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SOLVABILITY OF SYSTEMS
OF NONHOMOGENEOUS CONVOLUTION EQUATIONS
IN CONVEX DOMAINS IN C

A. C. KRIVOSHEEV AND S. N. GANTSEV

ABSTRACT. A criterion for the solvability of systems of nonhomogeneous convolu-
tion equations in convex domains on the complex plane is obtained in terms of lower
estimates for the characteristic functions of the convolution equations at their non-
common Zzeros.

§1. INTRODUCTION. PRELIMINARIES

Let D be a convex domain in C. We denote by H(D) the space of all functions
analytic in D, with the topology of uniform convergence on compact subsets of D. The
space strongly dual to H(D) is denoted by H*(D); its elements are called the analytic
functionals in D. Since H (D) is a closed subspace of the space of continuous functions in
D, the theorems of Hahn—Banach and Riesz imply that for each p € H*(D) there exists
a measure m with compact support in D such that

<mwzﬁy@mmw,weHw»

Roughly, the problem we deal with is as follows. Any functional 1 on the space H (D)
gives rise to the operator

(1.1) MW@F%MM%MD:/MWMMmM,wéHw%

which is called a convolution operator in H (D). Since the operator M is linear and
continuous, its values are analytic functions. We can consider an equation of the form

M[)(z)] =g, g€ H(G),
where G is a convex domain (to be described below). In this paper we give a criterion
for the solvability of systems of such convolution equations with admissible right-hand
sides (see below for the definition of admissibility).
A compact convex set K C C is called a determining set for a functional p € H*(C)
if for any neighborhood U of K there exists a constant Cy such that

(1.2) (1, ¥ écasgng)u ¢ € H(C).

Let p be an analytic functional in C. By the Laplace transform of p we mean the
function

f(z) = (py,exp(yz)), zeC.
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848 A. C. KRIVOSHEEV AND S. N. GANTSEV

This is an entire function of exponential type. Let K be the adjoint diagram of f
(see [I0]). By the Pdlya theorem [I0], the set K is the smallest compact convex set
determining p. Since the entire functions are dense in any space H(2), where Q is
a convex domain in C, inequality ([2) implies that p extends to a continuous linear
functional on the space H(K) of analytic functions on K. Consequently, if some shift
K + z of K lies in a domain D, then for any ¢ € H(D) the value of u on the element
¥(y+2), y € D — z, of the space H(D — z) C H(K) is well defined.

Suppose D has the form G+ K, where G is a convex domain, and let y € H*(C). The
values of the convolution operator (1)) are analytic functions in G, i.e., M acts from
H(D) to H(G). The Laplace transform f of the functional p is called the characteristic
function of the operator M.

Let G be a convex domain in C, let puq,..., 1, be analytic functionals in C, and let
fi,-.., fnand K1, ..., K, be the corresponding Laplace transforms and adjoint diagrams,
respectively. We put

D=G+K1++Kn, G1:G+K1++KIL_1+KH_1++K7L, z:l,,n

Then for each i = 1,...,n, the functional u; determines a convolution operator M; acting
from H(D) to H(G;). Consider the following system of convolution equations:
(13) M1[1/1]:g17 BER) Mn[w]:gn

The question about solvability conditions for this system arises naturally. For n =1, i.e.,
for one convolution equation, there are numerous publications devoted to this solvability
problem; a complete solution was presented in [3, 4] for the case of convex domains in
the complex space of arbitrary dimension. For smooth domains, full solution of a system
of nonhomogeneous convolution equations was proposed in the paper [5], where there is
also a list of the most important references on the topic.

We dwell on the results of [5] in more detail. The notion of regular growth for a system
of entire functions was introduced in [5]. This is a generalization of the classical notion
of complete regularity of the growth for an individual entire function. The definition
in [5] involves lower estimates of the maximal absolute values of f1,..., f, on a set of
open disks. On that basis, sufficient conditions were obtained for the solvability of a
system of convolution equations in convex domains in C. Moreover, it was shown that
in a number of cases these conditions are also necessary, which provided a solvability
criterion for (IJ). For instance, if the boundary of G is smooth, then the solvability
of (L3) is equivalent to the fact that the system (f1,..., f,) has regular growth. The
proof of sufficiency in [5] was based on complicated induction constructions and on the
solvability of cohomology groups with estimates.

In the present paper we establish some conditions equivalent to the fact that a system
of entire functions has regular growth in the sense of [5]. These new conditions are given in
terms of lower estimates for the behavior of the functions f1,..., f, at their noncommon
zeros. Unlike the method used in [5], our arguments here do not involve induction
constructions and are substantially simpler. This method combines the approach that
goes back to Wolff (see [6l Appendix]) with some ideas used in [5].

We start with some known facts and notions needed in what follows. Suppose the
domains D, G, and G, the functionals p;, the functions f;, and the operators M; are as
described above. We put M = (M, ..., M,) and

The operator M acts from H (D) to the product H = H(Gy) x --- x H(Gy). Let M* be
the operator adjoint to M, acting from H*(G1) x --- x H*(G,) to H*(D), and let Pp
denote the space of entire functions of exponential type the adjoint diagrams of which
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SOLVABILITY OF SYSTEMS OF NONHOMOGENEOUS CONVOLUTION EQUATIONS 849

lie in D. The topology in Pp is defined as that of the direct limit of the Banach spaces
Py ={p e H(C): el; = Sup |p(2)] exp[—HL,(2)] < 400},
z

where the L; constitute a sequence of compact convex subsets of D such that L; C
int Ljy1 and |JL; = D, and Hy, denotes the support function of a set L:

Hp(y) = sup Re(zy), yeC.
z€

Since the embeddings are compact, the definition of the topology in Pp implies (see,
e.g., [7]) that a sequence {pr} C Pp converges in Pp to a function ¢ if ¢ and {¢x}
belong to P; for some j and {¢} tends to ¢ in P;. In its turn, convergence in P; means
that for some C' > 0 and all k£ we have |¢p(2)] < Cexp Hr,(2), z € C, and {¢} tends
to ¢ uniformly on every compact set in C.

It is well known that the Laplace transformation establishes an algebraic as well as
topological isomorphism of the spaces H*(D) and Pp (see [7]); consequently, M* de-
termines an operator ¥ acting from Pg, X -+ X Pg, to Pp. Let v = (11,...,uv,) €
H*(Gy) x --- x H*(Gy,), and let u = M*[v]. We denote by ¢; and F' the Laplace trans-
forms of v; and p, respectively. For calculating the operator X explicitly we plug the
exponential function in the identity that defines the adjoint operator, obtaining

F(2) = (M*[v],exp(2€)) = (M[exp(2€)],v) = > (1, exp((y + €)2)), vs)

i=1
n
Z i, exp(z§)) exp(yz), Z fi(2)(exp(y2), Z fi(=

Thus, for each vector ¢ = (p1,...,¢n) in P(G1) X -+ x P(Gy,), we have
Zlel(z) = fr(2)p1(2) + - + fu(2)on(2).

