, h)H in place of (3.8), i.e., j∗j = K. Putting T = j and taking
relation (3.9) with T ∗ = j∗ into account, we get the required result. �

Remark 3.1. a) Statement i) of Theorem 3.3 is covered by statement iii). However, we
have presented an elementary proof not involving Theorem 2.14 because, in passing, we
have obtained also an elementary proof of the Năımark theorem.

b) Statement iv) of Theorem 3.4 is known to experts, though in the literature only
the weaker equivalence Σ(t1) = Σ(t2) ⇐⇒ E(t1) = E(t2) can be found; see [8].

3.2. Unitary ρ-dilations.

Definition 3.6 (see [29]). a) An operator T ∈ B(H) is attributed to the class Cρ(H) if
there exists a unitary operator U in a Hilbert space H̃ ⊃ H such that

(3.11) ρPHU
ndH = T n, n ∈ N, ρ > 0.

The operator U is called a unitary ρ-dilation of T . Clearly, ‖T ‖ ≤ ρ for T ∈ Cρ(H).
If ρ = 1, then T is a contraction, and its unitary 1-dilation is called simply a unitary
dilation.

b) A dilation U is said to be minimal if span+∞
n=−∞{UnH} = H̃.

From Theorem 3.4 it is easy to deduce the well-known result due to B. Szőkefalvi-Hagy
and C. Foiaş [29].

Theorem 3.7 (see [29]). Let T ∈ B(H). Then T ∈ Cρ if and only if for all h ∈ H we
have

(3.12) (ρ− 2)‖(1− zT )h‖2 + 2 Re((I − zT )h, h) ≥ 0, z ∈ D.

In particular, every contraction T ∈ B(H) has a unitary dilation.

Proof. From (3.12) it easily follows that σ(T ) ⊂ D (see [29]).
Put Φ(z) := I − 2ρ−1 + 2ρ−1(I − zT )−1. Then by (3.12) we have

(3.13) 2−1ρ[Φ(z) + Φ∗(z)] = (ρ− 2)I + 2 Re(I − zT )−1 ≥ 0, z ∈ D.

By the Herglotz theorem (see [11]; its extension to operator-valued functions can be
found, e.g., in [8]), Φ(z) has an integral representation of the form

(3.14) Φ(z) = iK +
∫ 2π

0

eit + z

eit − z dΣ(t), |z| < 1,

in which K = K∗ and Σ(t) is a monotone nondecreasing B(H)-valued function such that
Σ(0) = 0. Since Φ(0) = I, we have K = 0 and Σ(2π) = Re Φ(0) = I. By (3.14) and the
definition of Φ, we obtain

(3.15)
2
ρ

(I − zT )−1 =
2
ρ
− 2 +

∫ 2π

0

2eit dΣ(t)
eit − z =

2
ρ
− 2 + 2

∫ 2π

0

dΣ(t)
1− ze−it , z ∈ D.

By the Năımark theorem, there exists a Hilbert space H̃ ⊃ H and a resolution E(t) of
the identity in H̃ such that Σ(t) = PHE(t)dH . Putting U =

∫ 2π

0
e−it dE(t), we rewrite

(3.15) in the form (I − zT )−1 = (1− ρ)I + ρPH(I − zU)−1dH , z ∈ D, which means that
U is a unitary ρ-dilation for T . �
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Remark 3.2. For ρ = 1 condition (3.12) means that T is a contraction, and Theorem
3.7 coincides with the well-known Szőkefalvi-Nagy theorem. For ρ = 2 condition (3.12)
means that the numerical radius w(T ) := sup{|(Th, h)| : h ∈ H, ‖h‖ ≤ 1} of T does not
exceed 1. In this case, Theorem 3.7 was proved by Berger [5] and Halmos (see [30]). The
general case of ρ > 0 was studied by Szőkefalvi-Nagy and Foiaş [30].

Corollary 3.8. Suppose T ∈ Cρ and ρ(T ) < 1. Then

(3.16) T n = ρ

∫ 2π

0

eint dΣ(t), n ∈ N,

where Σ is the spectral measure of T defined by

(3.17) Σ(t) =
1

2πρ

∫ t

0

[(I − eisT )−1 + (I − e−isT ∗)−1 + ρ− 2] ds.

The proof follows from (3.15) and the Stieltjes inversion formula. �

For the study of the spectral function of the unitary ρ-dilation, we recall the following
definition due to T. Kato [19].

Definition 3.9 (see [19]). Let U be a unitary operator in a Hilbert space H . An operator
A ∈ B(H) is said be U -smooth if

(3.18)
∫ 2π

0

‖A(I − reitU)−1f‖2 dt ≤ c‖f‖2 for r 6= 1

with a constant c independent of f and r.

Clearly, the U -smoothness of an operator A is equivalent to its U−1-smoothness.
We begin with the following statement.

Proposition 3.10. Let T be a contraction in H , let U be the unitary dilation of T in
H̃ ⊃ H , and let DT = (I − T ∗T )1/2 is the defect operator of T . Then the operators
DTPH and DT∗PH are U -smooth, where PH is the orthogonal projection of H̃ onto H.

Proof. Let 0 ≤ r < 1. By the Parseval identity, we have

(3.19)

1
2π

∫ 2π

0

‖DTPH(I − reitU)−1f‖2 dt =
1

2π

∫ 2π

0

‖DT (I − reitT )−1f‖2 dt

=
∞∑
n=0

r2n‖DTT
nf‖2 =

∞∑
n=0

r2n((I − T ∗T )T nf, T nf)

=
∞∑
n=0

r2n‖T nf‖2 −
∞∑
n=0

r2n‖T n+1f‖2 = ‖f‖2 − (1− r2)
∞∑
n=0

r2n‖T n+1f‖2

≤ ‖f‖2.
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Next, (I − r−1eitU)−1 = re−itU∗(re−itU∗ − I)−1. Using (3.19) with T ∗ in place of T
and the simple identity DTT

∗ = T ∗DT∗ (see [29]), we obtain

1
2π

∫ 2π

0

‖DTPH(I − r−1eitU)−1f‖2 dt

=
1

2π

∫ 2π

0

‖DTPHre
−itU∗(re−itU∗ − I)−1f‖2 dt

=
1

2π

∫ 2π

0

‖re−itDTT
∗(re−itT ∗ − I)−1f‖2 dt(3.20)

= r2 1
2π

∫ 2π

0

‖T ∗DT∗(re−itT ∗ − I)−1f‖2 dt

≤ ‖T ∗‖2 · 1
2π

∫ 2π

0

‖DT∗(re−itT ∗ − I)−1f‖2 dt ≤ ‖T ∗‖2‖f‖2.

Combining (3.19) and (3.20), we conclude that DT∗PH is U -smooth.
In a similar way it is proved that DTPH is U -smooth. �

Definition 3.11. A contraction T in a Hilbert space H is said to be simple (completely
nonunitary) if there is no invariant (equivalently, reducing) subspace L ∈ LatT such
that T dL is a unitary operator.

We need the following known fact.

Lemma 3.12. Let T be a completely nonunitary contraction in H , and U its minimal
unitary dilation in H̃. Then

(3.21) span{Un(I − TT ∗)H,U∗n(I − T ∗T )H}+∞n=−∞ = H̃.

We pass to the proof of the well-known theorem due to B. Szőkefalvi-Nagy and
C. Foiaş.

Theorem 3.13 (see [29]). Let T be a simple contraction in H. Then the spectral measure
EU of its minimal unitary dilation is equivalent to the Lebesgue measure m, EU ∼ m.
Moreover, the scalar measure µf := (EUf, f) is equivalent to m for every f ∈ H.

Proof. i) By Proposition 3.10, the operators DTPH and DT∗PH are U -smooth. There-
fore, by the Kato theorem [19], we have R((DTPH)∗), R((DT∗PH)∗) ⊂ H̃ac(U) =
H̃ac(EU ). But (DTPH)∗ = DTPH , and consequently,R(I−T ∗T ),R(I−TT ∗) ⊂ H̃ac(U).
By Lemma 3.12, we have H̃ = H̃ac(U), whence EU ≺ m.

ii) We show that EU ∼ m. If EU is not equivalent to m (EU � m), then δ :=
T \ σ(U) 6= ∅, whence it follows that m(δ) > 0 but E(δ) = 0. But the operator U−1

can be approximated uniformly by polynomials in U , ‖U−1 − pn(U)‖ → 0 as n → ∞;
therefore, LatU ⊂ LatU∗.

However, for every f ∈ H the subspace Lf := span{Unf : n ≥ 0} is an element
of LatU , but Lf /∈ LatU∗. Indeed, if Lf is a reducing subspace for U , then T nf =
PHU

nf = Unf . The latter means that Lf ∈ LatT , so that T dLf = UdLf , which is
impossible because T is simple. �

§4. The multiplicity function of a measure Σ

4.1. Cyclic subspaces and the multiplicity function of an operator measure.
We recall a series of well-known definitions and facts.
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Definition 4.1. Let A be a selfadjoint operator in H , let E be its resolution of the
identity, and let L be a linear subset of H (closed or not). We denote by HL the minimal
A-invariant subspace in H containing L, i.e.,

(4.1) HL := HA
L = span{E(δ)L : δ ∈ B(R)} = span{(A− λ)−1L : λ ∈ C \ R}.

If A is bounded, then HL = span{AnL : n ≥ 0}. If L = span{g1, . . . , gn}, we put
H{g1,...,gn} := HL. In particular, Hg = HL, where L = {λg : λ ∈ C}.

Definition 4.2. i) A linear set L ⊂ H is said to be cyclic for A (for E) if HL = H .
The set of all cyclic subspaces of an operator A (a measure E) is denoted by Cyc(A)
(Cyc(E)). The number

(4.2) n(A) := min{dimL : L ∈ Cyc(A)} =: n(E)

is called the total multiplicity of the spectrum of A (of E).
ii) The multiplicity of the spectrum of A (of E) at a point t ∈ R is defined as follows:

(4.3) nA(t) := inf
t∈∆

(n(AdE(∆)H)) := nE(t).

In the sequel, the spectral theorem will be used repeatedly in the following form (see
[6], [12], [28]).

Theorem 4.3. Let A be a selfadjoint operator in H , let E := EA be its spectral measure,
and let ρ be a scalar Borel measure on R equivalent to E. Then the following statements
are true.

i) A is unitarily equivalent to the operator Q of multiplication by t in some direct
integral H =

∫
R⊕G(t) dρ(t) of Hilbert spaces:

(4.4) Q : f(t) 7→ tf(t), D(Q) = {f(t) ∈ H : tf(t) ∈ H}.
ii) Two operators Qi of multiplication by t in two distinct direct integrals

∫
⊕Gi(t) dρi(t)

(i = 1, 2) are unitarily equivalent if and only if

ρ1 ∼ ρ2 and dimG1(t) = dimG2(t) (mod ρ1).

Corollary 4.4. The equivalence class E of the measure E = EA and the multiplicity
function

(4.5) ÑA(t) := dimG(t) (mod ρ) =: ÑE(t)

form a complete system of unitary invariants of the operator A (the measure E).
In other words, two selfadjoint operators Ai in Hi (i = 1, 2) are unitarily equivalent if

and only if [EA1 ] ∼ [EA2 ] and ÑA1(t) = ÑA2(t) (modEA1).

It can easily be shown that

(4.6) nA(t) = ÑA(t) (E-a.e.) and n(A) = ess sup
t∈R

ÑA(t) (mod ρ),

i.e., ÑA(t) coincides E-a.e. with the multiplicity nA(t) of the spectrum of A at the
point t.

4.2. The multiplicity function of a nonorthogonal measure. The following defi-
nition plays a crucial role in the sequel.

Definition 4.5. Suppose Σ is an operator measure in H , ρ is a scalar measure with
Σ ≺ ρ, and e := {ej}∞j=1 is an orthonormal basis in H . Let

(4.7)
σij(t) := (Σ(t)ei, ej), ψij(t) := dσij(t)/dρ,

Ψe
n(t) := (ψij(t))ni,j=1, Ψe(t) := (ψij(t))∞i,j=1.
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The multiplicity function NΣ := Ne
Σ and the total multiplicity m := m(Σ) := me(Σ) of

Σ are defined by the formulas

(4.8) Ne
Σ(t) := rank Ψe(t) := sup

n≥1
rank Ψn(t), me := ess sup

t∈R
NΣ(t) (mod ρ).

Remark 4.1. a) Denote by Mn(Ψe) the collection of all principal (not necessarily corner)
submatrices of Ψe of size n× n. It is easily seen that

rank Ψe(t) := sup{rank Ψe
n(t) : Ψe

n ∈Mn(Ψe), n ≥ 1}.

b) It should be noted that the functions ψij and the density Ψe are defined only ρ-a.e.
At each point where Ψe exists, we have

(4.9) rank Ψe(t) ≤ inf
n

rank Σ(∆n), ∆n = (t− 1/n, t+ 1/n).

Furthermore, inequality (4.9) may be strict even if dimH < ∞. For instance, let {fj}n1
be a system of continuous linearly independent functions on [0, 1] such that Πn

1 fj(t) 6= 0
for t ∈ [0, 1]. Putting

Ψ(t) = Ψn(t) :=
(
fi(t)fj(t)

)n
i,j=1

and Σ(t) =
∫ t

0

Ψ(s) ds,

we see that rank Ψ(t) = 1 for t ∈ [0, 1], though rank Σ(∆) = n for every interval ∆ =
(a, b) ⊂ [0, 1].

Among other things, the following statement shows that Definition 4.5 does not depend
of the choice of the basis e.

Proposition 4.6. Suppose Σ is an operator measure in H , ρ is a scalar measure with
Σ ≺ ρ, and L2(Σ, H) =

∫
R⊕Ht dρ(t) is the expansion (2.17) of the space L2(Σ, H) in a

direct integral. Then for every orthonormal basis e := {ej}∞1 in H we have

(4.10) Ne
Σ(t) = dimHt (mod ρ).

In particular, the definition (4.8) does not depend on the choice of an orthonormal basis.

Proof. We introduce a diagonal operator K by putting Kej = ej/j. Clearly, K = K∗ ∈
S2. Next, let ΨK(t) = dK∗Σ(t)K/dρ be the density of the form (2.14), and let the Ht

be the Hilbert spaces constructed in Theorem 2.14 starting with ΨK (see (2.16)). It is
easily seen that ΨK is related to the density Ψe of the form (4.7) as follows:

(4.11)
(
ΨK(t)ei, ej

)∞
i,j=1

= KΨe(t)K =
(
i−1j−1ψij(t)

)∞
i,j=1

.

This yields

(4.12) Ne
Σ(t) := rank Ψe(t) = rank ΨK(t) = dimHt =: NK

Σ (mod ρ).

But, by Theorem 2.14, the expansion (2.17) does not depend on the choice of K. There-
fore, by (4.12), Ne

Σ does not depend on the choice of the basis e. �

Proposition 4.6 allows us to omit the index e in the definition (4.8). So, in what
follows we write NΣ(t) := Ne

Σ(t) and m := me.

Corollary 4.7. Let Σ and ρ be the same as in Proposition 4.6. Suppose K ∈ S2 and
kerK = kerK∗ = {0}. Denote by ΨK(t) := dK∗Σ(t)K/dρ the density of the form (2.14).
Then

NΣ(t) = rank ΨK(t) =: NK
Σ (t) (mod ρ).
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Remark 4.2. It can be shown that the total multiplicity m(Σ) of the spectral measure Σ
of the contraction T =

∫ 2π

0
eit dΣ(t) coincides with the multiplicity n(T ) of T , n(T ) :=

min{dimL : L ∈ Cyc(T )}.
We note also that in [33], for an arbitrary linear operator T (in particular, for an

arbitrary contraction), the so-called local spectral multiplicity function mT,µ(z) with
respect to a measure µ was introduced. That function vanishes off the spectrum σ(T ). If
σ(T ) is a subset of the unit circle, the relationship between NΣ(t) and mT,µ(z) is unclear.

