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ON THE NONSTATIONARY MAXWELL SYSTEM
IN DOMAINS WITH EDGES

S. MATYUKEVICH

INTRODUCTION

In this paper, we study the behavior of solutions of the nonstationary Maxwell system
near singularities of the boundary. As models, we consider a simply connected cone
K C R3? smooth outside its vertex, the wedge D = K x R, where K is a plane cone, a
bounded domain G C R? with a conical point, and the waveguide ¥ = Q x R, where Q
is a plane domain with a corner point. The Maxwell system

OE /ot — curl B = —J,
dOB/ot + curl E = -G,
divE = 0,
div B = L4
is endowed with the boundary conditions
Exii=0, (B-i)=0,

which correspond to the case of ideal conductive boundary; here © denotes the unit
outward normal.

We use a method based on a priori estimates of solutions; this method was suggested
in [I] for the wave equation with homogeneous Dirichlet boundary condition, and it was
generalized in [2] B [4] [5] to various initial-boundary value problems related to the wave
equation and to systems of the form 82 — A(9), where A(9) is a second order strongly
elliptic operator. Briefly, the method can be described as follows. The Fourier transform
Fi—+ yields a problem with parameter 7. For a fixed parameter, this problem is elliptic.
However, the problem is not elliptic with a parameter in the sense of [6]. A weak a
priori estimate can be proved by an “energy” argument in the entire domain under
consideration; we call it the global energy estimate. Then, by using this estimate and
the ellipticity of the operator A(9), a more informative a priori estimate can be proved
in a scale of weighted spaces; we call it the weighted combined estimate. The operators
related to our problem are studied in the spaces dictated by the global and combined
estimates. The asymptotics of solutions near singularities of the boundary and some
formulas for the coefficients in the asymptotics can be obtained with the help of the
theory of elliptic problems in domains with piecewise smooth boundary. At every step
we trace the dependence on 7. Using the inverse Fourier transform F;it, we return to
the initial nonstationary problem.

2000 Mathematics Subject Classification. Primary 35Q60.
Key words and phrases. Ideal conductive boundary, a priori estimates.

©2004 American Mathematical Society
875

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



876 S. MATYUKEVICH

The spatial part of the Maxwell system is not elliptic. However, acting as in [7}[8], we
can augment it to an elliptic system:

OE /ot — curl B+ Vh = fi,
OB/ot + curl E + Vg = fa,
Oh/dt + div E = gy,
dq/0t + div B = gs.
The corresponding augmented boundary conditions are of the form
Exii=0, (B-i#)=0, h=0.

The augmented system will be written as dv/dt+ A(9)v = f. The approach described
above can be adapted to this system.

As an example, we briefly describe the results for the problem in a wedge D = K x R.
For any vector-valued function f = (ﬁ,ﬁ,gl,gg) such that e™7'f € La(D x Ry), the
augmented Maxwell system admits a unique solution v = (E, é, h,q), e v € La(DxRy)
with v > 0. For the solution v, we have an asymptotic expansion

v(z,y, 2, t) = c1(z, )™ 271 (9) + h(z,y, 2, t)

in a neighborhood of the edge, where (r, @) are the polar coordinates on the plane (z,y),
2« is the opening of K, and A is the remainder in the asymptotics. Moreover,

Cl(zat):/K/R/R<f(xayvz_fat_s)vwl(xvyagvs»]RS dxdydfds,

where W7 denotes a specific solution of the system 0W; /9t — A(9)W; = 0 determined by
an appropriate asymptotics near the edge. For the problem in K and in D, such solutions
are calculated explicitly (see Subsections 1.8, 2.7). Using explicit formulas for W7 in IC,
we observe in the coefficients of the asymptotics some phenomena related to the finite
propagation speed of the electromagnetic waves (the vanishing of the coefficients before
a perturbation meets the vertex of I, and their smoothness after the perturbation leaves
the vertex).

When proving the global energy estimate for the augmented Maxwell system, we face
the necessity to view the spatial part A(9) as a symmetric operator. For this reason, we
are forced to impose certain special restrictions on the asymptotics near the singularities
of the boundary for the functions in the domain of A(J). This leads to a family of
selfadjoint extensions of A(9) (see Subsections 1.3, 2.5). The possibility of coming back to
the initial nonaugmented Maxwell system depends on the choice of a selfadjoint extension
(see Subsection 2.8). In particular, in a bounded domain with a conical point, the passage
to the initial system is possible for a unique selfadjoint extension. To realize this passage,
it suffices to take the right-hand side of the augmented system in the form (—j, -G L 05 1),
where J, G, p, i are subject to the equations div J + dp/dt = 0 and div G + O/t = 0,
and to the boundary condition (é -7) = 0. Then h and ¢ vanish, and the solution
of the augmented system satisfies the usual Maxwell system (see Subsection 2.8). It
turns out that the selfadjoint extension mentioned above coincides with the Maxwell
operator studied in [7] for the stationary situation under much weaker restrictions on the
smoothness of the boundary (see Subsection 2.8).

Besides the boundary conditions corresponding to the ideal conductive boundary, we
consider the nonhomogeneous impedance conditions

=

it x [B x ii] + $[E x ] = [t x D],
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NONSTATIONARY MAXWELL SYSTEM 877

where the function v characterizes the properties of the boundary. In the last Subsection
2.9 we briefly discuss the problem with the above nonhomogeneous conditions and prove
a global energy estimate. We restrict ourselves to this, because the further arguments
are similar to those in the first part.

Concerning papers devoted to the Maxwell system in domains with nonsmooth bound-
ary, besides [7], we refer to the paper [10], where the singularities of the solutions of the
stationary system were studied near edges and conical points. A short survey of publica-
tions on the regularity of solutions of the stationary Maxwell system can also be found
in [10]. The model problem in a wedge D was considered in [9]. However, in that paper,
a rougher version of the combined estimate was proved under additional smoothness re-
quirements on the data along the edge, and the results obtained in [9] are valid only for
edges of opening less than .

§1. PROBLEMS IN A MODEL CONE AND IN A BOUNDED DOMAIN
WITH A CONICAL POINT

1.1. Preliminaries. Statement of the problem. Let K be a cone in R? with vertex
at the origin O and such that XN S is simply connected, and let G C R? be a bounded
domain with only one conical point O. We assume that G coincides with K in a neigh-
borhood of O and that the boundaries of IC and G are smooth off O. We introduce some
function spaces. Suppose s € N and 8 € R. We put 7 = (22 + 32 + 2%)'/2 and denote by
H3(K) the completion of C° (K \ O) with respect to the norm

1/2
s #5000 = (X [ 04D, a2 daddz )
RN
where o = (a1, g, a3) is a multiindex, Dy, . = D1 Dg2 D¢, and D, = —id/0z. The

space Hj(K,g) with ¢ > 0 is endowed with the norm

1/2

s H3(, @) = (Zq2k|u;H;k</c>||2)

k=0
Replacing K by G, in a similar way we define the spaces HE(G) and HE(G7 q). In the
cylinder @ = K x R, we introduce the space H3(Q) obtained by completing the space
C=((K\ O) x R) in the norm

1/2
Z/’C/r2(5+aI—S)|Dg,y,z,tw(x,y,z,t)|2dxdydzdt) .
R

Jus 30l = (
la|<s
The space HE(Q, q) with ¢ > 0 is equipped with the norm

s 1/2
Jos 130,001 = (o los 13O

k=0
Again, replacing K by G, we define the spaces HE(Q) and HE(Q,q) in the cylinder
Q = G x R. Finally, V§(Q,7) and V§(Q,v) with v > 0 denote the spaces with the
norms

lw; V5 (Q, M = [[w™; H5(Q, )|
and
lw; V5 (Q, 7|l = lw”; H5(Q,Y)Il,

respectively, where w7 = e~ 7tw.
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878 S. MATYUKEVICH

The augmented Maxwell system

Ou/ot — curlv + Vh = fi,

97/0t + curlii + Vq = fo,
Oh/Ot+ divi = gy,
0q/0t + div ¥ = g9

(1)

will be considered in Q (or Q) with boundary conditions corresponding to the ideal
conductive boundary:

(2) nxu=0, (7-9)=0, h=0,
where 7 is the unit outward normal. System () will be abbreviated to the form
(3) U/t + AU = F,

where U = (@, 7, h,q)T and 8 = (9, y,9,). We formulate some properties of the aug-
mented Maxwell system.

Proposition 1.1.1. 1) The operator A(D) is elliptic and is not strongly elliptic.
2) The Green formula is valid:

4) / (AU, Ua) AV + / (U, AD)y) dV = / (TUs, TUs) dS + / (TUy, TUs) dS,
v v ov ov
where V. C R® is a domain with smooth boundary, Uy,Us € C=(V), and where we put
TU = (it x @, (7 - 9), )T, TU = (7, q, (7 - ))T.
3) The system A(O)U = F with boundary conditions TU = H is an elliptic boundary
value problem selfadjoint with respect to the Green formula ().

Let 7 =0 —ivy, 0 € R, v > 0. Applying the Fourier transform F;_,, to problem ([IJ),
(@), we obtain a problem with parameter 7 in the cone K or in the domain G:

(5) U + A(DYU = F,
(6) iixi=0, (i-0)=0, h=0.

When dealing with the problem in K, we can change the variables n = (|7|x, |7y, |T|2).
We denote 7/|7| by 0, put M(D,,0) = 0 + A(D,), U(n,7) = U(|7|""n,7), F(n,7) =
I7| =L F(|7] "', 7), and rewrite system (F) in the form

(7) M(D,,0)U = F.

1.2. Operator pencil. On the functions ® € H'(Z) such that r*®(p, ) satisfies (@)
on 0K, we define an operator pencil by the formula

(8) AN ®(p,9) = r' " A(Dy, Dy, D,)r* ®(p, 9).
Here (7,7, ¢) are the spherical coordinates centered at O and = = K N S2. We write the
boundary conditions for ® in an explicit form. Let (&, €y, €,) be unit basis vectors in a

spherical coordinate system, let & be a vector tangent to d=, and let P = ((7, ‘7, H,Q).
Then the boundary conditions on 0= take the form

—

(@ -U)=0, @-U)=0 (@ V)=0, H=0,

where 77 denotes the unit outward normal to the boundary of K. Since 2 is an elliptic
pencil, its spectrum consists of normal eigenvalues { Ak }ren.

Proposition 1.2.1. All eigenvalues of 2 lie on the imaginary axis, and a finite collection
of linearly independent eigenvectors ®,;, s =1,...,N;, corresponds to every eigenvalue
Aj. There are no root vectors.
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NONSTATIONARY MAXWELL SYSTEM 879

Proof. In the spherical coordinates, the operator A(D) takes the form

9) A(D) = A1(¢,9)Dr + (1/7)A2(p, ) Dy + (1/r) A3(p, ¥) Dy,
where the A;(p, ) are (8 x 8)-matrices that can easily be calculated. These matrices
satisfy

Ay Ay =1, Ay-Ay =1, sin®9-As-A;5=1,
(10) Ay As+ As- A1 =0, sind(4;-As+ Az - Ay) =0,
0A1/00 = Ag, 0A2/09 = —A;.
From (@) it follows that
(11) A(N) = MNA1 + AsDy + A3D,,.

Let A, be an eigenvalue of the operator pencil and ®,,, an eigenvector, i.e., A(\y, )P, = 0.
Then B®,, = A\, ®,,, where B is the operator defined by the formula B = —A; - Ao Dy —
Ay - A3D, on the domain of . Using the Green formula (@), it is not hard to verify
that the operator ¢B is symmetric on Ly(Z). Since the problem {A(D),T'} is elliptic
(see Proposition 1.1.1), the operator ¢B with such a domain is selfadjoint. Since its
domain is compactly embedded in Ly(Z), the spectrum of B is discrete. Obviously, the
spectrum of B coincides with that of the pencil 2. Therefore, the eigenvalues of the
pencil lie on the imaginary axis. We show that there are no root vectors. Let A, and
®,, be an eigenvalue and an eigenvector of 2, and let ‘Il be a root vector. In other
words, A(Ay, )P = A(Am )Py, or, equivalently, (B — A,,)® = &,,,. However, ®,, is not
orthogonal to the subspace ker(B — \,,). Therefore, ® does not exist. O

Consider the pencil 2*(\) defined by 2*(\) = (2A(X\))*. It is known that if p is
an eigenvalue of 2, then 1 is an eigenvalue of 2*, and their multiplicities coincide. The
corresponding eigenfunctions {®s}s—1,. .~ and {¥s}s=1, ..~ can be chosen so as to satisfy
the orthogonality and normalization conditions

(12) / (8, A(p)®s, U, sin 9 dddep = 6

(see [11] or [12]). Using (II) and integrating by parts, we show easily that 2*(\) =
A(X 4 2i). Therefore, the above results can be reformulated as follows. If p is an
eigenvalue of 2, then so is 7 + 24, the multiplicities of these eigenvalues coincide, and
the eigenfunctions can be chosen so as to satisfy the orthogonality and normalization
conditions ([[2). The numbers p and 7 + 2i are symmetric with respect to the point i.
Formula (1)) and the explicit form of A; (¢, ) allow us to check that if ® is an eigenvector
of the pencil 2 corresponding to an eigenvalue A, then A;® also is an eigenvector of
and corresponds to the eigenvalue X 4+ 2i. The pencil has a block structure. One block
acts on the components ((7 , @) and the other on the components (‘7, H) of the function
P = (l_j, V,H, Q). The matrix A; acts on the components by the rule

Al([jv 6; 0, Q) = (67 € X ﬁ + Qgrv (a" ’ (-_j)a O)Tv

Ay(0,V, H,0) = (=&, x V + HE,,0,0, (& - V).
We recall that the eigenvectors of the pencil are also eigenvectors of some selfadjoint
operator (see Proposition 1.2.1). Therefore, the eigenvectors corresponding to different
eigenvalues are orthogonal. This fact, the block structure of 2, and the relation 9y2((\) =
Ay allow us to choose the eigenvectors of the pencil in the form (l_j, 0,0,Q) or (0, V, H, 0)
and satisfying the orthogonality and normalization conditions (IZ). In the following three

lemmas, we describe the properties of eigenvalues and eigenvectors of the pencil in more
detail.
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Lemma 1.2.2. If the strip {\ € C:Im X € |0, 1[} contains some eigenvalues of A, then
the components H and QQ of the corresponding eigenvectors vanish.

