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SOME CONVERGENCE PROBLEMS FOR WEAK NORMS

I. K. DAUGAVET

ABSTRACT. Let U be a normed space compactly embedded in a space V, let {U}}
be a sequence of finite-dimensional subspaces of the dual space U*, and let
U™ = {ueU|x(u)=0,x€Up}

If the sequence {U} is asymptotically dense in U*, then ||I,|| — 0, where I, denotes
the operator that embeds U™ in V. In particular, if {P,} is a sequence of finite-
dimensional projections in U, and the sequence {R(P;)} is asymptotically dense in
U*, then |[u — Ppul|v/|lu — Prully — 0. The norm ||I,|| is estimated in terms of
the best approximation of the elements of the unit ball in V* (this ball is compact
in U*) by elements of Uy. Usually, for projection methods of solving functional
equations, the metric in which the convergence should be studied is dictated by the
general convergence theorems (we mean, e.g., the energy metric for the Ritz method).
The above arguments make it possible to establish a faster convergence of projection
methods in weaker metrics. Some results of this type are obtained in the paper for
the Ritz and Galerkin methods and for the method of moments.

In what follows, by “superconvergence” we shall mean the following. Suppose an
approximation process is given in a Banach space U, i.e., an approximating sequence
{u,} is assigned to every element u € U. Also, let U be equipped with a seminorm
v(u) subordinate to the norm in U: v(u) < ¢||lu||. If v(u — uy) tends to zero faster than
|l — un||, we talk about superconvergence.

Starting with the paper [I], superconvergence was studied in detail for the finite ele-
ment method (see, e.g., [2] and the references therein). In the present paper we construct
a certain abstract pattern of superconvergence in the case where u,, = P,u, the P, being
projections. Any finite-dimensional projection has the form

Pu= Z Xk (Wwy,  Xj(wg) = dk; (the Kronecker symbol),
k=1

where {w}!} C U is called the coordinate system, and {x7} C U* is called the projection
system. The main idea exploited in this paper is that, in superconvergence problems,
the key role is played by the projection system rather than by the coordinate system.
The general pattern is applied to the study of superconvergence for projection methods
of solving boundary value problems for differential equations in the case of polynomial
coordinate systems.

We introduce some notation and terminology. Let U, C U be a subspace. The best
approximation of an element u € U by elements of U, is defined to be

Ey, (u)y = inf{||lu — up|| | un € Up}.

A sequence {U,} of subspaces of U is said to be asymptotically dense in U if for any
u € U we have Ey, (u)y — 0. If u,...,ul’ is a basis of U,, and the subspaces {U,} are
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asymptotically dense in U, then we say that the system {u}'} (n=1,2,...,k=1,...,n)
is complete. We denote by P} the linear space of polynomials of degree at most n in m
variables, and we put P,, = PL.

Let U and F' be Banach spaces, U* the space dual to U, {U:} a sequence of subspaces
in U*, and G € L(U, F) a compact linear operator. We introduce subspaces un cu
by the formula

U™ ={ueU|xnu=0xn€Uy}
and denote by G,, = G|ym) the restriction of G to Um,

Theorem 1. If the sequence U} is asymptotically dense in U*, then |Gy| — 0.

Proof. For each n, we construct an element u,, € U such that ||u,| = 1 and ||Gu,| >
2|Gyll. For any x € U* and € > 0, we can find N such that for all n > N we have
lIx — xnll < € for some x,, € U. Then, since xn(u,) = 0, for n > N we obtain

|X(un)| = |X(un) - Xn(un)| < EHunHU =E.
This proves that the sequence {u,} converges to zero weakly. By the compactness of G,
it follows that ||Gu,| — 0, and it remains to observe that |G| < 2||Gun||. O

Now, suppose that U is embedded in a Banach space V (U C V'), and that the operator
I that embeds U in V is compact.

Corollary 1. Let I, = I|ym), and suppose that the sequence {U}} is asymptotically
dense in U*. Then ||I,| — 0.