Suppose a function g € H lies in the range of M, i.e., M[h] = g for some h € H(D).
If v € ker M*, then

(v,9) = (v, MIh]) = (M*[v], ) = 0.

Consequently, system ([.3) with the right-hand side ¢ = (g1,...,9n) can be solvable
only if (v,g9) = 0 for any v € ker M*. Recalling the explicit form of the operator X,
we can rewrite this condition in terms of Laplace transforms as follows: (v,g) = 0 for
every v =uy,...,V, such that fio1 + -+ faon =0 (p1,..., @, are as before). We say
that a right-hand side g of system (3] is admissible if it satisfies the above condition.
Obviously, the set of all admissible right-hand sides is a closed subspace in H. Thus,
the question as to whether system (I3) is solvable makes sense only for elements of that
subspace.

Lemma 1.1 ([B]). The range of the operator M is dense in the set of admissible right-
hand sides of system (L3).

This lemma implies that system (L3) is solvable in H (D) for any admissible right-hand
side g € H if and only if the range of M is closed. Since H(D) and H(G;) are complete
metrizable spaces, i.e., they are Frechét spaces, the theorem on adjoint operation for such
spaces (see [7]) shows that the range im M is closed if and only if the range of the adjoint
operator M* is closed, or, equivalently, the set im > C Pp is closed.

Let fi,..., fn be the Laplace transforms of functionals y1,. .., iy, and let A = {\g}
be the sequence of common zeros of f1,..., f, (with regard to multiplicity, i.e., if X is a
common zero of the functions fi, ..., f, with multiplicity m, then A occurs m times in
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850 A. C. KRIVOSHEEV AND S. N. GANTSEV

the sequence A). We define I(D, A) as the set of all functions ¢ € Pp such that A is
part of the zeros of 1.

We conclude this section with a lemma that reduces the solvability problem for system
(L3) to the problem of a certain specific representation of the elements of the subspace

I(D, 7).
Lemma 1.2 ([5]). The following two statements are equivalent.
1) For any F € I(D,A), there is an element (p1,...,¢n) € Pg, X -+ X Pg, such that

Fz) =¢1(2)f1(z) + -+ ¢n(2)fn(2), z€C.

2) The system of convolution equations (L3) is solvable in the space H(D) for any
admissible right-hand side g € H.

§2. REGULAR GROWTH OF A SYSTEM OF ENTIRE FUNCTIONS
OF FINITE ORDER AND TYPE

The notion of regular and weakly regular growth for a system of entire functions of
order (at most) p and of finite type (with order p) was introduced in [5]. Here we give an
equivalent definition; unlike the one in [5], this definition is based on the mutual location
of noncommon zeros of the system of entire functions in question.

Consider n collections of complex numbers

(a%,a%,...,a}ﬂ), (a%,ag,...,aé), ooy (afyay, ... ag ).

For each of these collections, we construct the following polynomial:

Hz—a z € C,

where {b;} € C\ {0}.
Theorem 2.1. Suppose the inequalities

max In|P;(al)| > —B, 1<p<n, 1<1<k,,
1<i<n

are fulfilled for some B > 0. Then for all z € C we have
max [In|P;(z)| + k;In2] > —B.

1<i<n

Proof. By the assumptions of the theorem, for every p=1,...,nand everyl =1,...,k,
there exists an index i, ; such that

In|P;, ,(a})| > —B.
Let B(z,r) denote the open disk of radius r and centered at z. It is easily seen that for
all 2 ¢ Bla zf”, la] — azp "|/2) we have the estnnate 2|z — azpl| > |af — z’”| The last

two inequalities imply that outside the union U "' B (a; it |ab — azp '|/2) the following
estimate is true:

In |Pip)l(z)| +ki,, In2 > —B.
Uniting these estimates for allp=1,...,nand | =1,...,k,, we see that for any z off
the set Q = _, ﬂfﬁl U ' B(a 17”, |al - alp '|/2) we have
Jmax In|P;(2)| + k;iIn2] > ax In|P;, ()| + ki, , In2] > —B.
121k

The theorem will be proved if we show that 2 = &.
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Suppose z € Q. Then for each p = 1,. sn and each [ =1,...,kp, there is an index
j(p,1, z) such that z belongs to the disk B( (p Loy  |al — z”; 1) |/2) But then z will also
belong to the set

n
ip, 7’;1
(2.1) Az) = ([ Blajy . lad —a, 1/2).

We shall show that the set Q(z) is empty for every z € ). Assume the contrary, i.e.,
there exists z € Q such that Q(z) #
Let B(a3, |a —aj |/2) be one of the disks occurring in (ZI). There is an index j3

such that the dlsk B( |a a 21/2) occurs in the same intersection (). This is true
because p runs over all Values from 1 to n, and [ ranges from 1 to k,. Our assumption
implies that

|a;11 —ap|>|a — a]3

In a similar way, for the disk B(a;? |a — |/2) we can find a disk B( |a — a;i 1/2)
with

jafy = ajzl > laf2 = aii| > laf = ajil.
Continuing, at the kth step we obtain

i‘k+1
Jk411"

lg—1

lall —a| > >la; "}

0 - a o> |a —a
This procedure can be done as many times as we wish. Since the number of disks

occurring in (7)) is finite, at some step there will be an index m4 such that

imy im1+1| | Imy+1 'Lm.1+2

Tmq Tmq+1 |
Jmy Jmi41 Jmi+1 jm1+2

|al’1 - a;zl > > |a Jmq Jmq+1

J1 |> >|a

)

a contradiction. Thus, the set Q(z) is empty for any z € €, which implies that 2 = &.
The theorem is proved. O

Let t(z) be an entire function of order (at most) p > 0 and of finite type (with order
p), i.e., for some a,b > 0 we have the inequality

|(2)] < aexp(b|z]|’), =zeC.
We denote by hy(z) the indicator of the function 1 (z):
hy(2) = t@ In|y(tz)|/t?, =zeC.

The function hy(z) is subharmonic, positively homogeneous of order p (i.e., hy(tz) =
tPhy(2),z € C,t > 0), and continuous on C (see [2]).

