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SL2(R), EXPONENTIAL HERGLOTZ REPRESENTATIONS,
AND SPECTRAL AVERAGING

FRITZ GESZTESY AND KONSTANTIN A. MAKAROV

ABSTRACT. We revisit the concept of spectral averaging and point out its relationship
with one-parameter subgroups of SL2(R) and the corresponding Mé&bius transforma-
tions. In particular, we identify exponential Herglotz representations as the basic
ingredient for the absolute continuity of averaged spectral measures with respect to
Lebesgue measure; the associated spectral shift function turns out to be the corre-
sponding density for the averaged measure. As a by-product of our investigations
we unify the treatment of rank-one perturbations of selfadjoint operators and that of
selfadjoint extensions of symmetric operators with deficiency indices (1,1). Moreover,
we derive separate averaging results for absolutely continuous, singular continuous,
and pure point measures and conclude with an averaging result for the k-continuous
part (with respect to the k-dimensional Hausdorff measure) of singular continuous
measures.

1. INTRODUCTION

Usually, spectral averaging is associated with an integration of the spectral measure
of a one-parameter family of selfadjoint operators with respect to a parameter, typically
a coupling constant or a boundary condition parameter (cf., e.g., ([LI3), (I8), and

B.410).

This is done with the expectation in mind to prove the absolute continuity of

the integrated (averaged) spectral measure with respect to Lebesgue measure. Moreover,
one is interested in establishing the universality of spectral averaging, provided that the
averaging process is carried out over the entire parameter space.

In this paper we revisit this range of ideas. In particular, the following items are dealt
with in depth:

The intimate relationship between spectral averaging, SLa(R), and M6bius trans-
formations is clarified in detail.

The exponential Herglotz representation theorem is shown to be the underlying
reason for the absolute continuity of averaged spectral measures with respect to
Lebesgue measure. In particular, this identifies the spectral shift function as the
density of the absolutely continuous averaged spectral measure.

Various existing results on the universality of spectral averaging are extended. In
particular, we do not assume the existence of a spectral gap (or the boundedness
from below) of the associated selfadjoint operators.

e Conditions for the (non)universality of spectral averaging are identified.
e A unified treatment of selfadjoint rank-one perturbations of a selfadjoint operator

and selfadjoint extensions of a densely defined closed symmetric operator with
deficiency indices (1, 1) is presented.
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e Separate averaging for the point spectrum, the absolutely continuous, and the
singular continuous spectrum is discussed.

e A partial result for averaging the s-continuous part (with respect to the k-
dimensional Hausdorff measure) of singular continuous measures is derived.

Next, we illustrate these ideas in two canonical cases: the rank-one perturbation theory
and the theory of selfadjoint extensions of symmetric operators with deficiency indices
(1,1).

Let A be a selfadjoint operator in a separable complex Hilbert space H, and P an
orthogonal rank-one projection in H. We introduce two Herglotz functions, M and NV,
associated with the pair (A, P):

(1.1) M(z) =tr(P(A—2)"'P), z€C,,

and

(1.2) N(z) =tr(P(zA+I)(A—2)"'P), ze€Cy,

with C, the open upper complex half-plane. One then has the Herglotz representations
(1.3) M(z) = /R ‘i“g), zeCy,

with p a probability measure on R, u(R) = 1, and

(1.4) N(z)—B+/Rd1/()\)()\iz—1+L/\2>, z € Cy,

with B € R and v a Borel measure satisfying

(1.5) /Rd’/w < o0

14+ A2
Actually, a short computation reveals that
(1.6) N(z)=z+ (1+2*)M(z)
and
(1.7) dv(\) = (1 +X*)du()\), B =TRe(N(i))=0.

Thus, (L4) simplifies to

(1.8) N(z) = /Ru +A2)du(N) <ﬁ - ﬁ) 2eCy.

If A is unbounded and ran(P) N dom(A) = {0}, then the measure v is infinite.
Lemma 1.1. Consider the one-parameter family of selfadjoint operators
(1.9) A =A+tP, teR,

with resolvents

(1.10) (A —2)"t=(A—2)"1 - L

M(z) + (1/t)

and M given by (LI). Moreover, we introduce

_ M)
tM(z) +1°

Then My is the corresponding M -function associated with the pair (A¢, P) (cf. ().
Neat, we denote by p; the measure in ([C3) associated with My, and by A a bounded

(A=2)"'P(A—2)"1, (t,2) eRxCy,

(1.11) My(2) (t,2) € R x Cy.
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Borel set on R. Then averaging p: yields a measure absolutely continuous with respect
to Lebesgue measure:

(112) / Cdt (D) = / N[N Ay, A) — €O Ay, A)],

t1 A

where £(-, B, A) is the spectral shift function associated with the pair (B, A) of selfadjoint
operators. Moreover, spectral averaging is universal in the sense that

o0

(1.13) [ atm)=1a)
—00

with | - | denoting Lebesque measure on R.

Remark 1.2. The proof of the lemma is well known and can be found in [26] and [44]. In
fact, (LI2) is a particular case of the Birman—Solomyak spectral averaging formula [6]
proven in the mid-seventies.

Lemma 1.3. Assume that A is an unbounded selfadjoint operator and that
(1.14) ran(P) Ndom(A) = 0.
Then the operator-valued functions

Ri(2)=(A—2)"t = 1

(1.15) N AT AT Pt -2

(t, Z) eR x (C+,
with N given by (L2) represent the resolvents of selfadjoint operators Ay, t € R. More-
over, the function
N(z)—t
tN(2)+1’
is the N-function (in the sense of (LIX)) of the pair (A:, P) (¢f. (LA)). The family
{Ai}ier is a one-parameter family of selfadjoint extensions of a closed symmetric densely
defined operator A with deficiency indices (1,1),

(1.17) A=Al dom(A) = () dom(A,).
teR

(116) Nt(Z) = (t,Z) € R x (C+,

In particular, limy_.g Ay = A in the strong resolvent sense. Next, we denote by vy the
measure in (I.8) associated with Ny and by A a bounded Borel set on R. Then averaging
v yields a measure absolutely continuous with respect to Lebesgue measure:

to
(1.15) = [ @) = [ e A 4) - e A A)L

™

Moreover, spectral averaging is universal in the sense that

(1.19) l/OO & (A) = Al

——
) 1+

Remark 1.4. The resolvent formula (CIH) is due to Krein [35] and Naimark [39]. The
proof of the transformation law ([CI6) can be found, for instance, in [2I]. In the case
of boundary condition dependence, (LI8) was proved by Javrjan [30] for a semibounded
Schrodinger operator. Javrjan’s method can easily be adapted to the case of arbitrary
selfadjoint operators A having a spectral gap. The treatment of the general case of A
with spec(A4) = R needs some additional information on the spectral shift function theory
in the case of trace class resolvent differences (see also [37]). In this case the spectral
shift function should be viewed as a path-dependent homotopy invariant characteristic of
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the perturbation (see, [49, Chapter 8, Section 8]), and the proof of (II8)) requires minor
additional effort.