Proof. Let & = (U’,G,O,Q), and let (®,A) be an eigenvector and an eigenvalue of the
pencil A. Then A(D,,D,,D,)r*® = 0. Applying the operator A(D,,D,,D,) once
again, we obtain Ar*® = 0. We find the boundary conditions satisfied by Q. Since
AU x i = 0, we have (curl(r*U) - @) = 0. The relation curl(ri*U) + V(+*Q) = 0
implies that 9(r**Q)/0n = 0 on K. This means that the pair (A, Q) consists of an
eigenvalue and an eigenvector of the pencil corresponding to the Neumann problem for
the Laplace operator. Similarly, if ® = (6, V, H, 0), then (A, H) consists of an eigenvalue
and an eigenvector of the pencil corresponding to the Dirichlet problem for the Laplace
operator. However, for a cone K C R3 the strip {\ € C : Im X € ]0,1[} contains no
eigenvalues of these pencils (see [II §3] and [, §1]).

Lemma 1.2.3. Let \ be an eigenvalue of the pencil A, Im A € ]1,2[, and let ® be an
eigenvector corresponding to \. If ® = (U,0,0,Q), then Q # 0, and if ® = (0,V, H,0),
then H # 0.

Proof. We consider one of these cases; the other can be treated in a similar way. Assume
that & = (ﬁ,ﬁ,O,Q). Then ¥ = A;® is an eigenvector of 2 corresponding to the
eigenvalue p = X\ + 2i. Moreover, Imy € ]0,1[ and ¥ = (0,é, x U+ Qé,, (& - 17), 0). By
Lemma 1.2.2, we have (€&, - U’) = 0. Suppose = 0. We rewrite the pencil curl(ri)‘[j') +
V(r*Q) = 0, div(r*U) = 0 in the spherical coordinates:

1
oSy ayU, — ——50,Us +iAQ = 0,

sin in
1
_(ZA + 1)U<p + machr + 819@ = 0;

1
’[98ka - 819U7" = 0)

sin

(iA+ 1)Uy +

cos 1
(2+iAUr + sin v+ 0y 19+sinz9ap » =0

where U = U,é, + Uyéy + Uy€,. Since U, = Q = 0 and A # i, we obtain U, = Uy = 0,
whence ® = 0. This contradiction completes the proof. O

Lemma 1.2.4. The point A =i is reqular for the pencil 2.

Proof. Suppose that A = i is an eigenvalue of 2. Let ® = ((7, 0,0, @) be an eigenvector
corresponding to this eigenvalue. Then U = A;® = (0,—U x &, + Qé,, (U - &.),0) is
also an eigenvector for A = i. Arguing as in the proof of Lemma 1.2.2, we see that
Q = const and H = (€, - (7) = 0. Indeed, A = i is a regular point for the operator
pencil of the Dirichlet problem for the Laplace operator. In the case of the Neumann
problem, the eigenvector for A = i is a constant. Then for V=-Uxé+ Qe we have
curl(r~'V) = 0 and div(r~'V) = 0. Since the cone K is simply connected, this implies
that r—1V = VZ, where AZ =0, 0Z/0n = 0. We rewrite the relation P~V =VZ in
the spherical coordinates: r— 'V = (8Z/0r)é, + r~1(8Z/09)és + (rsin?) =1 (8Z/0p)é,,
obtaining Z = Qlogr + A(p,?¥). The function Z is a solution of the homogeneous
Neumann problem for the Laplace operator in & C R3. The results on the asymptotics
of solutions of elliptic problems near singularities of the boundary (see [12]) imply that
Q =0, A(p,?) = const. It follows that V=0and U =0. O

Let A\ with & > 0 denote the eigenvalues of 2 with imaginary part greater than 1,
Im A < ImAgy1, and let A_j with & > 0 be the eigenvalues of the pencil that are
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NONSTATIONARY MAXWELL SYSTEM 881

symmetric to Ay with respect to the point A = . Let {®;x}s=1,.. ~, be a basis in the
eigenspace corresponding to A\;. Some of the properties of the pencil 2 are listed in the
following proposition.

Proposition 1.2.5. The eigenvectors {®s x}s=1,.. N, corresponding to the eigenvalues
A of the pencil 2 can be taken in the form (17,6,0, Q) or (G,V,H, 0). Moreover,

(13) /<8A9l()\k)<1>s7k, (I)m}p> smﬁdﬁdga = 6k,,p . 6S,m,

where k,p = F1,F2,..., and 0y p is the Kronecker symbol.
We introduce the notation
(14) Uy = T Dy .

For the functions us j we have A(D)usj =0 and Iugs, = 0 in K.

1.3. A global energy estimate.

Progosition 1.3.1. Suppose v = (i, v, h,q)" is a vector-valued function that belongs to
C*(G\O, C®) and satisfies the boundary conditions (). Then

(15) V[[v; L2(G)|| < |M(Dg, Dy, D=, T)v; L2(G)],
where M(Dy, Dy, D,,T)v = Tv+ A(Dy, Dy, D )v.

Proof. Let u(z,y, z,t) = ¢¥(t)v(z,y, z), where ¢(t) € C°(R) . Using the Green formula
(#) and the boundary conditions, we obtain

Re [ (A(@)u(e,y. 0. u(a,y. ) dodyds =0,
G
where (, ) denotes the inner product on C®. Then

%Hu;Lg(G)HQ = 2Re/ (u, uy + A(O)u) dedydsz.
G

Therefore, we have

d
Ell’u(ﬂf);flz(G)Il2 < |jus Lo(G)|| - M (Dg, Dy, D, Di)us; Lo (G
whence

t

lu(-, 1); La(G)||* < 2/ [u(-s 8); La(G)|| - |M(Da, Dy, Dz, Ds)ul-, 5); Lo (G| ds.

—0o0
We multiply by e=27* and integrate from —oo to +o00. Changing the order of integration

on the right-hand side, we obtain

+oo
| e Lo P

(oo}
+oo
< 7_1/ e |u(,1); La(G)|| [|M (Dy, Dy, D=, Dy)u(-, t); L2(G) || dt.
—00
Application of the Cauchy inequality to the right-hand side yields

+oo +oo
72/ e—2vt|\u(-,t);L2(G)||2dtg/ ¢~ 2| M(Da, Dy, D, Dyl 1); La(G)|? dt.

— 00 — 00
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By Parseval’s identity,
v [ dwdydz [ o) oty
G R—iy

< [ dsayds [ ariiof MDDy D2 Yot
G R—iy
Since 1 is an arbitrary function in C§°(R), this leads to the required estimate ([I5). O

Remﬂrk 1.3.2. The same estimate is valid in the cone K for the functions of class
CX(K\ O) subject to the boundary conditions (2).

Remark 1.3.3. Inequality (IH) remains true if we replace 7 with 7.

In what follows it is assumed tacitly that v is a function in C°(G \ O,C?), v =
(@,7,h,q)T, and v satisfies the boundary conditions (2). As a rule, we only mention that
a function belongs to C°(G \ O) (or some other function class) and is subject to (Z).

Our next goal is to extend (IB) to the linear set consisting of all linear combinations of
the form u = v+ x>  us . Here v isin C° (G'\ O) and satisfies (). By x we denote a
cut-off function that is equal to 1 near the point O and vanishes outside a neighborhood
in which G coincides with K. The functions us j are defined by ([@4)). Since we require
that xusx € Lo(G), the above linear set contains only yusx with Im Ay, < 3/2. The
right-hand side M (D, Dy, D, T)xus i belongs to La(G) because A(Dg, Dy, D, )us i =0
(see Subsection 1.2). Moreover, when proving (I3 on D(G), we assume that

Re/ (A(Q)u, u) dedydz = 0.
G

If there is an eigenvalue Ay of the pencil 2 such that Im A\, € [1,3/2], then, by ([I3), we
have

Re/ (A(0)w, w) drdydz = 2 Re(af)
G

for w = x(ous ) + Pus,—). Therefore, for all Ay in the strip Im A € ]1/2,3/2[, in the
linear set in question we include combinations of the form x(as xusk + Os,kts,—k) Where
a1, Bs,1 are some fixed coeflicients satisfying Re asykﬂs—Jg =0, |ask| + |Bs,x] > 0. The
meaning of the latter condition will be explained later. It is easy to see that the proof
of (IZ) remains valid for the functions in the modified linear set. In the definition and
proposition that follow we summarize the results obtained.

Definition 1.3.4. We denote by D(G) the linear set spanned by the functions of the
following 3 types: the C°(G'\ O)-functions satisfying the boundary conditions (2) on 9G;
the functions xus, for Im A\, < 1/2; the functions x(as gus i + Os ks —k) for Im A, €
11,3/2], where o, Bsk are some fixed coefficients such that Re as 05 = 0, s k| +
|Bs.x] > 0. The linear set D(K) is defined in the same way with G replaced by K.

Proposition 1.3.5. Estimate ([IT) is true for any function in D(G).

In what follows we consider only the problem in G. However, all results remain
valid for the problem in IC. At the end of the section we formulate the corresponding
statements.

With problem (H), (B]) we associate the unbounded operator

U= M(T)U = M(DangpDz;T)U

on Ly(G). As the domain DM (1), we take D(G) (see Definition [[34). The operator
M (7) admits closure. Indeed, let {vy} C DM (7) be such that vy — 0 and M (7)vy, — f
in La(G). Then (M(1)vg,w) = (v, M (T)w) for any w in C°(G). Letting k — 400, we
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NONSTATIONARY MAXWELL SYSTEM 883

obtain (f,w) = 0, whence f = 0. In what follows we consider the closed operator only,
keeping the notation M (1) and DM (7) for the operator and its domain. Clearly, we have

(16) Vs La(G) || < [|IM(7)v; L2(G) |

for any v € DM (7). The next statement follows from (6.

Proposition 1.3.6. Ker M (1) = 0, and the range Im M (1) of M (1) is closed in La(G).
Proposition 1.3.7. Im M(7) = Ly(G).

Proof. Tt suffices to check that Ker M (7)" = {0}. Suppose w € Ker M(7)". Then, by the
local properties of solutions of elliptic problems (see [12]), we have w € C*(G \ O), and
w satisfies the homogeneous problem that is formally adjoint with respect to the Green

formula (@):
(17) M(DQHDZ/)DZaF)w:Oa (may7z)EG7
(18) T'w=0, (z,y,2z)€ dG\O.

In a neighborhood of O, the function w admits an asymptotic representation of the form

w~X Z Z Cs,k‘/s,k,T-

k s=1,...,Ng

Here x stands for a cut-off function equal to 1 near O, and V1 is the sum of the first
T terms of the formal series

o0
(19) Ver(z,y,2,7) = rir=s qu?q\llq(ﬁ, ©)

q=0
(where Uy = @, _j), which satisfies (7)) and (I8); for more details, we refer the reader,
e.g., to [2] or [I2]. Since w € DM (7)* C Lo(G), the asymptotics of w may contain only
the sums V; . r such that xVs k1 € L2(G). Moreover, there are other restrictions on
the terms of the above asymptotics. We find out what functions yus; are actually in
the domain of M (7)*. It is easily seen that xus i € DM (7)* for A\; with Im A, < 1/2.
Consider the eigenvalues of the pencil 2 in the strip ImA € ]1/2,3/2[. The domain
DM(7) contains terms of the form x(os rusk + Bspts,—k) With agk, Bsx satisfying
Re as,kﬁs,k =0, |as,k| + |Bs,k| > 0. By @7

(M(Dxa Dy7 D, T)X(as,kus,k + Bs,kus,—k)a X(Cus,k + dus,—k))G
= (1/i)(a8,k3 + Bs,kC)
+ (X(as,kus,k + Bs,kus,—k); M(Dgca Dyv D, F)X(Cus,k + dus,—k))G-

The functions x(cus x+dus, ) will belong to DM (1)* if we require that a rd+Bs ¢ = 0.
Together with the relation Re o 10,1 = 0, this leads to the identity

C
X(as,kus,k + ﬂs,kus,fk)

s,k

for a5 # 0. On the other hand, if a,, = 0, then (5 # 0. Then, since 35 ¢ = 0, we
obtain ¢ = 0. Thus, the domain DM (7)* admits the same combinations of the functions
Xus,x as D(G). Therefore, the functions Vs, 1 corresponding to the eigenvalues of 2
in the strip Im A € ]1/2,3/2[ are involved in the asymptotics of w in the form of the
combinations o Vs, k7 + Bs,k Vs, k7. Now, in order to check that w = 0, it remains to
refer to Remark 1.3.3 and Proposition 1.3.5. g

X(Cus,k + dus,fk) =
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We discuss the results obtained. We have proved that the operator M () with domain
D(G) admits closure; here 7 = 0 — iy, 0 € R, v > 0. The kernel of the closed operator
is trivial, and the range of this operator coincides with La(G). The inverse operator is
bounded by (IH]). The same is true for M (7). The operator A(D,, Dy, D.) with domain
D(G) is symmetric. It follows that, for the closed operator A = A(D), the operator
(A — \)~! exists for all A € C\ R, and A is selfadjoint. Observe that for the linear
set D(G) we can choose various collections {cv i, Bs 1} satisfying Reas B = 0 and
|as k| + |8s,k| > 0. This gives rise to various selfadjoint extensions A of A(D). In what
follows, unless otherwise stated, as A we take any of these extensions.

Definition 1.3.8. A solution of the equation (7 + A)u = f with f € La(G) is called a
strong solution of problem (B)), (@).

The next statement summarizes the results of this section.

Theorem 1.3.9. For any f € L2(G) and any 7 = 0 — iy (0 € R, v > 0), problem (),
() with right-hand side f admits a unique strong solution v. This solution satisfies

Vv L2(G) | < [1f5 L2(G)]-
Remark 1.3.10. Theorem [L3.9 remains true for problem (&), (@) in .

Remark 1.3.11. Theorem [[:3:9]is valid for problem (#), (6) in K and in G with 7 replaced
by 7.

