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QUASILINEAR ELLIPTIC DIFFERENTIAL EQUATIONS
FOR MAPPINGS BETWEEN MANIFOLDS, I

G. KOKAREV AND S. KUKSIN

Abstract. A class of quasilinear elliptic differential operators defined on mappings
between manifolds is introduced and studied. In arbitrary local coordinates, such an
operator is a quasilinear elliptic differential operator that sends a mapping between
manifolds to a vector field along this mapping.
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§0. Introduction

The present paper is devoted to the theory of quasilinear elliptic differential operators
acting on the mappings u : M → M ′, where M and M ′ are smooth manifolds without
boundary. By a differential operator A we mean a correspondence that sends every
smooth mapping u to a vector field M 3 x 7→ Au(x) ∈ Tu(x)M

′ along u such that, in
arbitrary local coordinates, this correspondence has the form of a differential operator.
Such an operator is called quasilinear elliptic if it is a quasilinear elliptic differential
operator in any local coordinates (it can easily be shown that this property is invariant
under the changes of coordinates in M and M ′). For brevity, in this Introduction,
quasilinear elliptic differential operators will be called elliptic operators. An equation of
the form Au(x) = 0, where A is an elliptic operator, is called an elliptic equation.1

Presently, there is no general theory for elliptic operators on mappings of manifolds.
Despite this, the solutions of certain elliptic equations have been studied extensively
during the last fifty years, mainly, for the needs of geometry. First of all, this concerns the
harmonic map and pseudoholomorphic curve equations. The solutions of these equations
(harmonic mappings and pseudoholomorphic curves) are effective tools in Riemannian
and symplectic geometries (see the surveys [13], [14] and the fundamental paper [15]).
As a result pertaining to geometry and partial differential equations simultaneously, we
mention a Lefschetz type formula obtained in [20] for the algebraic number of contractible
solutions of the Cauchy–Riemann type equations

(0.1)
∂u

∂z̄
= f(z, u(z)), u : T2 = C/(Z+ iZ)→M ′,

where M ′ is a Kähler manifold.
§1 of the present paper is preliminary; here we introduce all necessary differential-

geometric notation. In §2, we introduce the notions of a differential and a quasilinear
differential operator and also define their symbols. After that, we define a (quasilinear
differential) elliptic operator A as an operator the symbol of which is nondegenerate.
The linearization A∗(u) of A at a mapping u is a linear differential operator acting on
the sections of the bundle u∗TM ′. This operator is elliptic if so is A. Respectively, the
index of an elliptic operator A can be defined as the index indA∗(u) of its linearization.
Since the index is homotopy invariant, the index of an elliptic operator only depends on
the homotopy class [u] of u, ind[u] A = indA∗(u). Examples of several families of elliptic
operators are given in §4 (by a family of operators we mean an operator depending on an
additional functional parameter running over a certain infinite-dimensional space F). In
particular, in §4 we discuss variational elliptic operators A that are the Euler–Lagrange
operators of the corresponding variational problems. The indices of such operators are
equal to zero.

Next, we introduce the moduli space MA,[u] for solutions of an elliptic equation (more
precisely, of a family of equations). This space is defined as the set of all pairs (u, f),
where f is a functional parameter of the equation and u is a solution of a fixed homotopy
type [u]. By definition, the natural projection of the moduli space is the mapping

πA : MA,[u] → F, (u, f) 7→ f.

1We note that, though the class of equations in question is sufficiently large (see §4), it does not
exhaust all known elliptic equations. Thus, pseudoholomorphic curves [15], [21] are solutions of a homo-
geneous equation for the Cauchy–Riemann operator ∂̄u(x) = 0, where ∂̄u(x) is not a vector in the tangent
space Tu(x)M

′ but a linear operator TxM → Tu(x)M
′ (see Subsection 4.2). Our definitions and methods

can be generalized to a wider class of elliptic equations including the equations of pseudoholomorphic
curves, but this would complicate the exposition.
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Choosing the dependence of the elliptic equation on the parameter f so as to ensure
a certain transversality condition, in Theorem 5.1 we prove that MA,[u] is a smooth
manifold and πA is a Fredholm mapping. Moreover, in Theorem 5.5 it is proved that the
manifold MA,[u] is quasi-finite-dimensional, namely, MA,[u] admits an atlas such that the
transition functions have the quasi-finite-dimensional form f 7→ f + K(f), where K is a
finite-dimensional mapping.

By the Sard–Smale theorem [24], for a typical f the fiber π−1
A (f) (i.e., the set of all

solutions of the equation for a fixed value of the functional parameter f) is a smooth man-
ifold of dimension ind[u] A. We say that a family of elliptic problems has the compactness
property if the mapping πA is proper. From the results of [24] it follows that, in this case,
the typical fibers of the projection πA are cobordant. The corresponding cobordism class
is an invariant; this is discussed in Theorem 5.6. In particular, if an elliptic equation has
the compactness property and ind[u] A = 0 (e.g., if A is a variational operator), then a
typical fiber π−1

A (f) consists of a finite number of points, and the parity of this number
does not depend on f.

Thus, the classes of elliptic equations with compactness property are particularly inter-
esting and promising objects of study. Unfortunately, no specific properties of an elliptic
equation (and of the manifolds M and M ′) responsible for the compactness property are
known at present. The corresponding families of elliptic equations can be presented on
a short list. Three of these families are discussed in the last section of this paper.

The present paper is a survey of the basics of the theory of elliptic equations for map-
pings between manifolds. In addition to new results, it contains well-known statements
and also generalizations of some facts known for specific operators to the case of general
elliptic operators. The corresponding references and explanations are given in the text.

In a subsequent paper, the authors plan to discuss the orientability of moduli spaces
and related problems and results. Cf. [20], where this was done for the moduli space of
the contractible solutions of equations (0.1).

Agreements. Throughout the paper, unless otherwise stated, smoothness means C∞-
smoothness; all manifolds, bundles, and mappings are smooth, and the operators under
consideration have smooth coefficients. By M and M ′ we denote connected smooth
paracompact Hausdorff manifolds without boundary and having dimensions n and n′,
respectively. The Einstein summation rule with respect to repeating indices is adopted
throughout.

§1. Basic notation

1.1. Covariant differentials of mappings. Let ∇ and ∇′ be torsion-free connections
on M and M ′, respectively, and let u be a smooth mapping from M to M ′. For each
k ∈ N, we define a k-linear form

(1.1) Dku(x) : ×kTxM → Tu(x)M
′

as follows. If k = 1, then Du = du is the differential of u. If the multilinear form Dk−1u
has already been defined, then we view it as a section of the bundle

(1.2) ⊗k−1T ∗M ⊗ u∗TM ′

and define Dku as

Dku(X0, . . . , Xk−1) =
(
∇̃X0D

k−1u
)
(X1, . . . , Xk−1),

where X0, . . . , Xk−1 are smooth vector fields on M , and ∇̃ is the connection on the
bundle (1.2), i.e., the tensor product of the connections ∇ and ∇′. The multilinear form
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defined above is a mapping of the form (1.1), i.e., it only depends on the values of the
vector fields at points. For any X0, . . . , Xk−1 ∈ C∞(TM), we have

Dku(X0, X1, . . . , Xk−1)

= ∇′du(X0)D
k−1u(X1, . . . , Xk−1)−

k−1∑
i=1

Dk−1u(X1, . . . ,∇X0Xi, . . . , Xk−1)

(for the case of classical tensor fields, see [4, Vol. 1, Chapter 3]).
Since the connections are torsion-free, the form D2u is symmetric. The classical name

of this form is the second fundamental form of u [13].

Example. Let M and M ′ be Riemannian manifolds, let ∇ and ∇′ be their Levi-Civita
connections, and let u : M → M ′ be a Riemannian embedding. Identifying the vector
fields X and Y on M with the fields du(X) and du(Y ), we see that

∇′XY = ∇XY +D2u(X,Y ).

It follows [4, Vol. 2, Chapter 7] that the form D2u takes values in the normal bundle on
M and is the second fundamental form in the classical case.

If k ≥ 3, then, in general, the form Dku is not symmetric. We denote by Dku its
symmetric part,

Dku(X1, . . . , Xk) =
1
k!

∑
σ∈Sk

Dku(Xσ(1), . . . , Xσ(k)),

where X1, . . . , Xk ∈ C∞(TM) and Sk is the symmetry group of degree k.

Definition 1.1. The form Dku is called the total covariant differential of the mapping
u of order k with respect to the connections ∇ and ∇′.

If (x1, . . . , xn) and (u1, . . . , un
′
) are local coordinates on M and M ′, respectively, then

the components (Dku)αi1···ik of the n′-dimensional vector

(Dku)i1···ik =
(
Dku

(
∂

∂xi1
, . . . ,

∂

∂xik

))α
∂

∂uα

have the form

(1.3) (Dku)αi1···ik(x) =
∂kuα

∂xi1 · · ·∂xik (x) + · · · ,

where the dots hide the “covariant terms” containing only the derivatives of u of order
less than k. If two multiindices (i1, . . . , ik) and (j1, . . . , jk) coincide up to permutation,
then they determine the same vector. In particular,

(Du)αi =
∂uα

∂xi
,

(D2u)αij =
∂2uα

∂xi∂xj
− Γpij

∂uα

∂xp
+ Γ′αβγ

∂uβ

∂xi
∂uγ

∂xj
,

(1.4)

where the Γpij and Γ′pij are the Christoffel symbols of the connections ∇ and ∇′, respec-
tively. If the connections are canonically flat, then

(Dku)αi1···ik(x) =
∂kuα

∂xi1 · · ·∂xik (x).



QUASILINEAR ELLIPTIC DIFFERENTIAL EQUATIONS 473

1.2. Jet manifolds. For smooth manifolds M and M ′, we denote by Jk = Jk(M,M ′)
the manifold of k-jets jku(x), x ∈M , of smooth mappings u : M →M ′. The mapping

jku : M → Jk

defined by the rule x 7→ jku(x) is called the k-jet extension of u. In particular, J0 =
M×M ′, and the 0-jet extension of u is simply its graph j0u(x) = (x, u(x)). The manifold
Jk fibers over M ×M ′ via the mapping

pk : jku(x) 7→ (x, u(x)).

For an integer s, 0 ≤ s < k, we have the natural projection

Jk → Js, jku(x) 7→ jsu(x),

x ∈M , which determines a fibering of Jk over Js. The mappings

Πk : Jk →M, jku(x) 7→ x,

Π′k : Jk →M ′, jku(x) 7→ u(x)

are called the source mapping and the target mappings (of jets), respectively. In partic-
ular, Π = Π0 and Π′ = Π′0 are the usual projections to the factors.

We put

Jk(n, n′) =
k∏
p=1

Lpsym(Rn,Rn
′
),

where Lpsym(V,W ) is the space of p-linear symmetric mappings of a vector space V to a
space W . If M = Rn and M ′ = Rn′ , then the manifold Jk(M,M ′) is identified with the
space Rn × Rn′ × Jk(n, n′) via the mapping

jku(x) 7→ (x, u(x), ∂u(x), . . . , ∂ku(x)).

Here, ∂pu(x) denotes the row of all partial derivatives of order p of u at x. This row
determines an element of Lpsym(Rn,Rn′). If x and u belong to local charts O ⊂ M

and O′ ⊂ M ′ of the manifolds M and M ′, respectively, then the set p−1
k (O × O′)

is identified with O × O′ × Jk(n, n′) and serves as a local chart on Jk(M,M ′). We
call such coordinates on Jk natural and denote them by (x, u, ∂u, . . . , ∂ku), where x
and u are points belonging to the local charts O and O′, and the ∂pu are elements of
Lpsym(Rn,Rn′). If we pass from one natural local coordinate system to another, the co-
ordinates (∂pu)αi1···ip = ∂puα/∂xi1 · · ·xip of the symmetric p-linear mapping ∂pu change
as follows:

(1.5) (∂pu)α
′

i′1···i′p = (∂pu)αi1···ip
∂uα

′

∂uα
∂xi1

∂xi
′
1
· · · ∂x

ip

∂xi
′
p

+ · · · ,

where the dots stand for the summands that only involve the derivatives of u of order
less than p.

We note that, in general, Jk is not a vector bundle over M ×M ′, because the isomor-
phism between the fiber over (x, u) ∈ M ×M ′ and the space Jk(n, n′) may fail to be
canonical, i.e., it depends on the choice of a local system of coordinates.

We denote by Lksym = Lksym(M,M ′) the total space of the vector bundle over M ×M ′
whose fiber over (x, u) ∈M ×M ′ coincides with

(1.6) Lksym(TxM,TuM
′).

If k = 0, then we put L0
sym equal to the trivial bundle over M × M ′ with zero-

dimensional fiber. We note that the mapping

J1 3 j1u(x) 7→ (x, u(x), du(x)) ∈ L1
sym
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yields a canonical isomorphism between the bundles L1
sym and J1. In particular, J1 is

always a vector bundle over M×M ′. The total space of the direct sum
⊕k

p=0 L
p
sym fibers

naturally over the space
⊕s

p=0 L
p
sym, s < k. We introduce the projections

πk :
k⊕
p=0

Lpsym →M ×M ′ Π−→M,

π′k :
k⊕
p=0

Lpsym →M ×M ′ Π′−→M ′.

Observe that if M and M ′ are Riemannian manifolds, then the metrics g and g′ give
rise to the following natural metric 〈·, ·〉 on the bundle Lksym:

(1.7) 〈Dku1,Dku2〉 = gi1j1 · · · gikjkg′αβ(Dku1)αi1···ik(Dku2)βj1···jk ,

where Dku1 and Dku2 are elements of (1.6). Moreover, the Levi-Civita connections of
the metrics g and g′ determine a connection in Lksym compatible with the metric (1.7).
If k = 1, then the fiber (1.6) is a space of operators, and the metric (1.7) determines the
Hilbert–Schmidt norm in this space.

