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ON THE NONSTATIONARY MAXWELL SYSTEM
IN DOMAINS WITH EDGES

S. MATYUKEVICH

Introduction

In this paper, we study the behavior of solutions of the nonstationary Maxwell system
near singularities of the boundary. As models, we consider a simply connected cone
K ⊂ R

3 smooth outside its vertex, the wedge D = K × R, where K is a plane cone, a
bounded domain G ⊂ R3 with a conical point, and the waveguide Σ = Ω × R, where Ω
is a plane domain with a corner point. The Maxwell system

∂ �E/∂t − curl �B = − �J,

∂ �B/∂t + curl �E = −�G,

div �E = ρ,

div �B = µ,

is endowed with the boundary conditions

�E × �n = 0, ( �B · �n) = 0,

which correspond to the case of ideal conductive boundary; here �n denotes the unit
outward normal.

We use a method based on a priori estimates of solutions; this method was suggested
in [1] for the wave equation with homogeneous Dirichlet boundary condition, and it was
generalized in [2, 3, 4, 5] to various initial-boundary value problems related to the wave
equation and to systems of the form ∂2

t − A(∂), where A(∂) is a second order strongly
elliptic operator. Briefly, the method can be described as follows. The Fourier transform
Ft→τ yields a problem with parameter τ . For a fixed parameter, this problem is elliptic.
However, the problem is not elliptic with a parameter in the sense of [6]. A weak a
priori estimate can be proved by an “energy” argument in the entire domain under
consideration; we call it the global energy estimate. Then, by using this estimate and
the ellipticity of the operator A(∂), a more informative a priori estimate can be proved
in a scale of weighted spaces; we call it the weighted combined estimate. The operators
related to our problem are studied in the spaces dictated by the global and combined
estimates. The asymptotics of solutions near singularities of the boundary and some
formulas for the coefficients in the asymptotics can be obtained with the help of the
theory of elliptic problems in domains with piecewise smooth boundary. At every step
we trace the dependence on τ . Using the inverse Fourier transform F−1

τ→t, we return to
the initial nonstationary problem.
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876 S. MATYUKEVICH

The spatial part of the Maxwell system is not elliptic. However, acting as in [7, 8], we
can augment it to an elliptic system:

∂ �E/∂t− curl �B + ∇h = �f1,

∂ �B/∂t + curl �E + ∇q = �f2,

∂h/∂t + div �E = g1,

∂q/∂t + div �B = g2.

The corresponding augmented boundary conditions are of the form

�E × �n = 0, ( �B · �n) = 0, h = 0.

The augmented system will be written as ∂v/∂t+A(∂)v = f . The approach described
above can be adapted to this system.

As an example, we briefly describe the results for the problem in a wedge D = K×R.
For any vector-valued function f = (�f1, �f2, g1, g2) such that e−γtf ∈ L2(D × Rt), the
augmented Maxwell system admits a unique solution v = ( �E, �B, h, q), e−γtv ∈ L2(D×Rt)
with γ > 0. For the solution v, we have an asymptotic expansion

v(x, y, z, t) = c1(z, t)rπ/2α−1Φ1(ϕ) + h(x, y, z, t)

in a neighborhood of the edge, where (r, ϕ) are the polar coordinates on the plane (x, y),
2α is the opening of K, and h is the remainder in the asymptotics. Moreover,

c1(z, t) =
∫

K

∫
R

∫
R

〈f(x, y, z − ξ, t − s), W1(x, y, ξ, s)〉
R8 dxdy dξ ds,

where W1 denotes a specific solution of the system ∂W1/∂t−A(∂)W1 = 0 determined by
an appropriate asymptotics near the edge. For the problem in K and in D, such solutions
are calculated explicitly (see Subsections 1.8, 2.7). Using explicit formulas for W1 in K,
we observe in the coefficients of the asymptotics some phenomena related to the finite
propagation speed of the electromagnetic waves (the vanishing of the coefficients before
a perturbation meets the vertex of K, and their smoothness after the perturbation leaves
the vertex).

When proving the global energy estimate for the augmented Maxwell system, we face
the necessity to view the spatial part A(∂) as a symmetric operator. For this reason, we
are forced to impose certain special restrictions on the asymptotics near the singularities
of the boundary for the functions in the domain of A(∂). This leads to a family of
selfadjoint extensions of A(∂) (see Subsections 1.3, 2.5). The possibility of coming back to
the initial nonaugmented Maxwell system depends on the choice of a selfadjoint extension
(see Subsection 2.8). In particular, in a bounded domain with a conical point, the passage
to the initial system is possible for a unique selfadjoint extension. To realize this passage,
it suffices to take the right-hand side of the augmented system in the form (− �J,−�G, ρ, µ),
where �J , �G, ρ, µ are subject to the equations div �J + ∂ρ/∂t = 0 and div �G + ∂µ/∂t = 0,
and to the boundary condition (�G · �n) = 0. Then h and q vanish, and the solution
of the augmented system satisfies the usual Maxwell system (see Subsection 2.8). It
turns out that the selfadjoint extension mentioned above coincides with the Maxwell
operator studied in [7] for the stationary situation under much weaker restrictions on the
smoothness of the boundary (see Subsection 2.8).

Besides the boundary conditions corresponding to the ideal conductive boundary, we
consider the nonhomogeneous impedance conditions

�n × [ �B × �n] + ψ[ �E × �n] = [�n × �Φ],
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NONSTATIONARY MAXWELL SYSTEM 877

where the function ψ characterizes the properties of the boundary. In the last Subsection
2.9 we briefly discuss the problem with the above nonhomogeneous conditions and prove
a global energy estimate. We restrict ourselves to this, because the further arguments
are similar to those in the first part.

Concerning papers devoted to the Maxwell system in domains with nonsmooth bound-
ary, besides [7], we refer to the paper [10], where the singularities of the solutions of the
stationary system were studied near edges and conical points. A short survey of publica-
tions on the regularity of solutions of the stationary Maxwell system can also be found
in [10]. The model problem in a wedge D was considered in [9]. However, in that paper,
a rougher version of the combined estimate was proved under additional smoothness re-
quirements on the data along the edge, and the results obtained in [9] are valid only for
edges of opening less than π.

§1. Problems in a model cone and in a bounded domain

with a conical point

1.1. Preliminaries. Statement of the problem. Let K be a cone in R3 with vertex
at the origin O and such that K ∩ S is simply connected, and let G ⊂ R3 be a bounded
domain with only one conical point O. We assume that G coincides with K in a neigh-
borhood of O and that the boundaries of K and G are smooth off O. We introduce some
function spaces. Suppose s ∈ N and β ∈ R. We put r = (x2 + y2 + z2)1/2 and denote by
Hs

β(K) the completion of C∞
c (K \ O) with respect to the norm

‖u; Hs
β(K)‖ =

( ∑
|α|≤s

∫
K

r2(β+|α|−s)|Dα
x,y,zu(x, y, z)|2 dxdydz

)1/2

,

where α = (α1, α2, α3) is a multiindex, Dα
x,y,z = Dα1

x Dα2
y Dα3

z , and Dx = −i∂/∂x. The
space Hs

β(K, q) with q > 0 is endowed with the norm

‖u; Hs
β(K, q)‖ =

( s∑
k=0

q2k‖u; Hs−k
β (K)‖2

)1/2

.

Replacing K by G, in a similar way we define the spaces Hs
β(G) and Hs

β(G, q). In the
cylinder Q = K × R, we introduce the space Hs

β(Q) obtained by completing the space
C∞

c ((K \ O) × R) in the norm

‖w; Hs
β(Q)‖ =

( ∑
|α|≤s

∫
K

∫
R

r2(β+|α|−s)|Dα
x,y,z,tw(x, y, z, t)|2 dxdydz dt

)1/2

.

The space Hs
β(Q, q) with q > 0 is equipped with the norm

‖u; Hs
β(Q, q)‖ =

( s∑
k=0

q2k‖u; Hs−k
β (Q)‖2

)1/2

.

Again, replacing K by G, we define the spaces Hs
β(Q) and Hs

β(Q, q) in the cylinder
Q = G × R. Finally, V s

β (Q, γ) and V s
β (Q, γ) with γ > 0 denote the spaces with the

norms
‖w; V s

β (Q, γ)‖ = ‖wγ ; Hs
β(Q, γ)‖

and
‖w; V s

β (Q, γ)‖ = ‖wγ ; Hs
β(Q, γ)‖,

respectively, where wγ = e−γtw.
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The augmented Maxwell system

(1)


∂�u/∂t − curl�v + ∇h = �f1,

∂�v/∂t + curl �u + ∇q = �f2,

∂h/∂t + div �u = g1,

∂q/∂t + div�v = g2

will be considered in Q (or Q) with boundary conditions corresponding to the ideal
conductive boundary:

(2) �n × �u = 0, (�n · �v) = 0, h = 0,

where �n is the unit outward normal. System (1) will be abbreviated to the form

(3) ∂U/∂t + A(∂)U = F ,

where U = (�u,�v, h, q)T and ∂ = (∂x, ∂y, ∂z). We formulate some properties of the aug-
mented Maxwell system.

Proposition 1.1.1. 1) The operator A(∂) is elliptic and is not strongly elliptic.
2) The Green formula is valid:

(4)
∫

V

〈A(∂)U1,U2〉 dV +
∫

V

〈U1, A(∂)U2〉 dV =
∫

∂V

〈ΓU1, TU2〉 dS +
∫

∂V

〈TU1, ΓU2〉 dS,

where V ⊂ R
3 is a domain with smooth boundary, U1,U2 ∈ C∞(V ), and where we put

ΓU = (�n × �u, (�n · �v), h)T , TU = (�v, q, (�n · �u))T .
3) The system A(∂)U = F with boundary conditions ΓU = H is an elliptic boundary

value problem selfadjoint with respect to the Green formula (4).

Let τ = σ − iγ, σ ∈ R, γ > 0. Applying the Fourier transform Ft→τ to problem (1),
(2), we obtain a problem with parameter τ in the cone K or in the domain G:

τ Û + A(D)Û = F̂ ,(5)

�n × �̂u = 0, (�n · �̂v) = 0, ĥ = 0.(6)

When dealing with the problem in K, we can change the variables η = (|τ |x, |τ |y, |τ |z).
We denote τ/|τ | by θ, put M(Dη, θ) = θ + A(Dη), U(η, τ) = Û(|τ |−1

η, τ), F (η, τ) =
|τ |−1F̂(|τ |−1

η, τ), and rewrite system (5) in the form

(7) M(Dη, θ)U = F.

1.2. Operator pencil. On the functions Φ ∈ H1(Ξ) such that riλΦ(ϕ, ϑ) satisfies (2)
on ∂K, we define an operator pencil by the formula

(8) A(λ)Φ(ϕ, ϑ) = r1−iλA(Dx, Dy, Dz)riλΦ(ϕ, ϑ).

Here (r, ϑ, ϕ) are the spherical coordinates centered at O and Ξ = K ∩ S2. We write the
boundary conditions for Φ in an explicit form. Let (�er, �eϑ, �eϕ) be unit basis vectors in a
spherical coordinate system, let �σ be a vector tangent to ∂Ξ, and let �Φ = (�U, �V , H, Q).
Then the boundary conditions on ∂Ξ take the form

(�er · �U) = 0, (�σ · �U) = 0, (�n · �V ) = 0, H = 0,

where �n denotes the unit outward normal to the boundary of K. Since A is an elliptic
pencil, its spectrum consists of normal eigenvalues {λk}k∈N.

Proposition 1.2.1. All eigenvalues of A lie on the imaginary axis, and a finite collection
of linearly independent eigenvectors Φs,j , s = 1, . . . , Nj , corresponds to every eigenvalue
λj. There are no root vectors.
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NONSTATIONARY MAXWELL SYSTEM 879

Proof. In the spherical coordinates, the operator A(D) takes the form

(9) A(D) = A1(ϕ, ϑ)Dr + (1/r)A2(ϕ, ϑ)Dϑ + (1/r)A3(ϕ, ϑ)Dϕ,

where the Ai(ϕ, ϑ) are (8 × 8)-matrices that can easily be calculated. These matrices
satisfy

(10)

A1 · A1 = I, A2 · A2 = I, sin2ϑ · A3 · A3 = I,

A1 · A2 + A2 · A1 = 0, sinϑ(A1 · A3 + A3 · A1) = 0,

∂A1/∂ϑ = A2, ∂A2/∂ϑ = −A1.

From (9) it follows that

(11) A(λ) = λA1 + A2Dϑ + A3Dϕ.

Let λm be an eigenvalue of the operator pencil and Φm an eigenvector, i.e., A(λm)Φm = 0.
Then BΦm = λmΦm, where B is the operator defined by the formula B = −A1 ·A2Dϑ−
A1 · A3Dϕ on the domain of A. Using the Green formula (4), it is not hard to verify
that the operator iB is symmetric on L2(Ξ). Since the problem {A(D), Γ} is elliptic
(see Proposition 1.1.1), the operator iB with such a domain is selfadjoint. Since its
domain is compactly embedded in L2(Ξ), the spectrum of B is discrete. Obviously, the
spectrum of B coincides with that of the pencil A. Therefore, the eigenvalues of the
pencil lie on the imaginary axis. We show that there are no root vectors. Let λm and
Φm be an eigenvalue and an eigenvector of A, and let Φ̃ be a root vector. In other
words, A(λm)Φ̃ = ∂λA(λm)Φm or, equivalently, (B − λm)Φ̃ = Φm. However, Φm is not
orthogonal to the subspace ker(B − λm). Therefore, Φ̃ does not exist. �

Consider the pencil A∗(λ) defined by A∗(λ) = (A(λ))∗. It is known that if µ is
an eigenvalue of A, then µ is an eigenvalue of A∗, and their multiplicities coincide. The
corresponding eigenfunctions {Φs}s=1,...,N and {Ψs}s=1,...,N can be chosen so as to satisfy
the orthogonality and normalization conditions

(12)
∫

Ξ

〈∂µA(µ)Φs, Ψp〉 sin ϑ dϑdϕ = δs,p

(see [11] or [12]). Using (11) and integrating by parts, we show easily that A∗(λ) =
A(λ + 2i). Therefore, the above results can be reformulated as follows. If µ is an
eigenvalue of A, then so is µ + 2i, the multiplicities of these eigenvalues coincide, and
the eigenfunctions can be chosen so as to satisfy the orthogonality and normalization
conditions (12). The numbers µ and µ + 2i are symmetric with respect to the point i.
Formula (11) and the explicit form of A1(ϕ, ϑ) allow us to check that if Φ is an eigenvector
of the pencil A corresponding to an eigenvalue λ, then A1Φ also is an eigenvector of A

and corresponds to the eigenvalue λ + 2i. The pencil has a block structure. One block
acts on the components (�U, Q) and the other on the components (�V , H) of the function
Φ = (�U, �V , H, Q). The matrix A1 acts on the components by the rule

A1(�U,�0, 0, Q) = (�0, �er × �U + Q�er, (�er · �U), 0)T ,

A1(�0, �V , H, 0) = (−�er × �V + H�er,�0, 0, (�er · �V ))T .

We recall that the eigenvectors of the pencil are also eigenvectors of some selfadjoint
operator (see Proposition 1.2.1). Therefore, the eigenvectors corresponding to different
eigenvalues are orthogonal. This fact, the block structure of A, and the relation ∂λA(λ) =
A1 allow us to choose the eigenvectors of the pencil in the form (�U,�0, 0, Q) or (�0, �V , H, 0)
and satisfying the orthogonality and normalization conditions (12). In the following three
lemmas, we describe the properties of eigenvalues and eigenvectors of the pencil in more
detail.
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Lemma 1.2.2. If the strip {λ ∈ C : Im λ ∈ ]0, 1[} contains some eigenvalues of A, then
the components H and Q of the corresponding eigenvectors vanish.

Proof. Let Φ = (�U,�0, 0, Q), and let (Φ, λ) be an eigenvector and an eigenvalue of the
pencil A. Then A(Dx, Dy, Dz)riλΦ = 0. Applying the operator A(Dx, Dy, Dz) once
again, we obtain ∆riλΦ = 0. We find the boundary conditions satisfied by Q. Since
riλ �U × �n = 0, we have (curl(riλ �U) · �n) = 0. The relation curl(riλ �U) + ∇(riλQ) = 0
implies that ∂(riλQ)/∂n = 0 on ∂K. This means that the pair (λ, Q) consists of an
eigenvalue and an eigenvector of the pencil corresponding to the Neumann problem for
the Laplace operator. Similarly, if Φ = (�0, �V , H, 0), then (λ, H) consists of an eigenvalue
and an eigenvector of the pencil corresponding to the Dirichlet problem for the Laplace
operator. However, for a cone K ⊂ R3 the strip {λ ∈ C : Im λ ∈ ]0, 1[} contains no
eigenvalues of these pencils (see [1, §3] and [4, §1]). �
Lemma 1.2.3. Let λ be an eigenvalue of the pencil A, Im λ ∈ ]1, 2[, and let Φ be an
eigenvector corresponding to λ. If Φ = (�U,�0, 0, Q), then Q �≡ 0, and if Φ = (�0, �V , H, 0),
then H �≡ 0.