In the case of perturbation theory the transformation () can be represented in the
form

(1.20) Mi(z) = g¢(M(2)),

where {g;}ier is a one-parameter group of automorphisms of the open upper half-plane

(C+I

(1.21) gt °9gs = gt+s, S, ER,
with

z
1.22 = — t R .
( ) gt(z) tZ—l—l’ (72)6 ><(CJr

In the case of selfadjoint extension theory the transformation (IIG) can be written as
(1.23) Ni(2) = fe(N(2)),
where {f:}ter is a one-parameter family of automorphisms of C,,

z—1
1.24 =2 (t,2) ERxC,.
(1.24) o) = ot (1) ERXC,
The family {f;}+er of transformations is not a one-parameter subgroup of SL(R). How-
ever, by the change of parametrization ¢ — tan(t), the group law (IZI]) can be restored
with

(125) gt('z) = farctan(t) (Z)a (ta Z) eRxCy.

In either case, the one-parameter subgroup {g:}ier of automorphisms of C; gives rise

to a dynamical system on a certain “phase space” of measures as discussed in Section 3]
We continue with an intuitive explanation of how exponential Herglotz representations,

and hence spectral shift functions, naturally enter the averaging process ([.12), (TI8).

Both M; in Lemma[[Iland V; in Lemmal[l.3](the latter after reparametrizing ¢t — tan(t))

are of the type

(1.26) Mi(z) = % = %Ln(ctMo(z) +dy), (t,z) e RxC4.

Here M, represents M and N in Lemmas [[1] and [[.3, respectively, and Ln(-) denotes

the logarithm on the standard infinitely sheeted Riemann surface branched at zero and

infinity. Moreover, the coefficients a;, bs, ¢, d; are all real-valued satisfying

(1.27) (‘Z Z’;)

Since Mj is a Herglotz function, so is M for each ¢ € R. Similarly, ¢; My +d; is a Herglotz
or anti-Herglotz function and thus M; and c¢;My + d; admit Herglotz and exponential
Herglotz representations of the type

(1.28) Mi(2) = Bi + /}Rdwt(/\) (% - HLA?)

(1.29) Ln(e:Mo(z) + di)) = Cr + /Rd)\ﬁt()\) ()\% A )7

0 1

= (1 O) and ad; — bgey = 1, teR.
t=0

z 1+ A2
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where B, C; € R,

Ao+6
1. A1, Ao]) = lim lim — d\ Im(M;(\ + i
(1.30) wi((A1, A2]) lim T e m(My (A + i€)),
1
(1.31) &N == hﬁ)l Im (Ln(ceMo(A +ig) + dy)) for ae. A €R,
T €
and
dwt()‘) o)
(1.32) /Rl+>\2 <oo, &) e L>®R), teR.

Thus, for any bounded Borel set A C R we formally obtain

to 1 to d
/ dtwt(A)z—/ d/\/ dt lim - T (Lu(e: Mo(A + ie) + dy)
t ™ JA t el0 dt

(1.33) :/AdA/tzdt%&(A)
_ / X (&, (V) — &, V)],
A

freely interchanging integrals, limits, and differentiation. Once rigorously established,
(C33) proves that averaging w; over the interval [t1,t5] yields a measure absolutely con-
tinuous with respect to Lebesgue measure on R, and the resulting density is related to
the spectral shift function £ = &, —&,. Moreover, in the case of perturbations discussed
in Lemma [[LT] it can be shown that

(1.34) &,(N) — &, (V) —1 asty | —ooand ta T oo
and hence the universal behavior (LT3,

(1.35) /OO dtwi(A) = |A],

emerges. The case of selfadjoint extensions discussed in Lemma [I.3] requires some addi-
tional periodicity considerations with respect to ¢ but in the end also yields the universal-
ity (T.I9) of spectral averaging. However, yet another case of one-parameter subgroups
of SL2(R) considered in the following sections shows that universality cannot be taken
for granted and may in fact fail. The material in Sections Bland Bl will justify the formal
procedures in (T33).

Before describing the content of each section we briefly review the historical develop-
ment of this subject, which appears to be less well known. To the best of our knowledge,
the credit for the first paper on spectral averaging belongs to Javrjan [29] (see also the
subsequent paper [30]), who considered half-line Schrédinger operators on (0,00) and
averaged over the boundary condition parameter at x = 0 as early as in 1966. The next
step was due to Birman and Solomyak [6] in 1975. They considered trace class per-
turbations of selfadjoint operators and averaged over the coupling constant parameter
(by using the differentiation formula for operator-valued functions due to Daleckii and
S. Krein [14]). In 1987, Aleksandrov [I] appears to have been the first to consider spec-
tral averaging of a measure and separately averaging of its singular part in connection
with the boundary behavior of inner functions in the unit disk. More recent treatments
of spectral averaging can be found in Birman and Pushnitski [5], Gesztesy and Makarov
[23], [25], Gesztesy, Makarov, and Naboko [22] (the latter references contain a discus-
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sion of an operator-valued version of the Birman—Solomyak averaging formula), Gesztesy,
Makarov, and Motovilov [24], and Simon [44], [45].

Starting with the early eighties, the concept of spectral averaging developed into an
important tool in investigations of disordered systems, in particular, in connection with
random Schrddinger and Jacobi operators. In 1983, Carmona [8] (see also [9]), appar-
ently unaware of previous results by Javrjan and Birman and Solomyak, used spectral
averaging over boundary condition parameters to prove the existence of an absolutely
continuous (a.c.) component in random and deterministic Schrédinger operators. For
some random systems he also proved that the remainder of the spectrum consists of
eigenvalues dense in certain intervals with exponentially localized eigenfunctions. In
1984, Kotani also used this approach to link the existence of pure point spectrum and
exponentially decaying eigenfunctions with the positivity of the Lyapunov exponent [33]
(his paper was only published in 1986). Kotani’s work inspired new proofs of exponential
localization by Delyon, Lévy, and Souillard [18], [19], Simon and Wolff [46], Simon [43],
Delyon, Simon, and Souillard [20], and Kotani and Simon [34] for one- and quasi-one-
dimensional as well as multidimensional Anderson models (the latter for large disorder
or sufficiently high energy) and one-dimensional random Schrédinger operators. In all
these references spectral averaging over coupling constants played a crucial role. This is
especially transparent in the paper by Simon and Wolff [46], who used results by Aron-
szajn [2] and Donoghue [21] as their point of departure to study the variation of singular
spectra under rank-one perturbations of selfadjoint operators. This was also discussed in
Simon’s survey [44]. (For textbook presentations of spectral averaging in this context we
refer to [10), Section VIIL.2], A0} Section 13].) Subsequently, Gordon [27], [28] used spec-
tral averaging in his studies of eigenvalues embedded in the essential spectrum. Spectral
averaging was also used to prove exponential localization for the one-dimensional Poisson
model by Stolz; see [48]. A more general approach, involving two-parameter spectral av-
eraging, has recently been employed to prove exponential localization in the Poisson and
random displacement models in dimension one by Buschmann and Stolz [7]. The latter
approach was again used by Sims and Stolz [47] in their discussion of exponential lo-
calization for the one-dimensional random displacement model and in a one-dimensional
model of wave propagation in a random medium. Combes and Hislop [11] used av-
eraging of spectral families to prove a Wegner-type estimate for a family of Anderson
and Poisson-like multidimensional random Hamiltonians. Moreover, spectral averaging
in the spirit of Birman and Solomyak was treated by Combes, Hislop, and Mourre [12]
in their discussion of perturbations of singular spectra and exponential localization for
certain multidimensional random Schrodinger operators, and by Combes, Hislop, Klopp,
and Nakamura [13] in their study of the Wegner estimate and the integrated density of
states.