Let S be the unit circle centered at zero, and let z € S. For 6 > 0, we denote by E(z, )
the collection of all sequences {z;}7°, of points on {tz,t > 0} that satisfy |z,| — +o0
and

|zk+1|/|zk|<1—|—5, k=1,2,....
Next, let E(z) be the set of sequences {zx}3>, that lie on {tz,¢t > 0} and satisfy the
following condition: for every 6 > 0 and some k(), the sequence {z}32 ;4 is contained
in E(z,9).
Let A = {);}32; C C. For every § > 0 and every 0 # z € C\ A, we introduce the

functions
wze, )= J[  G=x)/@=x),
Aj€B(z,8]zl)

G(zz )= [ (2= X)/(202),

Aj€B(w,8]z)

zeC.
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852 A. C. KRIVOSHEEV AND S. N. GANTSEV

In the case where B(z, d|z|) contains no points of the sequence {A;}, we put ¢s(z, z, A) =1
and gs(z,2z,A) = 1. The following relations can be verified easily:

gs(z,z, A) = 1;

lgs (2,2, A)| > 1, 2 ¢ B(z,20|x));
(2.2) |gs (z,z, A)| < 1, z € B(z,d|x|);

Gz, M) > 1, + ¢ B(, 30/,

|Q5(zvva)| > |§5(27$7A)|7 ze€C.

Let ©; be the set of all zeros of 1;, and let A = {);}52,; be the sequence of all common
zeros of the system (11, ..., 1, ) (with regard to multiplicity). We put A; = {)\;} =0;\A
and call A; the set of noncommon zeros of the function ;.

Definition 1 ([5]). We say that a system (¢1,...,%y,) of entire functions of order (at
most) p and of finite type (with order p) has regular growth along a ray ty (y € S) if
there exists a sequence {z} € E(y) satisfying the following condition: for any r € (0,1)
and any e > 0, there is §(r,¢) > 0 and an index ko such that the inequalities

Yi(z)

_— = ) > — P >
jpax [ln q(;(z,zk,A)‘ h%(z)] > —¢lz|?,  z € B(zg,rd|zk|), k> ko,

are fulfilled for every § € (0,6(r,€)), where A = {);}32; is as above.

Now, on the basis of this definition and Theorem 2], we give the following definition
of regular growth for a system of functions and prove that it is equivalent to Definition 1.

Definition 2. We say that a system (¢1,...,%,) of entire functions of order (at most)
p and of finite type (with order p) has regular growth along a ray ty (y € S) if there
exists a sequence {z;} € E(y) with the following property: for any r € (0,1) and any
€ > 0, there is §(r,e) > 0 and an index ko such that the next two conditions are fulfilled
for every d € (0,0(r,¢€)):

1) maxi<i<n[In | (21)] — hy, (2)] = —€l2kl?, k = ko;

2) for any 1 <p < n and all A}’ € B(zy,rd|z;|) we have

V(X))

1 _h)\p > — )\pp k>k
25 [n %()\f,zk,/\)} wil l)} > —¢| l| ) = Ko

1<i<n

Unlike Definition [, in Definition [2] a lower estimate is required not everywhere in
the disk B(zg,rd|zk|), but only at the noncommon zeros of each of the functions v;,i =
1,...,n. As to condition 1) in Definition [, it is in fact required only in the case where
no function v;, i = 1,...,n, has noncommon zeros in the disk B(zy,7d|z]).

Proposition 1. Definitions [l and Bl are equivalent.

Proof. Obviously, Definition [ implies Definition 21 We prove the converse. Suppose
there exists a sequence {z;} € E(y) with the following property: for any 7 € (0,1) and
any £ > 0 we can find 6(7, &) > 0 and an index k; such that the requirements of Definition
B are fulfilled for every o € (0,4(7,€)).

From the continuity of the indicator hy,(z), and from the Hartogs theorem on families
of subharmonic functions it is easy to deduce (see, e.g., [1]) the existence of numbers
R,$" > 0 such that

(2.3) In |¢;(t2)|/t” < hy,(y) +&, 2z € B(y,128"), t > R.
Since hy, () is continuous, we may assume (reducing ¢’ > 0 if necessary) that
(2.4) |y, (y) = oy, (2)] <&,z € B(y, ).
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By condition 1) of Definition [2 there is an index ks such that |zx| > R and

(2.5) max [Infohi(zn)l/|2x]” — by ()] 2 =& k= ks

For k > ko, we consider the functions

ik (2) = ¥i(2)[@rs (2, 21, Ni) s (2, 25, A)]7H, i e
Ginl2) = 0i(2)/as(z, 21, A), 0 € (0, min(3", o(7, £)).

By construction, the ¢;  and @; ; are entire functions. It is easily seen that @; p(2zx) =

Yi(zk)-

Consider the case where the functions v;,7 = 1,...,n, have no noncommon zeros in
B(zy,70|2;]). By ([Z3), for every k > ko there is an index i(k) such that
(2.6) I [Yir) (i) |/ 12817 = By (y) = —€.

Relations (Z2) and (Z3)), the definitions of ¢; , and the maximum principle for analytic
functions imply that

Pi(k) .k (2)
Pi(k) .k (2k)
Applying a lower estimate for the absolute value of an analytic function (see [2]), we see

that in the above disk, but outside some exceptional small disks with total sum of the
radii equal to (7 — r)d|zk|/2, 0 < r < 7, we have
Pi(k),k (2k)
where a = 2 4+ In(3e/27), n = (¥ — r)/8. Moreover, the proof of the Cartan lemma on
the lower estimate for a polynomial (see, e.g., [2]) shows that each of the exceptional
disks contains at least one zero of the function ;). By construction, our assumptions
imply that ;) , has no zeros in the disk B(zx,70|2x|). Therefore, the disk B(z,70|zx|)
does not intersect the exceptional disks. Using [2.4) and ([2.8)), the fact that hy,,, is
homogeneous, the definition of the functions ;) x, and inequality (2.7), we obtain
Yi(2) _
R o/ I > ) _
(2.8) 1?%5(” [hl %(z, Zk,A) hﬂh (Z) >1In |507,(k) (Z)| hwi(k)('z)

> —(1-0)""(2+2a)e|z|?, =z € B(zg,rd|zx|), k> ka.