Proof. We consider one of these cases; the other can be treated in a similar way. Assume
that Φ = (�U,�0, 0, Q). Then Ψ = A1Φ is an eigenvector of A corresponding to the
eigenvalue µ = λ + 2i. Moreover, Imµ ∈ ]0, 1[ and Ψ = (�0, �er × �U + Q�er, (�er · �U), 0). By
Lemma 1.2.2, we have (�er · �U) = 0. Suppose Q = 0. We rewrite the pencil curl(riλ �U) +
∇(riλQ) = 0, div(riλ �U) = 0 in the spherical coordinates:

cosϑ

sin ϑ
Uϕ + ∂ϑUϕ − 1

sin ϑ
∂ϕUϑ + iλQ = 0,

−(iλ + 1)Uϕ +
1

sin ϑ
∂ϕUr + ∂ϑQ = 0,

(iλ + 1)Uϑ +
1

sin ϑ
∂ϕQ − ∂ϑUr = 0,

(2 + iλ)Ur +
cosϑ

sinϑ
Uϑ + ∂ϑUϑ +

1
sin ϑ

∂ϕUϕ = 0,

where �U = Ur�er + Uϑ�eϑ + Uϕ�eϕ. Since Ur = Q = 0 and λ �= i, we obtain Uϕ = Uϑ = 0,
whence Φ = 0. This contradiction completes the proof. �
Lemma 1.2.4. The point λ = i is regular for the pencil A.

Proof. Suppose that λ = i is an eigenvalue of A. Let Φ = (�U,�0, 0, Q) be an eigenvector
corresponding to this eigenvalue. Then Ψ = A1Φ = (�0,−�U × �er + Q�er, (�U · �er), 0) is
also an eigenvector for λ = i. Arguing as in the proof of Lemma 1.2.2, we see that
Q = const and H = (�er · �U) = 0. Indeed, λ = i is a regular point for the operator
pencil of the Dirichlet problem for the Laplace operator. In the case of the Neumann
problem, the eigenvector for λ = i is a constant. Then for �V = −�U × �er + Q�er we have
curl(r−1�V ) = 0 and div(r−1�V ) = 0. Since the cone K is simply connected, this implies
that r−1�V = ∇Z, where ∆Z = 0, ∂Z/∂n = 0. We rewrite the relation r−1�V = ∇Z in
the spherical coordinates: r−1�V = (∂Z/∂r)�er + r−1(∂Z/∂ϑ)�eϑ + (r sin ϑ)−1(∂Z/∂ϕ)�eϕ,
obtaining Z = Q log r + A(ϕ, ϑ). The function Z is a solution of the homogeneous
Neumann problem for the Laplace operator in K ⊂ R3. The results on the asymptotics
of solutions of elliptic problems near singularities of the boundary (see [12]) imply that
Q = 0, A(ϕ, ϑ) = const. It follows that �V = 0 and �U = 0. �

Let λk with k > 0 denote the eigenvalues of A with imaginary part greater than 1,
Im λk ≤ Im λk+1, and let λ−k with k > 0 be the eigenvalues of the pencil that are
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NONSTATIONARY MAXWELL SYSTEM 881

symmetric to λk with respect to the point λ = i. Let {Φs,k}s=1,...,Nk
be a basis in the

eigenspace corresponding to λk. Some of the properties of the pencil A are listed in the
following proposition.

Proposition 1.2.5. The eigenvectors {Φs,k}s=1,...,Nk
corresponding to the eigenvalues

λk of the pencil A can be taken in the form (�U,�0, 0, Q) or (�0, �V , H, 0). Moreover,

(13)
∫

Ξ

〈∂λA(λk)Φs,k, Φm,p〉 sin ϑ dϑdϕ = δk,−p · δs,m,

where k, p = ∓1,∓2, . . . , and δk,p is the Kronecker symbol.

We introduce the notation

(14) us,k = riλk Φs,k.

For the functions us,k we have A(D)us,k = 0 and Γus,k = 0 in K.

1.3. A global energy estimate.

Proposition 1.3.1. Suppose v = (�u,�v, h, q)T is a vector-valued function that belongs to
C∞

c (G\O, C8) and satisfies the boundary conditions (2). Then

(15) γ‖v; L2(G)‖ ≤ ‖M(Dx, Dy, Dz, τ)v; L2(G)‖,

where M(Dx, Dy, Dz, τ)v = τv + A(Dx, Dy, Dz)v.

Proof. Let u(x, y, z, t) = ψ(t)v(x, y, z), where ψ(t) ∈ C∞
0 (R) . Using the Green formula

(4) and the boundary conditions, we obtain

Re
∫

G

〈A(∂)u(x, y, z, t), u(x, y, z, t)〉 dxdydz = 0,

where 〈 , 〉 denotes the inner product on C8. Then

d

dt
‖u; L2(G)‖2 = 2 Re

∫
G

〈u, ut + A(∂)u〉 dxdydz.

Therefore, we have

d

dt
‖u(·, t); L2(G)‖2 ≤ ‖u; L2(G)‖ · ‖M(Dx, Dy, Dz, Dt)u; L2(G)‖,

whence

‖u(·, t); L2(G)‖2 ≤ 2
∫ t

−∞
‖u(·, s); L2(G)‖ · ‖M(Dx, Dy, Dz, Ds)u(·, s); L2(G)‖ ds.

We multiply by e−2γt and integrate from −∞ to +∞. Changing the order of integration
on the right-hand side, we obtain∫ +∞

−∞
e−2γt‖u(·, t); L2(G)‖2 dt

≤ γ−1

∫ +∞

−∞
e−2γt‖u(·, t); L2(G)‖ ‖M(Dx, Dy, Dz, Dt)u(·, t); L2(G)‖ dt.

Application of the Cauchy inequality to the right-hand side yields

γ2

∫ +∞

−∞
e−2γt‖u(·, t); L2(G)‖2

dt ≤
∫ +∞

−∞
e−2γt‖M(Dx, Dy, Dz, Dt)u(·, t); L2(G)‖2 dt.
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By Parseval’s identity,

γ2

∫
G

dxdydz

∫
R−iγ

dτ |ψ̂(τ)|2|v(x, y, z)|2

≤
∫

G

dxdydz

∫
R−iγ

dτ |ψ̂(τ)|2|M(Dx, Dy, Dz, τ)v(x, y, z)|2.

Since ψ is an arbitrary function in C∞
0 (R), this leads to the required estimate (15). �

Remark 1.3.2. The same estimate is valid in the cone K for the functions of class
C∞

c (K \ O) subject to the boundary conditions (2).

Remark 1.3.3. Inequality (15) remains true if we replace τ with τ .

In what follows it is assumed tacitly that v is a function in C∞
c (G \ O, C8), v =

(�u,�v, h, q)T , and v satisfies the boundary conditions (2). As a rule, we only mention that
a function belongs to C∞

c (G \ O) (or some other function class) and is subject to (2).
Our next goal is to extend (15) to the linear set consisting of all linear combinations of

the form u = v +χ
∑

k,s us,k. Here v is in C∞
c (G \O) and satisfies (2). By χ we denote a

cut-off function that is equal to 1 near the point O and vanishes outside a neighborhood
in which G coincides with K. The functions us,k are defined by (14). Since we require
that χus,k ∈ L2(G), the above linear set contains only χus,k with Im λk < 3/2. The
right-hand side M(Dx, Dy, Dz, τ)χus,k belongs to L2(G) because A(Dx, Dy, Dz)us,k = 0
(see Subsection 1.2). Moreover, when proving (15) on D(G), we assume that

Re
∫

G

〈A(∂)u, u〉 dxdydz = 0.

If there is an eigenvalue λk of the pencil A such that Imλk ∈ [1, 3/2[, then, by (13), we
have

Re
∫

G

〈A(∂)w, w〉 dxdydz = 2 Re(αβ)

for w = χ(αus,k + βus,−k). Therefore, for all λk in the strip Imλ ∈ ]1/2, 3/2[, in the
linear set in question we include combinations of the form χ(αs,kus,k + βs,kus,−k) where
αs,k, βs,k are some fixed coefficients satisfying Re αs,kβs,k = 0, |αs,k| + |βs,k| > 0. The
meaning of the latter condition will be explained later. It is easy to see that the proof
of (15) remains valid for the functions in the modified linear set. In the definition and
proposition that follow we summarize the results obtained.

Definition 1.3.4. We denote by D(G) the linear set spanned by the functions of the
following 3 types: the C∞

c (G\O)-functions satisfying the boundary conditions (2) on ∂G;
the functions χus,k for Imλk ≤ 1/2; the functions χ(αs,kus,k + βs,kus,−k) for Imλk ∈
]1, 3/2[, where αs,k, βs,k are some fixed coefficients such that Re αs,kβs,k = 0, |αs,k| +
|βs,k| > 0. The linear set D(K) is defined in the same way with G replaced by K.

Proposition 1.3.5. Estimate (15) is true for any function in D(G).

In what follows we consider only the problem in G. However, all results remain
valid for the problem in K. At the end of the section we formulate the corresponding
statements.

With problem (5), (6) we associate the unbounded operator

v 
→ M(τ)v := M(Dx, Dy, Dz, τ)v

on L2(G). As the domain DM(τ), we take D(G) (see Definition 1.3.4). The operator
M(τ) admits closure. Indeed, let {vk} ⊂ DM(τ) be such that vk → 0 and M(τ)vk → f
in L2(G). Then (M(τ)vk, w) = (vk, M(τ )w) for any w in C∞

c (G). Letting k → +∞, we
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obtain (f, w) = 0, whence f = 0. In what follows we consider the closed operator only,
keeping the notation M(τ) and DM(τ) for the operator and its domain. Clearly, we have

(16) γ‖v; L2(G)‖ ≤ ‖M(τ)v; L2(G)‖

for any v ∈ DM(τ). The next statement follows from (16).

Proposition 1.3.6. KerM(τ) = 0, and the range Im M(τ) of M(τ) is closed in L2(G).

Proposition 1.3.7. Im M(τ) = L2(G).

Proof. It suffices to check that KerM(τ)∗ = {0}. Suppose w ∈ KerM(τ)∗. Then, by the
local properties of solutions of elliptic problems (see [12]), we have w ∈ C∞(G \ O), and
w satisfies the homogeneous problem that is formally adjoint with respect to the Green
formula (4):

M(Dx, Dy, Dz, τ )w = 0, (x, y, z) ∈ G,(17)

Γw = 0, (x, y, z) ∈ ∂G \ O.(18)

In a neighborhood of O, the function w admits an asymptotic representation of the form

w ∼ χ
∑

k

∑
s=1,...,Nk

cs,kVs,k,T .

Here χ stands for a cut-off function equal to 1 near O, and Vs,k,T is the sum of the first
T terms of the formal series

(19) Vs,k(x, y, z, τ) = riλ−k

∞∑
q=0

rq τ̄qΨq(ϑ, ϕ)

(where Ψ0 = Φs,−k), which satisfies (17) and (18); for more details, we refer the reader,
e.g., to [2] or [12]. Since w ∈ DM(τ)∗ ⊂ L2(G), the asymptotics of w may contain only
the sums Vs,k,T such that χVs,k,T ∈ L2(G). Moreover, there are other restrictions on
the terms of the above asymptotics. We find out what functions χus,k are actually in
the domain of M(τ)∗. It is easily seen that χus,k ∈ DM(τ)∗ for λk with Im λk ≤ 1/2.
Consider the eigenvalues of the pencil A in the strip Imλ ∈ ]1/2, 3/2[. The domain
DM(τ) contains terms of the form χ(αs,kus,k + βs,kus,−k) with αs,k, βs,k satisfying
Re αs,kβs,k = 0, |αs,k| + |βs,k| > 0. By (13),(

M(Dx, Dy, Dz, τ)χ(αs,kus,k + βs,kus,−k), χ(cus,k + dus,−k)
)
G

= (1/i)(αs,kd + βs,kc)

+
(
χ(αs,kus,k + βs,kus,−k), M(Dx, Dy, Dz, τ )χ(cus,k + dus,−k)

)
G

.

The functions χ(cus,k+dus,−k) will belong to DM(τ)∗ if we require that αs,kd+βs,kc = 0.
Together with the relation Re αs,kβs,k = 0, this leads to the identity

χ(cus,k + dus,−k) =
c

αs,k
χ(αs,kus,k + βs,kus,−k)

for αs,k �= 0. On the other hand, if αs,k = 0, then βs,k �= 0. Then, since βs,kc = 0, we
obtain c = 0. Thus, the domain DM(τ)∗ admits the same combinations of the functions
χus,k as D(G). Therefore, the functions Vs,k,T corresponding to the eigenvalues of A

in the strip Imλ ∈ ]1/2, 3/2[ are involved in the asymptotics of w in the form of the
combinations αs,kVs,−k,T + βs,kVs,k,T . Now, in order to check that w = 0, it remains to
refer to Remark 1.3.3 and Proposition 1.3.5. �
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We discuss the results obtained. We have proved that the operator M(τ) with domain
D(G) admits closure; here τ = σ − iγ, σ ∈ R, γ > 0. The kernel of the closed operator
is trivial, and the range of this operator coincides with L2(G). The inverse operator is
bounded by (15). The same is true for M(τ). The operator A(Dx, Dy, Dz) with domain
D(G) is symmetric. It follows that, for the closed operator A = A(D), the operator
(A − λ)−1 exists for all λ ∈ C \ R, and A is selfadjoint. Observe that for the linear
set D(G) we can choose various collections {αs,k, βs,k} satisfying Re αs,kβs,k = 0 and
|αs,k| + |βs,k| > 0. This gives rise to various selfadjoint extensions A of A(D). In what
follows, unless otherwise stated, as A we take any of these extensions.

Definition 1.3.8. A solution of the equation (τ + A)u = f with f ∈ L2(G) is called a
strong solution of problem (5), (6).

The next statement summarizes the results of this section.

Theorem 1.3.9. For any f ∈ L2(G) and any τ = σ − iγ (σ ∈ R, γ > 0), problem (5),
(6) with right-hand side f admits a unique strong solution v. This solution satisfies

γ‖v; L2(G)‖ ≤ ‖f ; L2(G)‖.

Remark 1.3.10. Theorem 1.3.9 remains true for problem (5), (6) in K.

Remark 1.3.11. Theorem 1.3.9 is valid for problem (5), (6) in K and in G with τ replaced
by τ .

To complete the subsection, we discuss the condition |αs,k|+ |βs,k| > 0 (see Definition
1.3.4). Assume that |αs0,k0 | + |βs0,k0 | = 0 for some s0, k0. Clearly, (15) is true for
functions in such a linear set, which will be denoted by D1(G). However, the range
of the corresponding closed operator does not coincide with L2(G). The point is that
DM(τ)∗ contains linear combinations χ(αus0,k0 + βus0,−k0) with arbitrary coefficients
α, β, which may fail to satisfy Reαβ = 0. Therefore, (15) cannot be applied to w in
the kernel of M(τ)∗ in order to prove that w = 0 (see the proof of Proposition 1.3.7).
In this case, the kernel of M(τ)∗ is of dimension 1. We construct an element of that
kernel. Let f = M(Dx, Dy, Dz, τ )χus0,k0 . We need the closure M0(τ ) of the operator
M(Dx, Dy, Dz, τ) with domain D0(G), where αs0,k0 = 0, βs0,k0 = 1, and the other αs,k

and βs,k are the same as in D1(G). Let v be a solution of the equation M0(τ )v = f .
Obviously, the element w = v−χus0,k0 belongs to the kernel of M(τ)∗. We show that any
element in the kernel differs from w by a constant factor. Let w̃ ∈ KerM(τ)∗, w̃ �= w.
The asymptotics of w̃ near O involves the term χ(cus0,k0 + dus0,−k0) with some c and d.
Then ˜̃w = w̃ + cw is in DM0(τ ). Since M0(τ ) ˜̃w = 0, we obtain ˜̃w = 0.

1.4. A combined weighted estimate. In this subsection, we prove a more informative
estimate for the solutions of (5), (6) in a bounded domain and in a cone; this estimate
will be used in the study of the asymptotics of solutions near the point O.