In Section 2l we collect basic facts on SLy(R) and Mébius transformations, as needed
in the subsequent sections. Section Bl the principal section of this paper, then develops
spectral averaging for spectral measures as well as for the associated absolutely con-
tinuous, singular continuous, and pure point parts (with respect to Lebesgue measure).
Finally, in Section [ we obtain a partial result concerning spectral averaging of the x-
continuous part (with respect to the k-dimensional Hausdorff measure) of the singular
continuous part of measures.

2. PRELIMINARIES ON SL2(R) AND ON MOBIUS TRANSFORMATIONS

SL2(R) denotes the group of 2 x 2 real matrices with determinant equal to 1. By
definition, its Lie algebra, sla(R), consists of the matrices X such that e!* € SLy(R) for
all t € R (cf., e.g., [36] Chapter VI]). Therefore, sla(R) consists of all 2 x 2 real matrices
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X with zero trace, tr(X) = 0. The following three matrices then form a basis for sla(R):

(2.1) X1=<8 é) X2=<(1) _01>7 X3:<? 8)

and one verifies the commutation relations
(2.2) [Xo, X1] =2X1, [X1,X3] =X, [X;5,X2]=2X5.

If X € slp(R), then the map t +— e, t € R, is a one-parameter subgroup of SLa(R) and
all one-parameter continuous subgroups can be obtained in that way.

For future reference we denote the automorphisms of the open complex upper half-
plane C; by Aut(C,):
(2.3)

Aut(C,) = {g: C4 — C4 | g is biholomorphic (i.e., a conformal self-map of C4)}.

Aut(C4) becomes a group with respect to compositions of maps. For simplicity, this
group is denoted by the same symbol.
To fix the notational setup, we now introduce the following convention.

Hypothesis 2.1. Given a, 3,7 € R, we represent an element X = X (a, 8,7) € sla(R)

by
(2.4) X = aX; + BXs +7X;3 = (f _%)
and denote by
a2z + bt
= , (t,z) e RxCy,
(25) gt(z) crz =+ dt ( Z) +

go(z) =z, z€Cy,

the corresponding one-parameter group of automorphisms of the open upper half-plane
C. such that

(2.6) (“t Zt> =¥ eSLy(R), teR.
Ct Gt

We briefly recall a few facts in connection with M&bius (i.e., linear fractional) trans-

formations (Z3)). Let M be a Mobius transformation of the type
az+b

2. M(z) = —— — .
(2.7) (2) a1 d z € CU{o0}, a,b,c,deC, ad—bc#0
Then,

(i) M maps RU {oo} onto itself if and only if M admits a representation of the form
(20), where a,b,¢,d € R and |ad — be| = 1.

(ii) M maps C onto itself if and only if M admits a representation of the form (Z7)),
where a,b,c,d € R and ad — be = 1.

We also recall that Aut(C,) is isomorphic to SLy(R)/{I2, —I2} (here Iy denotes the
identity matrix in R?).

Assuming det(M) = ad — bec = 1 in (2.1), one can use tr(M) = (a + d) to classify M
as
a+d
a+d
a+d

a+d

€Rand |a+d| <2;
= +2;
€Rand |a+d| > 2;
€ C\R.

elliptic if
parabolic if

hyperbolic if

~ ~ —~
NN N

loxodromic if
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On the other hand, assuming (ZZ Zi) =X, t € R, with tr(X) =0 and X = (f fﬁ),

one can use det(X) = —a7y — ? to classify the one-parameter subgroups of Mdbius
transformations in (ZH) and distinguish three cases:

Case 1 :det(X) > 0 (cyclic subgroup);
Case 11 : det(X) = 0;
Case IIT : det(X) < 0 (hyperbolic subgroup).

Lemma 2.2. We assume Hypothesis [2.1] and let (t,z) € R x Cy..
(1) If det(X) > 0, then
(cos(wt) + g sin(wt))z + < sin(wt)

(2.8) 9(2) = (2 sin(wt))z + cos(wt) — £ sin(wt)

where w = y/det(X) > 0.
(i) If det(X) = 0, then

(1 +pt)ztat
(2.9) g9¢(2) = St (=B
(iii) If det(X) < 0, then
(cosh(wt) + g sinh(wt))z + 2 sinh(wt)

(2.10) 9:(2) = (% sinh(wt))z + cosh(wt) — gSinh(Wt> 7

where w = /| det(X)| > 0.

Proof. Since tr(X) = 0, every entry ay, by, ¢;, and dy of the matrix ¢'X in (28] is a
solution of the initial value problem

(2.11) 7+ det(X)y =0,

(2.12) y(0)=1, y(0)=p  for y(t) = ar,
(2.13) y(0) =0, y(0) =a  for y(t) = by,
(2.14) y(0) =0, y(0) =~y  for y(t) = c,
(2.15) y(0) =1, §(0) = =3 for y(t) = di,

where the dot - denotes d/dt. Solving the initial value problems (211)), (212)-EZI15)
proves (2.8)—(Z10). O

Remark 2.3. If v = 0 in (2.4]), the subgroup g; is a group of linear transformations of C .
If v € R\{0}, the subgroup g: corresponds to the case of linear fractional transformations
of C4. If v € R\{0}, the automorphism g.(z) is a linear function in z if and only if
t € (m/w)Z in case I and t = 0 in cases IT and III, respectively. In other words,

. _ t € R\{(r/w)Z} in case I,
2.16 € R\{0} if and only if 0 f
(216) € R\{0} if and only if ¢, # 0 for {t < R\(0} in cases I1, 11T

Moreover, suppose that ¢ € R\{(w/w)Z}, that is, g; is not the identity transformation
(9:(2) # z). Then case I consists of elliptic Mobius transformations. Case IT always cor-
responds to parabolic Mébius transformations, and as long as ¢ # 0, case III corresponds
to hyperbolic Mobius transformations.
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Remark 2.4. The selfadjoint rank-one perturbations ¢tP of the selfadjoint operator A
discussed in Lemmal[IT] correspond to the case where det(X) =0witha=8=0,y=1
as one readily verifies upon comparison with (LII). Similarly, the selfadjoint extensions
of a closed symmetric densely defined operator A with deficiency indices (1,1) discussed
in Lemmal[T.3] correspond to the case where det(X) =1, w = 1 witha=-1,8=0,y=1
as can easily be seen upon comparison with (I.I6) and the change of parametrization

t — tan(t) in (T20).