Let {P,} be a sequence of projections in the space U. Then the { P} are projections
in U*, and

RPH=PU ={xecU" | x(u—Pyou)=0,ucU}=U,.
Thus, we arrive at the following statement.

Corollary 2. If G € L(U, F) is a compact operator and the sequence {R(P})} is asymp-
totically dense in U™, then there exists a numerical sequence oy, — 0 such that for all
u € U we have

|Gu — GPyu|| < an|lu — Pyul|.

Proof. Tt suffices to observe that u— P,u € U™ so that we can put o, = ||G,,|| — 0. O

In the special case where the role of G is played by the compact operator that embeds
U in V, we obtain the following.
Corollary 3. If the sequence {R(P))} is asymptotically dense in U*, then
lu — Poullv < anllu — Poul|ly, an — 0,
forallueU.

Remark. In Corollaries 2 and 3 it is not assumed that ||u — Pyuljy — 0.

In connection with Corollary 3, it should be noted that, in the obvious estimate
[u— Paully < [[In[|(1 + || Pul]) Ev, (w)u

for the discrepancy of the approximation of u by the projection P,u, the last factor on
the right depends only on the coordinate system and not on the projection system, the
middle-term factor depends on both systems, and the first factor depends only on the
projection system.

We describe at once how Theorem 1 applies to projection methods. Suppose we apply
the projection method to a linear equation Au = f, where A is a bounded linear operator
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acting from a Banach space U to a Banach space F (A € L(U, F)). Let u} € U, be the
corresponding approximate solution, i.e., the solution of the equation

Uy -

Here P, is a projection of F' onto a finite-dimensional subspace F},, and U, is the linear
hull of the coordinate system.

Theorem 2. Suppose that the space U is compactly embedded in a space V', and that the
following conditions are fulfilled:

1) the operator A admits a bounded inverse, A1 € L(F,U);

2) the operators A, admit bounded inverses A,' € L(F,,U,) for all sufficiently
large n;

3) the sequence {R(P})} of subspaces is asymptotically dense in F*.
Then the projection method is superconvergent: there is a numerical sequence o, — 0
such that, for any right-hand side f € F, we have

[v* —upllv < anllu” —uglu,
where u* is the exact solution.

Proof. The approximate solution is related to the exact one by the formula u} = Q,u*,
where @, = A, 'P,A is the projection of U onto U,. It remains to show that the
subspaces R(Q;) form a sequence asymptotically dense in U*. Let P, f = Z?:l Xj (g7,
where X7 (g) = k. Then [A7'P]" ¢ = 337, 0(A7 " g7)x}, whence R([A; ' Pa]") =
Fy = (xT,...,xy;) is the linear hull of the elements x7. Since @, = A [A7L1P,]*, we
have R(Q}) = A*F*. Let ¢ € U* be arbitrary. Put ¢ = (4%*)"!p. By condition 3) of
the theorem, Er:(¢))p+ — 0. Next,

EA*F,: (SO)U* = mf A*w - A*’lan

pnEA*E)
< |[[A*|Eps () px — 0.

_ — inf
p—onl = il

n n

We have proved the asymptotic density of the subspaces R(Q%), and, with it, Theo-
rem 2. O

We turn to estimation of the norm of I,,. Since U is compactly embedded in V', the
space V* dual to V is compactly embedded in U*.

Theorem 3. Let U} is a finite-dimensional subspace in U*, let I be the embedding
operator from U to V| and let I, be the restriction of I to the subspace

U(”) = {Un eU | Xn(un) =0,xn € U:}
Then
| all = sup{Eu; (¢)v- | € V=, [0y~ < 1}.

Proof. By the duality criterion of the best approximation element in the dual space (see
Bl p. 22]), for ¢ € V* C U* we have

Eu; ()~ = sup{y(u) [ uw € U™, [|u] < 1}.

