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INVERSION THEOREMS
FOR THE LOCAL POMPEIU TRANSFORMATION
IN THE QUATERNION HYPERBOLIC SPACE

VIT. V. VOLCHKOV AND N. P. VOLCHKOVA

ABSTRACT. A construction for inversion of the local Pompeiu transformation is ob-
tained for the family consisting of two geodesic balls on the quaternion hyperbolic
space.

§1. INTRODUCTION

Notation. We denote by R™ the real Euclidean space of dimension n > 2 with Euclidean
norm |-|, by M(n) the group of isometries of R", and by dx Lebesgue measure on R™.

Consider a collection F = (E1,..., Ey) of compact subsets in R™ of positive measure.
The (global) Pompeiu transformation Pz : C(R") — C(M(n))¥ is defined by the formula
(11) P]:f:(flv"'vfk)v

where

fz'(g):/E f(x)ydz, geM(n), i=1,...,k
glvi

(see, e.g., [1 formulas (2.1) and (22)]) Similarly, for an open set U C R", formula (1.1)
determines the local Pompeiu transformation

73_7:7U:C(U)—>C(g1) X oo XC(gk),
where G; = {g e M(n): gE; CU},i=1,... k.
For given F and U, the following problem arises:
Problem ([2]). 1. To find out whether the transformation Pr r; is injective, and if not,

to describe its kernel.
2. If the mapping Pr y is injective, then to find the inverse mapping.

Known results. For individual F and U, the injectivity of the Pompeiu transformation
and related questions were studied in many papers (see the surveys [2]-[4] with extensive
bibliography, and also [5]). The most complete results were obtained for the family
F = (E,«l,gm), where

By, :={x e R": |z| <r;}
and B,, is the closure of B,,, i = 1,2. In this case, the transformation (1.1) is injective
if and only if

T A _
é ¢ &= {A—; ‘ Ai >0, Jua(N) =0, i= 1,2}7
where J,, /5 is the Bessel function [6].
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Furthermore, if elements of &, badly approximate ry/ry, i.e., for some positive con-
stants ¢; and ¢y we have the estimate

T1 /\1

e A2

> 4

- (1 + )\2)52 ’

then there exist compactly supported (and explicitly constructed) distributions v and vy
such that

f=(f*xr) xv1 4+ (f % Xr,) * 12,
where X, is the indicator function of B,,, i = 1,2 (see [7] and also [T, §3]).
Thus, the function f can be recovered by the convolutions f * x,, and f * x.,.

Local results. For F = (Brl,grz) and U = Bpg, where R > max(ry,r2), the above
questions are considerably more difficult. This is related to the violation of the group
structure acting on the set of solutions of the equation Pxf = 0. Here, new effects
arise: the answer to Problem 1 depends to a large extent not only on the nature of the
numbers r; and 79, but also on the size of the ball Br. Berenstein, Gay, and Yger [1], 8]
and Volchkov [9] proved the injectivity of Pz by different methods under the condition
that r1/re ¢ &, and r1 +re < R. In this case, the construction of the inverse of Pr s
becomes much more complicated [I]. Also, it should be mentioned that the method
suggested in [9] made it possible to study completely the question on the injectivity of
Pru also for all R <7 4+ ro.

Hyperbolic spaces. The above results have interesting generalizations related to re-
placing the triple (R™, M(n),dz) with the triple (X, G, du), where X is a manifold, G is
a Lie group acting on X transitively, and du is a G-invariant measure on X. The largest
progress in this direction was achieved in the case where X is a noncompact symmetric
space of rank 1 (see [10, Chapter 1, §4, Section 3]). This means that X is isometric to
one of the hyperbolic spaces H"(R), H?"(C), and H**(Q) or to the hyperbolic Cayley
plane H'6(Cay). (Here, the superscript indicates the real dimension.) Many authors
considered questions related to the injectivity of the global Pompeiu transformation on
these spaces (see [2, B]).

First local results for hyperbolic spaces appeared relatively recently in [11I]-[14]. In
particular, in [I2] [I3] a construction was proposed for inversion of the local Pompeiu
transformation in the case where the family F consists of two geodesic balls in H"(R) or
H?2"(C). For other symmetric spaces, no similar recovering of a function has been known
up to now.

Quaternion case. In the present paper, we solve this problem for the quaternion hy-
perbolic space H**(Q). In contrast to the case of H"(R) or H?"(C), the techniques
developed in [15] by the first author play a principal role here. In particular, we use sub-
stantially the realization of irreducible components of the quasiregular representation of
the compact symplectic group Sp(n) that was found in [I5] §§4 and 5]. Furthermore, the
description of the intertwining operators for such components that was obtained in [I5]
§7] is of importance in our constructions.

Structure of the paper. We formulate our main result in precise terms in §2. In §3,
we fix the main notation and present facts required subsequently. In §8§4—6, we develop
the techniques involved in the proof of our main result. In §4, we find a specific integral
presentation for the eigenfunctions of the Laplace-Beltrami operator on H**(Q). In
§5, we compute the Fourier transforms of some distributions on H*" (Q). In §6, we
prove auxiliary assertions related to the construction of the inverse of the local Pompeiu
transformation for the family consisting of two geodesic balls in H**(Q). Our main result
is proved in §7.
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§2. STATEMENTS OF THE MAIN RESULTS

Let n > 2. We denote by Q" the n-dimensional left quaternion Euclidean space with

scalar product
n
= Z akzka
k=1

where a = (a1,...,an), b= (b1,...,b,) € Q™ (see, e.g., [16} Chapter 1, §2]). We set

ar = ag + anyrj and by = B + Buird,

where g, ik, Ok, Ontr € C, 1 < k < n, and identify Q™ with the 2n-dimensional
complex Euclidean space C?" via the correspondence