We denote by Jk−1 ⊕ Lksym the total space of the Whitney sum of the bundles Jk−1

and Lksym over M × M ′. This manifold is a vector bundle over Jk−1 with the fiber
Lksym(TxM,TuM

′) over jk−1u. Given torsion-free connections on M and M ′, we define
the mapping

I−1
k : Jk → Jk−1 ⊕ Lksym, jku(x) 7→ (jk−1u(x),Dku(x)).

Lemma 1.1. The mapping I−1
k is a diffeomorphism yielding an isomorphism of bundles,

Jk
I−1
k−−−−→ Jk−1 ⊕ Lksymy y

Jk−1 Jk−1.

Moreover, in the natural local coordinates this mapping has the form

(jk−1u, ∂ku) 7→ (jk−1u, ∂ku+ T (jk−1u)),

where jk−1u = (x, u, ∂1u, . . . , ∂k−1u) is an element of Jk−1 and T is a smooth mapping.

The proof follows immediately from the local representation (1.3) of the forms Dku,
and from the structure of I−1

k in the natural local coordinates on Jk. In what follows,
we denote by Ik the inverse mapping Jk−1 ⊕ Lksym → Jk.

Corollary 1.2. For k = 0, 1, . . . , the mappings

Jk 3 jku(x) 7−→ (x, u(x),Du(x), . . . ,Dku(x)) ∈
k⊕
p=0

Lpsym

are diffeomorphisms, and for 0 ≤ s ≤ k they yield isomorphisms of fiber bundles,

Jk −−−−→
⊕k

p=0 L
p
symy y

Js −−−−→
⊕s

p=0 L
p
sym.
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It is natural to call the row (x, u(x),Du(x), . . . ,Dku(x)) the covariant k-jet of the
smooth mapping u : M → M ′, and the space of covariant k-jets (coinciding with the
total space

⊕k
p=0 L

p
sym) will be called the manifold of covariant k-jets.

§2. Differential operators

2.1. General definitions. Let A be a smooth section of the bundle (Π′k)∗TM ′, where
Π′k : Jk →M ′ is the target map of jets. Starting with this section, we define a differential
operator A of order k on smooth mappings u : M →M ′ as follows:

(2.1) Au(x) = A(jku(x)) ∈ Tu(x)M
′, x ∈M.

The section A is called the system of coefficients of the differential operator A, and
the bundle (Π′k)∗TM ′ is called the bundle of coefficients.

Let M ′′ be another smooth manifold, and let φ : M ′ → M ′′ be a smooth mapping.
We denote by Π′′k the natural projection Jk(M,M ′′) → M ′′. A section A of (Π′k)∗TM ′

and a section A′ of (Π′′k)∗TM ′′ are said to be φ-connected if

A′(jk(φ ◦ u)) = dφ ◦A(jku)

for every smooth mapping u : M →M ′. In particular, if φ is a diffeomorphism, then the
relation of φ-connectedness is bijective. If φ : M ′ →M ′′ is a smooth mapping, then two
operators A and A′ defined on the mappings from M to M ′ and to M ′′, respectively, are
said to be φ-connected if

A′(φ ◦ u) = dφ ◦A(u).
Obviously, φ-connected sections of the bundles (Π′k)∗TM ′ and (Π′′k)∗TM ′′ give rise to

φ-connected differential operators.

Definition 2.1. A section A is said to be quasilinear if in arbitrary natural local coor-
dinates it has the form

(2.2) A(jk−1u, ∂ku)=Ak(jk−1u) · ∂ku+ g(jk−1u),

where jk−1u = (x, u, ∂u, . . . , ∂k−1u), the pair (jk−1u, ∂ku) is an element of Jk, and
Ak(jk−1u) is a linear operator from Lksym(Rn,Rn′) to Rn′ .

By (1.5), the notion of quasilinearity is well defined relative to the change of coordi-
nates. Moreover, from (1.5) we obtain the following statement.

Lemma 2.1. Under the changes of local coordinates, the linear part Ak(jk−1u) of a
quasilinear section A transforms as a tensor and, for each jk−1u ∈ Jk−1, it determines
an element of

(2.3) L
(
Lksym(TxM,TuM

′), TuM ′
)
.

Consider the bundle Symbk(M,M ′) with the base Jk−1 and with the fiber (2.3)
over jk−1u. By Lemma 2.1, every quasilinear section A gives rise to a section Ak of
Symbk(M,M ′); this Ak is called the principal part of A.

Example. Every section A of (Π′1)∗TM ′ can be regarded as a morphism of bundles,

(2.4)

J1 A−−−−→ TM ′,y y
M ×M ′ Π′−−−−→ M ′.

Since J1 is a vector bundle, a section A is quasilinear if and only if the morphism (2.4)
is fiberwise affine. Such a section A has the form

A(x, u(x), du(x)) = A1(x, u(x)) · du(x) + g(x, u(x)), x ∈M,
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where A1 is a morphism of the vector bundles J1 and (Π′)∗TM ′ over M × M ′ (the
principal part of A) and g is a section of (Π′)∗TM ′.

Definition 2.2. A differential operator of the form (2.1) is said to be quasilinear of order
k if its system of coefficients is a quasilinear section of the bundle (Π′k)∗TM ′.

The set of quasilinear differential operators of order k is a vector space, which we
denote by DOk(M,M ′). Now, we show that the notions of a symbol and ellipticity are
well defined for such operators.

Let A be a quasilinear differential operator of order k, and let Ak be its principal part.
The isomorphism

(2.5) L
(
Lksym(TxM,TuM

′), TuM ′
)
' L

(
∨k T ∗xM,L(TuM ′, TuM ′)

)
,

where ∨k is the kth symmetric power, allows us to identify the fiber of the bundle
Symbk(M,M ′) over jk−1u ∈ Jk−1 with the space

L
(
∨k T ∗xM,L(TuM ′, TuM ′)

)
(cf. [9, Chapter IV]). This makes the following definition consistent.

Definition 2.3. By the symbol of a quasilinear differential operator A we mean the
mapping σA = σA(jk−1u),

σA : T ∗xM → L(TuM ′, TuM ′),

defined for all jk−1u ∈ Jk−1 and w ∈ T ∗xM , x ∈M , by the rule

σA(w) = σA(jk−1u,w) = Ak(jk−1u) · ∨kw.

Definition 2.4. A quasilinear operator A is said to be elliptic if for every jk−1u ∈ Jk−1

and every nonzero w ∈ T ∗xM , x ∈M , the linear operator

σA(w) : TuM ′ → TuM
′

is an isomorphism.

Example. If M = Rn and M ′ = Rn′ , the manifold Jk(M,M ′) is the product Rn×Rn′×
Jk(n, n′), and the k-jet extension of u : Rn → Rn′ has the form

x 7→
(
x, u(x), ∂u(x), . . . , ∂ku(x)

)
,

where, as before, ∂pu(x) is the row of all partial derivatives of u of order p at x. By the
isomorphism (2.5), every linear operator

Ak : Lksym(Rn,Rn
′
)→ Rn

′

is given by a system of (n′×n′)-matrices (Ak)i1···ik , ip = 1, . . . , n, p = 1, . . . , k, such that
the collections (i1, . . . , ik) that coincide up to permutation correspond to the same matrix.
Let (x1, . . . , xn) and (u1, . . . , un′) be bases of the spaces Rn and Rn′ , respectively. The
same letters with superscripts will denote the dual bases, which determine coordinate
systems in Rn and Rn

′
. We have

Ak = (Ak)βi1···ikα xi1 ⊗ · · · ⊗ xik ⊗ uα ⊗ uβ.

Denoting by (Ak)i1···ik an (n′ × n′)-matrix with entries (Ak)βi1···ikα , where α, β =
1, . . . , n′, and writing the quasilinear mapping (2.2) explicitly, we obtain

(2.6)
Au = (Ak)i1···ik

(
x, u, ∂u, . . . , ∂k−1u

)
·
(
∂ku/∂xi1 · · ·∂xik

)
+ g
(
x, u, ∂u, . . . , ∂k−1u

)
.



QUASILINEAR ELLIPTIC DIFFERENTIAL EQUATIONS 477

Thus, in the case where M = Rn and M ′ = Rn′ , our definition of a quasilinear differential
operator coincides with the classical one. In particular, the “characteristic polynomial”
σA(w) of A is the following (n′ × n′)-matrix:

(2.7) σA(jk−1u,w) = (Ak)i1···ik(jk−1u) · wi1 · · ·wik ,
where w ∈ Rn∗ and w1, . . . , wn are the coordinates of w in the basis x1, . . . , xn. Ellipticity
means that for all jk−1u ∈ Jk−1 and w ∈ Rn∗, w 6= 0, the matrix (2.7) is nonsingular.

This example shows that, in local coordinates, the elements DOk(M,M ′) are usual
quasilinear differential operators, and formula (2.7) gives the form of the symbols of such
operators in the natural local coordinates.

In view of Definition 2.1, the next statement is clear. For the convenience of future
references, we formulate it as a lemma.

Lemma 2.2. The mapping

C∞(M,M ′) 3 u 7−→ Au ∈ C∞(u∗TM ′)

is a quasilinear differential operator of order k if and only if it is a quasilinear differential
operator of order k in arbitrary local coordinates on M and M ′. In particular, this
mapping is an elliptic quasilinear differential operator if and only if it is an elliptic
quasilinear differential operator in arbitrary local coordinates on M and M ′.

Example (first order differential operators). A first order differential operator is deter-
mined by a morphism A of bundles,

J1 A−−−−→ TM ′y y
M ×M ′ Π′−−−−→ M ′.

A quasilinear first order differential operator A has the form

Au(x) = A1(x, u(x)) · du + g(x, u(x)), x ∈M,

where A1 is a morphism of the vector bundles J1 and (Π′)∗TM ′ over M × M ′ (the
principal part), and g is a section of the bundle (Π′)∗TM ′. In local coordinates x =
(x1, . . . , xn) on M , we have

Au(x) = A1
i(x, u(x)) · ∂u

∂xi
(x) + g(x, u(x)), x ∈M,

where, as before, the A1i are matrix-valued functions. The symbol σA of the operator A
looks like this:

σA(w) = A1
i(x, u)wi,

where x ∈M , u ∈M ′, and w = widx
i ∈ T ∗xM .

If we pass from one system of local coordinates on M to another, the matrices A1i

change in accordance with the rule

A1
i′ =

∂xi′

∂xi
A1

i.

In particular, for an arbitrary pair of local coordinates on M and M ′, if the matrices
A1

i(x, u) in these coordinates are scalar, A1i(x, u) = ai(x, u)I (in this case we say that
the operator has a scalar symbol), then the collections {ai(x, u)} determine a nonau-
tonomous smooth vector field on M depending on the additional parameter u ∈M ′. In
other words, such an operator is given by the rule

(2.8) u(x) 7→ du(x) · a(x, u(x)) + g(x, u(x)), x ∈M,
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and its symbol

(2.9) σA(w) = (w · a(x, u))I

is the operator of multiplication by w · a(x, u) on TuM ′, where · denotes the pairing of a
covector w ∈ T ∗xM and the vector a(x, u). In particular, A is elliptic only if dimM = 1
and a(x, u) 6= 0.

2.2. Using connections. Quasilinearity. Suppose that manifolds M and M ′ are
equipped with torsion-free connections ∇ and ∇′, respectively. In this case, the class of
quasilinear differential operators has an equivalent definition, which is more convenient
for the treatment of specific operators. The corresponding definitions are given in the
present and the next subsections.

Every section of the bundle (Π′k)∗TM ′, where Π′k : Jk → M ′ is the target mapping,
can be regarded as a morphism of bundles,

Jk
A−−−−→ TM ′y y

Jk−1
Π′k−1−−−−→ M ′.

In Subsection 1.1, we used connections on M and M ′ to construct the isomorphism
Ik of the bundles Jk−1 ⊕ Lksym and Jk over the base space Jk−1. Thus, we have the
following commutative diagram:

(2.10)

Jk−1 ⊕ Lksym
Ik−−−−→ Jk

A−−−−→ TM ′y y y
Jk−1 Jk−1

Π′k−1−−−−→ M ′.

Observe that the bundles Jk−1⊕Lksym over Jk−1 and TM ′ over M ′ are vector bundles.
For a morphism of such bundles, we have a well-defined notion of affinity as the fiber
affinity of the mappings of the corresponding vector spaces.

Definition 2.5. A section A of the bundle (Π′k)∗TM ′ is said to be quasilinear if the
morphism A ◦ Ik of the bundles Jk−1 ⊕ Lksym and TM ′ (2.10) is affine.

For every jk−1u in Jk−1, the linear part Ak(jk−1u) of the affine mapping A◦Ik(jk−1u)
determines an element of the space L

(
Lksym(TxM,TuM

′), TuM ′
)
, i.e., a section of the

bundle Symbk(M,M ′).

Lemma 2.3. Definitions 2.1 and 2.5 of the quasilinearity property of a section A of
the bundle (Π′k)∗TM ′ are equivalent. The linear part Ak of the fiberwise affine mapping
A ◦ Ik coincides with the principal part of the section A.

The proof follows immediately from Lemma 1.1.
In particular, Lemma 2.3 implies that the notions of quasilinearity and the principal

part of A in the sense of Definition 2.5 do not depend on the choice of the connections
on M and M ′ that determine the mapping Ik.

2.3. Using connections. The definition of a differential operator. Understand-
ing the differentiation operation in the sense of connections, we can define the notion of
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a differential operator covariantly. Namely, let A be a morphism of bundles,

(2.11)

⊕k
p=0 L

p
sym

A−−−−→ TM ′,y y⊕k−1
p=0 L

p
sym

π′k−1−−−−→ M ′.

Definition 2.6. A morphism (2.11) is said to be quasilinear if it is fiberwise affine as a
mapping of vector spaces.

The linear part Ak of a quasilinear mapping A determines a morphism of vector
bundles in (2.11), called the principal part of A. As before, on the mappings u : M →M ′

each morphism A determines a differential operator A of order k:

(2.12) Au(x) = A
(
x, u(x),Du(x), . . . ,Dku(x)

)
, x ∈M.