However, if T is a strict contraction, these functions are in no way related to each
other: mT,µ(eit) = 0 for t ∈ [0, 2π], but the function NΣ is defined only on the unit
circle.

The multiplicity function allows us to introduce the following definition.

Definition 4.8. i) An operator measure Σ1 is said to be spectrally subordinate to an
operator measure Σ2 (in symbols: Σ1 ≺≺ Σ2) if Σ1 ≺ Σ2 and NΣ1(t) ≤ NΣ2(t) (Σ2-a.e.).

ii) Two measures Σ1 and Σ2 are said to be spectrally equivalent if Σ1 ∼ Σ2 and
NΣ1 = NΣ2 (Σ1-a.e.).

We show that for an orthogonal measure E the new definition of the multiplicity
function coincides with the classical definition (4.5).

Proposition 4.9. i) Let E be an orthogonal measure in H , and let NE be its multiplicity
function in the sense of Definition 4.5. Then

(4.13) ÑE(t) = NE(t) (E-a.e.) and n(E) = m(E),

where ÑE(t), n(E), and m(E) are defined by (4.5), (4.2), and (4.8).
ii) Let Σ be a generalized resolution of the identity, and let E be its minimal orthogonal

dilation. Then Σ and E are spectrally equivalent, in particular,

(4.14) NΣ(t) = NE(t) = ÑE(t) (E-a.e.) and m(Σ) = m(E).

Proof. Since E coincides with its minimal orthogonal dilation, it suffices to prove ii).
But by Theorem 3.3 the dilation E is unitarily equivalent to the resolution EQ of the

identity for the operator Q of multiplication by t in L2(Σ, H). Consequently, the corre-
sponding multiplicity functions coincide: ÑE = ÑEQ . On the other hand, by Theorem
2.14 we have ÑQ(t) = dimHt. Comparing this with (4.5), we obtain

ÑQ(t) = dimHt = rank Ψ(t) = NΣ(t) (Σ-a.e.).

It remains to observe that ÑQ(t) = ÑEQ(t) by �

Corollary 4.10. Two multiplication operators Qi : f 7→ tf in the spaces L2(Σi, Hi)
(i = 1, 2) are unitarily equivalent if and only if Σ1 and Σ2 are spectrally equivalent.

To state another corollary, we recall the following definitions.
Let ρ be a scalar measure, ρ ∼ Σ, and let ρ = ρac + ρsc + ρd be the Lebesgue

decomposition of ρ into absolutely continuous, singular continuous and discrete parts. Let
∆ac,∆sc, and ∆d be mutually disjoint (not necessarily topological) supports of ρac, ρsc,
and ρd, respectively. Then, putting

Σac(δ) := Σ(δ ∩∆ac), Σsc(δ) := Σ(δ ∩∆sc), Σd(δ) := Σ(δ ∩∆d),

we obtain the Lebesgue decomposition of Σ.

Corollary 4.11. Let Σ = Σac + Σs + Σd be the Lebesgue decomposition of the measure
Σ, and let Σ̃ := Σac ⊕ Σsc ⊕ Σd. Then the operator measures Σ and Σ̃ are spectrally
equivalent.
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Proof. Consider the operator

V : L2(Σ, H)→ L2(Σ̃, H), V : f → {fχ∆ac, fχ∆sc , fχ∆d
}.

Since the supports of the measures ∆ac, ∆sc, and ∆d are pairwise disjoint, we have

‖f‖2L2(Σ,H) = ‖f‖2L2(Σac,H) + ‖f‖2L2(Σsc,H) + ‖f‖2L2(Σd,H) = ‖f‖2
L2(Σ̃,H)

,

and V maps L2(Σ, H) onto L2(Σ̃, H) isometrically. Clearly, V intertwines the operators
Q1 and Q2 of multiplication by t in these spaces: V Q1 = Q2V . By Corollary 4.10, the
measures Σ and Σ̃ are spectrally equivalent. �

In conclusion of this subsection, we present yet another criterion of spectral equivalence
for two operator measures.

Proposition 4.12. Suppose Σ1 and Σ2 are two operator measures in H , ρ is a scalar
measure, Σ1 + Σ2 ≺ ρ, and Ψj = dK∗jΣjKj/dρ is the operator density of Σj calculated
in accordance with relation (2.14), in which K is replaced by Kj. Then:

i) if there exists a ρ-measurable operator-valued function C(·) : R → B(H) such that
the densities Ψ1 and Ψ2 obey the relations

(4.15) Ψ2(t) = C∗(t)Ψ1(t)C(t) (mod ρ), kerC(t) = {0} (mod ρ),

then Σ1 and Σ2 are spectrally equivalent;
ii) conversely, if Σ1 and Σ2 are spectrally equivalent and N(t) := NΣ1(t) = NΣ2(t) <

∞ (mod ρ), then there exists a ρ-measurable operator-valued function C(·) : R → B(H)
such that Ψ1 and Ψ2 obey (4.15).

Proof. i) Suppose (4.15) is fulfilled. By Proposition 4.6 and the definition (4.8), we have
NΣ1(t) = NΣ2(t) (mod ρ). Next, by (2.13), for every j = 1, 2 we have the following
equivalence:

(4.16) Σj(δ) = 0, δ ∈ B(R) ⇐⇒ Ψj(t) = 0 for ρ-a.e. t ∈ δ.
On the other hand, (4.15) implies that Ψ1(t) = 0 for ρ-a.e. t ∈ δ if and only if Ψ2(t) = 0
for ρ-a.e. t ∈ δ. By (4.16), this means that the measures Σ1 and Σ2 are equivalent.

ii) Let Ej(·, t) be the resolution of the identity for the operator Ψj(t) (j = 1, 2), and
let

(4.17) I − Pj(t) := ker Ψj(t) = Ej(+0, t)− Ej(−0, t) = Ej
(
(−∞, 0], t

)
, j = 1, 2.

From (4.17) it is clear that Pj(·) is a ρ-measurable projection-valued function. Since
N(t) <∞ (mod ρ), we have Hj(t) := Pj(t)H = R(Ψj(t)).

We choose an orthonormal basis {ek}∞1 in H and put ekj(t) := Pj(t)ek and ϕkj(t) :=
ek − ekj(t) (j = 1, 2). It is easily seen that Ωj := {ekj}∞k=1 and Ω′j := {ϕkj}∞k=1 form
measurable bases in the families Hj(t) and H⊥j (t), respectively. This turns Hj(t) and
H⊥j (t) into measurable Hilbert families on the measure space {R,B(R), ρ}. By [6, Lemma
7.1.3], there are two operator-valued functions U(t) and V (t) that are defined ρ-a.e. on R
and take H2(t) and H1(t) onto H⊥2 (t) and H⊥1 (t), respectively. Therefore, the operator-
valued function Ψ̃1(t) :=

(
U∗(t) ⊕ V ∗(t)

)
Ψ1(t)

(
U(t) ⊕ V (t)

)
is also ρ-measurable and

satisfies the relations

(4.18) ker Ψ̃1(t) = H⊥2 (t), R
(
Ψ̃1(t)

)
= H2(t) (mod ρ).

By (4.18), the operator-valued function C1(t) := Ψ̃1(t)−1/2Ψ2(t)1/2dH2(t) is well defined
and takes values in B

(
H2(t)

)
. Putting C̃(t) := C1(t) ⊕ It, where It is the identity

mapping of H⊥2 (t), we arrive at the identity C̃∗(t)Ψ̃1(t)C̃(t) = Ψ2(t) (mod ρ). Taking
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the definition of Ψ̃1 into account, we conclude that the operator-valued function C(t) :=
U(t)C̃(t) satisfies (4.15). �

The following example shows that the finite multiplicity condition for N(t) is essential
for the validity of statement ii) in Proposition 4.12.

Example 4.13. Suppose Tj = T ∗j ∈ S∞(H) and kerTj = {0} (j = 1, 2). Consider two
discrete operator measures Σ1 and Σ2 in H with jumps at some points t1 and t2 that
satisfy

(4.19) Σj(t1 + 0)− Σj(t1 − 0) = T j1 , Σj(t2 + 0)− Σj(t2 − 0) = T 3−j
2 (j = 1, 2).

It is easily seen that (4.15) with a bounded operator-valued function C(t) is impossible
in this case.

4.3. A criterion for spectral equivalence, and cyclic subspaces. We start with
the following result.

Proposition 4.14. Let Ai be selfadjoint operators in Hi, and let Ei := EAi be their
resolutions of the identity. Then A2 is unitarily equivalent to the restriction of A1 to
some subspace L ∈ LatA1 if and only if E2 ≺≺ E1.

Proof. i) Suppose A2 is unitarily equivalent to A1dL, i.e., there is an isometry U of L
onto H2 such that U−1A2U = AdL. Since L reduces A1, we have E2(t) = U

(
E1(t)dL

)
U∗.

Consequently, E2 ≺ E1 and nA2(t) ≤ nA1(t) for all t ∈ R. But then NE2(t) = nA2(t) ≤
nA1(t) = NE1(t); consequently, E2 ≺≺ E1.

ii) Suppose E2 ≺≺ E1. Let ρi be scalar Borel measures on R with ρi ∼ Ei (i =
1, 2). By Theorem 4.3, the operators A1 and A2 can be identified with the operators of
multiplication by t of the form (4.4) in direct integrals

(4.20) H1 =
∫
R
⊕G1(t) dρ1(t) and H2 =

∫
R
⊕G2(t) dρ2(t).

Since ρ2 ≺ ρ1, we have dρ2 = ϕdρ1 with ϕ ≥ 0. Therefore, the second direct integral in
(4.20) can be written in the form H2 =

∫
R⊕G

′
2(t) dρ1(t), where

G′2(t) :=

{
G2(t) if ϕ(t) > 0,
0 if ϕ(t) = 0.

Next, we choose an arbitrary ρ1-measurable Hilbert family of subspaces L(t)
(
⊂ G1(t)

)
such that dimL(t) = dimG′2(t), t ∈ R, t ∈ R. Then the subspace L :=

∫
R⊕L(t) dρ1(t)

is invariant under A1 (L ∈ LatA1). By Theorem 7.2.2 in [6], there exists a measurable
operator-valued function U(t) : G′2(t) → L(t) that is unitary-valued for ρ1-a.e. t ∈ R.
Then the operator U :=

∫
R⊕U(t) dρ1(t) : (Uh)(t) = U(t)h(t) maps H2 onto L unitarily,

and we have UA2U
∗ = A1dL·. �

Theorem 4.15. Let Σ be a generalized resolution of the identity in a Hilbert space H1,
let A be a selfadjoint operator in another Hilbert space H , and let E := EA be its spectral
measure. Then the following statements are true.

i) The subordination Σ ≺≺ E occurs if and only if there exists a Hilbert space H̃ ⊃ H1

and a unitary operator U : H → H̃ such that

(4.21) Σ(t) := PH1U(E(t)dU∗H1), t ∈ R,
where PH1 is the orthogonal projection of H̃ onto H1.

ii) If U∗H1 is a cyclic subspace for A, then the measures Σ and E are spectrally
equivalent. In particular (for H = H̃ and U = I), the measure Σ and its minimal
(orthogonal) dilation E are spectrally equivalent.
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iii) If Σ and E are spectrally equivalent and NE(t) < ∞ E-a.e. (for example, if
n(A) <∞), then the subspace U∗H1 is cyclic for E.

Proof. i) Clearly, (4.21) implies Σ ≺ E.
Next, choosing an orthonormal basis in H1 and extending it to a basis in H̃ , and then

applying Definition 4.5 and Proposition 4.9 i), we deduce that NΣ(t) ≤ NE(t) E-a.e.
Conversely, suppose Σ ≺≺ E. Let EΣ be a minimal dilation for Σ in a space H̃ ⊃

H1, and let AΣ be the selfadjoint operator the spectral measure of which is EΣ. By
Proposition 4.9 ii), the measures EΣ and Σ are spectrally equivalent, whence EΣ ≺≺ E.
Therefore, by Proposition 4.14, the operator AΣ is unitarily equivalent to the restriction
of A to some subspace L ∈ LatA, L ⊂ H , i.e., U∗AΣU = AdL, where U maps L onto
H̃ unitarily. Consequently, EΣ(t) = U(E(t)dL)U∗. Together with the obvious inclusion
U∗H1 ⊂ L, this implies the relations

Σ(t) = PH1EΣ(t)dH1 = PH1(U(E(t)dL)U∗)dH1 = PH1U(E(t)dU∗H1),

as required.
ii) Suppose U∗H1 is cyclic for A (U∗H1 ∈ CycA) and (4.21) is fulfilled. Then UEU∗

is a minimal orthogonal dilation for Σ. By Proposition 4.9 ii), the measures E and Σ are
spectrally equivalent.

iii) Conversely, suppose that (4.21) is fulfilled, the measures Σ and E are spectrally
equivalent, and NA(t) <∞ E-a.e. We show that U∗H1 ∈ CycA. For this, we denote by
L the minimal A-invariant subspace containing U∗H , and put A1 := AdL.

By Theorem 4.3, A is unitarily equivalent to the operator Q of multiplication by
t of the form (4.4) in some direct integral H =

∫
R⊕G(t) dρ(t) of Hilbert spaces, i.e.,

U1AU
∗
1 = Q, where U1 is a unitary mapping of H onto H. Then L1 := U1L ∈ LatQ and,

as is well known (see [6]), we have

L1 =
∫
R
⊕G1(t) dρ(t), G1(t) := π(t)G(t),

where π(t) is a measurable projection-valued function.
By assumption, the measures E and Σ are spectrally equivalent. On the other hand,

(4.21) and the condition U∗H ∈ CycA together mean that the spectral measure EA1 of
A1 is an orthogonal dilation of Σ. By Proposition 4.9, the measures EA1 and Σ are also
spectrally equivalent.

Consequently, E and EA1 are spectrally equivalent and, in particular, ÑA(t) = ÑA1(t).
But then

dimG(t) = ÑA(t) = ÑA1(t) = dim
(
π(t)G(t)

)
ρ-a.e.

Therefore, G(t) = G1(t) = π(t)G(t) ρ-a.e., i.e., π(t) = IG(t) ρ-a.e. and H = L1, yielding
L = H and U∗H1 ∈ CycA. �

Corollary 4.16. Under the assumptions of Theorem 4.15, suppose that ÑA(t) < ∞
E-a.e. and that (4.21) is fulfilled. Then the operator measures Σ and E are spectrally
equivalent if and only if U∗H1 ∈ CycA.

Remark 4.3. In Theorem 4.15 and in Corollary 4.16, the condition NE(t) <∞ E-a.e. is
essential for the relation U∗H1 ∈ CycA.

For example, if A = I is the identity operator in H , then for every infinite-dimensional
subspace L (⊂ H) the spectral measuresEAdL and EA are unitarily equivalent (therefore,
spectrally equivalent).

In fact, it can be proved that the condition NE(t) < ∞ E-a.e. is necessary and
sufficient for the validity of condition iii) in Theorem 4.15.
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Corollary 4.17. Consider a selfadjoint operator A in H with spectral measure EA. Let
L ∈ Cyc(A), let P := PL be the orthogonal projection of H onto L, and let Σ := PEdL.
Then A is unitarily equivalent to the operator Q of multiplication by t of the form (4.4)
in the space L2(Σ, H).

Proof. The condition L ∈ CycA means that EA is a minimal orthogonal dilation for
Σ. By Theorem 3.3, the spectral measures EA and EQ of the operators A and Q are
unitarily equivalent. Consequently, A and Q are unitarily equivalent. �

In conclusion of this subsection, we present some conditions that guarantee the spectral
subordination of measures.

