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C.o-CONTRACTIONS:
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LATTICES OF INVARIANT SUBSPACES
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Dedicated to the memory of Professor Yuri A. Abramovich

ABSTRACT. A subclass C.o(Co(P),fin) of the class of C.g-contractions is introduced
and studied. This subclass is a generalization of the subclass of C'.g-contractions with
finite defect indices, and it includes the C'.g-contractions 1" for which dim Ker T* < oo
and the defect operator (I — T*T)l/ 2 belongs to the Hilbert-Schmidt class. For an
operator of class C.o(Co(P), fin), a Jordan model is constructed, and it is proved that
the lattices of invariant subspaces remain isomorphic under the quasiaffine transfor-
mations.

INTRODUCTION

In this paper we consider operators acting on separable Hilbert spaces. By an operator
we always mean a bounded linear map, and a subspace is always a closed linear subset
of a Hilbert space.

Let T be an operator acting on a space H. By LatT we denote the lattice of invariant
subspaces of T: LatT = {E C H : TE C E}. If E € LatT, then T has an upper
triangular form relative to the decomposition H = E @ E*:

r_ (Tle PeTlp:
B O PELTlEL ’

where Pg denotes the orthogonal projection onto the subspace E. Such a representation
of T is called its triangulation.

Let pur = u(T) denote the multiplicity of the operator T, i.e., the minimum dimension
of a reproducing subspace: pp = min{dim E : \/;" T"E = H}.

An operator T is called a contraction if ||T|| < 1. A contraction T is said to be
absolutely continuous if its unitary part is absolutely continuous or acts on the space
{0}. For any absolutely continuous contraction T, a function calculus is defined on the
Hardy class H* in the unit disk D (see [I} III.2]). An absolutely continuous contraction
T belongs to the class Cy (T is a Cy-contraction, T' € Cjp) if there exists a function
p € H*® ¢ # 0, such that p(T) = Q. The Cy-contractions of a certain special form (see
[2] T11.4.1] and also §1) are called Jordan operators of class Cy. Every Cy-contraction T'
is quasisimilar (see the definition below) to a unique Jordan operator of class Cp, which
is called the Jordan model of T see [2, ITI.5]. A certain property (P) for Cp-contractions
will be used in what follows. Among several equivalent formulations of this property
(see [2, VIL.1]) we choose the following one. A Cy-contraction T acting on a space H
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has property (P) if, whenever E € LatT and T is quasisimilar to the restriction T'|g, we
must have E = H (see [2, VIL.1.15]).

Let ‘H and K be separable Hilbert spaces, and let T : H — H, R : K — K, and
X : 'H — K be operators. Suppose that X intertwines the operators T and R, i.e.,
XT = RX. Then the map Jx : LatT — Lat R given by JxE =clos XE, F € LatT, is
well defined.

If X is an invertible operator, then T and R are similar. It is well known that similarity
preserves many characteristics of the operators 7" and R; in particular, yr = pug, and
Jx is an isomorphism of the lattices Lat T" and Lat R. We have j);l =Jx-1.

The property of pseudosimilarity is weaker than similarity. Operators T" and R on
spaces ‘H and K are said to be pseudosimilar if there exist operators X : H — K and
Y : K — H that intertwine T and R (X7 = RX, YR =TY ) and “agree” in the following
sense: XY and Y X belong to the algebras closed in the weak operator topology and
generated by T and R, respectively, and in these algebras, the minimal ideals containing
XY and Y X coincide with the entire algebras. Under these conditions, X and Y are
quasiaffinities, i.e., they have zero kernels and dense ranges. Also, ur = pg, and the
maps Jx and Jy are mutually inverse isomorphisms of the lattices LatT and Lat R.
Concerning pseudosimilarity, we refer the reader to [3, 4]. If T and R are absolutely
continuous contractions, p is an outer function of class H*°, and X, Y satisfy XT = RX,
YR=TY, XY = p(R), YX = p(T), then X and Y realize the pseudosimilarity of T
and R (see [3| 4]).

Next, the property of quasisimilarity of operators (see [I, II] and [2, I]) is weaker
than that of pseudosimilarity. Operators T and R are said to be quasisimilar if there
exist quasiaffinities X and Y intertwining 7" and R: XT = RX, YR = TY; notation:
T ~ R. In contrast to pseudosimilarity, the quasiaffinities X and Y may happen to be
not related to each other. If 7' ~ R, then ur = pug. If T and R are quasisimilar weak
contractions (see [3]) or contractions of class Cy with property (P) (see [2, VII.1.21]),
then LatT and Lat R are isomorphic. However, quasisimilarity may fail to preserve
lattices of invariant subspaces. Namely, there exist quasisimilar contractions of class
Cy whose lattices of invariant subspaces are not isomorphic. Unfortunately, the author
could not find a reference to this fact in the literature. An example of such contractions
is presented in §3. But even if quasisimilarity happens to preserve lattices of invariant
subspaces, among the quasiaffinities intertwining 7" and R there may be no X and Y for
which Jx and Jy are mutually inverse (see [bl §4] and §7 of this paper).

A still weaker relation is established by quasiaffine transformation (see [1 II] and
2L 1)): T: H — H is a quasiaffine transform of R : K — K if there exists a quasiaffinity
X :'H — K such that XT = RX; notation: T < R. If T" and R are absolutely continuous
contractions, T' < R, and one of the contractions 7' and R belongs to the class Cp, then
the other also belongs to Cy and T' ~ R [1], II1.4.6]; [2, II1.2.1]. If T and R are weak
contractions, then the condition T < R also implies T' ~ R (see [3, 4] B]). If T' < R, then
1r < ur, but the inequality may be strict, and then T and R are not quasisimilar (see
[6]). However, in this case the map Jx may still be an isomorphism of the lattices Lat T'
and Lat R (see [1]).

The notation T' < R is used if there exists a family of operators { X, }n, X,, : H — K,
such that X,, 7 = RX,, Ker X,, = {0} for all n, and \/,, X, H = K. If T is a contraction,

S, is the unilateral shift of multiplicity v, 1 < v < oo, and T' < S,,, then S, ST (see
[8]). Suppose v < oo and the relation T' < S, is realized by a quasiaffinity X. Then there

exists a family of operators {Y;,}, that realizes the property S, % T and is such that
XY, =96,(5,) and Y, X = 6,(T), where d,, € H*, and the inner parts of the functions
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dp, have no common inner divisors (see [7]). Therefore, the map Jx is an isomorphism
of the lattices Lat T" and Lat S,; the inverse of it is the map E — \/, Y, E, E € Lat S,
Lat S, — LatT (see [7]). At the same time, as was shown in [6], a contraction T may
satisfy ps, < pr, and then T and S, will not be quasisimilar.

Finally, if for operators T': H — H, R: K — K, and X : H — K we have XT = RX

and Ker X = {0}, then we write T <R

The classes of contractions Cyg, o, 8 = -, 0, 1, were introduced by Sz.-Nagy and Foiag
(see [1] and the references therein). A contraction T' on a Hilbert space H belongs to the
class C.y (T is a C.g-contraction, T € C.g) if T*"x — 0 for any = € H. T belongs to

the class Coo (T is a Cyo-contraction, T € Cyo) if T € Cp and T* € C.. T belongs to
the class C1p if T € Co and for any z € H, x # 0, the sequence {T™z}>2; does not tend
to zero. The defect numbers of T are dp = dim(I — T*T)H and dp- = dim(I — TT*)H.
IfT e C.Q, then dr < dp~.

Every contraction T of class C.g admits a triangulation of the form

(0.1) T= (7(;0 ;1) ,

where Ty is of class Cpp and T is of class Cyo; see [IL 11, §4].

For the contractions T' of class C.g with dp < oo, a Jordan model J is constructed,
J = Jo & S,, where Jy is a Jordan operator of class Cy, v = dp+ — d, and S, is
the unilateral shift of multiplicity v. For the contraction T and its Jordan model J

we have J X T < J , where the relation < can be realized by at most two operators
(see [6} 9 [10]). The operator Jy is constructed in terms of the “invariant factors”of the
characteristic function of T'. Next, in [11] it was shown that Jy is the Jordan model of
the Cp-contraction Ty, and Ty < S, where Ty and Ty are as in (0.1).

We introduce the following notation:

C.o(Cop,fin) = {T : T is a contraction of class C.o, Ty € Cp, and T1 < Sk, k < oo,
where Ty and T; are as in (0.1)},

C.o(Co(P),fin) = {T € C.o(Cy, fin): Ty has property (P)}.

A characterization of the Cg-contractions 7" such that T' < S, k < oo, can be found
in [8].

Largely, in this paper we consider the class C.o(Co(P),fin), which is an extension of
the class of C.g-contractions with dp« < co. For the contractions of class C.o(Co(P), fin)
we shall construct a Jordan model.

Theorem 0.1. Suppose T € C.o(Co,fin), To and T1 are as in (0.1), Jy is the Jordan
model of the Cy-contraction Ty, Ty < Sk, k < oo, J = Jg @ Si. Then J Zr< J, where
both relations < can be realized by at most two operators. Also, the following assertions

are true: 1) if T € C.o(Co(P),fin), then J ST<; 2) if J§ is a Jordan operator of class
Co, k' < o0, J' = Jy® S, and T < J', then J = J'.

