
Algebra i analiz St. Petersburg Math. J.
Tom. 15 (2003), vyp. 5 Vol. 15 (2004), No. 5, Pages 753–771

S 1061-0022(04)00830-1
Article electronically published on July 29, 2004

INVERSION THEOREMS
FOR THE LOCAL POMPEIU TRANSFORMATION

IN THE QUATERNION HYPERBOLIC SPACE

VIT. V. VOLCHKOV AND N. P. VOLCHKOVA

Abstract. A construction for inversion of the local Pompeiu transformation is ob-
tained for the family consisting of two geodesic balls on the quaternion hyperbolic
space.

§1. Introduction

Notation. We denote by Rn the real Euclidean space of dimension n ≥ 2 with Euclidean
norm |·|, by M(n) the group of isometries of Rn, and by dx Lebesgue measure on Rn.
Consider a collection F = (E1, . . . , Ek) of compact subsets in Rn of positive measure.
The (global) Pompeiu transformation PF : C(Rn)→ C(M(n))k is defined by the formula

(1.1) PFf = (f1, . . . , fk),

where
fi(g) =

∫
gEi

f(x) dx, g ∈M(n), i = 1, . . . , k

(see, e.g., [1, formulas (2.1) and (2.2)]). Similarly, for an open set U ⊂ Rn, formula (1.1)
determines the local Pompeiu transformation

PF ,U : C (U)→ C (G1)× · · · × C (Gk),

where Gi = {g ∈M(n) : gEi ⊂ U}, i = 1, . . . , k.
For given F and U , the following problem arises:

Problem ([2]). 1. To find out whether the transformation PF ,U is injective, and if not,
to describe its kernel.

2. If the mapping PF ,U is injective, then to find the inverse mapping.

Known results. For individual F and U , the injectivity of the Pompeiu transformation
and related questions were studied in many papers (see the surveys [2]–[4] with extensive
bibliography, and also [5]). The most complete results were obtained for the family
F =

(
Br1 ,Br2

)
, where

Bri := {x ∈ Rn : |x| < ri}
and Bri is the closure of Bri , i = 1, 2. In this case, the transformation (1.1) is injective
if and only if

r1

r2
/∈ En :=

{
λ1

λ2

∣∣∣ λi > 0, Jn/2(λi) = 0, i = 1, 2
}
,

where Jn/2 is the Bessel function [6].
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Furthermore, if elements of En badly approximate r1/r2, i.e., for some positive con-
stants c1 and c2 we have the estimate∣∣∣∣r1

r2
− λ1

λ2

∣∣∣∣ ≥ c1
(1 + λ2)c2

,

then there exist compactly supported (and explicitly constructed) distributions ν1 and ν2

such that
f = (f ∗ χr1) ∗ ν1 + (f ∗ χr2) ∗ ν2,

where χri is the indicator function of Bri , i = 1, 2 (see [7] and also [1, §3]).
Thus, the function f can be recovered by the convolutions f ∗ χr1 and f ∗ χr2 .

Local results. For F =
(
Br1 ,Br2

)
and U = BR, where R > max(r1, r2), the above

questions are considerably more difficult. This is related to the violation of the group
structure acting on the set of solutions of the equation PFf = 0. Here, new effects
arise: the answer to Problem 1 depends to a large extent not only on the nature of the
numbers r1 and r2, but also on the size of the ball BR. Berenstein, Gay, and Yger [1, 8]
and Volchkov [9] proved the injectivity of PF ,U by different methods under the condition
that r1/r2 /∈ En and r1 + r2 < R. In this case, the construction of the inverse of PF ,U
becomes much more complicated [1]. Also, it should be mentioned that the method
suggested in [9] made it possible to study completely the question on the injectivity of
PF ,U also for all R ≤ r1 + r2.

Hyperbolic spaces. The above results have interesting generalizations related to re-
placing the triple (Rn,M(n), dx) with the triple (X,G, dµ), where X is a manifold, G is
a Lie group acting on X transitively, and dµ is a G-invariant measure on X . The largest
progress in this direction was achieved in the case where X is a noncompact symmetric
space of rank 1 (see [10, Chapter 1, §4, Section 3]). This means that X is isometric to
one of the hyperbolic spaces Hn(R), H2n(C), and H4n(Q) or to the hyperbolic Cayley
plane H16(Cay). (Here, the superscript indicates the real dimension.) Many authors
considered questions related to the injectivity of the global Pompeiu transformation on
these spaces (see [2, 3]).

First local results for hyperbolic spaces appeared relatively recently in [11]–[14]. In
particular, in [12, 13] a construction was proposed for inversion of the local Pompeiu
transformation in the case where the family F consists of two geodesic balls in Hn(R) or
H2n(C). For other symmetric spaces, no similar recovering of a function has been known
up to now.

Quaternion case. In the present paper, we solve this problem for the quaternion hy-
perbolic space H4n(Q). In contrast to the case of Hn(R) or H2n(C), the techniques
developed in [15] by the first author play a principal role here. In particular, we use sub-
stantially the realization of irreducible components of the quasiregular representation of
the compact symplectic group Sp(n) that was found in [15, §§4 and 5]. Furthermore, the
description of the intertwining operators for such components that was obtained in [15,
§7] is of importance in our constructions.

Structure of the paper. We formulate our main result in precise terms in §2. In §3,
we fix the main notation and present facts required subsequently. In §§4–6, we develop
the techniques involved in the proof of our main result. In §4, we find a specific integral
presentation for the eigenfunctions of the Laplace–Beltrami operator on H4n(Q). In
§5, we compute the Fourier transforms of some distributions on H4n (Q). In §6, we
prove auxiliary assertions related to the construction of the inverse of the local Pompeiu
transformation for the family consisting of two geodesic balls in H4n(Q). Our main result
is proved in §7.
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§2. Statements of the main results

Let n ≥ 2. We denote by Qn the n-dimensional left quaternion Euclidean space with
scalar product

〈a, b〉 :=
n∑
k=1

akbk,

where a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Qn (see, e.g., [16, Chapter 1, §2]). We set

ak = αk + αn+kj and bk = βk + βn+kj,

where αk, αn+k, βk, βn+k ∈ C, 1 ≤ k ≤ n, and identify Qn with the 2n-dimensional
complex Euclidean space C2n via the correspondence

(a1, . . . , an) 7→ (α1, . . . , α2n) .

We have

(2.1) 〈a, b〉 = 〈a, b〉C − (a, b)C j,

where

〈a, b〉C =
2n∑
k=1

αkβk and (a, b)C =
n∑
k=1

(αkβn+k − αn+kβk) .