Proposition 4.18. Let Σi be an operator measure in Hi (i = 1, 2). Then:
i) if

(4.22) Σ1(δ) ≤ T ∗Σ2(δ)T, δ ∈ Bb(R),

for some operator T ∈ B(H1, H2), then Σ1 ≺≺ Σ2;
ii) if Σ2 =: E is an orthogonal resolution of the identity, then (4.22) implies the

relation Σ1 = K∗Σ2K with some K ∈ B(H1, H2);
iii) if there exists a nonnegative function f ∈ L∞loc(R, dΣ2) with

(4.23) Σ1(δ) =
∫
δ

f(t) dΣ2(t), δ ∈ Bb(R)

(the integral is understood in the weak sense), then Σ1 ≺≺ Σ2.

Proof. i) Clearly, (4.22) implies that Σ1 ≺ Σ2. Let ρ be a scalar measure equivalent to
Σ2, and let Ψ1n(t) and Ψ2n(t) be principal (n × n)-submatrices of the density matrices
Ψ1(t) and Ψ2(t) (the latter matrices are constructed starting with ρ and, respectively,
Σ1 and Σ2 in accordance with Definition 4.5). Then

Ψ1n(t) ≤ Ψ2n(t) (mod ρ) for all n ≥ 1.

Therefore, NΣ1(t) ≤ NΣ2(t) (mod ρ) and, consequently, Σ1 ≺≺ Σ2.
ii) The required statement follows from i) and Theorem 4.15 i).
iii) For every n, formula (4.23) implies the estimate Σ1(δ) ≤ CnΣ2(δ), δ ∈ B([−n, n]),

with a constant Cn > 0 independent of δ. It remains to apply i). �
4.4. Application to operators of class Cρ(H). In this subsection we supplement
Theorem 3.7 in the case where r(T ) < 1 by finding the multiplicity function of the
minimal unitary ρ-dilation U for an operator T ∈ Cρ(H).

Proposition 4.19. If T ∈ Cρ(H) and r(T ) < 1, then the minimal unitary ρ-dilation U
of T is absolutely continuous, and its multiplicity function NU is given by the formula

(4.24) NU (t) = rank[2 · I + (ρ− 2)(I + T ∗T ) + (1 − ρ)eitT + (1− ρ)e−itT ∗].

Proof. Since r(T ) < 1, relation (3.17) is fulfilled, in which Σ is a generalized resolution
of the identity. On the other hand, from the proof of Theorem 3.7 it follows that the
resolution E(t) of identity for the minimal ρ-dilation U is a minimal orthogonal dilation
for Σ(t). By Proposition 4.9, NE = NΣ E-a.e., that is, NU = NE coincides E-a.e. with
the rank of the density dΣ(t)/dt, i.e.,

(4.25) NU (t) = rank[(I − eitT )−1 + (I − e−itT ∗)−1 + (ρ− 2)].

Combining (4.25) with the obvious identity
(4.26)
(I − zT )−1 + (I − z̄T ∗)−1 + (ρ− 2) · I

= (I − z̄T ∗)−1[2 · I + (ρ− 2)(I + |z|2T ∗T ) + (1− ρ)zT + (1− ρ)z̄T ∗](I − zT )−1,
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we arrive at the required formula (4.24). �

Corollary 4.20. Suppose T ∈ B(H) and r(T ) < 1. Then
i) if T ∈ C2(H), i.e., the numerical radius w(T ) of T does not exceed 1, then the

multiplicity function NU (t) of the 2-unitary dilation U for T is given by the formula

(4.27) NU (t) = rank(2 · I − eitT + e−itT ∗);

ii) if T is a contraction, then the multiplicity function NU (t) of its unitary dilation U
is constant and is given by

(4.28) NU (t) = rank(I − T ∗T ) = rank(I − TT ∗).

Remark 4.4. Formula (4.24) shows that, in general, for ρ 6= 1 the multiplicity function
NU (t) of the ρ-unitary dilation U depends on t.

On the contrary, (4.28) shows that for ρ = 1 this function does not depend on t.
As in [20], we attribute a contraction T in H to the class C0· (C·0) if s-limn→∞ T n = 0

(s-limn→∞ T
∗n = 0). Clearly, T ∈ C0· ∩ C·0 if r(T ) < 1.

In the following proposition, we supplement Corollary 3.8 and Proposition 4.19 for
operators T ∈ C0· by dropping the condition r(T ) < 1.

Proposition 4.21. Let T ∈ C0·. Then:
i) the spectral measure Σ of T (see the representation (3.15)) has the form

(4.29)
(
Σ(δ)f, f

)
=
∫
δ

‖Ψ(eit)f‖2 dt, δ ∈ B([0, 2π]), f ∈ H,

where Ψ(eit)f := limr↑1 Ψ(reit)f and Ψ(reit) := DT (I − reitT )−1;
ii) NU (t) = NΣ(t) = rank(I − T ∗T ) =: δT for Σ-a.e. t ∈ [0, 2π].

Proof. i) By Proposition 3.10 (see relation (3.19)), the vector-valued function Ψ(z)f :=
DT (I−zT )−1f belongs to the vector Hardy class H2(D, HT ) for every f ∈ H (here HT :=
DTH)). Therefore, the boundary values Ψ(eit)f exist a.e. as well as in L2((0, 2π), HT ) :
‖Ψ(reit)f −Ψ(eit)f‖L2 → 0 as r → 1.

Applying the Stieltjes inversion formula to (3.14) and taking (4.26) with ρ = 1 into
account, we obtain
(4.30)(

(Σ(b)− Σ(a))f, f
)

= lim
r↑1

∫ b

a

‖(1− r2T ∗T )1/2(I − reitT )−1f‖2 dt

= lim
r↑1

(1 − r2)
∫ b

a

‖(1− reitT )−1f‖2 dt+ lim
r↑1

r2

∫ b

a

‖DT (I − reitT )−1f‖2 dt.

Since T ∈ C0·, by the Parseval identity and the Abel theorem we obtain

(4.31)

lim
r↑1

(1− r2)
∫ 2π

0

‖(1− reitT )−1f‖2 dt = lim
r↑1

(1− r2)
∞∑
k=1

r2k‖T kf‖2

= ‖f‖2 + lim
r↑1

∞∑
k=1

r2k(‖T kf‖2 − ‖T k−1f‖2)

= ‖f‖2 +
∞∑
k=1

(‖T kf‖2 − ‖T k−1f‖2) = lim
k→∞

‖T kf‖2

= 0.

Combining (4.30) and (4.31), we arrive at (4.29) with ∆ = (a, b) ⊂ [0, 2π]. Now the
measure Σ extends to the entire σ-algebra B([0, 2π]) by formula (4.29).
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ii) Since the operator T is completely nonunitary, we have ker(I − eitT ) = {0}, t ∈
[0, 2π]. Therefore, by (4.29), the density Ψ of Σ (in the sense of Definition 4.5) has the
form Ψ1/2(t) = V (t)DT (I − eitT )−1, where V (t) is a partial isometry, t ∈ [0, 2π]. Now it
is clear that

rank Ψ1/2(t) = rankDT (I − eitT )−1

= rank(I − e−itT ∗)−1DT = δT for a.e. t ∈ [0, 2π].

To clarify, we mention that if δT = ∞, then the basis {ei}∞1 in Definition 4.5 must be
taken in the linear space D

(
(I − e−itT ∗)−1DT

)
. �

Remark 4.5. a) Proposition 4.21 gives yet another (and even still more elementary) proof
of Theorem 3.13, but only for the operators T ∈ C0· (resp. C·0). Moreover, comparison of
Proposition 4.21 and Corollary 4.4 gives an elementary proof of the following well-known
statement (see [26], [29]): the minimal unitary dilation U of an operator T ∈ C0· (resp.
C·0) is the bilateral shift of multiplicity rankDT (resp. rankDT∗).

b) Since T is a contraction, the limit limk→∞ ‖T kf‖ exists for every f ∈ H . Therefore,
by (4.31) and the Abel theorem, we obtain

(4.31a) T ∈ C0· ⇐⇒ lim
r↑1

(1− r2)
∫ 2π

0

‖(I − reitT )−1f‖2 dt = 0, f ∈ H.

Comparison with the identity

‖f‖2 − ‖θT∗(reit)f‖2 = (1− r2)‖(I − reitT )−1DT∗f‖2 =: Φ∗f (reit)(4.31b)

for the characteristic function θT∗ of T ∗ proves the “only if” part of the following well-
known (see [26], [29]) equivalence:

T ∈ C0· (resp. C·0) if and only if θT∗ (resp. θT ) is inner.

Indeed, since θT∗ has strong radial limits a.e., by (4.31b) the limit limr↑1 Φ∗f (reit) :=
Φ∗f (eit) exists. By (4.31a), Φ∗f (eit) = 0 (mod m), i.e., θT∗ is inner.

The proof of the “if” part of the above equivalence (for a simple contraction T ) is only
slightly more difficult.

We note also that the canonical triangulation of T (see [20]) implies that the integral
condition (4.31a) characterizes the singular subspace H1 of T , i.e., the maximal subspace
H1 ∈ LatT for which T dH1 ∈ C0·.

Theorem 4.22 (see [29]). Suppose T is a completely nonunitary contraction with finite
defect numbers δT = n and δT∗ = m. Then the multiplicity function NU (t) of the minimal
unitary dilation U of T is computed by the formula

(4.32) NU (t) = m+ rank ∆T (t),

where ∆T (t) :=
(
I − θ∗T (eit)θT (eit)

)1/2 and θT (λ) is the characteristic function of T .

Proof. By the model theorem [29, Theorem 6.3.1], U is unitarily equivalent to the oper-
ator of multiplication by eit in the space

(4.33) H = L2
m(0, 2π)⊕∆L2

n(0, 2π) =: H1 ⊕ H2,

where L2
n(0, 2π) = L2(0, 2π)⊗ Cn.

Putting Σ(t) :=
∫ t

0
∆2(s) ds, we consider the spaces L̃2(Σ,Cn) and L2(Σ,Cn). Since

0 ≤ ∆(t) ≤ In, we have L2
n(0, 2π) ⊂ L̃2(Σ,Cn). Moreover, since the seminorms (2.2) and

(2.11) coincide (see the proof of Theorem 2.11), we arrive at the identity

(4.34) ‖∆f‖2L2
n(0,2π) =

∫ 2π

0

‖∆(t)f(t)‖2Cn dt = ‖f‖2L2(Σ,Cn), f ∈ L2
n(0, 2π).
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Therefore, the mapping

Ṽ : H
′
2 := ∆L2

n(0, 2π)→ L2(Σ,Cn), Ṽ : ∆f 7→ f,

is well defined: if ∆f = 0, then the function f is equivalent to 0 in L̃2(Σ, H). Moreover,
(4.34) means that the mapping V := π · Ṽ , where π is the quotient map of L̃2(Σ, H) into
L2(Σ, H), is an isometry of H′2 into L2(Σ,Cn). Since the space Ṽ (H′2) = L2

n(0, 2π) is
dense in L2(Σ,Cn), the mapping V extends by continuity to a unitary operator V from
H2 onto L2(Σ,Cn).

Next, clearly, U is unitarily equivalent to the operator Q of multiplication by eit in
L2(Σ1,Cn+m), where Σ1(t) = Imt⊕Σ(t), t ∈ [0, 2π]. Consequently, NU (t) = NQ(t). But
the second identity in (2.12) yields

NQ(t) = NΣ1(t) = rank
(
dΣ1(t)/dt

)
= m+ rank ∆2(t) = m+ rank ∆(t) a.e.

�
Remark 4.6. Comparison of Theorem 4.22 with Theorem 4.3 shows that U is unitarily
equivalent to the operator of multiplication by eit on the space L2

m(0, 2π)
⊕n

k=1 L
2(Yk),

where Yk := {t ∈ (0, 2π) : rank ∆(t) ≥ k}. This result coincides with [29, Theorem 6],
where a different proof was given, though the functional model was also involved.

§5. Vectors of maximal type

An arbitrary operator measure Σ in H generates the family µf : δ 7→ (Σ(δ)f, f) of
σ-finite scalar measures on the σ-algebra B(R). Clearly, µf ≺ Σ for all f ∈ H . It is well
known [1], [6] that any orthogonal measure E in H possesses elements f of maximal type
(principal vectors), i.e., elements f with the property µf ∼ E.

In this section we study the structure of the set

(5.1) ΩΣ := {f ∈ H : Σ ∼ µf , µf (δ) :=
(
Σ(δ)f, f

)
, δ ∈ Bb(R)}

of vectors of maximal type (principal vectors) for a not necessarily orthogonal operator
measure Σ. In particular, we shall prove that this set is nonempty.

Some of the results are new even for the orthogonal measures.
We present two approaches to the problem, which lead to different results. Each of

the methods has its own merits.

5.1. The set ΩΣ. The first approach. This method is elementary and it is new even
for an orthogonal measure. It gives some principal vectors in an “explicit” form.

We need a series of auxiliary lemmas.

Lemma 5.1. Let H be a separable Hilbert space. There exists a system {hα}α∈I , I =
[0, 1], of vectors in H that has the power of the continuum and possesses the property
that each countable subsystem of it is complete in H.

Proof. Let {ej}∞j=0 be an orthonormal basis in H , and let ε > 0. We claim that the
formula

(5.2) fα :=
∞∑
j=0

αjej, α ∈ [0, 1− ε],

defines a required system, i.e., the system {fαi}∞i=0 is complete in H for every collection
of pairwise different αi ∈ [0, 1− ε]. Suppose a vector x =

∑∞
j=0 xjej is orthogonal to the

system {fαi}∞i=0, i.e.,

(5.3)
∞∑
j=0

xjα
j
i = 0, i ∈ N.
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Since
∑∞

j=1 |xj |2 <∞, the function g(z) =
∑∞

j=0 xjz
j is analytic in D = {z ∈ C : |z| < 1}

(and even g ∈ H2(D)). Condition (5.3) means that g(αi) = 0, i ∈ N. Since the sequence
{αi} has a limit point α0 ∈ [0, 1 − ε], we have g ≡ 0 by the uniqueness theorem. So,
x = 0, as required. �

Originally, the following lemma was proposed by the authors as a conjecture to
L. L. Oridoroga, to whom we are indebted for an initial proof of it; see [24].

Lemma 5.2. Let µ be a scalar measure on R, and let δα ∈ B(R) for α ∈ I, where I is
an uncountable set. If 0 < µ(δα) < ∞ for all α ∈ I, then among these sets there is a
countable subsystem {δαj}∞j=1, αj ∈ I, such that µ

(⋂∞
j=1 δαj

)
> 0.

Proof. Clearly, ‖χδ1 −χδ2‖L1(µ,R) = µ(δ14δ2), where χδ is the indicator of the set δ and
A4B is the symmetric difference of the sets A and B.

Since the space L1(µ,R) is separable, every uncountable subset of it contains a non-
isolated point. In particular, the set {χα := χδα}α∈I contains a condensation point, say,
χβ := χδβ . Therefore, since L1(µ,R) is a metric space, there is a sequence αj ∈ I such
that

‖χj − χβ‖L1(µ,R) = µ(δβ4δαj )→ 0 as j →∞ (χj := χαj ).

Passing, if necessary, to a subsequence, we can assume that µ(δβ4δαj ) ≤ 2−j−1µ(δβ).
Therefore,

µ

( ∞⋂
j=1

δαj

)
≥ µ

(
δβ

∞⋂
j=1

δαj

)

≥ µ(δβ)−
∞∑
j=1

µ(δβ4δαj )

≥ µ(δβ)
[
1−

∞∑
j=1

2−j−1

]
=

1
2
µ(δβ).

So, {δαj}∞j=1 is the required sequence. �

Proposition 5.3. Suppose Σ is an operator measure in H and {ej}∞0 is an orthonormal
basis in H. Then the set ΩΣ defined by (5.1) contains all vectors of the form (5.2) except
for an at most countable subset.