Definition 1.4.1. Let Dβ(G) with β ≤ 1 denote the linear set spanned by the functions
of the following three types:

1) the functions in C∞
c (G \ O) satisfying the boundary conditions (2) on ∂G \ O;

2) the functions χus,−k with k > 0 for the eigenvalues λ−k of the pencil A such that
Im λ−k < β + 1/2 and Imλk ≥ β + 1/2;

3) the linear combinations of the form χ(αs,kus,k + βs,kus,−k) for the eigenvalues λk

(k > 0) such that Imλ∓k < β + 1/2, where Re αs,kβs,k = 0, |αs,k| + |βs,k| > 0.

The linear set Dβ(K) is introduced in a similar way.
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Proposition 1.4.2. Let β ≤ 1. Suppose that the line Im λ = β + 1/2 contains no points
of the spectrum of A. Then for v ∈ Dβ(K) we have the inequality

(20)
γ2‖v; H0

β(K)‖2
+ ‖χ|τ |v; H1

β(K, |τ |)‖2

≤ c{‖f ; H0
β(K)‖2

+ (|τ |1−β/γ)
2‖f ; L2(K)‖2},

where f = (τ + A(Dx, Dy, Dz))v, χ|τ |(r) = χ(|τ |r), and χ is a fixed cut-off function of
class C∞

c (K) equal to 1 near the vertex. The constant c is independent of v and τ .

Proof. Step 1. Estimation near the vertex of a cone. We consider the problem (7), (6) in
K. In accordance with Proposition 1.1.1, the problem {A(Dη), Γ} is elliptic. Therefore,
if the line Imλ = β + 1/2 contains no eigenvalues of the pencil A, then any function
U ∈ H1

β(K, 1) such that ΓU = 0 satisfies

‖χU ; H1
β(K)‖2 ≤ c‖A(Dη)χU ; H0

β(K)‖2

(see [12, Chapter 3]). Since AχU = χAU + [A, χ]U and M(Dη, θ) = θ + A(Dη), the
above inequality can be rewritten as

(21) ‖χU ; H1
β(K, 1)‖2 ≤ c{‖χM(Dη, θ)U ; H0

β(K)‖2
+ ‖ψU ; H0

β(K)‖2},

where ψ ∈ C∞
0 (K), χψ = χ.

Step 2. Estimation far from the vertex. At this step we prove that the inequality

(22)
(γ/|τ |)2‖κ∞U ; H0

β(K)‖2

≤ c{‖κ∞M(Dη, θ)U ; H0
β(K)‖2

+ ‖ψ∞U ; H0
β−1(K)‖2},

is valid for every β ∈ R and every U ∈ H1
β(K, 1) satisfying the boundary conditions

ΓU = 0. In this inequality, the constant c is independent of U and τ , and κ∞ and ψ∞
are smooth functions in K equal to 0 near the vertex and to 1 in a neighborhood of
infinity and satisfying κ∞ψ∞ = κ∞.

Suppose κ, ψ ∈ C∞(K), κψ = κ, suppκ ⊂ {(x, y, z) ∈ K : 1/2 < r < 2}, suppψ ⊂
{(x, y, z) ∈ K : 1/4 < r < 4}. By (15), we have

γ2‖κU ; L2(K)‖2 ≤ ‖M(Dx, Dy, Dz, τ)κU ; L2(K)‖2.

Since MκU = κMU + [M, κ]U , we obtain

γ2‖κU ; L2(K)‖2 ≤ c{‖κM(Dx, Dy, Dz, τ)U ; L2(K)‖2 + ‖ψU ; L2(K)‖2}.

In the role of U we take the function (x, y, z) 
→ Uε(x, y, z) = U(x/ε, y/ε, z/ε). Replacing
τ by τ/(|τ |ε), where ε > 0, we rewrite the latter inequality in the form

(γ/|τ |ε)2‖κUε; L2(K)‖2 ≤ c{‖κM(Dx, Dy, Dz, τ/|τ |ε)Uε, L2(K)‖2 + ‖ψUε; L2(K)‖2}.

After the change of variables (x, y, z) 
→ η = (x/ε, y/ε, z/ε), we arrive at the estimate

(γ/|τ |)2‖κεU ; L2(K)‖2 ≤ c{‖κεM(Dη, θ)U ; L2(K)‖2 + ε2‖ψεU ; L2(K)‖2}

with κε(η) = κ(εη). Multiplying this by ε−2β , putting ε = 2−j , j = 1, 2, 3, . . . , and
adding all these inequalities, we obtain (22).

Step 3. Estimation in the intermediate zone. We add inequalities (21) and (22). Suppose
κ∞ = 1 outside the support of χ. Then, on the left-hand side, κ∞ can be dropped because

(γ/|τ |)‖χU ; H0
β(K)‖ ≤ ‖χU ; H0

β(K)‖ ≤ ‖χU ; H1
β(K, 1)‖.
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The resulting inequality takes the form

(γ/|τ |)2‖U ; H0
β(K)‖2

+ ‖χU ; H1
β(K, 1)‖2

≤ c{‖M(Dη, θ)U ; H0
β(K)‖2

+ ‖ψ∞U ; H0
β−1(K)‖2

+ ‖ψU ; H0
β(K)‖2}.

We estimate the last term:

‖ψU ; H0
β(K)‖2 ≤

∫
|η|<a

|η|2β |U |2 dη =
( ∫

0≤|η|≤ε

+
∫

ε≤|η|≤a

)
|η|2β|U |2 dη.

The first integral does not exceed cε2‖χU ; H1
β(K)‖2. Therefore, choosing ε sufficiently

small, we can include this integral in the left-hand side of the inequality. The second
integral is dominated by c‖ψ∞U ; H0

β−1(K)‖2. Now the estimate can be rewritten as

(γ/|τ |)2‖U ; H0
β(K)‖2

+ ‖χU ; H1
β(K, 1)‖2

≤ c{‖M(Dη, θ)U ; H0
β(K)‖2

+ ‖ψ∞U ; H0
β−1(K)‖2}.

After the change of variables (x, y, z) = |τ |−1
η, we obtain

γ2‖v; H0
β(K)‖2

+ ‖χ|τ |v; H1
β(K, |τ |)‖2

≤ c{‖M(Dx, Dy, Dz, τ)v; H0
β(K)‖2

+ ‖ψ∞,|τ |v; H0
β−1(K)‖2},

where ψ∞,|τ |(r) = ψ∞(|τ |r) and χ|τ |(r) = χ(|τ |r), v(x, y, z) = U(|τ |x, |τ |y, |τ |z). Taking
(15) and the inequality β ≤ 1 into account, for the second summand we obtain

‖ψ∞,|τ |v; H0
β−1(K)‖2 ≤

∫
b/|τ |<r

r2(β−1)|v|2 dxdydz

≤ c|τ |2(1−β)
∫
K
|v|2 dxdydz ≤ c|τ |2(1−β)

γ−2‖M(Dx, Dy, Dz, τ)v; L2(K)‖2
.

This leads to (20). �

We introduce the spaces DHβ(G, |τ |) and RHβ(G, |τ |) obtained by completion of the
set C∞

0 (G \ 0) in the norms

‖v;DHβ(G, |τ |)‖ =
(
γ2‖v; H0

β(G)‖2
+ ‖χ|τ |v; H1

β(G, |τ |)‖2)1/2
,

‖f ;RHβ(G, |τ |)‖ =
(
‖f ; H0

β(G)‖2
+ (|τ |1−β

/γ)
2
‖f ; L2(G)‖2)1/2

,

where χ|τ |(x, y, z) = χ(|τ |x, |τ |y, |τ |z) and χ ∈ C∞(G) is a cut-off function equal to 1
near the conical point O and vanishing outside a neighborhood in which G coincides with
K. The spaces DHβ(K, |τ |) and RHβ(K, |τ |) are defined in a similar way. Now, (20)
takes the form

(23) ‖v;DHβ(K, |τ |)‖ ≤ c‖M(Dx, Dy, Dz, τ)v;RHβ(K, |τ |)‖.

Using (23), we prove a similar estimate in the domain G.

Proposition 1.4.3. Let β ≤ 1. Suppose that the line Im λ = β + 1/2 contains no
eigenvalues of the pencil A. If γ > γ0 with sufficiently large γ0, then for any v ∈ Dβ(G)
we have the inequality

(24) ‖v;DHβ(G, |τ |)‖ ≤ c‖M(Dx, Dy, Dz, τ)v;RHβ(G, |τ |)‖

with a constant c independent of v and τ .
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Proof. Let ψ ∈ C∞(G) be a cut-off function equal to 1 near O and vanishing outside a
neighborhood in which G coincides with K. Since v = ψv + (1 − ψ)v, we have

(25) ‖v;DHβ(G, |τ |)‖ ≤ ‖ψv;DHβ(G, |τ |)‖ + ‖(1 − ψ)v;DHβ(G, |τ |)‖.
We estimate the first term on the right. Since ψv ∈ Dβ(K), from (23) we deduce that

‖ψv;DHβ(G, |τ |)‖ ≤ ‖Mψv;RHβ(K, |τ |)‖
≤ c{‖ψMv;RHβ(K, |τ |)‖ + ‖[M, ψ]v;RHβ(K, |τ |)‖},

where M stands for M(Dx, Dy, Dz, τ). Next, we have

‖[M, ψ]v;RHβ(K, |τ |)‖ ≤ {‖[M, ψ]v; H0
β(K)‖ + (|τ |1−β/γ)‖[M, ψ]v; L2(K)‖}

≤ c{‖v; H0
β(G)‖ + (|τ |1−β

/γ)‖v; L2(G)‖}.
Recalling (15), we conclude that

‖[M, ψ]v;RHβ(K, |τ |)‖ ≤ c{‖v; H0
β(G)‖ + (|τ |1−β

/γ) · (1/γ)‖Mv; L2(G)‖}
≤ c{‖v; H0

β(G)‖ + ‖Mv;RHβ(G, |τ |)‖}
for γ > 1. In its turn,

‖ψMv;RHβ(K, |τ |)‖ ≤ c‖Mv;RHβ(G, |τ |)‖.
Thus, we have estimated the first term on the right in (25) :

‖ψv;DHβ(G, |τ |)‖ ≤ c{‖Mv;RHβ(G, |τ |)‖ + ‖v; H0
β(G)‖}.

Now we pass to the second term. The definition of the norm in DHβ(G, |τ |) implies that

‖(1 − ψ)v;DHβ(G, |τ |)‖ ≤ {γ‖(1 − ψ)v; H0
β(G)‖ + ‖χ|τ |(1 − ψ)v; H1

β(G, |τ |)‖}.
For sufficiently large γ, we have χ|τ |(1 − ψ) ≡ 0 because the supports of the factors do
not overlap. Applying (15), we obtain

γ‖(1 − ψ)v; H0
β(G)‖ ≤ cγ‖(1 − ψ)v; L2(G)‖ ≤ c‖M(1 − ψ)v; L2(G)‖

≤ c{‖(1 − ψ)Mv; L2(G)‖ + ‖[M, (1 − ψ)]v; L2(G)‖}
≤ c{‖Mv; H0

β(G)‖ + ‖v; H0
β(G)‖}

≤ c{‖Mv;RHβ(G, |τ |)‖ + ‖v; H0
β(G)‖}.

Collecting the estimates, we rewrite (25) as

‖v;DHβ(G, |τ |)‖ ≤ c{‖Mv;RHβ(G, |τ |)‖ + ‖v; H0
β(G)‖}.

We recall the definition of the norm in DHβ(G, |τ |), choose γ sufficiently large, and
include the second term in the left-hand side. As a result, we obtain (24). �

1.5. The operator of the problem in a scale of weighted spaces. In the subsec-
tion, we study the operator of problem (5), (6) in some spaces related to estimates (23)
and (24). We consider the case of a bounded domain G. The corresponding statements
for the problem in K are formulated at the end of the subsection.

With problem (5), (6) in a bounded domain G with conical point O, we associate
the operator v 
→ Mβ(τ)v := M(Dx, Dy, Dz, τ)v with domain Dβ(G) and acting from
DHβ(G, |τ |) to RHβ(G, |τ |). It is easily seen that the operator Mβ(τ) admits closure
(we keep the same notation for the closed operator). If the line Imλ = β + 1/2 contains
no eigenvalues of the pencil A and β ≤ 1, then for the functions in the domain DMβ(τ)
of the closed operator we have the estimate

(26) ‖v,DHβ(G, |τ |)‖ ≤ c‖Mβ(τ)v,RHβ(G, |τ |)‖.
The next proposition immediately follows from (26).
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Proposition 1.5.1. Let β ≤ 1. Suppose that the line Im λ = β + 1/2 contains no
eigenvalues of the pencil A. Then the kernel of the operator KerMβ(τ) is trivial, and the
range Im Mβ(τ) is closed in RHβ(G, |τ |).

Let 1/2 > β1 > β2 > · · · be all numbers in ]−∞, 1/2[ such that the line Imλ = βk+1/2
contains an eigenvalue of A. We denote by Sm the sum of the multiplicities of all the
eigenvalues of A in the strip Imλ ∈ [βm + 1/2; β1 + 1/2].

Definition 1.5.2. A solution of the equation Mβ(τ)v = f , where f ∈ RHβ(G, |τ |), is
called a strong β-solution of the problem (5), (6) with right-hand side f .

Theorem 1.5.3. A) Suppose β ∈ [β1, 1] and the line Im λ = β + 1/2 contains no
eigenvalues of the pencil A. If γ > γ0 with sufficiently large γ0, then, for any f ∈
RHβ(G, |τ |), problem (5), (6) with right-hand side f admits a unique strong β-solution
v, and

‖v;DHβ(G, |τ |)‖ ≤ c‖f ;RHβ(G, |τ |)‖.
B) Assume that β ∈ ]βm+1, βm[. A strong β-solution of the problem (5), (6) with

right-hand side f ∈ RHβ(G, |τ |) exists (and is unique) if Sm conditions (f, ws,k)G = 0
are fulfilled, where {ws,k}s=1,...,Nk

k=−1,...,−m is a basis in KerMβ(τ)∗. Such a solution satisfies
the estimate in A).

Proof. A) Suppose that w ∈ KerMβ(τ)∗, where Mβ(τ)∗ is the operator adjoint to Mβ(τ)
with respect to the extension of the inner product on L2(G). By the local properties of
solutions of elliptic problems (see, e.g., [12]), w belongs to C∞

c (G \ O) and satisfies (17),
(18). Moreover, in a neighborhood of O we have an asymptotic representation of the
form

w ∼ χ
∑

k

∑
s=1,...,Nk

cs,kVs,k,T ,

where Vs,k,T is the sum of the first T terms in the formal series (19). For τ fixed, the
quantity ( ∫

G

|v|2(1 + r2β)−1 dxdydz

)1/2

is an equivalent norm on RHβ(G, |τ |)∗. If β ≥ 0, then w ∈ RHβ(G, |τ |)∗ ⊂ L2(G). Since
(Mβ(τ)u, v)G = (u, Mβ(τ)∗v)G, the asymptotics near O of the functions in DMβ(τ)∗

may contain terms Vs,k,T corresponding to the eigenvalues in the strip Imλ ∈ ]1/2, 3/2[
only in the form of combinations αs,kVs,−k,T + βs,kVs,k,T (see the proof of Proposition
1.3.7). The coefficients {αs,k, βs,k} are the same as in the linear set Dβ(G) on which the
operator Mβ(τ) had been given initially before it was extended by closure. Then w is
in L2(G) and has an asymptotics compatible with the membership relation w ∈ DM(τ ),
where the operator M(τ ) is obtained by closure from the operator given initially on the
lineal D(G) with the same coefficients {αs,k, βs,k} as in Dβ(G). Using estimate (15) and
Remark 1.3.3, we see that w = 0.