We define
B4n := {a ∈ Qn : |a| < 1} = {z ∈ C2n : |z| < 1},

where |a|2 = 〈a, a〉. The matrix

(2.2) qik(a) :=

(
1− |a|2

)
δik + aiak

(1− |a|2)2 , 1 ≤ i, k ≤ n,

where δik is the Kronecker delta, is quaternion symmetric (qik = qki) and induces the
structure of a Riemannian manifold on B4n. The distance d (z, w) between two points
z, w ∈ B4n in the metric (2.2) is given by the formula

d(z, w) :=
1
2

log
|1− 〈z, w〉|+

√
|w − z|2 + |〈w, z〉|2 − |z|2|w|2

|1− 〈z, w〉| −
√
|w − z|2 + |〈w, z〉|2 − |z|2|w|2

(see [15, Lemma 6]). The Riemannian measure on B4n has the form

dµ(z) =
dm(z)

(1− |z|2)2n+2
,

where dm is the Lebesgue measure on C2n (see [15, Lemma 2]). The space H4n(Q) is
isometric to the ball B4n with the metric (2.2) (see [15, Theorem 2]).

Let L denote the Laplace–Beltrami operator on H4n(Q),

(Lf)(z) =
(Lf)(z)

4(1− |z|2)

(see [15, formula (22)]). For nonnegative integers p, q, and m ≤ min(p, q), we define

H(p, q,m) := {f ∈ H(p, q) : Lf = (m− 1)(m− s)f},
where s = p + q and H(p, q) is the space of homogeneous harmonic polynomials of
bidegree (p, q) in C2n (see [17, Chapter 12]). Next, we identify the space H(p, q) with
the space of restrictions of its elements to the unit sphere S4n−1. The space L2(S4n−1)
is the orthogonal direct sum of the spaces H(p, q,m) for p, q ≥ 0 and 0 ≤ m ≤ min(p, q)
(see [15, Theorem 3]).

Let ρ, σ be the polar coordinates in C2n (ρ = |z| for z ∈ C2n, and if z 6= 0, then
σ = z/|z|), and let {Skp,q,m}

N(n,p,q,m)
k=1 be a fixed orthonormal basis in the spaceH(p, q,m).
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We denote by BR = {z ∈ B4n : d(0, z) < R} the open geodesic ball of radius R > 0
centered at the origin. Every function f locally integrable in BR (notation: f ∈ Lloc(BR))
gives rise to a Fourier series,

f(ρσ) ∼
∞∑

p,q=0

min(p,q)∑
m=0

N(n,p,q,m)∑
k=1

fkp,q,m(ρ)Skp,q,m(σ), ρ ∈ (0, tanhR),

where

(2.3) fkp,q,m(ρ) =
∫
S4n−1

f(ρσ)Skp,q,m(σ) dσ,

and dσ is the normalized surface measure on S4n−1. In order to recover f , it suffices to
know the Fourier coefficients fkp,q,m.

Throughout this paper,

λ ∈ C, ν = ν(λ) =
2n+ 1− iλ

2
, and ν′ = ν(−λ).

For α, β ≥ 0, we define

ϕ
(α,β)
λ (t) := F

(
α+ β + 1− iλ

2
,
α+ β + 1 + iλ

2
;α+ 1;−sinh2t

)
,

where F is the hypergeometric function. We also set

(2.4) Φs,mλ (ρ) :=
Γ(ν + s−m)Γ(2n)
Γ(2n+ s)Γ(ν −m)

ρs(1 − ρ2)νF (ν + s−m, ν − 1 +m; 2n+ s; ρ2),

where Γ is the gamma-function. The spherical functions on H4n(Q) are of the form

ϕλ(z) = ϕ
(2n−1,1)
λ (d(0, z)) = Φ(0,0)

λ (|z|) =
∫
S4n−1

eν,ω(z) dω,

where

eν,ω(z) =
(

1− |z|2
|1− 〈z, ω〉|2

)ν
, ω ∈ S4n−1

(see [18] and also [15, Lemma 26]). The Fourier transform of a compactly supported
distribution T on H4n(Q) is defined as follows:

T̃ (λ, ω) := 〈T, eν,ω〉, λ ∈ C, ω ∈ S4n−1.

If T is a radial distribution, i.e.,

〈T, f〉 = 〈T, f ◦ τ〉, τ ∈ Sp(n), f ∈ C∞(B4n),

then for each ω ∈ S4n−1 the Fourier transform T̃ (λ, ω) coincides with the spherical
transform T̃ (λ) = 〈T, ϕλ〉. In particular, for the indicator function χt of the ball Bt, we
have

χ̃t(λ) =
π2n

Γ(2n+ 1)
(sinh t)4n(cosh t)4ϕ

(2n,2)
λ (t)

(see [13, Lemma 3.3]). All zeros λ of the function ϕ
(2n,2)
λ (t) are real and simple and lie

symmetrically with respect to the point λ = 0 (see [15, §1] and also §6 below). We put

N (t) := {λ > 0 : ϕ(2n,2)
λ (t) = 0}.

As in [10, Chapter 2, §5], we denote by T1 × T2 the convolution of two distributions on
H4n(Q) (one is assumed to have compact support). Our main result in the present paper
is as follows.
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Theorem 2.1. Suppose that 0 < r1 < r2, r1 + r2 < R, and N (r1) ∩ N (r2) = ∅. For
any p, q ≥ 0, 0 ≤ m ≤ min(p, q), 1 ≤ k ≤ N(n, p, q,m), and t ∈ (0, R), there exist
distributions Ul,i (l ∈ N, i = 1, 2) with the following properties:

1) suppUl,i ⊂ BR−ri for l ∈ N and i = 1, 2;
2) for each function f ∈ C∞(BR), we have

(2.5) fkp,q,m(tanh t) = lim
l→∞

(〈Ul,1, f × χr1〉+ 〈Ul,2, f × χr2〉) .

Several remarks are in order here. As has already been noticed, analogs of Theorem 2.1
for Rn, Hn(R), and H2n(C) were obtained in [1, 12, 13]. The distributions Ul,i are
constructed explicitly in §7; the construction is based on the Paley–Wiener theorem for
the spherical transformation on H4n(Q) (see [10, Chapter 4, §7] and [13, 19]). Since

(f × χri)(w) =
∫
d(z,w)<ri

f(z) dµ(z), w ∈ BR−ri , i = 1, 2,

we see that Theorem 2.1 contains a construction for recovering a function by its globular
mean values on the quaternion hyperbolic space. In particular, if r1 + r2 < R, N (r1) ∩
N (r2) = ∅, and the function f ∈ Lloc(BR) has zero integrals (with respect to the measure
µ) over all closed geodesic balls of radii r1 and r2 and lying in BR, then f = 0 in BR
(see [10, Chapter 1, Proof of Theorem 4.2]). We note that these conditions on r1 and r2

are sharp, and that the question on the injectivity of P(Br1 ,Br2),U for hyperbolic spaces
was studied completely in [14, 18], and [20]–[23] by different methods.

Our method of the proof of Theorem 2.1 allows us to obtain similar assertions for
other families of distributions on H4n(Q). We present a result in this direction.

Let σr denote the surface delta-function concentrated on the sphere Sr = {z ∈ B4n :
d(0, z) = r}.