Our construction of the Jordan model for a C.y-contraction T is based upon its trian-
gulation of the form (0.1). This allows us to extend the class of C.g-contractions T for
which the Jordan model exists; in particular, the Jordan model is well defined for the
C.o-contractions T' such that the operator I —T*T is of trace class and dim Ker T* < oo
(see Lemma 0.3 below and also the remarks in [I2]). However, the relationship with the
“invariant factors” of the characteristic function of the contraction T is not clearly seen
under this approach even in the case where dp~ < 0o, as was the case in [6] O] [10].

Also for the contractions of class C.o(Co(P),fin), we shall prove that the lattices of
invariant subspaces are preserved under the quasiaffine transformations.
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Theorem 0.2. Let H and K be separable Hilbert spaces, T : H — H and R : K — K
contractions of class C.o(Co(P),fin), and X : H — K a quasiaffinity with XT = RX.
Then the map Jx : LatT — Lat R is a lattice isomorphism.

In the next lemma, simple sufficient conditions for a contraction to belong to the class
C.0(Co(P),fin) are established.

Lemma 0.3. Let T be a contraction of class C.g, and let [—T*T be a trace class operator.
The following statements are equivalent: 1) T € C.o(Co(P),fin); 2) dim Ker T* < oc.

Proof. Let T = (Y 1. ) be a triangulation of T' of the form (0.1). By [I3} Lemma 1.2],
the operators I — T§Ty and I — 17Ty are of trace class. By [2, VI.3.12, VIL.1.7], the
contraction Ty belongs to the class Cy and has property (P), and dimKerT§ < oc.
Therefore, condition 2) of the lemma is equivalent to dim Ker T} < oco. Suppose that
condition 1) of the lemma is fulfilled; then T} < Sk, k < oo, whence dim Ker T} = k (see
[14] or [15]). Conversely, if 2) is true, then the conditions that I — 77Ty is of trace class
and k = dim Ker T} < oo imply 71 < Sk (see [14] or [19]). O

The paper is organized as follows. In §1 we collect the definitions, notation and
auxiliary facts that are not presented in the Introduction. In §2 we prove a theorem
about outer functions, which will be used in the construction of the Jordan model. In §3
we give an example of a contraction T such that LatT = Lat S1, S1 < T, but Jx is not
an isomorphism of the lattices Lat S; and Lat T for any quasiaffinity X intertwining S
and T'. On the basis of this example, we construct a quasiaffinity X commuting with the
shift of infinite (countable) multiplicity and such that Jx is not an automorphism of its
lattice. In §4 we prove Theorem 0.1. In §5 we check that the parts and compressions of
the contractions of classes C.o(Cy, fin) and C.o(Cy(P), fin) belong to the same classes. §6
is devoted to the proof of Theorem 0.2. In §7 we present an example of two quasisimilar
C.p-contractions with finite defect indices and such that no two lattice isomorphisms
induced by intertwining quasiaffinities are inverse to each other.

§1. DEFINITIONS AND PRELIMINARIES

All Hilbert spaces to be considered are assumed to be separable. By I = Iy we
denote the identity operator on H. The unitary equivalence of operators is denoted
by the symbol 2. The maximal common inner divisor of a family {f;}; of functions,
fi € H*, is denoted by A; fi.

Let D, D’ be Hilbert spaces; we denote by H?(D) the Hardy space of functions defined
on D and taking values in D; H®(D' — D) denotes the space of bounded analytic
functions defined on D and taking values in the space of operators from D’ to D. If
D =C" 1<v < oo, then H2 = H*(C") = Y.V _, ®H?. The unilateral shift S, of
multiplicity v is the operator of multiplication by the independent variable z in the space
Hz%v Hs, =v.

Let § € H*(D' — D). By 0 we denote the associated function: 0 € H>(D — D),
0(z) = 0*(%), z € D. We shall use the following terminology. The function 6 is 1) inner
if 0*(¢)0(¢) = Ips for almost all ¢ € ID; 2) outer if clos§H*(D') = H?(D); 3) *-inner if
g is inner; 4) *-outer if g is outer; and 5) two-sided inner if 6 is inner and *-inner.

Suppose that § € H*(D' — D), 0 is an inner function. The operator Ty acts on the
space Ky = H*(D) © H?(D') by the formula Tyf = Pyzf, f € Ky, where Py = Pr,.
The operator Ty is a C.g-contraction, and the pure part of @ is the characteristic function
of Ty. Suppose T is a contraction of class C.o on a space H, Dy = clos(I — T*TH,
Dr- = clos(I — TT*)H, and O € H*(Dy — Dr+) is the characteristic function of T
Then the function Or is inner and T' = Ty, (see [I, V, VI] and [2, V, 1]).
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A Jordan operator of class Cy is an operator of the form Jo = > | ®Tp, , where the
functions 6,, belong to H> and are inner, and 6,1 is a divisor of 8,, for all n > 1; it is
possible that 6, = 1 for n greater than some ny. As was mentioned in the Introduction,
any Cy-contraction is quasisimilar to its Jordan model Jy. For a Cy-contraction T,
property (P) admits an equivalent reformulation in terms of the Jordan model Jy, =
oo ®Tp,: T possesses property (P) if A>7 6, =1 (see [2, VIL1.9]).

The symbol 3(T') denotes the shift index of an operator T

#(T) =sup{v: S, 5 T}

(see [6] §4]). Let T be a contraction of class C.g such that Ty € Cy and Ty < Sy,
1 < v < o0, where Ty and T} are as in (0.1). Then

(1.1) »(T)=v

(see [16, Proposition 4]). The following implication is true:

(1.2) i T % R, then #(T) < »(R).

Let ‘H, K be Hilbert spaces, and let T : H - H, R: K — K, X : H — K be operators
such that XT = RX. Then the map

Jx :LatT — Lat R, JxE =closXFE, E € LatT,

has the following properties (see [2, VII.1.19, VII.1.20]):
1) Jx is a lattice isomorphism if and only if Jx is a bijection;
2) Jx LatT = Lat R if and only if Jx- is injective;
3) Jx is injective if By = F5 whenever Ey, Fy € LatT, F1 C Es, and Jx E1 = Jx Es.

§2. (QUASIAFFINE TRANSFORMS OF THE SHIFT S, k < 00

Theorem 2.1. Suppose that 1 < k < oo, Sk is the unilateral shift of multiplicity k, H
and IC are separable Hilbert spaces, T and R are contractions on H and IC, respectively,
and T < Sg, R < S;. Let X : H — K be an operator with clos XH = K and XT = RX.
Then Jx : Lat T — Lat R is a lattice isomorphism; in particular, Ker X = {0}.

Proof. First, we consider the case where R = Sj,. Set E = Ker X; clearly, E € LatT. Let
T = (TOI T ) be the triangulation of T relative to the decomposition H = E® E*, and let
X = X|g+. Obviously, X is a quasiaffinity and X7} = Sy X. By [8, Proposition 2|, we

have Sj, < T, and (7(;/ Sok) 2T by [16] Lemma 1]. Suppose that E # {0}. Then, since
T < Sk, there exists a number [, 1 <[ < k, such that T’ < S;. By [8l Proposition 2],

S < T', whence Siyp = (%l Sok) X T and #(T) > 1 + k. But this contradicts (1.1).
Therefore, Ker X = {0}, and X is a quasiaffinity. In [7] it was proved that under these
conditions Jx is a lattice isomorphism.

Now, suppose that R is an arbitrary contraction satisfying the assumptions of the
theorem, and that X : K — H? is a quasiaffinity satisfying X R = Sy X. Applied to XX,
the part of the theorem that we have already proved shows that Jx x is an isomorphism
of the lattices LatT and LatSy. Since Jxx = JxJx and Jx is an isomorphism of
the lattices Lat R and Lat Sy (see [7]), Jx is an isomorphism of LatT and Lat R; in
particular, Ker X = {0}. O

Remark 2.2. In the case where the operators I — T*T and I — R*R are of finite rank or
of trace class, the part of the theorem saying that Ker X = {0} can be found in [T4] [I7].
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Remark 2.3. In the case of the shift S, of infinite (countable) multiplicity, the theorem
is not true. An example of an operator X having dense range and nonzero kernel and
commuting with S, can be found in [I7]. In §3 of the present paper we give an example
of a quasiaffinity X commuting with S, and such that the map Jxy : Lat Soc — Lat S
is not an isomorphism.

Let 1 < k < oo, and let T be a contraction on a Hilbert space H. Suppose that
X : H — H} is a quasiaffinity for which X7 = S, X. Then T belongs to the class
Cip, so that T = Ty, where § = 6Or is a function that is inner and x-outer, 6 €
H® (Dr — Drp+). Without loss of generality, we assume that 7' = Ty. Set D = Dr~; then
there exists an outer function ® € H>°(D — CF) such that the quasiaffinity X : Ky — H?
acts by the formula Xf = ®&f, f € Ky. If F is a subspace of D, dimF = k, then
®|r € H®(F — CF). Let § denote the determinant of the operator-valued function
®| 7 (relative to a certain pair of orthonormal bases in the finite-dimensional spaces F
and C*); it is obvious that § € H*°. There exists an operator Y : H? — Ky such that
YS, =TY, XY = §(Sk), and YX = §(T) (see [8, Lemma 3] or [7]). If 6 # 0, then,
obviously, KerY = {0}.