To complete the subsection, we discuss the condition |as x|+ |Bs,k| > 0 (see Definition
1.3.4). Assume that |asy k| + |Bso.ko| = 0 for some sg, ko. Clearly, (I5) is true for
functions in such a linear set, which will be denoted by D;(G). However, the range
of the corresponding closed operator does not coincide with Lo(G). The point is that
DM (7)* contains linear combinations x(aus, k, + Bus,,—k,) With arbitrary coefficients
a, B, which may fail to satisfy Rea3 = 0. Therefore, (IH) cannot be applied to w in
the kernel of M (7)* in order to prove that w = 0 (see the proof of Proposition 1.3.7).
In this case, the kernel of M(7)* is of dimension 1. We construct an element of that
kernel. Let f = M(Dg, Dy, D,,T)XUsy,ko- We need the closure My(T) of the operator
M (D, Dy, D,,T) with domain Dy(G), where agy 1, = 0, Oso.k, = 1, and the other oy
and (s are the same as in Dq(G). Let v be a solution of the equation My(7)v = f.
Obviously, the element w = v— xus, k, belongs to the kernel of M (7)*. We show that any
element in the kernel differs from w by a constant factor. Let w € Ker M (7)*, w # w.
The asymptotics of w near O involves the term x/(ctsy ko + dUsy,—k,) With some ¢ and d.

Then @ = w + cw is in DMy (7). Since My(T)w = 0, we obtain w = 0.

1.4. A combined weighted estimate. In this subsection, we prove a more informative
estimate for the solutions of (&), (@) in a bounded domain and in a cone; this estimate
will be used in the study of the asymptotics of solutions near the point O.

Definition 1.4.1. Let Dg(G) with 8 < 1 denote the linear set spanned by the functions
of the following three types:

1) the functions in C°(G \ O) satisfying the boundary conditions (2)) on dG \ O;

2) the functions yus,_x with k& > 0 for the eigenvalues A_j of the pencil 2 such that
ImA_p <fB+4+1/2and Im N, > G+ 1/2;

3) the linear combinations of the form x(as ks k + Os,kts,—k) for the eigenvalues A
(k > 0) such that Im Az < 8+ 1/2, where Re as 1851 = 0, |as k| + |Bs.x| > 0.

The linear set Dg(K) is introduced in a similar way.
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Proposition 1.4.2. Let 8 < 1. Suppose that the line Im A = 8+ 1/2 contains no points
of the spectrum of A. Then for v € Dg(K) we have the inequality

2 2
Vo HEK)™ + [l Hz (K, [7])]]

< {IfHYWK) P + (7' =7 /) 1 La(K) 1},
where f :_(T + A(Dy, Dy, D)), X)-|(r) = x(I7|r), and x is a fized cut-off function of

class C3°(K) equal to 1 near the vertex. The constant c is independent of v and T.

(20)

Proof. Step 1. Estimation near the vertez of a cone. We consider the problem (@), (B) in
K. In accordance with Proposition 1.1.1, the problem {A(D,,),T'} is elliptic. Therefore,
if the line ImA = 8 4+ 1/2 contains no eigenvalues of the pencil A, then any function
U € Hj(K,1) such that TU = 0 satisfies
2 2
IXUs H5(K)|I™ < || A(Dy)xU; H(K)||

(see [12, Chapter 3]). Since AxU = xAU + [A,x]U and M(D,,0) = 6 + A(D,)), the
above inequality can be rewritten as

2 2 2
(21) IXU; Hg (K, D" < e{IxM (Dy, )U; Hy(K)||” + [[9U; H(K)| 7},
where ¢ € C°(K), x1 = x.
Step 2. Estimation far from the vertex. At this step we prove that the inequality
(V/171) 2 ko Us HY(K)]
2 2
< e{llkoae M (Dy, O)U; HY(K)||™ + [[vocUs Hg_1 (K)] 7},

(22) |

is valid for every 8 € R and every U € H é(lC, 1) satisfying the boundary conditions
T'U = 0. In this inequality, the constant ¢ is independent of U and 7, and ke and ¥
are smooth functions in I equal to 0 near the vertex and to 1 in a neighborhood of
infinity and satisfying Kee%so = Koo-

Suppose k, ¥ € C*°(K), kb = k, suppk C {(z,y,2) € K : 1/2 < r < 2}, supp® C
{(z,y,2) € K:1/4 < r < 4}. By ([H), we have

V2 I6U; Lao(K)|* < |M(Ds, Dy, Dz, 7)Us La(K)|*.
Since MkU = kMU + [M, k]U, we obtain
V2I8U; La(K) || < e{||wM (Da, Dy, Dy 1)U La(K)||* + 19U L2(K)|*}.

In the role of U we take the function (x,y, z) — U®(x,y,2) = U(z/e, y/e, z/). Replacing
T by 7/(|7|e), where e > 0, we rewrite the latter inequality in the form

(v/I71e)? 18U Lo (K)|* < e{||kM (D, Dy, Dz, 7/|71e)U*, La(K)|* + U Lo (K)|*}.
After the change of variables (z,y, z) — n = (x/e,y/e, z/¢), we arrive at the estimate
(/1T l15U3 La (O < e{llweM(Dy, O)U; La(K)|1* + €2 [T La(K) ||}

with s.(n) = k(en). Multiplying this by €727, putting ¢ = 277, = 1,2,3,..., and
adding all these inequalities, we obtain (22).

Step 3. Estimation in the intermediate zone. We add inequalities (1) and (22). Suppose
Koo = 1 outside the support of x. Then, on the left-hand side, k., can be dropped because

(V/ITDIxUs HE(K)|| < [IxUs HE(K)|| < XU H(K, D).
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The resulting inequality takes the form
2 2
(/I 1T HY)™ + IxUs Hy (€, 1|
2 2 2
< {[|M(Dy, )U; Hy(K)||” + [¢ocUs Hy_1 (K)[|” + [[0U; HG(K)| -

We estimate the last term:

2
o m00)1” < [ |n|2f’|U|2dn—( [+ )IUI%IUIan-
Inl<a 0<|n|<e  Je<|n|<a

The first integral does not exceed ce?||xU; Hé(IC)H2 Therefore, choosing e sufficiently
small, we can include this integral in the left-hand side of the inequality. The second

integral is dominated by ¢|[¥ooU; Hgfl(lC)HQ. Now the estimate can be rewritten as

2 2
(/[T HYK)|™ + [IXU; H (K, 1)]|
2 2
< {|M(Dy, 0)U; Hy(K)||” + l[ocUs Hy_1 ()]}
After the change of variables (z,y,2) = |T|717], we obtain
2 2
7o H5 ()™ + [1xj o5 H3 (K, 7))
2 2
< c{|M(Da, Dy, D, 7)v; Hy (K™ + Yoo 1 vs Hg 1 (K)] 7},

where 1/100,\7\(7") = Yoo (|7|r) and XlTl(T) = x(|7|r),v(z,y,2) = U(|7|z, |7y, |7|2). Taking
([A) and the inequality § < 1 into account, for the second summand we obtain

2 p—
%00, r0s H—1 (K| < / 2=V p|? dzdydz
b/|T|<r
S C|T|2(1—6)/ |’U|2dl'dydz S C|T|2(1_6)7_2||M(D;C,Dy,DZ7T)'U;L2(IC)||2.
K
This leads to (20). 0

We introduce the spaces DH (G, |7|) and RHg(G, |7]) obtained by completion of the
set C5°(G'\ 0) in the norms

lo; DH (G, [7])]| = ([l HYG)I® + Ixpro: HAG, 7)) 2,
I RE (G, 17D = (I1F; UG + (712 /) 13 La(@)]P) 2,

where x|.((z,y,2) = x(|7|z, ||y, |7|z) and x € C>(G) is a cut-off function equal to 1
near the conical point O and vanishing outside a neighborhood in which G coincides with
K. The spaces DHg(K,|7|) and RHg(K,|r|) are defined in a similar way. Now, (Z0)
takes the form

(23) lv; DH(K, |7])|| < ¢||M(Dy, Dy, Dz, m)v; RH (K, |7])]-
Using (23), we prove a similar estimate in the domain G.

Proposition 1.4.3. Let § < 1. Suppose that the line In\ = 3+ 1/2 contains no
eigenvalues of the pencil A. If v > o with sufficiently large o, then for any v € Dg(G)
we have the inequality

(24) [o; DH (G, [T])I] < ¢||M(Dz, Dy, Dz, 7)v; RH (G, [])]

with a constant ¢ independent of v and T.
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Proof. Let 1 € C*(G) be a cut-off function equal to 1 near O and vanishing outside a
neighborhood in which G coincides with K. Since v = v + (1 — 9)v, we have

(25) lo; DH (G, [T < [vo; DH (G, [T + |(1 = ¥)v; DHp(G, 7))
We estimate the first term on the right. Since v € Dg(K), from (23)) we deduce that
[0 DH(G, [T < [|Mypo; RH (K, |7])]
< c{[[pMo; RH (K, 7)) + |[M, ¢]v; RH (K, |7[)][},
where M stands for M (D, Dy, D,, 7). Next, we have
1M, s RH 5 (K, 7D < LI, Jo; HYUC) |+ (77 /1) [[M s Lo (KO}
< e{llvs HY@) | + (717 /7)llo; L@ }-
Recalling ([I&), we conclude that
1M, &Jos RH5(K. 7)) < efllo; HY(G)I| + ("7 /7) - (1/7)||Mv; Lo(G) |}
< ofllvs HY(G)| + [|Mv; RH (G, |7])|}
for v > 1. In its turn,
[ Muv; RH (K, |7])|| < ¢l| Mo RH(G, [7])]]-
Thus, we have estimated the first term on the right in (25 :
lvpv: DH(G, [T < e{[[Mvi RH (G, [7])| + [l H(G)|}-
Now we pass to the second term. The definition of the norm in DH 5(G, |7|) implies that
(1 =)o DH (G, [T)| < {71 = )vs HE(G)| + [Ix17 (1 = )vs Hp (G, |7])][}-

For sufficiently large v, we have x|,|(1 — 1) = 0 because the supports of the factors do
not overlap. Applying ([I3]), we obtain

WA =)o HR(G)]| < erll(1 = 9)v; La(G)|| < e M(1 = p)v; La(G)]|
< Al =) Mu; Lo (G)|| + [[[M, (1 = ¢)]v; La(G)][}
< cf[|Mv; HY(G)|| + ||lv; HR(G) |1}
< o [Mv; RHs(G, |7])| + [lvs H3(G)]}-
Collecting the estimates, we rewrite (25)) as
lv; DHg(G, 7)) < e{|Mv; RH (G, 7] + [lv; H3(G)|[}-

We recall the definition of the norm in DHg(G,|7|), choose v sufficiently large, and
include the second term in the left-hand side. As a result, we obtain (24)). O

1.5. The operator of the problem in a scale of weighted spaces. In the subsec-
tion, we study the operator of problem (H), (B) in some spaces related to estimates (23)
and (24). We consider the case of a bounded domain G. The corresponding statements
for the problem in K are formulated at the end of the subsection.

With problem (@), (@) in a bounded domain G with conical point O, we associate
the operator v — Mg(T)v := M(Dgy, Dy, D, T)v with domain Dg(G) and acting from
DH3(G,|7]) to RH(G,|7|). It is easily seen that the operator Ms(7) admits closure
(we keep the same notation for the closed operator). If the line Im A = 8 4 1/2 contains
no eigenvalues of the pencil 2 and 3 < 1, then for the functions in the domain DMga(7)
of the closed operator we have the estimate

(26) [0, DHp(G, [T])]| < ¢l Mg (7)o, RHp(G, |7])]]-

The next proposition immediately follows from (ZG)).
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Proposition 1.5.1. Let § < 1. Suppose that the line In\ = 3+ 1/2 contains no
eigenvalues of the pencil A. Then the kernel of the operator Ker Mg(T) is trivial, and the
range Im Mg(7) is closed in RH (G, |T]).

Let 1/2 > (31 > (32 > - - - be all numbers in |—00, 1/2[ such that the line Im A = §;+1/2
contains an eigenvalue of 2. We denote by S,, the sum of the multiplicities of all the
eigenvalues of 2 in the strip Im A € [, +1/2; 61 + 1/2].

Definition 1.5.2. A solution of the equation Mg(7)v = f, where f € RHg(G,|7|), is
called a strong (B-solution of the problem (@), (@) with right-hand side f.

Theorem 1.5.3. A) Suppose § € [01,1] and the line InA = § + 1/2 contains no
eigenvalues of the pencil A. If v > ~o with sufficiently large o, then, for any f €
RHg(G,||), problem @), @) with right-hand side f admits a unique strong (3-solution
v, and

lo; DH (G, 7)) < el s RHB(G, 7).

B) Assume that 8 € |Bm+1,Bm|- A strong B-solution of the problem (), @) with
right-hand side f € RHg(G,|7|) ezists (and is unique) if Sy, conditions (f,wsx)c =0
are fulfilled, where {wgk},:l_lN"_m is a basis in Ker Mg(1)*. Such a solution satisfies
the estimate in A). /

Proof. A) Suppose that w € Ker Mg(7)*, where Mg(7)* is the operator adjoint to Mg(7)
with respect to the extension of the inner product on Lo(G). By the local properties of
solutions of elliptic problems (see, e.g., [12]), w belongs to C2°(G \ O) and satisfies (I[7),
([I8). Moreover, in a neighborhood of O we have an asymptotic representation of the

form
w~ X E § Cs.k Vo ko, T

k s=1,...,Ng
where V; i is the sum of the first T terms in the formal series (@9). For T fixed, the

quantity
1/2
</ lv|?(1 +720) 1 dxdydz)
G

is an equivalent norm on RH3(G, |7|)*. If 8 > 0, then w € RHg(G, |7])* C L2(G). Since
(Ma(T)u,v)e = (u, Ma(T)*v)q, the asymptotics near O of the functions in DMg(7)*
may contain terms Vs 7 corresponding to the eigenvalues in the strip Im A € ]1/2,3/2]
only in the form of combinations o Vs —k, 1 + Bs,kVs.k,r (see the proof of Proposition
1.3.7). The coefficients {a k, Bs,x} are the same as in the linear set Dg(G) on which the
operator Mg(7) had been given initially before it was extended by closure. Then w is
in Ly(G) and has an asymptotics compatible with the membership relation w € DM (7),
where the operator M(T) is obtained by closure from the operator given initially on the
lineal D(G) with the same coefficients {as x, 8.1} as in Dg(G). Using estimate (IH) and
Remark 1.3.3, we see that w = 0.