Theorem 2.2. Suppose r > 0 and R > 2r. Then for any p, q ≥ 0, 0 ≤ m ≤ min(p, q),
1 ≤ k ≤ N(n, p, q,m), and t ∈ (0, R), there exist distributions Vl,i (l ∈ N, i = 1, 2) with
the following properties:

1) suppVl,i ⊂ BR−r for l ∈ N and i = 1, 2;
2) for each function f ∈ C∞(BR), we have

fkp,q,m(tanh t) = lim
l→∞

(〈Vl,1, f × χr〉+ 〈Vl,2, f × σr〉) .

As a consequence, we see that if a function f ∈ C∞(BR) has zero integrals over all
closed geodesic balls and spheres of fixed radius r < R/2, then f vanishes in BR.

The main results of the present paper were announced in [24]. Concerning other
aspects of the Pompeiu problem on symmetric spaces, see [2, 3, 25, 26] and the references
therein. The authors thank V. V. Volchkov and V. P. Zastavny̆ı for useful discussions
and remarks.

§3. Notation and auxiliary constructions

As usual, N, Z, and Z+ denote the set of positive integers, integers, and nonnegative
integers, respectively. We write

z = (z1, . . . , z2n) ∈ C2n, zk = xk + iyk, xk, yk ∈ R1, k = 1, . . . , 2n.

Next, we identify C2n and R4n via the correspondence

(z1, . . . , z2n) 7→ (x1, . . . , x2n, y1, . . . , y2n) .
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We set zη = zη1
1 · · · z

η2n
2n , where η = (η1, . . . , η2n) ∈ Z2n

+ is a multiindex of length
|η| = η1 + · · ·+ η2n. For each polynomial

P (z) =
∑

|η|≤p,|κ|≤q
cη,κz

ηzκ , cη,κ ∈ C,

we denote by P
(
∂
∂z

)
the differential operator

P

(
∂

∂z

)
:=

∑
|η|≤p,|κ|≤q

cη,κ
∂|η|+|κ|

∂zκ∂zη
,

where
∂

∂zk
=

1
2

(
∂

∂xk
− i ∂

∂yk

)
and

∂

∂zk
=

1
2

(
∂

∂xk
+ i

∂

∂yk

)
.

Since H(p, q) is the linear hull of functions of the form

(c1z1 + · · ·+ c2nz2n)p (d1z1 + · · ·+ d2nz2n)q ,

where
c1d1 + · · ·+ c2nd2n = 0, ck, dk ∈ C, k = 1, . . . , 2n

(see [13] and [17, Subsection 12.5]), it follows that for Hp,q ∈ H(p, q) and f ∈ C∞(B4n)
we have

(3.1) Dp,q

(
(1− |z|2)λf(z)

)
(0) = Dp,qf(0)

and

(3.2) Dp,q

(
|z|2kf(z)

)
(0) = 0, k ∈ N,

where Dp,q = Hp,q

(
∂
∂z

)
(see [13, Lemma 4.2]). Furthermore,

Dp,q

((
1− |z|2

|1− 〈z, ω〉C|2

) 2n−iλ
2
)

(0)

=
Γ
(

2p+2n−iλ
2

)
Γ
(

2q+2n−iλ
2

)
Γ2
(

2n−iλ
2

) Hp,q(ω), ω ∈ S4n−1

(see [13, Proof of Lemma 4.3]). Combining this with the identity∫
S4n−1

(
1− |z|2

|1− 〈z, ω〉C|2

) 2n−iλ
2

Hp,q(ω) dω

=
Γ
(

2p+2n−iλ
2

)
Γ
(

2q+2n−iλ
2

)
Γ(2n)

Γ2
(

2n−iλ
2

)
Γ(2n+ s)

×
(
1− |z|2

) 2n−iλ
2 F

(
2p+ 2n− iλ

2
,

2q + 2n− iλ
2

; 2n+ s; |z|2
)
Hp,q(z)

(see [13, formulas (4.9) and (4.11)]), we obtain

(3.3) Dp1,q1(k1)(Skp,q)(0) =

{
0 if (p1, q1, k1) 6= (p, q, k),
Γ(2n+p+q)

Γ(2n) if (p1, q1, k1) = (p, q, k),

where
{
Skp,q

}N(n,p,q)

k=1
is a fixed orthonormal basis in H(p, q) and Dp1,q1(k1) = Sk1

p1,q1

(
∂
∂z

)
(see (3.1) and (3.2)).

We define

Z(p, q,m) := {f ∈ H(p, q,m) : f ◦ τ = f , τ ∈ Sp(n− 1)}
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(hereinafter, we regard Sp(n − 1) as the isotropy subgroup in Sp(n) of the point e1 =
(1, 0, . . . , 0) ∈ C2n) and set

Zp,q,m(z) :=
m∑
l=0

Pl(z)Fl,p,q,m(z),

where

Pl(z) =
( n∑
k=2

(
|zk|2 + |zn+k|2

))l
,

Fl,p,q,m(z) =
p−l∑

k=p−m
alkz

k
1z
p−l−k
n+1 zk+m−p

1 zq−l−k−m+p
n+1 ,

and the constants alk are determined by the following recurrence relations:

am,p−m = 1,

(m− l)al,p−m = al,p−m+1, 0 ≤ l ≤ m− 1,

al,k+1(k + 1)(k + 1 +m− p) + alk(p− l − k)(q − l − k −m+ p)

= −(l+ 1)(2n+ l − 2)al+1,k, 0 ≤ l ≤ m− 1, p−m ≤ k ≤ p− l− 1.

The functions {
Dl (Zp,q,m)

}s−2m

l=0
, where D = zn+1

∂

∂z1
− z1

∂

∂zn+1
,

form an orthogonal basis of the space Z(p, q,m) (see [15, Lemma 14]). Also, we mention
the relation

Dl
(
zα1 z

β
n+1z

γ
1z
δ
n+1

)
=

min(l,α)∑
k=max(0,l−δ)

(−1)l−k
l!

k!(l − k)!
α!

(α− k)!
δ!

(δ − l + k)!
zα−k1 zβ+k

n+1z
γ+l−k
1 zδ−l+kn+1 ,

(3.4)

where α, β, γ, δ ∈ Z+.
We fix a point z ∈ S4n−1 and consider the linear functional on H(p, q,m) that takes a

function f ∈ H(p, q,m) to the number f(z). By the Riesz theorem, there exists a unique
function Kz ∈ H(p, q,m) such that

(3.5) f(z) =
∫
S4n−1

f(σ)Kz(σ) dσ, f ∈ H(p, q,m).