Suppose β ∈ [β1, 1] and β < 0. This means that the strip Imλ ∈ [β1 + 1/2, 3/2]
contains no eigenvalues of the pencil A. The results on the asymptotics of solutions of
elliptic problems (see [12]) show that for w we have an asymptotic representation of the
form

w = χ
∑
s,k

cs,kVs,k,T + v,

where v ∈ RHβ′(G, |τ |)∗, β′ ∈ [0, 1[, and the sum contains the Vs,k,T corresponding to
the eigenvalues of A in the strip Imλ ∈ [β + 1/2, β′ + 1/2]. Since this strip contains no
points of the spectrum, we have w = v and w ∈ RHβ′(G, |τ |)∗ ⊂ L2(G). For β′ ≥ 0, the
above argument leads to w = 0.
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B) Assume that β ∈ ]βm+1, βm[. We construct a certain collection of Sm functions
and prove that it is a basis in KerMβ(τ)∗. This will prove the theorem, because the
range of Mβ(τ) is closed in RHβ(G, |τ |) and the kernel is trivial. Let M(τ) and M(τ )
be the closures of the differential expressions M(Dx, Dy, Dz, τ) and M(Dx, Dy, Dz, τ ),
respectively, defined on the linear set D(G) with αs,k = 0 and βs,k = 1. Recall that Vs,k,T

is the sum of first T terms in (19). It is easily seen that M(Dx, Dy, Dz, τ )χVs,k,T =
O(rIm λk−2+T ) near the point O. We choose a sufficiently large T so as to have the
inclusion M(Dx, Dy, Dz, τ ) χVs,k,T := Fs,k,T ∈ L2(G). For the eigenvalues of A in the
strip Imλ ∈ ]1/2, 1[, it suffices to take the first term Vs,k,1(r, ϑ, ϕ) = riλ−k Φs,−k(ϑ, ϕ) =
us,−k(r, ϑ, ϕ). For the eigenvalues with imaginary part at most 1/2, we must take more
terms. The strip Im λ ∈ [βm + 1/2, β1 + 1/2] contains precisely m eigenvalues of A. Let
λk be in this strip. The corresponding function Fs,k,T is in L2(G). By Theorem 1.3.9,
the equation M(τ)ws,k,T = Fs,k,T has a solution. Put ws,k := χVs,k,T − ws,k,T . We
construct such functions for all eigenvalues of A in the strip Imλ ∈ [βm + 1/2, β1 + 1/2].
For each λp there are Np such functions. It is not hard to see that ws,k satisfies (17) and
(18) and belongs to RHβ(G, |τ |)∗. We show that the ws,k are in the kernel of Mβ(τ)∗.
Suppose f ∈ C∞(G) ∩ RHβ(G, |τ |). Since f ∈ RHβ(G, |τ |) ⊂ L2(G), Theorem 1.3.9
implies the existence of v ∈ L2(G) such that M(τ)v = f . Near the point O, the function
v admits the asymptotic representation

v = χ
∑

ds,kUs,k,T + h,

where Us,k,T denotes the sum of the first T terms of the formal series

(27) Us,k(r, ϑ, ϕ) = riλk

∞∑
q=0

rqτqΨq(ϑ, ϕ),

where Ψ0 = Φs,k. For the linear set D(G), all the coefficients αs,k vanish; therefore,
v contains the terms corresponding to the eigenvalues in the strip Imλ ∈ [βm + 1/2,
β1 + 1/2[. The remainder h is o(riλm ). The number T is taken large enough that
χriλk+T+1ΨT decays more rapidly than riλm as r → 0. The coefficients ds,k are calculated
by the formulas ds,k = i(f, ws,k) (see [12, Chapters 3, 4]). The identities (f, ws,k) = 0 for
all the ws,k that we have constructed are implied by the condition v ∈ DHβ(G, |τ |). Thus,
the ws,k are in the kernel of Mβ(τ)∗. We show that they form a basis in KerMβ(τ)∗.
Let w ∈ KerMβ(τ)∗. Then, near the point O, we have

w = χ
∑

cs,kVs,k,T + h,

where the sum involves the functions corresponding to the eigenvalues of A in the strip
Im λ ∈ [βm +1/2, β1+1/2], and the remainder h is in L2(G). We put z = w−

∑
cs,kws,k.

The function z belongs to L2(G). The asymptotics involves the terms corresponding to
the eigenvalues satisfying Imλ ≤ 1. Therefore, z ∈ DM(τ ). Since M(τ)z = 0, we have
z = 0 and w =

∑
cs,kws,k. �

Remark 1.5.4. Theorem 1.5.3 remains valid for problem (5), (6) in the cone K.

The above proof applies almost without changes for the problem in K. There is only
one distinction. For the problem in K, a question arises about the behavior at infinity of
the functions belonging to the cokernel. Using (22), we can check that these functions
decay more rapidly than any power of r.

1.6. The asymptotics of solutions. Suppose f ∈ RHβ(G, |τ |) and β ∈ ]βm+1, βm[.
Since RHβ(G, |τ |) ⊂ L2(G), the problem (5), (6) admits a unique strong solution u (The-
orem 1.3.9). By Theorem 1.5.3, this solution is in DHβ(G, |τ |) provided (f, ws,k)G =
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0 with k = −1, . . . ,−m and s = 1, . . . , Nk, where {ws,k}s=1,...,Nk

k=−1,...,−m is the basis in
KerMβ(τ)∗ constructed in the proof of Theorem 1.5.3. For any f , we obtain an as-
ymptotic formula for the strong solution with remainder in DHβ(G, |τ |).

Theorem 1.6.1. Assume that f ∈ RHβ(G, |τ |), β ∈ ]βm+1, βm[, and γ > γ0 with
sufficiently large γ0. Then the strong solution u of problem (5), (6) with right-hand side
f admits the representation

(28) u = χ|τ |
∑

cs,kUs,k,T + w.

Here Us,k,T denotes the sum of the first T terms of the formal series (27), w is an element
of DHβ(G, |τ |), and χ|τ |(r) = χ(|τ |r), where χ is a cut-off function equal to 1 near the
point O and vanishing outside a neighborhood in which the domain G coincides with the
cone K. The sum consists of the terms corresponding to the eigenvalues of the pencil A

in the strip Im λ ∈ [βm + 1/2, 1[. The coefficients cs,k are given by

cs,k = i(f, ws,k)G.

The estimates

|cs,k| ≤ c|τ |β+1/2−Im λk‖f ;RHβ(G, |τ |)‖,
‖w;DHβ(G, |τ |)‖ ≤ c(|τ |/γ)‖f ;RHβ(G, |τ |)‖

are valid with a constant c independent of τ .

Proof. As in the proof of Theorem 1.5.3, we need the operators M(τ, G) and M(τ, G) ob-
tained by closure of the differential expressions M(Dx, Dy, Dz, τ) and M(Dx, Dy, Dz, τ )
(respectively) on the linear set D(G) with αs,k = 0, βs,k = 1. Let {ws,k} denote the
basis in KerMβ(τ, G)∗ constructed in the proof of Theorem 1.5.3 with the help of the
operator M(τ, G), and let M(θ,K) and M(θ,K) be the corresponding operators for the
problem (7), (6) in the cone K. The coefficients {αs,k, βs,k} in D(K) are the same as
in D(G). We denote by {Ws,k} the basis in KerMβ(θ,K)∗ constructed with the help of
M(θ,K) in the same way as the basis {ws,k} was constructed in KerMβ(τ, G)∗ with the
help of M(τ , G). Let Us,k stand for the formal series similar to (27) and satisfying (7),
(6).

Note that the coefficients {αs,k, βs,k} indicated above were chosen for convenience
only. We could take any collection obeying Reαs,kβs,k = 0, |αs,k| + |βs,k| > 0. This
would give rise to new operators M(τ, G) and M(τ, G) and to another basis {w̃s,k}
in KerMβ(τ, G)∗. The new formula (28) would contain the terms cs,k(αs,kUs,−k,T +
βs,kUs,k,T ) corresponding to the eigenvalues of A in the strip Imλ ∈ ]1/2, 3/2[. The
formulas for the coefficients cs,k and the estimates in the statement of the theorem do
not change.

Let u be a solution of the equation M(τ, G)u = f , and let h := M(τ, G)χu. We
denote by U a solution of the equation M(θ,K)U = H with H(η) = (1/|τ |)h(η/|τ |),
η = (|τ |x, |τ |y, |τ |z). Since a strong solution is unique, we have U(η) = χ(η/|τ |)u(η/|τ |).
The properties of solutions of elliptic problems in domains with singularities show that

(29) U(η) = ζ(η)
∑

ds,kUs,k,T (η) + V(η)

in a neighborhood of O. This sum involves the functions Us,k,T corresponding to the eigen-
values of A in the strip Imλ ∈ [βm+1/2, 1[, and T is taken so large that χriλk+T+1ΨT+1 ∈
H1

β(K). The coefficients ds,k are defined by ds,k = i(H,Ws,k)K. The function ζV is in
H1

β(K). We describe the properties of V in more detail. For this, we consider the equation
M(θ,K)Ṽ = H̃ , where H̃ = H − M(Dη, θ)(ζ

∑
ds,kUs,k,T ) and the sum is the same as
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in (29). Since (H̃,Ws,k)K = 0, Theorem 1.5.3 and Remark 1.5.4 imply Ṽ ∈ DHβ(K, 1).
But M(θ,K)V = H̃ , and we see that V = Ṽ and V ∈ DHβ(K, 1).

In order to estimate the coefficients ds,k in terms of the norm of f , we note that
ds,k = i(H,Ws,k)K, whence

|ds,k| ≤ c‖H ;RHβ(K, 1)‖ ≤ c|τ |β+1/2‖h;RHβ(K, |τ |)‖.
Since h = χf + [M, χ]u, we obtain

‖h;RHβ(K, |τ |)‖ ≤ ‖f ;RHβ(G, |τ |)‖ + ‖[M, χ]u;RHβ(K, |τ |)‖.
If γ > γ0 with sufficiently large γ0, then

‖[M, χ]u;RHβ(K, |τ |)‖ ≤ ‖[M, χ]u;RHβ(G, |τ |)‖
≤ c{‖u; L2(G)‖ + (|τ |1−β

/γ)‖u; L2(G)‖}
≤ c{(1/γ)‖f ; L2(G)‖ + (|τ |1−β/γ2)‖f ; L2(G)‖}
≤ c‖f ;RHβ(G, |τ |)‖.

Thus, we have
|ds,k| ≤ c|τ |β+1/2‖f ;RHβ(G, |τ |)‖

with a constant c independent of τ . Since U(η) = χ(r)u(x, y, z), near the point O we
can write

χ(x, y, z)u(x, y, z) = ζ(|τ |r)
∑

ds,kUs,k,T (|τ |x, |τ |y, |τ |z, τ/|τ |) + V(|τ |x, |τ |y, |τ |z).

Using the identity

Us,k,T (|τ |x, |τ |y, |τ |z, τ/|τ |) =
T∑

q=0

(|τ |r)iλk+q(τ/|τ |)qΨs(ϑ, ϕ)

= |τ |iλkUs,k,T (r, ϑ, ϕ, τ),

finally we obtain

u(x, y, z) = ζ(|τ |r)
∑

cs,kUs,k,T (x, y, z, τ) + w(x, y, z)

with cs,k = |τ |iλk ds,k. It is not hard to verify that χw ∈ H1
β(K) and cs,k = i(f, ws,k)G.

The estimate on ds,k obtained above leads to the inequality

|cs,k| ≤ c|τ |β+1/2−Im λk‖RHβ(G, |τ |)‖.

Consider the remainder w. Since M(τ, G)w = f̃ , where

f̃ = f − M(Dx, Dy, Dz, τ)
(
ζ|τ |

∑
cs,kUs,k,T

)
and (f̃ , ws,k)G = 0, Theorem 1.5.3 shows that w ∈ DHβ(G, |τ |) and

‖w;DHβ(G, |τ |)‖

≤ c{‖f ;RHβ(G, |τ |)‖ + ‖M(Dx, Dy, Dz, τ)(ζ|τ |
∑

cs,kUs,k,T );RHβ(G, |τ |)‖}.

Recalling the estimate on cs,k and the explicit form of M(Dx, Dy, Dz, τ)Us,k,T , we ma-
jorize the last term, obtaining

‖w;DHβ(G, |τ |)‖ ≤ c(|τ |/γ)‖f ;RHβ(G, |τ |)‖. �

Remark 1.6.2. Theorem 1.6.1 remains valid for problem (5), (6) in K.
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1.7. The nonstationary problem in the cylinders Q and Q. Applying the inverse
Fourier transform F−1

τ→t, we pass from problem (5), (6) to problem (1), (2).

Definition 1.7.1. Let f ∈ V 0
0 (Q, γ), and let û(x, y, z, τ) be the strong solution of prob-

lem (5), (6) in G with the right-hand side f̂(x, y, z, τ) = Ft→τf(x, y, z, t). The function
u defined by u(x, y, z, t) = F−1

τ→tû(x, y, z, τ) is called the strong solution of problem (1),
(2) with right-hand side f in Q.

The next result follows from Theorem 1.3.9.

Theorem 1.7.2. For every f ∈ V 0
0 (Q, γ) and every γ > 0, problem (1), (2) with right-

hand side f admits a strong solution v. Moreover,

γ‖v; V 0
0 (Q, γ)‖ ≤ ‖f ; V 0

0 (Q, γ)‖.

We fix a cut-off function χ ∈ C∞(G) equal to 1 near O and vanishing outside a
neighborhood in which the domain G coincides with the cone K. We put

Xu(x, y, z, t) = F−1
τ→tχ(|τ |r)Ft′→τu(x, y, z, t′),

Λµu(x, y, z, t) = F−1
τ→t|τ |µFt′→τu(x, y, z, t′)

and introduce the spaces DV β(Q, γ), RV β(Q, γ) equipped with the norms

‖u;DV β(Q, γ)‖ =
(
γ2‖u; V 0

β (Q, γ)‖2 + ‖Xu; V 1
β (Q, γ)‖2

)1/2
,

‖f ;RV β(Q, γ)‖ =
(
‖f ; V 0

β (Q, γ)‖2 + (1/γ2)‖Λ1−βf ; V 0
0 (Q, γ)‖2

)1/2
.

Definition 1.7.3. Let f ∈ RV β(Q, γ), and let û(x, y, z, τ) be the strong β-solution
of the problem (5), (6) in G with right-hand side f̂(x, y, z, τ) = Ft→τf(x, y, z, t). The
function u defined by u(x, y, z, t) = F−1

τ→tû(x, y, z, τ) is called the strong β-solution of
problem (1), (2) in Q with right-hand side f .

The next result follows from Theorem 1.5.3.

Theorem 1.7.4. 1) For β ∈ [β1, 1], suppose that the line Im λ = β + 1/2 is free from
the spectrum of A. Let γ > γ0 with sufficiently large γ0. Then problem (1), (2) with any
right-hand side f ∈ RV β(Q, γ) admits a unique strong β-solution v. Moreover,

‖v;DV β(Q, γ)‖ ≤ c‖f ;RV β(Q, γ)‖.
2) For β ∈ ]βm+1, βm[, a strong β-solution of the problem (1), (2) with right-hand side

f ∈ RV β(Q, γ) exists (and is unique) if for all τ = σ − iγ (σ ∈ R, γ > 0) the conditions
(f̂(·, τ), ws,k(·, τ ))G = 0 are fulfilled, where {ws,k}s=1,...,Nk

k=−1,...,−m is a basis in KerMβ(τ)∗.
If such a solution exists, it satisfies the inequality in 1).

Finally, we formulate the theorem obtained from Theorem 1.6.1 by the inverse Fourier
transform. As the spatial part in (1), we take the operator A that is the closure of the
operator A(Dx, Dy, Dz) on the domain D(G) with αs,k = 0.

Theorem 1.7.5. Suppose f ∈ RV β(Q, γ), where γ > γ0 with sufficiently large γ0, and
β ∈ ]βm+1, βm[. Then the strong solution of problem (1), (2) admits the representation

u(x, y, z, t) =
∑

Us,k,T (r, ϕ, ϑ, Dt)(Xčs,k)(x, y, z, t) + w(x, y, z, t),

where w ∈ DV β(Q, γ). The sum consists of the terms corresponding to the eigenvalues
of the pencil A in the strip Im λ ∈ [βm + 1/2, 1[. The coefficients are defined by čs,k(t) =
F−1

τ→tcs,k(τ) with cs,k = i(f̂(·, τ), ws,k(·, τ ))G, or, equivalently,

čs,k(t) =
∫

G

dxdydz

∫
R

ds 〈f(x, y, z, t − s), Ws,k(x, y, z, s)〉R8 ,
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where Ws,k(x, y, z, t) = F−1
τ→tws,k(x, y, z, τ). Moreover,

‖e−γtčs,k(·); HImλk−β−1/2(R)‖ ≤ c‖f ;RV β(Q, γ)‖,
‖w;DV β(Q, γ)‖ ≤ (c/γ)‖Λf ;RV β(Q, γ)‖.

The strong solutions and the strong β-solutions of problem (1), (2) in Q can be defined
in the same way as in the cylinder Q (see Definitions 1.7.1 and 1.7.3).

Remark 1.7.6. All theorems in this subsection remain valid for the problem (1), (2) in
Q.

1.8. Explicit formulas for ws,k and Ws,k in the case of the problem in the cone
K. By Theorem 1.6.1 and Remark 1.6.2, the strong solution u of problem (5), (6) in K
with right-hand side f ∈ RHβ(K, |τ |) admits the asymptotic representation

u(x, y, z) = χ|τ |(r)
∑

cs,kUs,k,T (x, y, z, τ) + w(x, y, z).