Now, suppose that at least one of the functions 1, ..., %, has noncommon zeros in the
disk B(zy,70|zk|). Then, by the second condition of Definition 2land the definition of the
@ik, for any index 1 < p < n and all ] € B(zy,70|2x|) there exists i(p,1) € {1,...,n}
such that the following inequalities are fulfilled:

I [i(p,1, 6 AD)] + I [Grs (AT 285 Nip,)| = g,y (A7) 2 —EINTIP
In |¢i(p,l),k(/\§))| - h%(p,z)()‘f) > _“1)\1;7|p, k > kQ'
We denote by T'(k) the set of all such indices i(p,l) for p = 1,...,n and for I such that
A € B(z,70|z1|). The above inequalities show that for each i € I'(k), k > ki, there
exists a pair of indices p(i), (i) with

(1) (1) (1)
In Iw,k(Aﬁ@))l ~ hy, (*ﬁ(%) 2 —%W((% " 0 € B(ay, 7olal).
In |90i,k(>‘§)(i) )| = hy, (Xf(i) ) > —év\f(i) |?, @

ln‘ < 28|z,  z € B(zg,60|2k)-

(2.7) In

Z —2aﬂzk|p, ]f 2 kQ,

(2.9)

Moreover,

max In|grs (A, 2z, Ai)| = —38(1 4 6)?|2|”,
(2.10) i€l (k)
1<p<n, AN € B(z,70|z|), k> ko.
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Applying the inequalities (Z9), estimates (Z2)), (Z3)), and (Z4)), the definition of the
functions ¢; , and @; k, and the maximum principle, we see that, for each k& > k and all

z € B()\p(z) 126|)\p(z)|) we have

In| 2] < 3B e < 320+ Ol
(2.11) ik l(”) i € T(k).
ln‘ %(k)\p(z) < BEN 1P < BE(1 + 6)7 |z,
Dik
Arguing as in the proof of (2.7), from (2.11) we obtain the inequality
(2.12) In L(p()z)‘ > —3ag(1+96)°|z|?, i€T(k), z€ B(zk,rd|2]),
Sﬁi,k(/\l(z))

where a = 2 +1In(3e/2n),n = (¥ —r)/8, and r € (0,7).

Let m; 1 denote the number of noncommon zeros of ¢; in the disk B(zx,d|zx|). By
construction, these points are also zeros of @; . Since the funcntion @;j is entire, by
[0, Lemma 4.1] and (2II)) we have the estimate

mip < 3(1+96)°|zxl?, ie€D(k), k> ko.
By (ZI0) and Theorem T, the inequality
max In|grs(2, 2k, Nip))| > —88(1 +6)?|2x|, k> ko,

€T (k)
is fulfilled in each disk B(zy,7d|zk|). Combining this with (Z4), [ZJ), and ZI2), we
obtain
max {n L hib(z)}
1<i<n | [qs(2, 2k, A)
(2.13) 2 max [0 [iik (2)] + 10 [Gra (2, 28, As)| = hy, (2)]
p
> 2O TN a2 e Blonrdlad, b2 ko

Consider the disk B(zk,7d|zx|) with & > ko. If none of the functions ¢1,..., @, has
a noncommon zero in that disk, then we have (2§). Otherwise, estimate (ZI3)) is valid.
We put € = (2+ (3a+5)(1+9)?)/(1 —9)? and ko = kg, and choose d(r, ) > 0 sufficiently
small; this yields the inequality required in Definition [l O

We present a general example of a system of two functions having regular growth
along a ray {ty,t > 0}. For this, we need the following definition, which is equivalent to
the classical definition of regular growth in the sense of Levin—Pfliiger.

Definition 3 ([8 [10]). A function (z) is said to have regular growth along a ray
ty,y € S, if there exists a sequence {z;} € FE(y) such that

Jim o [y () |/ 2" = he(y)-

Let 11 and 12 be entire functions of order (at most) p and of finite type (with order p).
Suppose that each of them (separately) has regular growth along a ray {ty,t > 0},y € S.
Then, by Definition B] there is a sequence {z} € E(y) (one and the same for ¢ and 5)
such that

hm In |9 (zi)|/|26]” = by, (y), i=1,2.
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Next, the noncommon zeros A1 = {Aj} and Ay = {A3} of ¢, and 1y satisfy the estimate
A . 1,
7 i |1— .
[Aog1l = [AL| > gl/\k| Pooi=1,2, k=1,2,...,

where € > 0. We show that if
min AL = A2/[AL] > expl—2[AL], Kk =1,2,...,
J

min | X] — Al/[Af] > exp[—e[Aj°), j=1,2,...,

then the system (i1,12) has regular growth along the ray {ty,t > 0}.

Obviously, we can find R, > 0 such that

In |¢;(t2)|/t” < hy,(y) +&, 2z € B(y,68"), t >R, i=1,2.

Since the functions hy, (2) are continuous, we may assume that
(2.14) |y, (y) — hy, (2)| <&, z€ B(y,d).
By assumption, each of the functions ; and o has regular growth along {ty,t > 0}.
Therefore, for some index ky such that |zx, | > R we have
(2.15) In fs (2|2l = () > =, i = 1,2,
for k > kq.

For each k > k; we consider the functions

i k(2) = Vi(2)[a5(2, 21, Ni)as (2, 21, )] 71, 6 € (0,0).

Arguing as in the proof of (2.7), we obtain
pik(z)

ik (k)
where 7 € (0,1),a =2+ In(3¢/2n), and n = (1 — r)/8.

Consider the disk B(zg, rd|zx|). If for some i = 1,2 the set A; N B(zk, rd|2x|) is empty,
then all conditions of Definition [2] are satisfied for that disk. (The first condition is
fulfilled automatically by the regularity of the growth of each of the functions ¥, and s,
and the second is implied by estimates (ZI4) and ([ZTI6).) To simplify the notation, we
put A; N Bz, 78|zk]) = {\i,..., AL, }, i = 1,2. For each | = 1,...,my, there exists an
index j such that [A%, ;| > [A\]| > [A3] (the cases where [\[| > [A2,| and [A]| < [A]] are
analyzed similarly). Suppose p > 1. Then

Neral = Mk > 1/(elX,, 1770, i=1,2,

(2.16) In > —2ag|z|’,  z € B(zg,rd|zk]), k> ki,

whence
(J—k) .
X == = > 8= D> et k=L - L
ma
(k—j-1) )
2.17) N = AR = IR = A > AR = AR ] > PR k=j+2,...,ma;
mo
)\1_)\2 o
7| l|)\1| El >exp[—5|)\ll|p], k=j,7+1.
l