The functions Kz possess the following properties (see [15, Lemmas 15 and 16]):
1) for each function f ∈ L2

(
S4n−1

)
, we have

(πp,q,mf)(z) =
∫
S4n−1

f(σ)Kz(σ) dσ,

where πp,q,m : L2
(
S4n−1

)
→ H(p, q,m) is the orthogonal projection;

2) Kz(w) = Kw(z) for z, w ∈ S4n−1;
3) Kτz = Kz ◦ τ−1 for τ ∈ Sp(n);
4) Kz = Kz ◦ τ for any τ ∈ Sp(n) such that τz = z;
5) Kz(z) = Kw(w) for z, w ∈ S4n−1;
6) Ke1(z) = αp,q,mD

q−m (Zp,q,m) (z), where

αp,q,m = Dq−m(Zp,q,m)(e1)
/∫

S4n−1

∣∣Dq−m(Zp,q,m)(σ)
∣∣2 dσ.
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We denote by T(τ) the quasiregular representation of the group Sp(n) in S4n−1: for
f ∈ L2

(
S4n−1

)
, we have

(T(τ)f) (σ) = f
(
τ−1σ

)
,

where σ ∈ S4n−1 and τ ∈ Sp(n)). Next, we denote by Tp,q,m(τ) the restriction of T(τ) to
H(p, q,m), and let tp,q,ml,k (τ), 1 ≤ l, k ≤ N(n, p, q,m), be the matrix of the representation
Tp,q,m(τ), i.e.,

Tp,q,m(τ)Skp,q,m =
N(n,p,q,m)∑

l=1

tp,q,ml,k (τ)Slp,q,m.

The representation T(τ) is an orthogonal direct sum of irreducible unitary representations
Tp,q,m(τ), p, q ∈ Z+, 0 ≤ m ≤ min(p, q), and two representations Tpi,qi,mi(τ), i = 1, 2,
are equivalent if and only if p1 + q1 = p2 + q2 and m1 = m2 (see [15, Theorems 4 and 5]).
It follows that for f ∈ Lloc(BR), σ ∈ S4n−1, and almost all ρ ∈ (0, tanhR) we have

(3.6) N(n, p, q,m)
∫

Sp(n)

f(ρτ−1σ)tp,q,ml,k (τ) dτ =
∑

p1+q1=s

p1,q1≥m

fkp1,q1,m(ρ)Slp1,q1,m(σ),

where dτ is the normalized Haar measure on Sp(n) (see [15, Lemma 20]).
We introduce the differential operators D1(s,m) and D2(s,m) that act on the func-

tions ϕ ∈ C1(0, tanhR) as follows:

(D1(s,m)ϕ) (ρ) =
(1− ρ2)2n+s+1−m

ρ4n+s−2

d

dρ

(
ρ4n+s−2

(1− ρ2)2n+s−mϕ(ρ)
)
,

(D2(s,m)ϕ) (ρ) =
ρs−1

(1− ρ2)s−m−2

d

dρ

(
(1 − ρ2)s−1−m

ρs−1
ϕ(ρ)

)
.

If a function f in C2(BR) has the form f(z) = ϕ(ρ)Hp,q,m(σ), where Hp,q,m ∈ H(p, q,m),
then

(3.7) ((L+ 4(2n+ s−m)(m− s+ 1)I) f) (z) = (D2(s,m)D1(s,m)ϕ) (ρ)Hp,q,m(σ),

where I is the identity operator (see [15, Proof of Lemma 26]). We also need the relations

(3.8) L(eν,ω) = −(λ2 + (2n+ 1)2)eν,ω

and

(3.9) L (Φs,mλ (ρ)Hp,q,m(σ)) = −
(
λ2 + (2n+ 1)2

)
Φs,mλ (ρ)Hp,q,m(σ)

(see [15, formulas (87) and (88)]).

§4. An integral presentation for the functions Φs,mλ (ρ)Hp,q,m(σ)

We denote by (x, y) the Euclidean scalar product of vectors x, y ∈ Rn, and by H(k)
the space of spherical harmonics of degree k on Sn−1 (see [27, Chapter 4, §2]).

Lemma 4.1. Suppose Hk ∈ H(k) and x ∈ Sn−1. Then

(4.1)
∫
Sn−1

(ξ, x)kHk(ξ) dξ =
k!
2k

Γ
(
n
2

)
Γ
(
n
2 + k

)Hk(x),

where dξ is the normalized surface measure on Sn−1.

Proof. By the Funk–Hecke theorem (see [28, Subsection §11.4]), we have

(4.2)
∫
Sn−1

(ξ, x)kHk(ξ) dξ = λk,nHk(x),
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where

λk,n =
2n−3Γ

(
n−2

2

)
Γ
(
n
2

)
Γ(k + 1)

πΓ(k + n− 2)

∫ 1

−1

tkC
n−2

2
k (t)(1 − t2)

n−3
2 dt,

and C
n−2

2
k is the Gegenbauer polynomial of degree k and of order n−2

2 (see, e.g., [28,
Subsection 11.1]). Since∫ 1

−1

tkC
n−2

2
k (t)(1 − t2)

n−3
2 dt =

√
πΓ(k + n− 2)Γ

(
n−1

2

)
2kΓ(n− 2)Γ

(
k + n

2

)
(see [29, Chapter 9, Subsection 4.8, formula (8)]), relation (4.2) and the Legendre dupli-
cation formula for the Γ-function (see [30, Subsection 1.2, formula (15)]) imply (4.1). �

Lemma 4.2. Suppose that l ∈ Z+ and l 6= q −m. Then for ρ ∈ [0, 1) we have∫
S4n−1

(
1− ρ2

|1− ρ〈σ, e1〉|2

)ν
Dl (Zp,q,m) (σ) dσ = 0.

Proof. If σ = (σ1, . . . , σ2n) ∈ S4n−1, then

〈σ, e1〉 = σ1 + σn+1j, |1− ρ〈σ, e1〉|2 = 1− uρ(σ),

where
uρ(σ) = 2ρReσ1 − ρ2

(
|σ1|2 + |σn+1|2

)
(see (2.1)). The definition of the functions uρ and Zp,q,m implies that for θ ∈ [−π, π] we
have

(4.3) uρ(σ1, . . . , σn, e
iθσn+1, σn+2, . . . , σ2n) = uρ(σ)

and

(4.4)

Dl (Zp,q,m) (σ1, . . . , σn, e
iθσn+1, σn+2, . . . , σ2n)

= eiθ(l+m−q)
m∑
k=0

Dl (Fk,p,q,m) (σ)Pk(σ)

(see (3.4)). Applying the formula∫
S4n−1

f(σ) dσ =
1

2π

∫
S4n−1

dσ

∫ π

−π
f(σ1, . . . , σn, e

iθσn+1, σn+2, . . . , σ2n) dθ

(see [17, Subsection 1.4.7]), we complete the proof. �

Lemma 4.3. Suppose Hp,q,m ∈ H(p, q,m) and z ∈ B4n. Then∫
S4n−1

eν,ω(z)Hp,q,m(ω) dω = Φs,mλ (|z|)Hp,q,m

(
z

|z|

)
.

Proof. Consider the function

f(z) :=
(

1− |z|2
|1− 〈z, e1〉|2

)ν
.

Since Lf = −
(
λ2 + (2n+ 1)2

)
f (see (3.8)), formula (3.6) and the Sp(n)-invariance of

the operator L (see [15, Lemma 1]) yield∑
p1+q1=s

p1,q1≥m

(
L+

(
λ2 + (2n+ 1)2

)
I
) (
fkp1,q1,m(ρ)Slp1,q1,m(σ)

)
= 0.