Proof. Let ρ be a scalar measure equivalent to Σ (see (2.15)).
Denoting by M the set of vectors of the form (5.2), we show that the set M \ ΩΣ =:

{hα}α∈I is at most countable. Assume the contrary. For every hα ∈M \ΩΣ (α ∈ I), we
find a set δα ∈ Bb of positive Σ-measure (Σ(δα) 6= 0) such that µh(δα) := (Σ(δα)hα, hα) =
0, i.e., Σ(δα)hα = 0.

Since, by assumption, M \ ΩΣ is uncountable, by Lemma 5.2 there exists a sequence
αj ∈ I such that

δ0 :=
∞⋂
1

δαj and ρ(δ0) > 0.

Since ρ ∼ Σ, we have Σ(δ0) 6= 0. Next, Σ(δαj ) ≥ Σ(δ0) and Σ(δαj )hαj = 0. Therefore,

0 ≤ (Σ(δ0)hαj , hαj ) ≤ (Σ(δαj )hαj , hαj ) = 0, j ∈ N,

whence it follows that Σ(δ0)hαj = 0 for all j ∈ N. But by Lemma 5.1 the system {hαj}∞j=1

is complete in H ; consequently, Σ(δ0) = 0. This contradicts the fact that Σ(δ0) 6= 0. �
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5.2. The set ΩE. The case of an orthogonal measure Σ = E. Our second approach
is less elementary, but yields more complete information about the structure of ΩΣ.

We need several easy lemmas.

Lemma 5.4. Suppose µ is a finite Borel measure on R, X = Lp(µ,R) (p ∈ [1,∞]), and
L is a subspace of X. Then for every a > 0 the subset

(5.4) Sa(L) := {f ∈ L : µ{x ∈ R : f(x) = 0} ≥ a}

is closed in X.

Proof. Assume the contrary. Then there exists a sequence fn ∈ Sa(L) with fn → ϕ ∈
Lp(µ,R) as n→∞ but ϕ 6∈ Sa(L). This means that

µ(K) = µ(R)− a+ ε, where K := {x ∈ R : ϕ(x) 6= 0}.

Since µ(R) < ∞, from the Lusin and Egorov theorems we deduce the existence of a
closed set K1 ⊂ K such that µ(K1) = µ(R)−a+ ε/2, the functions fndK1 and ϕdK1 are
continuous, and the sequence fn converges uniformly on K1. Consequently, there exists
a number N such that fn(x) 6= 0 for all n ≥ N and all x ∈ K1. But this contradicts the
assumption fn ∈ Sa(L) because µ(K1) = µ(R)− a+ ε/2. �

For the spaces Lp(µ,R) with an infinite measure, Lemma 4.5 is not true in general.
The next counterexample was indicated to us by V. I. Vasyunin.

Example 5.5. Consider the subspace L = span{χk := χ[k,k+1] : k ∈ Z} of L2(m,R),
where m is the Lebesgue measure and χk is the characteristic function of the seg-
ment [k, k + 1]. Clearly, L = {

∑
k∈Z ckχk :

∑
k∈Z |ck|2 < ∞}, and the linear set

L0 = {
∑n
m ckχk : m,n ∈ Z} is dense in L. At the same time, Sa(L) ⊃ L0 for ev-

ery a > 0 and, therefore, Sa(L) is not closed.

Lemma 5.6. Suppose µ is a finite Borel measure on R. Let X = Lp(µ,R), and let L be
a subspace of X containing a function g 6= 0 (mod µ). Then the set

(5.5) S(L) := {f ∈ L : µ{x ∈ R : f(x) = 0} > 0}

is of the first category in L and is an Fσ-set.

Proof. Clearly,

(5.6) S(L) =
⋃
a∈R+

Sa(L) =
∞⋃
n=1

S1/n(L),

where the sets Sa(L) were defined in (5.4). Consequently, S(L) is an Fσ-set.
Next, let f ∈ Sa(L). Since the measure µ is finite, the function f + εg = (ε + f/g)g

may vanish on a set of positive measure only for at most countably many values of ε. So,
f + εg ∈ Sa(X) for at most countably many values of ε. Therefore, Sa(L) is contained
in the closure of L \ Sa(L). Since the set Sa(L) is closed in L, it is nowhere dense in L.
By (5.6), S(L) is of the first category in L. �

Now, we are able to prove the first main result of the present section.

Theorem 5.7. For a selfadjoint operator A in H , let E be its spectral measure, and let
ΩA := ΩE be the set of principal vectors for E. If L ∈ Cyc(A), then:

i) ΩA ∩ L(= ΩE ∩ L) is a Gδ-subset of the second category and is dense in L;
ii) ω(ΩA ∩ L) = 1 for every Gaussian measure ω in L.
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Proof. We split the proof in several steps, restricting ourselves to the case where dimL =
∞. The case where dimL <∞ is much simpler.

1) At the first step we restate the condition f ∈ ΩE ∩ L in the language of function
theory. Let {fj}∞j=1 be an orthonormal basis in L.

Putting g1 := f1, we use induction to define a system {gj}N1 of pairwise spectrally
orthogonal vectors with n(A) ≤ N ≤ ∞. Specifically, we put gk := I − Pk−1fnk , where
n1 = 1 and, for k ≥ 2, nk is the minimal natural number satisfying

fnk 6∈ Hk−1 := span{Hfj : j ∈ {n1, . . . , nk−1}} = span{Hfj : 1 ≤ j ≤ nk−1},
and Pk−1 is the orthogonal projection of H onto Hk−1. We recall that

Hf := span{(A− λ)−1f : λ ∈ C \ R}.
It is easily seen that gi and gj are spectrally orthogonal if i 6= j, and that the system

{gj}N1 is equivalent to {fj}∞1 , i.e.,

Hk = span{Hfj : 1 ≤ j ≤ nk} =
k⊕
j=1

Hgj , k ≤ N.

Since L ∈ CycA, we have H =
⊕N

j=1Hgj .
We denote by gkj the orthogonal projection of fk to Hgj , 1 ≤ j ≤ k (by definition,

gkj = 0 for j > min{nk, N}) and observe that gnkk = gk.
Since gkj ∈ Hgj , there exists a function ϕkj ∈ L2(µj ,R) (here µj := µgj := (Etgj , gj))

with gkj = ϕkj(A)gj and ϕnkk = 1. But the system {fk}∞1 is orthonormal, whence we
see that the series

∑
k λkfk converges in H if

−→
λ = {λk}∞1 ∈ l2. Since fk =

∑k
j=1 gkj , we

have
(5.7)

f(
−→
λ ) :=

∞∑
k=1

λkfk =
∞∑
k=1

λk

( k∑
j=1

gkj

)
=
∞∑
j=1

( ∞∑
k=j

λkgkj

)
=
∞∑
j=1

hj(
−→
λ ),

−→
λ ∈ l2,

where

(5.8) hj(
−→
λ ) := hj(A,

−→
λ )gj ∈ Hgj and hj(t,

−→
λ ) :=

∞∑
k=j

λkϕkj(t), j ∈ N,

and ϕnjj = 1. Next, let µ be a finite Borel measure equivalent to E (µ ∼ E and µ(R) <
∞). By the Radon–Nikodym theorem, every measure µj is of the form µj(δ) =

∫
δ
pj dµ,

where pj ≥ 0 and pj ∈ L1(µ,R). Since the elements hj are pairwise spectrally orthogonal
for every

−→
λ ∈ l2, from (5.7) it follows that for every δ ∈ B(R) and hj(t) := hj(t,

−→
λ ),

µf (δ) =
∞∑
j=1

µhj (δ) =
∞∑
j=1

(
E(δ)hj , hj

)
=
∞∑
j=1

∫
δ

|hj(t)|2 d
(
E(t)gj , gj

)
=
∞∑
j=1

∫
δ

|hj(t)|2 dµj(t)(5.9)

=
∫
δ

∞∑
j=1

|hj(t)|2pj(t) dµ(t).

Since µ ∼ E, formula (5.9) implies the required description:

(5.10) f =
∞∑
1

λkfk ∈ ΩE ∩ L ⇐⇒
∞∑
j=1

|hj(t,
−→
λ )|2pj(t) 6= 0 (mod µ).
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2) Since the mapping
−→
λ 7→

∑
λkfk is an isometry of l2 onto L, (5.10) implies that

the set L \ΩE is isometrically isomorphic to Λ :=
⋃
a∈R+

Λa, where

(5.11) Λa :=
{−→
λ ∈ l2 : µ

{
t ∈ R :

∞∑
j=1

|hj(t,
−→
λ )|2pj(t) = 0

}
≥ a

}
, a ∈ R+.

We show that the sets Λa are closed. We consider the nonlinear mapping

(5.12) Φ : l2 → L1(µ,R), Φ :
−→
λ 7→

∞∑
j=1

|hj(t,
−→
λ )|2pj(t)

and show that it is locally Lipschitz. By (5.7)–(5.9),

(5.13) ‖−→λ −−→λ 0‖2l2 =
∫
R

∞∑
j=1

|hj(t,
−→
λ )− hj(t,

−→
λ 0)|2pj(t) dµ(t),

−→
λ ,
−→
λ 0 ∈ l2.

From (5.12), (5.13), and the Cauchy inequality we deduce that

‖Φ(
−→
λ )− Φ(

−→
λ 0)‖L1(µ1,R) ≤

∞∑
j=1

∫
R

∣∣|hj(t,−→λ )|2 − |hj(t,
−→
λ 0)|2

∣∣pj(t) dµ
≤
( ∞∑
j=1

∫
R

∣∣|hj(t,−→λ )| − |hj(t,
−→
λ 0)|

∣∣2pj(t) dµ)1/2

·
( ∞∑
j=1

∫
R
(|hj(t,

−→
λ )|+ |hj(t,

−→
λ 0)|)2pj(t) dµ

)1/2

≤ 2‖−→λ −−→λ 0‖l2(‖−→λ ‖2l2 + ‖−→λ 0‖2l2)1/2.

So, the mapping Φ is continuous. By Lemma 5.4, the set Λa = Φ−1
(
Sa(L1(µ,R))

)
is

closed.
Now, the identity

(5.14) Λ :=
⋃
a∈R+

Λa =
∞⋃
n=1

Λ1/n

implies that Λ is an Fσ-set.
3) At this step we show that Λ is of the first category in l2. Put

(5.15) Λja :=
{−→
λ ∈ l2 : µ

{
t ∈ R :

∞∑
k=j

λkϕkj(t) = 0
}
≥ a

}
, a ∈ R+, j ∈ N.

Since the mappings Φj :
−→
λ → hj(t,

−→
λ ) from l2 to L2(µ,R) are continuous, the sets Λja

are closed by Lemma 5.4. Next, we introduce the vector λj :=
−→
λ − λjej ∈ l2j , where

l2j = l2 	 {ej} = span{ek : k 6= j}. Then the proof of Lemma 5.6 shows that for fixed λj

the one-dimensional section

(5.16) Qja(λ
j) := {γ ∈ C : {λk + γδjk}∞k=1 ∈ Λja}

(δjk is Kronecker’s delta) is at most countable, because ϕnjj = 1 6= 0 (mod µ). There-
fore, this (closed) set is nowhere dense in l2. It follows that the sets

(5.17) Λ′(j) :=
⋃
a>0

Λja =
∞⋃
n=1

Λj1/n and Λ′ :=
∞⋃
j=1

Λ′(j)

are of the first category in l2.
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Next, it is easily seen that Λ ⊂ Λ′. Indeed, let
−→
λ ∈ Λ. Then

−→
λ ∈ Λa for some a > 0

and, by (5.11), for some µ-measurable set K we have

(5.18) |hj(t,
−→
λ )|2pj(t) = 0 for t ∈ K, j ∈ N, and µ(K) ≥ a.

Since H =
⊕N

j=1 Hgj (the system {gj}N1 is cyclic!), we have µ
(⋂∞

j=1{t : pj(t) = 0}
)

=
0. Therefore, some of the sets Kj := K ∩ {t ∈ R : pj(t) 6= 0} (say, Ki) is of positive
µ-measure, and the ith identity in (5.18) takes the form

(5.19) hi(t,
−→
λ ) = 0 for t ∈ Ki and µ(Ki) = b > 0.

By (5.15) and (5.17), identity (5.19) means that
−→
λ ∈ Λib ⊂ Λ′, and the inclusion

Λ ⊂ Λ′ is proved. Therefore, Λ is of the first category in l2.
By (5.14), the set ΩE ∩ L is isomorphic to l2 \ Λ =

⋂
n(l2 \ Λ1/n). Thus, statement i)

follows from the Baire category theorem.
4) We prove statement ii). As an orthonormal basis {fj}∞1 in L, we take the basis of

eigenvectors of the correlation operator B of the Gaussian measure w in L : Bfj = bjfj ,
bj ≥ 0, j ∈ N.

Along with w, consider the Gaussian measure wg in l2 with the correlation operator
Bg, Bgek = bkek. The isomorphism

−→
λ = {λk}∞1 ↔

∑
λkfk between l2 and L shows that

w(L \ΩE) = wg(Λ) (the sets L \ΩE and Λ are of type Fσ and, thus, Borel-measurable).
In the basis {ek}∞1 , the measure wg is a product measure (see the definitions in [31]);
therefore, for every j ∈ N it is representable in the form w′ = wj ⊗wj , where wj and wj

are the projections of w′ onto l2 	 l2j and l2j , respectively, where l2j = span{ek : k 6= j}.
Since for every λj :=

−→
λ − λjej ∈ l2j the one-dimensional section Qja(λj) of the form

(5.16) is at most countable, from (5.17) and the Fubini theorem we obtain

w′
(
Λ′(j)

)
= lim
n→∞

w′(Λj1/n) ≤
∞∑
n=1

∫
l2j

wj
(
Qj1/n(λj)

)
dwj = 0.

Therefore, w(L \ ΩE) = w′(Λ) ≤ w′(Λ′) ≤
∑∞

j=1 w
′(Λ′(j)) = 0, as required. �

Example 5.8. Let T be a contraction in H with simple spectrum, and let U be the
minimal unitary dilation of T in H̃ ⊃ H . By Proposition 3.6, H ∈ CycEU . In this case
Theorem 3.13 says more than Theorem 5.7: H ⊂ ΩE .

Remark 5.1. a) If n(A) = 1, i.e., the operator A is cyclic, then ΩA = {h : {λh} ∈ CycA},
and by Theorem 5.7, in each subspace L ∈ CycA, the set of all cyclic vectors is dense,
of type Gδ, etc.

b) The set Λ \ ΩE may happen to be everywhere dense in L, though it is of the first
category in L. For example, H \ΩE is dense in H := L2(µ,R), because every f ∈ H can
be approximated by functions of the form fχδn .

c) It can be shown that the sets Λa of the form (5.11) are nowhere dense in l2.
Therefore, (5.14) yields a representation of Λ as a countable union of closed nowhere
dense subsets.

d) Statement ii) in Theorem 5.7 is true for any continuous product measure in L. This
is clear from the proof. It should also be noted that the main difficulty in the proof of
statement ii) is to show that ΩE (or, which is the same, Λ = L\ΩE)) is Borel measurable.

Moreover, if we already know that ΩE is a Borel set, then the fact that L\ΩE is of the
first category in L (i.e., a part of statement (i) in Theorem 5.7) is an easy consequence
of the following theorem due to Kuratowski and Ulam:

A set M in the Cartesian product X ×Y of two metric spaces X and Y is of the first
category if M has the Baire property and all sections Mx are of the first category in Y .
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Indeed, since the sections Qja(λj) are at most countable, from (5.17) it easily follows
that the sections of L \ ΩE are of the first category in L.

Corollary 5.9. Let A be a selfadjoint operator in H , and let H+ be a (nonclosed) linear
set in H that is a Hilbert space with respect to a norm ‖·‖+, and the embedding H+ → H
is continuous: ‖ · ‖+ ≥ c‖ · ‖H. If the space H+ is cyclic for E, then:

i) ΩA ∩H+ is a dense Gδ-subset of the second category in H+;
ii) ω(ΩA ∩H+) = 1 for every Gaussian measure ω in H+.