Remark 2.5. The geometry of the trajectories | J,cg{g:(2)}, 2 € Cy, of the one-parameter
groups of automorphisms (2:8)—(2.10) can be understood in terms of the trajectories
UiertFi(2)}, 2 € Cy, of the map F; given by

(1+3t)z+ ot

2.1 F(z) = ——rt—r R3.
( 7) t(z) ’)/tZ-f—(].—ﬁt)’ (a7ﬂ77)6
In fact, we have the following representations (X = X (a, 3, 7); cf. (24)):
; _ 2
Ftan(q/det(X)t)/\/det(X)(z) if det(X) = —ay — % >0,
(2.18) gt(z) =  Fi(2) if det(X) = —ay— 82 =0,
; _ 2
Ftanh(\/| det(X)[t)/+/] det(X)\(Z) if det(X) = —ay - % <0.

Therefore, the trajectories of the groups (Z8)—(ZI0) can be described by
(2.19) U{gt(z)} = U{Ft(z)} in cases I and II
teR teR
and by
(2.20) U{a(2)} = U {Fi(2)} S (J{F:(2)} in caseTIL
teR |t]<| det(X)[~1/2 teR
We observe that F; is a one-parameter group of transformations of C, with respect to

t, that is, Fy,, = F; o F, for all s,t € R, if and only if ary + 3% = 0.

Next, we denote by log(-) the branch of the logarithm on the cut plane IT = C\[0, co0)
by assuming

(2.21) 0 < arg(log(z)) < 27 for z € IL.
In addition, we extend log(-) to the upper rim 9;II of II by
(2.22) liﬁr)l log(z +1ic) e R, x>0,

€

and hence obtain
(2.23) Im(log(z)) =m, x<0.

Analytic continuation of the branch log(:) defined above then leads to the infinitely
sheeted Riemann surface R of the logarithm with branch points of infinite order at
zero and infinity. We denote the resulting analytic function on R by Ln(-). For future
reference we also introduce the nth sheet S, of R. We use the convention Sy = ITU 0, I1.
Then Ln: v — w = Ln(v) maps the interior int(S,,) of each sheet S,, biholomorphically
onto the strip 27n < Im(z) < 2w(n + 1) and

(2.24) v € S, if and only if 27n < arg(w) < 2w(n+1), n € Z.
Assuming Hypothesis BTl with v # 0, we shall subsequently denote by

—

ctz + dy the lift of the trajectory t — ciz + di to R
(2.25)
with cpz +dyg =dy =1 € 880, S C+.
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Lemma 2.6. We assume Hypothesis 21l with v € R\{0} (¢f. ZI6)) and let —oo < t1 <
te < 00, z € C4. Moreover, we recall the convention ([2.28). Then,

ta 1
(2.26) / dt Tm(g4(2)) = 5 Im (Ln(c, 2 + dy,) — Ln(ey, 2 + dyy)).-
t1
Proof. Since the entries of the matrix (2.6) solve the system of differential equations
d (a; b 0 « a; by
2.27 — = teR
( ) dt (Ct dt) (’Y —f ce di)’ €®
we obtain
(2.28) & =yay — Bey,  dy = by — Bdy
and
; dy + d
(2.29) ay = ¢+ Bee and b; = Lﬁt
vy
Thus,
B 1. -
(230) arz + bt = ;(ctz + dt) + ;(CtZ + dt),

and hence

atz—l—bt ﬂ ].CtZ"—dt ﬂ 1d A —
2.31 Z)=————=—4——""=—+4 ——Ln(gz + d;).
(2:31) 9:(2) az+dy v yazr+de oy ydt (e !

Integrating (Z31) from ¢; to ¢5 and taking imaginary parts of the resulting expression

proves (2:20)). O

3. DYNAMICAL SYSTEMS ON A SPACE OF MEASURES

As shown below, each one-parameter subgroup {e'X },cr of SL2(R), or, what is the
same, each one-parameter group {g; }+er of automorphisms of the open upper half-plane
C, generates a dynamical system {g; }:+cr on the (phase) space M = [0,00) x R x .
Here Q2 denotes the space of Borel measures 1 on R with the property

(3.1) /Rfi(il < o0

Let {g: }+er be a one-parameter subgroup of Aut(C_ ), the group of automorphisms of
(C+I

(3.2) gu(z) = Z:jj_zz (t,2) €R x Cy.
Given a point (Ag, Bo, po) € M, we introduce the Herglotz function
(3.3) Mo(z):A0z+Bo+/Rduo()\) (%-ﬁ) 2eCs,
where

1 1 I _
(3.4) #o((A1; 22)) + 5uo({As}) + gpo({A}) = —lim A dA Im(Mo(A + i€)).

Since g; € Aut(C,) for each t € R, the one-parameter family of the functions
(3.5) My(z) = g:(Mo(2)), (t,2) e Rx Cy,

is a one-parameter family of Herglotz functions. Therefore, M; admits the representation

1 A
(36) Mt(z) = A;z+ By + /]Rdut(A) <E — m), (t,Z) €Rx (C+,
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for a unique triple (A¢, By, pit) € M. We introduce the map

(37) g: : M - M7 (A(),B(),/J/O) = (AtaBt7/'[/t)7 teR.
Then
(3.8) Jirs =9 995, StER

Thus, {g; }+er determines a dynamical system on M as claimed.
We note that

(3.9) My(i) = Ayi+ By +Z/R )
and thus,
dpg (A . .
(310) At = /]R 1‘L:t_(>\2) — III'I(]\4t(Z))7 Bt = Re(Mt(’L)), teR.
Moreover, if ¢; # 0 in (32), then A; = 0, and hence
dpg (A . .
(3.11) /Rﬁ(v) = Tm(M;(i)) if ¢; #0.

For the remainder of this section it is convenient to introduce the following assumptions.

Hypothesis 3.1. Assume Hypothesis 2.1l and suppose that

) t € R\{(r/w)Z} in case,
3.12 € R\{0}, lently, 0 f
(312) 5 € R\{0}, or equivalently, c, 0 for {t ERV0} incases IL TIL

The following statement is a variant of the exponential Herglotz representation theo-
rem due to Aronszajn—Donoghue [3] (see also [4]).

Lemma 3.2. We assume Hypothesis [T and let (z,t) € C4 x R. Moreover, we recall
the convention (Z28). Given a Herglotz function My with Tm(My(i)) # 0, we introduce
the function

(3.13) Ni(z) = Ln(c Mo(2) + dy).

Then Ni(+) is analytic on C4 and it can be represented in the form

(3.14) Nt(z)—Re(Nt(z'))—k/RdAft()\)( 1 A >

A—z 14+ A2

where

(3.15) &) = %gﬁ)ﬂm (Ln(ceMo(A +ie) + dy))  for a.e. AER.