By the orthogonality of the spaces H(p1, q1,m) on S4n−1, we obtain

(4.5)
(
L+

(
λ2 + (2n+ 1)2

)
I
) (
fkp1,q1,m(ρ)Slp1,q1,m(σ)

)
= 0
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(see (3.7)). Since the function fkp,q,m(ρ) is smooth at the origin, from (3.9), (2.3), and (4.5)
we deduce that

(4.6)
∫
S4n−1

(
1− ρ2

|1− ρ〈σ, e1〉|2

)ν
Hp,q,m(σ) dσ = α1(λ)Φs,mλ (ρ),

where α1(λ) does not depend on ρ. Next, we have

(4.7)
∫
S4n−1

Hp,q,m(ω)
|1− ρ〈ω, σ〉|2ν dω =

∫
S4n−1

Hp,q,m(ξ)
(∫

S4n−1

Kω(ξ)
|1− ρ〈ω, σ〉|2ν dω

)
dξ

(see (3.5)). Suppose that τ ∈ Sp(n) and τσ = e1. Then
(4.8)∫

S4n−1

Kω(ξ)
|1− ρ〈ω, σ〉|2ν dω =

∫
S4n−1

Kω(τξ)
|1− ρ〈ω, e1〉|2ν

dω =
∫
S4n−1

Ψω(τξ)
|1− ρ〈ω, e1〉|2ν

dω,

where

(4.9) Ψω(ξ) =
∫

Sp(n−1)

Kω(gξ) dg

(see [16, Chapter 1, Subsection 2.3] and also properties 3) and 4) of the functions Kz).
Since Ψω ∈ Z(p, q,m), from [15, Lemma 14] it follows that

(4.10) Ψω(ξ) =
s−2m∑
l=0

cl(ω)Dl (Zp,q,m) (ξ),

where
cl(ω) = γlDl (Zp,q,m) (ω)

and

γl =
(∫

S4n−1
|Dl(Zp,q,m)(ξ)|2 dξ

)−1

(see (4.9) and (3.5)). By property 6) of the functions Kz, relations (4.8) and (4.10) and
Lemma 4.2 imply the identity∫

S4n−1

Kω(ξ)
|1− ρ〈ω, σ〉|2ν dω = cKe1(τξ)

∫
S4n−1

Ke1(ω)
|1− ρ〈ω, e1〉|2ν

dω,

where the constant c depends only on p, q,m, and n. Consequently (see (4.7), (4.6),
and (3.5)), we have

(4.11)
∫
S4n−1

(
1− ρ2

|1− ρ〈ω, σ〉|2

)ν
Hp,q,m(ω) dω = α2(λ)Φs,mλ (ρ)Hp,q,m(σ),

where α2(λ) does not depend on ρ and σ. It remains to prove that α2(λ) ≡ 1. Differen-
tiating (4.11) s times with respect to ρ, putting ρ = 0, and recalling (2.1) and (2.4), we
obtain

α(ν) = s!
Γ(2n)Γ(ν −m+ s)
Γ(2n+ s)Γ(ν −m)

α2(λ)Hp,q,m(σ),

where α(ν) is a polynomial in ν of degree s with the leading coefficient equal to

2s
∫
S4n−1

(σ, ω)sHp,q,m(ω) dω.

Applying (2.4) and (4.1), we see that α2(λ) ≡ 1, and Lemma 4.3 is proved. �
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§5. Main formula for the Fourier coefficients fkp,q,m(tanh t)

We denote by δ0 the delta distribution centered at the origin of the space H4n(Q).

Lemma 5.1. If

Hp,q,m ∈ H(p, q,m), Dp,q,m = Hp,q,m

(
∂

∂z

)
, Wp,q,m = (−1)sDp,q,mδ0,

then

(5.1) W̃p,q,m(λ, ω) =
Γ(ν + s−m)

Γ(ν −m)
Hp,q,m(ω).

Proof. Since the functions
{
Skp,q,m

}
, 0 ≤ m ≤ min(p, q), 1 ≤ k ≤ N(n, p, q,m), form an

orthonormal basis of the space H(p, q) (see [15, Lemma 9]), from (3.3) and Lemma 4.3
it follows (see (3.1) and (3.2)) that∫

S4n−1
Dp1,q1,m1(k1) (eν,ω) (0)Skp,q,m(ω) dω

=

{
0 if (p1, q1,m1, k1) 6= (p, q,m, k),
Γ(ν+s−m)

Γ(ν−m) if (p1, q1,m1, k1) = (p, q,m, k),

where Dp1,q1,m1(k1) = Sk1
p1,q1,m1

(
∂
∂z

)
. Consequently,

Dp,q,m (eν,ω) (0) =
Γ(ν + s−m)

Γ(ν −m)
Hp,q,m(ω).

Using the definition of Dp,q,mδ0 (see [13, §4]), we arrive at 5.1. �

We put Tr,0,0 = σr and, for s ∈ N,

Tr,s,m(z) = F

(
s−m+ 1,m; s;

tanh2 r − |z|2
1− |z|2

)(
tanh2 r − |z|2

1− |z|2

)s−1

χr(z).

It is easily seen that T̃r,0,0(λ) = ϕ
(2n−1,1)
λ (r) (see [13, Proof of Lemma 3.4]).

Lemma 5.2. Let s ∈ N. Then

(5.2) T̃r,s,m(λ) = π2nΓ(s)(sinh r)4n+2s−2(cosh r)4−2mGs,m(λ, r),

where

Gs,m(λ, r) :=
ϕ

(2n−1+s,s−2m+1)
λ (r)

Γ(2n+ s)
.

Proof. 1) First, we assume that m ∈ N. Setting

h(t) := ts−1F (s−m+ 1,m; s; t),

we have

T̃r,s,m(λ) =
∫
Br

h

(
tanh2 r − |z|2

1− |z|2

)
ϕλ(z) dµ(z)

=
2π2n

Γ(2n)

∫ r

0

h

(
tanh2 r − tanh2 t

1− tanh2 t

)
ϕ

(2n−1,1)
λ (t)(sinh t)4n−1(cosh t)3 dt

(5.3)

(see [13, formula (3.7)]). Changing the variables by the formula u = sinh2 t/ sinh2 r, we
obtain
(5.4)

T̃r,s,m(λ) =
π2n

Γ(2n)
(sinh r)4n

∫ 1

0

h
(
(1 − u) tanh2 r

)
u2n−1(1− εu)F (ν, ν′; 2n; εu) du,
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where ε = − sinh2 r. Since

(5.5) F (α, β; γ;λ) = (1 − λ)γ−α−βF (γ − α, γ − β; γ;λ)

(see [30, Subsection 2.1, formula (23)]), we obtain
(5.6)

T̃r,s,m(λ) =
π2n

Γ(2n)
(sinh r)4n

∫ 1

0

h
(
(1− u) tanh2 r

)
u2n−1F (ν − 1, ν′ − 1; 2n; εu) du.