Suppose B € [f1,1] and 8 < 0. This means that the strip ImA € [51 + 1/2,3/2)
contains no eigenvalues of the pencil 2. The results on the asymptotics of solutions of
elliptic problems (see [12]) show that for w we have an asymptotic representation of the
form

w=x Z Cs,k Vs ke, T + 0,
s,k
where v € RHg (G, |7])*, 8’ € [0,1], and the sum contains the V;j r corresponding to
the eigenvalues of 2 in the strip Im A € [34 1/2, 8" 4+ 1/2]. Since this strip contains no
points of the spectrum, we have w = v and w € RHg (G, |7|)* C L2(G). For 5/ > 0, the
above argument leads to w = 0.
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B) Assume that 8 € |Gm+1,0m[ We construct a certain collection of S, functions
and prove that it is a basis in Ker Mg(7)*. This will prove the theorem, because the
range of Mg(7) is closed in RHg(G, |7|) and the kernel is trivial. Let M(7) and M(T)
be the closures of the differential expressions M (D, Dy, D, 1) and M(Dg, Dy, D,,T),
respectively, defined on the linear set D(G) with a5, = 0 and (s = 1. Recall that Vs 7
is the sum of first 7' terms in ([[9). It is easily seen that M (D, Dy, D.,T)xVs k1 =
O(r'm*=2+T) pear the point O. We choose a sufficiently large T so as to have the
inclusion M (D, Dy, D.,T) xVs .k, = Forr € La(G). For the eigenvalues of 2 in the
strip Im A € ]1/2, 1], it suffices to take the first term Vi j.1(r, 9, ) = ri*c®, 4 (9, ¢) =
us,—k(r, 9, ). For the eigenvalues with imaginary part at most 1/2, we must take more
terms. The strip Im A € [8,, + 1/2, 51 + 1/2] contains precisely m eigenvalues of 2(. Let
Ak be in this strip. The corresponding function Fjs j r is in Lo(G). By Theorem 1.3.9,
the equation M (T)ws kg, r = Fspr has a solution. Put wsy == xVspr — wspr. We
construct such functions for all eigenvalues of % in the strip Im A € [5,, +1/2, 81 +1/2].
For each A, there are N, such functions. It is not hard to see that ws j satisfies (IT) and
(I8) and belongs to RH3(G,|7])*. We show that the ws ; are in the kernel of Mg(7)*.
Suppose f € C*(G) N RH3(G,|7|). Since f € RHg(G,|r|) C L2(G), Theorem 1.3.9
implies the existence of v € Ly(G) such that M(7)v = f. Near the point O, the function
v admits the asymptotic representation

V=X Z ds,kUs,k,T + h,

where Us ;7 denotes the sum of the first 7' terms of the formal series

(27) Us k(r,9,¢) = riAr Z riTi0 (3, ),
q=0

where ¥y = @, ;. For the linear set D(G), all the coefficients o j vanish; therefore,
v contains the terms corresponding to the eigenvalues in the strip Im A € [5,, + 1/2,
B1 + 1/2[. The remainder h is o(r**=). The number T is taken large enough that
X T+ 1 decays more rapidly than r*m asr — 0. The coefficients ds  are calculated
by the formulas ds = i(f, ws x) (see [I2] Chapters 3, 4]). The identities (f, ws) = 0 for
all the w, j that we have constructed are implied by the condition v € DHg(G, |7|). Thus,
the ws  are in the kernel of Mp(7)*. We show that they form a basis in Ker Mg (7)*.
Let w € Ker Mg(7)*. Then, near the point O, we have

w =X Z Cs,sz,k,T + h,

where the sum involves the functions corresponding to the eigenvalues of 2 in the strip
ImA € [B,+1/2, 51 +1/2], and the remainder h is in Lo(G). We put z = w—3_ ¢5 xWs k-
The function z belongs to La(G). The asymptotics involves the terms corresponding to
the eigenvalues satisfying Im A < 1. Therefore, z € DM (7). Since M (T)z = 0, we have
z=0and w =) ¢ kWs - O

Remark 1.5.4. Theorem [LH3l remains valid for problem (H), (@) in the cone K.

The above proof applies almost without changes for the problem in K. There is only
one distinction. For the problem in C, a question arises about the behavior at infinity of
the functions belonging to the cokernel. Using (22]), we can check that these functions
decay more rapidly than any power of r.

1.6. The asymptotics of solutions. Suppose f € RHg(G,|7|) and 8 € |Bm+1, Oml-
Since RH (G, |7|) C L2(G), the problem (B, (B) admits a unique strong solution « (The-
orem 1.3.9). By Theorem 1.5.3, this solution is in DH (G, |7|) provided (f,ws k) =
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0 with ¥k = —1,...,—m and s = 1,..., N, where {wgk}zzl_lN’“_m is the basis in
Ker Ma(7)* constructed in the proof of Theorem 1.5.3. For any f, we obtain an as-

ymptotic formula for the strong solution with remainder in DH g(G, |7]).

Theorem 1.6.1. Assume that f € RH(G,|7|), B € |Bm+1,0m[, and v > 7o with
sufficiently large vo. Then the strong solution u of problem (), (@) with right-hand side
f admits the representation

(28) U= X|r| Z s, kUs kT + w.

Here Us . v denotes the sum of the first T terms of the formal series 7)), w is an element
of DH3(G,|T]), and x|-|(r) = x(|7|r), where x is a cut-off function equal to 1 near the
point O and vanishing outside a neighborhood in which the domain G coincides with the
cone IC. The sum consists of the terms corresponding to the eigenvalues of the pencil 2
in the strip Im A\ € |8y, + 1/2,1[. The coefficients cs y, are given by

csk = 1(frwsk)a-
The estimates
el < elr| AT £ RE (G )
w; DH (G, [T < c(I7l/ I fs RH(G, [T])]

are valid with o constant ¢ independent of T.

Proof. As in the proof of Theorem 1.5.3, we need the operators M (7, G) and M (7, G) ob-
tained by closure of the differential expressions M (D,, Dy, D, 1) and M (D, Dy, D.,T)
(respectively) on the linear set D(G) with asr = 0, 855 = 1. Let {wsx} denote the
basis in Ker Mg(1,G)* constructed in the proof of Theorem 1.5.3 with the help of the
operator M (7, G), and let M (0, K) and M (6, K) be the corresponding operators for the
problem (@), (@) in the cone K. The coefficients {as k, Osx} in D(K) are the same as
in D(G). We denote by {W; x} the basis in Ker Mg(6, K)* constructed with the help of
M(0,K) in the same way as the basis {ws ;} was constructed in Ker Ms(7,G)* with the
help of M(7,G). Let U, stand for the formal series similar to ([27) and satisfying (i),

Note that the coefficients {as r, Bsx} indicated above were chosen for convenience
only. We could take any collection obeying Re ozakﬁT,k =0, |os k| + |8s,k| > 0. This
would give rise to new operators M(7,G) and M(7,G) and to another basis {ws}
in Ker Mg(7,G)*. The new formula @28) would contain the terms cs (st Us,—k1 +
Bs.kUs.kr) corresponding to the eigenvalues of 2 in the strip Im A\ € ]1/2,3/2[. The
formulas for the coefficients ¢, ; and the estimates in the statement of the theorem do
not change.

Let u be a solution of the equation M(r,G)u = f, and let h := M(r,G)xu. We
denote by U a solution of the equation M (0, C)U = H with H(n) = (1/|7])h(n/|1]),
n = (|7|z,|7|y, |T|2). Since a strong solution is unique, we have U(n) = x(n/|T])u(n/|1|).
The properties of solutions of elliptic problems in domains with singularities show that

(29) Un) =¢n) > dexlhs i (n) + V()

in a neighborhood of O. This sum involves the functions U j 7 corresponding to the eigen-
values of 2 in the strip Im A € [3,,+1/2,1[, and T is taken so large that xr* 7+ 0, | €
5( The coefficients ds  are defined by ds, = i(H, Ws x)x. The function ¢V is in

HL(K).
Hé (K). We describe the properties of V in more detail. For this, we consider the equation
M(0,K)Y = H, where H = H — M(D,,0)(¢>"dsxUs k) and the sum is the same as
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in (29). Since (H Ws &) =0, Theorem 1.5.3 and Remark 1.5.4 imply Ve DH3(K,1).
But M (0, K)V = H, and we see that V=V and V € DHp(K,1).

In order to estimate the coefficients dsj in terms of the norm of f, we note that
ds i = i(H, Ws )k, whence

o k] < el H;RH(C, V)| < elr| ™2 | b RH (K, |7])]].
Since h = x f + [M, x]u, we obtain
1P RH (K, [TDI| < I[f; RH(G, 7D + 1M, x]us RH (K, |7])]-
If v > ~o with sufficiently large 7o, then
1M, xJu; RH (K, [T])[| < [[M; x]u; RH (G, [7])]
< efllus La(G) | + (17" /) llus La(G) 1}

< (WIS LG+ (777 /2215 La (O]}
< |fsRH(G, 7]

Thus, we have
s ] < "2 fREG (G, 7))

with a constant ¢ independent of 7. Since U(n) = x(r)u(z,y, z), near the point O we
can write

X(@,y, 2)u(,y, 2) = C(17|r) Y dsslhs (|71, 7]y, 712, 7/|7]) + V(7] 7]y, [7]2).
Using the identity

T
Us oo (7], 7Ly, [Tz, 7/7) = Y (Irlr) (/| "W (9, )
q=0

iA
= |7_|1 * SJ%T(rvﬁv 2 7—);
finally we obtain

U(l‘, Y, Z) = C(|T|T) Z CS,kUS,k,T(£7 Y, z, T) + w(x, Y, Z)

with ¢sp = |T|Mkds,k. It is not hard to verify that yw € Hé(lC) and c¢s ) = i(f, ws.x)c-
The estimate on dg j obtained above leads to the inequality

[es] < elr| T RE (G, )
Consider the remainder w. Since M (7, G)w = f, where
f=f—M(D,,D,,D,,7) (C\T\ ch,kUs,k,T)
and (f, ws k)a = 0, Theorem [[53 shows that w € DHg(G, |7|) and
[w; DH (G, [])]
< A fsRH3(G, |7])| + M (D, Dy, D2, 7) (D s kUs i) RH (G, 7))}

Recalling the estimate on ¢, and the explicit form of M (D,, Dy, D.,T)Us T, we ma-
jorize the last term, obtaining

lw; DHp (G, [T < ellrl/)N f; RE (G [T])]]- O
Remark 1.6.2. Theorem [[6 Tl remains valid for problem (@), (@) in .
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1.7. The nonstationary problem in the cylinders Q and Q. Applying the inverse
Fourier transform F_,, we pass from problem (&), (8) to problem (1), (2).

T—1

Definition 1.7.1. Let f € VY(Q,~), and let @(x,y, 2, 7) be the strong solution of prob-

lem (B), @) in G with the right-hand side f(z,y,z,7) = Fir f(x,y, 2,t). The function
u defined by u(z,y, z,t) = F. L, 4(x,y, z,7) is called the strong solution of problem (),

T

@) with right-hand side f in Q.
The next result follows from Theorem [.3.9.

Theorem 1.7.2. For every f € VY(Q,~) and every v > 0, problem (), @) with right-
hand side f admits a strong solution v. Moreover,

Vo VEQ) < 115 VE(Q, 7))

We fix a cut-off function x € C*°(G) equal to 1 near O and vanishing outside a
neighborhood in which the domain G coincides with the cone . We put
Xu(z,y, 2,t) = F L x(7|r) Fo—ru(z, y, 2, 1),
Au(z,y, 2,t) = F L 7|H Fo—rulz,y, 2, 1)
and introduce the spaces DV 3(Q,v), RV 3(Q,7) equipped with the norms

1w DV 5(Q )| = (V2w VI(Q, )12 + | Xu; VE(Q, 9)[12) 2,

1£RVa(Q)I = (I VE(Q AN+ (/AN P £V (QA)1P)
Definition 1.7.3. Let f € RV 3(Q,7), and let @(z,y, z,7) be the strong [-solution

of the problem (B)), (@) in G with right-hand side f(m,y,zn’) = Firf(x,y,2,t). The
function u defined by u(z,y, z,t) = F1,4(z,y,z,7) is called the strong B-solution of

T

problem ({]), ) in Q with right-hand side f.
The next result follows from Theorem 5.3

Theorem 1.7.4. 1) For 8 € (1, 1], suppose that the line ImA = 3+ 1/2 is free from
the spectrum of . Let v > 7o with sufficiently large vo. Then problem (), @) with any
right-hand side f € RV 3(Q,~) admits a unique strong (3-solution v. Moreover,

[0; DV Q) < el fs RV 5(Q, -

2) For 8 € |Bm+1, Bml[, a strong B-solution of the problem (), ([2) with right-hand side
fe€RV3(Q,n) exists (and is unique) if for all T = o — iy (0 € R, v > 0) the conditions

fC, 1), ws i (-,7))a = 0 are fulfilled, where {ws k s=Le Nk G basis in Ker Mg(T)*.
, , B

k=—1,....—m
If such a solution exists, it satisfies the inequality in 1).

1/2

Finally, we formulate the theorem obtained from Theorem[T.6.1] by the inverse Fourier
transform. As the spatial part in ([, we take the operator A that is the closure of the
operator A(D,, Dy, D) on the domain D(G) with a,; = 0.

Theorem 1.7.5. Suppose f € RV g(Q,), where v > vy with sufficiently large o, and
B € 1Bm+1,Bm|. Then the strong solution of problem (), @) admits the representation

U(l‘, Y, =z, t) = Z US,k,T(T7 @, 19) Dt)(XéS,k)(ma Y, =z, t) + ’LU(J), Y, =z, t)a
where w € DV 3(Q, 7). The sum consists of the terms corresponding to the eigenvalues

of the pencil A in the strip Im A € [By, +1/2,1[. The coefficients are defined by ¢s 1 (t) =

~

Ffitcsyk(T) with ¢y = i(f(-,7), ws x(-,7))q, or, equivalently,

ésyk(t):/ dxdydz/ds (f(z,y,z,t —s), Ws (2,9, 2, 5))rs,
G R
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where W i (x,y, 2,t) = F- L ws (2, y, 2, 7). Moreover,
le™ e (-); H™ M P 2R) | < el £ RV 5(Q, ),
[w; DVp(Q, VIl < (e/VAf; RV 5(Q,Y)]-

The strong solutions and the strong 8-solutions of problem (), () in Q can be defined
in the same way as in the cylinder Q (see Definitions 1.7.1 and 1.7.3).