The morphism A is called the system of coefficients of the differential operator (2.12).

Definition 2.7. The differential operator A given by (2.12) is said to be quasilinear of
order k if the morphism A of bundles (2.11) is quasilinear.

A quasilinear differential operator A (in the sense of Definition 2.7) with the principal
part Ak has the form

(2.13) Au = Ak
(
x, u,Du, . . . ,Dk−1u

)
· Dku+ g

(
x, u,Du, . . . ,Dk−1u

)
,

where g is a smooth section of the bundle (π′k−1)∗TM ′. In particular, from (2.13) it
follows that for every morphism Ak of vector bundles (2.11), there exists a differential
operator with the given principal part Ak. For such operators, the notions of the symbol
and ellipticity are defined in the same way as in the preceding subsection, with the
replacement of the jet variety Jk−1 by its covariant analog, namely, by the total space
of the bundle

⊕k−1
p=0 L

p
sym.

Lemma 2.4. The definitions (2.1) and (2.12) of a differential operator are equivalent.
Moreover, the classes of quasilinear differential operators and elliptic quasilinear differ-
ential operators given by Definitions 2.2 and 2.7 coincide.

Proof. Let J k be the mapping occurring in Corollary 1.2. Let A be a differential operator
in the sense of (2.12), and let A be its system of coefficients. Then, by Corollary 1.2, the
operator

Au(x) = (A ◦ J k)(jku(x))

is the same differential operator, but now in the sense of (2.1). The form of the map-
ping J k in the natural local coordinates on Jk shows (see Lemma 1.1) that, under this
bijection, the quasilinear differential operators correspond to quasilinear differential op-
erators. Moreover, the elliptic quasilinear differential operators correspond to elliptic
operators. �

Corollary 2.5. The class of quasilinear differential operators of order k in the sense of
Definition 2.7 is independent of the choice of connections on M and M ′.

Corollary 2.6. For every section Ak of the bundle Symbk(M,M ′) of symbols, there
exists a differential operator with symbol Ak.
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§3. Linearized differential operators

3.1. Basic properties. In this section, we assume that M is a compact manifold, and
that M ′ is equipped with a Riemann structure g′ and some connection ∇′.

Let u be a smooth mapping of M to M ′, and let v be a smooth vector field on M ′

along u. There always exists ε > 0 and a smooth mapping U of the product M × (−ε, ε)
to M ′ such that the family ut(·) = U(·, t), t ∈ (−ε, ε) has the following properties:

(3.1) u0 = u,
∂ut
∂t

∣∣∣
t=0

= v.

Indeed, it suffices to put ut(x) = expu(x)(tv(x)). Then the existence of the required
positive ε follows from the compactness of M and the lower semicontinuity of the injec-
tivity radius on M ′ (see [2]).

Now, let A be a differential operator of order k. We denote by ∇∗ the connection on
the bundle U∗TM ′ (the covariant differentiation along the mapping U) induced by the
connection ∇′ on TM ′.

Definition 3.1. The linearization of an operator A at a point u ∈ C∞(M,M ′) is the
operator A∗(u) : C∞(u∗TM ′) → C∞(u∗TM ′) that acts on the sections v of the bundle
u∗TM ′ by the rule

(3.2) A∗(u)v = ∇∗∂
∂t

∣∣∣
t=0

Aut.

As is shown below (see Lemma 3.1), A∗(u) is a linear differential operator whose value
A∗(u)v is determined only by the smooth mapping u and a vector field v along u. It
follows that Definition 3.1 is independent of the choice of a family ut satisfying (3.1).

Relation (3.2) can be understood as follows. For each x ∈M , the vector A∗(u)v(x) is
the value at t = 0 of the covariant derivative of the vector field Aut(x) along the curve
ut(x), t ∈ (−ε, ε), on M ′.

Lemma 3.1. Let A be a differential operator of order k, and let u be a smooth mapping
from M to M ′. Then A∗(u) is a linear differential operator of the same order on the
bundle u∗TM ′. In particular, if A is a quasilinear differential operator, then the symbol
A∗(u) is given by the formula

(3.3) σA∗(u)(x) = σA(jk−1u(x)), x ∈M.

Corollary 3.2. A quasilinear differential operator A is elliptic if and only if for every
u in C∞(M,M ′) the linear differential operator A∗(u) is elliptic.

As another consequence of Lemma 3.1, we mention that the symbol of the linearized
operator A∗(u) is independent of the choice of a connection on M ′.

Let (x1, . . . , xn) and (u1, . . . , un
′
) be local coordinates on M and M ′, respectively.

Let (x1, . . . , xn, t) be local coordinates on M × (−ε, ε). Then, in these coordinates, the
derivative of a section of U∗TM ′ is given by the rule

(3.4) (∇∗∂
∂t
Aut)α =

∂

∂t
(Aut)α + Γ′αβγ

∂uβt
∂t

(Aut)γ ,

where the Γ′αβγ are the Christoffel symbols of the connection on TM ′. In particular, if u
is a solution of the equation Au = 0, then

(3.5) (A∗(u)v)α =
∂

∂t

∣∣∣
t=0

(Aut)α.

Thus, we arrive at the following statement.
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Lemma 3.3. Let u be a solution of the equation Au = 0. Then, in arbitrary local coor-
dinates, the linearization of the operator A at a point u can be defined by relation (3.5).
This definition survives if we change the coordinates and is independent of a Riemann
structure on M ′.

Example. Let g(x, u) be a nonautonomous vector field on M ′, u ∈ M ′, x ∈ M . The
differential operator G of order zero acts by the rule

u(x) 7→ g(x, u(x)), x ∈M.

Its linearization G∗(u) is determined by the operator field that has the following form
in local coordinates:

G∗(u)αβ = ∇′βgα =
∂gα

∂uβ
+ Γ′αγβg

γ .

For each x ∈ M , let u0(x) be a singular point of the vector field g(x, ·). Then the
mapping u0 is a solution of the equation Gu = 0, and the linearization

G∗(u0)αβ(x) =
∂gα

∂uβ
(x, u0(x))

coincides with the linearization of the vector field g(x, ·) at the singular point u0(x).

Remark. The assumption that M is compact (see the beginning of this section) was used
only for proving the existence of a family ut satisfying conditions (3.1). If M is not
compact, then the existence of the required family ut will be ensured if we assume, e.g.,
that M ′ is complete.

Let A be a quasilinear elliptic differential operator of order k, and let u be a smooth
mapping from M to M ′. Then the linearized operator A∗(u) is elliptic and determines
continuous mappings

[A∗(u)]s : Hs(u∗TM ′)→ Hs−k(u∗TM ′), s ∈ Z,
of Sobolev spaces. (The same is true if u is a mapping of smoothness class Cs, s ≥ k.)
The index of the Fredholm operator [A∗(u)]s, defined as

ind[A∗(u)]s = dim Ker[A∗(u)]s − codim Im[A∗(u)]s,

does not depend on s (see, e.g., [9], [11]) and is denoted by indA∗(u). Since the index
of a linear operator is homotopy invariant, we see that indA∗(u) only depends on the
homotopy class of the mapping u. Moreover, it is well known that the index indA∗(u)
is determined by the symbol of A∗(u); therefore, by Lemma 3.1, it depends only on the
symbol σA of A.

Definition 3.2. For a quasilinear elliptic differential operator A and a homotopy class
[u] of mappings from M to M ′, the integer

indA∗(u) = ind(σA, [u])

is called the index of A and is denoted by ind[u]A.

If M is an oriented manifold, then a Riemann structure on M ′ determines an inner
product in the space of smooth sections of the bundle u∗TM ′:

(3.6) (v,w) =
∫
M

〈v,w〉g′ dVolg, v,w ∈ C∞(u∗TM ′).

Let (A∗(u))∗ denote the differential operator formally adjoint to A∗(u) with respect
to the inner product (3.6). As is well known (see [9], [11]), the operators A∗(u) and
(A∗(u))∗ have finite-dimensional kernels and

(3.7) indA∗(u) = dim KerA∗(u)− dim Ker(A∗(u))∗.
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3.2. Proof of Lemma 3.1. Let (x1, . . . , xn) and (u1, . . . , un
′
) be local coordinates

on M and M ′, respectively, and let (x1, . . . , xn, t) be local coordinates on the product
M × (−ε, ε). Let A denote the coefficients of the differential operator A. Considering the
section A in the natural local coordinates (x, u, ∂u, . . . , ∂ku) on Jk, we can understand
A∂pu as a linear operator from the space Lpsym(Rn,Rn

′
) to Rn

′
. Then, for p = 0, . . . , k,

we have

A∂pu = (A∂pu)βi1···ipα

∂

∂xi1
⊗ · · · ⊗ ∂

∂xip
⊗ duα ⊗ ∂

∂uβ
.

We denote by Ai1···ip∂pu the (n′ × n′)-matrices with the entries (A∂pu)βi1···ipα . Differenti-
ating A(jkut) with respect to t, we obtain

∂

∂t

∣∣∣
t=0

Aut =
k∑
p=0

(A∂pu)i1···ip(jkut)
∣∣
t=0
· ∂
∂t

∣∣∣
t=0

(
∂put/∂x

i1 · · · ∂xip
)

=
k∑
p=0

(A∂pu)i1···ip(jku) ·
(
∂pv/∂xi1 · · ·∂xip

)
.

Thus, relation (3.4) implies that, in every system of local coordinates, the mapping
defined by the relation

v(x) 7−→ ∇∗∂
∂t

∣∣∣
t=0
A(jkut(x)), x ∈M,

determines a differential operator of order k, and therefore, it is a linear differential
operator of the same order. Moreover, the symbol of this operator has the form

σA∗(u)(x)w = (A∂ku)i1···ik(jku(x))wi1 · · ·wik , x ∈M,

where w ∈ T ∗xM and w = widx
i. In particular, if a section A is quasilinear and represents

a system of coefficients of A with principal part Ak, then, by Definition 2.1, we have

A∂ku(jku) = Ak(jk−1u).

It follows that the matrices (Ak)i1···ik constructed as in Subsection 2.1 coincide with
the matrices (A∂ku)i1···ik . Using the form (2.7) for the symbol of a quasilinear differential
operator in local coordinates, we obtain relation (3.3). �

§4. Examples

4.1. An ordinary differential operator. Let M be the circle S1 = R/Z, and let
s ∈ [0, 1] be a parameter on M . We assume that M ′ is a Riemannian manifold with
metric g′.

The first order elliptic differential operator d/ds acts by the rule

C∞(S1,M ′) 3 u 7−→ du

ds
∈ C∞(u∗TM ′).

Its linearization (d/ds)∗(u) maps each smooth vector field v along u to the vector field
∇∗∂

∂s

v, where ∇∗ is the covariant differentiation along the curve u. Indeed, let ut be a
family of mappings satisfying (3.1). Then, since the connection is torsion-free, we obtain

(4.1)
(
du

ds

)
∗
v = ∇∗∂

∂t

dut
ds

∣∣∣
t=0

= ∇∗∂
∂s

dut
dt

∣∣∣
t=0

= ∇∗∂
∂s
v.

The operator (d/ds)∗ is formally antiselfadjoint in the sense of the inner product (3.6),
i.e., ∫

S1
〈∇∗∂

∂s
v,w〉g′ ds = −

∫
S1
〈v,∇∗∂

∂s
w〉g′ ds
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for all v, w ∈ C∞(u∗TM ′). This relation can be obtained by integrating the identity

〈∇∗∂
∂s
v,w〉g′ = −〈v,∇∗∂

∂s
w〉g′ +

d

ds
〈v,w〉g′ .

In particular, relation (3.7) and formal antiselfadjointness imply that the index of
(d/ds)∗ is zero for each homotopy class of mappings fromM to M ′. For a nonautonomous
vector field f(s, u) on M ′, the solutions of the equation

du

ds
(s) = f(s, u(s)), s ∈ S1,

coincide with the periodic trajectories of the vector field f(s, u).
More generally, we can consider differential operators of an arbitrary order defined on

the space of smooth loops in M ′. It is natural to call such operators ordinary differential
operators. The ordinary elliptic quasilinear differential operators have the following
property: their index is zero at each homotopy class of loops in M ′. Indeed, a linearized
operator acts on the sections of a vector bundle over the circle, and the index of such an
elliptic differential operator is equal to zero.

4.2. The Cauchy–Riemann operator. Let M = T2 = C/(Z + iZ) be the complex
torus and M ′ an arbitrary complex manifold. The following first order elliptic operators
are defined on smooth mappings u : T2 →M ′:

∂u

∂z̄
=

1
2

(
∂u

∂x
+ i

∂u

∂y

)
,

∂u

∂z
=

1
2

(
∂u

∂x
− i∂u

∂y

)
,

where z = x+ iy ∈ T2. Their linearizations have the form(
∂u

∂z̄

)
∗
v = ∇∗∂

∂z̄
v,

(
∂u

∂z

)
∗
v = ∇∗∂

∂z
v,

where v ∈ C∞(u∗TM ′). The index of the operator (∂/∂z̄)∗ is given by the formula (see,
e.g., [21])

ind
(
∂u

∂z̄

)
∗

= 2c1(u∗TM ′),

where c1 is the first Chern number of the bundle u∗TM ′. Since the operators (∂/∂z̄)∗
and (∂/∂z)∗ are formally antiselfadjoint, they have equal indices by (3.7).

We note that an operator “of type ∂/∂z̄” cannot be defined for mappings from an ar-
bitrary compact complex curve M to M ′. More precisely, an elliptic differential operator
of the form (in local coordinates)

a(z, u(z))
∂u

∂z̄
(z) ∈ Tu(z)M

′, z ∈M,

where a(z, u) is some complex-valued function (defined only in the given local coordinate
z ∈M , u ∈M ′) exists only if M = T2. Indeed, as in the example in Subsection 2.1, for
a fixed mapping u the functions {a(z, u(z))} corresponding to different local coordinates
must change under a holomorphic change of coordinates in accordance with the following
rule:

a(w, u(w)) =
∂w̄

∂z̄
a(z, u(z)).

