AnreGpa u anamaus St. Petersburg Math. J.
Tom. 15 (2003), Beim. 6 Vol. 15 (2004), No. 6, Pages 837-846
S 1061-0022(04)00834-9

Article electronically published on November 16, 2004

LOCAL CLASS FIELD THEORY

YU. L. ERSHOV

ABSTRACT. New sufficient conditions for the validity of local class field theory for
Henselian valued fields are established. An example is presented to show that these
conditions are less restrictive than the applicability of the Neukirch abstract class
field theory.

§0. INTRODUCTION

Local class field theory is treated in many papers, monographs, and textbooks (see,
e.g., the bibliography in [I]). In the present paper, we suggest yet another exposition
based on abstract class field theory [2]. (In the author’s paper [3], the reader will find a
modified presentation of abstract class field theory on the basis of a combination of the
approaches by Neukirch and Hasewinkel.)

We recall some definitions and notation. Let F' be a field; a subring R of I is called
a valuation ring of F if for every element a € F* = F \ {0} we have a € Ror a™! € R.
Every valuation ring R is local, i.e., has a unique maximal ideal, which will be denoted
by m(R); the field Fr = R/m(R) is called the residue field of R. We denote by Ugr
the multiplicative group of units (invertible elements) of R, and by I'g the factor group
F* /Ug; the group I'g admits a natural linear order, which is determined by the cone
R*/Ur C T'r. The mapping vg : a — aUg, a € F*, from F* to I'g is called the
valuation of F determined by the valuation ring R. Let Ux be the subgroup of Ug
formed by all elements a in Ug such that a — 1 € m(R).

The pair F = (F, R), where F is a field and R is a valuation ring of F, is called a
valued field. Let F = (F, R) and Fog = (Fy, Ry) be valued fields; if F' is a subfield of Fj
(F < Fp) and R = Ry N F, then Fy is an extension of F (F < Fy).

If F = (F,R) < Fy = (Fo, Rp), then there exist natural embeddings Fr — Fg, and
I'r — I'g, of residue fields and valuation groups, respectively. After natural identifica-
tions, this allows us to regard Fr as a subfield of Fr, (Fr < Fg,) and I'g as a subgroup
of I'g,; then vgp = vg, | F*. Let Fy/F be a finite (algebraic) field extension of degree
n = [Fy : F]. Then Fg,/FR is a finite field extension, and f = [Fg, : Fg] is called the
relative degree of the extension F < Fy of valued fields. The group I'g has a finite index
in I'g,, and e = [T, : T'r] is called the ramification index. We always have the basic
inequality e- f < n. If e- f = n for every finite separable field extension Fy > F, then the
valued field F is said to be algebraically complete. A valued field F = (F, R) is Henselian
if, for every finite separable extension Fjy > F', there is a unique valuation ring Ry of Fj
such that F < (Fp, Ry). Every algebraically complete valuation is Henselian.

Let F = (F, R) be a valued field such that the residue field Fp is perfect and the abso-
lute Galois group G(Fg) of the residue field is isomorphic to Z. Then there is a natural
epimorphism d : G(F') — G(Fgr) = Z (see [4, Proposition 1.3.3]). If the valuation group
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T'g is a z-group (see the definition in §1), then there is a mapping v : F* — Zp, < 7. We
say that local class field theory is valid for F if ¢ : F* — Z is a “Henselian” valuation (see

the concluding remarks in [3]) and the G(F)-module F, (Fiep is a separable closure of

F) and the mappings d : G(F) — Z and % : F* — Z satisfy the axiom of class field theory
(Axiom (6.1) in [2]; Proposition 4.1 below contains the statement of that axiom). If local
class field theory is valid for IF, then, for every finite Galois extension Fy > F', we have the
reciprocity homomorphism rp, /r : G(Fo/F) — H°(G(Fo/F),Fy) = F*/Ng, r(F}),
which induces an isomorphism G(Fy/F)* ~ F* /Ng, ,p(Fy).