The coefficients cs,k are defined by

cs,k(τ) =
∫
K

dxdydz 〈f(x, y, z, τ), ws,k(x, y, z, τ)〉C,

where {ws,k}s=1,...,Nk

k=−1,...,−m is the same basis in KerMβ(τ,K)∗ as before. We recall some
properties of the functions ws,k. They solve the homogeneous problem (5), (6) with τ in
place of τ . In a neighborhood of the conical point, we have

ws,k = riλ−k Φs,−k(ϑ, ϕ) + o(riλ−k ).

In this section, we obtain explicit formulas for the functions ws,k and their Fourier trans-
forms. We denote ws,k(x, y, z, τ) by hs,k(x, y, z, τ). Since M(Dx, Dy, Dz, τ )ws,k = 0, we
have M(Dx, Dy, Dz,−τ)hs,k = 0. In the spherical coordinates (r, ϑ, φ), the operator A
takes the form

A(∂) = A1(ϑ, ϕ)∂/∂r +
1
r
A2(ϑ, ϕ)∂/∂ϑ +

1
r
A3(ϑ, ϕ)∂/∂ϕ.

We shall seek hs,k in the form

hs,k(x, y, z, τ) = riλ−k (iτξ(r)I + ξ′(r)A1(ϑ, ϕ))Φs,−k(ϑ, ϕ),

where ξ is a scalar function. Such a representation of hs,k is motivated by the corre-
sponding argument for the Helmholtz equation (see [3]) and by the identity

M(Dx, Dy, Dz, τ)M(−Dx,−Dy,−Dz, τ) = ∆ + τ2.

We substitute the above expression for hs,k in the equation (−τ + A(D))hs,k = 0; using
(10), we arrive at

ξ′′ +
2(iλ−k + 1)

r
ξ′ + τ2ξ = 0.

Choose the solution ξ(r) = crνKν(iτr) with ν = −(2iλk + 1)/2 . The coefficient

c = (iτ)ν−121−ν/Γ(ν)

is determined by the behavior of hs,k near the vertex of K. Then

hs,k(x, y, z, t) = riλ−k
21−ν

Γ(ν)
{
(iτr)νKν(iτr)I − (iτr)νKν−1(iτr)A1(ϑ, ϕ)

}
Φs,−k(ϑ, ϕ).

We apply the inverse Fourier transform. It is known (see [14]) that

22µΓ(2µ + 1)(p/r)−2µ
K2ν(rp) =

∫
R

exp(−pt)P (t) dt, Re µ > −1/4,
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where

P (t) = θ(t − r)π1/2(t2 − r2)
(4µ−1)/2

F (µ − ν, µ + ν, 2µ + 1/2, 1 − t2/r2),

and F (a, b, c, z) is the hypergeometric function. Then

(iτ)νKν(iτr) =
2−µ

Γ(µ + 1/2)
rν−NFt→τ (d/dt)NTN (r, t, µ, ν),

where

TN (r, t, µ, ν) = θ(t − r)π1/2(t2 − r2)
µ−1/2

F ((µ − ν)/2, (µ + ν)/2, µ + 1/2, 1− t2/r2),

µ = [ν] − ν + m, N = [ν] + m,

and m is an arbitrary positive integer. The Fourier transform and differentiation are
understood in the sense of distributions.

Thus, in accordance with Theorem 1.7.5 and Remark 1.7.6, the strong solution U
of problem (1), (2) in Q with right-hand side F ∈ RV β(Q, γ) admits the asymptotic
representation

U(x, y, z, t) =
∑

Us,k,T (r, ϕ, ϑ, Dt)(Xčs,k)(x, y, z, t) + w(x, y, z, t),

where
čs,k(t) =

∫
K

dxdydz

∫
R

ds 〈F(x, y, z, t − s), Ws,k(x, y, z, s)〉R8 .

Moreover,

Ws,k(x, y, z, t) = F−1
τ→ths,k(x, y, z, τ)

= riλ−k
21−ν−µ

Γ(ν)Γ(µ + 1/2)
rν−µ

× {(d/dt)NTN (r, t, µ, ν) − (d/dt)NTN−1(r, t, µ, ν − 1)A1(ϑ, ϕ)}Φs,−k(ϑ, ϕ).

We discuss some properties of čs,k that follow from those of Ws,k and from the formula
for čs,k. Observe that suppWs,k = {(x, y, z, t) ∈ K × R : r < t}, and sing supp Ws,k =
{(x, y, z, t) ∈ K × R : r = t}. Suppose the right-hand side F is a smooth function with
suppF ⊂ {(x, y, z, t) ∈ K × R : R1 < r < R2, t > 0}. Then the coefficients čs,k are
smooth, and čs,k(t) = 0 for t < R1. Thus, we have the “forward edge” phenomenon at
the level of the coefficients. Now, suppose that the singular support sing suppF of the
right-hand side F is located in the set {(x, y, z, t) : R1 < r < R2, 0 < t < t0}. Then the
čs,k(t) vanish for t < R1 and are smooth for t > t0 +R2. In other words, the “back edge”
phenomenon occurs: the coefficients become smooth after the vertex of K is abandoned
by the perturbation coming from the singular support of the right-hand side.

§2. The problem in a wedge and in a waveguide with edge

2.1. Preliminaries. Statement of the problem. Let K = {(r, ϕ) : r > 0, |ϕ| < α}
be an angle of opening 2α on the plane R2

x,y, where (r, ϕ) are the polar coordinates
centered at O. We denote by D = K × R the wedge with the edge M = O × R. We
introduce some function spaces. For s ∈ N, β ∈ R, let Hs

β(K) and Hs
β(D) denote the

spaces obtained from C∞
c (K \ O) and C∞

c (D \ M) by completion with respect to the
norms

‖u; Hs
β(K)‖ =

( ∑
|α|≤s

∫
K

r2(β+|α|−s)|Dα
x,yu(x, y)|2 dxdy

)1/2

,

‖v; Hs
β(D)‖ =

( ∑
|α|≤s

∫
D

r2(β+|α|−s)|Dα
x,y,zv(x, y, z)|2 dxdydz

)1/2

.
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(Here and in the sequel, r = (x2 + y2)1/2.) For q > 0, the spaces Hs
β(K, q), Hs

β(D, q) are
equipped with the norms

‖u; Hs
β(K, q)‖ =

( s∑
k=0

q2k‖u; Hs−k
β (K)‖2

)1/2

,

‖u; Hs
β(D, q)‖ =

( s∑
k=0

q2k‖u; Hs−k
β (D)‖2

)1/2

.

Now, we define function spaces in the cylinder T = D × R. Let Hs
β(T) stand for the

completion of C∞
c ((D \ M) × R) in the norm

‖w; Hs
β(T)‖ =

( ∑
|α|≤s

∫
D

∫
R

r2(β+|α|−s)|Dα
x,y,z,tw(x, y, z, t)|2 dxdydz dt

)1/2

.

For q > 0, the space Hs
β(T, q) is equipped with the norm

‖u; Hs
β(T, q)‖ =

( s∑
k=0

q2k‖u; Hs−k
β (T)‖2

)1/2

.

Finally, for γ > 0, V s
β (T, γ) denotes the space with the norm

‖w; V s
β (T, γ)‖ = ‖wγ ; Hs

β(T, γ)‖,

where wγ = e−γtw.
Let Ω ⊂ R2 be a bounded domain with a corner point O. We assume that the domain

Ω coincides with K in a neighborhood of O. Off the point O, the boundary of Ω is
smooth. We denote by Σ the waveguide Ω × R with edge O × R, and by T the cylinder
Σ × R. In the domains Ω, Σ, and T , we shall consider function spaces similar to those
defined in K, D, and T.

We turn to problem (1), (2) in T and T . Assume that τ = σ − iγ, σ ∈ R, γ > 0, and
ξ ∈ R. Applying the Fourier transform F(z,t)→(ξ,τ) to (1), (2), we obtain a problem in K

or in Ω

(30) τ Û + A(Dx, Dy, ξ)Û = F̂
with parameter (ξ, τ) and with the boundary conditions

(31) �n × �̂u = 0, (�n · �̂v) = 0, ĥ = 0.

When dealing with the problem in K, we put η = (px, py), where p = (|τ |2 + |ξ|2)1/2.
Denoting (ξ/p, τ/p) by θ, we introduce the notation M(Dη, θ) = τ/p + A(Dη, ξ/p),
U(η, ξ, τ) = Û(p−1η, ξ, τ), and F (η, , ξ, τ) = p−1F̂(p−1η, ξ, τ), and rewrite (30) in the
form

(32) M(Dη, θ)U = F.

We also need the function space El
β(K) obtained from C∞

c (K \ O) by completion in the
norm

‖u; El
β(K)‖ =

( ∑
|α|<l

‖rβ(1 + r|α|−l)Dα
x,yU ; L2(K)‖2

)1/2

.

Observe that the norms ‖·; El
β(K)‖ and ‖·; H l

β(K, 1)‖ are equivalent. The notation El
β(K)

was used in [12]; we introduced the spaces El
β(K) for convenience of references. The next

assertion was proved in [12, Lemma 6.1.2].
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Proposition 2.1.1. The norms ‖w; H l
β(D)‖ and( ∫

R

|ξ|2(l−β)−2‖W (·, ξ); El
β(K)‖2 dξ

)1/2

,

where W (ζ, ξ) = (Fz→ξw)(|ξ|−1ζ, ξ) and ζ = (|ξ|x, |ξ|y), are equivalent.

2.2. Operator pencil. We define the operator pencil

B(λ)Φ(ϕ) = r1−iλA(Dx, Dy, 0)riλΦ(ϕ)

for the functions Φ ∈ H1[−α, α] such that riλΦ(ϕ) satisfy (31) on ∂K. If Φ(ϕ) =
(�u(ϕ), �v(ϕ), h(ϕ), q(ϕ)), then the boundary conditions can be written as

h(α) = h(−α) = u3(α) = u3(−α) = 0,

u1(α) cos α + u2(α) sin α = 0,

u1(−α) cos α − u2(−α) sin α = 0,

v1(α) sin α − v2(α) cos α = 0,

v1(−α) sin α + v2(−α) cosα = 0.

In the polar coordinates, the operator A(Dx, Dy, 0) takes the form

(33) A(Dx, Dy, 0) = A1(ϕ)Dr + r−1A2(ϕ)Dϕ,

where A1 and A2 are (8 × 8)-matrices. Let G denote the matrix A(0, 0, 1). We have

(34)

A1 · A1 = I, A2 · A2 = I, A1 · A2 + A2 · A1 = 0,

dA1

dϕ
= A2,

dA2

dϕ
= −A1,

G · G = I, A1 · G + G · A1 = 0, G · A2 + A2 · G = 0.

The eigenfunctions and eigenvalues of the pencil B are determined by the equation
B(λ)Φ = 0. Rewriting this explicitly, and taking (33) into account, we obtain

(35) λA1(ϕ)Φ(ϕ) + A2(ϕ)DϕΦ(ϕ) = 0.

The formulas for A1 and A2 and the boundary conditions for Φ show that the eigenfunc-
tions and eigenvalues of B can be found by solving two Sturm–Liouville problems for the
system {

da/dϕ + iλb = 0,

db/dϕ − iλa = 0.

The boundary conditions for these problems are as follows:
1) a(α) = a(−α) = 0,

2) a(α) sin α − b(α) cosα = 0, a(−α) sin α + b(−α) cosα = 0.

Thus, the spectrum of B consists of two sequences of eigenvalues:

λk,1 = i
πk

2α
, λk,2 = i(

πk

2α
+ 1), k ∈ Z.

By using the relationship between the above Sturm–Liouville problems and equation
(35), it can be shown that two linearly independent eigenfunctions correspond to every
eigenvalue, and that there are no root functions. Moreover, the eigenvalues λk,1 corre-
spond to the components h, q, u3, and v3 while the λk,2 correspond to u1, u2, v1, and
v2. The eigenvalues of B are located symmetrically with respect to the point i/2. If i/2
is an eigenvalue, then we denote it by λ0. We assume that the λk with k > 0 denote the
eigenvalues of B with Im λk > 1/2 and enumerate them in such a way that the imaginary
parts increase with k. By λ−k with k > 0 we denote the eigenvalue symmetric to λk
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with respect to the point i/2. The same argument as in Subsection 1.2 shows that the
eigenfunctions {Φs,∓k}s=1,2 corresponding to λ∓k can be chosen so that they satisfy the
orthogonality and normalization conditions∫ α

−α

〈∂λB(λk)Φs,k, Φp,−k〉 dϕ = δs,p.

If Φ is an eigenfunction of B corresponding to λk, then GΦ is also an eigenfunction
corresponding to the same eigenvalue λk.

The properties of the pencil B discussed in this subsection are summarized in the
proposition below.

Proposition 2.2.1. 1) Two linearly independent eigenfunctions {Φs,k}s=1,2 satisfying
GΦ1,k = Φ2,k correspond to every eigenvalue λk of B with k �= 0. There are no root
functions. The eigenfunctions can be chosen so that

(36)
∫ α

−α

〈A1(ϕ)Φs,k(ϕ), Φp,m(ϕ)〉 dϕ = δs,p · δk,−m.

2) If α = π, then λ0 = i/2 is an eigenvalue of the pencil B. There are four linearly in-
dependent eigenfunctions {Φs,∓0}s=1,2 corresponding to this eigenvalue. These functions
can be chosen so that they satisfy the orthogonality and normalization conditions∫ α

−α

〈A1(ϕ)Φs,∓0(ϕ), Φp,±0(ϕ)〉 dϕ = δs,p,∫ α

−α

〈A1(ϕ)Φs,±0(ϕ), Φp,±0(ϕ)〉 dϕ = 0,∫ α

−α

〈A1(ϕ)Φs,k(ϕ), Φp,±0(ϕ)〉 dϕ = 0

for k �= 0.

We put

(37) vs,k = riλk Φs,k, vs,∓0 = riλ0Φs,∓0.

The functions vs,k solve the boundary value problem A(Dx, Dy, 0)vs,k = 0, Γvs,k = 0 in
K.

2.3. On the properties of the operator A(D). Consider the following elliptic prob-
lem in the wedge D:

(38)

{
A(Dx, Dy, Dz)U(x, y, z) = F(x, y, z), (x, y, z) ∈ D,

ΓU(x, y, z) = H(x, y, z), (x, y, z) ∈ ∂D \ M.

In this section, we study the operator Aβ for problem (38),

Aβ = {A(D), Γ} : H1
β(D) → H0

β(D) × H
1/2
β (∂D),

and find the numbers β for which this operator is an isomorphism. Applying the Fourier
transform Fz→ξ to (38), we obtain a family

(39)

{
A(Dx, Dy, ξ)Û(x, y, ξ) = F̂(x, y, ξ), (x, y) ∈ K,

ΓÛ(x, y, ξ) = Ĥ(x, y, ξ), (x, y) ∈ ∂K \ O,

of problems in K. The new variables

η = |ξ|(x, y), ω = ξ/|ξ|,
U(η, ξ) = Û(η/|ξ|, ξ), F (η, ξ) = |ξ|−1F̂(η/|ξ|, ξ), H(η, ξ) = Ĥ(η/|ξ|, ξ)
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allow us to rewrite (39) in the form

(40)

{
A(Dη, ω)U(η, ξ) = F (η, ξ), η ∈ K,

ΓU(η, ξ) = H(η, ξ), η ∈ ∂K \ O.

Consider the operator

Aβ(ω) = {A(Dη, ω), Γ} : E1
β(K) → E0

β(K) × E
1/2
β (∂K).

Theorem 2.3.1. If α < π, then the operator Aβ is an isomorphism for β ∈ ] max{0, 1−
π/2α}, min{1, π/2α}[.

Proof. The operator Aβ is an isomorphism if and only if Aβ(ω) is an isomorphism for
ω = ∓1 (see [12, Theorem 6.2.1]). The operator Aβ(ω) is Fredholm if and only if the
line Im λ = β is free from the spectrum of the pencil B (see [12, Theorem 6.2.3]). We
show that the kernel and the cokernel of Aβ(ω) are trivial if β lies in some interval
Im λk < β < Im λk+1. It follows that Aβ(ω) is an isomorphism for such β. Outside the
above interval, the operator Aβ(ω) is not an isomorphism (see [12, Subsection 6.3]).

Let U be a solution in E1
β(K) of the homogeneous problem (40). By [12, Proposition

6.2.6], we have χU ∈ El
γ(K), where χ is an arbitrary C∞(K)-function vanishing near

the vertex, and the numbers l ≥ 1 and γ ∈ R are also arbitrary. Applying A(−Dη, ω)
to the relation A(Dη, ω)U = 0, we obtain (−∆η + 1)U = 0. Let (�u,�v, h, q) denote the
components of U . We want to find conditions on β ensuring that h = 0. For the function
h we have {

(−∆η + 1)h = 0, η ∈ K,

h = 0, η ∈ ∂K \ O.