Since

(5.7)
Γ(γ)

Γ(γ − l)λ
γ−1−lF (α, β; γ − l;λ) =

dl

dλl
(
λγ−1F (α, β; γ;λ)

)
(see [30, Subsection 2.8, formula (22)]), we have

T̃r,s,m(λ) =
π2n(sinh r)4n

Γ(2n+ s−m)

×
∫ 1

0

h((1 − u) tanh2 r)
(
d

du

)s−m
(u2n+s−m−1F (ν − 1, ν′ − 1; 2n+ s−m; εu)) du.

Integration by parts yields

T̃r,s,m(λ) = (−1)s−m
π2n(sinh r)4n

Γ(2n+ s−m)

×
∫ 1

0

(
d

du

)s−m
(h((1 − u) tanh2 r))u2n+s−m−1F (ν − 1, ν′ − 1; 2n+ s−m; εu) du,

whence

T̃r,s,m(λ)

=
π2nΓ(s)

Γ(m)Γ(2n+ s−m)
(sinh r)4n+2s−2(cosh r)4−2m

×
∫ 1

0

u2n+s−m−1(1 − u)m−1(1 − εu)m−s−1F (ν − 1, ν′ − 1; 2n+ s−m; εu) du

(5.8)

(see (5.7) and also [30, Subsection 2.8, formula (4)]). By (5.5), we have

T̃r,s,m(λ)

=
π2nΓ(s)

Γ(m)Γ(2n+ s−m)
(sinh r)4n+2s−2(cosh r)4−2m

×
∫ 1

0

u2n+s−m−1(1− u)m−1F (ν + s−m, ν′ + s−m; 2n+ s−m; εu) du.

(5.9)

Using the formula

F (α, β; γ;λ) =
Γ(γ)

Γ(δ)Γ(γ − δ)

∫ 1

0

uδ−1(1− u)γ−δ−1F (α, β; δ;uλ) du,

where Re γ > Re δ > 0, λ 6= 1, and | arg(1−λ)| < π (see [30, Subsection 2.4, formula (2)]),
from (5.9) and the definition of ϕ(α,β)

λ (t) we obtain the assertion of the lemma for m ∈ N.
2) Now, suppose that m = 0. Then, as before,

T̃r,s,0(λ) =
π2n

Γ(2n)
(sinh r)4n+2s−2(cosh r)2−2s

×
∫ 1

0

u2n−1(1− u)s−1(1− εu)F (ν, ν′; 2n; εu) du.
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Thus,

T̃r,s,0(λ)

=
π2n

Γ(2n+ s)
(sinh r)4n+2s−2(cosh r)2−2s

×
∫ 1

0

(1 − u)s−1

(
d

du

)s
(u2n+s−1(1 − εu)s+1F (ν + s, ν′ + s; 2n+ s; εu)) du,

(5.10)

because
Γ(γ)

Γ(γ − l)λ
γ−1−l(1− λ)α+β−γ−lF (α− l, β − l; γ − l;λ)

=
dl

dλl
(
λγ−1(1− λ)α+β−γF (α, β; γ;λ)

)
(see [30, Subsection 2.8, formula (27)]). Integrating by parts, we obtain

T̃r,s,0(λ) =
π2nΓ(s)

Γ(2n+ s)
(sinh r)4n+2s−2(cosh r)2−2s

×
∫ 1

0

d

du

(
u2n+s−1(1− εu)s+1F (ν + s, ν′ + s; 2n+ s; εu)

)
du

=
π2nΓ(s)

Γ(2n+ s)
(sinh r)4n+2s−2(cosh r)4F

(
ν + s, ν′ + s; 2n+ s;− sinh2 r

)
= π2nΓ(s)(sinh r)4n+2s−2(cosh r)4Gs,0(λ, r),

and Lemma 5.2 is proved. �
For Hp,q,m ∈ H(p, q,m), we denote by Hp,q,mσr the simple layer on Sr with surface

density Hp,q,m (see, e.g., [31, Chapter 1, Subsection 1.7]).

Lemma 5.3. For s ∈ N, we have

Hp,q,mσr =
Γ(2n)

π2nΓ(s)(sinh r)4n−2(cosh r)4
Wp,q,m × Tr,s,m.

Proof. Since

F (α, β; γ;λ) = (1− λ)−αF
(
α, γ − β; γ;

λ

λ− 1

)
= (1− λ)−βF

(
γ − α, β; γ;

λ

λ− 1

)(5.11)

(see [30, Subsection 2.1, formula (22)]), Lemma 4.3 implies

(5.12) ˜Hp,q,mσr(λ, ω) =
Γ(ν + s−m)Γ(2n)

Γ(ν −m)
(sinh r)2s(cosh r)−2mGs,m(λ, r)Hp,q,m(ω).

By (5.1) and (5.2), we obtain

˜Hp,q,mσr =
Γ(2n)

π2nΓ(s)(sinh r)4n−2(cosh r)4
W̃p,q,mT̃r,s,m,

which proves the lemma. �
Corollary 5.1. Suppose f ∈ C∞(BR) and 0 < t < R. Then for s ∈ N we have

(5.13) fkp,q,m(tanh t) =
Γ(2n)(cosh t)s−4

π2nΓ(s)(sinh t)4n+s−2
〈Wk

p,q,m × Tt,s,m, f〉,

where Wk
p,q,m = (−1)sDp,q,m(k)δ0.
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Proof. This is deduced from (2.3) and Lemma 5.3 with the help of simple transforma-
tions. �

§6. Auxiliary facts about the functions Gs,m(λ, t)

For α, β ≥ 0 and t > 0, we define

Nα,β(t) := {λ | ϕ(α,β)
λ (t) = 0}.

Lemma 6.1. The following assertions are true:
1) the set Nα,β(t) is symmetric with respect to the point λ = 0;
2) if λ0 ∈

(
Nα,β(t) ∩ R1

)
\{0}, then λ0 is a simple zero of ϕ(α,β)

λ (t);
3) Nα,β(t) ∩ Nα+1,β+1(t) = ∅;
4) if α+ 1 ≥ β, then ϕ

(α,β)
iu (t) > 0 for u ∈ R1 and Nα,β(t) ⊂ R1.

Proof. 1) The symmetry of Nα,β(t) with respect to λ = 0 follows from the relation

(6.1) ϕ
(α,β)
λ (t) = ϕ

(α,β)
−λ (t).