Theorem 2.4. Suppose that D is a separable Hilbert space, 1 < k < 0o, w € H®, w is
an inner function, ® € H>®(D — CF), and ® is outer. Then there exists a subspace F
of D such that dim F =k and w A § = 1, where 6 = det @|£.

Corollary 2.5. If 1 < k < oo, T is a contraction on H, and T < Sk, then there
exist operators Y1,Y> : HE — H such that Y;Sy, = TY;, KerY; = {0} for i = 1,2, and
YiH? VY2HE = H.

Proof. We choose a space F; so that §; = det |z, # 0, denote by w the inner part of
the function 01, and apply Theorem 2.4 to w and ®. As a result, we get a space Fo
and a function d; = det ®|£,; by Theorem 2.4 we have d; A d = 1. Now, let Y7, Y3 be
operators that correspond to &1, do in the sense explained before Theorem 2.4. Then
YiH? VY2H? = Y1XHV Y2 XH = 6(T)YHV 62(T)H = H, because 61 A 2 = 1. |

Remark 2.6. Suppose 1 < k < oo, T is a contraction, and T' < S. Corollary 2.5 and
the relation pg, = k imply the estimate k < ur < 2k. Invoking the characteristic ‘disc’,
which is related to the lattice of invariant subspaces of an operator (see [18] 19]), we can
refine the above estimate for the multiplicity of T

(2.1) k<pp<k+1.

Indeed, pr < disc(T) for any operator T' (see [18] 1.5]), and disc(Sk) = k + 1 (see
[19, Corollary 18]). The following assertion follows immediately from the definition of
disc(T). Let T and R be operators on spaces H and K. Suppose that X : H — K is
an operator such that XT = RX, Jx : LatT — Lat R is a lattice isomorphism, and
pr < 0o. Then disc(T) < disc(R). For R = Si we obtain (2.1). For the case where
dp~ < 00, estimate (2.1) can be found in [20].

It is easily seen that if 1 < k < oo, T is a contraction, T' < Sk, and pup =k, then T' ~
Sy.. Indeed, let © € H>®(C?~F — C¥), where k < v < o0, be the characteristic function of
T; then T = Ty, and there exist functions f1, ..., fr € Ke such that anO,j:L...,k T5f =
Kg. Suppose that the relation Tg < Sy is realized by a quasiaffinity X. We set & =
Visoj=1,. xS0 fj and Y = Pg : £ — Ke. Obviously, the operator Y intertwines Sy e
with Te and has dense range. We have S, |¢ = S; for some | with | < k;let U : H? — &
be a unitary operator such that US; = S,|eUd. Put X = XYU; then X'S; = Si X and
clos )(Hl2 = H,f This yields ps, > ps,, whence I = k, and Theorem 2.1 shows that
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Ker YU = {0}. Therefore, S, < T. For the case where dp- < oo, this assertion can be
found in [20].

Remark 2.7. For dim D < oo, Theorem 2.4 can be found in [20, Lemma 5.3], and, in a
more general form, in [T9, Lemma 15]. However, apparently, the proof does not admit a
simple generalization to the case of dim D = co.

Remark 2.8. As will be seen from the proof of Theorem 2.4, this theorem is in fact a
consequence of the lemma in [I0], §2] (we state it as Lemma 2.9), because Theorem 2.4
is deduced from Lemma 2.9 with the help of simple computations.

For the proof of Theorem 2.4 we shall need the following lemmas.

Lemma 2.9 ([10] §2]). Suppose I is an at most countable set, w is an inner function,
weH® {fin:i€eln=1,2,...} C H®, sup{||finllec :1€ ,n=1,2,...} < 00, and
WA Njz12. fin=1for alli € I. Then there exists a sequence {xn}, C C such that
Yoo an] <ooand w A YT xpfin =1 for allie L

In the sequel we shall use the following notation. Let 1 < M, N < oo, and let Iy
denote the unit matrix of size N x N. Suppose A = {a”}z =1, M is a matrix of size

M x N and 1 < K <min(M,N). Fori={iy,...,ix} andJ = {jl,...,jK}, where 1 <
h < - <ig <M,1<j <---<jg <N, wedenote by det (AH) = det{a;,j, tui=1,. K
the corresponding minor of A, i.e., the determinant of the submatrix of A composed of
the elements on the intersections of the rows with numbers i1,...,ix and the columns
with numbers ji,...,jx. If K = N or K = M, we omit the upper or lower index,
which means that in the calculation of the minor all columns or rows of A are involved.
Let i = {i1,...,ix}, 1 < i1 < -+ < ig < M. Weset i = {i},...,7y,_x}, where
1<if < oo <ihy g <M, iUV ={1,...,M}. Suppose 1 < K, M, N < oo, and A and
B are matrices of size K x M and K x N, respectively. By (A|B) we denote the block
matrix of size K x (M + N), that is, the matrix whose first M columns coincide with
the columns of A, and the remaining N columns coincide with the columns of B.

Lemma 2.10. Let2 < M <o0, 1< N< M —1. Supposethath{bul}u 1, M—1

is an (M — 1) x (N + 1) matriz, and (Ips—1|B) is a block (M — 1) x (M + N) matrix.
Let i = {i1,...,in+1}, 1 < i1 < -+ <iny1 < M 4+ N, and let the number m, 1 <
m < N + 1, be determined by the condition iy, < M — 1 < ipmy1. Set s(M,m) =
(—1)(M=DM+(M=m=1)(M=m))/2  Thep

det((Iar—a [ B)[") = (=)t s(M, m) det (B 737,
The proof of Lemma 2.10 consists in standard computations and is omitted.

Lemma 2.11. Suppose 2 < M < o0, 1 < N < M —1, and\Ilf{goul}ul M isa
I MAN

matriz of size M x (M + N), where o, € H> for allu and l. Put g; = det(\I'|1 WMLy
f= det(\Il|1+N""’M+N), and w = det (\Il|2 M= 1). Then there exist functions hy € H®

such that wf = Zz N g

Proof. Clearly, w, f,g € H*®. If w = 0, the claim is obvious; let w # 0. We set

= {ouw} u=2,...m and W = {apul} u=2,..,M . By assumption, detW = w # 0;
1, M—1

I=1,.,M+N 1=
consequently, there exists a matrix B = { ul} u=2,...m of size (M —1) x (N +1)
I=M,.,M+N
such that F = (I _1|B) (the elements of B are functions b,; defined on the set

{z € closD : w(z) # 0}). Applying Lemma 2.10 with m = 1, we easily see that
why € H™ for all u,l.
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The matrix BT can be represented in the form BT = (A|C), where A is a matrix of
size (N + 1) x N, and, accordingly, C is of size (N + 1) x (M — N — 1). Expanding the
minors g; of the matrix ¥ by its first row and applying Lemma 2.10, we obtain

9m P11 PIN+1 1M
(2.2) g = ; = (—1)Mw<A |40 : - : )
gM+N PIN P1M -1 PIM+N
We put a; = (—1)N"M*det(Al(ar, minpqy)s | = M,...,M + N; then a =
(apy---,apm+n) is a row of length N + 1, and
(2.3) aAd =0.
Next, a; = (—=1)N =M+l det (B|§K’_'_','NA;I+N}\{Z}), and we have

det(F|{1+N,..A,M+N}\{l}) _ (_1)1\1(1\471\1)11}(18t (B|%f’.'.',&Af+N}\{l})’

whence wa; € H® for I = M, ..., M + N. Using formulas (2.2) and (2.3), Lemma 2.10,
and the decomposition of the minor f of the matrix ¥ by the first row, we conclude that

N
wag = Y (wa)gi = sunwf,
I=M
where sy;ny = +1 depends only on M and N. O

Lemma 2.12. Let D be a Hilbert space, let 2 < M < oo, and let ¥ € H®(D — CM)

be an outer function. Fizing orthonormal bases in the spaces D and CM, we denote the

matriz of the operator-valued function W relative to these bases also by W. Set w; =

L., M—1 . M=

det (\Il|{1 }\{j}), j=1,...,M, and g; = det(¥|"-M=1 | = M M +1,.... Then
M

/\j:l wj = /\z:M,M+1,... gi-

Proof. Put 1pg = /\]]\i1 wj, ¥ = NiZpsar41,.. 9 Expanding the minors g; by the column
of U with index [, we see that 1y is a divisor of ¢». Now we prove that 1 divides 1)g.
Let £ = {l1,...,lpm}, 1 <13 < - <lp,and let N, 1 < N < M — 1, be the number
determined by the condition lp;_ny_1 < M —1 < Iy n. We set f; = det(¥[%) and fix
j, 1 < j < M. We rearrange the rows and columns of ¥ so that the jth row become
the first, and the columns with indices I1,...,I5; get indices N + 1,..., M + N; then
wj, fe, g will remain as before up to signs. By Lemma 2.11, there exist functions
Riri_nye o> hiy, € H® such that w;fr = ZnM:MiN hi, gi,,. Consequently, ¢ is a divisor
Of’LUjfg for aﬂ] = 1, .. .,M, (= {Zh .. ,lM} Let ’Lﬂj = ’Lﬂ/\wj‘; then ’Lﬂ = ijoj, and ’Lﬂoj
is a divisor of f, for all £. Also, by assumption, t; is a divisor of ¢; for { = M, M +1, ... .
Therefore, 1)y; is a divisor of the inner parts of all minors of the outer matrix ¥, which
implies that ¢o; = 1 (this well-known fact follows from the results of [10] and [T, Lemma
2.7] applied to the inner part of the function U; see also [21, 1.6]). Thus, ¢ is a divisor
of w; for all j =1,..., M, and we see that 9 is a divisor of )y. O

Lemma 2.13. Suppose F, D are Hilbert spaces, 1 < k < oo, dimF = k, and {e,},
is an orthonormal basis in D. Let A: D — C*, B : F — D be operators; their matrices
relative to the basis {e,}2°; and the fized orthonormal bases in the spaces F and C* will
still be denoted by A, B. Then det AB =3 i_(;, .. ;3 det(A[')det(Bl;).