Proof. Since My(i) # 0, the expression ¢;My(z) + d¢ never vanishes, and hence the
—>

lift ¢;Mo(z) 4+ dy is well defined as a point on R. To set the stage, we assume that

—>

ctMo(z) + d; is a point on the nth sheet S, of R for some (and hence for all) z € C,

—
(3.16) 2mn < arg(eeMo(2) +di) < 2m(n+1), neZ.
Then, by the definition of Ln(-) on R we obtain
(3.17) Ni(z) = log(ct Mo(2) + dyi) + 2min,

where log(-) denotes the branch (Z21)), (Z22) on Sp = ITU 04 I1.
Given t € R, there are three possible outcomes for N; depending on whether ¢; > 0,

¢t <0, 0r ¢, =0. If ¢; > 0, the function ¢;My(z) + d; is a Herglotz function and thus,

1 A

(3.18) Ni(z) = Re(Ne(7)) —|—/]Rd/\ ne(N) (E - 1+—/\2> + 2min,
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where

(3.19) ne(N) = %Im (log(cimo(X) +dy)) for ae. A€ R
and

(3.20) mo(A) = 161%1 Moy(X + ie) for a.e. A € R.
Since

(3.21) %/Rd/\<)\iz_1+%>:i’ z € Cy,

one can rewrite (3I8) in the form BI4) with
1
(3.22) == Im (log(cymo(N) + dy) + 2mni)

1
=— li%l Im (Ln(c; Mo(A + ie) + dy)).

T €

This proves (BI4) and (BI5) in the case where ¢; > 0.

If ¢; < 0, we obtain
(3.23) Ni(z) =log(ct Mo(2) + dyt) + 2min
' =log(|ci|Mo(2) — dyi) + 2min + wi.

Using the Herglotz representation theorem for |c;|My(z) — d;, we arrive at

(3.24) N¢(z) = Re(Ne(7)) + /]R dAne () (% - ﬁ) + 2min + wi,
where
(3.25) () = %Im(log(|ct|m0()\) —dy) forac AER.

Thus, one again arrives at (8.20). Hence (3.14)) applies with

1
(3.26) =— 111%1 Im (log(ceMo(A + ig) + dy) + 2mni)
T e

1 —
= Im (Ln(c;mo(X) + dy)).
Finally, if ¢; = 0, then Ny(z) is a constant with respect to z. Thus,
Ni(z) =log(d:) + 2mi(n — 1)
— log|di| + i(2m(n — 1) + arg(d)), Tm(z) >0,
which proves [BI4) with
(3.28) &N =2(n—1)+ 7 targ(d;) € Z,

(3.27)

a A-independent integer constant.

O

Now we can prove the absolute continuity of the measure associated with the Herglotz

representation of the integrated (averaged) Herglotz function

to
(3.29) My, +,(2) :/ dt Mi(z), Im(z) >0, ti,t2 € R, 1 <ts.

t1
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Theorem 3.3. We assume Hypothesis [T and let z € C,, t; € R, j = 1,2, 1 < ta.
Moreover, we recall the convention (Z28). Then the integrated Herglotz function

to
(3.30) My, () = / dt M (2)
t1
admits the Herglotz representation
1 A
(3.31) My, 4,(2) = By, +/Rdun,t2 (A) ()\ — H—)\Q>
Here By, 1+, € R and the measure p, 1, s absolutely continuous with respect to Lebesgue

measure on R with Radon-Nikodym derivative (density) a bounded function d“;l—l)\’tz =

&ty € L®(R). In fact,

(3.32) s () = (60 — 6,V),
where
(3.33) &(N) = 15118 % Im (Ln(c;Mo(A + ie) + d¢)), teR.

Proof. By Lemma 28] Im(My, +,) admits the representation

mwmam:/%ﬂmmmw»
(3.34) t

= % Im (Ln(ce, Mo(2) + di,) — Ln(cy, Mo(2) + dy, ).

Hence, Im(My, 4,) is uniformly bounded on C,, which proves that M;, ;, has no linear
term in its Herglotz representation. Moreover, by Fatou’s theorem, the boundedness of
Im(My, +,) on Cy ensures the absolute continuity of the measure py, 4, in B.3I) with
respect to Lebesgue measure on R. Hence, (8.32)) is a consequence of (3.34). O

Corollary 3.4. In addition to the hypotheses of Theorem T3 we assume that v > 0 and
t1 <0< te. If det(X) > 0 we assume in addition that

o 2 /()

Then the density (B32) has the form

(3.36) & (N) = % + % Im <1og ( Oltz)mo() +1 )) for a.e. N €ER,

<t <0<t <

where
(3.37) mo(A) = lig)l('yMo()\ +ig) —fB) forae AeER
and
tan(4/det(X)t) Zf det(X) >0,
tan(st) Vdet()

(3.38) O()= lim P t if det(X) =0, teR.

- \ d t(X) an € .

’ ’ % lei(;(;?lt) if det(X) <0,

Remark 3.5. Define

_+7 det(X >07 +, det(X >O7
(3.39) Ti(X)= 24/det(X) (X) T(X) = 24/det(X) (X)
—00, det(X) <0, 00, det(X) <0.
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Then the density (3:32)) has the form

) 0 if det(X) >0,
340 )\ - — ™m e .
(340)  &ry(x),ma(x)(A) 5T L Im <1og ( o(V+2y/1d t(X))) if det(X) < 0.

mmo(A)—24/| det(X)]
Next, we discuss the following technical result.

Lemma 3.6. We assume Hypothesis [31] and let t; € RU{—o0,00}, j = 1,2, t1 < to.
Moreover, we denote by p, +, the Borel measure in the Herglotz representation (B.31)
of the integrated Herglotz function [B330). Then for any bounded Borel set A C R the
function t — pui(A) is measurable and one has

(3.41) | dtin(d) = ()

t1

Proof. The proof is based on the following representation:

(3.42) t[ﬁAMMMW:AmmWﬂM

which is valid for a wide function class of f to be specified below. We split the proof into
four steps. First, we establish (3:42)) for functions f of the type

(3.43) fA) =¢c(A=190), >0, § R,
where ¢.()) is an approximate identity:
1 1
_ -1 ; _

Second, we prove (3.42)) for functions f that can be represented as a convolution of ¢,
with a C§°-function k:

(3.45) FO) = (6 xk)(N), ke CX(R), > 0.

Third, we prove (B42) for f € C§°(R). Finally, to prove assertion ([B.41]), we establish
(B42) for characteristic functions of finite intervals.
Step I. Let z = § +ic € C;. By the representation (B.0)),

. dﬂt(/\)
(346) Im (gt(Mo((S + Zﬁ))) = AtE + €/R m
Since v # 0, we have A; = 0 for almost all ¢ € R by (2I6]) and hence
" " dpe(A)

4 dt 1 Mo(d+1i = dt —_
(3 7) /t1 m(gt( 0( +ZE))) E/tl /]R(A_5)2+52
On the other hand, we infer

2 dpuey 25 (N)

4 dt T Mo(d+1 = —

(3.48) /t1 m(gt( o +Z€))) E/R (/\_5)2+52

by applying Theorem [3:3] Comparing [3:47) and (3:48)) proves ([B:42) for functions of the
type (3.43), (B.44).

Step II. Let k € C§°(R) and let supp(k) C [d1, d2] for some —oo < §1 < o < 0.