The following theorem is the main result of the present paper.

Theorem. Suppose that a valued field F = (F, R) satisfies the following four conditions:
1) F is algebraically complete;
2) the residue field Fr is perfect and G(FRr) ~ Z:
3) the valuation group T'g is a z-group;
4) the mazimal unramified extension F of F has dimension at most 1 (dim F < 1);
see [B].
Then local class field theory is valid for F.

The proof of this theorem is completed at the end of §4.

§1. z-GROUPS

Proposition 1.1. For a torsion-free Abelian group T, the following conditions are equiv-
alent:
1) for all n > 0, the group T'/nT is cyclic;
2) for every finite torsion-free Abelian extension I'g > T, the group Ty /T is cyclic and
I'= [Fo : F]Fo;
3) if I(T") is the completion of T'; then the group II(T") /T is locally cyclic.

Proof. 1) = 2). Let n = [I'g : I']. Then nI' <nl'g <T, and I'y/T' ~ nl'y/nI’ <T'/nT
is cyclic. Moreover, since n = [I'g : I'] = [nT'o : nI'] < [I": nI'] < n, we have nl'g =T

2) = 3). Let y0,...,7 € II(T'). Then I'o = (y0,...,7, ') > I is a finite torsion-
free Abelian extension, and T'g/T' = (y0 + T, ...,y + I') is cyclic.

3) = 1). Since T is torsion-free, we have I' ~ nI', whence II(T') = II(nI") and
II(n') > nI. Consequently, I'/nl’ < II(nI")/nl is a locally cyclic group of a bounded
period at most n. Thus, I'/nI is cyclic (and [I" : nI']|n). O

We say that a torsion-free Abelian group I' is a z-group if [I' : nI'] = n for every
positive integer n.

Proposition 1.2. For a torsion-free Abelian group T', the following two conditions are
equivalent:

1) T is a z-group;

2) for every n > 0, the group I'/nl is a cyclic group of order n.
Proof. 1) = 2). Assume the contrary. Then there is a positive integer n such that the
group I'/nT is not cyclic (but |I'/nI’| = n). Consequently, there exists a prime p such
that the group I'/nI" has a factor group isomorphic to C), x C), (here C), is a cyclic group
of order p). Let I'g (> nT') be a subgroup of I' such that I'/T'y ~ C,, x C,. It follows that
g > pl' and p? = |I'/Ty| < |T'/pl'| = p, a contradiction.

2) = 1). This is obvious. O

Let " be a z-group. Then there is a natural homomorphism 7 : ' — liﬂln>0 I'/nl ~
Z. We put Zp = (') < Z.
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Proposition 1.3. a) Kernr is the mazimal divisible subgroup of T
b) Zr is a pure subgroup of Z and Z/Zr is divisible.

Proof. Since Kerr = (1,5, nl', statement a) follows immediately from the fact that T
is an Abelian torsion-free group (and, therefore, is uniquely divisible).
Let m > 0. Then the natural projection p,, : Z = lim F/nF — I'/ml ~ C,, is an

epimorphism, so that Ker Pm = mZ Tt follows that mZ ﬂ Zp = mZp and, therefore, Zr
is a pure subgroup of Z. f a € Z and m > 0, then a + mZ = b+ mZ for an appropriate
b € Zr (because Z/mZ Zp/mZ N Zr). However, in this case there exists ¢ € Z such
that a — b = me. Consequently, the group Z/Zp is divisible. O

Let F = (F, R) be a valued field such that the valuation group I'g is a z-group. Then
we have a homomorphism ¢ = 7ryvg : F* — Zp, < Z.

Proposition 1.4. Let F = (F, R) be a valued field satisfying conditions 1) and 3) of the
theorem. Then the following relations are valid for every finite extension Fo = (Fy, Ro) >
F:

1) vr(Np, r(Fy)) = fTr;

2) QA)(NFO/F(FOX)) = fZFR)
where [ = [Fgr, : FR] is the relative degree of the extension Fo > F.