1<i1 < <ip <o
Proof. Set Py = P\/N:1 .
topology and hence (see [22), II1.6.3]), in the trace norm. Therefore (see ([22, VI.1.1] or

. It is easily seen that APy B = AB in the strong operator
, o
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[2] VI, §1]), det APy B Fr det AB. Tt remains to apply the Binet—Cauchy formula to
— 00
det APy B. O

Proof of Theorem 2.4. Let {;}¥_, be an orthonormal basis in C*¥. For 1 < M < k, we
put Iy ={i={i1,...,im}: 1 <@y < - <ipy <k},and P, = P\/%:lein. The following
fact will be proved by induction on M: in the space D there exists a subspace Fjs such
that dim Fp; = M and w A det(P®@|£,,) = 1 for all i € Iy,.

The base of induction: M = 1. Let {e;};=1,2,... be an orthonormal basis in D, and let

{pir}i=1...x be the matrix of the operator-valued function ® relative to the bases {g;}*_;
1=1,2

and {61}[;71727“.. Since ® is an outer function, /\z=1.2,... py =1foralli=1,...,k, which
allows us to apply Lemma 2.9 to w and {@il}i:17,,.;k. We obtain a sequence {z;};=12,...
such that w A (21:1,2,... a:lgoil) =1foralli=1,...,k Sett; = xl/(zn:m,... |az:n|2)1/2
and F; = C(Zz:u,...tlel)' Then in the basis {e;}i=1,2,... the matrix of the identity
embedding operator id : F; — D is the column {ti}1=1,2,.... Therefore, det P,®|r, =
det((Pi@) ld) = Zl:l,Q,... Qpiltl; 1= ]., ceey k.

The induction step: suppose that the assertion is true for M — 1. We take an or-
thonormal basis {e;};=1,2,.. of D such that Fpr_1 = \/;\il_1 e;. Ifi € Iy, then ®; = P,® €
H> (D — CM) is an outer function; we set gy = det(®;|"M 1) = det(P@|" ML),
Il = M,M+1,.... By Lemma 2.12 applied to ®; and the induction assumption,
WANZar 11, 9u = 1foralli € In. Applying Lemma 2.9 to w and {gu } J\/}EJ\EI]tij-l , We

obtain a sequence {x;}i=m, a+1,.. such that w A (El:M,Mﬂ,... a:lgil) =1 forallie€l,.

Put t; = 21/ (X —ararsn.... |az:n|2)1/27 =M, M+1,.... The vectors f1,..., ;s €D
are determined by the relation

€1
1 @)
S
(2.4) : 0 e
: s
Dl 700 Tt L ) | e
1 M1 :

Fu = \/71\1/1:1 fn- Let id : Fay — D denote the identical embedding, and let V' be the
matrix in (2.4). Then V7 is the matrix of the operator id relative to the bases {f,}},
and {e;}i=1,2,... By Lemma 2.13, we have

det(Pid|z,) = det(B)id) = 3 det(Rd[f)det(V7],).
€={ll,...7l]\/[}
1<ii<-<lnm

Next, det(VT];) = det(V|*) # 0 only if £ = {1,....M — 1,1}, 1 = M, M +1,....
Consequently,

det(R®lr,) = > det(BO[LM M) dey(VLMoty = N g,
I=M,M+1,... I=M,M+1,...
By construction, w A det(P;®|£,,) =1 for all i € Iy,. O

§3. EXAMPLES

Example 3.1. For A € D, let by(z) = 1’\_%22, z € D. Suppose that £ =37 | ©Kjz and

H = Ky, ® K are Hilbert spaces, and J = - | ®Ty; and T' =Ty, & J are operators on
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K and H, respectively. It is not difficult to show (e.g., with the help of [2, VI.5.8]) that
J is the Jordan model of the Cy-contraction T', so that T" and J are quasisimilar and fail
to have property (P).

Set E = K, @ {0} and £ = {0} & K; then E,€ € LatT and the following is true:
Ené& ={0}, EVE =H, and if E' € LatT and E’ C E, then either £ = {0} or
E’ = E. Suppose that there exist nontrivial subspaces F, F € Lat J possessing the same
properties as F, £. Then the Cy-contraction J|r has no nontrivial invariant subspaces,
which yields (see [1, II1.6.3] and [2 I1.4.5]) dim F' = 1, that is, F' = Ch, where h € K,
h # 0, and Jh = Ah. It is easily seen that there exists a vector g € K such that
Jg = h+ Ag. Next, we have K = F + F, whence g = ch + f with c € C, f € F.
Therefore, Jg = cA\h + Jf = h + Ach + A\f, whence h = A\f — Jf € F; we arrive at a
contradiction with the assumption.

Thus, the lattices Lat T and Lat J are not isomorphic.

Example 3.2. Let S = S; be the unilateral shift (of multiplicity 1) acting on H?, and
let bx(2) = f‘:{z, z € D, A € D. Suppose that ¢ € H®, ||¢|lco < 1, ¢ is a generator of
the algebra H in the weak* topology (see [23,[24]), and ¢ # sby for any s € 9D, A € D.
Let T = p(S), T : H> — H?,i.e., Th = ¢h, h € H?. Then

(3.1) LatT = Lat S = {#H? 0 € H>,0 is inner}

(see [23]), in particular, pr = 1, i.e., T is a cyclic operator. In [25] it was shown that T
is a contraction of class C.g.

Let « = {¢ € D : |p(¢)] = 1}, and let m be normalized Lebesgue measure on 9D.
Then m(a) < 1, because otherwise the function ¢, ¢ # sby, would be inner and (see
(3.1)) could not be a generator of H>.

If m(a) = 0, then T is a contraction of class Coo (see [25]). If m(a) > 0, then T is
a contraction of class Cyg, and its minimal isometric extension U satisfying T' < U is a
unitary operator (namely, U is the operator of multiplication by ¢ in the space L?(«)).
Since the minimal isometric extension of a Cig-contraction is uniquely determined, T is
not a quasiaffine transform of the unilateral shift (of any multiplicity); see [25)].

Since T' is a cyclic absolutely continuous contraction not belonging to the class Cy, we
have S < T, i.e., there exists a quasiaffinity X : H?> — H? such that XS = TX (see, e.g.,
[16, §1]). However, the map Jx : LatS — LatT = Lat S is not a lattice isomorphism
for any quasiaffinity X intertwining S and T'.

To check this, set X1 = g; then g € H? and g is the image of the cyclic vector 1 for S.
Hence, ¢ is a cyclic vector for T, and, by (3.1), it is an outer function. Since XS =TX,
we have X S™ = T"X for all n > 1, whence Xz2" = XS"1 =T"X1 = "¢ for all n > 1.
Let

(3.2) fer? f(z)zZanz” and Z|an| < 0.
n=0 n=0

It is easily seen that

(3.3) Xf=(fop) g

The conditions imposed on ¢ imply that clos p(D) # closD. Indeed, by [24, Corollary 3],
we have ¢(D) = int clos (D). Consequently, if clos (D) = closD, then (D) = D, i.e.,
@ is a conformal mapping of the disk D onto itself. Therefore, ¢ = sby for some s € 9D,
A € D, which contradicts the assumption.

We take A € D\ closp(D) and set E = byH?. Then E € Lat S and E = /-, by2".
Obviously, the functions byz" satisfy (3.2) and, consequently, (3.3). Therefore, 7x E =
closXE =\/7" o Xbxz" =\, o(pobr)e™g =\, o T™((p o br)g). Since A ¢ clos (D),
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we have infp |p o by| > 0, which implies that ¢ o by is an outer function. Therefore,
(poby)-g is an outer function, and by (3.1) it is a cyclic vector for T. Thus, Jx (bAH?) =

Vol o T"((p o bx)g) = H2.

Example 3.3. Consider the contraction T : H?> — H?, Th = ¢h, h € H?, that occurred
in Example 3.2. Since (I —T*T)h = P(1—|¢|?)h, h € H?, we have clos(I — T*T)H? =
H?, and therefore dr = co. Since T € C.y, we have dp- > dr. Let § € H*®(C>® — C™)
be the characteristic function of the contraction T'; then 6 is inner and T = Ty, where
the contraction Ty acts on the space Ky = H2 © 0H2. Clearly, with respect to the
decomposition H2 = 0H?2 & Ky, the shift S,, has the form

o SoolGHgo *
soo_( o ).