Remark 1.7.6. All theorems in this subsection remain valid for the problem (), @) in
Q.

1.8. Explicit formulas for w,; and W in the case of the problem in the cone
K. By Theorem [[.6.1] and Remark 1.6.2, the strong solution w of problem (), (@) in K
with right-hand side f € RHg(K, |7|) admits the asymptotic representation

u(x, Y, Z) = XlTl (T) Z Cs,kUs,k,T(x; Y, z, T) + w(x, Y, Z)
The coefficients ¢, j, are defined by

con(r) = / dadydz ( (2,5, 2, 7)s we (2,9, 2, 7)),
K

where {wsk}izl_lN’“_m is the same basis in Ker Mg(7,K)* as before. We recall some

properties of the functions ws . They solve the homogeneous problem (@), (@) with 7 in
place of 7. In a neighborhood of the conical point, we have

Ws, k. = Ti)\_kq)s,—k(ﬂv 90) + O(Ti)\_k)'
In this section, we obtain explicit formulas for the functions ws ; and their Fourier trans-
forms. We denote ws k(x,y, 2,7) by hsk(x,y, 2, 7). Since M(Dy, Dy, D, T)wsy = 0, we

have M(Dy, Dy, D,,—7)hs, = 0. In the spherical coordinates (r,9, ¢), the operator A
takes the form

1 1
A(9) = A1(9, )0/ 0r + —A2(9,9)0/00 + —A3(9, ¢)0/Dyp.
We shall seek h; j in the form
hs,k(xa Y, z, T) = ri)\_k (ZTf(T)I + fl(T)Al (19; 50))‘1’8,4@(197 90);

where ¢ is a scalar function. Such a representation of hsj is motivated by the corre-
sponding argument for the Helmholtz equation (see [3]) and by the identity
M(D., Dy, D,,7)M(=D,,—D,,—D,,7) = A + 72.

We substitute the above expression for iy in the equation (—7 + A(D))hsr = 0; using

(I0), we arrive at

&+ HiArt1) 1)5/ +72¢=0.

Choose the solution &(r) = er? K, (iTr) :vith v =—(2iAp +1)/2 . The coefficient
c = (ir)" 127 /T (v)

is determined by the behavior of h, j near the vertex of K. Then

) 21—u
hsi(2,y, 2,t) = 1A=+

I

We apply the inverse Fourier transform. It is known (see [14]) that

22T (2 + 1) (p/r) " Ky (rp) = /Rexp(—pt)P(t) dt, Rep>—1/4,

{(rr)" K, (itr)I — (itr)" Ky—1(i77) AL (9, ) } @5 — i (9, ).
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where
P(t) = 0(t — )22 — )M VPR v v 2u+ 1/2,1 — 2 /72),

and F(a,b,c, z) is the hypergeometric function. Then

) ) 27H _
(ZT)VKV (ZTT) = mru N}—ta'r (d/dt)NTN (7“, t, p, V)a

where
T (rytyayv) = 0t =) 22 =) P F (= v) /2, (e 0) /2,4 1/2,1 = 82 /12),
u=[]—v+m, N=][v]+m,
and m is an arbitrary positive integer. The Fourier transform and differentiation are
understood in the sense of distributions.
Thus, in accordance with Theorem 1.7.5 and Remark 1.7.6, the strong solution U

of problem (@), @) in Q with right-hand side F € RV3(Q,~) admits the asymptotic
representation

u(l‘, Y, th) = Z Us,k,T(Tv ©, 19) Dt)(XéS,k)(xvya Z, t) + w(m, Y, th)a
where
unlt) = [ dndyds [ ds (Pt = 5) Wor o2, 5)) e
K R
Moreover,

VVS,k(ma Y, Z7t) = f;iths,k(xa Y, Z7T)

l—v—p
R 2 v—p

T T+ 1/2)
x {(d/at)N T (r,t, p,v) — (d)dt)N Tn_1(r,t, g, v — 1) AL (9, 0) } sk (9, ).

We discuss some properties of ¢; ; that follow from those of W and from the formula
for ¢s . Observe that supp Wy = {(z,y,2,t) € K xR : r < t}, and singsupp W =
{(z,y,2,t) € K xR :r =t}. Suppose the right-hand side F is a smooth function with
suppF C {(z,y,2,t) € CxR: Ry < r < Ry,t > 0}. Then the coefficients ¢, are
smooth, and ¢ x(¢t) = 0 for ¢t < Ry. Thus, we have the “forward edge” phenomenon at
the level of the coefficients. Now, suppose that the singular support singsupp F of the
right-hand side F is located in the set {(z,y,z,t) : Ry <r < R2,0 <t < tp}. Then the
Cs1(t) vanish for t < Ry and are smooth for ¢ > ¢y + R2. In other words, the “back edge”
phenomenon occurs: the coefficients become smooth after the vertex of I is abandoned
by the perturbation coming from the singular support of the right-hand side.

§2. THE PROBLEM IN A WEDGE AND IN A WAVEGUIDE WITH EDGE

2.1. Preliminaries. Statement of the problem. Let K = {(r,¢) : 7 > 0,|¢| < o}
be an angle of opening 2a on the plane Ri’y, where (r,¢) are the polar coordinates
centered at O. We denote by D = K x R the wedge with the edge M = O x R. We
introduce some function spaces. For s € N, g € R, let H3(K) and Hj3(D) denote the

spaces obtained from C°(K \ O) and C*(D \ M) by completion with respect to the

norms 1/2
Z /T2(6+al_s)|Dg,yU(aﬁ,y)|2dxdy> :
K

laf<s

1/2
Z /7“2(64"“_S)|D;”yﬁzv(x,y,Z)|2dxdydz) .
D

lo|<s

s H3(K) | = (

Jv: H(D)]| = (
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(Here and in the sequel, r = (22 + y2)'/2.) For ¢ > 0, the spaces HE(K, q), Hg(]D), q) are
equipped with the norms
1/2

s (K, ) (Zq%uu HE R K >||2) ,
1/2
s (D (Zq%nu HyHD >||2>

Now, we define function spaces in the cylinder T = D x R. Let Hj(T) stand for the
completion of C°((D\ M) x R) in the norm

1/2
Jw; H5(T)|| = <Z // 28+lel=9) | pe | w(a,y, 2, t)[° dxdydzdt) .

|| <s

For g > 0, the space Hj3(T, q) is equipped with the norm

s (T, g)]| = (Zq%nu;Hg—’f(T)n?)

k=0

1/2

Finally, for v > 0, V;(T7 ) denotes the space with the norm
[[w; V5 (T, )| = [Jw”; H3(T, )],

where w? = e 7w,

Let © C R? be a bounded domain with a corner point O. We assume that the domain
Q coincides with K in a neighborhood of O. Off the point O, the boundary of € is
smooth. We denote by ¥ the waveguide Q x R with edge O x R, and by 7 the cylinder
¥ x R. In the domains §2, ¥, and 7, we shall consider function spaces similar to those
defined in K, D, and T.

We turn to problem (IJ), () in T and 7. Assume that 7 =0 — iy, 0 € R, v > 0, and
¢ € R. Applying the Fourier transform 7. sy (¢ - to (), ([B), we obtain a problem in K
or in €2

(30) U+ A(D,, Dy, U = F
with parameter (£,7) and with the boundary conditions
(31) iixi=0, (i-0)=0, h=0.

When dealing with the problem in K, we put n = (pz,py), where p = (|7|> + [£]?)/2.
Denoting (§/p,T/p) by 6, we introduce the notation M(D,,0) = 7/p + A(D,,&/p),

U(n, &) = U(p~'n,&, 1), and F(n,,&7) = p~'F(p~'n,€,7), and rewrite @) in the

form

(32) M(D,,0)U = F.

We also need the function space Eéa (K) obtained from C2°(K \ O) by completion in the
norm

1/2
s EL(K) | = (Z I +ra“>D:,yU;L2(K>||2) .

lal<l
Observe that the norms ||-; E}a (K)|| and ||; H[lg(K7 1)|| are equivalent. The notation E;; (K)

was used in [12]; we introduced the spaces E(K) for convenience of references. The next
assertion was proved in [I12, Lemma 6.1.2].
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Proposition 2.1.1. The norms vaH;la(]D))H and

1/2
( / |§|2”‘5"2||W(-,€);Eé(K)||2df) ,

where W ((,€) = (Fomew)(|€]71¢, ) and ¢ = (|€|z,|€]y), are equivalent.
2.2. Operator pencil. We define the operator pencil
BO)B(p) = 1P A(Ds, Dy, 0)r ()

for the functions ® € H'|—a,a] such that r*®(p) satisfy (1) on OK. If ®(p) =
(U(p), U(p), h(p), q(p)), then the boundary conditions can be written as

h(a) = h(—a) = uz(a) = ug(—a) =0,
u1 (@) cos o + ua () sina = 0,

)

)

vi(—a)sina 4+ va(—a) cosa = 0.

u1(—a) cos o — ug(—a) sina = 0,

1
v1 () sina — va(a) cosa = 0,
In the polar coordinates, the operator A(D, Dy, 0) takes the form
(33) A(D, Dy, 0) = A1 () Dy + 17" Ax() Dy,
where A; and A are (8 x 8)-matrices. Let G denote the matrix A(0,0,1). We have
A1~A1:I, AQ'AQZI, Al'AQ-I-AQ'Al:O,
dA, dAs
4 2 — A 2 __A
(3 ) d(p 25 dsﬁ 1,
G-G=1I, A -G+G-A;=0, G- Ay +A5 -G =0.
The eigenfunctions and eigenvalues of the pencil 8 are determined by the equation
B(A)® = 0. Rewriting this explicitly, and taking (33)) into account, we obtain

(35) A1 (0)®(p) + A2(p) Dy ®() = 0.

The formulas for A; and Ay and the boundary conditions for ® show that the eigenfunc-
tions and eigenvalues of B can be found by solving two Sturm—Liouville problems for the
system
da/dp +iXb =0,
db/dp — iAa = 0.
The boundary conditions for these problems are as follows:
1) a(a) =a(-a) =0,
2) a(a)sina —b(a)cosa =0, a(—a)sina+ b(—a)cosa = 0.

Thus, the spectrum of B consists of two sequences of eigenvalues:

%, Ak2 = z(% +1), keZ.

By using the relationship between the above Sturm-Liouville problems and equation
(BA), it can be shown that two linearly independent eigenfunctions correspond to every
eigenvalue, and that there are no root functions. Moreover, the eigenvalues Ay ; corre-
spond to the components h, ¢, us, and vs while the A 2 correspond to w1, us, v1, and
va. The eigenvalues of B are located symmetrically with respect to the point /2. If /2
is an eigenvalue, then we denote it by \g. We assume that the A\; with k£ > 0 denote the
eigenvalues of B with Im A; > 1/2 and enumerate them in such a way that the imaginary
parts increase with k. By A_; with £ > 0 we denote the eigenvalue symmetric to Ag

A1 =1
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with respect to the point i/2. The same argument as in Subsection 1.2 shows that the
eigenfunctions {®; x4 }s=1,2 corresponding to Axj; can be chosen so that they satisfy the
orthogonality and normalization conditions

/ (OAB(Ak) P e, Pp,—k) dip = 0 -
If @ is an eigenfunction of 8 corresponding to Ag, then G® is also an eigenfunction
corresponding to the same eigenvalue Ag.

The properties of the pencil B discussed in this subsection are summarized in the
proposition below.

Proposition 2.2.1. 1) Two linearly independent eigenfunctions {®s r}s=1,2 satisfying
Gy, = ®a i correspond to every eigenvalue A, of B with k # 0. There are no root
functions. The eigenfunctions can be chosen so that

(36) | A1002k(0). By (0)) d = 501 5
2) If « = m, then Ao = /2 is an eigenvalue of the pencil B. There are four linearly in-

dependent eigenfunctions {®s 0}s=1,2 corresponding to this eigenvalue. These functions
can be chosen so that they satisfy the orthogonality and normalization conditions

/ A1) 20(0): @y 20(9)) dip = B,

—Q

/ AL (@)Pa10(9), Bpsole)) dp = O,

«

| 41012a0). By 500 do = 0

for k#0.
We put
(37) Vs, k = ri/\kq)s,k; Vs, 70 = Ti/\o‘l’s,xo-

The functions v, solve the boundary value problem A(D,,D,,0)vsy =0, T'vsp =0 in
K.

2.3. On the properties of the operator A(D). Consider the following elliptic prob-

lem in the wedge D:
38 A(D;meDz)u(xayvz) :f(x7yaz)a (%yaz) eD,
(%) MU, 5,2) = H(z,p,2), (2,9,2) € 0D\ M,

In this section, we study the operator Ag for problem (B8],
Az = {A(D),T} : HY(D) — HY(D) x H}/*(@D),

and find the numbers 3 for which this operator is an isomorphism. Applying the Fourier
transform F,_¢ to (38), we obtain a family

{A(Dm Dy, Uz, y,€) = Flz,y,6), (z,9) €K,
TU(z,y,€) = H(z,y,£), (z,y) € IK\ O,

of problems in K. The new variables

n= |§|(Z‘,y), w:€/|§|7
Un,&) =Um/IE€), Fn,€) =€l Fn/lel,€), Hmn,€) =H(n/l¢],€)

(39)
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allow us to rewrite (89) in the form

40 A(Dy,w)U(n,§) = F(n,§), neKk,
w U0, &) = H(®n,£), ne€K\O.

Consider the operator
As(w) = {A(Dy,w),T} : BXK) — E(K) x Ey/*(9K).

Theorem 2.3.1. If a <, then the operator Ag is an isomorphism for § € | max{0,1 —
m/2a}, min{1, 7/2a}|.