Proof. f n = [Fp : F] and e = [['p, : I'g] is the ramification index of the extension
Fo > F, then the algebraic completeness of F (condition 1)) implies the relation n = e- f.
Since I'g is a z-group, from the relation [I'r, : T'r] = e it follows that I'r = eI'g, (see
Proposition 1.2).

For each ap € F;* we have vg,(Npg, r(ao)) = nvr,(ao), whence vgr(Ng, r(Fy))
= VR, (Np, r(Fy)) = nl'r, < T'r. However, nT'r, = (f - ¢)Tr, = f(el'r,) = fTr.
Statement 1) is verified. Statement 2) follows directly from 1). O

Corollary. If a valued field F satisfies conditions 1), 2), and 3) of the theorem, then the
homomorphism
0:F* — Zr, <7

is a “Henselian” valuation in the sense of abstract class field theory [3].

§2. UNRAMIFIED EXTENSIONS

Proposition 2.1. Let F = (F,R) < F' = (F',R') be a finite extension of Henselian
valued fields such that Fro is a separable extension of Fr and [F' : F]| = [Fr : Fg|.
Then NF’/F(U}%’) = U}% IfNFR//FR(FIT_;’) = F;—;, then NF’/F(UR/) = UR'

Proof. Suppose a € Fp, and Fr = Fr(a). Let f € Fgrlz] be a minimal polynomial of
a over Fg, and let g = 2™ + bya" "' + --- + b, € R[z] be a unitary polynomial such
that its reduction g € Fr[z] coincides with f. By the Hensel lemma, there exists a € R’
such that g(a) = 0 and a(= a + m(R')) = a. Then Np/ p(a) = (=1)"b, (because g
is irreducible over F' and F’ = F(a)). Let u € U} (i.e., v € R and 4 = 1). Then
g1 = f, where g1 = 2™ +biz" ! 4+ .- 4+ by_12 + ub,, and, again by the Hensel lemma,
there exists an element a; € R’ such that a; = a and gi(a;) = 0. As above, we
have Np//p(a1) = (—1)"uby; consequently, NF//F(ala_l) = NF//F(al)NF//F(a)_l = u.

Since aja=! = aa™! =1, we have aja™! € U}, and u = NF//F(ala_l) € NF//F(U}%,).
If, moreover, Np; /p, (Fp) = Fp, then for every u € Ug there exists v € Ugs such

that ™' Np/ p(v) € Ug. Indeed, @ € F. Let a € Fj, be such that Np_, /g, (@) = @,

and let v € Ugs be such that ¥ = . Then Np//p(v) = Np,, /p (V) = Np,, /rp () = @.
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Thus, u_lNF//F(v) € U}k, As has been proved above, there is a € Uj, such that
Npiyp(a) = u‘lNF//F(v), and then u = NF,/F(va_l) € Npiyp(Ur). a

Corollary. If a valued field F satisfies conditions 1) and 2) of the theorem, then for every
finite unramified extension F < F" we have Np//p(Ur') = Ur.

Indeed, since F is algebraically complete and F' > F is unramified, [F’ : F] =
[Fr : Fr]. Since Fg is perfect, the conditions of the proposition are fulfilled. Further-
more, using isomorphism G(Fg) ~ 7 and the fact that FR is perfect, we conclude that
dim Fr <1 (see [5) Chapter II, §3, Proposition 6(b)]); in particular, Np,_, /r, (Fr,) = Fj; .

We now verify the class field theory axiom for unramified extensions.

Proposition 2.2. LetF be a valued field satisfying conditions 1)-3) of the theorem. Then
for every unramified cyclic extension Fo > F we have H*(G, F}) ~ G and H- (G, F;') =
1, where G = G(Fy/F).