As was shown in Example 3.2, there exists a quasiaffinity X : H? — Ky and a subspace
E € Lat Sy such that XS, = TpX, JxE =clos XE = K, and E # H?.

It is easily seen (see [16] Lemma 1] and also the construction of the operators Y; in §4
of the present paper) that there exists a quasiaffinity X : 0H2 @ H? — H2 such that
X (Soo|aHgo ® S1) = Soo X1, and relative to the decompositions of the spaces §H2, @ H?
and H2 = 0H?2 ® Ky, the map &) has the form

IgHz *
Xl = ( O°° X) .
It follows that Jx, (HZ @ E) = 0H2 ® Ky = HZ. Consequently, Jx, is not an
isomorphism of the lattices Lat(Soc|orz. © S1) and Lat Soc.
Clearly, SO<,|9H§o @851 2 Seo. LetU : 0H2 ®H? — H2 be a unitary operator such that
US = (Seolomz, @ S1)U. If X = XiU, then XS, = S, and Jx : Lat Seo — Lat S
is not an isomorphism.

§4. CONSTRUCTION OF A JORDAN MODEL

In this section Theorem 0.1 will be proved, i.e., a Jordan model will be constructed
for the contractions that belong to the class C.o(Cy(P),fin) defined in the Introduc-
tion. Although, formally, the way of constructing the model presented here differs from
the method of constructing the Jordan model for the contractions T of class C.g with
dr < oo (see [6} O] [10]), the basic principle is the same: the possibility to choose ap-
propriate relatively prime functions. The construction presented here is not independent
of [0, [9, [10]; moreover, it is a different interpretation of the results of [10]. Namely, the
operator-valued functions acting from a (possibly) infinite-dimensional space to a finite-
dimensional one are not an object (as in [I0]) but a method of study. We note also that
for the construction of the Jordan model presented here we use the same method as in
the proof of Theorem 2 in [26]; see also [3) Lemma 1.5] and [4, §4.6].

Let T be a contraction of class C.o(Co,fin), and let § € H*(Dr — Dr~) be its
characteristic function; then T' = Ty. Without loss of generality we assume that T = Tp.
Suppose T' = (7(;0 T ) is a triangulation of T of the form (0.1), # = ©Q is the *-canonical
factorization of 0, Q € H>(Dr — Dr) is a two-sided inner function, and © € H*(Dr —
Dr-) is an inner and #-outer function (see [I, VII]). Then

(4.1) Ky =0Kq® Ko
is the decomposition of Ky corresponding to the triangulation T = (%0 T*l )

By assumption, T} is a Cp-contraction. Let w denote its minimal annihilator; then w is
an inner function in H*°. By assumption, there exists a quasiaffinity X : Kg — H ,3 with

XTy = S X, k < oo. Acting in the same way as in Corollary 2.5, we construct operators
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Yy, Y2 : H? — Ko and functions 81,0, € H™ such that V;S, = T1Y;, XY; = §;(Sk),
;X =6(T), wnd; =1,i=1,2, and 01 A d3 = 1 (namely, Theorem 2.4 allows us to
choose d1 so that w A d; = 1, and d2 so that (wdy) A d2 = 1). Next, there exist functions
U, € H®(C* — Dr) such that Y;h = PoW;h, h € HZ, i = 1,2 (see [I} 11.2.3] and
[2) V.1.24]). We define operators Y; : H? — Ky by the formulas Y;h = PyW;h, h € HZ.
Set A; = Por,0i(T)|ke; then the trlangulatlons of the operators 0;(T) relative to the

decomposition (4.1) are of the form 6;(T) = (5 «(To) _(AT"'I) ), i = 1,2. The operators that
To

intertwine the contractions T" and Ty & Sy = ( 0 S, ) relative to the decomposition (4.1)

are defined by the formulas
V= (I@KQ P@KQE)

0 Y;
X, = 5:(To)  Ai — PorgViX
(4.2) 0 X ’

Vi: K— Ky, X;:Kyg— K,

K= (952“) — OKo® H.
k

A straightforward calculation shows that X;T = (To @ Sk)Xi, Yi(To ® Sk) = TV,
Xiyi = 57,(T0 (&) Sk), in’L' = 57,(T), Keryi = {0}, = 1,2 Next, we have iniKg =
0;i(T)Kyg, i = 1,2, so that 1KV LK D 01(T)Ky V 62(T)Ky = Kp (the last-written
identity follows from the relation §; A d = 1). Similarly, X1 Ky V Xo Ky = K. Now we
show that KerX; = {0}, i = 1,2. Let h = (Z‘l’) € Ky = (@Igﬂ), and let X;h = 0.
Then Xh; = 0, and since Ker X = {0}, we see that h; = 0 and h = (}60). Therefore,
Xih = 6;(To)ho = 0. Since §; Aw = 1, we obtain Ker d;(Ty) = {0} (see [T} I11.4.2] and [2]
11.4.10]). Thus, ho = 0 and Ker X; = {0}, i =1,2.

Remark 4.1. If Ty ~ Sk, then there exists an operator Y : H,f — Keg having the
same properties as Y;, i = 1,2, and such that p = d; = J2 is an outer function (see,
e.g., [26, 27, [7]). Formulas (4.2) yield operators X and Y intertwining 7" and Tp & Sy, and
such that XY = p(To®Sk), YX = p(T); this means that T" and Ty @Sy are pseudosimilar.

It has already been noticed in this paper that (see [2, II1.5.1]) every Cp-contraction
Ty is quasisimilar to a certain Jordan operator Jy called the Jordan model of the Cy-
contraction Tj.

Thus, in the relation Ty ® Sk 2 T 3 Ty @ Si obtained above, we can replace Ty with
its Jordan model Jy by usmg the quasiaffinities that realize the quamsumlarlty To ~ Jy.

We conclude that J -< T -< J, where J = Jy & Sk, and each of the relations -< can be
realized by at most two operators. The principal part of Theorem 0.1 is proved.
In the original construction in [6} [10], a C.o-contraction T' with dr < oo and its Jordan

model J were connected by the relation J Sr% J; in [9] 10] the property T < J was
replaced by T' < J. If T is a Cp-contraction in (0.1), then dr = dr,. If dr < oo (as was
the case in [0, [9, [10]), then d7;, < oo, and Ty has property (P). In this paper, in order to

replace T =< J by T < J, we add property (P) to the assumptions. So, statement 1) of
Theorem 0.1 is a consequence of the following lemma.

Lemma 4.2. Suppose Ry is a contraction of class Cy with property (P), 1 < v < oo,

T is a contraction of class Co, T = (%0 jfl) is a triangulation of T' of the form (0.1),

To~ Ry, Th < Sy, andTLRo@Sy, Then T < Ro @ S,,.
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Proof. Suppose that Ry acts on a space Ky and T on a space H. Let H = Ho ® Hi

be the decomposition of H corresponding to the triangulation T = (%0 T*l ), and let

X : 'H — Ko ® H? be an operator that realizes the relation T < Ry ® S,. Then
To < (Ro @ Su)|clos ¥, and since Ty € Cog, we have (Ro @ Sy )]|clos ¥+, € Coo- It follows
that clos YHy C Ko. Since Ty and R |cios ¥, belong to the class Cp and Ty < Ro|clos xHo s
we have Ty ~ Ro|cios xH,- By assumption, Ty ~ Ry, whence Rg ~ Rolclos x7,, and since
Ry has property (P), we have clos Y Hy = Ko by [2, VIL.1.15].

We set K = clos XYH; then, obviously, Ky C K and K € Lat(Ro @ S,). Thus, K =
Ko®E, where E € Lat S,. Since S, |g & S,, for some 14 < v, we have Rl = Ry®S,|g =
Ry & Sy,. The relation T' < R|x yields T < Rg @ S,,. From (1.1) and (1.2) it follows
that v = 3(T') < %(Ro ® Su,) = v1. Consequently, v = v;. O

Thus, a contraction T of class C.o(Co(P),fin) and its Jordan model J = Jy @ Sk,
where Jy is a Jordan operator of class Cy with property (P), k < oo, are connected by
the relation

JET <,

where the property J < may be realized by at most two operators.

The uniqueness of a Jordan model for the contractions of class C.o(Co(P), fin) and
statement 2) of Theorem 0.1 are implied by the following fact (see [11]] for the case of
finite defect indices.)

Proposition 4.3. Let T be a contraction, let R € C.o(Co,fin), and let T < R. Then
T € Co(Co,fin). If T = (7(;0 T*l) and R = (%0 El) are triangulations of T and R of the
form (0.1), and Ry < Sk, k < oo, then Ty ~ Ry and Ty < Sk.

Corollary 4.4. Under the conditions of Proposition 4.3, the following statements are
true: 1) the contractions T and R have the same Jordan model; 2) T and R belong or do
not belong to the class C.o(Co(P),fin) simultaneously.

Corollary 4.5. Let J = Jy&® Sk, where Jy is a Jordan operator of class Cy with property
(P), and k < oco. If T is a contraction with T < J, then T € C.o(Co(P),fin), and J is
the Jordan model for T.

For the proof of Proposition 4.3 we need the following lemma.