Proof. The arguments differ from the proof of Theorem 5.7 only in certain details. We
give the necessary comments only.

As the system {fj}∞1 we take an orthonormal basis in H+ (relative to the scalar
product (·, ·)+). Since the identity embedding J : H+ → H is continuous, the series∑
λkfk converges in H for every

−→
λ ∈ l2 because it converges in H+. For the same

reason, the mapping Φ of the form (5.12) remains continuous. Beyond these differences,
the proof of Theorem 5.7 applies literally. �
Remark 5.2. It is well known that every linear space H+ continuously embedded in H
is of the form H+ = D(S), where S = S∗ ≥ εI is a selfadjoint operator in Hg := H+; in
this situation we have ‖f‖+ = ‖Sf‖.
5.3. The set ΩΣ. The second approach. From Theorem 5.7 and the Năımark
theorem we deduce the following refinement of Proposition 5.3.

Theorem 5.10. Let Σ be an operator measure in H. Then:
i) ΩΣ is a dense Gδ-subset of the second category in H ;
ii) ω(ΩΣ) = 1 for every Gaussian measure ω in H.

Proof. We split the arguments into several steps.
1) First, let Σ(t) be a generalized resolution of the identity in H (see (3.1)), i.e.,

Σ(−∞) = 0, Σ(+∞) = I. By the Năımark theorem, Σ(t) = PHE(t)dH , where E is a
minimal orthogonal dilation for Σ in a space H̃ ⊃ H .

Since E is minimal, we have Σ ∼ E and H ∈ Cyc(E) by (3.3) and (4.1). It remains
to apply Theorem 5.7 to the measure E in H̃ and to the subspace L = H .

2) Let Σ(t) be a finite operator measure, i.e., Σ(R) ∈ B(H). In this case the strong
limits Σ(±∞) := s-limt→±∞Σ(t) exist. We normalize Σ by the condition Σ(−∞) = 0.
Then Σ(+∞) ≥ 0.

By Theorem 3.5, Σ(t) := T ∗E(t)T (see (3.10)), where E(t) is a resolution of the
identity in H̃ (⊃ H) that satisfies the minimality condition (3.3), and T is a bounded
operator from H to H̃ , T ∗T = Σ(+∞). For simplicity, we restrict ourselves to the case
where kerT = {0}.

Since T−1 is a closed operator, the linear set H+ := TH = D(T−1) (⊂ H̃) is a Hilbert
space with the scalar product (f, g)+ := (T−1f, T−1g). Since T is bounded, we have
‖f‖+ ≥ c‖f‖

H̃
. Therefore, H+ ∈ CycE and the embedding J : H+ → H̃ is continuous.

By Corollary 5.9, the set H+ \ ΩE is of the first category and of type Fσ in the Hilbert
space H+, and ω(H+ \ ΩE) = 0 for every Gaussian measure ω in H+.

Since T maps H onto H+ isometrically (‖Th‖+ = ‖h‖, h ∈ H), we see that H \ΩΣ =
T−1(H+ \ΩE) is also an Fσ-set of the first category in H , and ω(H \ ΩΣ) = 0 for every
Gaussian measure in H .

3) Let Σ be an arbitrary unbounded measure in H . Since Σ is defined on Bb(R), the
measures

(5.20) Σn : B(R)→ B(H), Σn(δ) := Σ(δ ∩ [−n, n]), δ ∈ B(R), n ∈ N,
are bounded: Σn(R) ∈ B(H), n ∈ N.
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Next, clearly, we have ΩΣ =
⋂∞
n=1 ΩΣn . Indeed, if Σ(δ) = 0, then Σn(δ) = 0 for all

n ∈ N by (5.20). Conversely, if Σn(δ) = 0 for all n ∈ N, then Σ(δ) = s-limn→∞Σn(δ) =
0. Now statements i)–ii) follow from the identity H \ ΩΣ =

⋃∞
n=1(H \ ΩΣn) and the

corresponding statements for the measures Σn already verified at step 2). �

In conclusion, we give a criterion for a subspace L ⊂ H to contain a principal vector
of an operator measure Σ, i.e., for ΩΣ ∩ L 6= ∅.

Definition 5.11. A subspace L ⊂ H is said to be principal for a measure Σ if

(5.21) L 6⊂ ker Σ(δ) for every δ ∈ B(R) with Σ(δ) 6= {0}.

Proposition 5.12. Let Σ be an operator measure in H , and let L be a subspace of H.
The following statements are equivalent:

i) L is a principal subspace for Σ;
ii) ΣL := PLΣdL ∼ Σ;
iii) ΩΣ ∩ L 6= ∅;
iv) ΩΣ ∩ L is a dense Gδ-subset in L of the second category;
v) ω(ΩΣ ∩ L) = 1 for every Gaussian measure ω in L.

Proof. i) ⇐⇒ ii). Clearly, ΣL ≺ Σ. If the measures ΣL and Σ are not equivalent, then
there exists a set δ ∈ B(R) such that ΣL(δ) = 0 and Σ(δ) 6= 0. But the first relation
shows that L ∈ ker Σ(δ). The reverse implication is proved similarly.

ii) ⇐⇒ iii). Let ΣL ∼ Σ. By Proposition 5.3, ΩΣL 6= ∅, i.e., there exists f ∈ L such
that µf ∼ ΣL. But then µf ∼ Σ and f ∈ ΩΣ ∩ L.

Conversely, if f ∈ ΩΣ∩L (6= ∅), then µf ∼ Σ. Since f ∈ L, we have µf ≺ ΣL, whence
Σ ≺ ΣL.

iii) ⇐⇒ iv) and iii) ⇐⇒ v). Since ΩΣ ∩ L 6= ∅, the equivalence i) ⇐⇒ ii) (already
proved) yields ΣL ∼ Σ. Therefore, ΩΣ ∩ L = ΩΣL . But Theorem 5.10 applied to the
measure ΣL in L shows that ΩΣ ∩ L is a Gδ-subset of the second category in L, and
ω(ΩΣ ∩ L) = 1.

The equivalences iv) ⇐⇒ i) and v) ⇐⇒ i) follow from i) ⇐⇒ iii) and Theorem
5.10. �

Corollary 5.13. Suppose A is a selfadjoint operator in H and L is a subspace of H.
Let E(t) be the resolution of the identity for A. Then:

1) either L ∩ ΩE = ∅, or L is a principal subspace and ΩΣ ∩ L is a dense Gδ-subset
of L of the second category;

2) if L ∈ CycA, then L is a principal subspace in H.

§6. Hellinger types and Hellinger subspaces

6.1. Hellinger subspaces. The first approach. Let µ be a scalar measure. The
class of all measures equivalent to µ is called the type of µ and is denoted by [µ].

Definition 6.1 (see [6]). a) Let A = A∗ be a selfadjoint operator in H , and let E := EA
be its spectral measure. For every g ∈ H , the type of the measure µg is called the type
of the vector g and is denoted by [g] := [µg]. We recall that µg(δ) := (E(δ)g, g).

b) Let vectors {gi}mi=1 (m ≤ ∞) be spectrally orthogonal (Hgi⊥Hgj ), and let

(6.1) H =
m⊕
i=1

Hgi , [gi+1] ≺ [gi], i < m,

i.e., the types [gi] decrease monotonically. Then the sequence {gi}m1 is called a Hellinger
sequence, and the types [gi] are called the Hellinger types of the measure E.
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In this case, the number m (m ≤ ∞) and the types [gi] in the decomposition (6.1)
are uniquely determined (see [6], [27]) and m = n(A) = n(E), where n(A) is defined by
(4.2).

The collection of Hellinger types forms a complete system of unitary invariants of a
selfadjoint operator A (equivalently, of the measure E); see [6], [27].

Let ΩA := ΩE := {g ∈ H : µg ∼ E} be the set of vectors of maximal type, and let
g1 ∈ ΩE . Then µg ≺ µg1 := µ for all g ∈ H and, consequently, the type [g] is uniquely
determined by the set

(6.2) Γ(g) := {t ∈ R : dµg/dµ > 0}.
Since µg ≺ µ, we see that Γ(g) is a (nontopological) support of µ.

It follows that the Hellinger types are uniquely determined by the senior type [µg1 ] =
[g1] and by the supports Γi(E) := Γ(gi), i ≤ m.

The sets Γi(E) are determined by the multiplicity function NE = NA:

(6.3) Γi(E) := {t ∈ R : NE(t) ≥ i}.
Remark 6.1. The Hellinger types can be defined in a different way. For example, let
{gi}k1 be a system of spectrally orthogonal vectors (Hgi ⊥ Hgj , 1 ≤ i 6= j ≤ k) that
satisfies the condition Γ(gi) = Γi(E), i ≤ k. Next, putting Hg := H 	 (

⊕k
i=1 Hgi), we

take gk+1 ∈ Hg such that [g] ≺ [gk+1] for all g ∈ Hg (i.e., gk+1 is a principal vector for
AdHg). Then [gk+1] is the (k + 1)st Hellinger type for E.

The Hellinger types admit the following invariant description (see [21]):

(6.4) [gk+1] = min
g1,...,gk

max
g∈H	Hg1 ,...,gk

[g],

where the maximum and minimum are understood in the sense of the partial order ≺.
Relation (6.4) can rewritten in terms of the supports Γ(g):

(6.5) Γk+1(E) = min
g1,...,gk

max
g∈H	Hg1 ,...,gk

Γ(g),

where the maximum and minimum are taken in the sense of the partial order ⊂. Invoking
the multiplicity function NΣ described in Definition 4.5 (see formula (4.8)), we see that,
for an arbitrary (not necessarily orthogonal) operator measure Σ, it is natural to define
the supports Γi(Σ) of the Hellinger types by analogy with (6.3):

(6.6) Γi(Σ) = {t ∈ R : NΣ(t) ≥ i}, i ∈ {1, . . . ,m}.
Next, the ith Hellinger type of Σ is defined to be the type [µi] of the scalar measure
dµi := χidρ, where ρ ∼ Σ and χi is the indicator of Γi(Σ), 1 ≤ i ≤ m(Σ).

By (4.13), the definitions (6.3) and (6.6) coincide for an orthogonal measure Σ = E.
On the other hand, by Theorem 5.10, ΩΣ 6= ∅ and for every g1 ∈ ΩΣ we have µg ≺
µg1 =: µ ∼ Σ, where µg(δ) := (Σ(δ)g, g) and g ∈ H . Therefore, the set Γ(g) defined by
(6.2) is a (nontopological) support of µg.

It turns out that, although ΩΣ 6= ∅, elements of “junior” types (i.e., vectors g ∈ H
with Γ(g) = Γi(Σ) for some i ≥ 2) may be absent in general.

Example 6.2. Let Σ(t) be a (2× 2)-matrix-valued discrete measure with jumps at 1, 2,
and 3, i.e., Σ(t) =

∑
i<t Pi, where

P1 =
(

1 0
0 0

)
, P2 =

(
0 0
0 1

)
, P3 =

(
1 0
0 1

)
.

Clearly,

NΣ(t) =

{
1 if t = 1, 2,
2 if t = 3,

and Γ1(Σ) = {1, 2, 3}, Γ2(Σ) = {3}.
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Let h = {h1, h2}. If h1h2 6= 0, then Γ(h) := supp(Σh, h) = {1, 2, 3} = Γ1(Σ). But if
h1 = 0, we have Γ(h) := supp(Σh, h) = {2, 3}, and if h2 = 0, then Γ(h) := supp(Σh, h) =
{1, 3}. Therefore, the relation Γ(h) := supp(Σh, h) = {3} = Γ2(Σ) is impossible.

The following simple statement will be used below.

Lemma 6.3. If δ ⊂ Γn(Σ), δ ∈ B(R), and Σ(δ) 6= 0, then rank Σ(δ) ≥ n.

Proof. Assume the contrary. Let H := R
(
Σ(δ)

)
with dimH = rank Σ(δ) = n1 < n. We

choose an orthonormal basis {ej}∞1 in H in such a way that {ej}n1
1 is a basis in H, and

{ej}j>n1 is a basis in H⊥. Next, we introduce a diagonal operator K = K∗ ∈ S2 by
putting Kej = ej/j, j ∈ N. If ρ ∼ Σ and ΨK := dK∗ΣK/dρ, then

(6.7) K∗Σ(δ)K =
∫
δ

ΨK(t) dρ(t)

by Theorem 2.12. Since K∗Σ(δ)Kej = 0 for j > n1, by (6.7) there exists a set δ1 ⊂ δ,
δ1 ∈ B(R), such that

(6.8) ΨK(t)ej = 0, t ∈ δ1, j > n1, ρ(δ \ δ1) = 0.

Consequently, R
(
ΨK(t)

)
⊂ H for t ∈ δ1, and NΣ(t) = rank ΨK(t) ≤ n1 for t ∈ δ1 by

Corollary 4.7, which contradicts the definition of Γn(Σ). �

We denote by Gk(H) the collection of all k-dimensional subspaces of H (a “Grassmann
manifold”).

An operator measure Σ in H generates the family of (k × k)-matrix-valued measures
of the form PLΣdL, where L ∈ Gk(H). Clearly, we have PLΣdL ≺≺ Σ; therefore,
NPLΣdL(t) ≤ NΣ(t) for a.e. t ∈ R.

Below we shall show that the kth Hellinger type of Σ can be realized by a subspace
L ∈ Gk(H). This makes the following definition natural.

Definition 6.4. Let Σ be an operator measure in H , and let m be its total multiplicity.
a) A subspace L = Lk (∈ Gk(H)) is called a kth Hellinger subspace (in symbols:

L ∈ Helk(Σ)) if

(6.9) Γi(L) := Γi(PLΣdL) = Γi(Σ), i ∈ {1, . . . , k}.
b) A Hellinger chain is any finite chain of the form

(6.10)
{λh} =: L1 ⊂ L2 ⊂ · · · ⊂ Lk ⊂ · · · ⊂ Lm ⊂ H, Lk ∈ Helk(Σ), k ∈ {1, . . . ,m},

if the total multiplicity m := m(Σ) is finite, and any infinite chain of the form

(6.11) {λh} =: L1 ⊂ L2 ⊂ · · · ⊂ Lk ⊂ · · · ⊂ H, Lk ∈ Helk(Σ), k ∈ N,
if m = m(Σ) =∞.

c) A basis {ei}k1 in Lk
(
∈ Helk(Σ)

)
is called a Hellinger basis if the spaces Lj :=

span{ei : 1 ≤ i ≤ j} constitute a Hellinger chain of the form (6.10) with h = e1.

Remark 6.2. a) In particular, H1 = {λh} ∈ Hel1(Σ) if and only if h ∈ ΩΣ.
b) Let L1 ⊂ · · · ⊂ Lk be a chain of subspaces, and let {ei}k1 be an orthonormal basis

in Lk such that Lj = span{ei : 1 ≤ i ≤ j}, j ≤ k. We put σij(t) := (Σ(t)ei, ej),
ψij(t) := dσij(t)/dρ, and Ψp(t) := (ψij(t))

p
i,j=1. Then L1 ⊂ · · · ⊂ Lk is a Hellinger chain

if and only if

(6.12) Γp(Σ) = {t ∈ R : det Ψp(t) 6= 0} (mod Σ), p ∈ {1, . . . , k}.
By Definition 4.5, for ρ-almost every t ∈ Γp(Σ) there exists a nonzero minor of order p for
Ψk(t). However, this minor may depend on t. The meaning of the notion of a Hellinger
chain is that nonzero minors can be chosen independent of t (see (6.12)).
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c) If the density matrix Ψk(t) is diagonal, Ψk(t) = diag
(
ψ1(t), . . . , ψk(t)

)
, and the

supports suppψj decrease (suppψj ⊇ suppψj+1), then Γn(Σ) = suppψn, n ∈ {1, . . . , k}.