(a1y...,an) — (Q1,...,Q2,) .
We have
(21) <aa b> = <a’7 b>(C - (aa b)(C j7
where ,
(a.b)c =Y arBy and  (a,b)c =Y (kButk — AnanBi) -
k=1 k=1
We define

"i={aeQ":|a] <1} ={z€C™:|z| <1},
where |a|? = (a,a). The matrix
(1 — |a|2) dik + a;ay,
p)
(1 —lal?)
where d;;; is the Kronecker delta, is quaternion symmetric (¢;x = @;) and induces the

structure of a Riemannian manifold on B**. The distance d (z,w) between two points
z,w € B* in the metric (2.2) is given by the formula

I (zw)| + vIw — 2 + [(w, 2)]? — [2[°w]’

(2.2) qgix(a) :==

;o 1<ik<n,

d(z,w) =

28— zw) [~ Vo 2P+ [, 2)P — [2Plul?
(see [T5, Lemma 6]). The Riemannian measure on B" has the form
dm(z
du(z) = —2mC)

(ERERE)
where dm is the Lebesgue measure on C?" (see [15, Lemma 2]). The space H'"(Q) is

isometric to the ball B4 with the metric (2.2) (see [15, Theorem 2]).
Let L denote the Laplace-Beltrami operator on H4"*(Q),

(Lf)( )

(see [15, formula (22)]). For nonnegative integers p, ¢, and m < min(p, ¢), we define

H(p,q.m) == {f € H(p,q) : Lf = (m —1)(m — 5)f},

where s = p 4+ ¢ and H(p,q) is the space of homogeneous harmonic polynomials of
bidegree (p,q) in C?" (see [I7} Chapter 12]). Next, we identify the space H(p,q) with
the space of restrictions of its elements to the unit sphere S**~!. The space L?(S*"1)
is the orthogonal direct sum of the spaces H(p, q,m) for p,q > 0 and 0 < m < min(p, q)
(see [15, Theorem 3]).

Let p, o be the polar coordinates in C?" (p = |z| for 2 € C?", and if z # 0, then

_ N ("
o = z/|z]), and let {S}

A P&™) b o fixed orthonormal basis in the space H(p, ¢, m).



756 VIT. V. VOLCHKOV AND N. P. VOLCHKOVA

We denote by Bg = {z € B : d(0,z) < R} the open geodesic ball of radius R > 0
centered at the origin. Every function f locally integrable in Br (notation: f € Lioc(Bg))
gives rise to a Fourier series,

min(p,q) N(n,p,q,m)

Flpo)~ > > > £ m(0)Sh m(0), p€(0,tanh R),
k=1

p,q=0 m=0
where

(2.3) FEm(p) = / F(po)SE, (@) do

S4n71
and do is the normalized surface measure on S**~!. In order to recover f, it suffices to
know the Fourier coefficients I’qu.

Throughout this paper,
_ 2n+1—i)

AeC, v=v(}) 5 , and V' =v(=\).

For a, 8 > 0, we define
o a+B+1—iX a+B+1+i\
o) = F , :
2 2
where F' is the hypergeometric function. We also set
T'(v+s—m)T'(2n)

2.4) 3" (p) = $(1 — p2)VF — 1 .9 2
(2.4) 23" (p) F(2n+s)r(y_m)p( p°) F(v+s—m,v—1+m;2n+s;p°),

a+1; —sinh2t) ,

where I is the gamma-function. The spherical functions on H*"(Q) are of the form

ox(2) = o@D (d(0, 2)) = BV (J2)) = / evl2) dw,

§4n—1

where
1—|z]?

euw(2) = (|1—<z,w>|2> , west

(see [18] and also [15, Lemma 26]). The Fourier transform of a compactly supported
distribution 7' on H*"(Q) is defined as follows:

T\ w):=(T,e,.), AeC, wesS™ T
If T is a radial distribution, i.e.,
(T, f)y=(T,for), 7€Sp(n), feC(B"),

then for each w € S$*'~! the Fourier transform T(A,w) coincides with the spherical
transform T'(A\) = (T, p,). In particular, for the indicator function x; of the ball B, we
have

2n

. (2n,2)
T2 1) (sinh )" (cosh ) 3™ (t)

%t(k) =

(see [13] Lemma 3.3]). All zeros A of the function gag\zn’2)(t) are real and simple and lie

symmetrically with respect to the point A = 0 (see [15, §1] and also §6 below). We put
N(@t)={\>0: 4,0&271’2) (t) =0}.

As in [10, Chapter 2, §5], we denote by T1 x T the convolution of two distributions on
H**(Q) (one is assumed to have compact support). Our main result in the present paper
is as follows.
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Theorem 2.1. Suppose that 0 < r; < 19, 11 + 712 < R, and N(r1) NN (r2) = @. For
any p,q > 0, 0 < m < min(p,q), 1 < k < N(n,p,q,m), and t € (0, R), there exist
distributions Uy; (I € N,i = 1,2) with the following properties:

1) suppUi; C Br—y, forl € N andi=1,2;

2) for each function f € C*°(Bg), we have

(25) ;f,q,m(tanht) = lli}rolo (<ul,17 f X XT1> + <ul,2; f X XT2>) .