We multiply the equation (−∆η +1)h = 0 by h and integrate over Kε = {η ∈ K : |η| > ε}.
Integrating by parts and recalling the boundary condition, we arrive at the identity

(41)
∫

Kε

(|h|2 + |∇h|2) dη1dη2 = ε

∫ α

−α

h · ∂h

∂ρ
dφ,

where (ρ, φ) are the polar coordinates on the plane R2
η. Let χ be a cut-off function equal

to 1 near the vertex. We have χh ∈ H1
β(K). By [12, Theorem 4.2.1], the asymptotic

representation

(42) h =
∑

k

cs,kρiλk Hs,k + R,

is valid in a neighborhood of the vertex, where χR ∈ H1
γ(K), 1 > β − γ > 0, and λk

is an eigenvalue of B among the eigenvalues {πm/2α}m∈Z\0. The sum in (42) consists
of the terms corresponding to such eigenvalues in the strip Imλ ∈ ]γ, β[, and the Hs,k

are the components of the eigenfunctions Φs,k of B corresponding to h. In order that
the right-hand side of (41) tend to 0 as ε → 0, we must require that Imλk < 0 for all
terms in (42). Since h ∈ E1

β(K), we have Im λk < β. Assume that β < π/2α. Then
Im λk ≤ −π/2α for all terms in (42). Therefore, h = 0 in K. Similarly, u3 vanishes in K

for the same β. Now the relation A(Dη, ω)U = 0 implies that

Dη1u1 + Dη2u2 = −ωu3 = 0, η ∈ K,

Dη2v1 − Dη1v2 = −ωh = 0, η ∈ K.

We consider u1, u2 and put �w = (u1, u2, 0). The equation (−∆η + 1)�w = 0 can be
rewritten as

curl curl �w −∇div �w + �w = 0.
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We calculate the inner product of this expression and �w and integrate it over Kε × Iη3 ,
where I = [0, 1]. Using the boundary conditions �u × �n = 0 and Dη1u1 + Dη2u2 = 0 on
∂D, and applying the Stokes formula, we obtain

(43)
∫

Kε

(| curl �w|2+ | div �w|2+ |�w|2) dη1dη2 = ε

∫ α

−α

(
(curl �w · [�n× �w])+div �w ·(�n · �w)

)
dφ,

where �n = (cosφ, sin φ, 0). Let λk0 be the only eigenvalue of B that belongs to the
sequence {i(πm/2α + 1)}m∈Z

and is such that the strip Imλ ∈ ] Im λk0 , β[ contains no
other elements of that sequence. Near the vertex, we have the asymptotic representation

(44) �w =
Nk0∑
s=1

cs,k0(r
iλk0 �Ws,k0 + riλk0 +1τ �Ψs) +

∑
k

cs,kriλk �Ws,k + R.

The third component of every term in the first sum vanishes, and the first two components
are equal to those of the two-term partial sum Us,k0,2 of the formal series (27). The first
two components of �Ws,k are equal to those of Φs,k, and the third component vanishes.
The terms of the second sum correspond to the eigenvalues λk of B that belong to the
sequence {i(pim/2α + 1)}m∈Z

and are located in the strip Imλ ∈ ] Im λk0 − 1, Im λk0 [.
The function R is a remainder. Using the definition of B, it is not hard to check that
curl riλk �Ws,k = 0 and div riλk �Ws,k = 0. Therefore, the right-hand side in (43) behaves
as ε1−2 Im λk , i.e., it tends to zero as ε → 0 under the condition Imλk0 < 1/2. This
condition is fulfilled if β < 1. Consequently, for β < 1 we have u1 = u2 = 0 in K. The
same argument shows that if β < 1, then v1 = v2 = 0. The relation A(Dη, ω)U = 0
implies that

−Dη2u1 + Dη1u2 = −ωq = 0,

Dη1v1 + Dη2v2 = −ωv3 = 0.

Thus, if β < min{1, π/2α}, then the kernel of Aβ(ω) is trivial. Consider the adjoint op-
erator Aβ(ω)∗. Let V ∈ KerAβ(ω)∗. By [12, Theorem 6.3.3], we have V ∈ KerA1−β(ω).
Hence, V ≡ 0 if 1 − β < min{1, π/2α}. Thus, if

max{0, 1− π/2α} < β < min{1, π/2α},
then the operator Aβ(ω) is an isomorphism. The operator Aβ turns out to be an iso-
morphism under the same condition. �

We note that if 2α < π, then Aβ is an isomorphism for β ∈ ]0, 1[. If π ≤ 2α < 2π,
then Aβ is an isomorphism for β ∈ ]1 − π/2α, π/2α[. If 2α = 2π, then there are no β
such that Aβ is an isomorphism.

2.4. Estimation of solutions of problems in a wedge and in an angle. In this
section, we prove a global energy estimate and a weighted combined estimate for the
solutions of (30), (31) in K and in Ω. We drop some proofs similar to those for the
problems in K and in G.

Proposition 2.4.1. Let v be a C∞
c (K \ O)-function satisfying the boundary conditions

(31). Then

(45) γ‖v; L2(K)‖ ≤ ‖M(Dx, Dy, ξ, τ)v; L2(K)‖,
where M(Dx, Dy, ξ, τ) = τ + A(Dx, Dy, ξ), τ = σ − iγ (σ ∈ R, γ > 0), and ξ ∈ R.

Remark 2.4.2. Estimate (45) remains valid with τ replaced by τ .

We define linear sets similar to D(K) and Dβ(K) (see Subsections 1.3 and 1.4). Since
the spectrum of the pencil B is known, we can describe D(K) and Dβ(K) in more detail.
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Definition 2.4.3. We define the linear set D(K) by the following conditions:
A) If 2α ≤ π, then D(K) is spanned by the functions in C∞

c (K \ O) satisfying the
boundary conditions (31) and by the functions χvs,k corresponding to the eigenvalues of
B with Im λk < 1; here χ stands for a cut-off function equal to 1 near the vertex.

B) If 2α ∈ ]π, 2π[, then D(K) is spanned by the functions in C∞
c (K\O) satisfying (31),

by the functions χvs,k corresponding to the eigenvalues of B with Im λk ≤ 0, and by
the linear combinations χ(αsvs,1 + βsvs,−1), where αs, βs (s = 1, 2) are fixed coefficients
such that Re αsβs = 0 and |αs| + |βs| > 0.

C) If 2α = 2π, then D(K) is spanned by the functions in C∞
c (K \ O) satisfying (31),

by the functions χvs,k corresponding to the eigenvalues of B with Im λk ≤ 0, and by the
linear combinations χ(αsvs,+0 + βsvs,−0), where αs, βs (s = 1, 2) are fixed coefficients
satisfying Re αsβs = 0 and |αs| + |βs| > 0.

The next statement is similar to Theorem 1.3.5.

Proposition 2.4.4. Estimate (45) is valid for any function in D(K).

Now we introduce the linear set Dβ(K) and prove a combined estimate in K.

Definition 2.4.5. Let β < min{1, π/2α}. The set Dβ(K) is spanned by the functions
in C∞

c (K \ O) satisfying the boundary conditions (31) and by the functions χvs,k corre-
sponding to the eigenvalues λ of B with Im λ < β.

Proposition 2.4.6. For β < min{1, π/2α}, suppose that the line Im λ = β is free from
the spectrum of B. Then the inequality

(46)
γ2‖v; H0

β(K)‖2 + ‖χ|τ |v; H1
β(K, p)‖2

≤ c{‖f ; H0
β(K)‖2 + (|τ |2(1−β)/γ2)‖f ; L2(K)‖2}

is fulfilled for any v ∈ Dβ(K), where f = (τ + A(Dx, Dy, ξ))v, χτ (r) = χ(|τ |r), and χ is
a cut-off function in C∞

c (K) equal to 1 near the vertex. The constant c is independent
of ξ and τ .

Proof. Step 1. Estimation in a neighborhood of the edge. Applying the Fourier transform
Ft→τ to problem (1), (2) in the cylinder T, we arrive at a problem in the wedge D,{

τ Û + A(Dx, Dy, Dz)Û = F̂ , (x, y, z) ∈ D,

ΓÛ = 0, (x, y, z) ∈ ∂D \ M,

with parameter τ . The new variables

ζ = |τ |(x, y, z), U(ζ, τ) = Û(ζ/|τ |, τ), F (ζ, τ) = |τ |−1F̂(ζ/|τ |, τ)

allow us to rewrite this problem in the form{
(τ/|τ |)U + A(Dζ)U = F, ζ = (ζ1, ζ2, ζ3) ∈ D,

ΓU = 0, ζ ∈ ∂D \ M.

If β < min{1, π/2α} and the line Imλ = β contains no eigenvalues of B, then the
operator Aβ(ω) is Fredholm with trivial kernel (see the proof of Theorem 2.3.1). We
have

‖u; E1
β(K)‖ ≤ c‖Aβ(ω)u; E0

β(K)‖
for any u ∈ E1

β(K) satisfying the boundary conditions Γu = 0. Using Proposition 2.1.1,
we show that

‖U ; H1
β(D)‖ ≤ c‖A(Dζ)U ; H0

β(D)‖
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if U ∈ H1
β(D) and ΓU = 0. Consequently,

‖χU ; H1
β(D, 1)‖ ≤ c{‖χA(Dζ)U ; H0

β(D)‖ + ‖ψU ; H0
β(D)‖},

where χ = χ(r) and ψ = ψ(r) are smooth cut-off functions equal to 1 near the vertex
and such that χψ = χ. We rewrite this inequality as

(47) ‖χU ; H1
β(D, 1)‖ ≤ c{‖χM(Dζ, τ/|τ |)U ; H0

β(D)‖ + ‖ψU ; H0
β(D)‖}.

Step 2. Estimating far from the edge. We prove that, for each β ∈ R and each U ∈
H1

β(D, 1) satisfying the boundary condition ΓU = 0, the inequality

(48) (γ/|τ |)2‖κ∞U ; H0
β(D)‖2 ≤ c{‖κ∞M(Dζ, τ/|τ |)U ; H0

β(D)‖2
+ ‖ψ∞U ; H0

β−1(D)‖2}
is valid with a constant c independent of U and τ ; here the functions κ∞ = κ∞(r)
and ψ∞ = ψ∞(r) are smooth in K, vanish near the vertex, and are equal to 1 in a
neighborhood of infinity, and κ∞ψ∞ = κ∞.

Suppose κ, ψ ∈ C∞(K), κψ = κ, and supp κ ⊂ {(x, y) ∈ K : 1/2 < r < 2}, suppψ ⊂
{(x, y) ∈ K : 1/4 < r < 4}. Estimate (45) and Parseval’s identity imply that

γ2‖κU ; L2(D)‖2 ≤ ‖M(Dζ , τ)κU ; L2(D)‖2.

Since MκU = κMU + [M, κ]U , we have

γ2‖κU ; L2(D)‖2 ≤ c{‖κM(Dζ, τ)U ; L2(D)‖2 + ‖ψU ; L2(D)‖2}.
In the role of U we take the function ζ 
→ Uε(ζ) = U(ζ/ε) and replace τ with τ/|τ |ε,
where ε > 0. Then

(γ/|τ |ε)2‖κUε; L2(D)‖2 ≤ c{‖κM(Dζ, τ/|τ |ε)Uε, L2(D)‖2 + ‖ψUε; L2(D)‖2}.
After the change of variables ζ 
→ ζ/ε, we obtain

(γ/|τ |)2‖κεU ; L2(D)‖2 ≤ c{‖κεM(Dζ , τ/|τ |)U ; L2(D)‖2 + ε2‖ψεU ; L2(D)‖2},
where κε(η) = κ(εη). Multiplying this estimate by ε−2β , putting ε = 2−j , j = 1, 2, 3, . . . ,
and adding the resulting inequalities, we arrive at (48).

Step 3. Estimation in an intermediate zone. As in the proof of Proposition 1.4.2 (see
Step 3), from (47) and (48) we deduce the inequality
(49)

γ2‖u; H0
β(D)‖2

+ ‖χ|τ |u; H1
β(D, |τ |)‖2

≤ c{‖M(Dx, Dy, Dz, τ)u; H0
β(D)‖2

+ (|τ |1−β/γ)
2‖M(Dx, Dy, Dz, τ)u; L2(D)‖2}.

Step 4. Estimation in the angle K. Let u(x, y, z) = v(x, y)ψ(z), where v ∈ Dβ(K) and
ψ ∈ C∞

0 (R). Since ψ is arbitrary, estimate (49) and Parseval’s equality lead to (46). �
The linear sets D(Ω) and Dβ(Ω) are defined like D(K) and Dβ(K).

Proposition 2.4.7. For any v in D(Ω) we have

γ‖v; L2(Ω)‖ ≤ ‖M(Dx, Dy, ξ, τ); L2(Ω)‖.
Proposition 2.4.8. For β < min{1, π/2α}, suppose that the line Im λ = β is free from
the spectrum of B. If γ > γ0 with sufficiently large γ0, then

γ2‖v; H0
β(Ω)‖2 + ‖χ|τ |v; H1

β(Ω, p)‖2

≤ c(γ0){‖f ; H0
β(Ω)‖2 + (|τ |2(1−β)/γ2)‖f ; L2(Ω)‖2}

for every v in Dβ(Ω), where f = (τ +A(Dx, Dy, ξ))v, χ|τ |(r) = χ(|τ |r), and χ is any fixed
cut-off function in C∞

c (Ω) equal to 1 near the point O. The constant c is independent of
(ξ, τ) and v.
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We introduce the spaces DHβ(K, ξ, τ) and RHβ(K, ξ, τ) by completing C∞
0 (K \ 0)

with respect to the norms

‖v;DHβ(K, ξ, τ)‖ =
(
γ2‖v; H0

β(K)‖2
+ ‖χ|τ |v; H1

β(K, p)‖2)1/2
,

‖f ;RHβ(K, ξ, τ)‖ =
(
‖f ; H0

β(K)‖2
+ (|τ |1−β/γ)

2‖f ; L2(K)‖2)1/2
.

Replacing K with Ω, we define DHβ(Ω, ξ, τ) and RHβ(Ω, ξ, τ).

2.5. The operators of problems in K and Ω. With problem (30), (31) in K, we
associate the unbounded operator v 
→ M(ξ, τ)v := M(Dx, Dy, ξ, τ)v on L2(K) with
domain DM(ξ, τ) := D(K). Like this was done for the operator M(τ) in Subsection 1.3,
it is easy to show that M(ξ, τ) admits closure and that the estimate

γ‖v; L2(K)‖ ≤ ‖M(ξ, τ)v; L2(K)‖
is valid for the functions in the domain of the closed operator. In what follows, M(ξ, τ)
and DM(ξ, τ) denote the closed operator and its domain. The proof of the next statement
is similar to those of Propositions 1.3.6 and 1.3.7.

Proposition 2.5.1. KerM(ξ, τ) = 0, ImM(ξ, τ) = L2(K).

The operator A(Dx, Dy, 0) with domain D(K) is symmetric. From Proposition 2.5.1 it
follows that the closure A of A(Dx, Dy, 0) is a selfadjoint operator. If 2α > π, then D(K)
contains the combinations χ(αsvs,1 +βsvs,−1), s = 1, 2, where αs, βs are fixed coefficients
satisfying Re αsβs = 0, |αs| + |βs| > 0. Thus, for 2α > π, various selfadjoint extensions
of A(Dx, Dy, 0) can be defined by choosing the parameters {αs, βs}s=1,2. We turn to
the problem in a scale of weighted spaces. For problem (30), (31), we introduce the
unbounded operator v 
→ Mβ(ξ, τ) := M(Dx, Dy, ξ, τ) with domain Dβ(K) and acting
from DHβ(K, ξ, τ) to RHβ(K, ξ, τ). The operator Mβ(ξ, τ) admits closure. We denote
by Mβ(ξ, τ) and DMβ(ξ, τ) the closed operator and its domain. Let 1/2 ≥ β1 > · · ·
be all numbers in ] − ∞, 1/2] such that the line Imλ = βk contains an eigenvalue of
the pencil B, and let Sm be the total multiplicity of the eigenvalues of B in the strip
Im λ ∈ [βm, 1/2]. If λ = i/2 is an eigenvalue of B, then only half of its multiplicity must
be counted in Sm.

Definition 2.5.2. By a strong solution of problem (30), (31) with right-hand side f ∈
L2(K) we mean a solution of the equation M(ξ, τ)v = f .

Definition 2.5.3. By a strong β-solution of problem (30), (31) with right-hand side
f ∈ RHβ(K, ξ, τ) we mean a solution of the equation Mβ(ξ, τ)v = f .

The next result follows from Proposition 2.5.1.