Lemma 4.6. Suppose T is a contraction on a space H, R is a contraction of class
Co on a space K, and T < R. Then T € Cy. Let T = (7(;0 71‘1) and R = (%‘) gl)
be triangulations of T and R of the form (0.1), let H = Ho ® H1 and K = Ko @ K4
be the corresponding decompositions of the spaces H and IC, and let X : H — K be
a quasiaffinity with XT = RX. Set Ky = closXHy; then Koy C Ko. If Ry € Cy,
L e LatRy, Ky C L, L = Ko © L, and X = Prex,X|n,, then Ty € Co, X is a
quasiaffinity, and XTy = (Prex,Rlrex,)X .

Proof. The fact that T belongs to the class C.g follows directly from the property T' < R
and the definition of the class C.g. The inclusion Ky C Ky can be checked in the same way
as in Lemma 4.2. Next, suppose that Ry € Cy. Then Ry|x, € Co, and since Ty < Ro|x,,
we have Ty € Cy (see [I, 111.4.6] and [2] II1.2.1]).

We set R’ = Prgi, R|rox,. The operators X and R have the following form relative
to the decompositions H = Ho @ Hi and K = LB (LB K1) X = (5%), R= ({5 p )-
The identities XT = RX and clos YH = K imply XT; = R'X and clos XH; = L & K.
Now we check that Ker X = {0}. Put E = Hy @ Ker X; it is easily seen that F =
X 'L ={heH:Xhe L} Therefore, E € LatT, closXE C L, and T|g < Ro|clos x -
Since Rplcios xr € Co, we have T|g € Cy (see [1, 111.4.6] and [2] I11.2.1]). Consequently,
E C Hoy, whence Ker X = {0}. O
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Proof of Proposition 4.3. We use the notation of Lemma 4.6. Applying Lemma 4.6 with
L = Ky, we obtain T; < Ry, whence T; < S;. Set RM = Pxor,Rlcor,- Lemma 4.6
with £ = Ky shows that T) < R, We denote Ly = Ko © Ko and R = RW|, =
Pr,Ro|r,- Let w be the minimal annihilator of the Cp-contraction R, and let X =
Prooi, X|#,. Then the triangulation of R™) relative to the decomposition of the space

K e Ky = Ly ® K; has the form RV = (R(()O) 1;:1). Next, let X : Hy — HE be a
quasiaffinity such that XT7 = SiX. By Theorem 2.4, there exists a function § € H*>
and an operator ) : Hf — 'Hy such that w A§ = 1, S, = T1Y, XY = §(Sk),
and PX = 6(T1). Putting Z = X9, we see that Sp < R(1)|CIOSZH§ and clos ZH} =

clos X clos §(T1)Hy = clos §(RM) (Lo @ K1) = clos (MRO(O)) 5(1’;1)) (,@i ). Since w A =1,

we have clos§(R(")Lg = Lo (see [T} 111.4.7] and [2, 11.4.9]). Thus,

clos ZH? = (é%)

for some K € Lat Ry and Sj, < (R:)O) Pj” ), where Rgl) = Ri|xw . Applying Lemma 4.6

. 0 . . .
to the contractions Sy, and (ROO e ) with £ = Lo, we obtain S < Rgl). Since R < Sk
1

by assumption, we have Rgl) < S for some [ < k. The relation Sy < R§1) < S; implies

that I = k and R\ ~ S),. By Remark 4.1, (R(‘)‘” o ) ~ (Rfj’) ;k) = RO 3 S,. We have
1

obtained the relation S < R(©) @ S}, which yields the inequality HRrOgs, < Hs, = k.
By [LT, Lemma 1.2] we have fipo g, = fro + k, whence pipo) = 0, ie., R acts on
the zero space Lg. Thus, clos YHy = Ky, so that Ty < Ry, and since Ty and Ry are
Cy-contractions, we obtain Ty ~ Rg. O

§5. TRIANGULATIONS OF CONTRACTIONS OF CLASSES C.o(Cy,fin) AND C.o(Cy(P), fin)

Let T be a contraction of class C.g with finite defect indices d7 and dr«, and let E €
LatT. From [1 VIL.1.1, VIL.3.3] and [2, V.1.21] it follows readily that T|g and Pg.T |
are also contractions of class C.g with finite defect indices. In this section we prove an
analog of this fact for the contractions in the classes C.o(Cy, fin) and C.o(Co(P), fin).

Let D and D’ be (separable) Hilbert spaces with dim D < dimD’, let § € H*(D — D)
be an inner function, and consider the *-canonical (x-outer-inner) factorization of 6:

0 = 01, where ! € H*(D — D) is a two-sided inner function and

(5.1) © € H*®(D — D’') is an inner and *-outer function.

It is well known (see [Il VII.3.4]) that the factorization § = ©% is related to the trian-
gulation of Ty of the form (0.1), and the corresponding decomposition of the space Ky
has the form Ky = OKq @& Ko.

For an invariant subspace E of Ty, we consider the corresponding regular factorization
of 0:

0 = 0201, where 1 € H>*(D — D") and 0, € H>* (D" — D') are inner

functions

(D" is an auxiliary Hilbert space); see [I, VIL.1.1, VIL.3.3] and [2, V.1.21]. Then E =
92K91. Let

(5.2)

01 = ©1Q;, where Q; € H®(D — D) is a two-sided inner function and

(5.3) ©; € H*(D — D”) is an inner and #-outer function,
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be the *-canonical factorization of ;. Then

(5.4) 0 = Q22Q4, where Qoo € H*(D — D) is two-sided inner,
(5.5) Oy = 6,01,

and

(5.6) 02Ky, NOKq = 009 Ko, .

Indeed, €2 is a right *-inner factor of 8, and, by definition, €2 is the maximal right
s-inner factor of §. Then € is a right divisor of Q. This proves (5.4) and (5.5). We set
EH?(Dy) = 6. H*(D") N ©H?(D), where Dy is a Hilbert space; = € H>(Dy — D') is an
inner function. From (5.5) it follows immediately that ©Qs2Kq, C 02Ky, N OKq and
(02Kp, NOKQ) © OQ20 Ko, = ZH?(Dy) © OQH?(D). The inclusion O H?(D) C
ZH?(Dy) and the definition of = imply that

(5.7) Oy =), Z =02, =0Z,,
for some inner functions =g, Z;, Z2. By (5.5) and (5.7), we have ©; = 235 and
Qoo = Z1Zy. Since O is x-outer, Zg is x-outer; since {295 is *-inner, =g is *-inner.

Thus (see [T, V.23] and [2] V.1.17]), = is a constant function, whence ©€Qq H%(D) =
02 H*(D") NOH?(D), and (5.6) is proved.

Now suppose that Ty € C.o(Cop,fin). This means that T is a Cyp-contraction and
To < Sk, k < co. This implies that Q95 and © have scalar multiples, i.e., there exist
functions w,d € H®, w,0 # 0, A2 € H*(D — D), and Ay € H>*(D' — D) such
that AQQQQ = QQQAQ = wID and A()@ = 51@ (See [1, 111.6.1, VI.5.1, VII.2.1], [2, 11.4.3,
V.3.3] and [, Proposition 1]). If A} = AyAyf,, then A; € H*(D” — D) and 4,0, =
A ApOQas = AsdIpQas = dwip (see (5.5)), whence To, < S,, v < oo [8, Proposition 1].

Since To,q, = Ty, = Tp|g, we have Tp, < Tp. From (1.1) and (1.2) we deduce that
v=x(Tp) < x(Ty) =k < cc.
Thus, we have proved the following assertion.

Proposition 5.1. Let T be a C.g-contraction on a space H, and let E € LatT. Suppose
that H = Ho ® H1 and E = Ey @® E; are the decompositions of H and E corresponding
to triangulations of the C.o-contractions T and T|g of the form (0.1). Then: 1) Ey =
ENHo; 2) if T € Co(Co, fin), then T|g € Co(Co,fin); 3) if T € C.o(Co(P),fin), then
T|E S C.Q(CQ(P), ﬁn)

For the proof of a similar assertion about the contraction Pg.T|g1, we need the
following lemmas.

Lemma 5.2. Suppose T is a contraction on a space H, 1 < k < oo, T < Sk, and
G e LatT. Let P T|g. = (7(30 T*l) be a triangulation of the C.o-contraction PgiT|qe
of the form (0.1). Then Ty € Co, u(To) <k —1, and Ty < S;, where 0 <1 < k.

Proof. Let X : H — H} be a quasiaffinity, and let XT = S;X. By Theorem 2.1 and
property 2) of the map Jx (see §1), Jx+ : Lat S; — LatT* is a lattice isomorphism.
Since G+ € LatT*, we have G+ = Jx-F for some F € Lat Sy, and Si|p < T*|qe.
Therefore,
PerT|gr = (T7|gr)" < (Sklr)™ = PrSk|r.

As is well known, there exists a number [, 0 < [ < k, and an inner function 9 €
H(Ck=! — CF) such that F = Ky and PrSi|r = Ty. Applying Proposition 4.3 to the
contractions Pg1T|g. and Ty and using the known form of the Jordan model for Ty (see
[6] @ [71]), we obtain the claim. O
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Lemma 5.3 ([16]). Suppose T € C.o(Cop,fin), G € LatT, and Pg.T|gr € Coo. Then
PgLT|GL € Cy.