In particular, this situation occurs if the measure Σ = E is orthogonal and the basis
{ei}k1 consists of pairwise spectrally orthogonal vectors (relative to E) and, moreover, ei
realizes the ith Hellinger type: Γ(ei) = Γi(E), i ∈ {1, . . . , k}.

This observation shows that a Hellinger chain of a measure Σ is a natural analog of
(and a substitute for) a Hellinger sequence in the case of an orthogonal measure E.

Example 6.5. Let H = C3. Suppose that a matrix Ψ(t) is diagonal in the basis {ej}31,
i.e., Ψ(t) = Ψ3(t) = diag(ψ1, ψ2, ψ3). Moreover, suppose ψj ∈ C[0, 2] (1 ≤ j ≤ 3) and

ψ1(x) > 0, x ∈ [0, 3/2), ψ2(x) > 0, x ∈ (1/2, 2], ψ3(x) > 0, x ∈ (1/4, 3/2).

If the function ψj (1 ≤ j ≤ 3) vanishes off the segment indicated, then the measure Σ
(Σ(δ) =

∫
δ Ψ(t) dt) satisfies Γ1(Σ) = [0, 2], Γ2(Σ) = [1/4, 3/2], and Γ3(Σ) = [1/2, 3/2].

a) The space L2 = span{e1, e3} is not Hellinger because

(6.13) Γ1(L2) = [0, 3/2] 6= Γ1(Σ), though Γ2(L2) = [1/4, 3/2] = Γ2(Σ).

Relations (6.13) show that the jth identity in (6.9) does not imply the other relations
with i < j.

b) The subspace L3 = span{e1, e2} is not Hellinger, because

Γ1(L3) = [0, 2] = Γ1(Σ) but Γ2(L3) = [1/2, 3/2] 6= Γ2(Σ).

This example is interesting because L3 contains a continuum of principal vectors (λ1e1 +
λ2e2 ∈ ΩΣ with λ1λ2 6= 0), but L3 /∈ Hel2(Σ).

c) Since L3 /∈ Hel2(Σ), neither the chain {λe1} ⊂ L3 ⊂ H , nor the basis {ej}31 is
Hellinger. At the same time, the basis {g1 := (e1 +e2)/

√
2, g2 := e3, g3 := (e1−e2)/

√
2}

and the chain {λg1} ⊂ span{g1, g2} ⊂ H are Hellinger.

Proposition 6.6. Suppose Σ is an operator measure in H , L := Lk ∈ Gk(H), T ∈ B(H),
and kerT = kerT ∗ = {0}. Then:

i) Γi(T ∗ΣT ) = Γi(Σ) for all i ∈ N;
ii) L ∈ Helk(T ∗ΣT ) if and only if TL ∈ Helk(Σ);
iii) if Σ(t) is of norm locally bounded variation and Ψ(t) = dΣ(t)/dρ is the density of

Σ, i.e., Σ(δ) =
∫
δ

Ψ(t) dρ(t) (see Proposition 2.15), then L := Lk ∈ Helk(Σ) if and only
if

(6.14) dim(L/(L ∩ ker Ψ(t))) ≥ i for ρ-a.e. t ∈ Γi(Σ), i ∈ {1, 2, . . . , k}.
Moreover, the first (last) condition in (6.14) is equivalent to the condition L 6⊂ ker Ψ(t)

for t ∈ Γ1(Σ) (L ∩ ker Ψ(t) = {0} for t ∈ Γk(Σ)).

Proof. Statements i) and ii) are obvious, and iii) follows from the identity dim(L/(L ∩
ker Ψ(t))) = rank

(
PLΨ(t)dL

)
. �

We prove the existence of Hellinger chains (see Proposition 6.4).

Theorem 6.7. Let Σ be an operator measure in H , and let m = m(Σ) be its total
multiplicity. Suppose T ∈ S2(H), kerT = kerT ∗ = {0}, and THk ∈ Helk(Σ). If
M := {fα}α∈I is a family of vectors of the form (5.2) with I := [0, 1], then:

i) the subspace span{THk, T fα} belongs to Helk+1(Σ) for all but at most countably
many α ∈ [0, 1);

ii) for every h ∈ ΩΣ there exists a Hellinger chain of the form (6.10) or (6.11);
iii) every subspace L ∈ Helk(Σ) can be included in a Hellinger chain of the form (6.10)

or (6.11).
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Proof. i) Consider the operator measure ΣT (t) := T ∗Σ(t)T . Define a scalar measure ρ
by ρ(δ) = Tr ΣT (δ) and put ΨT := dΣT /dρ. Then

(6.15) Γi(Σ) = Γi(ΣT ) := {t ∈ R : rank ΨT (t) ≥ i}, i ∈ N.
For k = 1, statement i) is the content of Proposition 5.3. Assuming that i) is proved for
k = n, we verify it for k = n+ 1.

By assumption, there exists an n-dimensional Hellinger subspace HT
n ∈ Heln(ΣT ).

Consider the following family of (n+ 1)-dimensional subspaces:

(6.16) HT
α := span{HT

n , fα} ⊃ HT
n , α ∈ I,

where {fα} is the set of vectors of the form (5.2).
By Proposition 6.6, L1 ⊂ L2 ⊂ · · · ⊂ Lk is a Hellinger chain for ΣT if and only if

(6.17) Li ∩ ker ΨT (t) = {0}, t ∈ Γi(ΣT ) = Γi(Σ), i ∈ {1, . . . , k}.
We denote by ΩkΣ(HT

n ) the set of all vectors fα ∈ M for which the subspace HT
α

defined in (6.16) is a Hellinger subspace for ΣT .
We show that the set M \ ΩkΣ(HT

n ) is at most countable. Supposing the contrary,
in accordance with (6.17), for every fα ∈ M \ ΩkΣ(HT

n ) we find a measurable subset
δα ⊂ Γn+1 such that

(6.18) HT
α ∩ ker ΨT (t) 6= {0}, t ∈ δα, ρ(δα) > 0.

By Lemma 5.2, there exists a sequence {αi}∞1 with ρ(
⋂
δαi) > 0. Therefore,

(6.19) HT
αi ∩ ker ΨT (t) 6= {0}, i ∈ N, t ∈ δ :=

⋂
i

δαi (⊂ Γn+1).

On the other hand, since HT
n ∈ Heln(ΣT ), Proposition 6.6 yields

(6.20) HT
n ∩ ker ΨT (t) = {0}, t ∈ Γn ⊃ Γn+1.

By (6.19) and (6.20), we have

(6.21) fαi ∈ span{HT
n , ker ΨT (t)}, t ∈ δ (⊂ Γn+1), i ∈ N.

But Lemma 5.1 shows that the sequence {fαi}∞i=1 is complete in H and, consequently,
span{HT

n , ker ΨT (t)} = H for all t ∈ δ. This is impossible because codim ker ΨT (t) ≥
n+ 1 for ρ-a.e. t ∈ Γn+1 ⊃ δ.

Thus, for all α ∈ I save an at most countable set, we have HT
α ∈ Heln+1(ΣT ), and

Proposition 6.6 ii) implies also that span{THn, T fα} ∈ Heln+1(Σ). �

Remark 6.3. By Remark 6.2, Theorem 6.7 means that there exists an orthonormal system
{ei}m1 in H such that conditions (6.12) are fulfilled for every k ≤ m. In other words,
the kth Hellinger type of Σ is realized by the measure (∧kΨ(t)ϕk, ϕk)dρ, where ∧kΨ(t)
denotes the kth exterior power of the operator Ψ(t) := ΨK(t) = dK∗ΣK/dρ (K ∈
S2(H)), and ϕk := e1 ∧ · · · ∧ ek is a k-vector, ϕk ∈ ∧k(H).

Example 6.8. Let Σ(t) =
∑

i<t Pi be a matrix-valued discrete measure in C3, where

P1 = diag(1, 0, 0), P2 = diag(0, 1, 0), P3 = diag(0, 0, 1),

P4 = diag(1, 1, 0), P5 = diag(1, 1, 1).

Then Γ1(Σ) = {1, 2, 3, 4, 5}, Γ2(Σ) = {4, 5}, Γ3(Σ) = {5}. The vector h = (h1, h2, h3) is
principal for Σ

(
h ∈ ΩΣ

)
if and only if h1h2h3 6= 0.

At the same time, the supports Γ2(Σ) and Γ3(Σ) are not realized by vectors h ∈ C3.
By Proposition 6.6, the subspace L belongs to Hel2(Σ) if

(6.22) L 6⊂ kerPi, i ∈ {1, 2, 3}, and L ∩ kerP4 = L ∩ kerP5 = {0}.
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For example, L := span{(0, 1/
√

2, 1/
√

2), (1, 0, 0)} ∈ Hel2(Σ), because (6.22) is ful-
filled and ΣL(t) := PLΣ(t)dL =

∑
i<t P

L
i .

Writing PLi = PLPidL in the orthonormal basis (0, 1/
√

2, 1/
√

2), (1, 0, 0), we obtain

PL1 = diag(0, 1), PL2 = PL3 = diag(1/2, 0), PL4 = diag(1/2, 1), PL5 = diag(1, 1).

Clearly, this implies the relations Γ1(L) = Γ1(Σ) = {1, 2, 3} and Γ2(L) = Γ2(Σ) = {4, 5}.
6.2. Hellinger subspaces. The case of an orthogonal measure.

Definition 6.9. Let A be a selfadjoint operator in H , n(A) its total multiplicity, E = EA
its spectral measure, and let L be a subspace in H, dimL ≤ ∞.

a) A subspace Lk (∈ Gk(H)) is called a kth Hellinger subspace for A (for E) (in
symbols: Lk ∈ Helk(A) (Lk ∈ Helk(E)) if the first k Hellinger types of the operators A
and A1 := AdHLk = A∗1 coincide:

(6.23) Γi(A1) = Γi(A) (mod E), i ∈ {1, . . . , k}.
b) A Hellinger chain for A in L is any finite chain of subspaces in L of the form

(6.24) {λh} =: L1 ⊂ L2 ⊂ · · · ⊂ Ln(A) ⊆ L, Lj ∈ Helj(A), j ∈ {1, . . . , n(A)},
if n(A) <∞, and any infinite chain of subspaces in L of the form (6.11) if n(A) =∞.

For example, L ∈ Helk(A) if L = span{gi}ki=1, where the gi are spectrally orthogonal
and gi realizes the ith Hellinger type for A.

By Proposition 4.9, we have NA1(t) = NEA1
(t) = NPLEdL(t) and n(A) = n(E) =

m(E); so, for an orthogonal measure E Definitions 6.4 and 6.9 coincide.

Theorem 6.10. Suppose A is a selfadjoint operator in H , L ∈ Cyc(A), Lk ⊂ L, Lk ∈
Helk(A), and k < n(A). Also, let

(6.25) ΩLA(Lk) := {f ∈ L : span{Lk, f}} ∈ Helk+1(A).

Then:
i) ΩLA(Lk) is a dense Gδ-subset in L of the second category;
ii) ω(ΩLA(Lk)) = 1 for every Gaussian measure ω in L;
iii) in L there exists a Hellinger chain of the form (6.24) or (6.11), Ln(A) ∈ CycA if

n(A) <∞; conversely, if dimL = n(A), then L ∈ Heln(A)(A);
iv) every Hellinger subspace Lk ∈ Helk(A) (Lk ⊂ L) can be incorporated in a Hellinger

chain of the form (6.24) or (6.11).

Proof. Since k < n(A), we have H 	Hk 6= {0} (where Hk := HLk) and Mk := L	 (L ∩
Hk) 6= {0}. Consider the operator Ak+1 := AdH 	Hk. Next, let Pk be the orthogonal
projection onto Hk, and let Lgk+1 := (I −Pk)L. Since ker(I −Pk) = Hk, the projection
I − Pk maps Mk onto Lgk+1 injectively: ker

(
(I − Pk)dMk

)
= {0}. However, we observe

that the linear sets Lgk+1 and L + Hk = Mk + Hk may be closed only simultaneously.
Nevertheless, the scalar product

(6.26) (f ′, g′)+ := (f, g), where fg = (I − Pk)f , gg = (I − Pk)g,

makes L′k+1 a Hilbert space. Moreover, ‖f ′‖ = ‖(I − Pk)f‖ ≤ ‖f‖ = ‖f ′‖+, so that the
Hilbert space L′k+1 with the norm ‖ · ‖+ is embedded in H continuously.

Finally, since L ∈ CycA and Hk ∈ LatA, we see that L′k+1 is a cyclic linear set for
Ak+1. Thus, L′k+1 satisfies all assumptions of Corollary 5.9. Consequently, by Corollary
5.9 (or Theorem 5.7 if L′k+1 is closed), in L′k+1 there is a principal vector g′k+1 ∈ L′k+1 for
Ak+1. We show that g′k+1 realizes the (k+1)st Hellinger type for A. Indeed, by definition,
the first k Hellinger types for Ak and A are the same. Therefore, HLk =

⊕k
i=1Hgi , where

the vector gi realizes the ith Hellinger type for A. Consequently, g′k+1 ⊥ HLk , and ggk+1

realizes the kth Hellinger type for A.
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Now, let gk+1 ∈ L be an arbitrary vector satisfying (I − Pk)gk+1 = g′k+1. We show
that Lk+1 := span{Lk, gk+1} ∈ Helk+1(E), i.e., gk+1 ∈ ΩLA(Lk). Indeed,

HLk+1 = span(HLk , Hgk+1) = HLk ⊕Hgk+1g =
k⊕
i=1

Hg1 ⊕Hg′k+1
.

Putting Ã := AdHLk+1 , we arrive at the identities

Γi(Ã) = Γi(A), i ∈ {1, . . . , k, k + 1},
which mean that Lk+1 ∈ Helk+1(A).

Summarizing, we conclude that f ∈ ΩLA(Lk) if and only if (I − Pk)f is a principal
vector for Ak+1. Therefore, ΩLA(Lk) is the inverse image of ΩAk+1 ∩ L′k+1 under the
mapping I − Pk.

Since Lgk+1 is cyclic for Ak+1, from Corollary 5.9 (or Theorem 5.7 if Lgk+1 is closed)
we see that ΩAk+1 ∩ Lgk+1 is a dense Gδ-subset of L′k+1.

But the definition of the norm in Lgk+1 (see (6.26)) readily shows that I−Pk maps Mk

onto L′k+1 (with the norm ‖ · ‖+) isometrically. Therefore, ΩMk

A (Lk) is a dense Gδ-subset
of Mk (here ΩMk

A (Lk) is defined by (6.25) in which L is replaced by Mk).
Now, the relation

(6.27) ΩLA(Lk) = ΩMk

A (Lk)⊕ (L ∩Hk) = ΩMk

A (Lk)× (L ∩Hk)

implies that ΩLA(Lk) is a dense Gδ-subset in L; consequently, it is of the second category.
ii) Let w be a Gaussian measure in L with correlation operator B. The arguments

are particularly simple if Mk ∈ LatB. Indeed, in this case w = w1w2, where w1 and
w2 are the projections of w to the subspaces Mk and L ∩ Hk in the decomposition
L = Mk ⊕ (L ∩Hk). Since the measures wi (i = 1, 2) are Gaussian and the operators
I −Pk map Mk onto Lgk+1 isometrically, by Theorem 5.7 ii) we have w1

(
ΩMk

A (Lk)
)

= 1.
Since, moreover, w2(L ∩Hk) = 1, from (6.27) and the product nature of the measure w
it follows that w

(
ΩLA(Lk)

)
= w1

(
ΩMk

A (Lk)
)
w2(L ∩Hk) = 1.