Theorem 2.5.4. For every f ∈ L2(K), every τ = σ − iγ (σ ∈ R, γ > 0), and every
ξ ∈ R, problem (30), (31) with right-hand side f admits a unique strong solution v.
Moreover,

γ‖v; L2(K)‖ ≤ ‖f ; L2(K)‖.
The theorem below can be verified in the same way as Theorem 1.5.3.

Theorem 2.5.5. A) Let β ∈ ]β1, min{1, π/2α}[. For every f ∈ RHβ(K, ξ, τ), problem
(30), (31) in K with right-hand side f admits a unique strong β-solution v. Moreover,

‖v;DHβ(K, ξ, τ)‖ ≤ c‖f ;RHβ(K, ξ, τ)‖.
B) Let β ∈ ]βm+1, βm[. A strong β-solution of problem (30), (31) with right-hand side

f ∈ RHβ(K, ξ, τ) exists and is unique under the following Sm conditions: (f, ws,k)K = 0,
where {ws,k}s=1,2

k=−1,...,−m is a basis in KerMβ(ξ, τ)∗. This solution satisfies the estimate
in part A) of the theorem.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



NONSTATIONARY MAXWELL SYSTEM 903

Remark 2.5.6. Theorem 2.5.4 is valid for problem (30), (31) in Ω. Theorem 2.5.5 re-
mains true for problem (30), (31) in Ω under the supplementary condition γ > γ0 with
sufficiently large γ0.

2.6. The problems in the cylinders T and T . Applying the Fourier transform
F−1

(ξ,τ)→(z,t), we pass to problem (1), (2) in T (or in T ).

Definition 2.6.1. Let f ∈ V 0
0 (T, γ), and let û(x, y, ξ, τ) be a strong solution of problem

(30), (31) in K with right-hand side f̂(x, y, ξ, τ) = F(z,t)→(ξ,τ)f(x, y, z, t). The function u

defined by u(x, y, z, t) = F−1
(ξ,τ)→(z,t)û(x, y, ξ, τ) is called a strong solution of the problem

(1), (2) in T with right-hand side f .

Theorem 2.5.4 leads to the following result.

Theorem 2.6.2. For every f ∈ V 0
0 (T, γ) and every γ > 0, problem (1), (2) with right-

hand side f admits a strong solution v. Moreover,

γ‖v; V 0
0 (T, γ)‖ ≤ ‖f ; V 0

0 (T, γ)‖.

We fix a cut-off function χ ∈ C∞(K) equal to 1 near the corner point O and put

Xu(x, y, z, t) = F−1
τ→tχ(|τ |x, |τ |y)Ft′→τu(x, y, z, t′),

Λµu(x, y, z, t) = F−1
τ→t|τ |µFt′→τu(x, y, z, t′),

Pµu(x, y, z, t) = F−1
(ξ,τ)→(z,t)p

µF(z′,t′)→(ξ,τ)u(x, y, z′, t′).

Here Λ is the same operator as in Subsection 1.7, while X differs by the property that the
cut-off function is independent of z. We introduce the spaces DV β(T, γ) and RV β(T, γ)
with the norms

‖u;DV β(T, γ)‖ =
(
γ2‖u; V 0

β (T, γ)‖2 + ‖Xu; V 1
β (T, γ)‖2

)1/2
,

‖f ;RV β(T, γ)‖ =
(
‖f ; V 0

β (T, γ)‖2 + (1/γ2)‖Λ1−βf ; V 0
0 (T, γ)‖2

)1/2
.

Definition 2.6.3. For f ∈ RV β(T, γ), let û(x, y, ξ, τ) be a strong β-solution of the
problem (30), (31) in K with right-hand side f̂(x, y, ξ, τ) = F(z,t)→(ξ,τ)f(x, y, z, t). The
function u given by u(x, y, z, t) = F−1

(ξ,τ)→(z,t) û(x, y, ξ, τ) is called a strong β-solution of
problem (1), (2) in T with right-hand side f .

The following statement is a consequence of Theorem 2.5.5.

Theorem 2.6.4. Suppose α < π.
A) Let β ∈ ]β1, min{1, π/2α}[. For every function f ∈ RV β(T, γ), problem (1), (2)

with right-hand side f admits a unique strong β-solution v. Moreover,

‖v;DV β(T, γ)‖ ≤ c‖f ;RV β(T, γ)‖.

B) Let β ∈ ]βm+1, βm[. A strong β-solution to problem (1), (2) with right-hand side
f ∈ RV β(T, γ) exists and is unique under the following Sm conditions:

(f̂(·, ξ, τ), ws,k(·, ξ, τ ))K = 0 for all ξ ∈ R and all τ ∈ R − iγ,

where {ws,k}s=1,2
k=−1,...,−m is a basis in KerMβ(ξ, τ)∗. Such a solution satisfies the estimate

in part A) of the theorem.

We turn to the asymptotics of solutions near the edge; the fact to be stated is similar
to Theorem 1.7.5. The proof of it can be obtained by an obvious modification of the
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proof of Theorem 1.6.1 and by applying the Fourier transform F−1
(ξ,τ)→(z,t). We introduce

the formal series

Rs,k(r, ϕ, ξ, τ) =
∞∑

q=0

riλk+q(M(0, 0, ξ, τ))qΨq(ϕ),

where Ψ0 = Φs,k. The series Rs,k solves the homogeneous problem (30), (31). Let Rs,k,T

denote the partial sum consisting of the first T terms of Rs,k.

Theorem 2.6.5. Assume that f and Λ1−βP βf are in RV β(T, γ) with β ∈ ]βm+1, βm[.
Then the strong solution of problem (1), (2) in T admits the asymptotic representation

(50) u(x, y, z, t) =
∑

Rs,k,T (r, ϕ, Dz , Dt)(Xčs,k)(x, y, z, t) + w(x, y, z, t),

where w ∈ DV β(T, γ). The sum consists of the terms corresponding to the eigenvalues
of B in the strip Im λ ∈ [βm, β1]. The coefficients are given by the formulas

čs,k(z, t) = F−1
(ξ,τ)→(z,t)cs,k(ξ, τ) and cs,k = i

(
f̂(·, ξ, τ), ws,k(·, ξ, τ )

)
K
,

where the collection {ws,k}s=1,2
k=−1,...,−m is a basis in KerMβ(ξ, τ)∗, as before. Moreover,

‖e−γtčs,k(·); HImλk−β(R2)‖ ≤ c‖f ;RV β(T, γ)‖,
‖w;DV β(T, γ)‖ ≤ (c/γ)‖Λ1−βP βf ;RV β(T, γ)‖.

Remark 2.6.6. Theorem 2.6.2 is valid for problem (1), (2) in T . Theorems 2.6.4 and
2.6.5 remain true for problem (1), (2) in T under the condition γ > γ0 with sufficiently
large γ0.

2.7. Explicit formulas for the coefficients in the asymptotics of solutions of
the problem in T. In Theorem 2.6.5, the coefficients were expressed in terms of a
basis {ws,k}s=1,2

k=−1,...,−m in the kernel of Mβ(ξ, τ)∗. In this subsection, we calculate
the elements of that basis explicitly. Note that these elements satisfy the equation
M(Dx, Dy, ξ, τ )ws,k = 0 and the boundary conditions (31). Near the vertex of K, the
functions ws,k admit the asymptotic representation

ws,k = riλ−k Φs,−k(ϕ) + o(riλ−k ).

Note that if α = π, then the line Imλ = βk contains the eigenvalue λ−k+1, and we have

ws,k = riλ−k+1Φs,−k+1(ϕ) + o(riλ−k+1 ).

From (48) it follows that far from the vertex, the ws,k decay faster than any power of
the distance. Since

cs,k(ξ, τ) = i

∫
K

〈f̂(x, y, ξ, τ), ws,k(x, y, ξ, τ)〉C8 dxdy,

we need to find hs,k = ws,k. Clearly, we have M(Dx, Dy,−ξ,−τ)hs,k = 0 because
M(Dx, Dy, ξ, τ )ws,k = 0. In the polar coordinates,

M = τI + ξG + A1(ϕ)Dr + (1/r)A2(ϕ)Dϕ.

We put
h̃s,k(r, ϕ) = (iτη(r)I − iGξη(r) + A1(ϕ)η′(r))riλ−k Φs,−k(ϕ),

where η is a scalar function. Such a representation of h̃s,k is motivated by the correspond-
ing argument for the Helmholtz equation (see [4]) and by the fact that M(Dx, Dy, ξ, τ) ·
M(−Dx,−Dy,−ξ, τ) = ∆ + τ2 − ξ2. We denote iτηI − iξηG + A1(ϕ)η′ by S(r, ϕ, ξ, τ).
Then the equation M(Dx, Dy,−ξ,−τ)h̃s,k = 0 can be written in the form

(51) (−τ − ξG + A1(ϕ)Dr + (1/r)A2(ϕ)Dϕ)riλ−k S(r, ϕ, ξ, τ)Φs,−k(ϕ) = 0.
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Since the eigenfunctions Φs,−k of the pencil B satisfy equation (35), we have

(52)
dΦs,−k(ϕ)

dϕ
= −iλ−kA2(ϕ)A1(ϕ)Φs,−k(ϕ).

Now we transform (51), and write λ and Φ for λ−k and Φs,−k to simplify the notation:

− (iτ + iξG)riλSΦ + iλriλ−1A1SΦ + riλA1(dS/dr)Φ

+ riλ−1A2(dS/dϕ)Φ + riλS(dΦ/dϕ) = 0.

Dividing by riλ and using (52), we obtain

(53) (−iτ − iξG)S + (iλ/r)A1S + A1(dS/dr) + (1/r)A2(dS/dϕ)− (iλ/r)A2SA2A1 = 0.

Substituting S and its derivatives in (53) and recalling (34), we see that

η′′ +
2iλ−k + 1

r
η′ + (τ2 − ξ2)η = 0,

which reduces to Bessel’s equation. As a solution, we take η(r) = CrνKν

(
i
√

τ2 − ξ2r
)
,

ν = iλ−k (the branch of the square root is chosen in such a way that η(r) → 0 as
r → +∞). As r → 0, we have asymptotic representations

η(r) =
Cπ2ν−1

iν(τ2 − ξ2)ν/2sin(πν)Γ(1 − ν)
+ o(1), η′(r) = o(1).

Since GΦ1,−k = Φ2,−k (see Proposition 2.2.1), we obtain

h̃1,k = η(0)(iτΦ1,−k(ϕ) − iξΦ2,−k(ϕ))riλ−k + o(riλ−k),

h̃2,k = η(0)(iτΦ2,−k(ϕ) − iξΦ1,−k(ϕ))riλ−k + o(riλ−k).

We put
h1,k = τh̃1,k + ξh̃2,k, h2,k = τh̃2,k + ξh̃1,k.

Then, in a neighborhood of the vertex,

h1,k = iη(0)(τ2 − ξ2)riλ−k Φ1,−k + o(riλ−k),

h2,k = iη(0)(τ2 − ξ2)riλ−k Φ2,−k + o(riλ−k).

We fix the constant C by assuming that iη(0)(τ2 − ξ2) = 1, i.e., we take

C =
sin(πν)Γ(1 − ν)

π2ν−1
iν−1(τ2 − ξ2)

(ν−2)/2
.

Finally, we have

η(r) =
sin(πν)Γ(1 − ν)

iπ2ν−1

1
τ2 − ξ2

(
ir

√
τ2 − ξ2

)ν
Kν

(
ir

√
τ2 − ξ2

)
,

η′(r) =
sin(πν)Γ(1 − ν)

iπ2ν−1
r
(
ir

√
τ2 − ξ2

)ν−1
Kν−1

(
ir

√
τ2 − ξ2

)
.

Let B stand for the number sin(πν)Γ(1 − ν)/(π2ν−1). We recall that

h1,k = i(τ2 − ξ2)η(r)riλ−k Φ1,−k + τA1η
′(r)riλ−k Φ1,−k + ξA1η

′(r)riλ−k Φ2,−k,

h2,k = i(τ2 − ξ2)η(r)riλ−k Φ2,−k + ξA1η
′(r)riλ−k Φ1,−k + τA1η

′(r)riλ−k Φ2,−k.

In order to find Ws,k = F−1
(ξ,τ)→(z,t)hs,k, we need to calculate the Fourier transform

F−1
(ξ,τ)→(z,t) of the functions(

ir
√

τ2 − ξ2
)ν

Kν

(
ir

√
τ2 − ξ2

)
,

(
ir

√
τ2 − ξ2

)ν−1
Kν−1

(
ir

√
τ2 − ξ2

)
.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



906 S. MATYUKEVICH

Denoting these functions by fν(r, z, t) and fν−1(r, z, t), respectively, we have

W1,k(x, y, z, t) = Bfν(r, z, t)riλ−k Φ1,−k − BA1(ϕ)
∂fν−1

∂t
riλ−k Φ1,−k

− BA1(ϕ)
∂fν−1

∂z
riλ−k Φ2,−k,

W2,k(x, y, z, t) = Bfν(r, z, t)riλ−k Φ2,−k − BA1(ϕ)
∂fν−1

∂t
riλ−k Φ2,−k

− BA1(ϕ)
∂fν−1

∂z
riλ−k Φ1,−k.

Now we calculate fp for p = ν, ν − 1:

fp(r, z, t) =
∫

R

dξ

∫
R−iγ

dτ eizξ+itτ
(
ir

√
τ2 − ξ2

)p
Kp

(
ir

√
τ2 − ξ2

)
.

After the change of variables u = i(τ + ξ)/2, s = i(τ − ξ)/2, we obtain

fp(r, z, t) = 2
∫

Re u=γ/2

du

∫
Re s=γ/2

ds eu(t+z)+s(t−z)(2ru1/2s1/2)
p
Kp(2ru1/2s1/2).

The identity ∫
Re s=γ/2

ds estsν/2Kν(2α1/2s1/2) =
1
2
θ(t)αν/2e−α/t 1

tν+1

(see [14]) leads to the relation

fp(r, z, t) = 2pr2p

∫
Re u=γ/2

du eu(t+z)upθ(t − z)e−r2u/(t−z) 1
(t − z)p+1

.

We employ the following formulas for the Laplace transform (see [15]):

fα(t) =
∫

Re p=γ/2

ept 1
pα

dp, fα(t) =

{
θ(t)
Γ(α) t

α−1, α > 0,
dN fα+N (t)

dtN , α ≤ 0, α + N > 0.

This yields

fp(r, z, t) = 2pr2pθ(t − z)
1

(t − z)p+1

dN

dvN
fN−p(v)|v=(t2−z2−r2)/(t−z),

where p = ν, ν − 1 (ν > 0). Thus, we have obtained explicit expressions for the func-
tions hs,k and Ws,k involved in the following representations of the coefficients in the
asymptotic formula (50):

cs,k(ξ, τ) =
∫

K

〈f̂(x, y, ξ, τ), hs,k(x, y, ξ, τ)〉
R8 dxdy,

čs,k(z, t) =
∫

K

∫
R

∫
R

〈f(x, y, z − s, t − u), Ws,k(x, y, s, u)〉
R8 dxdy ds du.

2.8. Relationship between the augmented and nonaugmented Maxwell sys-
tems. Up to this point, we have dealt with the augmented Maxwell system. Now we
are going to prove that, under some conditions on the right-hand side of such a system,
its solutions satisfy the usual (nonaugmented) Maxwell system. For sufficiently smooth
vector fields �E and �B, the right-hand side (− �J,−�G, ρ, µ) of the usual Maxwell system
is subject to the compatibility conditions ∂ρ/∂t + div �J = 0, ∂µ/∂t + div �G = 0 and the
boundary condition (�G · �n) = 0. We show that, for a certain selfadjoint extension of
A(∂) taken as the spatial part of the augmented system, the following is true: if for a
right-hand side (�f1, �f2, g1, g2) we have ∂gk/∂t − div �fk = 0 (k = 1, 2) inside the domain
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and the boundary condition (�f2 · �n) = 0 is satisfied, then the components h and q of the
corresponding solution u = (�u,�v, h, q) vanish identically.

Consider the problem in a bounded domain G ⊂ R3 with a conical point O. After the

Fourier transform, the conditions on the right-hand side take the form iτ ĝk − div �̂fk = 0

(k = 1, 2), ( �̂f2 ·�n) = 0. Since the right-hand side belongs to L2(G), these conditions must

be understood in a proper way. Suppose div �̂f1, div �̂f2 ∈ L2(G), where div is understood

in the sense of distributions. The boundary condition ( �̂f2 · �n) = 0 means that

( �̂f2,∇ψ)G = −(div �̂f2, ψ)G, ψ ∈ H1(G).