Therefore,
sup  Ey:(¢)y- = sup sup P(u) = sup |ullv = [|L]]. O
Iy +<1 weUM) [lu|| <1 [[P]lvx <1 weU ™ [lul|<1

Now we consider applications of the theorems just proved to the study of projection
methods for solving functional equations.
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The Ritz method. Let H be a separable real Hilbert space, and let A be a selfadjoint
and positive definite operator in H. We assume that the operator A~ is compact. With
the operator A, we associate its energy space H,4, which embeds in H compactly. The
scalar product and the norm in H4 will be denoted by [-,-] and || - || 4. In order to apply
Theorem 3, we must consider the embedding of the space H* dual to H in the space
dual to H4; the latter dual space is identified with H 4.

Lemma. The embedding of H* in H4 is given by the formulas

H* =D(A), |ulla- = [[Aul].
Proof. The claim means that, for u € H4, the functional F(v) = [u, ] is bounded on H
(i.e., for allv € H4 we have |[u, v]| < ¢||v||) if and only if u € D(A), and then | F|| = || Au]|.
We prove this. If u € D(A), then F(v) = (Au,v), whence |F(v)| < ||Au|| ||v|| and || F|| =
|[Aul]. Conversely, if |[u,v]| < c||v|| for all v € H 4, then, in particular, for all v € D(A)

we have |[u, v]| = [(Av, u)| < ¢||v]|. But this means that v € D(A*) = D(A). O
Suppose the Ritz method with a coordinate system {wj} C Ha, n =1,2,..., k =
1,...,n, complete in H4 is applied to finding an approximate solution of the equation

Au = f. In accordance with the Ritz method, the approximate solution is the H4-
orthogonal projection of the exact solution to the linear hull U,, of the coordinate system.
Therefore, Theorem 3 and the lemma imply the following statement.

Theorem 4. For the exact and the Ritz approximate solutions of the equation in ques-
tion, we have

[u” = upll < anlu” —uya,
where

oy = sup Ey, (w)m,-
wED(A):]| Aul| <1

We show how this theorem can be applied to elliptic equations. In a bounded domain
Q € R™ with sufficiently smooth boundary 052, consider the elliptic equation

0 ou
(1) Ay = — Z a—xk<akj87j>+’f’u,:f
k,j=1
with one of the boundary conditions
ou ou
2 < = O —_— = —_— - 0
(2) ulga = 0, AN loa =0 T BN + oulaq
Here % is the derivative along the conormal. Under the first boundary condition

it is assumed that r(x) > 0, under the second it is assumed that r(x) > 9 > 0, and
under the third it is assumed that either r > rg > 0,0 > 0,0or r > 0, 0 > g9 > 0. The
coeflicients of the equation and the function o are assumed to be sufficiently smooth so
as to ensure that for f € Lo(2) the exact solution u* belong to the Sobolev space W3
and [lu*|wz < C|[f| .-

Suppose we want to solve problem (1), (2) under the second or the third boundary
condition and apply the Ritz method with polynomial coordinate functions, i.e., we seek
the solution u, in the form w,(x) = p,(z), where p, € P in a polynomial of degree
n with coeflicients to be determinedl] The well-known multidimensional analog of the
Jackson theorem for the case of Lo implies that the number «,, occurring in Theorem 4
satisfies a,, < C7/n. The same estimate is obtained also in the case of the first boundary
condition if we seek an approximate solution in the formi un(z) = w(z)pn(x), where

IThe parameter n has changed its meaning: now this is the degree of the polynomial, rather than
the number of coordinate functions; the latter number is considerably larger.
2The corresponding coordinate functions will also be called polynomial functions.
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prn € P and w(x) is a sufficiently smooth function vanishing on the boundary of € and
satisfying w(z) > 0 for z € Q and gradw(x) # 0 for x € 9. Instead of an analog of
the Jackson theorem, in this case we should apply an analog of Kharrik’s approximation
theorem (see [4]). For the Lo-generalization of that theorem, see [5]. So, the following
statement is true.