Consequently, the set of such functions determines a section of the antiholomorphic
tangent bundle of M , which cannot have zeros since the operator is elliptic. By the
Poincaré–Hopf theorem, a vector field without zeros exists only if the Euler characteristic
of M is zero. It follows that M is a torus.

We recall that an even-dimensional manifold N is said to be almost complex if it is
equipped with a smooth operator field J that determines a complex structure on any
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tangent space TyN , i.e., J2
y = −I, y ∈ N . A smooth mapping of a complex curve M to

an almost complex manifold N is pseudoholomorphic if

du ◦ i = J ◦ du,
where i and J denote the complex structure and the almost complex structure on M
and N , respectively. A smooth section f of (Π′)∗TM ′ gives rise to the following almost
complex structure Jf on the product T2 ×M ′ (see [15]):

Jf(z,u)(ζ, η) =
(
iζ, iη + 2if(z, u)ζ̄

)
, (ζ, η) ∈ T(z,u) ' C× TuM ′, z ∈ T2, u ∈M ′.

Let u0 be a smooth mapping from T2 to M ′, and let ũ0 be the graph of u0,

ũ0 : T2 → T2 ×M ′, z 7→ (z, u0(z)).

Proposition 4.1 ([15], [20]). A mapping T2 → T2×M ′ homotopic to ũ0 is pseudoholo-
morphic with respect to the almost complex structure Jf if and only if it is the graph of
a solution of the equation

(4.2)
∂u

∂z̄
(z) + f(z, u(z)) = 0, z ∈ T2,

such that this solution is homotopic to u0.

We note that if M ′ = CPn′ , then solutions of equation (4.2) arise naturally when we
projectivize nonlinear homogeneous eigenvalue problems

(4.3)
∂U

∂z̄
+ F(z, U) = λU, U : T2 → Cn

′+1\{0}, λ ∈ C.

Here F : T2 × Cn′+1 → Cn
′+1 is a 1-homogeneous mapping with respect to U (i.e.,

F(z, µU) = µF(z, U) for all µ ∈ C) and smooth if U 6= 0. A solution of this equation
is a pair (U(z), λ), where the mapping U is defined up to multiplication by a nonzero
constant. Let p denote the canonical projection Cn′+1\{0} → CPn′ . The relation

(4.4) f(z, p(U)) = dp(F(z, U)), U ∈ Cn′+1,

determines a nonautonomous smooth vector field on CPn′ . Moreover, if f(z, u) is such a
vector field, then there exists a mapping F(z, U) that satisfies (4.4) and is 1-homogeneous
with respect to the second argument. Observe that the group Z ⊕ Z acts naturally on
the solutions of (4.3),

(4.5) (m,n) : (U(x+ iy), λ) 7−→
(
e2πi(mx+ny)U(x+ iy), λ+ π(im− n)

)
.

The following statement can be checked by direct calculation (see [20]).

Proposition 4.2. A pair (U(z), λ) satisfies (4.3) if and only if u = p ◦ U : T2 → CPn′

is a contractible solution of (4.2). Distinct solutions of (4.3) correspond to the same
solution of (4.2) if and only if they belong to the same orbit of the action (4.5).

4.3. Lagrangian problems. Here, we describe a class of differential operators arising
from the Euler–Lagrange equations for a certain class of variational problems. We assume
that manifolds M and M ′ have Riemannian metrics g and g′ with Levi-Civita connections
∇ and ∇′, respectively. For simplicity, we consider only the Lagrangians of the first order
and assume that M is compact and orientable.

Let L be a smooth real-valued function on J1(M,M ′). On the set of smooth mappings
from M to M ′, we consider the functional

(4.6) J(u) =
∫
M

L(x, u(x), du(x)) dVol g(x).
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By definition, the first variation of J(u) is the linear mapping J′(u) : C∞(u∗TM ′)→ R
defined by the rule

J′(u)v =
d

dt

∣∣∣
t=0

J(ut), v ∈ C∞(u∗TM ′),

where ut is a family of mappings satisfying (3.1). For the functional (4.6), the first
variation has the form

(4.7) J′(u)v =
∫
M

〈L(u), v〉g′ dVolg,

where L(u) is a second order differential operator called the Euler–Lagrange operator. In
local coordinates on M and M ′, this operator can be represented in the form

(4.8) L(u)α = g′
αβ
(
∂L

∂uβ
−∇ ∂

∂xi

(
∂L

∂uβxi

))
,

where

∇ ∂

∂xk

(
∂L

∂uβxi

)
=

∂

∂xk

(
∂L

∂uβxi

)
− Γmik

∂L

∂uβxm

is the covariant derivative of the covector (∂L/∂uβxi)i, and g′
αβ is the inverse tensor to

the metric tensor on M ′ (for the case where M is a domain in Rn, see [3, Chapter 6]).
Thus, relation (4.8) and Lemma 2.2 imply that the Euler–Lagrange operator L(u) is a
quasilinear differential operator. Its symbol σL = σL(x, u, du) has the form

σL(w) = Lijwiwj ,

where w ∈ T ∗xM , w = wkdx
k, and Lij denotes the following (n′ × n′)-matrix:

(Lij)αβ = −g′αγ ∂2L

∂uγxi∂u
β
xj

.

We recall that there is a natural inner product (3.6) on the space of smooth sections
of the bundle u∗TM ′.

Lemma 4.1. The linear differential operator L∗(u) is formally selfadjoint.

Proof. For all v, w ∈ C∞(u∗TM ′), there exists ε > 0 and a mapping

U : M × (−ε, ε)× (−ε, ε)→M ′

such that for the family ut,s = U(·, t, s), t, s ∈ (−ε, ε) we have

ut,s

∣∣∣
t,s=0

= u,
∂ut,s
∂t

∣∣∣
t,s=0

= v,
∂ut,s
∂s

∣∣∣
t,s=0

= w.

Indeed, we can put ut,s(x) = expu(x)(tv(x)+sw(x)). Calculating the mixed derivatives
of J(ut,s) with respect to t and s, we obtain the relations

∂2

∂s∂t

∣∣∣∣
t,s=0

J(ut,s) = (L∗(u)v,w) +
(
L(u),∇∗∂

∂t

∂ut,s
∂s

∣∣∣∣
t,s=0

)
,

∂2

∂t∂s

∣∣∣∣
t,s=0

J(ut,s) = (L∗(u)w, v) +
(
L(u),∇∗∂

∂s

∂ut,s
∂t

∣∣∣∣
t,s=0

)
.

Since the connection is torsion-free, we have

∇∗∂
∂t

∂ut,s
∂s

= ∇∗∂
∂s

∂ut,s
∂t

.

Combining the above relations, we obtain

(L∗(u)v,w) = (v, L∗(u)w).

The lemma is proved. �
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In particular, if L∗(u) is elliptic, relation (3.7) implies that indL∗(u) = 0. By
Lemma 3.3, the linearization L∗(u) of the Euler–Lagrange operator at a critical point u
(i.e., at a solution of the equation L(u) = 0) is independent of the choice of a connection
on M ′. The quadratic form determined by this operator is called the Hessian of the
functional J at u.

Example (the harmonic map operator). Riemannian metrics on M and M ′ give rise to
a metric on the bundle J1(M,M ′) over the space M ×M ′ (see (1.7)). We consider the
functional (4.6) with the Lagrangian

L(x, u(x), du(x)) =
1
2
‖du(x)‖2.

As in [13], [14], we use the notation e(u)(x) = L(x, u(x), du(x)) and call e(u) the
energy density of a map u. The corresponding functional (4.6) is denoted by E, and
E(u) is called the energy of u. The Euler–Lagrange operator of the energy functional
taken with the minus sign is denoted by τ(u) and is called the harmonic map operator.
The solutions of the equation τ(u) = 0 are called the harmonic mappings from M to
M ′. Let {xi}, {uα} be local coordinates on M and M ′, respectively, and let {xi, uα, uβxj}
be the natural local coordinates on J1(M,M ′). In these coordinates, the energy density
function e has the form

e(x, u, ∂u) =
1
2
gij(x)g′βγ(u)uβxiu

γ
xj .

Now, we find the form of the corresponding Euler–Lagrange operator in local coor-
dinates. (If M = S1, the equation τ(u) = 0 coincides with the equation for the closed
geodesics in M ′, and such calculation can be found in [3, Chapter 6].) We have

∂e

∂uβxi
= gijg′βγu

γ
xj ,

∂e

∂uβ
=

1
2
gij

∂g′δγ
∂uβ

uδxiu
γ
xj ,

∇ ∂
∂xi

∂e

∂uβxi
= gijg′βγ∇ ∂

∂xi

∂uγ

∂xj
+ gij

∂uγ

∂xj
∂g′βγ
∂yδ

∂uδ

∂xi
.

Observe that the following relation is fulfilled:

g′
αβ
gij

∂uγ

∂xj
∂uδ

∂xi
∂g′βγ
∂yδ

=
1
2
gijg′

αβ
(
∂g′βγ
∂yδ

+
∂g′βδ
∂yγ

)
∂uγ

∂xj
∂uδ

∂xi
.

Recalling (4.8), we finally obtain

(4.9) τ(u)α = gij∇ ∂
∂xi

∂uα

∂xj
+ gijΓ′αδγ

∂uδ

∂xi
∂uγ

∂xj
.

In particular, the symbol στ = στ (x, u, ∂u) is scalar and has the form

στ (w) = gij(x)wiwjI,

where (x, u, ∂u) ∈ J1(M,M ′), w ∈ T ∗xM , and w = wkdx
k. The local form of τ(u)

obtained above, Lemma 2.2, and the form (2.7) of the symbol in local coordinates show
that the operator of harmonic mappings is a quasilinear elliptic differential operator. If
M ′ = Rn

′
is the Euclidean space, then τ(u) is also called the Laplace–Beltrami operator

on M .
The paper [14] presents a classical treatment of harmonic mappings. For the progress

in this field, see [13].

Below, traceg means the trace (of a quadratic form) with respect to the metric g on
M , and R′ denotes the connection curvature tensor on M ′.
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Proposition 4.3. The linearization τ∗(u) of the harmonic map operator with respect to
the Levi-Civita connection ∇′ on M ′ is given by the formula

(4.10) τ∗(u)v = traceg∇2v+ traceg R′(du, v)du.

If u is a harmonic mapping, then the Hessian of the energy functional is given by the
operator J(u) = −τ∗(u), which is called the Jacobi operator for the mapping u.

We prove (4.10) for the case of the operator of closed geodesics. In the general case,
the proof is only more technical.

Proof. The case of dimM = 1. In the notation of Subsection 4.1, we must linearize the
operator

u 7−→ ∇∗∂
∂s

(
du

ds

)
, s ∈ S1.

Let ut be a family of mappings satisfying (3.1). Then from the definition of the
curvature tensor it follows that

∇∗∂
∂t
∇∗∂

∂s

(
dut
ds

)
= ∇∗∂

∂s
∇∗∂

∂t

(
dut
ds

)
+R′

(
dut
ds

,
dut
dt

)
dut
ds

.

Moreover, by (4.1),

∇∗∂
∂t

dut
ds

∣∣∣
t=0

= ∇∗∂
∂s
v.

Thus, the linearized operator has the form

τ∗(u)v = ∇∗∂
∂s
∇∗∂

∂s
v+R′

(
du

ds
, v

)
du

ds
, v ∈ C∞(u∗TM ′),

which proves the proposition. �

4.4. A remark on the construction of second order operators. In this section, we
present a method of constructing second order elliptic differential operators with scalar
symbol.

Let ∇ and ∇′ be arbitrary connections on M and M ′, respectively, and let D2u be the
second fundamental form of a mapping u, constructed with respect to these connections.
By Definition 2.7, the trace of D2u with respect to an arbitrary Riemannian metric g on
M yields the quasilinear elliptic differential operator

(4.11) u 7−→ traceg D2u.

Example. Let M and M ′ be manifolds with Riemannian metrics g and g′, respectively,
and let ∇ and ∇′ be their Levi-Civita connections. Comparison of the local form (1.4) of
D2u with the local form of τ(u) (see (4.9)) shows that, in this case, the operator (4.11)
is the harmonic map operator.

Example. Let M be a complex manifold with a connection ∇ in TM , with a complex
structure J , and with an almost Hermitian metric g (i.e., with a metric g such that
g(JX, JY ) = g(X,Y ) for all vector fields X and Y ). The metric g extends to a complex-
valued bilinear form gc on the complexified real tangent bundle T cM and determines a
Hermitian form ḡ on the holomorphic tangent bundle TJM by the formula ḡ(X,Y ) =
gc(X, Ȳ ). Let M ′ be an arbitrary Riemannian manifold with Levi-Civita connection ∇′.
Using connections on M and M ′, we construct the second fundamental form D2u. We
extend this form to a complex-bilinear mapping T cxM × T cxM → T cu(x)M

′ and denote
by (D2u)1,1 the (1, 1)-component of the extension. By direct calculation, we obtain the
relation

(4.12)
1
2

traceg D2u = traceḡ(D2u)1,1.
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In local complex coordinates (z1, . . . , zn) on M and in coordinates (u1, . . . , un
′
) on

M ′, the right-hand side of (4.12) has the form

(4.13) ḡī
(
∂2uα

∂zi∂z ̄
− Γlī

∂uα

∂zl
− Γl̄ī

∂uα

∂z l̄
+ Γ′αβγ

∂uβ

∂zi
∂uγ

∂z ̄

)
, α = 1, . . . , n′.

Assume that the connection ∇ on M is complex, i.e., ∇ is torsion-free and ∇J = 0.
In this case, its Christoffel symbols involved in (4.13) vanish. The operator (4.12) takes
the form

σ(u)α = ḡī
(
∂2uα

∂zi∂z ̄
+ Γ′αβγ

∂uβ

∂zi
∂uγ

∂z ̄

)
and is called the Hermitian-harmonic map operator. In particular, if M is Kähler, then
this operator coincides with the harmonic map operator. An important property of σ(u)
is that the holomorphic and antiholomorphic mappings are solutions of the equation
σ(u) = 0 even if the manifold M is not Kähler. This fact was used in [17] for the study
of Hermitian manifolds.