The Taylor expansion of the exponential function implies the following inequality:

n

exp(t)>ﬁ, n=12,..., t>0
In particular,
c|z|P)™
exp(elz17) > P —yp
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where c is some positive constant. Applying (ZI7) and the latter inequality, we see that
the following estimates are true for some ko > ky:

m2 y1 2 m2 1 2 J+1l g1 2 ma 1 2
AL — AR AL — A%l AL = A% AL — A%l
las (AL s 2z, M) = [ ] >l > ]2 [] il
k=1 2 = A% k=1 20]zx| =j 5|)‘ll| k=1,k#j,j+1 S|AZ,,

G-1!  (ma—j—1)!
el )i (Be]pg, oy
>exp[_C€|Al1|p]7 Zzla'--vmla kaQa

1 1p
> = expl-2< 7

where 6 = 26/(1 — 6) and C is a positive constant. In a similar way, we obtain
las (N7, 21, A1)| > exp[—Ce[A2|P], 1=1,...,ma, k> ko.
Consequently, for p = 1,2 we have
max las(A, 2z, Aq)| > exp[—=Ce|X)|P], 1=1,...,mp, k> ks.
Combining this with estimates (ZI4)), (2IH), and (ZI0), we see that for p = 1,2 and
each [ =1,...,m, the inequality

$i(A7) ]

N R (NP

w2y |~ )

= max[ln |, (AV)| + I [g5 (X', 25, Ai)| = R (A)] > =Che|A|

i=1,2

max |In
i=1,2

is valid for k > ko, where C; > 0. Putting kg = ko, we take Cye in the role of ¢ in
Definition Pl Thus, all requirements of Definition [2] are fulfilled, which means that the
system (11,12) has regular growth along the ray {ty,t > 0} provided p > 1. The case
of p < 1 is treated similarly, with the use of the inequalities

Nerl = Xl > 1/ PTY), MG >1, i=1,2.

We note that the above example can be extended to the case of a system of n functions,
with only minor changes in the proof.

Now we pass to the notion of weak regular growth for a system of functions; this
notion was also introduced in [5].

Definition 4 ([5]). We say that a system (¢1,...,%,) of entire functions of order (at
most) p and of finite type (with order p) has weak regular growth along a ray ty (y € S)
if for any r > 7 > 1 there exists dp > 0 with the following property: for every § € (0, Jo]
we can find a sequence {z} € E(y,d) and a number A > 0 such that

max In|vi(2)/qrs(2z, 26, A)| > —A|2|P, 2z € B(zg, 70|2k]), k> 1,

where A = {);}32; is the set of noncommon zeros of the functions v; (with regard to
multiplicity).

Like for the notion of regular growth, we give another definition of weak regular growth
for a system of functions and prove the equivalence of two definitions.

Definition 5. A system (¢1,..., 1, ) of entire functions of order (at most) p and of finite
type (with order p) in C is said to have weak regular growth along a ray ty (y € S) if
there exists a number dy > 0 with the following property: for any 6 € (0,dp] there are
numbers rg and A > 0 such that for all zo € {ty,t > 0}, 20 ¢ U, Ai, |20] > 70, all
indices 1 < p < n, and all A} € A, N B(zo,0|20|) we have

1I£iagxn In |q6()‘§)7 20, A?,)| 2 _A|ZO|pa
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where A; = {A\}}52, is the set of noncommon zeros of the function ¢; (with regard to
multiplicity).

Proposition 2. Definitions @l and Bl are equivalent.

Proof. Suppose the conditions listed in Definition @ are fulfilled with A and o replaced
by A and dy, respectively. Since the functions 91, ..., 1, are of order (at most) p and of
finite type (with order p), we have

(2.18) Infyi(2)] < alzl?, 2] > R,

for any 1 < i < n, where a, R > 0. We choose ki so as to ensure that for all k¥ > k; the
disk B(zg,12d|2x|) be disjoint from B(0, R), and put

pin(2) = i(2)[das (2, 21, Ai)ass (2, 21, )] 71, 6 € (0,00/4).
Relations (22)) and (2I8]), the inequality in Definition B and the maximum principle
imply the estimate

max In |gys(2, 2, Ai)| > —A'2]7, 2 € B(zk,40|2k), k> ki,
1<i<n

where A’ = A+ a(1+108)?(1 —48)~*. Let z be a point of the ray {ty,¢ > 0} such that
|20| > |2k, +1]. Obviously, there exists an index k > ky such that |zx_1| < |z0| < |2x| and
the disk B(zy,4d|z;|) contains B(zo,d|20|). By using the above inequality and (2.2]), now
it is easy to obtain the estimate
12%ann|q5(z,zo,Ai)| > max In |Gus (2, 2k, Ai)| > —A'|2]7,
z € B(zk,0|zk|), k> k1.

Putting A = A’,§y = 50/4, r0 = |2k, +1|, we see that the inequalities in Definition [{ are
fulfilled automatically.

Now, suppose that the requirements of Definition B are fulfilled with A and do replaced
by A and 9, respectively. Let » > 7 > 1, and let § € (0,0¢/7]. The proof of the theorem
about the lower estimate for an entire function of finite type on a system of circles (see,
e.g., |2]) shows that there exists a sequence {z;} € E(y,d) and a number C > 0 such

that
(2.19) In|¢i(zx)| > —Clzxl?, k>1, i=1,...,n.

We choose an index kq so that (1 —66)|zx, | > max{rg, R}, where r¢ is as in Definition
Bl and put

i k(2) = Vi(2)[i(2k)ars (2, 2, Ni)ars (2, 21, A)] 7
It is easily seen that ¢; k(z;) = 1. From 22), 2:18), and 2:19) we obtain
Injp;k(2)] <d'lzkl?, =z € B(zk,6r0|2k]), k> ki,
where a’ = (1 + 6rd)?a + C. The theorem on the lower estimate for analytic functions
implies that in the disk B(zg,7d|zk|), but outside some exceptional disks with the sum
of radii (r — 7)d|zx|, we have
(2.20) In ik (2)] = —H(n)d'|z]", k= k,
where n = (r —7)/(8r), H(n) = 2 —In(3e/(27n)). Since ¢; ; has no zeros in B(zk, rd|zx]),
the inequality obtained above is valid everywhere in the disk B(zy, 79|zk|).
Let m;  denote the number of zeros of ¢; in B(zy,7d|z;|). From [10} Lemma 4.1] and

218), 219), it follows that
Yi(z)

< max In
2€0B(zk,3r68|z|) ‘1/)1(2]6)

<a(l43rd)?|zkl”, k> k.

i,
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The conditions of Definition[d imply that for any 1 < p < n and all A} € A,NB(z,d|zx])
we have

max In|gr5(A], 2, Ai)| > —Alzil?, k> k.
1<i<n

Now we apply Theorem 211 The above two inequalities imply that if & > k1, then for
all z € B(zy,1d|2;|) we have

10ax In|grs (2, 2k, As)| 2 —(A + a(1+ 3r0)°)| .