We start with two observations. Given & > 0, the function kc(\,d) = ¢ (A — 0)k(9),
(A, 9) € Rx[d1,62], is summable with respect to the product measure du; x dd, t € [t1, 2],
as well as with respect to the product measure dy x dé:

(3.49) k. € LY(R x [01,02);dps x db), t € [t1,to]
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and
(3.50) k. € LYR x [01,02); dp x d6).
Moreover, we claim that the function F. (cf. (3.45)),

(3.51) Fo(t,8) = / dpe(N) 8-\ — 0)F(3), t € [t1,ta),

is summable on [tq, ta] X [01, d2]:
(3.52) F. € L'([t1,ta] x [61,02]; dt x dF).

To prove ([352), we note that, by the representation (B.8]), formula (3.46) is valid again.
Thus, for any € > 0, the function h given by

(3.53) h(t,d) :At€+€/ dpe(A)
R

(A=0)24¢2

is continuous on [t1, t2] X [01, 62]. Hence h(t, d)f(9) is also continuous on [t1, ta] X [d1, d2]
and thus bounded. Since A; = 0 a.e., F:(t,0) is measurable and essentially bounded on

[t1,t2] x [01, d2]. This proves (3.52).
Finally, the validity of (342]) for the function class (4H]) follows from the subsequent
chain of equalities:

ta
/ dt / dpie (V) (6= * K)(N)
t1 R
ta d2
- / dt / AV [ dSéo(A— 8)k(5) (since supp(k) C [o1,])
t1 R 51
ta b2
z/ dt/ dé/d,ut()\) ¢(N—)k(5) (by ([349) and Fubini’s theorem)
t1 o1 R
2 to
(3.54) z/ d(5/ dt/dut()\) d(A— k() (by ([B52) and Fubini’s theorem)
01 t1 R
d2
— [ 5 [ 6= k) (by step 1)
o1 R
02
= / Aty 15 (N) d§ ¢ (N —8)k(6) (by (B50) and Fubini’s theorem)
R &

_ /]R Ao 1O\ (6o * K)(N)  (since supp(k) C [61, 65]).

Step III. Let f € C§°(R) with supp(f) C [d1,d2]. One then infers

02
(3.55) lim(¢e * f)(A) =lm [ dd (A —8)f(6) = f(N)
el0 el0 51
uniformly with respect to A as long as A varies in a compact set A C R. With A =
[01 — 1,02 + 1] we obtain the estimate

92 1 €

dd ¢ (A — 5)f(5)‘ < semdX |f(8)[(02 — 51);m7 A€ R\A.

Thus, there exists a constant C = C(d1, d2) such that

(3.56) ‘ A

02

6 de(A = 0)f(§)| <C

3
(3.57) (¢ * )N = A SCiye A€ R\A.
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Since

dps (A
(3.58) sup /LQ) < 00,
tE[tl,tz] R 1 + A
the uniform convergence (B5H) combined with the estimate (BRZ) and the result of Step
IT proves B42) for f € C§°(R).
Step IV. Let A be a finite interval and f1(A\) > f2(A) > --- a monotone sequence of

nonnegative functions, f, € C§°(R), n € N, converging pointwise to the characteristic
function of the interval A as n approaches infinity:

(3.59) Tim () =xa(h), AeR.
By the dominated convergence theorem we then obtain

(3.60) T [ O 100 = [ din ) xa0) = s (8)

and

o im0 = [ duO)a®) =w@), te bl

Since

0< / A (N) Fu(N) < / d () Fi(V)

dﬂt()\)
3.62 < 1+ 52 /
( ) _sesrl?p%)({fl)(( e )fl(S)) r 1+ A2
dﬂtO‘))
< 1+ 52
<m0 ([ T5),
we obtain
to to to
o) Jim [ [0 = [ at i [ ) f0) = [ ata)
t1 t1 t1

where we have used the dominated convergence theorem once again. By Step III and by

(BE0) this proves (BA2) for f(A) = xa(N).
The extension from the case of bounded intervals A to the case of bounded Borel sets
A is now straightforward and the proof is complete. O

Given a general Herglotz function M of the type

1 A
64)  M(z)=Az+ B - A>0, BER
(3.64)  M(z) = Az + +/Rdu(>\)<>\_z 1“2), >0, BER, »€Cy,
we introduce the following subsets of R:
(3.65) AM)={XeR| 11?8 M (X +ie) € Ci},
(3.66) P(M)={AeR]| liﬁ)lslm(M(/\ +ie)) € (0,00)}

U{r e R [lime " In(M (A +i2)) € (0,00},
(3.67) S(M) = R\{A(M) U P(M)}.

By the results of Aronszajn [2], Donoghue [21], and Simon and Wolff [46], the subsets
(B.63)-(B.67) are invariant with respect to the entire family {go M} e au(c, ) of Herglotz
functions:

(3.68) AM)=A(goM), P(M)=P(goM), S(M)=S8(goM), gecAut(Cy).



SL2(R), HERGLOTZ FUNCTIONS, AND SPECTRAL AVERAGING 409

Strictly speaking, these results were obtained for Herglotz functions that are the Stieltjes
transforms of finite Borel measures. For the sake of completeness we prove this invariance
in the case of general Herglotz functions. The invariance of the set A(M) is obvious from
E23)-@I0). The invariance of the set S(M) is then a consequence of the invariance
of P(M). In order to prove the invariance of the set P(M) we need some additional
considerations.

We start with recalling the following well-known result.

Lemma 3.7 (see, e.g., [2], [3], [46]). Let M be a Herglotz function with representation
B6d). Then, for any Ao € R we have

(3.69) lim(—i<)M (Ao +i¢) = p({Ao)).
In particular,

(3.70) lim e Im(M (X +iz)) = p({Ao})
and

(3.71) lim e Re(M (X + ic)) = 0.

Definition 3.8. A Herglotz function M of the type (3.64) is said to have a normal
derivative at a point A € R if the following two limits exist (finitely):

(1) M()\) = 1im€l0 M()\ + iE) e C.

(if) M'(N) = limg (M (X + i) — M(X))/(ie) € C.

Lemma 3.9. Let M be a Herglotz function with representation ([B.64). Assume, in
addition, that

(3.72) 161%1 e Im(M (N + i€)) € (0, 00)

for some point \yg € R. Then M has a real normal boundary value at Ao and a strictly
positive normal derivative at \q:

(3.73) M(Xo) =lim M(Xo + i) € R,
(3.74) M (20) = im Mo + 12 -~ M) (0, 50).

Proof. Let 7 be a finite open interval containing A\g. We decompose M as M = M; + My,
where

1 A A

. Mi(z)= Az + B dp(\ L Y 5| g

(3.75) 1(2) z+ +/]R\I u()</\_z 1+)\2> /Iu()1+/\2’
dp(N)

: My(2) = ,
(3.76) 2(2) /IA_Z
Clearly,
(3.77) M1 () = lim My (Ao + ) € R
and
(3.78) 01t (g — J1imero MG > 0 i A £ 0 0r w(R\T) £ 0,

. ' 0 it A=0 and p(R\Z) =0.