Several remarks are in order here. As has already been noticed, analogs of Theorem 2.1
for R, H"(R), and H?"(C) were obtained in [T} 12, [3]. The distributions U, are
constructed explicitly in §7; the construction is based on the Paley—Wiener theorem for
the spherical transformation on H"(Q) (see [0, Chapter 4, §7] and [I3, 9]). Since

(Fxx)w) = [ f@due) we Bro, =12
d(z,w)<r;

we see that Theorem 2.1 contains a construction for recovering a function by its globular
mean values on the quaternion hyperbolic space. In particular, if r1 +ro < R, N(r1) N
N(r2) = @, and the function f € Ljoc(Bg) has zero integrals (with respect to the measure
1) over all closed geodesic balls of radii r; and ry and lying in Bg, then f = 0 in Bgr
(see [10, Chapter 1, Proof of Theorem 4.2]). We note that these conditions on 1 and 79
are sharp, and that the question on the injectivity of Ps,, B,,).U for hyperbolic spaces
was studied completely in [I4] [18], and [20]-]23] by different methods.

Our method of the proof of Theorem 2.1 allows us to obtain similar assertions for
other families of distributions on H**(Q). We present a result in this direction.

Let 0, denote the surface delta-function concentrated on the sphere S, = {2z € B :

d(0,z) =r}.

Theorem 2.2. Suppose r > 0 and R > 2r. Then for any p,q > 0, 0 < m < min(p, q),
1<k < N(n,p,q,m), and t € (0, R), there exist distributions V;; (I € N,i = 1,2) with
the following properties:

1) suppV,; C Br—, forl €N andi=1,2;

2) for each function f € C*°(Bg), we have

yam(tanht) = i (Vo f % xe) + (Via, f % 00)).

As a consequence, we see that if a function f € C°°(Bg) has zero integrals over all
closed geodesic balls and spheres of fixed radius r < R/2, then f vanishes in Bg.

The main results of the present paper were announced in [24]. Concerning other
aspects of the Pompeiu problem on symmetric spaces, see [2| 3, 25| 26] and the references
therein. The authors thank V. V. Volchkov and V. P. Zastavnyi for useful discussions
and remarks.

§3. NOTATION AND AUXILIARY CONSTRUCTIONS

As usual, N, Z, and Z denote the set of positive integers, integers, and nonnegative
integers, respectively. We write

z2=(21,...,20) €C™, 2z =xp +iyp, Tr,yx ERY, E=1,...,2n.
Next, we identify C?” and R*" via the correspondence

(Zlv"'szn)'_) (xlv"'vanvyla"'7y2n)~
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We set 2" = 2" ---z2" where n = (m1,...,7m2,) € Z3" is a multiindex of length
Inl =m + -+ + n2,. For each polynomial

P(z) = Z Cns?Z2%,  cpae €C,

[nl<p,|>|<q

we denote by P (%) the differential operator
9 Hlnl+|s|
Pl—|:= e————,
(az) D enxpgm
Inl<p,|s|<q
O (9 ;9N g 2 _1(9o 90
0z, ) oxy, oYk 0zy, ) oxy, g '

Since H(p, q) is the linear hull of functions of the form
(crz1 + -+ canzon)’ (diZ1 + -+ + donZon)?,

where

where
cidy+ -+ copdon, =0, ¢, dp €C, k=1,...,2n

(see [I3] and [I7, Subsection 12.5]), it follows that for H, , € H(p,q) and f € C°>°(B")
we have

(3.1) Dy q ((1 - |Z|2))\f(z)) (0) = Dy, f(0)
and
(3.2) Dp.q (|z|2kf(z)) (0)=0, keN,

where D), g = Hp 4 (%) (see [13, Lemma 4.2]). Furthermore,

2p+2n—i) 2q+2n—i\
o G Bl )
P2 (Qn_i)\) Hp;‘](w)v
2

wE S4n71

(see [13, Proof of Lemma 4.3]). Combining this with the identity

2n—iX

L\
- = H d
/g4n—1 <|1 — <27W>C|2) P#Z(w) w
r (2p+22"_i)\) T (2q+22n—i/\) T'(2n)

2 (22-2)T(2n + s)

oy (9p 4 90 — i\ 2+ 2n — i\
x (1—12%) 2 F(p+ 2n ay q+2n ! ;2n+s;|z|2>Hp7q(z)

(see [13, formulas (4.9) and (4.11)]), we obtain

Qk 0 if (pla(hvkl)#(pa(bk)a
3.3 Dy, oy (k1)(SEN(0) = { 1am _
(3.3) pr.ar (K1)(55,4)(0) {% if (p1,q1, k1) = (p, q, k),
where {qu};vz(?,p,q) is a fixed orthonormal basis in H(p, q) and Dy, 4, (k1) = Sk (Z)
(see (3.1) and (3.2)).

We define

Z(paqvm) = {fEH(p,q,m):fOT:f,T€Sp(n—1)}
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(hereinafter, we regard Sp(n — 1) as the isotropy subgroup in Sp(n) of the point e; =
(1,0,...,0) € C*") and set

m

Zp,qm(2) = Z P(2)Fy p,gm(2),

=0

where
n !
- (Z (I + |zn+k|2)) |
k=2

p—1
2: alkzkplkk+mpqlkm+p

Flp.gm( 1%n4+1 ?1 Zn+1 )

k=p—m
and the constants a;; are determined by the following recurrence relations:
m,p—m = 1,
(m—=Darp-m = G p—mt+1, 0<1<m—1,
apr1(k+1)(k+14+m—p)+arp—1—k)(g—1—k—m+p)
-(+1)Cn+1-2)aj416, 0<I<m-—-1, p—m<k<p-1-1

The functions

9 L 0

821 ! 8En+1 ’

form an orthogonal basis of the space Z(p,q, m) (see [15, Lemma 14]). Also, we mention
the relation

(. a B =v=5
D (21 ZnJrllen-i-l)

{Dl (Zp,q,m)}ls;jm ,  where D = 2,11

min(l,a)
(3.4) _ Z (1) il al 4! Lok Btk kbl +k
k=max(0,l—5) K= k)@= k)@ -1+ k)T T e

where a, 3,7, € Z.