2) Setting
Aα,β(u) = (sinhu)2α+1(coshu)2β+1,

we obtain
d

du

(
Aα,β(u)

d

du
ϕ

(α,β)
λ (u)

)
= −(γ2 + λ2)Aα,β(u)ϕ(α,β)

λ (u),(6.2)

4(1 + α)
d

du
ϕ

(α,β)
λ (u) = −(γ2 + λ2) sinh(2u)ϕ(α+1,β+1)

λ (u),(6.3)

where γ = α+β+1 (see (5.11) and [30, Subsection 2, Section 2.1, formulas (1) and (7)]).
It follows that

(λ2 − λ2
0)Aα,β(u)ϕ(α,β)

λ0
(u)ϕ(α,β)

λ (u)

=
d

du

(
Aα,β(u)

(
ϕ

(α,β)
λ (u)

d

du
ϕ

(α,β)
λ0

(u)− ϕ(α,β)
λ0

(u)
d

du
ϕ

(α,β)
λ (u)

))
=

d

du

(
Aα,β(u) sinh(2u)

4(1 + α)

×
(
(γ2 + λ2)ϕ(α+1,β+1)

λ (u)ϕ(α,β)
λ0

(u)− (γ2 + λ2
0)ϕ(α+1,β+1)

λ0
(u)ϕ(α,β)

λ (u)
))
,

whence

4(1 + α)
(
λ2 − λ2

0

) ∫ t

0

Aα,β(u)ϕ(α,β)
λ (u)ϕ(α,β)

λ0
(u) du

= −
(
γ2 + λ2

0

)
Aα,β(t) sinh(2t)ϕ(α+1,β+1)

λ0
(t)ϕ(α,β)

λ (t).
(6.4)

Passing to the limit as λ→ λ0, we obtain

8 (1 + α) λ0

∫ t

0

Aα,β(u)
(
ϕ

(α,β)
λ0

(u)
)2

du

= −
(
γ2 + λ2

0

)
Aα,β(t) sinh(2t)ϕ(α+1,β+1)

λ0
(t)

d

dλ

(
ϕ

(α,β)
λ (t)

)∣∣∣∣
λ=λ0

.

(6.5)

Since

(6.6) ϕ
(α,β)
λ (u) = ϕ

(α,β)

λ
(u),

formula (6.5) implies d
dλ

(
ϕ

(α,β)
λ (t)

)∣∣
λ=λ0

6= 0, i.e., the multiplicity of λ0 is equal to 1.
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3) This follows from (6.2), (6.3), and the uniqueness theorem for solutions of a linear
differential equation of the second order.

4) Suppose that α+ 1 ≥ β. Since

(6.7) ϕ
(α,β)
λ (u) = (coshu)−iλ−γF

(
γ + iλ

2
,
γ + iλ

2
− β;α+ 1; tanh2 u

)
(see (5.11)), the definition of the hypergeometric function and identity (6.1) imply that

(6.8) ϕ
(α,β)
iu (t) > 0, u ∈ R1.

Next, suppose that λ ∈ Nα,β(t). Then λ2 = λ
2

(see (6.6) and (6.4)). By (6.8), we
conclude that λ ∈ R1. Lemma 6.1 is proved. �
Corollary 6.1. Let t > 0. Then all zeros λ of the function Gs,m(λ, t) are real and simple
and lie symmetrically with respect to the point λ = 0.

In what follows, we need estimates of certain functions related to Gs,m(λ, t). We set

Ps,m(ν) :=
Γ(ν + s−m)

Γ(ν −m)
.

Lemma 6.2. Suppose t > 0 and λ ∈ C. Then

(6.9) |Gs,m(λ, t)| ≤ et(2n+1+| Imλ|)

Γ(2n)(sinh t)s(cosh t)s−2m|Ps,m(ν)| .

Proof. By the definition of eν,ω, we have

|eν,ω(z)| ≤ e(2n+1+| Imλ|) arctanh |z|, z ∈ B4n.

Since

Gs,m(λ, t) =
Φs,mλ (tanh t)

Γ(2n)(sinh t)s(cosh t)s−2mPs,m(ν)
(see (2.4) and (6.7)) we obtain (6.9) by applying Lemma 4.3. �
Lemma 6.3. Suppose that a1, a2, a3 > 0, p, q ∈ Z+, and m ∈ {0, . . . ,min(p, q)}. Let

ϕ(λ) = ϕ
(2n,2)
λ (a1)ϕ(2n,2)

λ (a2)ϕ(2n−1+s,s−2m+1)
λ (a3).

Then there exist positive constants c1 and c2 independent of λ such that for each integer
l ≥ c2 we can choose ρl(a1, a2, a3) ∈ (l, l+1) such that the following condition is satisfied:
if |λ| = ρl(a1, a2, a3) or | Imλ| ≥ 1 and |λ| ≥ c2, then

|ϕ(λ)| ≥ c1

|λ|6n+s+ 1
2
e(a1+a2+a3)| Imλ|.

Proof. Since the function ϕ(λ) is even, we can assume that Reλ ≥ 0. The asymp-
totic expansion (as |λ| → +∞) of the hypergeometric function (see [30, Subsection 2.3,
formula (17)]) yields

ϕ(λ) =
c

λ6n+s+ 1
2

cos
(
a1λ−

π

4

)
cos
(
a2λ−

π

4

)
cos
(
a3λ−

π

4
(2s− 1)

)
+O

(
e(a1+a2+a3)| Imλ|

|λ|6n+s+ 3
2

)
,

(6.10)

where the constant c depends on s,m, a1, a2, and a3. By the Lojasiewicz inequality, we
have

| cosλ| ≥ min(1, dist(λ,E))
πe

e| Imλ|,

where E =
{

(2l + 1)π2 , l ∈ Z
}

. Applying (6.10), we complete the proof of the lemma (see
[1, Proof of Lemma 6.1]). �
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Lemma 6.4. Suppose 0 < r1 < r2, r1 + r2 < R, and N (r1)∩N (r2) = ∅. Let {εM}∞M=1

be a strictly monotone increasing sequence of positive numbers with limit R
r1+r2

− 1, let
RM = (r1 +r2)(1+εM), and let R0 = 0. Then, for any p, q ∈ Z+, m ∈ {0, . . . ,min(p, q)},
M ∈ N, and t ∈ [RM−1, RM ), there exist two sequences of radial distributions µl,i (l ∈ N
and i = 1, 2) with the following properties:

1) suppµl,i ⊂ BRM−ri for i = 1, 2 and l ∈ N;
2) there exist positive constants

C1 = C1(p, q,m, r1, r2, R, ε1, n) and C2 = C2(r1, r2, R, ε1, n)

depending on the parameters indicated and such that for all l ≥ C1 we have the inequality

|Gs,m(λ, t)−G1,0(λ, r1)µ̃l,1(λ) −G1,0(λ, r2)µ̃l,2(λ)|

≤ C2

l

10s

(sinh t)s(cosh t)s−2m

(1 + |λ|)6n+3

|ν2Ps,m(ν)| e
RM | Imλ|, λ ∈ C.

(6.11)

Proof. Setting βM = (r1 + r2)εM and ρl = ρl(r1, r2, βM ), we consider the even entire
function

(6.12) hl(λ) =
1

2πi

∫
|ζ|=ρl

Gs,m(ζ, t)
ζ6n+2θ(ζ)

ζ6n+2θ(ζ)− λ6n+2θ(λ)
ζ − λ dζ,

where
θ(λ) = G1,0(λ, r1)G1,0(λ, r2)Gs,m(λ, βM ).

By the Cauchy formula,

(6.13) hl(λ) +
1

2πi
λ6n+2θ(λ)

∫
|ζ|=ρl

Gs,m(ζ, t)
ζ6n+2θ(ζ)

dζ

ζ − λ =

{
Gs,m(λ, t) if |λ| < ρl,

0 if |λ| > ρl.