Theorem 5. Under the above assumptions, for the discrepancy of the approrimate so-
lution of (1), (2) obtained by the Ritz method with polynomial coordinate functions we
have

C
lu* = wpllr, < —flu” = upllym.

Here we have used the fact that the norm in the energy space Hj4 is equivalent to the
norm in WQ(D (). The analog of Jackson’s or Kharrik’s theorem mentioned above allows

us to deduce the following corollary to Theorem 5.

Corollary. If the evact solution of problem (1), (2) belongs to Wi(Q), then the rate of
convergence for the Ritz method is characterized by the relation

lu* = upllz, = O(n™).

This statement is not new (see [6]).

Similar results can be obtained for differential equations of order higher than two.
Here we restrict ourselves to the case of the simplest boundary value problem for an
ordinary differential equation. The La-generalization of Kharrik’s theorem that we need
in this case is elementary; below we formulate it in the form to be applied in what follows,
and give a proof.

So, let WQ(I) (I € N) be the space of functions f on [—1,1] that possess the following
properties: f is continuously differentiable I — 1 times, f¢~1 is absolutely continuous,
and f( € Ly(—1,1). Let Wz(m) denote the subspace of WQ(m) consisting of all f subject
to the conditions

fD) == ) =0, f() == fY) =0,
For f € W™ we put || fllm = ||/ L,-

Lemma. Suppose l > m. There is a constant ¢ such that for every f € WQ(Z) N Wz(m) we
can find a sequence {pn} of polynomials with the following property: for the polynomials
Qn(z) = (1 — 22)™p,(x) we have

C
nlfm

If = @ullm < 17O L.

Proof. The set of derivatives of order m of all functions in Wz(l) N WQ(m) coincides with
the set of functions in WQ(lfm) that are orthogonal (in L2) to all polynomials of degree
m — 1. At the same time, the set of derivatives of order m of all polynomials of the
form Q,(x) = (1 — 2%)™p,(x) coincides with the set of all polynomials in P,,,, that
are orthogonal to the polynomials of degree m — 1. Therefore, the best approximation
relative to the norm in WQ(m) of a function u € WQ(Z) N WQm) by polynomials of the form
Q,, coincides with the best approximation u(™ in Ly by polynomials of degree n + m. It
remains to employ the well-known estimates for the best Li-approximations of functions

in WQ(l_m) by polynomials (see, e.g., [7} p. 148]). |
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Now, consider the boundary value problem
3) L(u) = Y (=1)"(axu™)® = f,
k=0
(4) u(=1) = = um (1) =0, (1) = =N (1) =

0)

where the functions ay are k times continuously differentiable, a,,(z) > d > 0, and
ag(x) > 0 for k = 0,...,m — 1. The operator A defined by Au = L(u) is considered
on D(A) = W2(2m) N WQm); it is positive definite, its energy space coincides with WQm),
and the norm in the energy space is equivalent to the norm || - ||,,. Moreover, there exist
constants 0 < ¢; < cg such that for all u € D(A) we have ¢;||u®™||L, < ||Aulz, <
cal|ul?™] .

Suppose that, to find an approximate solution of problem (3), (4), we apply the Ritz
method with coordinate functions wj(z) = wi(x) = (1 — 22)™py_1(x), where py_;1 €
Px_1. The next statement follows immediately from Theorem 4 and the previous lemma.

Theorem 6. For the discrepancy of the approrimate solution obtained by the Ritz
method, we have the estimate

* * c * *
lu” —wnlle, < 2™ = ug llm.
Applying the same lemma once again, we arrive at the following statement.