We fix a point z € S¥~! and consider the linear functional on H(p, g, m) that takes a
function f € H(p,q,m) to the number f(z). By the Riesz theorem, there exists a unique
function K, € H(p, q, m) such that

(3.5) f(z)z/szrnilf(a)Kz(U)da, f € H(p,g,m).

The functions K, possess the following properties (see [15] Lemmas 15 and 16]):
1) for each function f € L? (S‘l"’l), we have

) = [ o Ro@) do

where 7, . @ L (84"’1) — H(p, q, m) is the orthogonal projection;
2) K. (w) = K,(2) for z,w € S¥1;
3)K,. =K, OTlforTGSp()
4) K, = K, ot for any 7 € Sp(n) such that 7z = z;
5) K ( ) = Ky(w) for z,w € S¥~1;
6) Ke,(2) = ap,qmD?"™ (Zp,qm) (2), where

_ 2
ap,q,m - inm(Zpﬂ’m)(el)/ /S; i |D(] m(Zp,q,m)(O'” dU
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We denote by T(7) the quasiregular representation of the group Sp(n) in S¥~!: for

felL? (84"_1), we have
(X(1)f) (o) = f(r7"0),
where o € S~ and 7 € Sp(n)). Next, we denote by T, ;. (7) the restriction of T(7) to
H(p,q,m), and let t2™ (1), 1 < I,k < N(n,p,q,m), be the matrix of the representation
Tp.am(T), 1e.,
N(n,p,q,m)
Toam(MSpaqm = 2o Wi (DS
1=1

The representation T(7) is an orthogonal direct sum of irreducible unitary representations
Zpqm(T), 0,q € Zy, 0 < m < min(p,q), and two representations Tp, ¢, .m,(7), i = 1,2,
are equivalent if and only if p1 +¢1 = p2 + g2 and m1 = my (see [15] Theorems 4 and 5]).
It follows that for f € Lioe(Bgr), o € S™~1, and almost all p € (0, tanh R) we have

(3.6)  N(n,p, qﬂﬂ)/ Flor o)™ (m)dr = Y e m(P)Spy g1 (0,
Sp(n) P1+q1=s
P1,q1>m
where dr is the normalized Haar measure on Sp(n) (see [I5, Lemma 20]).
We introduce the differential operators Dj(s,m) and Dy(s,m) that act on the func-
tions ¢ € C1(0, tanh R) as follows:

_ 2\2n+s+1—m An+s—2
(i) (0) = S ().
(Dalosm)) () = (s 11 (2 el0))

If a function f in C?(Bg) has the form f(z) = ¢(p)Hp,q.m(0), where H, 4.m € H(p, g, m),
then

B7) (L+4@2n+s—m)(m—s+1)I)f)(2) = (Da(s,m)Di(s,m)9) (p) Hp q.m(7),

where [ is the identity operator (see [15 Proof of Lemma 26]). We also need the relations

(3.8) Lieyw) = —N+ 2n+1)He,w
and
(3.9) L (‘bim(P)Hp?(JM(U)) == (/\2 + (2n + 1)2) q)im(P)Hp?qm(U)

(see [T, formulas (87) and (88)]).

§4. AN INTEGRAL PRESENTATION FOR THE FUNCTIONS ®Y"(p)Hp, g.m(0)

We denote by (z,y) the Euclidean scalar product of vectors x,y € R™, and by H(k)
the space of spherical harmonics of degree k on S"~! (see [27, Chapter 4, §2]).

Lemma 4.1. Suppose Hy, € H(k) and z € S*"1. Then

BT (3)

Q—kak(x),

(11) GE R AGEE

where d€ is the normalized surface measure on S* 1.

Proof. By the Funk—Hecke theorem (see [28] Subsection §11.4]), we have

(12) | (6ol Hu(€) e = M ula),
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where

e, ()1 -7 dt,

/\kn:

2D () D ()T Y) e

n-2
and C, * is the Gegenbauer polynomial of degree k and of order =2 (see, e.g., [28]

2
Subsection 11.1]). Since
L no n T(k+n—2)T (25
/ e T (1)1 -3 dt = Vrllh+n - 20 (257)
-1 2k (n — 2)T' (k+ %)
(see [29, Chapter 9, Subsection 4.8, formula (8)]), relation (4.2) and the Legendre dupli-
cation formula for the I'-function (see [30, Subsection 1.2, formula (15)]) imply (4.1). O

Lemma 4.2. Suppose thatl € Zy and | # q —m. Then for p € [0,1) we have

[ () P @)do =0
m) (o) do = 0.
o \T o)) D e

Proof. If ¢ = (01,...,02,) € S*~! then
(o,e1) =01+ ont1js |1 =ployen)]’ =1 —u,(0),
where
up(0) = 2pRear — p? (|o1]? + [o0+1]%)

(see (2.1)). The definition of the functions u, and Z, 4, implies that for 6 € [—m, 7] we
have

(4.3) Up(T1y -y Oy €000 11, Tpiay s 02n) = up(0)
and

DY Zpgm) (01500, €0 0011, 0042, ..., 09n)
(4.4)

= 0tm=a) Z D' (F,p,q,m) (0) Pr(0)
k=0

(see (3.4)). Applying the formula

1 & .
/S4 » flo)do = 5 /S4 » do flo,... ,Un,elean+1,an+27 ey 00p) dl
(see [17, Subsection 1.4.7]), we complete the proof. O