§5. Moduli spaces for the solutions of quasilinear elliptic

differential equations

In what follows, we assume that M is a compact manifold.

5.1. Manifolds of mappings. Let Hm(M,RN ), where m ∈ Z, m ≥ 0, be the Sobolev
space of mappings from M to RN (see [11], [21]). For a smooth manifold M ′ embedded
in RN , we define the space Hm(M,M ′) as follows:

Hm(M,M ′) = {u ∈ Hm(M,RN ) : u(x) ∈M ′ for almost all x ∈M}.
By a Hilbert (Banach) manifold we mean a Hilbert (Banach) manifold with separable

model space (see [6], [8], [21]).

Proposition 5.1 ([22]). If 2m > n = dimM , then Hm(M,M ′) is a C∞-smooth subman-
ifold of the Hilbert space Hm(M,RN ). Moreover, Hm(M,M ′) has the same homotopy
type as C0(M,M ′).

In a natural way, the Hilbert structure of the space Hm(M,RN ) yields a Riemann-
ian metric on Hm(M,M ′). Normalizing it (if necessary) and referring to the Sobolev
embedding theorem, we may assume that the following inequality is fulfilled for all u,
v ∈ Hm(M,M ′):

(5.1) dist(u, v) ≥ max
x∈M

distM ′(u(x), v(x)),

where dist and distM ′ are the distance functions related to the metrics on Hm(M,M ′)
and M ′, respectively. The tangent space TuHm(M,M ′) can naturally be identified with
the space Hm(u∗TM ′) formed by the Hm-smooth vector fields along u. The system of
spaces Hm(u∗TM ′), where u ∈ Hm(M,M ′), can be taken as a system of model spaces
of the manifold Hm(M,M ′). Indeed, a neighborhood of zero in Hm(u∗TM ′) is identified
with a neighborhood of u in Hm(M,M ′) under the exponential mapping

Hm(u∗TM ′) 3 v(x) 7→ expu(x) v(x) ∈ Hm(M,M ′).

Arguing as in [6], [12], we can prove that the transition functions

Hm(u∗1TM
′) 3 v(x) 7→ exp−1

u2(x) ◦ expu1(x) v(x) ∈ Hm(u∗2TM
′)

are C∞-smooth.
Let Hm

[v](M,M ′) denote the Hilbert manifold of Hm-smooth mappings from M to M ′

that are C0-homotopic to a fixed v ∈ C∞(M,M ′).
Let M ′′ be another smooth manifold.
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Proposition 5.2. Suppose φ ∈ Cm+r(M ′,M ′′), where r ≥ 0. If 2m > n = dimM , then
the mapping

(5.2) Hm(M,M ′) 3 u 7→ φ ◦ u ∈ Hm(M,M ′′)

is a well-defined Cr-smooth mapping from Hm(M,M ′) to Hm(M,M ′′). In particu-
lar, if φ is a diffeomorphism, then (5.2) yields a diffeomorphism from Hm(M,M ′) onto
Hm(M,M ′′).

The proof follows from the preceding proposition and the fact that if φ belongs to the
class Cm+r(RN1 ,RN2) with r ≥ 0 and 2m > n = dimM , then

Hm(M,RN1) 3 u 7→ φ ◦ u ∈ Hm(M,RN2)

is a well-defined Cr-smooth mapping of Sobolev spaces.

5.2. Spaces of functional parameters. Let B be a smooth manifold, and let E be
the total space of a finite-dimensional real vector bundle over B with fiber Fb over b ∈ B.
We need Banach spaces of weighted Cs-smooth sections of E.

Suppose E is equipped with a Riemannian structure, i.e., with a metric and a connec-
tion that are compatible. Then, for a Riemannian metric on the base and a collection of
continuous real-valued positive functions ρl(b), l = 0, . . . , s, we introduce the weighted
norm by

(5.3) ‖w‖ = sup
b∈B

s∑
l=0

ρl(b)‖∇lw(b)‖.

Here ∇lw(b) is an element of the space of l-linear mappings from TbB to Fb, and the
metric on this space is induced by the metrics on TbB and Fb. We consider the space
formed by the sections w such that ‖w‖ < +∞; obviously, this is a Banach space with
respect to the norm (5.3). This space depends on the choice of the functions ρl, on the
Riemannian structure on the bundle E, and on the Riemannian metric on B. If the
manifold B is compact, then all spaces defined in this way are isomorphic.

We note that each of the Banach spaces defined above contains all sections with
compact support. Convergence in these spaces implies Cs-convergence on the compact
subsets of B. In the sequel, by the space of Cs-smooth sections of a vector bundle we
shall mean the Banach space formed by the sections with finite norm (5.3) for a fixed
collection of positive functions ρl.

The Banach spaces of sections of vector bundles with the norm (5.3) that we consider
below are spaces of functional parameters of perturbations of quasilinear elliptic differ-
ential equations. An important property of such spaces is that they satisfy a certain
transversality condition. We consider the Banach space V formed by the Cs-smooth
nonautonomous vector fields (the sections of the bundle (Π′)∗TM ′). We shall show
(see Lemma 5.9) that the transversality property is fulfilled for this space. Moreover,
this property is shared also by all spaces “containing” V.

More precisely, let F be the Banach space of Cs-smooth systems of coefficients of
differential operators of order k (i.e., F is formed by the Cs-smooth sections of the
bundle (Π′k)∗TM ′). We denote by i the embedding

i : Cs((Π′)∗TM ′)→ Cs((Π′k)∗TM ′)

induced by the projection Jk →M ×M ′. We have

(5.4) i(g)(jku) = g(x, u) for every jet jku in Jk(M,M ′), x ∈M, u ∈M ′.

Definition 5.1. We say that a space F is not less than the space V if the mapping i
given by (5.4) is a continuous embedding of the Banach space V into F.
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Example. Obviously, the space V is not less than itself.

Example (quasilinear first order perturbations). Consider Cs-smooth quasilinear sec-
tions f of the bundle (Π′1)∗TM ′ (see Subsection 2.1). They have the form

f(x, u(x), du(x)) = G(x, u(x)) · du(x) + g(x, u(x)), x ∈M,

where G is a morphism between the vector bundles J1(M,M ′) and TM ′ (the principal
homogeneous part of f) and g is a nonautonomous vector field on M ′. If M and M ′

are Riemannian manifolds, then the corresponding metrics give rise to Banach spaces G

and V formed by the Cs-smooth morphisms G and the nonautonomous vector fields g,
respectively. The elements of the product F = G × V parametrize the set of first order
quasilinear differential operators. Obviously, the Banach space F obtained in this way is
not less than the space V of vector fields.

Example (construction of kth order perturbations). Let M and M ′ be Riemannian
manifolds with metrics g and g′, respectively. The Levi-Civita connection of g′ yields a
Riemannian structure on the bundles (Π′)∗TM ′ and (Π′k)∗TM ′. Moreover, these metrics
give rise to a natural Riemannian metric on the total space of the bundle

⊕s
p=0 L

p
sym

over M ×M ′ (see Subsection 1.2). (Indeed, the Riemannian structures on M and M ′

induce a Riemannian structure on the bundle
⊕s

p=0 L
p
sym. The connection of this struc-

ture decomposes the tangent space into the horizontal and vertical subspaces, which are
canonically isomorphic to the fiber and to the tangent space of the base, respectively.
This decomposition and the canonical isomorphisms allow us to define the required met-
ric. For the details, see [2].)

The diffeomorphism from Corollary 1.2 pulls this metric back to Jk(M,M ′). Using the
collection of positive functions ρl and the Riemannian metric on Jk(M,M ′) constructed
above, we define the Banach space F with the norm (5.3) formed by the sections of the
bundle (Π′k)∗TM ′. Similarly, the functions ρl

∣∣
M×M ′ and the metric g × g′ on M ×M ′

give rise to the Banach space V of sections of the bundle (Π′)∗TM ′. The resulting spaces
are such that F is not less than V.

5.3. Quasilinear elliptic problem. Let A be a quasilinear elliptic differential operator
of order k ≥ 1 defined on the mappings from M to M ′. We choose integers m, r, and s
such that

(5.5) m >
n

2
+ k − 1, r ≥ 0, and s = r +m− k + 1.

Let F be the Banach space of Cs-smooth systems of coefficients of (k − 1)st order
differential operators (see Subsection 5.2). For f ∈ F, we consider the differential equation

(5.6) Au(x) + f(jk−1u(x)) = 0, x ∈M,

for mappings from M to M ′ of a fixed homotopy class,

(5.7) u ∈ [v], v ∈ C∞(M,M ′).

A mapping u from M to M ′ is called an Hm-solution of the quasilinear elliptic prob-
lem (5.6), (5.7) (in the sequel, we call an Hm-solution simply a solution) if it belongs to
the space Hm(M,M ′) and satisfies (5.6), (5.7). The Banach space F is called the space
of functional parameters for problem (5.6), (5.7).

We want to study the space of solutions of a quasilinear elliptic equation for different
values of the functional parameter f ∈ F. The set

MA,[v] = {(u, f) : u ∈ Hm(M,M ′), f ∈ F, and (u, f) satisfies (5.6)–(5.7)}
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is called the moduli space of solutions of the quasilinear elliptic problem. The mapping
πA : MA,[v] → F given by the rule

MA,[v] 3 (u, f) 7→ f ∈ F

is called the natural projection of the moduli space onto the space F of functional param-
eters. The fibers π−1(f) are the sets of solutions of equation (5.6) for a fixed value of the
functional parameter f.

We note that, by relations (5.5) and the elliptic regularity property, the solutions
of (5.6) are sufficiently smooth in the classical sense. More precisely, we have

(5.8) MA,[v] ⊂ Cm+r(M,M ′)× Cs((Π′k−1)∗TM ′).

Indeed, this follows from the fact that, in local coordinates, equation (5.6) is a quasi-
linear elliptic system of differential equations (see Lemma 2.2). In the notation of the
corresponding example in Subsection 2.1, we have

(5.9)
Ai1...ik

(
x, u, ∂u, . . . , ∂k−1u

)
· (∂ku/∂xi1 · · · ∂xik) + g

(
x, u, ∂u, . . . , ∂k−1u

)
= f
(
x, u, ∂u, . . . , ∂k−1u

)
.

Let h = f− g. From the assumption that u is an Hm-solution and the corresponding
embedding theorem it follows that the matrices

(5.10) Ai1...ik(x) = Ai1...ik
(
x, u(x), ∂u(x), . . . , ∂k−1u(x)

)
and the vectors

(5.11) h(x) = h
(
x, u(x), ∂u(x), . . . , ∂k−1u(x)

)
are C0,α-smooth for all 0 < α < 1. Using the Schauder estimate (see [7]) for the solutions
of the linear elliptic system

(5.12) Ai1...ik(x) · (∂ku/∂xi1 · · ·∂xik ) = h(x),

we show that u belongs to Ck,α. Consequently, Ai1...ik(x) and h(x) are C1,α-smooth,
and the Schauder estimate implies that u ∈ Ck+1,α. Repeating this procedure several
times, we see that the mapping u is Cm+r,α-smooth.

As in Subsection 5.2, we denote by V the Banach space of Cs-smooth nonautonomous
vector fields on M ′. The facts stated below concern the moduli space MA,[v] and the
projection πA; the proofs are presented in the next subsection.

Theorem 5.1. Let A be a quasilinear elliptic differential operator. We assume that
r ≥ 1 and that the space F of functional parameters is not less than the Banach space
V. Then the moduli space MA,[v] of solutions of problem (5.6), (5.7) is a Cr-smooth
submanifold of Hm

[v](M,M ′) × F. The projection πA is a Cr-smooth Fredholm mapping,
and the index ind(πA)∗(u, f) does not depend on (u, f) ∈MA,[v] and is equal to ind[v] A.

We recall that a point (u, f) ∈MA,[v] is called a regular point of πA if the differential
(πA)∗(u, f) is surjective. In this case, the mapping u is called a regular solution of prob-
lem (5.6), (5.7). A point f is called a regular point of the space of functional parameters
F if π−1

A (f) consists only of regular points of πA (in particular, if π−1
A (f) = ∅). In other

words, an element f of the space formed by the systems of coefficients of differential op-
erators is regular if problem (5.6), (5.7) has only regular solutions or does not have any
solutions. By the Sard–Smale theorem [24], if r > max(ind[v] A, 0), then all points in F,
except, possibly, for a set of the first Baire category, are regular. In particular, the set of
regular points is everywhere dense in F. As in [24], we obtain the following statements.
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Corollary 5.2. If A is a quasilinear differential operator with negative index at a ho-
motopy class [v], then the set of all f ∈ F such that problem (5.6), (5.7) is solvable is
of the first Baire category. In particular, the set of functional parameters for which the
problem has only regular solutions is empty.

Corollary 5.3. If r > max(ind[v] A, 0), then, for each regular point f ∈ F, the set π−1
A (f)

of solutions of (5.6), (5.7) is either empty, or is a Cr-smooth submanifold in MA,[v] of
dimension ind[v] A.

For an arbitrary section f ∈ F, the coefficients of the differential operator f(jk−1u)∗
linearized at a solution u of equation (5.6) are Cs−1-smooth. The following lemma gives
a simple criterion for u to be regular.

Lemma 5.4. A solution u of problem (5.6), (5.7) is regular if and only if the equation

A∗(u)v+ f(jk−1u)∗v = 0, v ∈ Hm(u∗TM ′),

has exactly ind[v] A linearly independent solutions.

In particular, we see that the fact that a section f is regular does not depend on the
choice of a space F containing f and satisfying the conditions of Theorem 5.1.