Everything is ready for the proof of the inequality in Definition[dl We use the definition
of the functions ¢; j, the inequality above, and (2.19), (Z220) to deduce the estimate

max In[4i(2)/qrs(2, 20, A)| 2 —Aufz|", 2 € B(zg, 7o|zk]), k= ka,
i<n

where A; = (A + a(1 + 3r6)? + H(n)a')(1 — 70) 2. So, the inequality in question is
fulfilled with Ay, do/r, and k; in place of Ag, dp, and ko, respectively. O

§3. SOLVABILITY OF SYSTEMS OF NONHOMOGENEOUS CONVOLUTION EQUATIONS

In this section we prove the sufficient conditions of solvability. Our approach differs
substantially from that presented in [5]. All lemmas formulated without proof can be
found in [5].

For a convex domain D C C we put

Ip ={z€ C: Hp(z) = +o0}.
If D is bounded, then, obviously, Ip = &.

Lemma 3.1. Let D be a convex domain in C, let K be a compact convex subset of D,
and let a be a positive number. Suppose that
Hg(z) +a|z| < Hp(z), zeC\{0}.

Moreover, suppose that X C S is a compact subset of the interior int Ip of the set Ip.
Then for any A > 0 there exists a compact set L C D such that K C L and the following
inequalities are fulfilled:

Hr(z)+alz| < Hp(z), z€ C\{0}; Hr(z) > Alz|, z/|2| € X.

We fix an arbitrary € > 0 and a closed subset Z of the unit circle S. Let (f1,..., fn)
be a system of entire functions of exponential type in C and satisfying the following
conditions:

i) (f1,..., fn) has regular growth on Z (i.e., on every ray ty,y € Z);
i) (f1,...,fn) has weak regular growth on S\ Z.

Since the indicators hy,(z) are uniformly continuous on compact subsets of C, there
is a number ¢’ > 0 such that 326’ < 1 and

(3.1) Yo Ihg(z) = hp(y) <& ye B(z,160), z€S.
i=1

Since hy, is the indicator diagram for f;, we have
In|fi(2)| < hy(2) +elz|+C', z€C, i=1,...,n
(see [1]), where C’ > 0 is some constant depending on & > 0.
Now, let y € Z. By i), the system (f1,..., fn) has regular growth along the ray ty.

For a fixed € > 0 and r = 1/2, we denote by ¢’'(y) the quantity §(r,e)/4, where §(r,¢) is
the number occurring in Definition [I For each y € Z we fix d(y) > 0 so that

d(y) < min{d’,d"(y)}-
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The disks B(y,d0(y)/4),y € Z, cover Z; we extract a finite subcover B(y, d;/4) (here
0 = 0(y)). Let {zr,;}3>, be a sequence {zk}zozko € E(yi) satisfying the inequalities
in Definition [l In accordance with the definition of the classes E(y;) and E(y;,d), by
deleting finitely many elements from the sequence {zx;} we can arrange that {zx;} €
E(y;,6;/2). Now, it is easily seen that for each I =1,... 1y we can find a number R; > 0
such that, off the disk B(0, R;), the angle with vertex at the origin and generated by the
disk B(yi, 6:1/4) is covered by the union (J,, B(zk,i, 6|2k,]). We denote

¥ =8\ {QB(?JMSI/‘U}

Then there is a number § > 0 such that 165 < 1 and for each # € X the disk B(z,80)
is compactly contained in the angle with vertex at the origin and generated by the set
S\ Z. Since the functions f;(z),i = 1,...,n, are of exponential type, for some A’, B' > 0
we have
In|fi(z)] <A'|z|+ B, z€C, i=1,...,n.
By condition ii), for 7 = 2, r = 4, and every x € ¥, we can find a number &y = do(x)

as in Definition @l For every x € ¥ we fix an arbitrary number §(z) > 0 satisfying
5(x) < min{d’, 8, 60(x)}.

As before, we find points z; € ¥,1 =1,...,1;, such that
1

s c | B,0/2),
1=1
where (5~l = g(a:l) By Definition H] for each | = 1,...,l; we can choose a sequence
{wg, 1} € E(z, gl) and a number A; > 0 so that the inequality in Definition [ be fulfilled
for o, = fi, i =1,...,n, with p = 1 and with {wg}, A;, and & in the role of {z1}, A,
and J, respectively. Again as before, there are numbers 7; > 0, [ = 1,...,l;, such that
off the disk B(0,7;) the angle spanned by the disk B(xl,gl/Q) is covered by the union

Urzr B(wi,t, 20iwi)). B

We put © = max;<;<;, 4; and denote by U,i,l (respectively, U,i,l) the open set of points
z € B(zp,1,201|25,1|) (respectively, z € B(wk,l,4gl|wk,l|)) satisfying the inequality

In|fi(2)/qas, (2, 2,1, A)| = by, (2) > —2elz],
(respectively, the inequality
In |fi(z)/q8£§l (Zv Wi,1, A)| > —2@|Z|),

where A = {);} is the set of all common zeros of fi,..., f,. The specific choice of
(respectively, & and A;) and Definition [ (respectively, Definition M) allows us to con-
clude that the sets (U, U}, (respectively, [, ﬁ,zl) and B(zk,1,201|2k,1|) (respectively,
B(wk,l,4gl|wk,l|)) coincide. Let Ry > max{R;, T, : 1l =1,...,lo;p=1,...,11}. By con-
struction, the union of all disks B(zy,,2d;|2,]) and B(wk,l,4gl|wk,l|) contains the set
C\ B(0, Rp). Consequently, any point z € C with |z| > Ry belongs to at least one of the
sets U}%’l or ﬁil Let x¢ be an arbitrary point in S C B(0, Rg) that coincides with none
of the common zeros A; (we assume that Ry > 1). Obviously, there is ©’ > 0 such that

max In|fi(2)/qsr, (2, x0,A)| > —©'|z], 2z € B(0,4Ry).
1<i<n

Fori=1,...,n, let U} denote the set of all points z € B(0,4R,) such that
In|fi(2)/gasry (2, 20, A)| > —26|2].
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Then, as above, the disk B(0,4Ry) coincides with [ J;_, Uj. We put

W—Uéu{@@Uﬁ}l}u{GOﬁ,ﬁJ}

k=11=1 k=11=1
Thus, we have constructed an open covering of the complex plane by the sets Vi, ..., V.
This covering is determined by € > 0, by functions f1, ..., f, satisfying conditions i) and

ii), and by Z C S. We denote

X=sn {OB(@A&)}

=1
where §; and z; are the same as before.