The case where Mk /∈ LatB is treated by a slight modification of the arguments
employed at step 4) of the proof of Theorem 5.7.

iii) By Theorem 5.7, there exists a principal vector h ∈ ΩΣ ∩ L. Assuming that a
Hellinger chain L1 ⊂ · · · ⊂ Lk has already been constructed, we put Lk+1 = span{Lk, f},
where f ∈ ΩLA(Lk). By step i), we have Lk+1 ∈ Helk+1(A), which yields the required
one-dimensional extension.

If n(A) < ∞ and Ln(A) /∈ CycA, then H 	 HLn(A) 6= {0}. But this contradicts the
condition Ln(A) ∈ Heln(A)(A) (the latter means that the first n(A) Hellinger types for A
and for An(A) := AdHLn(A) are the same; see (6.23)).

iv) Let Ak := AdHLk . Then n(Ak) = k. Statement iii) applied to Lk (⊂ HLk) and Ak
yields a chain L1 ⊂ L2 ⊂ · · · ⊂ Lk in which Lj ∈ Helj(Ak) = Helj(A), j ∈ {1, . . . , k}.
The extendibility to the right to a chain of the form (6.24) or (6.11) follows from i). �

Remark 6.4. In particular, Theorem 6.10 shows that the Hellinger types of the operator
A (consequently, a complete system of its unitary invariants) can be recovered from each
of its cyclic subspaces L ∈ Cyc(A).

Namely, although in general a subspace L ∈ Cyc(A) may fail to possess a spectrally
orthogonal system of vectors that realize the Hellinger types, Theorem 6.10 and Remark
6.3 show that these types are realized by subspaces Hk ⊂ L or by k-vectors ϕk =
e1∧· · ·∧ek ∈ ∧k(L): the kth Hellinger type is realized by the measure (∧kΨ(t)ϕk, ϕk)dρ,
where Ψ(t) := ΨK(t) := dK∗ΣK/dρ, K ∈ S2(H), and Σ = PLEAdL.
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The next result is deduced from Theorem 6.10 in the same way as Corollary 5.9 is
deduced from Theorem 5.7.

Corollary 6.11. Let A be a selfadjoint operator in H , and let H+ be a (nonclosed)
linear set in H such that H+ is a Hilbert space under a norm ‖ · ‖+ and the embedding
H+ → H is continuous. If H+ is cyclic for A, then all the statements of Theorem 6.10
are valid for H+.

Theorem 6.10, Corollary 6.11, and the Năımark theorem imply the following refine-
ment of Theorem 6.7. The proof is entirely similar to that of Theorem 5.10.

Theorem 6.12. Let Σ be an operator measure in H , let Hk ∈ Helk(Σ), and let

(6.28) ΩΣ(Hk) := ΩHΣ (Hk) := {f ∈ H : span{Hk, f}} ∈ Helk+1(H).

Then the set ΩΣ(Hk) satisfies the following conditions:
i) ΩΣ(Hk) is a dense Gδ-subset in H of the second category;
ii) ω(ΩΣ(Hk)) = 1 for every Gaussian measure ω in H.

In conclusion we give yet another result about the set Helk(Σ) (without proof).

Theorem 6.13. Let Σ be an operator measure in H. Then:
i) Helk(Σ) is a dense subset in Gk(H) of the second category;
ii) if dimH < ∞, then τn

(
Helk(Σ)

)
= 1, where τn is the normalized measure on

Gk(H) invariant under the unitary operators on H.

6.3. Realization of Hellinger types by vectors in H. If E is an orthogonal measure
in H , then any finite scalar measure µ ≺ E is realized by some vector g ∈ H : µ = µg,
µg(δ) = (Σ(δ)g, g).

We do not know whether the same is true for a nonorthogonal measure Σ in H .
However, below we describe the types [µg] of the scalar measures µg. As has already
been noted, for this it suffices to describe their supports Γ(g) of the form (6.2).

Proposition 6.14. Let Σ be an operator measure in H , and let X ∈ B(R). Denote
by ΣX the restriction of Σ to X (ΣX : δ 7→ Σ(δ ∩ X)). The following conditions are
equivalent:

i) there exists a vector h ∈ H with Γ(h) = X ;
ii) LX := ker Σ(R \ X) is a principal subspace for the measure ΣX in the sense of

Definition 5.11, i.e., LX 6⊂ ker Σ(δ) for every δ ∈ B(R) such that Σ(δ) 6= {0};
iii) ΣLX := PLXΣdLX ∼ ΣX ;
iv) ΩX ∩ LX 6= ∅, where ΩX := {h ∈ H : Γ(h) = X} = ΩΣX ;
v) ΩX ∩ LX is a dense Gδ-subset in LX of the second category;
vi) ω(ΩX(

⋂
LX)) = 1 for every Gaussian measure ω in LX .

Proof. This follows from Proposition 5.12. �

In particular, Proposition 6.14 implies a criterion for the existence of vectors that
realize “junior” Hellinger types. We observe that if g1 ∈ ΩΣ and the set M2 = {h ∈ H :
Γ(h) = Γ2(Σ)} is not empty, it is not always possible to choose g2 ∈ M2 orthogonal to
g1. But for every g2 ∈M2 it is always possible to choose a principal vector g1 ⊥ g2.

Example 6.15. Denote by Σ(t) =
∑

i<t Pi the discrete measure with the following
jumps:

P1 = diag(1, 0, 0), P2 = diag(0, 1, 0), P3 = diag(0, 1, 1), P4 = diag(1, 1, 1).

Then Γ1(Σ) = supp Σ = {1, 2, 3, 4}, Γ2(Σ) = {3, 4}, and Γ3 = {4}. If h = (h1, h2, h3) ∈
C3, then Γ(h) = Γ2(Σ) = {3, 4} precisely when h1 = h2 = 0. Next, if g1 = (x1, x2, x3) is
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a principal vector and g1 ⊥ h, then x3 = 0. Therefore, if x3 6= 0, then there are no vectors
h realizing Γ2(Σ) and orthogonal to g1. At the same time, for the vector h = (0, 0, h3),
which realizes Γ2(Σ), the vector g1 = (1, 1, 0) belongs to ΩΣ and is orthogonal to h.

Proposition 6.16. Let Σ be an operator measure in H , and let g ∈ H satisfy Γ(g) ⊂
Γ2(Σ). Then the subspace H 	 g is principal, i.e., there exists a principal vector for Σ
orthogonal to g.

Proof. Assume the contrary. Then, by Definition 5.11, there exists δ ∈ B(R) such that
Σ(δ) 6= 0 and H 	 g ⊂ ker Σ(δ). A fortiori, we have H 	 g ⊂ ker Σ(δ \ Γ2(Σ)).

First we suppose that Σ(δ \ Γ2(Σ)) 6= 0. By assumption, Γ(g) ⊂ Γ2(Σ) and Γ(g) is
a support of the measure µg := (Σg, g); therefore, g ∈ ker Σ(δ \ Γ2(Σ)). Consequently,
Σ = 0, a contradiction.

But if Σ(δ \ Γ2(Σ)) = 0, then, replacing δ by δ ∩ Γ2(Σ) if necessary, we may assume
that δ ⊂ Γ2(Σ). By Lemma 6.3, rank Σ(δ) ≥ 2. On the other hand, H 	 g ⊂ ker Σ(δ) by
assumption; consequently, rank Σ(δ) ≤ 1, a contradiction. �

It is natural to expect that if g1 ⊥ g2 and Γ(gi) = Γi(Σ) (i = 1, 2), then H2 =
span{g1, g2} ∈ Hel2(Σ). The following example shows that this is not the case.

Example 6.17. Let Σ(t) :=
∑

i<t Pi, where i ∈ {1, 2} and

P1 = diag(0, 1, 0), P2 =

1 1 0
1 1 0
0 0 1

 .

Then Γ1(Σ) = {1, 2} and Γ2(Σ) = {2}. Clearly, Γ(e1) = Γ2(Σ), where e1 = (1, 0, 0). Let
g1 := e2 = (0, 1, 0). Then g1 is a principal vector for Σ and g1 ⊥ e1. Let L = span{g1, e1}.

We put h = e1− g1 = (1,−1, 0) ∈ L. Then h ∈ kerP2 and, consequently, L∩ kerP2 6=
{0}. By Proposition 6.6 iii), we have L /∈ Hel2(Σ).

6.4. Hellinger subspaces for a system of operators. It is easily seen that nearly all
results of the paper remain true for the operator measures defined on the Borel subsets
of Rn or Cn.

For example, we present analogs of Theorems 5.7 and 6.10 for a system a = {Aj}m1
of pairwise commuting selfadjoint operators in H . Let E = Ea be the joint spectral
measure of the system a, defined on the σ-algebra B(Rn) (see [6]).

For the system a = {Aj}m1 , the sets ΩE of principal vectors, Cyc(a) of cyclic subspaces,
and Helk(E) = Helk(a) of Hellinger subspaces (see formula (5.1) and Definitions 4.2 and
6.9) are introduced as before, but relative to the measure Ea.

Theorem 6.18. Let a = {Aj}m1 be a system of pairwise commuting selfadjoint operators
in H , E = Ea their joint spectral measure, and Ωa := ΩE the set of principal vectors of
a. If L ∈ Cyc(a), then:

i) Ωa ∩ L(= ΩE ∩ L) is a dense Gδ-subset in L of the second category;
ii) ω(Ωa ∩ L) = 1 for every Gaussian measure ω in L.

The joint spectral multiplicity of the system a = {Aj}m1 is defined to be the number

n(a) := n(A1, . . . , Am) := min{dimL : L ∈ Cyc(a)} =: n(Ea).

Corollary 6.19. Let a = {Aj}m1 be a system of pairwise commuting selfadjoint operators
in H with simple joint spectrum, i.e., n(a) = n(Ea) = 1. Suppose L ∈ Cyc(a) and denote
by Ωa the set of cyclic vectors of a. Then:

i) Ωa is a dense Gδ-subset in L of the second category;
ii) ω(Ωa ∩ L) = 1 for every Gaussian measure ω in L.
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Theorem 6.20. Suppose a = {Aj}m1 is a system of pairwise commuting selfadjoint
operators in H , L ∈ Cyc(a), Lk ⊂ L, Lk ∈ Helk(a), and k < n(a). If ΩLa (Lk) := {f ∈
L : span{Lk, f}} ∈ Helk+1(a), then:

i) ΩLa (Lk) is a dense Gδ-subset in L of the second category;
ii) ω(ΩLa (Lk)) = 1 for every Gaussian measure ω in L;
iii) in L there exists a Hellinger chain of the form (6.24) or (6.11); moreover, Ln(a) ∈

Cyc(a) if n(a) <∞, and conversely, if dimL = n(a), then L ∈ Heln(a)(a);
iv) every Hellinger subspace Lk ∈ Helk(a) can be incorporated in a Hellinger chain of

the form (6.24) or (6.11).

Vasyunin and Nikol′skĭı [9] introduced the following characteristic of a system a =
{Aj}m1 :

(6.29) disc(a) := disc(A1, . . . , Am) := sup
L∈Cyc(a)

min{dimLg : L′ ∈ Cyc(a), Lg ⊂ L}.

It is easily seen that disc(a) ≥ n(a).

Corollary 6.21 ([9]). Let a = {Aj}m1 be a system of pairwise commuting operators in
H. Then

(6.30) disc(a) = disc(A1, . . . , Am) = n(A1, . . . , Am) = n(a).

Proof. The case where n(a) = ∞ is trivial. Suppose n(a) < ∞ and L ∈ Cyc(a). By
Theorem 6.20 iii), in L there is a Hellinger subspace Ln(a) ∈ Heln(a)(a)

(
⊂ Cyc(a)

)
.

Therefore, putting Lg = Ln(a) in (6.29), we arrive at (6.30). �

Remark 6.5. Suppose an operator T
(
∈ B(H)

)
is normal (T ∗T = TT ∗) and reductive

(LatT = LatT ∗). Let A1 = (T +T ∗)/2, A2 = (T −T ∗)/2i. Then CycT = Cyc(T, T ∗) =
Cyc(A1, A2) and, consequently, discT = disc(A1, A2). In this case the relation discT =
n(T ) (= n(ET )), which coincides with (6.30) if n = 2, was proved in (9) by a different
method.

Since CycT ⊂ Cyc(ET ), every subspace L ∈ CycT contains a subspace Ln(T ) ∈
Heln(T )(ET ) (⊂ Cyc(ET )); however, this subspace may fail to be cyclic for T (Ln(T ) /∈
CycT ). Precisely this fact is an obstruction for the proof of the relation discT =
disc(A1, A2)

(
= n(T )

)
in the general case, and indeed, this identity fails for some opera-

tors. Namely, in [9] it was shown that this identity is true if and only if T is reductive.
It should be noted that if n(a) =∞, then the statement (6.30) is empty, and Theorem

6.20 guarantees the existence of Hellinger chains, vectors f ∈ ΩE , etc. in L
(
∈ Cyc(a)

)
.

§7. Functional model of a symmetric operator

7.1. Vector Riemann–Stieltjes and Lebesgue–Stieltjes integrals. Let f : [a, b]→
H be a bounded function, and let Σ be an operator measure in H . As in (2.2), we define
the vector Riemann–Stieltjes integral

(7.1) IRS(Σ, f) :=
∫ b

a

dΣ(t)f(t) := lim
d(πn)→0

n∑
k=1

Σ(∆k)f(ξk).

We say that f is Riemann-Stieltjes integrable with respect to Σ if the limit in (7.1) exists
(a particular choice of partitions with a given diameter and of points ξk ∈ [tk−1, tk] is
irrelevant; Σ(∆k) := Σ(tk)− Σ(tk−1)).

For a bounded function f : R→ H not having compact support, we put

(7.2) IRS(Σ, f) :=
∫
R
dΣ(t)f(t) := s-lim

n→∞

∫ n

−n
dΣ(t)f(t)

if the integrals
∫ n
−n dΣ(t)f(t) and the limit in (7.2) exist.
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Lemma 7.1. Let f be a piecewise continuous H-valued function with compact support.
If Σ is continuous at the discontinuities of f and is of locally bounded variation on R,
then the vector integral IRS(Σ, f) exists.

Corollary 7.2. Suppose all assumptions of Lemma 7.1 but the last are fulfilled, i.e., Σ
may fail to be of locally bounded variation. Then:

i) if f takes its values in a finite-dimensional subspace L ⊂ H , then the integral
IRS(Σ, f) of the form (7.1) exists;

ii) in particular, if f =
∑n
k=1 χ∆k

fk ∈ SΣ (see the definition (2.24)), where ∆k =
[tk−1, tk) and fk ∈ H , then IRS(Σ, f) =

∑n
k=1 Σ(∆k)fk.

The following statement is proved much as Proposition 2.7.

Proposition 7.3. Let Σ be a discrete measure on [a, b] of the form (2.6), i.e., Σ /∈
BV [a, b]. Then there exist strongly continuous vector-valued functions f (∈ C([a, b];H))
for which the integral IRS(Σ, f) diverges.

Example 7.4. Let f
(
∈ C([a, b];H)

)
and let Σ be the same as in Example 2.8. The

integral sum S(πn) corresponding to the partition πn = {0 < n−1 < · · · < 1/2 < 1}
and to the points ξk = 1/k is of the form S(πn) =

∑n
k=1 Pkf(1/k) =

∑n
k=1 Pkk

−1/2ek =∑n
k=1 k

−1/2ek.
Since ‖S(πn)‖2 =

∑n
k=1 k

−1 →∞ as n→∞, the integral IRS(Σ, f) diverges.
Consider the operator

(7.3) I ′Σ : SΣ → H, I ′Σ : f =
∑

χ∆k
fk 7→

∑
Σ(∆k)fk.

By Corollary 7.2, I ′Σf = IRSf for f ∈ SΣ. In the next statement, which plays a
principal role in what follows, we indicate some conditions on the measure Σ ensuring
the extendibility of I ′Σ by continuity to the domain D(QΣ) of the multiplication operator
QΣ : f → tf in H = L2(Σ, H).