Let O be a domain in a Banach space F. A mapping K : O → F is said to be finite-
dimensional if there exists a subspace in F that has finite dimension and contains ImK.
A mapping from O to F is quasifinite-dimensional if it has the form

O 3 f 7→ f+K(f) ∈ F,

where K is a finite-dimensional mapping. It is obvious that a smooth finite-dimensional
mapping is Fredholm and its index is zero.

Definition 5.2 (see [1], [20]). A Cr-smooth manifold with model Banach space F is said
to be quasifinite-dimensional if it admits an atlas with Cr-smooth quasifinite-dimensional
transition functions.

Theorem 5.5 (see [1], [20]). Under the assumptions of Theorem 5.1, MA,[v] is a Cr-
smooth quasifinite-dimensional Banach manifold with the model space F, or F⊕Rind[v] A,
or F 	 R− ind[v] A depending on whether ind[v] A = 0, ind[v] A > 0, or ind[v] A < 0,
respectively.

In the sequel, we follow the lines of [24] and make use of a quasilinear elliptic differential
equation to define an invariant of the family of equations (5.6), (5.7).

We recall that a mapping of topological spaces is said to be proper if the preimage of
every compact set is compact.

Definition 5.3. We say that the quasilinear elliptic problem (5.6), (5.7) is compact with
respect to a domain U ⊂ F if the projection mapping πA

∣∣
π−1
A (U)

restricted to the Banach

manifold π−1
A (U) is proper.

Observe that if πA
∣∣
π−1
A (U)

is proper, then the set of regular f ∈ U is open.
We say that two compact manifolds are nonorientably cobordant if the disjoint union

of them is the boundary of a compact manifold. The cobordism relation between l-
dimensional manifolds is an equivalence relation, and the operation of disjoint union turns
the set of equivalence classes into a group called the group of l-dimensional nonoriented
cobordisms.

Let r > ind[v] A + 1, where ind[v] A ≥ 0. Suppose that, for problem (5.6)–(5.7),
the compactness condition with respect to a region U ⊂ F is fulfilled. Then, for all
regular f1 and f2 in U, the manifolds π−1

A (f1) and π−1
A (f2) are cobordant (see [24]). In
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particular, if ind[v] A = 0, then for each regular f ∈ U problem (5.6), (5.7) has only
finitely many solutions, and the cobordism class of π−1

A (f) is identified with the parity
of the number of these solutions. The above-mentioned element of the group of ind[v] A-
dimensional nonoriented cobordisms is an invariant of the family of equations (5.6), (5.7).
Summarizing the aforesaid, we obtain the following theorem.

Theorem 5.6. Let A be a quasilinear elliptic differential operator with ind[v] A ≥ 0, and
let r > ind[v] A+ 1. Suppose that problem (5.6), (5.7) has the compactness property with
respect to a connected region U in some space F of functional parameters. Then, under
the conditions of Theorem 5.1, there exists an invariant of the family of equations (5.6),
(5.7) defined as the nonoriented cobordism class of the set of solutions of problem (5.6),
(5.7) with a regular value f ∈ U of the functional parameter.

Since the range of a proper mapping is closed, we obtain the following statement.

Corollary 5.7. If the invariant described in Theorem 5.6 is nonzero, then problem (5.6),
(5.7) has at least one solution for each f ∈ U.

In practice, the invariant constructed in Theorem 5.6 is computable only if ind[v]A = 0.
Actually, in part 2 of this paper (to be published elsewhere) we shall follow the lines of [20]
to show that in this case the moduli space MA,[v] is an oriented manifold. Respectively,
if problem (5.6), (5.7) has the compactness property, then there is a well-defined degree
of the mapping πA, which is equal to the algebraic number of solutions of the problem
for a typical value of the functional parameter f. This degree is a finer invariant than
the parity of the number of solutions.

We note that if a manifold M ′ is replaced with a diffeomorphic one and the operator
A and the homotopy class [v] are transformed accordingly (see Subsection 2.1), then the
regular values f remain regular, and the sets of solutions of problem (5.6), (5.7) are trans-
formed diffeomorphically. In particular, acting on the pairs (A, [v]), the diffeomorphisms
of the manifold M ′ do not change the invariant in question.

5.4. Proofs of the facts stated in Subsection 5.3. Inequality (5.1) and the fact
that M is compact imply that for every mapping u0 ∈ Hm

[v](M,M ′) there exists δ > 0
such that, for every u ∈ Hm

[v](M,M ′) with dist(u, u0) < δ and every x ∈ M , there
exists a unique shortest geodesic connecting u(x) with u0(x). The parallel translation
Φ(u(x), u0(x)) along such a geodesic yields an isomorphism Φ(u, u0) of the spaces of H l-
smooth vector fields H l(u∗TM ′) andH l = H l(u∗0TM

′) for every integer l with 0 ≤ l ≤ m.
Let u0 ∈ Hm

[v](M,M ′). We denote by W (u0) the δ-neighborhood of u0 with δ > 0
chosen as above, and consider the mapping Ψ : W (u0)× F → Hm−k defined by the rule

(5.13) (u, f) Ψ7−→ Φ(u, u0) ◦ (A(u) + f(jk−1u)).

A pair (u, f) ∈ W (u0) × F satisfies (5.6), (5.7) if and only if Ψ(u, f) = 0. Under the
assumptions of Theorem 5.1, we have the following statement.

Lemma 5.7. The mapping Ψ defined by (5.13) is Cr-smooth.

The proof of Lemma 5.7 follows from Proposition 5.2 and is similar to the proof of
the corresponding statement in [20, Appendix A.4].

The differential dΨ at (u, f) ∈ W (u0)× F is a continuous linear mapping

dΨ(u, f) : Hm(u∗TM ′)× F → Hm−k

of the form
dΨ(u, f) = Ψ′u(u, f)du+ Ψ′f(u, f)df
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with
Ψ′u(u, f) : Hm(u∗TM ′)→ Hm−k, Ψ′f(u, f) : F → Hm−k.

Lemma 5.8. For each f ∈ F, we have

Ψ′u(u0, f) = A∗(u0) + f(jk−1u0)∗.

In particular, the operator Ψ′u(u0, f) is Fredholm, and its index is equal to ind[v] A.

Proof. First, we note that if Φγ(t, s) : Tγ(t)M
′ → Tγ(s)M

′ is the parallel translation along
a curve γ, then for every vector field w(t) ∈ Tγ(t)M

′ along this curve we have

(5.14)
d

dt

∣∣∣
t=0

Φγ(t, 0)w(t) = ∇∗d
dt

∣∣∣
t=0

w(t),

where ∇∗d
dt

is the covariant derivative along γ. This fact becomes obvious if we represent
relation (5.14) in the coordinates in some base of parallel vector fields along γ.

As in Subsection 3.1, for each v ∈ Hm(u∗TM ′) we can find a smooth path ut in W (u0)
such that (3.1) is satisfied with u = u0 and for each x ∈M the curve ut(x), t ∈ (−ε, ε),
is a geodesic in M ′. Then

Ψ′u(u0, f)v =
d

dt

∣∣∣
t=0

Ψ(ut, f).

By (5.14), the right-hand side of the above equation has the form

d

dt

∣∣∣
t=0

[
Φ(ut(x), u0(x)) ◦

(
A(ut)(x) + f(jk−1ut(x))

)]
= ∇∗d

dt

∣∣∣
t=0

A(ut)(x) +∇∗d
dt

∣∣∣
t=0
f(jk−1ut(x))

for all x ∈M , where Φ(ut(x), u0(x)) is the parallel translation from ut(x) to u0(x) along
the curve us(x), and s takes values between 0 and t. By Definition 3.1, this fact implies
the required statement. �

Now, we consider the operator Ψ′f = Ψ′f(u0, f)
∣∣
i(V)

restricted to the subspace i(V) ⊂ F,
where i : V→ F is the embedding (5.4). We have

(5.15) i(V) 3 i(g)(x) 7→ g(x, u0(x)) ∈ Cs(u∗0TM ′) ⊂ Hm−k, x ∈M.

Under the assumptions of Theorem 5.1, the following statement is true.

Lemma 5.9 (the transversality property). Let (u0, f) ∈ MA,[v]. Then the operator Ψ′f
has a right inverse (Ψ′f)

−1, which is a linear mapping from Cs(u∗0TM
′) to i(V).

Proof. With each tangent vector v ∈ TyM ′, y ∈ M ′, we associate a smooth vector field
Θ(y, v) having a compact support on M ′ and constructed as follows. First, we choose a
smooth function λ : M ′ ×M ′ → R such that

suppλ ⊂ Im exp ⊂M ′ ×M ′,
λ|O = 1 in a neighborhood of O in the set diag(M ′ ×M ′),
λ(y, ·) : M ′ → R has a compact support for every y ∈M ′.

Here Im exp is an open subset of M ′×M ′ that is the diffeomorphic image of a neigh-
borhood of the zero section in TM ′ under the mapping

TM ′ 3 (y, v) 7−→ (y, expy v) ∈M ′ ×M ′.
We spread a given vector v ∈ TyM ′ over the neighborhood Im expy of y ∈M ′ by using

the parallel translation along the uniquely determined shortest geodesics. Multiplying the
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resulting vector field by the function λ(y, ·), we obtain the required vector field Θ(y, v).
Obviously, Θ(y, v) depends smoothly on (y, v). By construction, we obtain

(5.16) Θ(y, v1 + v2) = Θ(y, v1) + Θ(y, v2) and Θ(y, v)
∣∣∣
y

= v.

For every vector field v along the mapping u0, we consider the section g of (Π′)∗TM ′

defined as follows:

g(x, y) = Θ(u0(x), v(x))
∣∣∣
y
, v ∈ Cm−k(u∗0TM

′).

Since (u0, f) ∈MA,[v], the elliptic regularity property (5.8) implies that the mapping
u0 is of class Cm+r(M,M ′) ⊂ Cs(M,M ′), and the section g is Cs-smooth. Moreover,
this section has a compact support, and therefore, belongs to the space V. Now, we define
the right inverse operator (Ψ′f)

−1 by putting (Ψ′f)
−1v = i(g). By (5.16), the operator

(Ψ′f)
−1 is linear. Moreover, from (5.15) and (5.16) it follows that

(Ψ′f)i(g(x)) = g(x, u0(x)) = Θ(u0(x), v(x))
∣∣∣
u0(x)

= v(x),

which proves the lemma. �

Lemma 5.10. Let (u0, f) ∈ MA,[v]. There exist decompositions of the spaces Hm and
F,

Hm = H1 ⊕H2, F = F1 ⊕ F2,

such that the subspaces H1 and F1 are finite-dimensional, dimH1 − dim F1 = ind[v] A,
and the linear mapping

(5.17) dΨ(u0, f)
∣∣∣
H2×F1

: H2 × F1 → Hm−k

is an isomorphism.

Proof. First, we show that it suffices to prove the lemma for F = i(V) Indeed, assume that
the lemma is proved for the space of functional parameters i(V), and let i(V) = V1 ⊕ V2

be the corresponding decomposition. Then, for every space F satisfying the assumptions
of Theorem 5.1, we put F1 = V1. Since (by the Hahn–Banach theorem) every finite-
dimensional subspace of a Banach space is complemented (see [10, Chapter 4]), we denote
by F2 an arbitrary complement of F1 in F and obtain the required statement.

Now, we put F = i(V). Let Ψ′u = Ψ′u(u0, f), Ψ′f = Ψ′f(u0, f), and let (Ψ′u)∗ be the
differential operator formally adjoint to Ψ′u. We put Z = Ker(Ψ′u)∗. The well-known
properties of elliptic operators imply that the space Z is finite-dimensional. Moreover,
since the operator (Ψ′u)∗ is elliptic, we obtain the inclusion2 Z ⊂ Cs(u∗0TM ′) and the
equation

(5.18) Z ⊕ Im Ψ′u = Hm−k.

Putting H1 = Ker Ψ′u and denoting by H2 the orthogonal complement to H1 in Hm,
we see that Hm = H1 ⊕H2, dimH1 − dimZ = ind Ψ′u, and the mapping

Ψ′u : H2 → Im Ψ′u
is an isomorphism. Putting F1 = (Ψ′f)

−1Z, we represent (5.18) in the form

(Ψ′f)F1 ⊕ (Ψ′u)H2 = Hm−k,

2Added in proofs of the English translation. There is a flaw in the second paragraph of the proof
of Lemma 5.10. For the vector space Z, the inclusion Z ⊂ Cs(u∗0TM

′) may fail. But this finite-
dimensional subspace can always be approximated by a space contained in Cs(u∗0TM

′) and satisfying

(5.18). Denoting this new space also by Z, we can finish the proof without changes.
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which implies (5.17). Denoting by F2 an arbitrary complement to the finite-dimensional
subspace F1 in F, we obtain the required decomposition. The relation ind Ψ′u = ind[v] A
(see Lemma 5.8) completes the proof of Lemma 5.10. �

Proof of Theorem 5.1. Let O be a sufficiently small neighborhood in Hm
[v] × F of a point

(u0, f0) ∈ MA,[v] such that it can be identified with a ball in the space Hm × F (see
Subsection 5.1). By Lemma 5.10, the space Hm × F can be decomposed as

Hm × F = (H2 × F1)⊕ (H1 × F2).

We denote by u1 and u2 the projections of an element u ∈ Hm to the subspaces H1

and H2, respectively. Similarly, we represent the elements of F in the form f1 + f2, where
f1 ∈ F1 and f2 ∈ F2. By Lemmas 5.7 and 5.10, we can apply the implicit function theorem
to the mapping Ψ in a neighborhood of (u0, f0) in order to express (u2, f1) (possibly, in a
smaller neighborhood) as a Cr-smooth function of (u1, f2). Thus, we obtain a Cr-smooth
mapping of an open subset of H1×F2 to an open subset of O∩MA,[v] containing (u0, f0),

(u1, f2) 7→
(
(u1, u2 = u2(u1, f2)), (f1 = f1(u1, f2), f2)

)
.

We view this map as a chart on MA,[v]. Constructed for every (u0, f0) ∈MA,[v], such
charts form a Cr-atlas of the moduli space.