Lemma 4.3. Suppose Hy, 4.m € H(p,q,m) and z € B*™. Then

s,m o
[ e @) = 8 (D i ( 15)

[E]
1— 1z >V
z) = .
1= (T
Since Lf = — (A\* 4+ (2n+ 1)?) f (see (3.8)), formula (3.6) and the Sp(n)-invariance of
the operator L (see [I5, Lemma 1]) yield

Do L+ HCn+ 1)) (fgm(P)Shy gum(a) =0.

p1t+qi1=s
P1,912>2mMm

Proof. Consider the function

By the orthogonality of the spaces H(p1,q1, m) on S =1 we obtain
(4.5) (L+ N+ @2n+1)%) 1) (fF . m(p)S] (0)) =0

P1,q1,m Pp1,q91,m
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(see (3.7)). Since the function f¥ . (p)is smooth at the origin, from (3.9), (2.3), and (4.5)
we deduce that

1- p2 : _ s,m
o foes (Tt o) =857

where a1 () does not depend on p. Next, we have

Mpgm@) ( KO )
(4.7) /SM_1 = plw, 0V dw /SM_1 Hp,q.m(8) /8471_1 11— plw, o) dw |dé

(see (3.5)). Suppose that 7 € Sp(n) and 70 = e;. Then
(4.8)

KW(E) Kw(Tf) \I/w(Tg)
Y — VS = — —w s g
/S 11— plw, ) /S 11— plw, e /s 1= plw, en)|”

where
(4.9) VO = [ Kulg€)dg
Sp(n—1)

(see [I6] Chapter 1, Subsection 2.3] and also properties 3) and 4) of the functions K).
Since ¥, € Z(p,q,m), from [I5, Lemma 14] it follows that

(4.10) Vo) = Y @)D (Zpm) (©)
1=0
where
Cl(w) = 'YlDl (Zp q m) (w)
and

= ([0 Gamor)

(see (4.9) and (3.5)). By property 6) of the functions K, relations (4.8) and (4.10) and
Lemma 4.2 imply the identity

4}'{‘”(5) _ I (C) Kel(w)
/s 1= plw, o 4 = K (78) /g = plw, ey ™

where the constant ¢ depends only on p, ¢, m, and n. Consequently (see (4.7), (4.6),
and (3.5)), we have

— p? v
(4.11) /S - (Qﬁ) Hy g () deo = (N85 (9) Hy g (),

where ag(A) does not depend on p and o. It remains to prove that as(A) = 1. Differen-
tiating (4.11) s times with respect to p, putting p = 0, and recalling (2.1) and (2.4), we

obtain
~I@n)P(v—m+s)
a(v) = S!F(2n ST —m) ag(N)Hp g.m(0),

where a(v) is a polynomial in v of degree s with the leading coefficient equal to

28 / (0,w)" Hp.g.m(w) dw.
Séln—l

Applying (2.4) and (4.1), we see that az(A) =1, and Lemma 4.3 is proved. a
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§5. MAIN FORMULA FOR THE FOURIER COEFFICIENTS fz’f’q,m(tanh t)
We denote by &y the delta distribution centered at the origin of the space H*"*(Q).
Lemma 5.1. If

9 s
Hp,q,m € H(pa Q7m)7 Dp,q,m = Hp,q,m (a_z) ) Wp,q,m = (_1) Dp,q,m(sO;
then
~ P(v+s—m)
(5.1) Wh,gm (A w) = WHp,q,M(W)~

Proof. Since the functions {Sg7q7m}, 0 <m < min(p,q), 1 <k < N(n,p,q,m), form an
orthonormal basis of the space H(p,q) (see [15, Lemma 9]), from (3.3) and Lemma 4.3
it follows (see (3.1) and (3.2)) that

/§4n_1 Dplthml (kl) (e,,’w) (O)m dw

_ 0 if (p17QIam17k1) # (pv%ma k)v
W if (p17QIam17k1) = (pv%ma k)v

where Dy, 4 m, (k1) = Sk (%). Consequently,

P1,q1,m1
I'(v+s—m)
Dyp,q.m (€v,w) (0) = WHILQM(W)-

Using the definition of D, 4 o (see [13, §4]), we arrive at 5.1. O

We put T, 90 = o, and, for s € N,
s—1

tanh? 7 — [z]2\ [ tanh®r — |z|?
Trs.m(%) —F<s—m+1,m;s; R =2 Xr(2).

It is easily seen that fr,o,o(A) = @E\Q"_l’l)(r) (see [13} Proof of Lemma 3.4]).

Lemma 5.2. Let s € N. Then
(5.2) Trom(N) = 72" D(s)(sinh 7) " +252 (cosh )12 Gy (A, 1),

whe7e
n—14s,s—2m+
( n ’ m )(74)

. P
Gam(Ar) = T'(2n + s)

Proof. 1) First, we assume that m € N. Setting
h(t) :=t>"1F(s —m + 1,m;s;t),

we have

~ tanh?r — |2/

Trom) = [ (B ) s dute)
B, 1|z

or2n [T tanh?r — tanh? ¢ e . B
~ T(2n) /0 " ( 1 — tanh®¢ ) P2 (O)sinh )" (cosht)” dt

(see [T3} formula (3.7)]). Changing the variables by the formula u = sinh® ¢/ sinh? r, we
obtain
(5.4)

Tr,s,m(A) =

(5.3)

2n

I'(2n)