Proof. The group H (G, Fy*) is trivial by virtue of Hilbert’s Theorem 90 [2].
Consider the exact sequence

1 Ur F* 22, T 1,
which yields the exact sequence

1 —— Ugr/Npyr(Fg)NUr —— F*/Ng,/p(Fg)

—— Tr/vr(Npr(F)) —— L.

Since Np,/r(Fy)NUr = Np,/r(Ur,), we have Ug = Np, /p(Ug,) by Proposition 2.1.
Consequently, we arrive at an isomorphism

F*/Np,/p(Fy) ~Tr/vr(Npg,/r(Fy))-

Let n = |G|(= [Fo : F| = [FR, : Fr]). Since Fy > F' is an unramified extension, the
relative degree f of the extension Fy > F is equal to n. By Proposition 1.4, 1), we have
vR(Np, r(Fy')) = nI'g, and since I is a z-group, the group I'/nI’ ~ C,, is cyclic of order
n. Thus,

HY(G,F}) = F*[Ng,p(Fy) ~T/nl ~C, ~G. O
Remark. Under the conditions of Proposition 2.2, the axiom U (i.e., H*(G,Ug,) = 1 and
H=Y(G,Ug,) = 1; see [3]) is fulfilled.
Indeed, consider the exact sequence of G-modules

URg

I'r
and the corresponding exact sequence of cohomology groups

HO(GvURo) - HO(GvFOX) - HO(GaFRo)

I — URO FO>< 0

- Hl(Ga URO) - Hl(GvFOX)'
By the corollary to Proposition 2.1, we have H°(G,Ug,) = 1, and, by Hilbert’s The-
orem 90, H'(G, Fy*) = 1. Therefore, we have the exact sequence
1 —— HYG,F)) —— H°G,Tg,) —— HY(G,Ug,) —— 1.

Proposition 2.2 implies that H°(G, Fy) ~ G ~ C,,. Since G acts trivially on I'g,, we ob-
tain N(I'g,) = nl'g, (in additive notation), and H°(G,T'g,) ~ g, /nT'r, ~ Tr/nl'r ~
Cn. Consequently, H 1(G,Ug,) ~ H*(G,Ug,) = 1; the fact that the H°(G,Ug,) = 1
has already been mentioned.
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83. TOTALLY RAMIFIED CYCLIC EXTENSIONS

Proposition 3.1. Let F = (F, R) be a Henselian valued field such that T'r is a z-group.
If Fo = (Fy, Ro) > F is a cyclic totally ramified extension of F, then G ~ H*(G,Ug,),
where G = G(Fy/F).

Proof. Let n = [Fy: F] =g, : T'gr]. Then ' = nI'g, and I'g, /T'g is a cyclic group of
order n (i.e., ', /Tr ~ G = G(Fy/F)). Let 9 € I'p, be an element such that vo > 0
and (y0 + T'r) = 'r,/Tr. We put v = nvyy, v € T'r. Let mp € R be an element
such that vg,(mo) = 7. Then for 7 = Np ,p(m) € R* we have vr(m) = vp,(7) =
VRo (NFO/F(WO)) =Ny ="-

For 7 € G, we put x(1) = m5 ' - V(Fy/F), where V(FO/F) = (u" ! | u € Ug,,
o € G) < Ug,. We note that NFO/F(WSA) Npg,/r(m0)™~ = 1. Consequently, x(7) €
NUR,/V (Fo/F) (the inclusion V(Fy/F) < yUg, can also be verified easily). We recall
that NUgr, = {u | u € Ug,, NFO/F( u) = 1}.

We check that x is independent of the choice of my. If vg,(71) = Yo = vR,(m0), then
71 = mou for an appropriate u € Ug,, so that we have 7] ! = (mou)™ "' = 77~ 1u7_1 and
ule V(F()/F)

We prove that x is a homomorphism from G to yUg,/V(Fy/F). Let 79, 71 € G. Then
Tom1 — 1 =191 —T0 + 70 — 1 and 7"~ - (ﬂgo)”’lﬂgo_l.