We prove that the projection π∗ = (πA)∗(u0, f0) : Ker dΨ(u0, f0) → F is a Fredholm
mapping and that indπ∗ = ind Ψ′u(u0, f0). Indeed, it is easily seen that

(5.19) Kerπ∗ = Ker Ψ′u × {0}, Imπ∗ = (Ψ′f)
−1(Im Ψ′u),

where (Ψ′f)
−1 stands for the preimage under the mapping Ψ′f. We have the following

(algebraic) isomorphisms of vector spaces:

F
/

Imπ∗ ' F
/

(Ψ′f)
−1(Im Ψ′u) ' Im Ψ′f

/(
Im Ψ′u ∩ Im Ψ′f

)
' Hm−k/ Im Ψ′u.

Here, the second isomorphism is induced by the mapping Ψ′f, and the third follows
from the surjectivity of the operator

dΨ(u0, f0) = Ψ′u ×Ψ′f : Hm × F → Hm−k.

Thus, codim Imπ∗ = codim Im Ψ′u, which proves the required statement if we take the
first relation in (5.19) into account.

By Lemma 5.8, we have ind Ψ′u(u0, f0) = ind[v] A, and this completes the proof of the
theorem. �

Proof of Lemma 5.4. A solution u0 of problem (5.6), (5.7) is regular if and only if
dim Ker(πA)∗(u0, f) = ind(πA)∗(u0, f). However, from (5.19) it follows that

dim Ker(πA)∗(u0, f) = dim Ker Ψ′u(u0, f).

Since ind(πA)∗(u0, f) = ind[v] A (see Theorem 5.1), Lemma 5.8 proves the required
statement. �

Proof of Theorem 5.5. We prove the statement in the case where ind[v] A ≥ 0. (The
case where ind[v] A < 0 is analyzed similarly.) By Lemma 5.10, the dimensions of the
finite-dimensional spaces H1 and F1 ⊕ Rind[v] A are equal. Fixing an arbitrary linear
isomorphism H1 ' F1⊕Rind[v] A, we identify the space H1×F2 with F⊕Rind[v] A. Using
the implicit function theorem as in the proof of Theorem 5.1, we construct a Cr-atlas of
the space MA,[v], and the charts of this atlas are now homeomorphic to open subsets of
F⊕Rind[v] A. We show that this atlas gives the structure of a finite-dimensional Banach
manifold.
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Let O and O′ be charts with nonempty intersection. Then, in the notation of the proof
of Theorem 5.1, the transition functions from O to O′ can be represented in the form

F ⊕ Rind[v] A ' H1 ⊕ F2 ⊃ O 3 (u1, f2)

7→
(
u′1(u1, f2), f′2(u1, f2)

)
∈ O′ ⊂ H ′1 ⊕ F′2 ' F ⊕ Rind[v] A,

where H1 and H ′1 are finite-dimensional spaces. The pairs (u1, f2) and (u′1, f
′
2) parame-

trize the same point (u, f) in MA,[v], so that f2 and f′2 are the components of the vector
f ∈ F that correspond to the subspaces F2 and F′2, respectively. Consequently, f′2 takes
the form

f′2(u1, f2) = f2 + f0(u1, f2), f0 ∈ F1 + F2,

which proves that the transition functions

(u1, f2) 7→ (u1, f2) + (u′1, 0)− (u1, 0) + f0
are finite-dimensional. Here, the sign + means operation in F ⊕ Rind[v] A, and the sum-
mands are elements of the same space understood in the sense of the isomorphisms
H1 ' F1 ⊕ Rind[v] A and H ′1 ' F′1 ⊕ Rind[v] A. �

§6. The compactness property for quasilinear elliptic

differential equations

In this section, we describe conditions that ensure the compactness property for some
classes of quasilinear elliptic differential equations.

6.1. Notation and remarks. As always, let A denote a quasilinear elliptic differential
operator of order k that acts on the mappings from a compact manifold M to a manifold
M ′. We denote by m, r, and s some integers satisfying (5.5). We assume that the Banach
space F of functional parameters satisfies the assumptions of Theorem 5.1. Let πA be
the natural projection of the moduli space MA,[v] to F.

We recall that a family {uα}α∈A of Cp-smooth mappings from M to M ′ is said to be
Cp-bounded if there exists a compact subset N of Jp(M,M ′) such that jpuα(M) ⊂ N for
all α ∈ A. This means that all sets uα(M), α ∈ A, lie in a compact subset of K ′ ⊂ M ′,
and, for each pair of charts (ϕ,U) and (ψ, V ) on M and M ′ (respectively) and each
compact subset K of U , there exists a constant C > 0 such that for every mapping uα,
α ∈ A, with uα(K) ⊂ V we have

(6.1) max
x∈ϕ(K)

‖∂l(ψuαϕ−1)(x)‖ ≤ C for all l, 1 ≤ l ≤ p.

We denote by ∂l the l-differential of a mapping from ϕ(U) ⊂ Rn to ψ(V ) ⊂ Rn′ .
If M and M ′ are Riemannian manifolds, then the Cp-boundedness condition takes the

following form. A family {uα}, α ∈ A, is Cp-bounded if there exists a compact subset
K ′ ⊂M ′ and a constant C > 0 such that, for all α ∈ A,

uα(M) ⊂ K ′ and max
x∈M

‖Dluα(x)‖ ≤ C for all l , 1 ≤ l ≤ p.

Here, by the norm of the covariant differential Dlu(x) we mean the natural norm of
an l-linear form with respect to the metrics g and g′ (see Subsection 1.2).

Obviously, every sequence that converges in the Cp-topology is Cp-bounded. Con-
versely, the Arzelà–Ascoli theorem implies that if a sequence of Cp-smooth (p ≥ 1) map-
pings ui : M → M ′ is Cp-bounded, then there exists a subsequence of it that converges
in the Cp−1-topology.

In essence, the following lemma is a consequence of the elliptic regularity property.

Lemma 6.1. Let A be a quasilinear elliptic differential operator of order k ≥ 1. The
following conditions are equivalent.
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(i) Problem (5.6), (5.7) has the compactness property with respect to a region U of
the space F.

(ii) For every sequence (ui, fi) ∈ MA,[v], fi ∈ U, such that fi → f ∈ U, there exists
a subsequence uil that converges in the Cm+r-topology to a mapping u such that
(u, f) ∈MA,[v].

(iii) For every sequence (ui, fi) ∈MA,[v], fi ∈ U, such that fi → f ∈ U, there exists a
Ck-bounded subsequence uil .

Proof. (i) =⇒ (ii). Suppose a sequence (ui, fi) satisfies the assumptions of item (ii).
We denote by F the set {fi}i∈N ∪ {f}. Using the embedding (5.8) and the fact that π is
proper, we see that the set π−1(F ) is compact in Cm+r(M,M ′) × F. Therefore, there
exists a subsequence (uil , fil) converging to (u, f) ∈ π−1(F ) ⊂MA,[v].

(ii) =⇒ (i). Let F be a compact subset of U. Then, for every sequence (ui, fi) ∈
π−1(F ), we may assume without loss of generality (since F is compact) that fi → f ∈ F .
The condition in (ii) means that (ui, fi) has a subsequence converging to (u, f) ∈ π−1(F ).
This proves that π−1(F ) is compact.

(ii) =⇒ (iii). This is obvious.
(iii) =⇒ (ii). Let uil be a Ck-bounded subsequence of a sequence ui as in (iii). We

prove that this sequence has a subsequence that Cm+r-converges to a mapping u such
that (u, f) ∈ MA,[v]. Since the sequence uil is at least C1-bounded, the Arzelá–Ascoli
theorem implies the existence of a subsequence (also denoted by uil) that converges in
the C0-topology to some mapping u of class C0(M,M ′). Consequently, there exists a
finite cover of the manifold M by charts {Qj} and a system of charts {Q′j} on M ′ such
that for almost all indices il we have the inclusion uil(Qj) ⊂ Q′j for each j. (Without
loss of generality, we may assume that the closures Qj are compact and lie in some charts
of M .) Let {Uj} be a cover of M such that U j ⊂ Qj. By Lemma 2.2, the restrictions
of uil to Qj, regarded as mappings Qj → Rn′ , satisfy an elliptic system of differential
equations

(6.2) Ai1···ikil
(x)(∂ku/∂xi1 · · · ∂xik) = hil(x)

(we use the notation of (5.9)–(5.12)), where

hil(x) = fil
(
x, uil(x), ∂uil(x), . . . , ∂k−1uil(x)

)
− g
(
x, uil(x), ∂uil(x), . . . , ∂k−1uil(x)

)
.

From our assumptions it follows that the differential operators in (6.2) are elliptic uni-
formly with respect to il, and that their coefficients are uniformly bounded and equicon-
tinuous. Next, since the uil are Ck-bounded, we see that the hil(x) are bounded in the
space C1(Qj ,Rn

′
). Let {V 1

j } be a cover of M such that

U j ⊂ V 1
j ⊂ V

1

j ⊂ Qj for all j.

Application of the Schauder estimate to (6.2) shows that the mappings uil are uni-
formly bounded in the space Ck,α(V 1

j ,Rn
′
) for all 0 < α < 1 (see [7]). The coeffi-

cients Ai1···ikil
(x) and the right-hand sides hil(x) are uniformly bounded in the space

C1,α(V 1
j ,Rn

′
). Now, we cover M by sets {V 2

j } such that

U j ⊂ V 2
j ⊂ V

2

j ⊂ V 1
j ,

and apply the Schauder estimate on the regions V 1
j . We obtain that the sequence uil is

uniformly bounded in the space Ck+1,α(V 2
j ,Rn

′
). Repeating this procedure sufficiently

many times, we see that the sequence uil is bounded in the space Cm+r,α(Uj ,Rn
′
). Since

the family {Uj} covers M , we can use the fact that the embedding Cm+r,α(Uj ,Rn
′
) ⊂
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Cm+r(Uj ,Rn
′
) is compact to choose a subsequence that Cm+r-converges to u. Passing

to the limit in (6.2), we obtain (u, f) ∈MA,[v]. �

Condition (iii) of Lemma 6.1 gives a general compactness criterion for a quasilinear
elliptic problem. For specific classes of differential operators (depending on the order of
the derivatives occurring in the coefficients), this condition can be refined. Below, we
shall need the following lemma.

Lemma 6.2. Let A be a quasilinear elliptic differential operator of order k ≥ 2 whose
symbol does not depend on the derivatives of order k − 1. Then problem (5.6), (5.7) is
compact with respect to a region U if and only if for each sequence (ui, fi) ∈ MA,[v],
fi ∈ U, such that fi → f ∈ U there exists a Ck−1-bounded subsequence uil .

Proof. The necessity of the existence of a Ck−1-bounded subsequence follows from Lemma
6.1. Now, we prove sufficiency. Let uil be a Ck−1-bounded subsequence of ui satisfy-
ing the conditions of the lemma. It suffices to prove that there is a subsequence that
Cm+r-converges to an element u such that (u, f) ∈ MA,[v]. The Arzelá–Ascoli theorem
shows that there exists a subsequence of uil (also denoted by uil) that converges to a
C0(M,M ′)-mapping in the C0-topology. Therefore, there exists a finite cover of M by
charts {Qj} and a system of charts {Q′j} on M ′ such that uil(Qj) ⊂ Q′j for almost all
mappings uil (it is assumed that the closures Qj are compact and lie in some charts
on M). Let {Uj} be a finite cover of M such that U j ⊂ Qj . Since the sequence uil
is Ck−1-bounded, the assumptions of the lemma imply that the differential operators
in (6.2) are uniformly elliptic, and their coefficients are uniformly bounded in the space
W 1,p(Qj ,Rn

′
) for all 1 < p <∞. Next, the right-hand sides hil(x) are uniformly bounded

in W 0,p(Qj ,Rn
′
). Therefore, using the Schauder estimate as in the proof of Lemma 6.1,

we can show that the sequence uil is bounded in Wm+r+1,p(Uj ,Rn
′
). Since, for p > n,

this space compactly embeds in Cm+r(Uj ,Rn
′
) and the sets {Uj} cover M , we can find

a subsequence that converges to the map u. Passing to the limit in (6.2), we show that
(u, f) belongs to MA,[v], which completes the proof. �

6.2. The equation for closed trajectories of a nonautonomous vector field. Let
f(t, u) be a C3-smooth nonautonomous vector field on a manifold M ′, where t ∈ S1 =
R/Z. Consider the equation of closed trajectories of this vector field,

(6.3)
du

dt
(t) + f(t, u(t)) = 0, t ∈ S1 = R/Z.

This is a quasilinear elliptic differential equation on the H1-smooth loops in M ′. For
simplicity, we assume that the manifold M ′ is compact and fix a Riemannian metric g′

on it. Denoting by ‖du(t)‖ the norm of the differential du at a point t, we have

‖du(t)‖ =
∥∥∥du
dt

(t)
∥∥∥
g′

= ‖f(t, u(t))‖g′ .

This means that, under the conditions of item (iii) in Lemma 6.1, the sequence ui is
always C1-bounded. Consequently, problem (6.3) is compact by Lemma 6.1 (indepen-
dently of a homotopy class of loops in M ′).

From the results of Subsection 5.3 it follows that, for a typical nonautonomous C3-
smooth vector field f(t, u), the number of H1-smooth (and, therefore, also C3-smooth)
trajectories in a fixed homotopy class is finite. Moreover, the parity of this number is an
invariant of M ′.

In the case of a noncompact manifold M ′, Lemma 6.1 gives the following criterion.
Equation (6.3) is compact with respect to a domain U in the space of C3-smooth fields if
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for every sequence (ui, fi) in the moduli space Md/dt,[v] such that U 3 fi → f ∈ U, there
exists a subsequence uil such that all loops uil(S

1) lie in a compact subset of M ′.