Proof. By [16, Proposition 4] (see (1.1)), we have »(T) < oo. If PgiT|gr does not
belong to the class Cy, then, by [16] Theorem 2], we have S, < Pg.T|ge for any n < oo.

By [16, Lemma 1], we have T|¢ & S, < T, whence S, < Tl ® Sp X7 and #(T) >n
for any n, a contradiction. O

Lemma 5.4. Let 1 < k < 0o, and suppose that Ry : Ho — Ho is a Cy-contraction with
property (P), R= Ry ® S}, £ € Lat R, and R|¢ € Cy. Then R|¢ has property (P).

Proof. Set By = ENHo, L1 = ENHE, By = clos Py, &, Ly = clos Pp2&; then, obviously,
Ei, FE; € Lat Ry, Ly, Lo € Lat S. Moreover, E1 ® L1 C £ and R|g,¢r, = Ro|lg, ® S§|L,-
Since R|¢ € Cy by assumption, we have Si|r, = R|r, € Co, and S;|r, has property (P)
because k < oo. Since Ry has property (P), so does Ro|g,. Thus, R|g,er, has property
(P) (see [2, VII.1.9, VIL.1.17]).

Set E = FE2O0FE), L =Ly& Ly, and F =€ 6 (E; ®Ly). By [2] VIL1.17] we see
that PgRo|g is a Co-contraction with property (P). By [b, Lemma 3], PrS;|;, € Co,
and since k < oo, PrS{|r has property (P) (see [2, VII.1.9]). Since PrgrR|per =
PrRy|g ® PrS;|L, we conclude that PggrR|ger has property (P) (see [2, VIL.1.17]).
Since F € Lat PpgrR|gor, we see that (PegrR|ger)|7 = PrR|7 has property (P) by
2 VIL1.17].

Application of [2, VII.1.17] to the triangulation of the Cp-contraction R|¢ relative to
the decomposition & = (E; @ L1) @ F shows that R|g has property (P). O

Lemma 5.5. Suppose D, D' are Hilbert spaces, 1 < k < oo, W € H*(D — D), Ty
is a Cy-contraction with property (P), Q € H*(D — D’), Tg < Sk. Also, suppose E €
H® (D — D’) is an inner function, Wy € H>® (D' — D’) is two-sided inner, QW = W=,
and Kg N Kw, = {0}. Then Tw, is a Co-contraction with property (P).

Proof. We set T = Tow and apply Lemma 5.3 to T with Gt = Ky, to show that
Tw, € Co. Set Ty = T|qKyw, R=T5 ®Sj. Let V; : QKW@H,f — Kgw be the operator
asin (4.2),i=1or i =2, and let £ = clos V;(QKw ® H?). Then € € LatT, QKw C &,
and Ty ® Sk, < T'|¢, whence

(5.8) PgT*|g < R.

Set F = clos PeKw,; it is easily seen that F € Lat PsT*|¢. Consider the operator
X:Kw, = F, Xf=PFef, f € Ky, We shall show that Ker X = {0}. If f € Ker X,
then f € Kw, N &L, and since £+ C (QKw)* = K, we have f € Kw, N Kg = {0}.
Therefore, X is a quasiaffinity, and it is easy to check that XT™|k,, = (PeT"|¢)|r X,
so that 7|k, < (PeT™[¢)|r. From (5.8) it follows that (PeT™|¢)[r < R|c for some
L € Lat R. Hence, T* |, < R|c, and since (T*|ky,, )" = Tw, € Co, we have R|. € Co.
By Lemma 5.4, R|, has property (P). Consequently (see [2, III. 5, VIL.1.9, VI.1.16]),
Tw, has property (P). O

Lemma 5.6. If T is an absolutely continuous contraction, E € LatT, and Pg.T|g. €
C(), then %(T) = %(T|E)

Proof. Let H denote the space on which T acts, and let ¢ € H* be the minimal an-

7

nihilator of the Cy-contraction Py T|gy. Let S, X T. Then Sn = Snlclos (s, H2 <
T|ctos () by [T1, Lemma 2.1]. It is easily seen that clos (T)H C E, hence T'|¢ios (11 =

(T E)|e10s (7)1 and Sy, < T|g. Thus, 5(T) < #(T|g). The reverse inequality is obvious
(see (1.2)). O
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Lemma 5.7. If T is a contraction on a space H, 1 < k < oo, T < Sk, G € LatT, and
PoiT|gr < S;, where 1 <1<k, then T|g < Sk—1.

Proof. We use the notation introduced in the proof of Lemma 5.2. Since Jx is a lat-
tice isomorphism, it is not difficult to show that JxG = F+. Consequently, T|c <
Sklomz_, = Sk-1- a

Now we return to the factorization 6 = 626, (see (5.2)). Let

O = O30, where Qp € H® (D" — D”) is a two-sided inner function

(5.9) and ©2 € H*(D” — D’) is an inner and *-outer function,

be the *-canonical factorization of 5. Then

(5.10) O =001,

and

(5.11) 02207 = ©11Q22, where ©1; € H®(D — D”) is inner and * -outer.

Indeed, let 22,60, = OMQO®) be the *-canonical factorization of 0501, where 0@ ¢
H>®(D — D) is two-sided inner and @) € H®(D — D”) is inner and *-outer. Then
Oy = 0,07 = 50,0, = O,0MQ2) . Since O, and OM) are inner and x-outer, 0,01
is inner and *-outer. The uniqueness of the x-canonical factorization (see [T}, V.3]) implies
the existence of a unitary constant function C' : D — D such that © = 0,00 C~1,
Q0 = COB). Setting ©1; = O~ we obtain formulas (5.10) and (5.11).

Proposition 5.8. If T € C.o(Cy, fin) and E € Lat T, then T'|g, Pg1T|g. € C.o(Co, fin)
and

(5.12) AT |p) + 5(PgiT|ps) = #(T).
IfT S C.Q(CQ(P),ﬁH), then T|E7 PELT|EL S C.O(CQ(P),ﬁn).

Proof. Let 6 be the characteristic function of T; then T" = Ty. There is no loss of
generality in assuming that 7' = Ty. The assertions about T'|g have already been proved
(see Proposition 5.1). Let 6 = 636, be the regular factorization of € corresponding to the
space E (see (5.1)—(5.6) and (5.9)—(5.11)). By assumption, To < S, k < co. From (5.10)
and Lemma 5.2 we obtain Tg, < S;, | < k. The relations (5.10) and Tg < S imply
that Te,, < Sp, n < k. We have Tq € Cy by assumption. From (5.4) it follows that
Ta,, € Cy (see [1, T11.6.1] and |2}, IT.4.3]). Applying Lemma 5.3 to the contraction Tg,, q,,
with G+ = Kq, (see (5.11)), we see that Tq, € Co. Thus, Tp, = Te,q, € C.o(Co, fin).

Now, suppose that the Cyp-contraction T has property (P). If Kq,, = Ko, N Keo,,,
then

(5.13) Qo = NooQ20 and O11 = QpoO1o,

where Qqg, Q20 € H®(D" — D) are two-sided inner, and ©19 € H>*(D — D") is
inner and *-outer. Clearly, Ko,, N Kq,, = {0}. Relation (5.10) implies To,;, < Sm,
m < k. Applying Lemma 5.2 with G+ = Kgq,, to Te,,, we obtain Tg,, € Cp and
#(Tay,) < m < k. This implies that Tq,, has property (P) (see [2, VIL.1.9]). Next, from
(511) and (513) we obtain @20@1 = @10922. Set W = QQQ, Wo = QQ(), Q = @10, and
= = 0. It is easily seen that W, Wy, @, and = satisfy the assumptions of Lemma 5.5;
hence, Tq,, has property (P). The first identity in (5.13) and [2, VII.1.17] show that Tq,
has property (P).

Now we check (5.12). From (1.1), (5.1), (5.3), and (5.9) we see that (5.12) is equiv-
alent to the identity »(Te,) + 2(To,) = #(To). Relation (5.11) and Lemma 5.6 imply
#(Te,) = #(Te,,), and now (5.12) follows from (5.10) and Lemma 5.7. O
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§6. PRESERVATION OF THE LATTICE OF INVARIANT SUBSPACES FOR CONTRACTIONS
OF cLASS C.o(Co(P),fin) UNDER QUASIAFFINE TRANSFORMATIONS

In this section we prove Theorem 0.2 (see the Introduction). The proof is based upon
triangulations of C.o-contractions of the form (0.1) and similar facts for Cy-contractions
with property (P) (see [2] VII.1.21]) and for contractions that are quasiaffine transforms
of the unilateral shift of finite multiplicity (see Theorem 2.1 of this paper).

In the following lemma we establish the surjectivity of the map Jx (see properties 2)
and 3) of the map Jx in §1).

Lemma 6.1. Under the assumptions of Theorem 0.2, suppose that F, F € Lat R*,
FcF, and Jx+F = Jx+F. Then F = F.

Proof. Set L = Jx+F = Jx+F. Clearly, L € LatT*, R*|p < T*|z, and R*|r < T"|..
This implies that P;T|; < PrR|r and P:T|z < PrR|x. By Proposition 5.8, P.T|.,
PrR|p, PrR|r € Co(Co(P),fin). By statement 1) of Corollary 4.4, the contractions
P:T|z, PrR|r, and PrR|r have the same Jordan model Jy & Sy, where Jp is a Jordan
operator of class Cp, 0 < k < oo.