Proposition 7.5. Let Σ be an operator measure in H such that

(7.4) KΣ :=
∫
R
(1 + t2)−1 dΣ(t) ∈ [H ].

Then the operator I ′Σ of the form (7.3) extends by continuity up to an operator IΣ :
D(QΣ)→ H , and we have

(7.5) ‖IΣf‖H ≤ ‖KΣ‖1/2 · ‖(1 + t2)1/2f‖L2(Σ,H), f ∈ D(QΣ).

Proof. Along with Σ, we consider the operator measure Σ1 : δ 7→ Σ1(δ) =
∫
δ
(1+t2) dΣ(t).

Then the corresponding densities Ψ and Ψ1 (see (2.14)) obey the formula Ψ1(t) =
(1 + t2)Ψ(t). Therefore, Theorem 2.14 implies the identities

(7.6) ‖f‖2QΣ
:= ‖(1 + t2)1/2f‖2L2(Σ,H) = ‖f‖2L2(Σ1,H), f ∈ D(QΣ),

i.e., the space D(QΣ) with the graph norm coincides isometrically with L2(Σ1, H). Let
f =

∑n
k=1 χ∆k

fk ∈ SΣ, where ∆k = [tk−1, tk) and fk ∈ H . For every h ∈ H , the
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definition (7.3) implies that

|(I ′Σf, h)| =
∣∣∣∣ n∑
k=1

(
Σ(∆k)fk, h

)∣∣∣∣ ≤ n∑
k=1

∣∣∣∣(∫
∆

(1 + t2)−1 dΣ1(t)fk, h
)∣∣∣∣

≤
n∑
k=1

(∫
∆k

(dΣ1(t)fk, fk)
)1/2

·
(∫

∆k

(1 + t2)−2 (dΣ1(t)h, h)
)1/2

≤
( n∑
k=1

(Σ1(∆k)fk, fk)
)1/2

·
( n∑
k=1

∫
∆k

(1 + t2)−2 d(Σ1(t)h, h)
)1/2

(7.7)

= ‖f‖L2(Σ1,H) ·
(∫

R
(1 + t2)−1 d(Σ(t)h, h)

)1/2

= ‖f‖L2(Σ1,H) · (KΣh, h)1/2

≤ ‖f‖L2(Σ1,H) · ‖KΣ‖1/2 · ‖h‖.
Since h is arbitrary, by (7.6) the weak estimate (7.7) coincides with (7.5) for f ∈ SΣ.
Since SΣ1 = SΣ is dense in L2(Σ1, H) (see step iii) of the proof of Theorem 2.14), we
see that for every g ∈ L2(Σ1, H) there exists an approximating sequence gj ∈ SΣ with
‖g − gj‖L2(Σ1,H) → 0 as j →∞. Since SΣ is a linear set, (7.7) yields

(7.8) ‖I ′Σ(gi − gj)‖H ≤ ‖KΣ‖1/2‖(1 + t2)1/2(gi − gj)‖L2(Σ,H), i, j ∈ N.
Therefore, the sequence {IgΣgj}∞1 converges in H . Putting IΣg := limj→∞ IgΣgj, we
obtain the required extension of IgΣ to L2(Σ1, H).

By (7.8), the definition of IΣg does not depend on the choice of an approximating
sequence gj ∈ SΣ. �

Remark 7.1. A natural name for the vector IΣf in (7.5) is the Lebesgue–Stieltjes integral
of the function f ∈ D(QΣ) with respect to the operator measure Σ : ILS(Σ, f) := IΣf .
The relationship between IΣf and the Bochner integral will be treated in another paper.

7.2. Functional model of a symmetric operator. Proposition 7.5 allows us to
introduce a “model” symmetric operator AΣ in L2(Σ, H):

(7.9) AΣ := QΣdD(AΣ), D(A) = {f ∈ D(QΣ) : IΣf = 0}.
Now we can give a consistent proof of Proposition 5.2 in [18].
For this, we recall the following definitions.

Definition 7.6. An operator-valued function F : C+∪C− → [H ] is called an R-function
(F ∈ RH) if: a) F is holomorphic in C+∪C−; b) F (λ) = F (λ)∗; and c)

(
F (λ)−F ∗(λ)

)
(λ−

λ)−1 ≥ 0 for λ ∈ C+ ∪ C−.
By the Nevanlinna theorem, an R-function admits the following integral representa-

tion:

(7.10) F (λ) = Bλ+ C +
∫
R

(
(t− λ)−1 − t(1 + t2)−1

)
dΣ(t),

where B, C = C∗ ∈ [H ], B ≥ 0, and the operator measure Σ satisfies (7.4).

Definition 7.7 ([16]). Let A be a symmetric operator in H with deficiency indices
n+(A) = n−(A). A triple {H,Γ0,Γ1}, where H is a separable Hilbert space and Γi ∈
[D(A∗),H], is called a boundary triple for A∗ if:

a)

(7.11) (A∗f, g)− (f,A∗g) = (Γ1f,Γ0g)H − (Γ0f,Γ1g)H, f, g ∈ D(A∗);
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b) the mapping Γ : f 7→ {Γ0f,Γ1f} from D(A∗) to H⊕H is surjective.
In a natural way, every triple Π = {H,Γ0,Γ1} generates two selfadjoint extensions

Ai = A∗i for which D(Ai) = ker Γi (i = 1, 2).

Definition 7.8 ([18]). The Weyl function of the operator A corresponding to the triple
Π = {H,Γ0,Γ1} is defined to be the operator-valued function M(λ) that acts in accor-
dance with the formula

(7.12) M(λ)Γ0fλ = Γ1fλ, fλ ∈ Nλ := ker(A∗ − λ).

It is known (see [18]) that M(λ) is an RH-function, and it determines the pair {A,A0}
uniquely up to unitary equivalence.

Proposition 7.9 ([18]). Let F be an operator-valued RH-function of the form (7.10)
that satisfies the conditions

(7.13) B = 0, 0 ∈ ρ
(
ImF (i)

)
, and lim

y↑∞
y
(
F (iy)h, h

)
=∞ for h ∈ H \ {0}.

Then:
i) the operator AΣ of the form (7.9) is a simple symmetric operator in H = L2(Σ, H),

and its domain D(AΣ) is dense in H;
ii) the deficiency indices n±(AΣ) are equal to dimH , and the defect subspace Nλ(AΣ)

has the form

(7.14) Nλ(AΣ) = {(t− λ)−1h : h ∈ H};
iii) the adjoint operator A∗Σ has the form

(7.15)
D(A∗Σ) = {f = fQ + t(t2 + 1)−1h : fQ ∈ D(QΣ), h ∈ H}, A∗Σf = tfQ − (t2 + 1)−1h;

iv) the collection Π = {H,Γ0,Γ1} in which Γ0 and Γ1 are defined by the formulas

(7.16) Γ0f = h, Γ1f = Ch+ IΣfQ, f = fQ + t(t2 + 1)−1h ∈ D(A∗),

is a boundary triple for A∗Σ;
v) for the γ-field γ(λ) :=

(
Γ0dNλ(AΣ)

)−1 : H → Nλ(AΣ) we have the formulas

(7.17) γ(λ)h = (t− λ)−1h, γ∗(λ)f = IΣ
(
f(t)(t− λ)−1

)
, f ∈ H;

vi) the Weyl function M(λ) corresponding to Π coincides with F (λ).

Proof. i) The condition D(A) = H is a consequence of the last condition in (7.13).
Since N′λ(A) := {(t − λ)−1h : h ∈ H} ⊂ Nλ(A), to prove that A is simple it suffices

to show that H′ := span{N′′λ(AΣ) : λ ∈ C+ ∪ C−} coincides with H. Suppose a vector
f
(
∈ L2(Σ, H)

)
is orthogonal to H′. Since H̃t ⊃ H for ρ-a.e. t ∈ R, Theorem 2.14 shows

that

0 =
(
f, (t− λ)−1h

)
L2(Σ,h)

=
∫
R
(t− λ)−1

(
f(t), h

)
H̃t
dρ(t), λ ∈ C+ ∪C−, h ∈ H.

Applying the uniqueness theorem for the Cauchy transforms of measures, we obtain(
f(t), h

)
H̃t

= 0 (mod ρ), h ∈ H . But H is dense in H̃t for t ∈ R (see (2.16)), whence
f(t) = 0 (mod ρ).

ii) We show that N′λ(AΣ) is dense in Nλ(AΣ). Indeed, suppose a vector g ∈ H is
orthogonal to N′λ(AΣ). Then for every h ∈ H we have

(7.18) 0 =
(
g, (t−λ)−1h

)
L2(Σ,H)

=
∫
R

(
dΣ(t)g(t)(t−λ)−1, h

)
=
(
IΣ(g(t)(t−λ)−1), h

)
H
.

Therefore, IΣf = 0 for f(t) := g(t)(t − λ)−1, and consequently, N′λ(AΣ) is dense in
Nλ(AΣ).



SPECTRAL THEORY OF OPERATOR MEASURES IN HILBERT SPACE 371

Next, we have KΣ = Im
(
F (i)

)
, and 0 ∈ ρ(KΣ) by assumption. Thus, the following

formula (which is a consequence of (2.22)) proves (7.14):

‖(t− i)−1h‖2L2(Σ,H) =
∫
R

(
dΣ(t)(t − i)−1h, (t− i)−1h

)
=
∫
R

d
(
Σ(t)h, h

)
t2 + 1

= ‖K1/2
Σ h‖2H .

iii) Identities (7.15) follow from (7.14) and the von Neumann formula.
iv) Suppose f = fQ + t(t2 + 1)−1h1, g = gQ + t(t2 + 1)−1h ∈ D(A∗Σ). By (7.15) and

(7.16), the Green formula (7.11) to be verified reshapes as follows:(
tfQ, t(t2 + 1)−1h2

)
L2(Σ,H)

+
(
fQ, (t2 + 1)−1h2

)
L2(Σ,H)

−
(
(t2 + 1)−1h1, gQ

)
L2(Σ,H)

−
(
t(t2 + 1)−1h1, tgQ

)
L2(Σ,H)

(7.19)

= (IΣfQ, h2)H − (h1, IΣgQ)H .

But, clearly, (7.19) is equivalent to

(7.20)
((t2 + 1)1/2fQ, (1 + t2)−1/2h2)L2(Σ,H) − ((1 + t2)−1/2h1, (1 + t2)1/2gQ)L2(Σ,H)

= (IΣfQ, h2)H − (h1, IΣgQ)H .

For the step functions fQ ∈ SΣ, identity (7.20) is obvious. Since SΣ is dense in D(QΣ) in
the graph norm (see (7.6)), identity (7.20) extends to the entire spaceD(QΣ) = L2(Σ1, H)
by continuity (see Proposition 7.5).

We prove that the mapping Γ = {Γ0,Γ1} is onto. For every pair {h0, h1} ∈ H⊕H , we
put f(t) = (1+ t2)−1K−1

Σ h1 + t(1+ t2)−1h0. Since IΣ
(
(1+ t2)−1h

)
= KΣh, the definition

(7.16) shows that Γf = {Γ0f,Γ1f} = {h0, h1}.
v) The obvious identity

(7.21) fλ :=
1

t− λh =
t

1 + t2
h+ fQ, fQ =

1 + λt

(t− λ)(1 + t2)
h ∈ D(QΣ),

yields Γ0(t − λ)−1h = h, and thus, γ(λ)h = (t − λ)−1h. Now, the formula for γ∗(λ)
follows from Proposition 7.5.

vi) Applying (7.21) to both sides of (7.21), we see that

(7.22) Γ1fλ = Ch+ IΣfQ = Ch+
∫
R
dΣ(t)

1 + λt

(t − λ)(1 + t2)
h = F (λ)h.

Now, (7.12), (7.22), and the relation Γ0fλ = h yield M(λ) = F (λ). �

Corollary 7.10. Let A be a simple symmetric operator in H′ with dense domain D(A),
let n+(A) = n−(A), and let Ã = Ã∗ ⊃ A. Then there is a measure Σ in H (dimH =
n±(A)) satisfying (7.4) and such that the pair (A, Ã) is unitarily equivalent to the pair
(AΣ, QΣ) in L2(Σ, H), i.e., there exists a unitary mapping U : H = L2(Σ, H)→ H′ such
that U−1AU = AΣ and U−1ÃU = QΣ.

Proof. The operator A∗ possesses a boundary triple Π̃ = {H, Γ̃0, Γ̃1} with D(Ã) = ker Γ̃0;
see [18]. The Weyl function M̃(λ) corresponding to Π̃ admits a representation (7.10) with
an operator measure Σ satisfying (7.4). Starting with Σ, we introduce the operators AΣ

and QΣ = Q∗Σ of the form (7.9) in L2(Σ, H) and consider the triple of the form (7.16)
for A∗Σ. Since D(A) = H̃, we see that M̃(λ) satisfies (7.13). Proposition 7.9 shows that
the Weyl function M(λ) corresponding to Π coincides with M̃(λ) : M(λ) = M̃(λ). Since
the operator AΣ is simple, the pairs (A, Ã) and (AΣ, QΣ) are unitarily equivalent. �
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97i:46001a; MR 97i:46001b
[5] C. A. Berger, A strange dilation theorem, Notices Amer. Math. Soc. 12 (1965), no. 5, 590. (Abstract

625–152).
[6] M. Sh. Birman and M. Z. Solomyak, Spectral theory of selfadjoint operators in Hilbert space,

Leningrad. Univ., Leningrad, 1980; English transl., Math. Appl. (Soviet Ser.), Reidel, Dordrecht,
1987. MR 82k:47001
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[22] M. G. Krĕın, On the Hermitian operators with directed functionals, Akad. Nauk Ukrain. RSR.

Zbirnik Prac′ Inst. Mat. 10 (1948), 83–106. (Ukrainian) MR 14:56c

http://www.ams.org/mathscinet-getitem?mr=34:6527
http://www.ams.org/mathscinet-getitem?mr=18:323b
http://www.ams.org/mathscinet-getitem?mr=36:5769
http://www.ams.org/mathscinet-getitem?mr=97i:46001a
http://www.ams.org/mathscinet-getitem?mr=97i:46001b
http://www.ams.org/mathscinet-getitem?mr=82k:47001
http://www.ams.org/mathscinet-getitem?mr=35:790
http://www.ams.org/mathscinet-getitem?mr=41:4283
http://www.ams.org/mathscinet-getitem?mr=84e:93016
http://www.ams.org/mathscinet-getitem?mr=93b:46003b
http://www.ams.org/mathscinet-getitem?mr=83g:30037
http://www.ams.org/mathscinet-getitem?mr=30:4152
http://www.ams.org/mathscinet-getitem?mr=17:388
http://www.ams.org/mathscinet-getitem?mr=36:506
http://www.ams.org/mathscinet-getitem?mr=2002f:47049
http://www.ams.org/mathscinet-getitem?mr=92m:34133
http://www.ams.org/mathscinet-getitem?mr=90g:47001b
http://www.ams.org/mathscinet-getitem?mr=95m:47009
http://www.ams.org/mathscinet-getitem?mr=53:11389
http://www.ams.org/mathscinet-getitem?mr=18:222b
http://www.ams.org/mathscinet-getitem?mr=53:10985
http://www.ams.org/mathscinet-getitem?mr=14:56c


SPECTRAL THEORY OF OPERATOR MEASURES IN HILBERT SPACE 373

[23] M. M. Malamud and S. M. Malamud, On the spectral theory of operator measures, Funktsional.
Anal. i Prilozhen. 36 (2002), no. 2, 83–89; English transl., Funct. Anal. Appl. 36 (2002), no. 2,

154–158. MR 2003e:47044
[24] S. M. Malamud and L. L. Oridoroga, On the principal vector of an operator measure, Spectral and

Evolution Problems, Vol. 2 (Sevastopol, 2000), Nat. Taurida Univ., Simferopol, 2001, pp. 124–127.
MR 2002f:47044
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