However, vg,(73°) = vg,(m0) = Y0, whence (7;°)™~' = 7J'"' mod V(Fy/F) and
T TV (R F) = m TV (Ey/F) - mgt TV (Fy /F). Thus, x(rom1) = x(10)x(71).-

Now, we prove that X is an epnnorphlsm Let u € NyUg,, i.e., Np,yp(u) = 1. Then,
by Hilbert’s Theorem 90, we have u = ago_l for some 79 € G such that (rp) = G
and for an appropriate ag € F,‘. Let 73 = wvg,(ap). Then we can find 4" € I'r and
0 < k < n such that v; = 4" + kyo (because I'r,/Tr = (v + I'r)). Let a € F* be
an element such that vg(a) = 4/. Then vg,(ag(anf)™!) = 0 and ap = va = 75 for
v = aglarl)™" € Ug,. We have al’ "' = (varf)™~1 = v~ (zk)o~1 = (gk)o-1 =
7T5§71 mod V(Fy/F). Consequently, vV (Fy/F) = ai° 'V (Fy/F) = x(7§) € x(G) and
X(G) = NUr, /V(Fo/F).

We prove that x is a monomorphism. If G = (rp), then V(Fy/F) = Ug)fl =
{u™=u € Ug,}. Indeed, uo~1 = y(o ++D@0=1) — y7-1 where v = ™ and

k k
T = 70 V4 41 Let w0 € V(FRy/F), i ng*l = u™~" for an appropriate

u € Ug,. Then 7r5k71 = (mjo¥)0~t = ¢~ and (7[%*u~!)™~1 = 1. Consequently,
mpu~l € FJ° = F{ = F and vg, (m{u~ 1) = vRy(m)**) = kvg,(mo) = kyo € T =
nl'g,. This shows that n divides k& and ok 7'0 =1.

Thus, x is an isomorphism between G and yUg, /V (Fo/F). But V(Fy/F) = IgUg, (=
(uYu € Ug,, o € G)), and therefore

NURy/V(Fo/F) = H (G, Ug,)(= NUg,/IcURr,)- 0

Proposition 3.2. Let F = (F,R) be a valued field satisfying conditions 1)-4) of the
theorem. If Fo = (Fy, Ro) > F is a cyclic totally ramified extension, then G(Fy/F) ~
HY(G,Ug,) = H°(G, Fy).

Proof. Let G = G(Fy/F), G = (7), and let n = |G| = [Fy : F|. Suppose Fy = (Fy, Ry) is
an unramified extension of F of degree m divisible by n, G1 = G(F1/F), and G1 = (¢).
Let Fy» = FyFy = Fy ®p F1, and let R be a valuation ring of F dominating R (and Ry
and Ry). Then G(Fy/F) ~ G x Gy = (1) x (¢), and Fy = (Fy, Ry) is totally ramified
over F; and unramified over Fy. We have G(Fy/F1) ~ G = (1), G(F2/Fy) ~ Gy = (¢},
FY = Fy, and F] = F}.
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We introduce a group Ux? (< Ug) and a homomorphism py, : Us? — H='(G, Ug,) as
follows:

Ur? = {u | u € Ug is such that there exists v € Ug, with Ng,/r, (v) = u};

ifue ng and v is an element of Ug, such that Np,,p, (v) = u, then

py(u) = v VV(Fy/Fy).

We prove that py is well defined. If v/ € Ug, and Np,/p, (v') = u, then Np, /p, (w™') =

-1 1

uu~! =1 for w = v'v~!. Consequently, by Hilbert’s Theorem 90, w = wg_l for an

appropriate wo € Ug,. But in this case we have v/17% = (vw)!7% = vl’ww((f_l)(l_w) and
w{ V) = (YY1 € V(Fy/Fy). Therefore, v'=VV (Fy/Fy) = v\ YV (Fy/Fy),
and we see that p, is well defined.