Corollary. If the exact solution of the problem under consideration belongs to WQ(I)
(I > 2m), then

* * c *
lu” = wupliz, < 7 ll(u )l
The Galerkin method. In a real Hilbert space H, we consider the linear equation
(5) Au+ Bu=f

under the following assumptions. The operator A is selfadjoint and positive definite,
and its inverse is compact. With A we associate the corresponding energy space H 4.
The operator B is defined on H4 and is bounded as an operator from H4 to H, i.e.,
B € L(Ha,H). Equation (5) is uniquely solvable. Under these assumptions, (5) is
equivalent to the equation

(6) u+Tu=A"f,

which will be considered in the space Hy. Here T = A='B € L(H4, Ha); it is easy to
check that T is compact. For the solution of (5) we apply the Galerkin method, i.e., we
seek an approximate solution in the form u, = Y ,_; cyw}, where {w}'} is a coordinate
system complete in H4. The coefficients ¢; are found from the system of equations
n

S (] + (Bep, el e = (f,0]),

k=1
where (-,-) and [, -] are the scalar products in H and H 4, respectively. This system can

be rewritten as
n

ST+ Thwpw]er = [A7 fw]),
k=1

which is the usual system of the Galerkin method for equation (6) viewed as an equation
in the Hilbert space H4. Under our assumptions, this system is uniquely solvable for n
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sufficiently large, and the approximate solutions u} converge to the exact solution u* at
the rate of the best approximations:
[u* —uplla < cEy, (u”)ma,

where U, is the linear hull of the coordinate elements (see [§]). For any uw, € U,
we have [(I + T)(u* — u}),un] = 0, or, what is the same, [u* — u},v,] = 0 for all
vp € Vi, = (I + T*)U,. Therefore, u* — u} belongs to the subspace

VM = {ve Hy | [v,v,] = 0,0, €V} C Ha,
and we see that

" —uplla < [[In]l lu” = ugla,

where I,, is the operator that embeds V(™ in H. By Theorem 3 and the lemma before
Theorem 4, we have

[ Inl| = sup Ev, (v)n,, Mi={veD(A)]|Av] <1}
veM;
For v € My we put u = (I +T*)"'v. Let u, € U, be the element yielding the best

approximation of w in Uy: ||u — un|la = Evu, (w)m,. Then v, = (I + T*)u, € V, and
o = wvnlla < I+ T|[Ev, (u)m,. Thus, By, (v)m, < |1 +T|Ev, (u)m,, so that

” (U)HA, My = (I-l—T*)_lMl.

The operator T™* is related to A and B as follows. For w € H4, we have g = T*w if
[g,u] = [w, Tu] for all w € Hga, i.e., T* is defined by the relation

(7) [T*w,u] = (w,Bu), u€ Ha.

We apply the aforesaid to elliptic equations. In a bounded domain 2 € R™ with a
sufficiently smooth boundary, consider the elliptic equation

0 ou L ou
8 Lu=— br— =
(8) U Zaxk<k]8 )4—2 kaxk+cu f
k,j=1 k=1
with one of the boundary conditions
ou ou
ulaq = 0, Nl =0 O N + oulaq =0,

where 8% denotes the derivative along the conormal. All coefficients ay;, by and ¢, and
also the function o > 0 are assumed to be sufficiently smooth. We want to find out what
the operator T™* is and, accordingly, what the norm ||, || is, provided that the operator
L is split naturally into the sum A+ B. We only consider the third boundary condition;
the other cases are treated similarly. In the case of the third boundary condition, the
operator A is represented by the sum in (8) involving the second order derivatives, and
the product (w, Bu) reshapes as follows:

(w, Bu) / (Z . (bpw)u + cuw) dx + Z brwu cos(T, z,) dS.

0 4

For T*w = v, identity (7) takes the form

" ov Ou
T w,u z/ a dx—l—/ ouvdS
| | Q2 k§=:1 Sz 5‘:5 o0

—/zuda:—l—/ gudsS,
Q o0
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where

0
Za (bpw) + cw, g—Zbkwcosn k).
k=1
Therefore, v = T*w solves the problem

_ Z =z @—l—mﬁ —
83: j(‘)m " ON =g

Since ||z|| < es]|wl]| 4, and g is the trace of some function G € WQ(I) such that |G| ;o) <
2

c1l|w|la, we can write HT*wHW(z) < ¢r|lw||a (see [9]). So, for any w € H4 we have