1
(sinh r)4”/ h((1-u) tanh? r)u* (1 — ew)F (v,v/; 2n;eu) du,
0
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where ¢ = —sinh? 7. Since
(5.5) F(a,B;7:0) = (L= A" PF (y —a,y = B;1:0)
(see [30, Subsection 2.1, formula (23)]), we obtain
(5.6)

’ o : an ' 2 2n—1 /

Trsm(N) = T@n) (sinhr) /0 h ((1 — u)tanh®r)u F(v—1,v —1;2n;¢eu) du.
Since

L'(v) y—1—1 d' —1

. F v — 1N = — (LR RN

(5 7) F(’Y_l)/\ (aaﬁ77 Zy/\) AN ()‘ (Oé,ﬁ,’}/,)\))

(see [30, Subsection 2.8, formula (22)]), we have

72" (sinh )47

Ter = Sa_ .
sm(A) I'(2n+s—m)

1 d s—m
X / h((1 — u) tanh?r) (d_) (W R (v — 1,0 — 1520+ s — mjeu)) du.
0 u

Integration by parts yields

~ 72" (sinh )47
Tpam(A) = (1) 200
sm(A) = (=1) I'2n+s—m)

1 s—m
<[ (4) 00 = 0t ) 1 < L2 s e du
0

whence

Tr,s,m(/\)
B 72" (s)
(5.8) " T(m)L'(2n + s —m)

(sinh r)4"T25=2 (cosh 7)1 72m

1
></ w? TN )TN (L —ew)™ S T (v — 1,0 = 1;2n 4 s — mseu) du
0
(see (5.7) and also [0} Subsection 2.8, formula (4)]). By (5.5), we have

T’r,s,m()\)
72nT(s)

(5.9 ~ I'(m)I'(2n+ s —m) (sinbr) 2075

coshr)4=2m

1
X / TN )T R (v s —my v s — ms2n 4 s — myeu) du.
0
Using the formula

F(a,B;7;A) = %/0 w1 = u)" T F (o, 85 6 ul) du,

where Rey > Red > 0, A # 1, and |arg(1—\)| < 7 (see [30}, Subsection 2.4, formula (2)]),
from (5.9) and the definition of @&a’ﬁ )(t) we obtain the assertion of the lemma for m € N.
2) Now, suppose that m = 0. Then, as before,

- 2n
Tr,s,O(A) = IjEZn) (sinh r)4"+23_2(cosh 7,,)2—28

1
y / w1 —w) (1 — ew)F (v, v/ 2n; eu) du.
0
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Thus,
T’I",S,O (>\)
2n

SR — (sinhr

An+2s—2
(5.10) I'(2n+s) ) (

cosh r)2=2¢

1 s
d
></ (1 —u)s? <%> (W71 — eu) T F (v 4 5,0 + 5,20 4 s;6u)) du,
0

because
L'(v)
L(y=1)

XL =N E (a = LB = Ly = 152

dl
=i
(see [30, Subsection 2.8, formula (27)]). Integrating by parts, we obtain

- QnF
Trs0(N) = 7;;271 _'(_Sz) (sinh )4 22 (cogh )2~ 2¢

AL = NPT (o, 3573 0))

1

d

X / Iu (u2"+s_1(1 —eu) T F (v + s,V + 5,20 + s Eu)) du
0 u

= m(sinh r)4 2572 (coshr)* F (v + s,/ + s;2n + s, — sinh? r)
I'(2n+ s) ’ ’ '
= 72"T(s)(sinh r)*" 2572 (cosh ) * G 0 (A, 1),
and Lemma 5.2 is proved. ]
For Hp gm € H(p,q,m), we denote by Hp .m0, the simple layer on S, with surface
density H, 4.m (see, e.g., [31, Chapter 1, Subsection 1.7]).
Lemma 5.3. For s € N, we have
I'(2n)
Wo.gm X Ty s m.
72n(s)(sinh r)4n=2(coshr)4 " 7% ™

Hyqmor =
Proof. Since

F(avﬂvﬁyaA) - (]- - >\)_O(F <a7’y— ﬂ"y, %)
(5.11)

A
=(1-NPF(y—-aBy——
(= 2F (1 - a2 )
(see [30, Subsection 2.1, formula (22)]), Lemma 4.3 implies
(v +s—m)T'(2n)

(5.12) Hpgmor(A\w) = (sinh 7“)28 (cosh 7“)_27”6{;7,“(/\7 7V Hp g.m(w).

(v —m)
By (5.1) and (5.2), we obtain
— I'(2n) —~ ~
H = T
pa:mIr 72nT(s) (sinh r)4n—2(cosh )4~ P
which proves the lemma. O

Corollary 5.1. Suppose f € C*°(Bg) and 0 <t < R. Then for s € N we have

I'(2n)(cosht)s—4
m27T'(s)(sinh t)4n+sf2< pa.m X Ttsms ),

(5.13) fh gm(tanht) =

where WX = (=1)*Dy ¢ m (k) 0.

p,q,m
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Proof. This is deduced from (2.3) and Lemma 5.3 with the help of simple transforma-
tions. 0

§6. AUXILIARY FACTS ABOUT THE FUNCTIONS G (A, t)
For a, 3 > 0 and t > 0, we define

Nas(t) := {157 (1) = 0},
Lemma 6.1. The following assertions are true:
1) the set No g(t) is symmetric with respect to the point A = 0;
2) if Ao € (Na,g(t) NRY)\{0}, then o is a simple zero of go(a 5)( t);
3) Na,s(t) N Nag1,84+1(t) = 2;
4) zfa—i—l > 3, then go(aﬁ)( t) >0 for u € Rl and N, g(t) C RL.