Now, we prove that py is a homomorphism. If ug, u; € ng and vg, v1 € Ug, are such
that Np,/p, (vi) = u; (i = 0,1), then vov1 € Ugr,, Np,/r, (vov1) = Np,/p, (Vo) Ny /1y (V1)
= wouy, and (vov1)' ™% = vy Vvl Y. Hence, py(uoui) = py(uo) - py(ur), ie., py is a
homomorphism.

Let ¥ =71 € G(Fy/F) = G x Gy = (1) x (). Observe that |¢)'| = [¢)] = m because
|7| = n divides m. We put Fjj = F;// and R, = Ry N F{. Tt is easy to check that Fy is
unramified over Fy = (F{, Rp).

We define a homomorphism py : ng — HY(G,Ug,) in the same way as py:

for u € U, we take v € Ug, such that Np,/p, (v) = v and put

pyr(u) = 0"V V(Fy /Fy).

We note that py = py. Let v € Ur, and u = Np,/p, (v) € Ug. Then 1Y = YT =
V1T = (01T (vT) Y. Since 0! € V(Fy/Fy) and Np, g, (V) = Ng,y/r, (0)7
u” = u, we have py(u) = vV (Fy/Fy) = 0!V (Fy/F1) = py(u).

Now, we verify that py is an epimorphism. By Proposition 3.1, the mapping x : G —
H~Y(Gy,Ug,) defined by x(7') = 7T8/_1V(F2/F1) for 7/ € Gy = () is an isomorphism;
here my € Ry < Ry is chosen as in the proof of Proposition 3.1 (vg, (m9) = o). It follows
that the element 7) 'V (Fy/F}) is a generator of the cyclic group H (G, Ug,)(~ G).

Let m € Ry be such that vg, (75) = 70. Then for v = Tyt we have vg,(v) = 1,
v € Ug,, and 7(, = myv. Since n(, € F{j, we obtain

wl

ro_ o YT
Ty = T =Ty

= (mov) ¥ = alo? = mou.

Consequently, 778_1 = %", whence ﬂg_lV(Fg/Fl) = vl’w/V(Fg/Fl). We note that
u = Npg,/r,(v) = Np,/, (7‘(671’61) = Ng,/p, (70)NE,y /1y (mp)~! € F because Np,/r () €
FiNFy = F and Np,/p (m) € F1 N Fy = F. It follows that u € U}? and py(u) =
py (u) = 7™V (Fy/Fy). Thus,

pu(Ug?) = H (G, Un,) (= H (G, Ug,)).
The following lemma is important.
Lemma 1. Ng,/p(Ugr,) < U}? and Ker py = N,/ p(Ur,).
This is a special case of [3, Proposition 6].
Corollary. U}?/NFO/F(URO) ~@.

Lemma 2. UII? =Ug.
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Proof. If T} > Fy is also a finite unramified extension of F, Fj = F|Fy, = F| ®F Fo,
and U§2 = {u | u € Ug is such that there exists v € Ug, with Npg;,p/(v) = u}, then it

can easily be verified that Ugé > UEQ. We have Ug"’/NFO/F(URO) < U}?/NFO/F(URO).
Moreover,

Ur? /N, yr(Ury) =~ G, UL /Ng p(Ug,) =~ G.

Since G is finite, it follows that UII? = U§2.
Let u € Ur. Then there exists a finite unramified extension F; > F such that F] > Fy

and u € Ugll. Indeed, let F; be the maximal unramified extension of F, and let Fo =
F1Fy. Then, by condition 4), we have N, 5 (F;*) = F{*. In particular, there exists
a finite subextension F} < Fy such that u € Ngy/p (F{*). We can choose F} so that
F} > Fy. From the relations u € Ugé = U}?, it follows that UEQ = Ug. O

Corollary. H°(G,Ug,) = Ur/Ng,/r(Ur,) = Ug*/Ni,/r(Ur,) ~ G.

It remains to prove that H%(G,Ug,) ~ H(G, F;°).
The exact sequence

1 —— Ug F* —f Tg 1
gives rise to the exact sequence

Il ——— Ugr/Np,/r(Fy) NUp ——— F*/Ng,/p(Fy°)

(+)
—— Trpop(Npyyr/(F5) —— L.