Proof. The operator Ag is an isomorphism if and only if Ag(w) is an isomorphism for
w = F1 (see [I2] Theorem 6.2.1]). The operator Ag(w) is Fredholm if and only if the
line Im A = § is free from the spectrum of the pencil B (see [12] Theorem 6.2.3]). We
show that the kernel and the cokernel of Ag(w) are trivial if 8 lies in some interval
ImA; < 8 < ImAgtq. It follows that Ag(w) is an isomorphism for such 3. Outside the
above interval, the operator Ag(w) is not an isomorphism (see [12] Subsection 6.3]).

Let U be a solution in Egla (K) of the homogeneous problem (@0). By [12, Proposition
6.2.6], we have xU € E%(K), where x is an arbitrary C*(K)-function vanishing near
the vertex, and the numbers [ > 1 and v € R are also arbitrary. Applying A(—D,,,w)
to the relation A(D,,w)U = 0, we obtain (—A, + 1)U = 0. Let (%, 7, h, q) denote the
components of U. We want to find conditions on 3 ensuring that h = 0. For the function
h we have

(—A, +1)h=0, nek,
h=0, nedK\O.

We multiply the equation (—A,+1)h = 0 by h and integrate over K. = {n € K: |n| > ¢}.
Integrating by parts and recalling the boundary condition, we arrive at the identity

>  Oh
(a1) [+ onpy dman =< [0S ao,
Ke —« ap
where (p, ¢) are the polar coordinates on the plane R%. Let x be a cut-off function equal
to 1 near the vertex. We have yh € Hé(K) By [12, Theorem 4.2.1], the asymptotic
representation

(42) h=> coxp™Hop + R,
k

is valid in a neighborhood of the vertex, where YR € H%(K), 1>p—7v>0,and X\
is an eigenvalue of B among the eigenvalues {mm/2a},,ez\0. The sum in (42) consists
of the terms corresponding to such eigenvalues in the strip Im A € |, 8, and the H,
are the components of the eigenfunctions ®,j of B corresponding to h. In order that
the right-hand side of (1) tend to 0 as ¢ — 0, we must require that Im A, < 0 for all
terms in [@2). Since h € Ej(K), we have Im Ay < 3. Assume that § < 7/2a. Then
Im A\x < —7/2a for all terms in ([@2). Therefore, h = 0 in K. Similarly, us vanishes in K
for the same . Now the relation A(D,,w)U = 0 implies that

Dy uy + Dp,up = —wug =0, n ek,
Dy,v1 — Dyva = —wh =0, nek.

We consider ui, up and put W = (ug,u2,0). The equation (—A,; + 1)@ = 0 can be
rewritten as

curlcurlw — Vdivw + @ = 0.
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We calculate the inner product of this expression and @ and integrate it over K. x I,
where I = [0, 1]. Using the boundary conditions @ x @ = 0 and D,,u1 + Dy,,us = 0 on
0D, and applying the Stokes formula, we obtain

(43) / (| curl@|? + | div |2 + |]?) diprdn = 5/ ((curl - [ x w]) +div @ - (7i- 7)) do,
Ke —«

where 77 = (cos¢,sin$,0). Let A, be the only eigenvalue of B that belongs to the

sequence {i(mm/2a + 1)}, ., and is such that the strip Im A € ] Im A, B[ contains no

other elements of that sequence. Near the vertex, we have the asymptotic representation

NkO
(44) W= Z Cs,ko (rl)\ko Ws,ko + Tl)\kOJrlT\IIs) + Z Cs,krl)\k Ws,k + R
s=1 k

The third component of every term in the first sum vanishes, and the first two components
are equal to those of the two-term partial sum Us g, 2 of the formal series ([27)). The first
two components of V_['/S’k are equal to those of @, and the third component vanishes.
The terms of the second sum correspond to the eigenvalues Ay of 98B that belong to the
sequence {i(pim/2a+ 1)}, ., and are located in the strip Im A € |Im A, — 1,Im A, .
The function R is a remainder. Using the definition of 93, it is not hard to check that
curl rite V_['/S’k = 0 and divrit» V_['/S’k = 0. Therefore, the right-hand side in (@3] behaves
as el72ImM je it tends to zero as e — 0 under the condition Tm Ay, < 1/2. This
condition is fulfilled if 8 < 1. Consequently, for 3 < 1 we have u; = us = 0 in K. The
same argument shows that if § < 1, then v; = vo = 0. The relation A(D,,w)U =0
implies that

—Dmm + Dmu2 = —wq=0,

DTIl v+ Dmvg = —wvy = 0.

Thus, if § < min{1,7/2a}, then the kernel of Ag(w) is trivial. Consider the adjoint op-
erator Ag(w)*. Let V € Ker Ag(w)*. By [12] Theorem 6.3.3], we have V' € Ker A;_g(w).
Hence, V =0if 1 — § < min{l, 7/2a}. Thus, if

max{0,1 — 7/2a} < 8 < min{l, 7/2a},

then the operator Ag(w) is an isomorphism. The operator Ag turns out to be an iso-
morphism under the same condition. O

We note that if 2o < 7, then Ag is an isomorphism for g € ]0,1[. If 7 < 2a < 2,
then Ag is an isomorphism for 3 € |1 — n/2a,7/2af. If 2a = 27, then there are no 3
such that Ag is an isomorphism.

2.4. Estimation of solutions of problems in a wedge and in an angle. In this
section, we prove a global energy estimate and a weighted combined estimate for the
solutions of (30), BI) in K and in Q2. We drop some proofs similar to those for the
problems in I and in G.

Proposition 2.4.1. Let v be a C(K \ O)-function satisfying the boundary conditions
BI). Then

(45) Vw; Lo(K)[| < |M(Dy, Dy, &, 7)v; L2 (K) ),

where M(Dy, Dy, &, 7) =T+ A(Dy, Dy, &), T=0—1iy (c €R, v>0), and § € R.
Remark 2.4.2. Estimate (@H) remains valid with 7 replaced by 7.

We define linear sets similar to D(K) and Dg(K) (see Subsections 1.3 and 1.4). Since
the spectrum of the pencil 9B is known, we can describe D(K) and Dg(K) in more detail.
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Definition 2.4.3. We define the linear set D(K) by the following conditions:

A) If 2a < 7, then D(K) is spanned by the functions in C°(K \ O) satisfying the
boundary conditions (BI)) and by the functions xvs  corresponding to the eigenvalues of
B with Im A\, < 1; here x stands for a cut-off function equal to 1 near the vertex.

B) If 2a € |, 27, then D(K) is spanned by the functions in C°(K\ O) satisfying (BI)),
by the functions xvs j corresponding to the eigenvalues of B with Im A; < 0, and by
the linear combinations x(asvs,1 + Bsvs,—1), where as, Gs (s = 1,2) are fixed coefficients
such that Reasf; = 0 and |a| 4 | 8| > 0.

Q) If 2a = 27, then D(K) is spanned by the functions in C>°(K \ O) satisfying (BT,
by the functions v, i corresponding to the eigenvalues of B with Im A\, < 0, and by the
linear combinations x(asvs,+0 + BsVs,—0), where oy, G5 (s = 1,2) are fixed coefficients
satisfying Re asBs = 0 and || + |Bs| > 0.

The next statement is similar to Theorem 1.3.5.
Proposition 2.4.4. Estimate {R) is valid for any function in D(K).
Now we introduce the linear set Dg(K) and prove a combined estimate in K.

Definition 2.4.5. Let 8 < min{1,7/2a}. The set Dg(K) is spanned by the functions
in C>°(K \ O) satisfying the boundary conditions (1) and by the functions yvsj corre-
sponding to the eigenvalues A\ of B with Im A\ < 3.

Proposition 2.4.6. For § < min{l,7/2a}, suppose that the line Im A = (3 is free from
the spectrum of B. Then the inequality

V2 llos HEEI? + I vs Hp (K, p)|1*
< c{llf HEE)? + (172477 /421 f5 Lo (K)|1°)
is fulfilled for any v € Dg(K), where f = (7 + A(Dy, Dy, &))v, x-(r) = x(|7|r), and x is

a cut-off function in CX(K) equal to 1 near the vertex. The constant c is independent
of €& and .

(46)

Proof. Step 1. Estimation in a neighborhood of the edge. Applying the Fourier transform
Fi—r to problem (), @) in the cylinder T, we arrive at a problem in the wedge D,

{TLA{—F A(D,, Dy, DU = (2,y,2) €D,

T = 0, (z,y,2)€dD\M,
with parameter 7. The new variables

¢=Irl(@,y,2), UE7)=UC/,7), FG7) ="' F(/I],7)
allow us to rewrite this problem in the form
{ (t/IThU + A(D)U = F, (= (C1,¢2,¢3) €D,
U =0, € oD\ M.
If B < min{l,7/2a} and the line ImA = 3 contains no eigenvalues of B, then the

operator Ag(w) is Fredholm with trivial kernel (see the proof of Theorem 2.3.1). We
have

s B (K)|| < el| As(w)us EZ(K)|

for any u € E},(K) satisfying the boundary conditions I'u = 0. Using Proposition 2.1.1,
we show that
|U; Hy(D)|| < c|| A(D)U; HE(D)|
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if U € Hy(D) and TU = 0. Consequently,
IXU; Hy(D, 1) < e{IxA(D)U; Hy(D)|| + [[4U; Hy(D)][},

where x = x(r) and ¢ = ¥(r) are smooth cut-off functions equal to 1 near the vertex
and such that xy¥ = x. We rewrite this inequality as

(47) IXU; Hy(D, 1)|| < e{IxM (Dg, 7/|7)U; Hy(D)|| + || U; H(D)|}-
Step 2. FEstimating far from the edge. We prove that, for each § € R and each U €
H é (D, 1) satisfying the boundary condition I'U = 0, the inequality

2 2 2 2
(48) (v/171) lwecUs HD)I|” < efl|woc M (D¢, 7/|7))Us HED)|™ + vocUs H_1 (D)}
is valid with a constant ¢ indepen_dent of U and 7; here the functions Koo = Koo(r)
and Yoo = Yoo(r) are smooth in K, vanish near the vertex, and are equal to 1 in a
neighborhood of infinity, and Kee%so = Koo-

Suppose #,1 € C®(K), k) = k, and supp s C {(z,y) € K:1/2 < r < 2}, supp®y C
{(z,y) € K:1/4 < r < 4}. Estimate ([@5) and Parseval’s identity imply that

Y ||sU; La(D)||* < | M (Dg, 7)xU; La(D)].
Since MrU = kMU + [M, k]U, we have
VIIKU; La(D)[|* < ef[xM (D¢, )U; La(D)||* + [[¥TU; La(D)|*}.

In the role of U we take the function ¢ — U¢(¢) = U({/e) and replace T with 7/|7]e,
where € > 0. Then

(v/171e)*|KUS; La(D)[|* < e{[|sM (D¢, 7/|7|e)U*, La(D)||* + [[U%; La(D)||*}-
After the change of variables ¢ — (/e, we obtain
(/1) ?[162U; La(D) | < ef | 5-M (D¢, 7/|7|)Us La(D)||* + €3[| U; Lo (D) |*},

where r.(n) = k(en). Multiplying this estimate by e~27, putting e =277, =1,2,3,...,
and adding the resulting inequalities, we arrive at ().

Step 3. FEstimation in an intermediate zone. As in the proof of Proposition 1.4.2 (see
Step 3), from @T) and (@) we deduce the inequality
(49)
2. 170 2 .7l
Y llw; HyD)[™ + [x)7jus Hp(D, |7])]

2 _ 2
< ¢{||M(Ds, Dy, D2, 7)u; HYD)|™ + (|7'% /)" | M (Dy, Dy, Dz 7)u; La(D)|*}.

2
|

Step 4. Estimation in the angle K. Let u(z,y,z) = v(z,y)¥(z), where v € Dg(K) and
1 € C§°(R). Since 1) is arbitrary, estimate (9] and Parseval’s equality lead to ({@fl). O

The linear sets D(Q2) and Dg(Q2) are defined like D(K) and Dg(K).
Proposition 2.4.7. For any v in D(Q2) we have
Yws La(Q)| < [M(De, Dy, €, 7); Lo (D).

Proposition 2.4.8. For § < min{l,7/2a}, suppose that the line Im A = (3 is free from
the spectrum of B. If v > ~o with sufficiently large vy, then

V2 llvs Hg ()1 + [Ix170: H3(2, )1
< o) HEEI? + (rPE 2 )1 f5 L)1)
for every v in Dg(Q2), where f = (74+A(Dz, Dy, &))v, X|-|(r) = x(|7|r), and x is any fived

cut-off function in C°(Q) equal to 1 near the point O. The constant c is independent of
(&,71) and v.
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We introduce the spaces DH (K, &, 7) and RH (K, &, 7) by completing C5°(K \ 0)
with respect to the norms
2 2\1/2
lo; DH3(K, &, 7)|| = (v*[lv; HEEK)|I™ + [Ix)0; H5 (K, p)[|7) "7,
2 _ 2 1/2
I1f; RE(K, &) = (£ HYE)|” + (7' /)11 £ LK) %) 7.
Replacing K with 2, we define DH3(, £, 7) and RHg(,&, 7).

2.5. The operators of problems in K and Q. With problem B0), &Il in K, we
associate the unbounded operator v — M (&, T)v := M(Dy, Dy, &, 7)v on Lo(K) with
domain DM (¢, 7) := D(K). Like this was done for the operator M(7) in Subsection 1.3,
it is easy to show that M (£, 7) admits closure and that the estimate

Vv Lo (K)[| < |M (&, 7)v; L2(K) |
is valid for the functions in the domain of the closed operator. In what follows, M (&, 7)
and DM (£, 7) denote the closed operator and its domain. The proof of the next statement
is similar to those of Propositions 1.3.6 and 1.3.7.
Proposition 2.5.1. Ker M (¢, 7) = 0,Im M (£, 7) = Lo(K).

The operator A(Dg, Dy, 0) with domain D(K) is symmetric. From Proposition 2.5.1 it
follows that the closure A of A(D,, D,,0) is a selfadjoint operator. If 2. > 7, then D(K)
contains the combinations x(asvs,1 4+ Bsvs,—1), s = 1,2, where o, 0, are fixed coefficients
satisfying Re a3, = 0, |as| + |Bs| > 0. Thus, for 2ac > 7, various selfadjoint extensions
of A(Dy,D,,0) can be defined by choosing the parameters {as, 8s}s=12. We turn to
the problem in a scale of weighted spaces. For problem (B0), (3I)), we introduce the
unbounded operator v — Mg(&,7) := M(Dy, Dy, &, 7) with domain Dg(K) and acting
from DHg(K, &, 7) to RHg(K, &, 7). The operator Mg(¢,7) admits closure. We denote
by Mpg(¢,7) and DMg(&,7) the closed operator and its domain. Let 1/2 > 3; > ---
be all numbers in | — 00,1/2] such that the line ImA = () contains an eigenvalue of
the pencil B, and let S, be the total multiplicity of the eigenvalues of 8 in the strip
ImA € [, 1/2]. If A =1i/2 is an eigenvalue of B, then only half of its multiplicity must
be counted in S,,.