Lemma 3.2. There exists a partition of unity E; € C*(C), i =1,...,n, subordinate to
the covering Vi,...,V, of C (i.e., E; vanishes near the boundary of V; and off V;) and
such that the following inequalities are true for some ¢,b > 0:

Fexpl12e]zl] if /|| ¢ X,

dE,(2)/dz| < { C&PL i—1,....n
[dE(z)/dz] < {cexp[b|z|] if z/|z| € X, ! "

For the sequence A = {\;} of common zeros (with regard to multiplicity) of functions
f1,--., fn of exponential type, we define a function f(z) by the formula

N
f(z)=2zm° H (1—%>exp<%>, z €C,
j j

F=1,7;#£0
where myg is the multiplicity of the common zero z = 0 of the functions fi,..., fn
(possibly, mg = 0). Since the points Aj, j =1,2,..., are zeros (part of the zeros) of an

entire function (say, f1) of order (at most) p and of finite type (with order p), the above
product converges everywhere on C and yields an entire function (see [2]). Moreover,
f(#) vanishes only at the points A\;. For all k =1,2,...and [ =1,...,ly, we put

Gea(2) In|f(z)| if 2 & B(2k,1, 801 2k,1),
kI\Z) = z .
max{1n|f(z)|,ln %‘} if z € B(zk,1, 80| 2k,1])-
Also for k = 1,2,... and [ = 1,...,l;, we introduce the functions zzkl(z) by a similar

formula, but with B(zx,, 89;|2k,1|) and qus, (2, 2,1, A) replaced by B(wy,, 165~l|wk7l|) and
dg3, (z,wg,1, A), respectively. Finally, we put

doz) = 4 2] if = ¢ B(xo, 16R),
max{In|f(z)[,In|f(2)/asro (2, 20, A)|} if z € B(wo, 16Ry).

The above functions 1y, @Zk,l, and 1y were constructed earlier in the paper [§], where it
was shown that they are subharmonic in C. Now we define

¥(2) = sup{to(2), Yr1(2), Upr}, 2 €C,

where the supremum is taken over all values of the indices k,1,p,r. The function ¢(z)
is subharmonic in C, because near every point z € C it is in fact the maximum of
only finitely many subharmonic functions. The other functions coincide there (some
neighborhood of every point z € C intersects only finitely many disks B(zk,1, 85| 2k.1|)

and B(w,1, 166;wy,y])).
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Lemma 3.3. There exists a number C > 0 such that the inequality
In|fi(2)/f(2)| +¢(2) < C+ Hk,(2) +8¢[z|, z€C,
is fulfilled for alli=1,... n.
Now everything is ready for the discussion of conditions sufficient for solvability.

Theorem 3.4. Let the domains D,G,G;, the compact sets K;, the operators M;, and
the functions f; be the same as in the Introduction. Suppose that the following conditions
are satisfied:
1) the system (f1,..., fn) has regular growth on each ray tz,t > 0, with z in the closure
of the set S\ Ig;
2) the system (f1,..., fn) has weak regular growth on each ray tz,t > 0, with z € SNI¢.
Then the system of convolution equations

Ml[h] =91, -+ Mn[h] = 0n
is solvable in the space H(D) for any admissible right-hand side (g1,...,9n) € H.

Proof. By Lemmall2 it suffices to show that for any F' € I(D, A) there exists an element
(¢1,---,pn) of the spacePg, X -+ X Pg, such that

F(z) = 1(2)f1(2) + -+ on(2) fn(2)
for all z € C.

First, we establish some auxiliary inequalities. Since F' belongs to I(D, A), and hence
to Pp, the definition of the latter set shows that there is a compact set K C D and a
number A such that B

F(z) < Aexp[Hk(z)], ze€C.
The domain D is of the form D =G + K1 + --- + K,,. It is easily seen that there exists
a compact convex set Ky C G such that K ¢ Ko+ K1 + --- + K,,. It follows that the
support function of K does not exceed the support function of the sum Ko+ K1+ - -+ K.
Recalling that the support function of a sum of convex sets is equal to the sum of their
support functions, we obtain

(3.2) |F(2)] < Aexp[Hg,(z) + Hi,(z) +--- + Hg,(2)], ze€C.

Since some enlargement of the compact set K will still lie in G, we can find € > 0 such
that

(3.3) Hg,(2) + 32¢|z| < Ha(z), =z #0.

The function Hp, is uniformly continuous on the circle S. Since it is homogeneous,
there is g > 0 such that 1655 < 1 and

(34) |Hg,(2) — Hi,(y)| <&, y € B(z,16d), z € S.

Let Z denote the closure of the set S\ I. For e > 0 chosen as above, and for the set Z,
we consider the covering V7, ..., V,, of C constructed as described before Lemma 3.2. We
can construct this covering indeed, because the assumptions of the theorem imply that
the functions fi,..., f, satisfy conditions i) and ii). Moreover, we may assume that the

numbers §; and Jd, occurring in the construction of that covering satisfy the inequality

5l,gp<(50, l=1,...,lp, p=1,...,1.

For each i = 1,...,n, we seek the functions ¢;(z) in the form
E;F < f
i = + Z Vi
fio im0 S
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(see [6] Appendix]), where Ei,..., E, are the functions occurring in Lemma and
constructed starting with the covering V1, ..., V,, of C, and the v;; are unknown functions,
on which we impose the requirements v;; = —vj;, v;; = 0, in order that

automatically.
For the analyticity of ¢; we need the identity dy;/dz = 0, which means that the
functions v;; must satisfy the condition

dE,L' F - d’UfL'j fj
+ 2 —o.
20

az fi dz

This condition will be fulfilled if, for instance,
dvij  E;FfdE; E;FfdE;
dz fify dz  fif; dz
(this can be checked easily by using the identities F1+- -+ E,, = 1, % 4 % =0).
First, we solve each of the equations
dwij o ElFf dE]
= Rf &
and then put v;; = w;; — wj;, so that v;; = —v;; automatically.