Applying Lemmas 6.2 and 6.3, we find positive constants C1 = C1(p, q,m, r1, r2, R, ε1, n)
and C2 = C2(r1, r2, R, ε1, n) such that

(6.14) |hl(λ)−Gs,m(λ, t)| ≤ C2

l

10s

(sinh t)s(cosh t)s−2m

(1 + |λ|)6n+3

|ν2Ps,m(ν)| e
RM | Imλ|, λ ∈ C,

for all l ≥ C1 (see Lemma 6.1 and also [1, Proof of Proposition 8]). Now, we prove that
the function hl(λ) can be written as

(6.15) hl(λ) = G1,0(λ, r1)µ̃l,1(λ) +G1,0(λ, r2)µ̃l,2(λ),

where the µl,i are some radial distributions supported in the ball BRM−ri , i = 1, 2. We
put

hl,1(λ) =
∑
α∈A1,
|α|<ρl

Gs,m(λ, βM )Gs,m(α, t)
(λ − α)α6n+2G1,0(α, r1)G1,0(α, r2)

(
d

dζ

(
Gs,m(ζ, βM )

)∣∣∣
ζ=α

)−1

,

hl,k(λ) =


∑

α∈Ak
|α|<ρl

G1,0(λ,rk−1)Gs,m(α,t)
(λ−α)α6n+2G1,0(α,r4−k)Gs,m(α,βM )

1
d
dζ (G1,0(ζ,rk−1))

∣∣
ζ=α

if k = 2, 3,∑
α∈Ak,
|α|<ρl

G1,0(λ, rk−3)Gs,m(λ, βM ) ddζ
( (ζ−α)2Gs,m(ζ,t)
ζ6n+2θ(ζ)(λ−ζ)

)∣∣
ζ=α

if k = 4, 5,

where

A1 = N2n−1+s,s−2m+1(βM )\
(
N2n,2(r1) ∪ N2n,2(r2)

)
,

Ak =

{
N2n,2(rk−1)\N2n−1+s,s−2m+1(βM ) if k = 2, 3,
N2n,2(rk−3) ∩ N2n−1+s,s−2m+1(βM ) if k = 4, 5.
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Using Lemma 6.1 and the residue theorem, we obtain

(6.16) hl(λ) = G1,0(λ, r1)fl,1(λ) +G1,0(λ, r2)fl,2(λ),

where

fl,1(λ) = λ6n+2 (Gs,m(λ, βM )hl,3(λ) +G1,0(λ, r2)hl,1(λ) + hl,5(λ)) ,(6.17)

fl,2(λ) = λ6n+2 (Gs,m(λ, βM )hl,2(λ) + hl,4(λ))

+G1,0(λ, r1)Gs,m(λ, βM )(6.18)

× resζ=0

(
Gs,m(ζ, t)
ζ6n+2θ(ζ)

(
λ6n+1 + λ6nζ + · · ·+ ζ6n+1

))
.

Since N (r1) ∩ N (r2) = ∅ and the sets Ak (k = 1, . . . , 5) are symmetric with respect
to the origin, relations (6.17), (6.18), and (6.9) imply that fl,1 and fl,2 are even entire
functions with

(6.19) |fl,i(λ)| ≤ di(1 + |λ|)6n+3e(RM−ri)| Imλ|, λ ∈ C,
where the positive constants d1 and d2 do not depend on λ. Applying the Paley–Wiener
theorem for the spherical transformation on H4n(Q) (see [10, Chapter 4, §7] and also [13,
19]) and using (6.16), we obtain (6.15). Thus (see (6.14)), Lemma 6.4 is proved. �

The following result is proved in a similar way.

Lemma 6.5. Suppose r > 0 and R > 2r. Let {εM}∞M=1 be a strictly monotone increasing
sequence of positive numbers with limit R

2r − 1, let RM = 2r(1 + εM ), and let R0 = 0.
Then, for any p, q ∈ Z+, m ∈ {0, . . . ,min(p, q)}, M ∈ N, and t ∈ [RM−1, RM ), there exist
two sequences of radial distributions νl,i (l ∈ N, i = 1, 2) with the following properties:

1) supp νl,i ⊂ BRM−r, i = 1, 2, l ∈ N;
2) there exist positive constants C1 = C1(p, q,m, r,R, ε1, n) and C2 = C2(r,R, ε1, n)

depending on the parameters indicated and such that for all l ≥ C1 we have the inequality

|Gs,m(λ, t)−G1,0(λ, r)ν̃l,1(λ) −G0,0(λ, r)ν̃l,2(λ)|

≤ C2

l

10s

(sinh t)s(cosh t)s−2m

(1 + |λ|)6n+2

|νPs,m(ν)| e
RM | Imλ|, λ ∈ C.

§7. Proof of Theorems 2.1 and 2.2

First, we prove Theorem 2.1. Let {RM} be the sequence described in Lemma 6.4, and
let t ∈ [RM−1, RM ). We set

Ul,i :=
Γ(2n)
π2n

(sinh t)s(cosh t)s−2m

(sinh ri)4n(cosh ri)4
Wk
p,q,m × µl,i.

Then (5.13) yields

fkp,q,m(tanh t)− 〈Ul,1, f × χr1〉 − 〈Ul,2, f × χr2〉
= 10sΓ(2n)〈Wk

p,q,m × Tl, f〉,
(7.1)

where

Tl =
(sinh t)s(cosh t)s−2m

10sπ2n

×
(

Tt,s,m
Γ(s)(sinh t)4n+2s−2(cosh t)4−2m

− µl,1 × χr1
(sinh r1)4n(cosh r1)4

− µl,2 × χr2
(sinh r2)4n(cosh r2)4

)
.

Since

T̃l(λ) =
(sinh t)s(cosh t)s−2m

10s
(Gs,m(λ, t)−G1,0(λ, r1)µ̃l,1(λ) −G1,0(λ, r2)µ̃l,2(λ))
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(see §2 and (5.2)), relations (6.11) and (7.1) imply that

|fkp,q,m(tanh t)− 〈Ul,1, f × χr1〉 − 〈Ul,2, f × χr2〉|

≤ C

l

10s

(R−RM )10n+2
max

|η|+|κ|≤10n+2,

z∈BR′
M

∣∣∣∣∂|η|+|κ|f∂zη∂zκ
(z)
∣∣∣∣ , l ≥ C1,

where R′M = 2
3R+ 1

3RM , C1 is the constant occurring in Lemma 6.4, and the constant C
depends on r1, r2, R, n, and ε1 (see [13, Proof of Theorem 5.2]). Thus, (2.5) is fulfilled,
which proves Theorem 2.1. �

Similarly, using Lemma 6.5 and setting

Vl,1 :=
Γ(2n)
π2n

(sinh t)s(cosh t)s−2m

(sinh r)4n(cosh r)4
Wk
p,q,m × νl,1,

Vl,2 :=
Γ(2n)
2π2n

(sinh t)s(cosh t)s−2m

(sinh r)4n−1(cosh r)3
Wk
p,q,m × νl,2,

we obtain Theorem 2.2. �
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