The above properties of the vector fields �̂fk can be written in a different form. For this,
we introduce the space

H(div, G) = {�u ∈ L2(G) : div �u ∈ L2(G)}

with the norm ‖�u; H(div, G)‖ = (‖�u; L2(G)‖2 + ‖ div �u; L2(G)‖2)1/2, and its closed sub-
space

H̊(div, G) = {�u ∈ H(div, G) : (�u · �n) = 0}.

Then �̂f1 ∈ H(div, G), �̂f2 ∈ H̊(div, G), ĝ1, ĝ2 ∈ L2(G), iτ ĝk = div �̂fk.
We consider M(τ) = τ + A, where A is the selfadjoint extension of the differential

operator A(Dx, Dy, Dz) defined on the linear set D(G) for which all the αs,k vanish. In
other words, the functions in the domain of A increase near the conical point O more
slowly than the functions in the domains of all other selfadjoint extensions.

For the proof of the theorem on relationship between the solutions of the augmented
and the usual Maxwell systems, we need two linear sets. Let {µk, wk} and {µ̃k, w̃k} be
the collections of eigenvalues and eigenfunctions of the operator pencils of the Dirichlet
and Neumann problems for the Laplace equation in G. We denote by LD the linear span
of all C∞

c (G)-functions and of the functions of the form χriµk wk with Im µk < 0, where
χ is a cut-off function equal to 1 near the conical point. Also, we introduce the linear
set LN spanned by the C∞

c (G \O)-functions with normal derivative vanishing on ∂G\O
and by the functions of the form χriµ̃k w̃k, where Im µ̃k ≤ 0. By the results of [1] and [4],
the range of the Helmholtz operator τ2 + ∆ with τ = σ − iγ (γ �= 0) defined on LD or
LN is dense in L2(G).

Theorem 2.8.1. 1) Suppose that the selfadjoint extension A mentioned above is taken
as the spatial part of system (5), (6) and that the right-hand side f = (− �J,−�G, ρ, µ)
of this system is subject to the conditions ρ, µ ∈ L2(G), �J ∈ H(div, G), �G ∈ H̊(div, G),
iτρ + div �J = 0, and iτµ + div �G = 0. Then the corresponding strong solution u is of the
form u = (�u,�v, 0, 0).

2) If the role of the spatial part is played by a selfadjoint extension different from that
in 1), then there exist right-hand sides subject to the conditions listed in 1) and such that
the corresponding strong solutions have nonzero components h, q.

Proof. We prove the first statement. Since A is the closure of the differential operator
A(Dx, Dy, Dz) defined on D(G), there exists a sequence {uk} ⊂ D(G) such that uk → u

and fk := M(τ)uk → f (convergence in L2(G)). We have uk ∈ C∞(G \ O)), so that
system (5), (6) can be understood in the usual sense. In particular,

iτ�uk − curl�vk + ∇hk = − �Jk,

iτhk + div �uk = ρk;
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moreover, uk satisfies the boundary conditions (6) on ∂G \ O. We show that h = 0.
Let φ ∈ C∞

0 (G). We multiply the first equation by ∇φ and the second by φ, and then
integrate over G. This yields

iτ(�uk,∇φ)G − (curl�vk,∇φ)G + (∇hk,∇φ)G = −( �Jk,∇φ)G,

−τ2(hk, φ)G + iτ(div �uk, φ)G = iτ(ρk, φ)G.

In the first relation, we integrate the first two terms by parts. Multiplying the second
relation by iτ and adding the result to the first, we obtain

−τ2(hk, φ)G + (∇hk,∇φ)G = iτ(ρk, φ)G − ( �Jk,∇φ)G.

Since LD ⊂ H̊
1
(G), for any ψ in LD there exists a sequence {φm} ⊂ C∞

0 (G) such that
φm → ψ, ∇φm → ∇ψ, and

−τ2(hk, ψ)G + (∇hk,∇ψ)G = iτ(ρk, ψ)G − ( �Jk,∇ψ)G.

We integrate the second term by parts, let k → +∞, and recall that −( �J,∇ψ)G =
(div �J, ψ)G and div �J + iτρ = 0, obtaining(

h, (τ2 + ∆)ψ
)
G

= 0.

It follows that h = 0, because the range of the operator τ2 + ∆ defined on LD is dense
in L2(G).

Now, we check that q = 0. We have

iτ�vk + curl �uk + ∇qk = −�Gk,

iτqk + div�vk = µk.

For φ ∈ LN , we can write

iτ(�vk,∇φ)G + (curl �uk,∇φ)G + (∇qk,∇φ)G = −(�Gk,∇φ)G,

−τ2(qk, φ)G + iτ(div�vk, φ)G = iτ(µk, φ)G.

We integrate by parts all terms on the left-hand side of the first relation, add the result
to the second relation, and let k → ∞:

(q, (τ2 + ∆)φ)G = iτ(µ, φ)G − (�G,∇φ)G.

Since �G ∈ H̊(div, G), φ ∈ LN ⊂ H1(G), and div �G + iτµ = 0, we obtain(
q, (τ2 + ∆)φ

)
G

= 0.

Since the range of the operator τ2 + ∆ defined on LN is dense in L2(G), we conclude
that q = 0.

We turn to the second statement of the theorem. The domain of any other self-
adjoint extension contains at least one function χriλk Φs,k with Im λk ∈ ]1, 3/2[. By
the properties of the pencil A (see Subsection 1.2), the eigenfunction Φs,k is of the
form (�U,�0, 0, Q) or (�0, �V , H, 0). For instance, assume that Φs,k = (�U,�0, 0, Q). In ac-
cordance with the results of [4] (in particular, see §4 therein), the homogeneous Neu-
mann problem for the equation ∆q0 + τ2q0 = 0 admits a solution q0 ∈ C∞(G \ O)
with asymptotics q0 ∼ riλk Q near the conical point O. We set u0 := (χriλk �U,�0, 0, q0)
and f0 := M(τ)u0 = (iτχriλk �U, curl(χriλk �U) + ∇q0, div(χriλk �U), iτq0). It is not hard
to see that f0 belongs to L2(G) ∩ C∞(G \ O) and satisfies the conditions listed in
part 1) of the theorem. However, the component q0 of the solution u0 differs from
zero. Now, assume that Φs,k = (�0, �V , H, 0). By [1, Proposition 5.2], the homogeneous
Dirichlet problem for the equation ∆h0 + τ2h0 = 0 has a solution h0 ∈ C∞(G \ O)
with asymptotics h0 ∼ riλk H . We set u1 = (�0, χriλk �V , h0, 0) and f1 := M(τ)u1 =
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(− curl(χriλk �V ) + ∇h0, iτχriλk �V , iτh0, div(χriλk �V )). The function f1 satisfies the con-
ditions in 1). However, the component h1 of u1 is nonzero. �

The extension A chosen in part 1 of Theorem 2.8.1 coincides with the operator inves-
tigated in [7]. Before proving this, we recall some definitions and statements presented
in [7]; we take into account that, in our case, the dielectric and magnetic permittivity
matrices are equal to the identity matrix. Set

F (G) = {�u ∈ L2(G) : div �u ∈ L2(G), curl �u ∈ L2(G)}.

The class F (G) is a complete Hilbert space with inner product defined by the norm

‖�u; F (G)‖ =
(
‖ div �u; L2(G)‖2 + ‖ curl�u; L2(G)‖2 + ‖�u; L2(G)‖2

)1/2
.

We introduce the closed subspaces

F (τ, G) = {�u ∈ F (G) : �u × �n = 0}, F (ν, G) = {�u ∈ F (G) : �u · �n = 0}.

The condition �u × �n = 0 is understood in the following sense:

(�u, curl�z)G = (curl �u, �z)G for all �z ∈ L2(G) with curl�z ∈ L2(G).

The dense subsets D(ν, G) = F (ν, G) ⊕ H̊
1
(G) and D(τ, G) = F (τ, G) ⊕ H1(G) in the

Hilbert space B(G) = L2(G, C3) ⊕ L2(G) are taken as the domains of the operators
L(ν){�v, q} = {curl�v +∇q,− div�v} and L(τ){�u, h} = {curl�u+∇h,− div �u}. It turns out
(see [7, Subsection 2.4]) that the block operator

L =
(

0 iL(ν)
−iL(τ) 0

)
is selfadjoint in B(G)⊕B(G). Let P be the matrix defined by P (�u,�v, h, q)T =(�u,−q, �v, h)T .
We prove that PAP−1 = L. The properties of the pencil A and the asymptotics of the
functions in D(G) near the conical point O imply that P (D(G)) ⊂ D(ν, G) ⊕ D(τ, G).
The selfadjoint operator A is the closure of the differential operator A(Dx, Dy, Dz) de-
fined on D(G). Since the operators A(Dx, Dy, Dz) and P−1AP coincide on D(G), we
obtain A = P−1LP .

Turning to the problem in the wedge D, we recall that the definition of a strong
solution of problem (1), (2) in T = D × R was given in Subsection 2.6.1. Let D(D) be
the linear set spanned by the functions in D(K) with coefficients in the Schwartz class
S(Rz), and let A denote the closure in L2(D) of the differential operator A(Dx, Dy, Dz)
defined on D(K). It is easily seen that A is a selfadjoint operator. A strong solution
of the problem (1), (2) in T with right-hand side f ∈ V 0

0 (T, γ) can be defined by the
formula u = F−1

τ→t(τ + A)−1Ft→τf . By a strong solution of problem (5), (6) in D with
right-hand side f ∈ L2(D) we mean a solution of the equation (τ +A)u = f . For 2α > π,
various operators A can be obtained by fixing the choice of the constants αs, βs for D(K)
(see Definition 2.4.3). We take the operator A corresponding to αs = 0, s = 1, 2. The
next statement is similar to Theorem 2.8.1.

Theorem 2.8.2. 1) Suppose the operator A mentioned above is chosen to be the spatial
part of system (5), (6) in D. Let f = (− �J,−�G, ρ, µ) be the right-hand side of the system,
where ρ, µ ∈ L2(D), �J ∈ H(div, D), �G ∈ H̊(div, D), and iτρ + div �J = 0, iτµ +div �G = 0.
Then the strong solution is of the form u = (�u,�v, 0, 0).

2) Suppose a selfadjoint extension A different from that in 1) plays the role of the
spatial part. Then there exist right-hand sides satisfying the conditions in 1) and such
that the components h, q of the corresponding strong solutions are nonzero.
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2.9. The Maxwell system with impedance boundary conditions. We consider
the Maxwell system in a bounded domain G ⊂ R3,

∂ �E/∂t − curl �B = − �J,

∂ �B/∂t + curl �E = 0,

div �E = ρ,

div �B = 0,

with impedance boundary conditions on ∂G:

�n × [ �B × �n] + ψ[�n × �E] = [�Φ × �n].

Here ψ denotes a complex function on ∂G satisfying Reψ < 0. For simplicity, we assume
that ψ = a + ib, a < 0, where a, b are real constants. To employ the same method as
before, we introduce the augmented system

∂�u/∂t − curl�v + ∇h = �A1,

∂�v/∂t + curl�u + ∇q = �A2,

∂h/∂t + div �u = g1,

∂q/∂t + div�v = g2;

the spatial part here will be denoted by A(∂). The corresponding “augmented” impedance
conditions are of the form

(54) �n × [�v × �n] + ψ[�n × �u] = [�Φ × �n], h = H, q = Q.

We list some properties of the augmented Maxwell system with impedance boundary
conditions without proofs.

Proposition 2.9.1. 1) The Green formula holds,

(55)

∫
V

〈A(∂)U1,U2〉 dV +
∫

V

〈U1, A(∂)U2〉 dV

=
∫

∂V

〈Γ1U1, T1U2〉 dS +
∫

∂V

〈T2U1, Γ2U2〉 dS,

where V ⊂ R3 is a domain with smooth boundary, U1,U2 ∈ C∞(V ), and, for U =
(�u,�v, h, q), we put Γ1U = (�n × [�v × �n] + ψ[�n × �u], h, q)T , T1U = ((1/ψ)�n × [�v × �n],
(�n ·�u), (�n ·�v))T , Γ2U = (−�n× [�v×�n]+ψ[�n×�u], h, q)T , and T2U = ((1/ψ)�n× [�v×�n], (�n ·�u),
(�n · �v))T (�n denotes the unit outward normal to ∂V ).

2) The problems {A(∂), Γ1} and {A(∂), Γ2} are adjoint to each other with respect to
the Green formula (55) and are elliptic.

We prove a global energy estimate for the augmented Maxwell system with impedance
conditions.

Proposition 2.9.2. Suppose v = (�u,�v, h, q) ∈ C∞
c (G \ O) satisfies (54) with Q = 0,

H = 0. Then

(56)
γ2‖v; L2(G)‖2 + (γ|a|/|ψ|) · ‖�v × �n; L2(∂G)‖2

≤ c{‖M(Dx, Dy, Dz, τ)v; L2(G)‖2 + (γ|ψ|/|a|) · ‖�Φ× �n; L2(∂G)‖2},

where M(Dx, Dy, Dz, τ) = τ + A(D), and the constant c is independent of v and τ .
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Proof. Let u(x, y, z, t) = ζ(t)v(x, y, z) with ζ ∈ C∞
0 (R). From (55) it follows that

Re
∫

G

〈A(∂)u, u〉 dxdydz

= Re
∫

∂G

(�u · [�v × �n]) dS = Re
1
ψ

∫
∂G

([�Φ × �n] · �vσ) dS − Re
1
ψ

∫
∂G

|�vσ|2 dS,

where �vσ = �n × [�v × �n] is the component of �v tangent to ∂G and �n the unit outward
normal. Then

d

dt
‖u(·, t); L2(G)‖ = 2 Re

∫
G

〈ut + A(∂)u, u〉 dxdydz

− 2 Re
1
ψ

∫
∂G

([�Φ × �n] · �vσ) dS + 2 Re
1
ψ

∫
∂G

|�vσ|2 dS.

Recalling that ψ = a + ib, we can estimate the right-hand side:

d

dt
‖u(·, t); L2(G)‖ + 2

|a|
|ψ| · ‖�vσ; L2(∂G)‖2

≤ c{‖Mu; L2(G)‖ · ‖u; L2(G)‖ + ‖�Φ × �n; L2(∂G)‖ · ‖�vσ; L2(∂G)‖}.

We integrate over (−∞, t), multiply the resulting identity by e−2γt, and then integrate
over (−∞, +∞). Changing the order of integration, we obtain∫ +∞

−∞
e−2γt‖u(·, t); L2(G)‖2 dt +

|a|
γ|ψ|

∫ +∞

−∞
e−2γt‖�vσ(·, t); L2(∂G)‖2 dt

≤ c

2γ

∫ +∞

−∞
e−2γt‖Mu(·, t); L2(G)‖ · ‖u(·, t); L2(G)‖ dt

+
c

2γ

∫ +∞

−∞
e−2γt‖�Φ(·, t); L2(∂G)‖ · ‖�vσ(·, t); L2(∂G)‖ dt.

Next, we have∫ +∞

−∞
e−2γt‖u; L2(G)‖2 dt +

|a|
γ|ψ|

∫ +∞

−∞
e−2γt‖�vσ; L2(∂G)‖2 dt

≤ c

2γ

∫ +∞

−∞
e−2γt

(
‖Mu; L2(G)‖ +

√
|ψ|γ
|a| · ‖�Φ; L2(∂G)‖

)
×

(
‖u; L2(G)‖ +

√
|a|

γ|ψ| · ‖�vσ; L2(∂G)‖
)

dt.

By the Cauchy inequality,∫ +∞

−∞
e−2γt

(
‖u; L2(G)‖2 +

|a|
γ|ψ| · ‖�vσ; L2(∂G)‖2

)
dt

≤ c

γ2

∫ +∞

−∞
e−2γt

(
‖Mu; L2(G)‖2 +

|ψ|γ
|a| · ‖�Φ; L2(∂G)‖2

)
dt.

Since ζ is an arbitrary function, application of Parseval’s identity for the Fourier trans-
form Ft→τ yields (56). �

Our final remark concerns a global estimate for the problem adjoint with respect to
the Green formula.
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Remark 2.9.3. Suppose v = (�u,�v, h, q) ∈ C∞
c (G) satisfies the boundary conditions

−�n × [�v × �n] + ψ[�n × �u] = [�Φ × �n], h = 0, q = 0

on ∂G. Then

(57)
γ2‖v; L2(G)‖2 + (γ|a|/|ψ|) · ‖�v × �n; L2(∂G)‖2

≤ c{‖M(Dx, Dy, Dz, τ )v; L2(G)‖2 + (γ|ψ|/|a|) · ‖�Φ × �n; L2(∂G)‖2}.

Estimate (56) corresponds to the problem {τ + A(D), Γ1}, and (57) to the problem
{τ + A(D), Γ2}. The verification of (57) is similar to that of (56). The only difference is
that we must start with ∂t − A(∂) and then obtain τ + A(D).
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