Hypothesis (B72) and formula (B7G) imply
(3.79) 1iflol e M Tm(M; (N +ig)) =0
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and hence

o ‘ o ‘ . dp(A)
lim e~ Tm(M (A — lime ! Im(Ma (A —lim [ —
lim e m(M (Ao + i€)) lim & m(Mz (Ao + i€)) am =)t o2

dp(A)

= [ ——=5 €10,00),
/I (A= Xo)? 1, 00)

where we have used the monotone convergence theorem at the last step. Since 7 is a

finite interval and [ du(X) (A — Xo) ™2 < oo by (BZ2) and (B0), an application of the
dominated convergence theorem then yields

(3.80)

. . . (A= o) / dp(A)

81 1 My (A =1 dp(\) —=—22 = R.
(3.81) ElfolRe( 2(Ao + i€)) ;g)l/z u()(A_AO)2+52 3 €
Thus,

(3.82) M(do) = lim My (Ao + i) € R,

and combining B77) and (B:82) then proves (373). Applying the dominated convergence
theorem once again yields

Mz (o) = limn Mol £ 22 2t _ 13{3/1 O — o Ciui(?))(x W)

(3.83) ) {fz ()ilﬁ()\)(\)))Q S0 if y(T) £0,

0 if u(Z) =0.
Since by the hypothesis [372)), either A > 0 or u(R) # 0 in the Herglotz representation
(B64) of M, combination of (B78) and (B83) proves ([B14). O
Lemma 3.10. Let M be a Herglotz function of the type (B64). Then
(3.84) P(M)=P(go M), geAut(C,).
Proof. Tt suffices to prove the inclusion
(3.85) P(M)CP(goM), ge Aut(Cy).
Moreover, any automorphism g € Aut(C,) admits the representation
(3.86) g=g10fogs,
where g; € Aut(C,), j = 1,2, are linear transformations of C and
(3.87) () = —é, seCy.

Since, obviously, P(M) is invariant under linear transformations of C., it suffices to
establish the inclusion

(3.88) P(M) CP(foM).

Let A € P(M). By the definition of P(M) either

(3.89) Eﬁ)l& Im(M (X +ig)) € (0,00)
or

(3.90) hﬁ)l e m(M (X +ie)) € (0, 00).

In the case of (3.89) we obtain

o . C Im(M(A +i
(3.91) lime" Tm(f o M(A +ic)) = lime 1%&0,@)
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by using (B.69)-@.71)). Therefore, A € P(f o M). Next, we consider the case (390). By
Lemma B9 M (\) = lim. o M (A +ic) € R and M(z) has a positive normal derivative at
the point . If M(A) # 0, then

1

. -1 . : —1 1
(3.92) 1611%16 Im((f o M)(A+ig)) :161&()15 Im(M(A) _M()\—i—is)) =

M)
(M(X))?

> 0.

If M(X) =0, then

. . . 1 1
(3.93) lslﬁ)laIm((f o M)A\ +ig)) = ls%lslm ( - M(/\—i—ie)) =y > 0.
Thus, (B90) implies A € P(f o M). Therefore, in both cases (389) and ([B390), we have
A € P(f o M), which proves (B:88) and hence (384). O

The following result provides a spectral characterization of the invariant sets A(M),
S(M), and P(M) (see [46] for a strategy of the proof). We recall that a measure p on R
is supported by the set 7 C R if p(R\7T) = 0.

Lemma 3.11. Suppose that M is a Herglotz function of the type [3:64), and that g €
Aut(Cy). Moreover, assume that pg is the measure in the Herglotz representation of
go M and that

(3.94) tg = pg° + py + phP, g € Aut(Cy),

is the Lebesgue decomposition of g into its absolutely continuous, singular continuous,
and pure point parts. Then ps°, 3¢, and pbP are supported by the sets A(M), S(M), and
P(M). Moreover, for any point A € P(M) there exists an automorphism g € Aut(Cy.)
such that

(3.95) HEP({A}) > 0,

Remark 3.12. Originally, the set P(M) was introduced in the context of rank-one per-
turbations in [46] by

(3.96) POM) ={(AeR | u({\) >0} U{reR]| /R (sdli(i)p <o},

Naively one might think that the set R\.A(M) coincides (modulo Lebesgue null sets)
with the complement of the support of the absolutely continuous component p?¢ of
the measure p associated with the Herglotz function M. Thus, one might erroneously
conclude that

(3.97) |supp (™) N (R\A(M))] = 0.
The following counterexample illustrates the situation.

Example 3.13. Let K C [0,1] be a closed nowhere dense set of positive Lebesgue
measure and let

(3.98) m) = [ T ) = v an
where xa denotes the characteristic function of a set A C R. Then
(3.99) supp(p) = supp (™) = [0, 1]

but

(3.100) [supp(4*) N (RVA(M))| = |K] > 0.

Thus, (BY1) is not valid in general.
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Combining the results of Corollary B4, Remark B, and Lemma B8, we can formulate
the following spectral averaging theorems.

Theorem 3.14. Assume Hypothesis 31 and let t; € RU {—o00,00}, j = 1,2, t1 < to.
Moreover, suppose that My is a Herglotz function of the type B64) and that My, t € R,
is the one-parameter family of Herglotz functions given by BH) and B6). In addition,
we denote by p°, usc, and pi® the absolutely continuous, singular continuous, and pure
point parts in the Lebesgue decomposition of yy in (B3.6):

(3.101) e = pp¢ + s+ pft, teR.

Then the averaged measures

to to ta t2
(3.102) / dt dpy, / dt due, / dt e, / dt dub®
t1 t1 t1 t1

are absolutely continuous with respect to Lebesgue measure on R. More precisely, given
a bounded Borel set A C R, the functions t — p(A), t — p(A), t — pi*(A), and
t — pYP(A) are measurable and

. 1223 (A) oty ,to (A)7
2 ac A) /J/t ¢ (AﬁA),
3.103 ar { Hi = At
(3.103) / 5 (A) (AN S),
MEP(A) Moty to (A N P)a

where i, +, s the absolutely continuous measure in the Herglotz representation (331) of
the integrated Herglotz function B30) in Theorem [Z3 and A(My), P(My), and S(My)
are the invariant sets (B69)-B.67) associated with the Herglotz function My. In partic-
ular,

(3.104) {t e R| p*(R) # 0} =0 if [S(Mo)| =0,
(3.105) {t R | P(R) 20} =0 if [P(Mo)| =0.
Proof. Equation ([B41) implies the result (3:103) since

pe (AN A(Mo)) = (A N A(Mo)),

(3.106) (A NS(Mo)) = (AN S(Mo)),
p(ANP(Mo)) = (A NP (Mo))
and A(My), S(My), and P(My) are Borel sets (cf. [17]). O

Remark 3.15. The “life-time” [{t € R | xS8(R\A(Mp)) # 0}| is never zero whenever
|S(Moy) UP(My)| # 0. Here

(3.107) pi" = s + P

As concrete examples show (cf. [15]), it may be finite or infinite depending upon the
choice of the Herglotz function Mj.

Remark 3.16. Example B13 shows that the sets supp(pi©) and R\.A may have nontrivial
intersection of positive Lebesgue measure and that

(3.108) {t € R | u7™® (supp(ui)) # 0} # 0

in general.