Let 6 be the characteristic function of PrR|z, and 6 = 626, the regular factorization
of # corresponding to the invariant subspace F © F of PrR|r (see (5.2)—(5.5) and (5.9)—
(5.11)). Since PrR|r = Ty and PrR|r = Ty, (see [T, VIL.1.1, VI1.3.3] and [2, V.1.21]),
we see that Jy @ Sy is a Jordan model of the contractions Ty and Tpy,. Therefore (see
84 and (5.1), (5.9)), Ta ~ Jo, Ta, ~ Jo, Te < Sk, and Te, < Sk. Applying (5.10) and
(5.12) to Te, we obtain s(Te,,) = 0. As was mentioned in the proof of Proposition 5.8,
from (5.11) and Lemma 5.6 it follows that »(Te,) = »(Te,, ). This means that Tg, < So
and To,, < Sop, that is, Kg, = {0} and Kg,, = {0}. Consequently, ©; and ©1; are
unitary constant functions.

From (5.4) and (5.11) we deduce that 1102 = 01102201 = 2201Q;. Next, To,,0 =
To, 15,0 = Tge,, and T, = T, (see [1, VI.1, VI.3.3] and [2, V.1.20]); thsrffore,
T, ~ Tae,, - and Tgg  isa Co-contraction with property (P). The factorization 2017, =
(ﬁlél) -5 is regular; let E' be the invariant subspace of Tﬁéu corresponding to it. Then
T§é11|E =T, ~ Tﬁ@m and since T  has property (P), we get £ = Kgs,, (see [2]

VII.1.15]). Thus, 210 is a unitary constant function, whence 6; = 01 is a unitary
constant function, F & F = {0}, and F' = F. O

For the proof of the injectivity of Jx we need the following lemma.

Lemma 6.2. Suppose T is a contraction on a space H, T € C.o(Co(P),fin), and H =
Ho ® Hy is the decomposition of H corresponding to a triangulation of T of the form
(0.1). Let E, € € LatT, E C E. If the contractions T|g and T'|¢ have the same Jordan
model, then ENHy =& NHy.

Proof. By statement 3) in Proposition 5.1, T|g,T|e € C.o(Co(P),fin). Let Jy @ Sk be
the Jordan model of the contractions T'|g and T'|¢. Suppose that E = Ey @ E; and
E = & @ & are those decompositions of the spaces F and £ that correspond to the
triangulations of T'|g and T'|¢ of the form (0.1). By the definition of the Jordan model
(see §4), we have T'|g, ~ Jo and T'|g, ~ Jo, whence T|g, ~ T|g,. By statement 1) of
Proposition 5.1, Ey = ENHg and & = £ NHy, so that Ey C &. Clearly, Ey € Lat Tg,.
Since T'|g, has property (P), we have Ey = & (see [2, VIL.1.15]). O

Proof of Theorem 0.2. Lemma 6.1 and properties 1)-3) of the map Jx (see §1) show that
it suffices to prove the following assertion: if £, £ € LatT, E C &, and JxFE = Jx&,
then E = €£.
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For FE and & as above, set F = JyE = Jx&. Clearly, T|g < R|r and T|¢ < R|#. By
statement 3) of Proposition 5.1, we have T'|g,T|¢g, R|# € C.o(Co(P),fin). Statement 1)
of Corollary 4.4 shows that the contractions T'|g, T|¢, and R|# have one and the same
Jordan model Jy ® S, k < oco.

Let E = Eg® E1, £ =& @&, and F = Fy b Fy1 be those decompositions of the
spaces E, £, and F that correspond to the triangulations of T'|g, T|e, and R|x of the
form (0.1). Applying Lemma 6.2 to T'|¢ and its invariant subspaces FE and £, we obtain
Ey = &. Therefore, Ey C &; clearly, Fy € Lat Pg, Te, .

Since Jo® Sk is a Jordan model of the contractions T'|¢ and R|#, we have Pg, T'|g, < Sk
and Pr, R|7 < Sg. Set X = Pr, X|g, : &1 — F1. We apply Lemma 4.6 with £ = Fy
to the contractions T'|g, R|z and the quasiaffinity X|¢ : &€ — F intertwining these
contractions. We see that X is a quasiaffinity intertwining the contractions Pg, T|g,
and Pr, R|7,. By Theorem 2.1, the map Jx : Lat Pe, T|s, — Lat Pr, R| 7, is a lattice
isomorphism.

Now we apply Lemma 4.6 to the contractions T'|g, R|# and the intertwining quasi-
affinity X|g : E — F with £ = Fy. We see that Pr, X|g, : E1 — J1 is a quasiaffinity; in
particular, clos Pr, X|g, E1 = F1. But clos Pr, X|g, F1 = clos P, X|g, E1 = clos X Ey =
IxFEy. Thus, Jx E1 = F1 = Jx&1. Since Jx is a lattice isomorphism, we have E; = &1,
whence F = £. O

§7 ON PSEUDOSIMILARITY OF C.g-CONTRACTIONS WITH FINITE DEFECT INDICES

Let T and R be contractions of class C.g, and let dy=,dr« < 0o (recall that for a C.o-
contraction T' we have dp < dp-). As was proved in §6, if T' < R, then every quasiaffinity
X such that XT = RX realizes an isomorphism Jx of the lattices Lat T and Lat R. It
is well known that if 7' < R, then the reverse relation is not true in general (see [6]).
Quasisimilarity of C.g-contractions was studied in [26], 28, 20].

If C.p-contractions T" and R with dr-,dr« < oo are quasisimilar (T' ~ R), then, by
definition, there exist quasiaffinities X and Y such that XT = RX and YR = TY.
By Theorem 0.2, the maps Jx : LatT — LatR and Jy : Lat R — LatT are lattice
isomorphisms. In this section we present an example of a C.g-contraction T" with dp+ < oo
and such that T is quasisimilar to its Jordan model J, and the isomorphisms Jx and
Jy of the lattices Lat T and Lat J are not mutually inverse for any quasiaffinities X and
Y intertwining 7" and J. This example is an appropriate modification of the example in
[5] §4]. Note that the operator J below was treated in [26] from a slightly different point
of view.

In [26] Theorem 2] it was proved that if T = (TOO 7’1‘1) is the triangulation of a C.¢-
contraction 7" with dp+ < oo of the form (0.1) and J = Jy @ Sk, is the Jordan model of
T, then T ~ J if and only if T} ~ Sk, and in this case there exists an outer function
p € H*® and quasiaffinities X and 9 such that XT = (Tp @ Sp)X, D(To @ Sk) = T,
XY = p(To® Sk), and PX = p(T') (see also Remark 4.1 in the present paper). Therefore,
T and Ty @ Sy, are pseudosimilar, and, in particular, the maps Jx and Jy are mutually
inverse isomorphisms of the lattices Lat T' and Lat(Ty @ Sk). The example below shows
that, in general, in this situation Ty cannot be replaced by Jy, i.e., T and J may fail to
be pseudosimilar.

Let ¢, € H*. Suppose that ¢ and 1) are relatively prime inner functions, and that
for arbitrary hi,hy € H? the function @h; + 1hs is not outer (see examples of such
functions in [6] 26, 28]). We set k =1, To = T, & Ty, and Jy = T,y It is well known
that Ty ~ Jyp. Let T = Ty & S; and J = Jy © S1; then T and J act on the spaces

(K‘PSBQK#’) and (?’2’“’ ), respectively. Obviously, T ~ J.
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Let X : (IE’J’) — (K*"I?QKw) be a quasiaffinity, XJ = T X. Then, by Theorem 0.2,

Jx : LatJ — LatT is a lattice isomorphism. Now we show that J);l # Jy for any
bounded operator

Suppose that there exists a bounded operator ) : (K*";ng> — (?’j) such that

JTx = jy_l. Then, obviously, closYXE = E for any F € LatJ. Applying [4, §8,
Theorem 5] (see also the proof of Theorem 2.3 in [3]) to the operators J and YX, we

obtain YX = p(J), where p € H®. If E = (I?Q), then, clearly, £ € LatJ, whence

(42) = E = closYXE = closp(J)E = (Closp&l)hﬂ) = (CIOS(LHQ). Consequently,
H? = clos pH?, and p is an outer function.

Next, we have YTX = YXJ = p(J)J = Jp(J) = JYX, so that YT = JY on
X (?’;’). Since X is a quasiaffinity, YT = J) on the entire space (K*”;%Kw). By
Lemma 4.6, X and Y have an upper triangular form: X = (§ *), ¥ = (¥ *). The
identities XJ = TX, YT = JY, and YX = p(J) imply the relations X Ty, = (T, ®Ty)X,
Y(T,®Ty) =T,Y, and YX = p(Tyy). By |5, Lemma 6], p = @hy + ths for some
hi,ho € H?. By the assumption imposed on ¢ and 1, the function p cannot be outer, a
contradiction. Thus, J);l # Jy for any bounded operator ), and Jo & S1 and Tp & Sy
are not pseudosimilar.

The author expresses her sincere gratitude to V. I. Vasyunin and V. V. Kapustin for
helpful discussions and for their interest to her work.
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