Definition 2.5.2. By a strong solution of problem (B0), (1)) with right-hand side f €
L2(K) we mean a solution of the equation M (&, 7)v = f.

Definition 2.5.3. By a strong 3-solution of problem (30), [BI) with right-hand side
feRH3(K, &, 1) we mean a solution of the equation Mg(¢, 7)v = f.

The next result follows from Proposition 2.5.1.

Theorem 2.5.4. For every [ € Lo(K), every 7 = 0 — iy (0 € R, v > 0), and every
¢ € R, problem @B0), BI) with right-hand side f admits a unique strong solution v.
Moreover,

Vv Lo(K)|| < |15 L2(K)]|-

The theorem below can be verified in the same way as Theorem 1.5.3.
Theorem 2.5.5. A) Let § € |61, min{1,7/2a}[. For every f € RHz(K,&,7), problem
B0, BI) in K with right-hand side f admits a unique strong (-solution v. Moreover,

v DHA(K, £, 7)| < cllf; RH(K, £,7)].

B) Let 8 € |Bm+1,Bm|- A strong B-solution of problem @BQ), BI)) with right-hand side
feRH3(K,E, ) exists and is unique under the following Sy, conditions: (f,wsx)x =0,
where {wg ; }3="2 is a basis in Ker Mg(§,7)*. This solution satisfies the estimate

k=—1,...,.—m
in part A) of the theorem.
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Remark 2.5.6. Theorem 2.5.4 is valid for problem (B0), (3I) in Q. Theorem 2.5.5 re-
mains true for problem B0), (BI) in © under the supplementary condition v > -y with
sufficiently large ~vo.

2.6. The problems in the cylinders T and 7. Applying the Fourier transform
f(le)_)(z #)» we pass to problem (), @) in T (or in 7).

Definition 2.6.1. Let f € V?(T,~), and let @i(x, y, &, 7) be a strong solution of problem
(BO), BI) in K with right-hand side ]?(x, Y,6,7) = Fz.t)—(e,n) [ (2, y, 2,t). The function u
defined by u(z,y, z,t) = F(E}T)ﬁ(m)ﬂ(:c, y,&,7) is called a strong solution of the problem
(@), @) in T with right-hand side f.

Theorem 2.5.4 leads to the following result.

Theorem 2.6.2. For every f € VQ(T,~) and every v > 0, problem (@), @) with right-
hand side f admits a strong solution v. Moreover,

Wos Vo (TN < 115V (T, )l-
We fix a cut-off function y € C*°(K) equal to 1 near the corner point O and put
Xu(z,y,2,t) = FLx(I7l2, [ 7ly) Fo—rulz, y, 2,1),
Au(z,y, 2,t) = Fr | 7|f Fo—rulz,y, 2, 1),
Pru(z,y, z,t) = f(g}T)é(z,t)p“f(Z/’t,)ﬂ(gﬁ)u(x, y, 2 ).

Here A is the same operator as in Subsection 1.7, while X differs by the property that the
cut-off function is independent of z. We introduce the spaces DV g(T, ) and RV g(T, )
with the norms

1/2

s DV 5 (T )| = (7 s VB (T, 7) 12 + 11X V3 (T, ) 2) 2,
£ RV 5(T)ll = (ILF3 VE (TP + A/ AP £V (T, )
Definition 2.6.3. For f € RVg(T,~), let u(z,y,&,7) be a strong [-solution of the

problem (BO), (BI) in K with right-hand side f(x,y,f,T) = Fz)y—(e,nf(x,y,2,t). The
function w given by u(z,y, z,t) = .7-"(_517)*(2 " u(z,y, &, 7) is called a strong (-solution of
problem (), @) in T with right-hand side f.

1/2

The following statement is a consequence of Theorem 2.5.5.

Theorem 2.6.4. Suppose o < 7.
A) Let § € 61, min{l,7/2a}[. For every function f € RV 3(T,~), problem (@), @)
with right-hand side f admits a unique strong B-solution v. Moreover,

[o; DV (T, )| < el fs RV (T, )l

B) Let 8 € |Bm+1, Bm[- A strong (-solution to problem ), @) with right-hand side
f € RVg(T,n) exists and is unique under the following Sy, conditions:

o~

(f(,671),ws k(-6 T)r =0 forall§ €R and all T € R — iy,

where {wsk}Z?j 15 a basis in Ker Mg(&,7)*. Such a solution satisfies the estimate

in part A) of the theorem.

We turn to the asymptotics of solutions near the edge; the fact to be stated is similar
to Theorem 1.7.5. The proof of it can be obtained by an obvious modification of the
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proof of Theorem 1.6.1 and by applying the Fourier transform F, (7.517)% (5.0)° We introduce
the formal series

Rsk 7“ ®, 57 Zrl)\kJrq 0 O 57 )) (50)7

where Wy = ®; ;. The series R j solves the homogeneous problem (BU), (31). Let Rs k.1
denote the partial sum consisting of the first 7" terms of R j.

Theorem 2.6.5. Assume that f and A*"PPPf are in RV 5(T,~) with B € |Bmi1, Bml|-
Then the strong solution of problem (), @) in T admits the asymptotic representation

(50) u(z,y, z,t) = ZRs,k,T(T, 0, Dy, D) (X s 1) (2, y, 2,1) + w(x,y, 2, 1),

where w € DV g(T,~). The sum consists of the terms corresponding to the eigenvalues
of B in the strip Im X € [, 51]. The coefficients are given by the formulas

és,k(za t) f(_g T)—?(z7t)csvk(€77—) and Csk = i(f/\('7§77-)5 ws,k('7§aF))Ka

s=1,2
k=—1,....—m

le™ &0k (-); HM™ P (R?)|| < cl| i RV (T, ),
lw; DV (T )| < (c/NIATPPPf; RV 5(T, 7).
Remark 2.6.6. Theorem 2.6.2 is valid for problem (@), @) in 7. Theorems 2.6.4 and

2.6.5 remain true for problem (@), @) in 7 under the condition v > 7y with sufficiently
large 7.

where the collection {ws i } is a basis in Ker Mg(€,T)*, as before. Moreover,

2.7. Explicit formulas for the coefficients in the asymptotics of solutions of
the problem in T. In Theorem 2.6.5, the coefficients were expressed in terms of a

basis {wgk}zzljfm in the kernel of Mg(§,7)*. In this subsection, we calculate

the elements of that basis explicitly. Note that these elements satisfy the equation
M(Dy, Dy, &, T)wsr = 0 and the boundary conditions (BI)). Near the vertex of K, the
functions w, ; admit the asymptotic representation

Wy = 125D, 4 (p) + o(rrr).
Note that if & = 7, then the line Im A = ), contains the eigenvalue A_j1, and we have
ws g =D () + o(r ),

From (48) it follows that far from the vertex, the wsj decay faster than any power of
the distance. Since

Cs,k(f; T) =1 / <f(xv Y, 57 T)v ws,k(xv Y, 57 T)>(C8 dxdy,
K
we need to find hsr = W, 5. Clearly, we have M (D, Dy, —¢, —T)hsr = 0 because
M(Dg, Dy, &, T)ws i, = 0. In the polar coordinates,
M = 71+ €G + A1(9)Ds + (1/1)Az(£)D,

We put N

he (1, 0) = (iTn(r)] —iGEn(r) + Ar(@)n (r))r'* -+ @, i (),
where 7 is a scalar function. Such a representation of h, ; is motivated by the correspond-
ing argument for the Helmholtz equation (see []) and by the fact that M (D, D,,&, 7) -
M(—=Dy,—Dy, —&,7) = A+ 72 — €2, We denote itnl — i&nG + A1(p)n’ by S(r,,&, 7).
Then the equation M (D, Dy, =&, — ) s,5 = 0 can be written in the form

(51) (=7 = &G + A(@)Dr + (1/7)A2(9) Dy )r'* =+ S(r,,€, 7) s, -1 () = 0.
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Since the eigenfunctions ®, _ of the pencil B satisfy equation ([B3)), we have
d®s —k(p)
dip
Now we transform (BI), and write A and ® for A_; and ®, _ to simplify the notation:
— (i + iEGQ)r*SD + idr LA SD + A AL (dS ) dr)®

+ 171 Ay (dS /dp)® + 11 S(d®/dyp) = 0.

(52) = —iA_pA2()A1(9) s,k ().

Dividing by r** and using (52)), we obtain
(53) (=it — i€G)S + (iM/r) ALS + AL (dS/dr) + (1/r) A2(dS/dp) — (iX/r) A2 S A Ay = 0.
Substituting S and its derivatives in (53)) and recalling (B4)), we see that

o m,f L

(T2 - 52)7’ = Oa

which reduces to Bessel’s equation. As a solution, we take n(r) = Cr'K, (i\/’]’2 — 527'),
v =1iX_j (the branch of the square root is chosen in such a way that n(r) — 0 as
r— +oo). As r — 0, we have asymptotic representations

Cm2v—1
n(r) = +o(1), 7'(r) =o(1).
) iv(r2 — §2)V/QSin(7r1/)F(1 -v) ) M)
Since G®1,_ = P2, _j (see Proposition 2.2.1), we obtain
Bk = n(0)(it®1, k() — i@ _k())r™ = + 0(rid_y),

ha g = 0(0)(iT®, k() — iED1,_k(0))r" % + o(rid_g).

We put
hik = TELIC + lez,k, har = TE2,k + 5}71,1@-
Then, in a neighborhood of the vertex,
hig = in(0) (12 — )=+ ®y _p 4 o(rid_y),
hoy = in(0) (12 — E2)rr =+ Dy . 4 o(rid_y).
We fix the constant C' by assuming that in(0)(72 — £2) = 1, i.e., we take

Cosin(a)l(1—v) 1 5 o (v-2)/2
C = o1 TN =€) )

Finally, we have

n(r) = sin(m)I'(1—v) 1 (irm)uKV (i?“\/m),

im2v—1 T2 — £2
)= PO i 7 ) K (i E0).

Let B stand for the number sin(7v)['(1 — v) /(727" 1). We recall that
hig =i(12 — En(r)r =y _p + 7 A (r)r A5 ®y _p + A (r)rit Dy g,
hoy = (72 — En(r)rA =k dy _p 4+ EA (r)r 5By + TA (1) r Dy .
In order to find Wy = -7:(2}7)

F(Z}T)H(z’t) of the functions

(V=€) K (ir/F= &), (i 8) Ky ir /72— €.

H(Z,t)hsﬁkv we need to calculate the Fourier transform
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Denoting these functions by f,(r,2,t) and f,_1(r, 2,t), respectively, we have

A dfsr
Wl,k(xvya Zat) = Bfl/(rv zvt)rm_kq)l,fk - BAI(SO)%T )\_kq)l,fk

Ofur
- B ) Rty

. 0 v—1
W2,k(x7ya Z,t) = Bf,,(?", th)rz)\_kq)sz - BAI(SO)%T )\_k(I)2,7k

of, 1
- BAl((p)%T )\_k(I)L,k.

Now we calculate f, for p=v,v —1:

atrs )= [de [ are s (i Em ) K i/ ).
R R—iy
After the change of variables u = i(7 + £)/2,s = i(T — £)/2, we obtain

ﬁm4ﬂ=2/

du/ dse“(t+z)+s(t_z)(2ru1/251/2)pr(Zrul/Qsl/Q).
Reu=~/2 Re s=v/2

The identity

1 1
/ dS@StSV/QKV(ZOél/QSl/Q) — _e(t)au/Qe—a/t_l
Re s=v/2 2 trt
(see [14]) leads to the relation
2 1
fplr, z,t) = 2pr2p/ du et yPg(t — z)e /=)~
P Reu=~/2 (t - Z)erl

We employ the following formulas for the Laplace transform (see [19]):

Ot) pa—1
1 t ,  a>0,
falt) = / ' —dp,  falt) = 4V}
( ) Re per/2 pa ( ) deaTVN(t); o S O, CY-'-N > 0.

dt
This yields

1 dN
Jolr,z.1) = 20200t = 2) sy o I ()2 1),

where p = v,v — 1 (v > 0). Thus, we have obtained explicit expressions for the func-
tions hsj and W involved in the following representations of the coeflicients in the
asymptotic formula (B0):

~

csk(&7) :/K<f($7%&T%%,k(%%fﬁ))m dxdy,
Co (2, ) = /K/]R/]R (f(z,y,2 = s,t —u), Ws 1(x,y, 5,u))gs drdy ds du.

2.8. Relationship between the augmented and nonaugmented Maxwell sys-
tems. Up to this point, we have dealt with the augmented Maxwell system. Now we
are going to prove that, under some conditions on the right-hand side of such a system,
its solutions satisfy the usual (nonaugmented) Maxwell system. For sufficiently smooth
vector fields E and B , the right-hand side (—f, —é, p, 1) of the usual Maxwell system
is subject to the compatibility conditions dp/dt + div J = 0, Ou/0t + div G =0 and the
boundary condition (é -71) = 0. We show that, for a certain selfadjoint extension of
A(0) taken as the spatial part of the augmented system, the following is true: if for a
right-hand side (ﬁ, fé,gl,gg) we have dgy /0t — divf;; =0 (k = 1,2) inside the domain
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and the boundary condition ( f; -71) = 0 is satisfied, then the components h and ¢ of the
corresponding solution v = (i, ¥, h, q) vanish identically.
Consider the problem in a bounded domain G' C R? with a conical point O. After the

Fourier transform, the conditions on the right-hand side take the form irg; — div f;; =0
(k=1,2), (f2-) = 0. Since the right-hand side belongs to Ly(G), these conditions must
be understood in a proper way. Suppose div fl, div ﬁ € Ly(G), where div is understood

in the sense of distributions. The boundary condition ( ﬁ -1) = 0 means that
(f2, Vi)o = —(div fo,d)e, v € H'(G).