As a consequence of the previous theorem we get the following global result.
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Theorem 3.17. Under the hypotheses of Theorem [3.14) suppose that A(My), S(My),
and P(My) are the invariant sets associated with the Herglotz function My. Then for
any bounded Borel set A C R the following results hold:

(i) If det(X) > 0, then

(i (A) 1A,

samy [TV L ia) 1= anso)
—T et %C n ?
[EVa®) | s ANP(M)]
(i) If det(X) = 0, then
S ¢ A A
i _ n o)l
(8.110) '”'/,oo WY ey [T 1AnS(M)),
1EP(A) ANP(My)]
(iii) If det(X) < 0, then
(3.111) o [ "t (A) = J e,
(3.112) 1 / () = /A D)

with

B 1 ol mmo(A) + 24/| det(X)] e
(3.113) SN =1+-1 <1g<ﬂm0m_2 |det(X)|)> for a.e. A€R

and mo given by B30). Moreover,

(3.114) ol [ dtuE(8) = 180 S(0) VRO
and

(3.115) ol [ dtun (&) = 1A 0 PO N R(0)
where

(3.116)  R(Mo)={reR| %MQ(A +ie) € R and [mo(N)| < (2/7)+/| det(X)]}.

Remark 3.18. Theorem [3.17 shows the universality of the averaging over the correspond-
ing period in the case of cyclic groups g; (associated with the one-parameter subgroups
e!X of SL2(R)), where det(X) > 0. It also yields the universality of the averaging over
the entire parameter space in the limiting cases corresponding to det(X) = 0. However,
the theorem also shows that averaging in the case of hyperbolic one-parameter subgroups
g+ with det(X) < 0 depends on the initial Herglotz function Mp.

Remark 3.19. An analogous result concerning the decomposition of Lebesgue measure
| - | restricted to A and | - | restricted to R\ A into integrals of the measures p3° and
Wi ® = p5¢ 4 ub® on the unit circle first appeared in [1]. In the case of selfadjoint rank-

one perturbations of selfadjoint operators (which is a special case of (BII0) as observed

in Remark Z4), (3110) appeared in [17].
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4. SPECTRAL AVERAGING AND HAUSDORFF MEASURES

Lebesgue’s decomposition (BI0I) of measures is a particular case of a more general
result in the theory of decomposing measures with respect to Hausdorff measures. This
result states that for each k € [0, 1], a Borel measure p can be decomposed uniquely as

(4.1) o= 4
where "¢ is k-continuous with respect to the x-dimensional Hausdorff measure h* (i.e.,
"¢ gives zero weight to sets with zero k-dimensional Hausdorff measure h*) and p® is k-
singular with respect to the x-dimensional Hausdorff measure h” (i.e., ;1"® is supported on
a set of zero k-dimensional Hausdorff measure h"). For more details on the decomposition
(1)), we refer the reader to [38], [41], and [42].

We recall that the x-dimensional Hausdorff (outer) measure h”, x € [0,1], of a set
S C R is defined as
4.2 h®(S) =i inf I,(0)°
(4.2) () =lim inf > [I.(3)]",

neN

where the infimum is taken over the countable collections {I,,(d)}nen of intervals, the
d-covers, such that

(4.3) Sc |JIn(d) and |I,(5)] <6 forallneN.
neN
We also recall that the Hausdorff dimension of a set S is defined by
(4.4) dimy (S) = inf{k € [0,1] | A"(S) = 0}.

Our goal in this section is to obtain partial results concerning spectral averaging of
the r-continuous part p;”" with respect to h*, xk € (0,1), of the singular continuous
part pi¢ (BI0T) (with respect to Lebesgue measure) of the measure u; associated with
the family of Herglotz functions M; = g¢(Mpy):

(4.5) pit =+ ", te R

Here g; is a one-parameter group of automorphisms of Aut(C_).
We introduce the following hypothesis.

Hypothesis 4.1. Suppose M is a Herglotz function of the type 3:64), « € (0,1),

(4.6) Su(My) ={NeR| limﬁ)nf g™ Im(Moy(A +ig)) € (0,00)},
and assume that the set A, (M) defined by
(47) AcMo) = | Sw(Mo)

Kk'€[k,1)

is a Borel set of positive Lebesgue measure.
We note that, by Hypothesis [4.1]
(4.8) A (My) € S(Mo),
where S§(My) is the invariant set (B.67) associated with the Herglotz function My.

Lemma 4.2. We assume Hypothesis[{.1] and the hypotheses of Theorem[5.14} Moreover,
we suppose that

(4.9) pet =y ", teR,

is the decomposition of the measure pi¢ BIUL) such that p*>"° is k-continuous and
uSer S s k-singular (with respect to the k-dimensional Hausdorff measure h*). Then, for
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any bounded Borel set A C R and 0 # |t| < w/(2/det(X)) in case I, and 0 # ¢t € R in
cases II and 111, we have

(4.10) BE(A N AL(My)) = 5557 (A N Ay (Mo)).
Proof. We note that
(4.11) 0< limﬁ)nf " Im(My(\ + ie)) (possibly equal to 4+00) for A € A, (My).

Using the estimate

Im(Moy(2)) 1
4.12 Im(M,;(z)) = < , z€C
(4.12) WD) = 10000 + 4 = ST () :
(we recall that ¢; # 0 and d; € R by hypothesis) we infer
(4.13) 0 < limsupe’™ " Im(M;(\ +ig)) < 0o, A € A.(Mp).
el0
It is known (cf. [16, Lemma 3.2]) that (@I3]) implies
(4.14) 0 < limsup W <00, A€ A (My).
610

Hence, by a result of Rogers and Taylor [41], [42] (see also [16, Theorem 2.1}), the measure
pe | Ax(Mp) is k-continuous, which proves [@I0) since

(4.15) pe [ Ax(Mo) = i [ Aw(Mp)
by (3J). 0

Remark 4.3. In general, we can neither state that A, (M) is a Borel set (cf. Hypothesis

ET), nor that
(4.16) V(D) = pE (AN A (M), € A0,

It was pointed out to us by Barry Simon that a different but not unrelated discussion of
singular continuous measures for continuous and discrete half-line Schrédinger operators,
based on the asymptotic behavior of solutions, was recently provided in [32] (following a
previous result in [31]).

As a consequence we get the following result.

Corollary 4.4. We assume the hypotheses of Lemma[{.Z2} Then for any bounded Borel
set A C R the following results hold:
(1) If det(X) > 0, then
w1 (A1 A(Mo) = |A N AL (M)
4.17 v dt ;" (AN AL (M) = |AN A, (M)l
—n/ (2¢/det(X)) !
(i) If det(X) = 0, then

(4.18) ol [ e (A R ) = |A 1 A
(iii) If det(X) < 0, then

(419) ol [ a0 A(Mo)) = 80 A (Mo) VR,

where -

R(Mo) = {X € R [lim Mp(A +ie) € R

4.20
(4.20) and |1€ig)1('yM0(>\ +ie) — B)] < (2/m)y/|det(X)]}.
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Even though Corollary 4l appears to be a new result, it cannot be regarded as a
complete analog of (BI03), since first of all we have no results for the singular part

SC,K—S

My

, and second, we were not able to remove the set A, (M) on the left-hand sides of

({I70)—(E19). We hope our present attempt will encourage future work in this direction.
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