T*w € VV2 and HT*wHW(z) < c1]jw]|a. Now, let u € Ma, and let u 4+ T*u = v € M,
ie, v € D(A) and [[Av[| < 1. The latter means that |[v||;;, < c2, which implies that
2
V]l < es. Next, Jlufla < [(T+T*)7H vlla, [T*ullye < all +T%) 7 |v]la, and
[ull g2 < ca, where ey = c1]|(I +T*) 7 ez + ca. Thus, for the problem in question we
2
have

9) || <C  sup Ey,(u)
||UHW2(2)§1

(we have used the fact that the norm in H4 is equivalent to the norm in W(l)).
We also note that in the case of the second boundary condition the role of A can be
played, for instance, by the operator

0 ou
A’U,:_Zaxk<k]a )+U,

k=1

which is positive definite.
This proves the following statement.

Theorem 7. For the embedding operator I, arising when we solve equation (8) with the
boundary conditions as indicated by the Galerkin method, we have estimate (9).

Again, applying an analog of Jackson’s or Kharrik’s theorem, we obtain the following
consequence of Theorem 7.

Corollary. If the boundary value problem indicated is solved by the Galerkin method
with polynomial coordinate functions, then

1
Ini=o(5).

and if the exact solution u* belongs to WQ(Z)7 then

* * 1
o= 0. =0 ()

Like the corollary to Theorem 5, the second statement in this corollary is not new (see

[6])-

The moment method. Let H be a separable real Hilbert space, and let A be a linear
operator in H with dense domain and with R(A) = H. We assume that the inverse A~}
exists and is bounded, A~! € £(H, H), and that, moreover, A~! is a compact operator.
We introduce the new Hilbert space Hy = D(A) with the scalar product [u,v] = (Au, Av).
The norm in Hy will be denoted by || - ||o. The embedding of Hy in H is compact. Let



SOME CONVERGENCE PROBLEMS FOR WEAK NORMS 583

Ay € L(Hy, H) be defined byfl Agu = Au. Obviously, ||Ao = |Ag || = 1. Consider the
embedding of the dual space H* in H} = Hy. Let Fy € H* be given by Fru = (f,u). If
u € Hy, then u = A~ 'g and

Fru=(f,A7g) = (A7) f, Au) = [A7H (A7) f,u).
Thus, Fru = [w,u], where w = A7 (A71)* f, and
[F¢llo = A" (AT * Fllo = 1(AH* f]I-

Now, suppose that the equation Au = f is solved by the moment method: the approx-
imate solution U, is sought in an n-dimensional subspaceﬂ U, C D(A) and must satisfy
the conditions

(Aunvxgl):(,ﬁ)(?), 7=1...,n,

where {x}} (n = 1,2,..., j = 1,...,n) is a system of elements in H, called the
projection system. We denote by V* the linear hull of the elements A~1 X Vo=
(AT AT,

The conditions that determine the approximate solution can be expressed as the fol-

lowing requirement: [un, pn] = [u*, ¢,] for all ¢, € V,*. Here u* is the exact solution.
Therefore,
(10) l[ug = @[} < Ml - lun = wllo = En] - | Aug, = f1I,

where I,, is the operator that embeds the subspace
V) = {ve Hy | [v,00] = 0,0, € V*} C Hy

in H. Relation (10) means, in particular, that if the system {7 = A_l)(;b} is complete in
Hy (this is equivalent to the completeness of the system {x”' } in H), then the approximate
solutions tend to the exact one faster than the discrepancies of the approximate solutions
tend to zero.

By Theorem 3,

[ £nll =sup{Ev: (V) m, | = A7 (ATY)*g, g€ H, |lgll <1}

n
= sup minHAil(Afl)*g—chAflxy
llgll=1 ci j=1 0

n
= sup mivnH(Afl)*g—chX;-’ .
llgll=1 ¢ j=1

Thus, we have proved the following statement.