6.3. Compactness for semilinear Cauchy–Riemann equations. Let T2 be a com-
plex torus, and let M ′ be a compact complex Kähler manifold. Then the equation

(6.4)
∂u

∂z̄
(z) + f(z, u(z)) = 0, z ∈ T2,

is defined on the mappings u : T2 → M ′ (see Subsection 4.2). Here f(z, u) is a nonau-
tonomous C4-smooth vector field on M ′ and u belongs to H3(T2,M ′).

We recall that a complex manifoldM ′ is called Kähler (see [11]) if it admits a Hermitian
structure 〈·, ·〉 such that the 2-form ω(·, ·) = − Im〈·, ·〉 is closed. We denote by g′ the
Riemannian metric Re〈·, ·〉. With each homotopy class [v] of mappings from T2 to M ′

we associate the number

µ[v] = 〈ω, v(T2)〉 =
∫
T2
v∗ω,

which is called the symplectic area of the curve v. In particular, for the class of con-
tractible mappings we have µ[pt] = 0. Let V denote the minimal area of a nontrivial
holomorphic spheroid in M ′,

V = inf{〈ω, u(S2)〉, where u : S2 →M ′ is holomorphic and nontrivial}.

As usual, we assume that the infimum over the empty set is equal to infinity. In
particular, if π2(M ′) = 0, then V =∞. It can be proved (see [20]) that the constant V
is always positive.

Proposition 6.1. Suppose that a compact Kähler manifold M ′ and a homotopy class
[v] of mappings from T2 to M ′ are such that V > µ[v]. Then problem (6.4) possesses the
compactness property with respect to the set

(6.5) U =
{
f ∈ V : ‖f(z, u)‖g′ <

√
V − µ[v] for all z ∈ T2, u ∈M ′

}
,

where f(z, u) denotes a nonautonomous C4-smooth vector field on M ′.

Proposition 6.1 follows from the Gromov compactness theorem [15], because, by
Proposition 4.1, the graph of an arbitrary solution u of equation (6.4) is a pseudo-
holomorphic torus in T2 ×M ′. A complete proof can be found in the paper [20], where
the case of a trivial homotopy class was considered. The proof in [20] can be extended
to the case of an arbitrary homotopy class almost without changes.

As was shown in [20], the compactness property for problem (6.4) may fail if we replace
the set (6.5) by a larger set.

Thus, if V > µ[v], then the invariant of a Kählerian manifold M ′ discussed in Theo-
rem 5.6 is a class of nonoriented cobordisms of the set of Jf-holomorphic tori in T2×M ′
belonging to a fixed homotopy class for a typical vector field f(z, u) in the set U. In partic-
ular, in the case of the trivial homotopy class, the index of the Cauchy–Riemann operator
is zero, and this invariant coincides with the parity of the number of Jf-holomorphic tori
homotopic to T2 × {pt}.

6.4. Perturbations of the harmonic map equation. Let M and M ′ be closed
Riemannian manifolds with metrics g and g′, respectively. In what follows, we use the
notation introduced in the example in Subsection 4.3. On mappings from M to M ′, we
consider the following differential equation:

(6.6) τ(u)(x) + f(x, u(x), du(x)) = 0, x ∈M.
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We assume that f is quasilinear with respect to du, i.e.,

(6.7) f(x, u(x), du(x)) = G(x, u(x)) · du(x) + g(x, u(x)), x ∈M.

Here G is a morphism of the vector bundles J1(M,M ′) and TM ′ (the principal part of
f), and g is a nonautonomous vector field on M ′. Let F be a Banach space of Cs-smooth
coefficients of first order quasilinear differential operators (see the corresponding example
in Subsection 5.2).

Below, we always denote by G the principal part of a quasilinear section f belonging
to the space F, and ‖G(x, u)‖ denotes the natural norm of a linear mapping G(x, u) :
L(TxM,TuM

′)→ TuM
′ with respect to the Riemannian metrics on M and M ′.

Proposition 6.2. Suppose that a Riemannian manifold M ′ has a nonpositive sectional
curvature. Then, for each homotopy class [v] of mappings from M to M ′, there exists a
constant C[v] > 0 such that, for problem (6.6) with a set F of functional parameters, the
compactness condition is fulfilled with respect to the set

(6.8) U =
{
f ∈ F : ‖G(x, u)‖ < C[v] for all x ∈M,u ∈M ′

}
.

In the case where dimM ≤ 3 or G = 0, Proposition 6.2 was proved in the paper [18].
This restriction was lifted in [5]. At the end of the present section, we give a proof of
Proposition 6.2 for two-dimensional manifolds M .

Examples given below show that compactness fails if we drop one of the following
assumptions:

(i) quasilinearity of the functional parameter f;
(ii) smallness of the principal part of f;

(iii) nonpositivity of the sectional curvature of M ′.

Example 6.1 (the necessity of (i)). Let M be the circle S1 = R/Z and M ′ the two-
dimensional torus T2 = C/(Z + iZ). Then τ(u) = −utt. We consider the following
equation for mappings u from S1 to T2:

(6.9) utt + iεut|ut|2 = 0,

where ε is a positive real number. The contractible solutions of (6.9) can be regarded as
mappings S1 → C. Consider the equation

wt + iεw|w|2 = 0,

where w is a mapping from S1 to C. Obviously, for each l ∈ N the function

wl = ε−1
√

2πl exp (−2πlit)

is a 1-periodic solution of this equation with zero mean. Therefore, the curves

ul =
∫ t

0

wl(s) ds, l ∈ N,

form a family of solutions of (6.9). This family is not C1-bounded, and therefore, is not
compact. By Lemma 6.2, problem (6.9) is not compact.

Example 6.2 (the necessity of (ii)). Let M and M ′ be as in Example 6.1. We consider
the equation

(6.10) utt − 2πiut = 0.

As above, the contractible solutions are viewed as mappings from S1 to C. The
sequence

ul(t) = l exp (2πit), l ∈ N,
is a family of solutions of (6.10), and this family is not C1-bounded, and therefore, is
not compact. We note that if we replace the factor 2πi in (6.10) by an arbitrary positive
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number λ < 2π, then the resulting equation will have only one solution, u = 0, and the
compactness property will be fulfilled.

Example 6.3 (the necessity of (iii)). Again, let M be the circle S1 = R/Z, and let
M ′ be the two-dimensional sphere S2 regarded as the set of unit vectors in R3 with the
metric induced from R3. As f in (6.6), we take the zero section. Then the solutions
of (6.6) are periodic geodesics. We consider the family of geodesics ul(t) that go around
the equator of the sphere l times. Obviously, this is a noncompact family of contractible
solutions of (6.6).

We say that a C1-smooth homotopy H(s, x), s ∈ [0, 1], x ∈ M , between C1-smooth
mappings u and v is geodesic if for each x ∈M the curve

[0, 1] 3 s 7→ Hs(x) = H(s, x) ∈M ′

is a geodesic in M ′. If M ′ has a nonpositive sectional curvature, then any two homotopic
mappings are geodesically homotopic. Indeed, a geodesic homotopy is constructed by
replacing the curve s 7→ Hs(x) with a unique geodesic that is homotopic to this curve.

For any two homotopic C1-mappings u and v, we have the distance

Np(u, v) = inf
{
Np(H) : H is a C1-homotopy between u and v

}
,

where 1 ≤ p <∞ and

Np(H) =
(∫

M

(∫ 1

0

∥∥∥ d
ds
Hs(x)

∥∥∥
g′
ds

)p
dVolg(x)

)1/p

.

By the Hölder inequality, we have

Np1(u, v) ≤ Np2(u, v)(Vol M)(p2−p1)/p2p1

for all 1 ≤ p1 ≤ p2 <∞. For a nonautonomous vector field g on M ′ and a morphism G

of the vector bundles J1(M,M ′) and TM ′, we introduce the norms

‖g‖C0 = max
x∈M
u∈M ′

‖g(x, u)‖g′ , ‖G‖C0 = max
x∈M
u∈M ′

‖G(x, u)‖.

Proposition 6.3. Let M ′ be a manifold of nonpositive sectional curvature. Then, for any
(homotopic to v) solution u of equation (6.6) with a quasilinear f, we have the estimate

E(u) ≤ ‖g‖C0N1(u, v) +
√

2‖G‖C0E(u)1/2
N2(u, v) + E(v).

Proof. LetH(s, x) be a geodesic homotopy between u and v. Since the sectional curvature
is nonpositive, the formula for the second variation of the energy functional (see, e.g., [13,
p. 28]) implies that

∂2

∂s2
E(Hs) ≥ 0 for all s ∈ [0, 1].

Therefore, the function s 7→ E(Hs) is convex, and we obtain the inequality

(6.11) E(u) ≤ E(v) + (∂/∂s)
∣∣
s=1

E(Hs).

By relation (4.7) and equation (6.6), we have

∂

∂s

∣∣∣
s=1

E(Hs) = −
∫
M

〈
f,
∂H

∂s

〉∣∣∣
s=1

dVol .

Since f has the form (6.7), we obtain∣∣∣∣ ∫
M

〈
f,
∂H

∂s

〉
dVol

∣∣∣∣ ≤ ‖g‖C0N1(H) + ‖G‖C0

∫
M

√
2e(u)

∥∥∥∥∂H∂s
∥∥∥∥ dVol

≤ ‖g‖C0N1(H) +
√

2‖G‖C0E(u)1/2
N2(H).

This inequality and (6.11) imply the required estimate. �
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A proof of the following geometric inequality can be found in [18].

Proposition 6.4 ([18]). Let M ′ be a manifold of nonpositive sectional curvature, and let
[v] be an arbitrary homotopy class, v ∈ C1(M,M ′). Then there exists a constant C > 0
(depending on [v]) such that

(6.12) N2(u, v) ≤ C
(
E(u)1/2 + E(v)1/2 + 1

)
for every C1-smooth u ∈ [v].

Remark. For manifolds of negative sectional curvature, the constant C in (6.12) can be
chosen independent of a homotopy class (see [19]). Accordingly, in that case the constant
C[v] in Proposition 6.2 is also independent of [v].

Propositions 6.3 and 6.4 imply the following statement.

Corollary 6.3. Let M ′ be a manifold of nonpositive sectional curvature, and let [v] be a
homotopy class of mappings from M to M ′. Then, for any positive Cg and CG < C[v] =
(
√

2C)−1 (where C is as in (6.12)), there is a positive constant C∗ such that for every
solution u ∈ [v] of equation (6.6) with a quasilinear f for which

(6.13) ‖G‖C0 ≤ CG, ‖g‖C0 ≤ Cg
we have E(u) ≤ C∗.
Proof of Proposition 6.2 (for the case where dimM = 2). For i = 1, 2, . . . , let ui be a
solution of the equation

τ(u)(x) + gi(x, ui(x)) +Gi(x, ui(x)) · dui(x) = 0, x ∈M,

where gi and Gi satisfy (6.13) and are Cs-bounded. Since M ′ is compact, Lemma
6.2 shows that for the proof of the theorem it suffices to check that the sequence
maxx∈M ‖dui(x)‖ is bounded.

Assume the contrary. Then there exists a subsequence uil such that

max
x∈M

‖duil(x)‖ = Bil →∞ as l →∞.

We choose points xl ∈M such that

(6.14) ‖duil(xl)‖ = Bil .

Without loss of generality, we may assume that the sequence xl converges to a point
x0 ∈M . We choose a chart O on M such that x0 ∈ O and gij(x0) = δij . For sufficiently
large l ∈ N, the mappings

ϕl : Dl =
{
x ∈ R2 : |x| <

√
Bil
}
→ O, x 7→ x/Bil + xl,

are well defined. On the disks Dl we define a Riemannian metric gl by putting (gl)ij =
gij ◦ ϕl. Then the mappings wl = uil ◦ ϕl : Dl →M ′ satisfy the equations

(6.15) τl(wl)(x) = −B−2
il
gil(x̄, wl)−B−1

il
Gil(x̄, wil) · dwl, x ∈ Dl,

where x̄ = x/Bil + xil , and τl(w) is the operator of harmonic mappings from Dl to M ′

that corresponds to the metrics gl and g′. By (6.14), we have

(6.16) ‖dwl(x)‖ ≤ 1, ‖dwl(0)‖ = 1.

We denote by τ∞(w) the operator of harmonic mappings from R2 to M ′ that cor-
responds to the Euclidean metric on R2 and the metric g′ on M ′. Observe that the
coefficients of the operator τl(w) with all their derivatives converge to the corresponding
coefficients of the operator τ∞(w), and the right-hand sides of equations (6.15) with all
their derivatives of order less than s converge to zero uniformly on the compact subsets
of R2. Therefore, using the estimate for dwl in (6.16), applying the Schauder estimate
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for subsequent control of the higher order derivatives of wl, and arguing as in the proof of
Lemma 6.2, we obtain a subsequence of wl that Cm+r-converges to a harmonic mapping
w : R2 →M ′ on each compact subset of R2. From (6.16) it follows that

(6.17) ‖dw(0)‖ = 1.

By Corollary 6.3, condition (6.13) (which is fulfilled for every ui) implies the inequality
E(ui) ≤ C∗. Since the mappings ϕl : Dl →M ′ are conformal and the energy functional
is conformally invariant (see [14]), we have E(wl) ≤ C∗. Passing to the limit, we obtain
E(w) ≤ C∗. Identifying R2 with S2\∞ via the stereographic projection, we can view
w as a harmonic mapping S2\∞ → M ′ with finite energy. (Here S2 is the unit sphere
in the Eucledean R3 with the induced Riemannian metric.) From [23, Theorem 3.6] it
follows that the singularity of w at∞ is removable, and w extends to a smooth harmonic
mapping S2 → M ′. Since M ′ has a nonpositive sectional curvature, the Hadamard–
Cartan theorem (see, e.g., [2]) yields π2(M ′) = 0. Thus, w is a contractible harmonic
mapping. Since harmonic mappings into a nonpositively curved manifold minimize the
energy in their homotopy class (see [16]) and since, for contractible mappings, the min-
imum value of the energy is zero, we conclude that E(w) = 0. Consequently, dw = 0,
which contradicts (6.17). �
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