Observe that Ng, ,p(Fy') N Ur = Ng,r(Ugr,). By Proposition 1.4, 1), we obtain

vrR(Np, r(Fy')) = fTRr, where f = [Fg, : Fg]. However, f = 1 in the case in question,

and we obtain vr(Np,/p(Fy*)) = T'r. Then the exact sequence (*) yields an isomorphism

HY(G,Ug,) ~ H°(G, Fy). O

Corollary. The class field theory axiom is fulfilled for the cyclic totally ramified exten-
sions Fo > T if F satisfies conditions 1)-4) of the theorem.

§4. ARBITRARY CYCLIC EXTENSIONS

Proposition 4.1. Let F = (F,R) be a valued field satisfying conditions 1)—4) of the
theorem. Let Fy = (Fy, Ro) > F be a cyclic extension, and let G = G(Fy/F) = (o).
Then H-Y(G,Fy) =1 and |H°(G,F)")| = |G]|.

Proof. The fact that the group H (G, Fy) is trivial for a cyclic extension Fy > F
follows from Hilbert’s Theorem 90.

Let (F' <) Fy be the maximal unramified subextension of Fy, and let Ry = Ry N Fp.
Then F; > F is an unramified cyclic extension and Fy > F; is a totally ramified extension.
Put ng = [Fo : Fi] and ny = [Fy : F]. Then ng-n1 = n = [Fy : F] = |G| and
G(Fo/Fl) = <0n1>.

Now, we use the exact sequence (x) (see §3).

Proposition 1.4, 1) shows that vg(Ng,,r(Fy)) = fT'r, where f is the relative degree
of Fo > F. Then f =n1, vr(Ng, r(Fy)) = mTg, and Tr/nil'r ~ C,, .

We have Ng, /p(Fy N Ug) = Ng,/p(Ur,). We prove that

Ur/Nr,/r(Ur,) = Ur, /NF,/F, (Ur,).

By Proposition 2.1, the norm mapping N, /p from Ug, to Ug is an epimorphism (because
[y is unramified over F). Since Ng, /p(Np,/r(Ur,)) = Np,/r(Ur,), we see that Np, /p
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induces an isomorphism between Ug, /Np,,r, (Ur,) and Ur/Ng,/r(Ur,). Since Fo > F}
is a totally ramified cyclic extension, Proposition 3.2 implies the relations

Ur, /Nry r,(Ur,) = HY(G(Fo/F1), Ur,) ~ G(Fy/ Fy).
The exact sequence (*) shows that
[HO(G, Fy*)| = |F* /N, /r (Fg)| = [Ur/Nryr (U, )| - Tr/m Tkl
=|G(Fy/F1)| -n1 =ngo-n1 =n=|G|.
The proposition is proved. O

The following theorem (stated in the Introduction) is a consequence of the above
proposition:

For a valued field satisfying conditions 1)—4) of the theorem, local class field theory is
valid.

Indeed, Proposition 4.1 shows that, in this case, the class field theory axiom is fulfilled
for the G(F)-module F.}

sep”
§5. SUFFICIENT CONDITIONS. AN EXAMPLE

Among conditions 1)—4) ensuring the validity of local class field theory, condition 4) is
most difficult to verify. By [5] Chapter II, §3, Proposition 5], this condition is equivalent,
in particular, to one of the following conditions:

4’) Br(Fp) = 0 for every finite separable extension Fy > F;

4" for all finite extensions Fy > Fy > F of F, we have Nr,yp (FS) = FY*.

It is condition 4”) that was used in §3.

Condition 4’) for F can be restated as follows: for every finite separable extension Fy >
FF, each finite-dimensional skew-field D over Fj splits over a finite unramified extension
F; > Fo; moreover, it suffices to check this for the skew-fields such that [D : Fy] = p? for
all prime p.