Theorem 8. For the moment method under consideration, we have the estimate

l[ur, =" < anlug —u*llo = anllAu, = fIl,  an = Sup Ep: (A7) 9)n,
gll=t
where Ff = (xT,...,Xxp) is the linear hull of the projection system.

3The operators A and Ag should be distinguished at least because they have different adjoints. It is
easy to check that Af = Ay L

430 far, we do not need to specify this subspace. The only requirement is that it must contain an
approximate solution.
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We present an application of this theorem to the moment method for ordinary differ-
ential equations. Consider the boundary value problem

Au=u" + ™Y 4+ au=f,

m—1
() Z aujum 1) + Byu9 (1 1))=0, v=1,...,m.

j=
The coefficients a; are assumed to be m — j times continuously differentiable. As to
the boundary conditions, we assume that if a polynomial p of degree at most m — 1
(p € Pp—1) satisfies these conditions (I, (p) = 0 for v = 1,...,m), then p is identically
zeroll Also, we assume that problem (11) is uniquely solvable.

For solving problem (11), we use the following version of the moment method. As the

approximate solution, we take a polynomial of degree at most n + m that satisfies the
boundary conditions and is such that

1
[ (Au@) - F@)an(a)de =0
-1

for all polynomials ¢, € P,,. The convergence of this method can easily be established
with the help of Kantorovich’s theorem on projection methods (see [8, p. 84]). This

theorem says that, under the above assumptions, the approximate solutions w;, exist for
all sufficiently large n, and

luz = w*llypem < eslluy, —ullo < caBu, (u*)m, < csbe, (™),

where |lul|o = ||Aul|z,. In particular, if u* € W(l)( ,1) with [ > m, then
= o = O/l

We now turn to problems concerning superconvergence. In our case, the coefficient
o, in Theorem 8 has the form

an = sup Ep, (A7) 9)L,.
llgllz, <1

But (A71)* = (A*)~!, and A* is an invertible differential operator of order m with
continuous coefficients. Therefore, for the function v = (A~')*g we have |[o™)|1, <
¢6]|9||L,- Consequently, by the Jackson theorem, o, < czn™ ™.

So, the following statement is true.

Theorem 9. Under the above assumptions on the boundary value problem, the moment
method converges, and

i, = |y < Cr B, (u™™)

Cs
gy = w2, < g, =y gm-

Ifu* € W (1> m), then |uf, — u*||p, = O(1/nl).

Remark 1. A close result on the convergence of the moment method for the same problem
in the space C[—1, 1] was obtained in [10].

Remark 2. By the same means, a similar result on superconvergence can be obtained for
the moment method also in the case of the first boundary value problem for the elliptic
equation. Then the approximate solution is sought on the basis of the requirement that

5This requirement can easily be lifted.
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the discrepancy be orthogonal to all polynomials of degree n (the coordinate system may
be arbitrary in this case). This leads to the estimate

C
lun = u*llz. < —llun = w"llws.

However, for a polynomial coordinate system, it remains unclear how the rate of conver-
gence of u} to u* depends on the smoothness properties of the solution.

As a special case of the moment method for problem (11), we mention the Galerkin
method: as before, we seek an approximate solution in the form of a polynomial of
degree n + m satisfying the boundary conditions, but the coefficients of this polynomial
must obey the requirement that the discrepancy should be Ls-orthogonal to all such
polynomials (the projection system coincides with the coordinate one). However, in
general, in this case the quantity Ep- ((A’l)* f ) 5 1s the best approximation of a function
satisfying some boundary conditions (these are determined by the domain of A) by
polynomials satisfying some other boundary conditions. Therefore, we cannot expect
that ||I,|| < ¢/n™ in this case. Nevertheless, for m = 2k and for the simplest boundary
value problem (u¥)(+1) = 0, j = 0,...,k — 1), a result similar to Theorem 9 can be
obtained also for the Galerkin method, and by the same means.

The author is sincerely grateful to L. T. Poznyak for important remarks that con-
tributed to improvement of the final version of the paper. Also, the author thanks
A. 1. Nazarov for valuable advice.
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