The above properties of the vector fields f;; can be written in a different form. For this,
we introduce the space

H(div,G) = {i € Lo(G) : divi € Ly(G)}

with the norm ||@; H(div, G)|| = (||@; L2(G)||* + || div @; Lo (G)||?)*/2, and its closed sub-
space
H(div,G) = {@ € H(div,G) : (@ - 7)) = 0}.

Then f; € H(div,G), fo € H(div,G), g1, g2 € L2(Q), iTgr = div fi.

We consider M (1) = 7+ A, where A is the selfadjoint extension of the differential
operator A(D,, Dy, D.) defined on the linear set D(G) for which all the a,  vanish. In
other words, the functions in the domain of A increase near the conical point O more
slowly than the functions in the domains of all other selfadjoint extensions.

For the proof of the theorem on relationship between the solutions of the augmented
and the usual Maxwell systems, we need two linear sets. Let {uy,wy} and {fig, Wi} be
the collections of eigenvalues and eigenfunctions of the operator pencils of the Dirichlet
and Neumann problems for the Laplace equation in G. We denote by Lp the linear span
of all C2°(G)-functions and of the functions of the form 7wy, with Im py < 0, where
x is a cut-off function equal to 1 near the conical point. Also, we introduce the linear
set Ly spanned by the C2°(G \ O)-functions with normal derivative vanishing on G\ O
and by the functions of the form xr*#* @y, where Im jip, < 0. By the results of [1] and [4],
the range of the Helmholtz operator 72 + A with 7 = ¢ — iy (v # 0) defined on Lp or
Ly is dense in Ly(G).

Theorem 2.8.1. 1) Suppose that the selfadjoint extension A mentioned above is taken
as the spatial part of system (B), (€) and that the right-hand side f = (—f, —é, 0y 1)
of this system is subject to the conditions p,p € La(G), Je H(div, G), G e ﬁ(div,G)7
iTp + div J= 0, and iTp + div G =0. Then the corresponding strong solution u is of the
form u = (4, 7,0,0).

2) If the role of the spatial part is played by a selfadjoint extension different from that
in 1), then there exist right-hand sides subject to the conditions listed in 1) and such that
the corresponding strong solutions have nonzero components h, q.

Proof. We prove the first statement. Since A is the closure of the differential operator
A(Dg, Dy, D) defined on D(G), there exists a sequence {u,} C D(G) such that ur — u
and fi, := M(T)ur — f (convergence in Lo(G)). We have up € C®(G \ O)), so that
system (B), (@) can be understood in the usual sense. In particular,
i — curl B + Vhy = —J,
iThy + div dy = pg;
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moreover, wuy, satisfies the boundary conditions (B) on G \ O. We show that h = 0.
Let ¢ € C§°(G). We multiply the first equation by V¢ and the second by ¢, and then
integrate over G. This yields

i(iix, V)G — (curl iy, Vo)a + (Vhi, Vo)o = —(Ji, Vé)a,

~72(hi, §)G + iT(div G, )c = iT(pr, P)c-
In the first relation, we integrate the first two terms by parts. Multiplying the second
relation by ¢7 and adding the result to the first, we obtain

—72(hi $)c + (Vhe, Vo) = im(pi, d)a — (T, Ve
Since Lp C ﬁl(G), for any ¢ in Lp there exists a sequence {¢n,,} C C§°(G) such that
¢m — ¥, Vo, — Vb, and
—7(hi, )6 + (Vhi, Vi)a = ir(pr, ) — (Je, Vi)
We integrate the second term by parts, let k& — +o00, and recall that —(j, Vi)a =
(div J, ¥)a and div J+ iTp = 0, obtaining
(h, (7> + A)) , = 0.
It follows that h = 0, because the range of the operator 72 + A defined on Lp is dense
in LQ(G)
Now, we check that ¢ = 0. We have
1TV, + curluy + Vg = —C_jka
ITqE + div vy = -
For ¢ € Ly, we can write
i (T, V)i + (curl iy, V)i + (Var, Voo = —(Gr, Vo)a,

—7%(qk, ) + i7(div Ty, §)a = i (pk, D)
We integrate by parts all terms on the left-hand side of the first relation, add the result
to the second relation, and let k& — oc:

(qa (FQ + A)¢)G = iT(H7 (b)G - (éa V(b)G
Since G € H(div,G), ¢ € Ly € HY(G), and div G + ity = 0, we obtain
(q, (7% + A)(;S)G =0.

Since the range of the operator 72 + A defined on Ly is dense in Lo(G), we conclude
that ¢ = 0.

We turn to the second statement of the theorem. The domain of any other self-
adjoint extension contains at least one function xr** @, with Im A\, € |1,3/2[. By
the properties of the pencil 2 (see Subsection 1.2), the eigenfunction @,y is of the
form ((7,6,0,@) or (0, V,H, 0). For instance, assume that ®, ) = ((7,6,0,62). In ac-
cordance with the results of [4] (in particular, see §4 therein), the homogeneous Neu-
mann problem for the equation Agg + 72¢p = 0 admits a solution g € C*(G \ O)
with asymptotics go ~ r**@Q near the conical point O. We set ug := (7 (7, 0,0, q)
and fo := M(T)ug = (iTxr** U’,curl(xr“‘k (7) + Vqo, div(xrt* U),iqu). It is not hard
to see that fy belongs to La(G) N C(G \ O) and satisfies the conditions listed in
part 1) of the theorem. However, the component go of the solution wy differs from
zero. Now, assume that @ = (6,‘7,H, 0). By [I} Proposition 5.2], the homogeneous
Dirichlet problem for the equation Ahg + 72hg = 0 has a solution hy € C*(G \ O)
with asymptotics hg ~ "’ H. We set u; = (6, Xrire Y, ho,0) and f1 = M(1)u; =
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(— curl(xr* V) 4 Vho, itxr* V ithg, div(xr**V)). The function f; satisfies the con-
ditions in 1). However, the component hy of u; is nonzero. O

The extension A chosen in part 1 of Theorem 2.8.1 coincides with the operator inves-
tigated in [[7]. Before proving this, we recall some definitions and statements presented
in [7]; we take into account that, in our case, the dielectric and magnetic permittivity
matrices are equal to the identity matrix. Set

F(G)=A{d € Ly(G) : divi € Lo(G),curl@ € La(G)}.
The class F(G) is a complete Hilbert space with inner product defined by the norm
@ F(G)|| = (|| div s La(G) > + || curl @ Lo(G) > + |1@: La(G)]?) .

We introduce the closed subspaces

F(r,G)={@e F(G):@xi=0}, F,G)={icF(G):a i

0}.
The condition @ x 77 = 0 is understood in the following sense:

(U, curl 2) ¢ = (curld, 2)g  for all Z € Lo(G) with curl Z € La(G).

The dense subsets D(v,G) = F(v,G) & ﬁl(G) and D(1,G) = F(r,G) ® H*(G) in the
Hilbert space B(G) = L2(G,C?) ® La(G) are taken as the domains of the operators
L(w){v,q} = {curlv+ Vq, —div v’} and L(7){d, h} = {curl@+ Vh, — diva}. It turns out
(see [T, Subsection 2.4]) that the block operator

L= <—i2(7) iL(()V))

is selfadjoint in B(G)@B(G). Let P be the matrix defined by P(#, v, h, q)* = (i, —q, 7, h)™.
We prove that PAP~! = £. The properties of the pencil 2 and the asymptotics of the
functions in D(G) near the conical point O imply that P(D(G)) C D(v,G) & D(7,G).
The selfadjoint operator A is the closure of the differential operator A(D,,D,,D.) de-
fined on D(G). Since the operators A(D,,D,,D,) and P~*AP coincide on D(G), we
obtain A = P~!LP.

Turning to the problem in the wedge D, we recall that the definition of a strong
solution of problem (), @) in T = D x R was given in Subsection 2.6.1. Let D(D) be
the linear set spanned by the functions in D(K) with coefficients in the Schwartz class
S(R.), and let A denote the closure in Ly(ID) of the differential operator A(Dy, Dy, D)
defined on D(K). It is easily seen that A is a selfadjoint operator. A strong solution
of the problem (@), @) in T with right-hand side f € V{(T,~) can be defined by the
formula v = F.1,(r + A)~'F,_,f. By a strong solution of problem (G), () in D with
right-hand side f € Ly(ID) we mean a solution of the equation (7+ A)u = f. For 2a > ,
various operators A can be obtained by fixing the choice of the constants a, G5 for D(K)
(see Definition 2.4.3). We take the operator A corresponding to ey = 0, s = 1,2. The
next statement is similar to Theorem 2.8.1.

Theorem 2.8.2. 1) Suppose the operator A mentioned above is chosen to be the spatial
part of system @), (@) inD. Let f = (—j, —é,p, w) be the right-hand side of the system,
where p, € Lo(D), J € H(div,D), G € H(div,D), and itp+divJ = 0, ity +divG = 0.
Then the strong solution is of the form u = (4,7, 0,0).

2) Suppose a selfadjoint extension A different from that in 1) plays the role of the
spatial part. Then there exist right-hand sides satisfying the conditions in 1) and such
that the components h,q of the corresponding strong solutions are nonzero.
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2.9. The Maxwell system with impedance boundary conditions. We consider
the Maxwell system in a bounded domain G C R3,

OE /ot — curl B = —J,
OB/t 4+ curl E = 0,
divE = 0,
divB = 0,
with impedance boundary conditions on 0G:
ii x [B x ] + 9[ii x E] = [® x .

Here v denotes a complex function on OG satisfying Re ) < 0. For simplicity, we assume
that ¢ = a 4+ ib, a < 0, where a,b are real constants. To employ the same method as
before, we introduce the augmented system

9 /ot — curl T+ Vh = Ay,
07/t + curld + Vg = A,
Oh/ot+ divid = gy,
0q/0t + div ¥ = go;

the spatial part here will be denoted by A(9). The corresponding “augmented” impedance
conditions are of the form

(54) ix[0x i +y[ixid=[®xi, h=H q¢=Q.

We list some properties of the augmented Maxwell system with impedance boundary
conditions without proofs.

Proposition 2.9.1. 1) The Green formula holds,

/ (AU, Us) AV + / Uy, A(D)s) AV

(55) 1% 1%

= / <F1U1, T1u2> dsS +/ <T2u17r2u2> dSa
oV oV

where V. C R® is a domain with smooth boundary, Uy,Us € C>®(V), and, for U =
(@, 7, h,q), we put Tid = (7 x [0 x 7] + [iE x ], h,q)T, iU = ((1/@)” x [0 x 1],
(- ), (71-0)7, Told = (—ii x [0 x 7] + it x ], h, q)T, and TQI/{ (/) x [vx ), (7-d),
(- 9))T (7 denotes the unit outward normal to V).

2) The problems {A(0),T'1} and {A(0),T'2} are adjoint to each other with respect to
the Green formula (B3) and are elliptic.

=

We prove a global energy estimate for the augmented Maxwell system with impedance
conditions.

Proposition 2.9.2. Suppose v = (@,7,h,q) € C2(G \ O) satisfies ([Gd) with Q = 0,
H =0. Then

V2 lvs La(G)|* + (vlal/[]) - 17 x 735 L2(9G) |

56 -
0 < {|M(Da, Dy, D=, 7)v; La(G)II* + (v19]/lal) - | @ x @ L2(9G) ||},

where M (D, Dy, D,, 1) = 7+ A(D), and the constant c is independent of v and 7.
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Proof. Let u(x,y, z,t) = ((t)v(z,y, z) with ¢ € C§°(R). From (53) it follows that

Re/(A(@)u,u} dxdydz
G
:Re/ (ﬁ-[axﬁ])dszRel/ ([cﬁxﬁ]-ag)ds—Rel/ |7, |2 dS,
oG ¥ Joc ¥ Joc

where 0, = 7 x [U x 7] is the component of ¥ tangent to dG and 7 the unit outward
normal. Then

%Ilu(nt);Lg(G)H =2Re/ (ug + A(O)u, u) drdydz

—2Re—/ ([® x 7] - T, dS—|—2Re—/ |, |? dS.
oG

Recalling that ¢ = a + ib, we can estimate the right-hand side:

4y o
0 La(G) |+ 27

< o{[|Mu; Lo(G)) - ||us La(G) | + || € x ; La(9G)|| - |3 L2(9G)]|}-

—2~t

17 L2(0G)||?

We integrate over (—oo,t), multiply the resulting identity by e , and then integrate

over (—oo,+00). Changing the order of integration, we obtain

+oo oo
[ et i@ s 12 [ et oy aoay P

—o0 ]
¢ e —2~t
<5 e [ Mu(-,); La(G)|| - [lu(-, t); L2(G) | dt
c [T Al -
o] [@(,8); L2(OG) || - |V (-, 1); L2(0G) || dt.

Next, we have

+o0 too
/ e 2 |lu; Lo(G)||? dt + ||C:/|J| e 0y; L2 (0G) || dt

+oo

< oyt , |¥ly
<o | e (IMu L@+ [ 18 L206)])
.

S 103 L2(0G)1) e

x (llus L2(@)| +
By the Cauchy inequality,

+oo
| e (@R + 1 LG )

+oo
<5 / e (I1Mu; Lo(G) > + 'T'f |%: L2(0G)|?) .

Since ( is an arbitrary function, application of Parseval’s identity for the Fourier trans-
form F,_,, yields (EG). O

Our final remark concerns a global estimate for the problem adjoint with respect to
the Green formula.
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Remark 2.9.3. Suppose v = (4,7, h,q) € C°(G) satisfies the boundary conditions

-

—A X [UX 7]+ x i =[®x7], h=0, ¢g=0
on 0G. Then

V2 llvs La(G)|* + (vlal/ 1) - 17 x 735 L2(9G) |

57 .
0 < {|M(Dq, Dy, D=, 7)vs La(G)II* + (v19]/lal) - | @ x 7 L2(9G) ||}

Estimate (B6) corresponds to the problem {7 + A(D),T'1}, and (EZ) to the problem
{T+ A(D),T'2}. The verification of (&) is similar to that of (Bf). The only difference is
that we must start with 9; — A(9) and then obtain 7 + A(D).
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