Proof. 1) The symmetry of N, g(t) with respect to A = 0 follows from the relation

(6.1) A0 = (1),
2) Setting
Aq p(u) = (sinhw)?* 1 (coshu)?P+
we obtain
d d « «,
62 g (Aasgelm ) = -0+ ) A0 s(wel ) w)
d (o . a+l,
(6.3) 41+ @) 7l () = —(77 + W) sinh (2u) T (w),

where v = a+ 3+1 (see (5.11) and [30, Subsection 2, Section 2.1, formulas (1) and (7)]).
It follows that

(A2 = A2)Aa ()" ()7 (u)

:% (Aa ( )<¢&&5)( )dd QO(AaOﬂ)( ) ng\(zﬁ)( )dd sp&a’ﬁ)( )))

- 1 (fastryini

% (77 4 ) () 0 () (42 4 A2) eI &a’m(u))),

0

whence
41+ ) (A2 - X2) /A,g 9 () () du

— (7? +22) Ag (1) sinh(20) 0TI (1) P (1),

Passing to the limit as A — Ao, we obtain

8(1+a)>\0/0tA s(u )(g’(ﬁm( ))Qdu

(6.4)

(6.5) J
= (77 AF) Aas(0)sinh (20)00 Y (1) — (0577 (1)
dA A=Xo
Since
(6.6) P57 () = P (w),

( (aﬂ)

formula (6.5) implies -2 (@) )) ‘/\2/\0 # 0, i.e., the multiplicity of \g is equal to 1.
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3) This follows from (6.2), (6.3), and the uniqueness theorem for solutions of a linear
differential equation of the second order.
4) Suppose that o + 1 > 3. Since

v 4iA Y+ iA
2 7 2
(see (5.11)), the definition of the hypergeometric function and identity (6.1) imply that

(6.8) o @ (1) >0, ueR.

Next, suppose that A € N, 5(t). Then \? = X (see (6.6) and (6.4)). By (6.8), we
conclude that A € R'. Lemma 6.1 is proved. O

(6.7) @&a’ﬁ)(u) = (coshu) ™A F ( — B;a+ 1; tanh? u)

Corollary 6.1. Lett > 0. Then all zeros A of the function G (A, t) are real and simple
and lie symmetrically with respect to the point A = 0.

In what follows, we need estimates of certain functions related to Gs m (A, t). We set
P(v+s—m)
(v—m) °

Lemma 6.2. Supposet >0 and A € C. Then
et(2n+1+\ Im Al)

< .
= I'(2n)(sinh t)®(cosh t)5=2™| Py, (v)]
Proof. By the definition of e, ,,, we have

Py (V) =

(6.9) |Gsm(A 1)

|€u,w(z)| < e(2n+1+\Im)\\)arctanh\z\, = Bin.
Since om
Gam(t) = O™ (tanht)
S I'(2n)(sinh t)(cosh t)s=2m P ,,, (v)
(see (2.4) and (6.7)) we obtain (6.9) by applying Lemma 4.3. O

Lemma 6.3. Suppose that a1,az,a3 >0, p,q € Z4, and m € {0,...,min(p,q)}. Let
2n,2 2n,2 2n—1+s,s—2m+1
e(N) = o (@)™ (az) " T (ag).

Then there exist positive constants ¢1 and co independent of A such that for each integer
I > co we can choose pi(a1,as,as) € (I,141) such that the following condition is satisfied:
if |Al = pi(ar,az,a3) or |ImA| > 1 and |A| > ca, then

C1 .
|QO(/\)| > We(%-ﬁ*@-ﬁ-as)l Im A

Proof. Since the function ¢(\) is even, we can assume that ReA > 0. The asymp-
totic expansion (as |A\| — 400) of the hypergeometric function (see [30, Subsection 2.3,
formula (17)]) yields

p(\) = )\6”%*% cos (al)\ — g) cos (ag/\ — %) cos (ag)\ — %(25 — 1))

(610) e(a1+a2+a3)| Im A|
+0 < |/\|6n+s+% > ’

where the constant ¢ depends on s, m, a1, as, and as. By the Lojasiewicz inequality, we
have
min(1, dist(A, £)) |1y
e € ’
where E = {(20 + 1)%,l € Z}. Applying (6I0), we complete the proof of the lemma (see

[} Proof of Lemma 6.1]). O

|cos A| >
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Lemma 6.4. Suppose 0 <1y <719, 11 +72 < R, and N(r1)NN(ry) = &. Let {EM}K;:1
be a strictly monotone increasing sequence of positive numbers with limit o H —1, let
Ry = (r1+72)(14¢enr), and let Ry = 0. Then, for any p,q € Zy, m € {0,...,min(p,q)},
M e N, and t € [Ryp—1, Rur), there exist two sequences of radial distributions i (€N
and © = 1,2) with the following properties:

1) supp pi C Bry—r; fori=1,2 andl € N;

2) there exist positive constants

Cy = Ci(p,q,m,r1,7r2, Rye1,n) and Co = Cs(ri,re,R,e1,n)
depending on the parameters indicated and such that for all 1 > C1 we have the inequality
|Gsm (A1) — Gro(A r)fii(A) — Gro(A, r2)fu2 (M)

s 6n+3
(6.11) Cs 10 (1+[AD*"" el Tm Al

e AecC.
= | (sinht)$(cosht)s=2m V2P, (V)| c

Proof. Setting Oy = (r1 + r2)enm and p; = pi(r1,72, Bar), we consider the even entire
function
1 Gs,m (Ca t) Cﬁn+29(C) B )\6n+29()\)