Proposition 5.1. Let a Henselian valued field F = (F,R) be such that Fg is perfect
and Tr is a z-group. Then every skew-field D with center F such that [D : F] = p?
for a prime p splits over an unramified extension F if one of the following conditions is
fulfilled:

1) Fgr has characteristic 0;

2) F is a mazimal valued field (see [, []);

3) Tr ~7Z, i.e., F is a discrete valuation field.

Proof. The Henselian valuation vg of F' can be extended uniquely up to a valuation vp
of the skew-field D, and we have [D : F] = [D : Fg| - [['p : ['g]¢*. Here, D is the residue
algebra, I'p is the value group of vp, ¢ = 1 if the residue field Fr has characteristic 0,
g = x(FRr) if the characteristic x(Fr) of Fr is greater than 0, and k > 0 is a positive
integer [7].

To prove the proposition, it suffices to show that D # Fr. Indeed, let a € D\ Fg,
and let a € R,,, (= the valuation ring of vp) be such that « = @ = a + m(R,,,,). Then
Fy = F(a) < D is a subfield of D and a proper extension of F'. From the results of [8]
Chapter 13] it follows that the degree [Fy : F)| divides p. Then [Fp : F] = p and Fj is
a maximal subfield of D, and therefore a splitting field of D. The degree [Fr(«a) : Fg]
divides [Fr, : Fr] (Ro = Ry, N Fy), and [Fgr, : Fg| divides [Fy : F] = p. Since
Fr(a) # Fr, we have Fgr(a) = Fr,, [Fr, : Fr] = p = [Fy : F], and Fp is an unramified
extension of F.

For every b € D*, we have vp(b) = vg, (b), where Ry = R,, NF(b), [F(b) : F] divides
p, and [I'r, : T'g] divides [F(b) : F|. Consequently, pvg, (b) € I'r. It follows that the
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factor group I'p/T'g has period p. Since I'p is a z-group, we see that [['p : T'g] divides
p (ie., [['p:Tg]=1or p).

If ¢* = 1, then we obtain the required relation D # Fg. The identity ¢* = 1 is
valid both in case 1) (because ¢ = 1 in this case) and in case 2) (by [6l Chapter 2,
Theorem 11]).

Suppose condition 3) is fulfilled. We conslder the completion F of F with respect to
the topology defined by vg; then D = D @p F remains a skew-field (see [§]), and F

satisfies condition 2) and D = D.
The proposition is proved. O

Since conditions 1)-3) of the proposition are preserved under finite separable exten-
sions, we arrive at the following statement.

Corollary. Under the conditions of Proposition 5.1, the mazimal immediate extension
F of F satisfies condition 4").

The following proposition is yet another consequence of Proposition 5.1.

Proposition 5.2. Let F be a Henselian valued field such that I'r is a z-group, Fg is
perfect, G(Fr) ~ 7Z, and one of conditions 1)-3) of Proposition 5.1 is fulfilled. Then local
class field theory is valid for F.

It suffices to observe that one of conditions 1), 2), and 3) of Proposition 5.1 and the
fact that F is Henselian imply that F is algebraically complete.

In conclusion, we consider an example. Let k be a perfect field such that G(k) ~ Z
(e.g., k is a finite field or k = C((t)) is the field of formal power series over the field
C of complex numbers). Let I' = ZpepZ be the direct sum of the groups Zp ~
}iﬂln@) Z[p"Z (isomorphic to the additive group of p-adic integers; P is the set of all
prime numbers). There is a natural embedding

ngz Hip.
pEP

We note that I' is a z-group, but it does not contain any generators of the group Z. Since
T" is a torsion-free Abelian group, the group I' can be linearly ordered. Viewing I" as a
linearly ordered group, we can define a field F = k(t") (see [4, Chapter 1, §7], having a
valuation v : I’ — I" such that Fr, = k and F = (F, R,) is a maximal valued field for
which local class field theory is valid.
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