Let a point z ¢ B(0, Ry) be such that z/|z| ¢ X, where X is the set defined before

Lemma 3.2. Then z € B(zy,1, 20;|2k,1|) for some k and [. (Here we use the same notation
as in the construction of V4,...,V,.) By (2.2)) and (B.2), we have

F(y)
q4s, (y, Zk,ls A)

(3.5)

(3.6)

<1 < Ao { Y Hi 0)h v € 0BG

§=0
The number ¢; satisfies 166; < 1. Consequently, B(zg,,8d|2x,1]) C B(z,164;|z|). Using
(3.1) (recall that hy, = Hg,), we deduce the inequality

F(y)
qas, (Y, 2kl A)

‘ < Aexp { > Hg,(2) + 2€|Z|}, Yy € 0B (21,801 2k.1])-
=0

Since F' € I(D,A), the definitions of I(D,A) and of the function qus,(y, 2%, A) show
that the ratio F(y)/qus, (Y, 2k,1, A) is an analytic (and even entire) function. From the
maximum principle, it follows that the last-written inequality is valid everywhere in the
disk B(zg,i,8d|2k,1|) and, in particular, at the point z.

Recalling the definitions of the functions ¢ and f, of the sets Vi,...,V,, and of the

fi(z) fi(2) dz
945, (2,28,0,A) qas, (2,28,0,)

dz

functions FE,..., E, constructed as in Lemma from the sets V1, ..., V,, we obtain
, F(z) f(2)
In ‘ dwij (Z) < El(z) 945, (2,21,1,A) a6, (2,25,1,) dEj

n
<v(z)+ Y. Hg,(2)+18elz| + In A+ InG,
p=0,p7#i,j
where ¢ is the same constant as in Lemma [3.2] In a similar way, we can prove that for
the points z/|z| € X with z ¢ B(0, R) there exist numbers A; and B > 0 independent
of z such that

<¢(z)+ Y Hg,(2)+ Blz| + Ay

p=1,p#1,j

(3.7) In ‘dwTJ;Z)
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Unlike the preceding inequality, here summation starts with p = 1, because the function
Hp, is of no interest for us in this case, and its growth is compensated by the quantity B.

Now we need to unite the last two inequalities into a single integral estimate. For this,
we use Lemma [B.I]to construct a compact set L with certain properties. The roles of the
domain, the compact set, and the number a > 0 occurring in Lemma B.1] will be played
by the domain G, the closure of the set Ky + B(0,19¢) (by (B.3), this closure lies in G),
and the number ¢, respectively. We verify the conditions of Lemma [3.1l The estimate
assumed in Lemma follows from (3.3). By construction, the set X is compactly
contained in the angle spanned by S\ Z, and the role of Z is played by the closure of
S\ Ig. Consequently, X is compactly contained in int I. Thus, Lemma[3:1]is applicable.
Therefore, for the number A = B + ¢, in the domain G we can find a compact convex
subset L containing Ky + B(0,19¢) and such that

Hp(z) 4+ 1le|z| < Hg(z), z#0, Hp(z) > (B+e¢)lz]if z/|z] € X.
The inclusion Ky + B(0,19¢) C L means that
Hg,(2) +19%|z| < Hp(z), ze€C.

Combining (37 and the above inequalities, we see that the estimate

02
dz

§A2exp{w( )+ Hp(z Z Hg,(2) —€|7]

p=1,p#i,j
is valid for all z € C\B(0, Rp). Observe that the derivative dw;;(z)/dZ has no singularities
for any z € C. This follows from the definition of the F; and the fact that the functions
F, f, fi, and f; have a common zero set. Therefore, this derivative is bounded on B(0, Ry).
This allows us to assume that the above estimate is true at every point. Then the integral

dw;j(z) 2 {
TE) 2] Hi( Hic, (2)| }d
/C 0z P ¥(z) + Hr( Z Ko o
p=1,p#i,j
is finite. By [11] Theorem 4.4.2], it follows that equation (B.6) has a C'°°(C)-solution wj;

satisfying

n
/ () Pexp { = 2[v(z) + Hu(z) + Y Hig (2)] }do < o,
C p=1,p#%,j
where L' is the closure of the set L 4+ B(0,e). The Cauchy-Bunyakovskii inequality for
integrals yields

n

/ |vij (= exp {w(z) + Hp(2) + Z Hp, (z)} } do < 0.
p=1,p7#i,j
This inequality and Lemma imply

fi2)|?

/ v (%) exp{ —Z[HL/ Z Hpg ( —|—8€|z|}}da<oo.
C f(z) pTpti
In a similar way we check that
Ei(2)F(2)|?
/ Ei2)F(z) exp{—2[HL/ Z Hg, ( +8€|z|}}da<oo.
cl  fi(z) p ki
This results in the estimate
/ li(2)|? exp —2[HL/ Z Hg, ( +8€|z|}}da<oo.
p=1,p#i
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Using the mean value inequality for subharmonic functions and the Cauchy—Bunyakovskii
inequality for integrals, we obtain

oi(y)] < / \0i(2)| do
B(y,1)

< C[/B(%l) |‘Pi(z)|2€XP{ - Z[HL’(Z) —i—p:li;#HK,,(z) + 8€|Z|} } da} :

X [/B(y 1)exp{2[HL/(z)+ z”: H1;<p(,z)—k85|z|}}da}2

p=1,p#i

<c¢; sup exp {HL/(z) + Z Hg,(2) + 8€|Z|},
B(y.1) p=1,p#i

where c¢; is independent of y € C. Now, since the support functions are uniformly
continuous on the circle S and positively homogeneous on C, it is not hard to deduce the

estimate
n

i)l < coexp {Huoy) + > Hic,(y) + 92yl }
p=1,p#i
with ¢ > 0 independent of y. We recall that the compact set L’ is the closure of
L + B(0,¢). Therefore, by (3.3)),

n n
Hp(z)+ > Hg,(2)+9lz| < Hg(z) —elz|+ > Hg,(2) = Hg,(2) — el
p=1,p#i p=1,p#i
for all z. This means that the compact convex set T' coinciding with the 9e-dilation of
the set L' + Z;=1 i Kp is contained in G;. By the facts proved above, we have
lpi(2)| < caexp Hr(z), z € C.

Consequently, ¢; € Pg,,i =1,...,n. The theorem is proved. O

In the case where D is a domain with smooth boundary, the regular growth conditions
are also necessary. The following statement is true.

Theorem 3.5. Let G be a domain with smooth boundary and such that Is is an open
(possibly, empty) set. Then system (L3)) is solvable in H(D) for any admissible right-
hand side of class H if and only if the following conditions are satisfied:

1) the system of functions (f1,. .., fn) has reqular growth on each ray tn withn € S\Ig;
2) the system of functions (f1,..., fn) has weak regular growth on each ray tn with

nesSnNlig.
Proof. The “if” part follows from Theorem [3.4l The “only if” part is a consequence of
[5] Propositions 4.3 and 4.4]. |
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