(6.12) M =55 ), a0 C=A

dg,

where
O(N) = G1,0(N71)G1,0(N, 72)Gsm (N, Bar)-
By the Cauchy formula,

cl=p CO20(C) C=A |0 if [A| > p.
Applying Lemmas 6.2 and 6.3, we find positive constants C; = Cy(p, q, m,r1,72, R,£1,1)
and Cy = Cy(r1, 72, R,€1,n) such that

% 10% (]- + |>\|)6n+3 eRM\Im)\\
I (sinht)®(cosht)s—2m |v2P;,, (V)|

for all | > C (see Lemma 6.1 and also [1], Proof of Proposition 8]). Now, we prove that
the function h;(A) can be written as

(6.15) hi(A) = Gro(A\ )1 (A) + Gro(A, m2) 2 (A),

where the 11;; are some radial distributions supported in the ball BRry —r,i=1,2. We
put

T S ) I

L 6nt2 Gsm(Gt) dC ) Gsm(Nt) i A < p,
(613) M)+ 5 X 0()\)/ {

(6.14) |hu(N) = Gem(N 1) < . MeC,

oS (A= @)l 2G o(a, )G, m2) \dC
la|<pi
G1,0Ark—1)Gs,m(0t) 1 ; _
hik(A) Zﬁfffi =)o G oera—n) Gom (@000 (G o ()] _ h=2s
l7k - @ s, m M
Sacar, G1o(hrk-3)Gam(), ww%m k=45,

lal<p

where
At = Nop—14s,s—2m+1(8ar)\(Nan,2(11) U Nan 2(r2))

Ak _ NQn,Q(kal)\N?nflJrs,szerl(5M) if k= 2; 37
Nop o (ri—3) " Nop_14s,s—2m+1(Bm) i k=4,5.
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Using Lemma 6.1 and the residue theorem, we obtain

(6.16) hi(A) = Gro(A, 1) fi.i(A) + Gro(A, 72) fi2 (),
where
(6.17) Jia(N) = X2 (G (N, Bar)hiz(A) + Gro(As r2) bt (V) + his(A)
f12(0) = A2 (G (N, Bar)hi2(A) + hia(N)
(6.18) + G1,0(A71)Gs,m(A, Br)
T

Since N (r1) NN (r2) = & and the sets A, (K = 1,...,5) are symmetric with respect
to the origin, relations (6.17), (6.18), and (6.9) imply that f;; and f;2 are even entire
functions with

(6.19) | fri(V)] < di(1+ [A)SnFBelBa=ralmALL ) € ¢
where the positive constants d; and ds do not depend on A. Applying the Paley—Wiener

theorem for the spherical transformation on H*"(Q) (see [L0, Chapter 4, §7] and also [L3}
19]) and using (6.16), we obtain (6.15). Thus (see (6.14)), Lemma 6.4 is proved. O

The following result is proved in a similar way.

Lemma 6.5. Supposer >0 and R > 2r. Let {ep}35_, be a strictly monotone increasing
sequence of positive numbers with limit % — 1, let Ry = 2r(1 4+ epn), and let Ry = 0.
Then, for anyp,q € Z+, m € {0,...,min(p,q)}, M €N, andt € [Ra—1, Rar), there exist
two sequences of radial distributions vy; (I € N,i =1,2) with the following properties:

1) Supp Vi,i C ERM*T’) i= 1a27 le N,

2) there exist positive constants C1 = Cy(p,q,m,r,R,e1,n) and Cy = Ca(r,R,e1,n)
depending on the parameters indicated and such that for alll > C1 we have the inequality

|G5’m(>\, t) — GLO()‘? 7“)’171’1 ()\) — G0’0(>\, T)DI’Q(A”

S 6 2
G 10 (L D™
[ (sinht)s(cosht)s=2m |vPs,, (V)]

< , AeC.

§7. PROOF OF THEOREMS 2.1 AND 2.2

First, we prove Theorem 2.1. Let {Rs} be the sequence described in Lemma 6.4, and
let t € [Rar—1, Rar). We set
I'(2n) (sinht)*(cosht)s=2" —

= k X ] 4.
Ui w27 (sinhr;)4"(coshr;)t  PO™ HiLi

Then (5.13) yields
zlf,q,m(tanht) - <ul,17f X XT1> - <ul,2a f X XT2>

(7.1) . —
= 10°T(2n)Wp y.m < 115 ),
where
T (sinht)®(cosh t)*—2™
L= 105 7r2n
% Tt,s,m _ Hi1 X Xry _ Hi,2 X Xro
['(s)(sinh t)4n+2s=2(cogh ¢)4=2m  (sinhr1)4"(coshri)?  (sinhrg)4™(coshra)t )
Since

Ty = SROTCORDTT () = Grolh )i () — Grohr)a(Y)
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(see §2 and (5.2)), relations (6.11) and (7.1) imply that

|f;§,q,m(tanht) - <ul,17f X Xr1> - <ul,27f X XT2>|
C 10° o+l ¢

< - max -
= 1 (R— Rp)'0n+2 4| <10n+2, | 02107
#€Bry,

Z) ’ lZCh

where R, = %R—i— %RM, (1 is the constant occurring in Lemma 6.4, and the constant C
depends on r1,72, R,n, and €1 (see [13, Proof of Theorem 5.2]). Thus, (2.5) is fulfilled,
which proves Theorem 2.1. O

Similarly, using Lemma 6.5 and setting

_ T(2n) (sinh#)*(cosht)* ™" ——
Vi i= w20 (sinhr)4"(coshr)4 Weiam X Vi1,

_ T(2n) (sinht)®(cosht)* " ———
Viz = 2727 (sinh r)4—1(cosh r)3 Weiam X V1.2,

we obtain Theorem 2.2. O
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