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TOEPLITZ AND HANKEL MATRICES
AS HADAMARD-SCHUR MULTIPLIERS

L. N. NIKOLSKAYA AND YU. B. FARFOROVSKAYA

ABSTRACT. The Hadamard product of two matrices M = (m;;) and A = (a;;) is
defined by M o A = (myja;;). A matrix M is a Hadamard-Schur multiplier (in
short, HSM) if | M|l = sup{||M o A|| | A :1?> — 12, ||A|| £ 1} < co. Let u be a
complex measure on the circle. An exact formula is found for the multiplier norm of
the Toeplitz matrix T), = (2(i — j))i,j>0: |Tull# = llu|lon. For the Hankel matrices
Ly = (A(i + 7))ij>0, we have [|Tpullre < |lullgn g1, and for more general “skew

diagonal” matrices we have [[(f(im + j1)); j>o0ll= < ||pllon, where I,m € Z. Analogs
of these results for matrix-valued measures and the corresponding block HSMs are
established. Next, a necessary condition of Peller’s type for ||| < oo is given. It is
also shown that, for A C Z4, the norm ||I'||3 is equivalent to supy>; |7%| on the set
of Hankel matrices T = (vi4;) with v, = 0 for k € Z4\A if and only if A is a finite
union of lacunary sequences.

§1. INTRODUCTION

The Hadamard product of two matrices M = (m;;) and A = (a;;) is defined by
M o A = (myjai;). A matrix M is a Hadamard-Schur multiplier (in short, HSM) if

1M 3 = sup{|[M o Al | A:1* — 12, || A]| <1} < co.

This means that A — M o A is a bounded map on the space L£(I?) of all bounded
operators on the space [? = 1?(Zy) = {z = (2;)i>0 : Y ;0 |7i|*> < 00}

The most famous Hadamard-Schur multiplier for (n x n)-matrices is the triangular
truncation operator for which (4, j) —— m;; is the indicator function of the lower diagonal
triangle A, = {(4,5) : 0 < j <i <n—1}, my; = xa,(4,j) for 0 <i,j < n—1. The
classical Matsaev theorem says that ||xa,|lx = log(n + 1), that is, there exists ¢ > 0
such that 1 -log(n + 1) < [xa,llx < c¢-log(n + 1) for every n > 1. We generalize this
result in several directions.

In particular, we show that an infinite Toeplitz matrix

T = (ai—j)ij>0
is an HSM if and only if there exists p € 9 (MM = M(T) is the space of all complex
measures on the circle T) such that ar = [i(k), k € Z, where ji(k) stands for the kth

Fourier coefficient of p. (In this case we write T = T),.) Moreover, we have || T,||n =
||2£]|sm- For a Hankel matrix

L= (i + 4))ij=o0
we have ||T',.|ls < [|pt]lon/ g1 - Moreover, the inequality
[ Mull# < llellon
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916 L. N. NIKOLSKAYA AND YU. B. FARFOROVSKAYA

is proved for more general “skew diagonal” matrices
M, = (A(im + jl))i >0,

where I,m € Z. For lm > 0, M, is a Hankel-like matrix (all diagonals im + jl = const
are finite), and for Im < 0 it is Toeplitz-like (the same diagonals are infinite).

It should be mentioned that, essentially, the above upper estimates for Toeplitz and
Hankel multipliers follow from the basic result of A. Grothendieck [11], especially as it
was stated by G. Pisier (see [22, Theorem 5.1]): a matrix M = (m;;) is an HSM with
|M]||n < C if and only if m;; = (z;,y;), where z;, y; are elements of a Hilbert space
and sup; [|z;]| - sup; [ly;|| < C. See also [3]. For Hankel matrices, the above inequality
is implicitly contained in [22, Theorem 6.2]; see also [23] and [I9] for different proofs.
Below, we give another elementary proof of a more general result (for the matrices M)
including the cases of T, and I',. Hankel type Hadamard-Schur multipliers were also
considered by V. Peller in the important paper [20], where it was proved that I, is an

HSM if
sup (/ |Pju|2wdm> < 00,
Jj=1 T

where w > 0, = € L'(T), and

Pu= 3 plk) with AG) = [sj.5540). inf(sy41/5) > 1
keA(j)

This sufficient condition does not work for all measures p € 9. For instance, for the
Dirac type J-measures we have

([izwroan)( [oran) = ( [1Radn) — o

as j — oo. In §3 we give a necessary condition of Peller’s type for ||T'||3 < oo.

Another special class of Hankel type Hadamard—Schur multipliers is also considered
in the paper. Namely, let A C Z,, and let M(A) be the set of matrices for which only
A-diagonals may differ from zero,

M(A) ={M = (my;) : my; =0 for i +j € Zy\A}.

It is proved that if A is a finite union of lacunary sequences, then a matrix M € M(A)
is an HSM if and only if sup;; |m;;| < oo. In particular, there are many Hankel HSMs that
are not of the form I',, for a measure u € M (to see this, it suffices to take I' = (7;4,)
with 7, = 1 for K € A and 7 = 0 for £ € Z;\A and then apply Helson’s theorem
saying that Fourier coefficients of the form k — fi(k) that take finitely many values are
eventually periodic; see [I2]). In the case of the Hankel HSMs, a similar corollary can
also be derived from Peller’s result quoted above.

However, the problem of description of the Hankel type Hadamard—Schur multipliers
is still open. It was raised by G. Bennet in [2]. It is known that the norm of the restriction
of a Hankel multiplier I', to bounded Hankel operators coincides with the norm of the
symbol ¢ as a Fourier multiplier of the Hardy space H! (f — f*¢); to see this, it suffices
to use the Nehari theorem and the H'-BMOA duality. The space of H'-multipliers has
not been described either. The analysis of the finite sections of a Hankel HSM allows us
to suppose that the Bennett problem is related to that of finding a true expression for
the norm of a finite Toeplitz or Hankel matrix. We answer the latter question as follows.
It is clear that

(Tl < llellpoesr=, ,, and [[(TCo)nll < llellre/pe= ,,
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where (Tcp)n = (ﬂ(’& - j))Oﬁi,j<n7 (Fw)n = (/l(z +j))0Si7j<n; and
LS, ={feL>T): f(k)=0for k € (m,n)}.
We show that, in fact, these norms are equivalent, namely,

<3[[(Te)nll and  [lof| Loe o= <3[Te)nll-

“1.2n-1 —

H<PHL°<>/L°°

In particular, this means that, given a Toeplitz matrix T of size n X n, we can find
¢ € L>°(T) such that T = (T,), and ||¢||r < 3||T||. This result was obtained inde-
pendently by N. Nikol’skii and A. Vol’berg (private communication, 2002). See also [I]
for another approach to the same problem. It should also be mentioned that the above
inequalities can be regarded as an extension to nonanalytic polynomials of the classical
Carathéodory—Schur interpolation theorem (see §2 for more details).

Analogs of these results are still true for the corresponding block matrix HSMs. In
particular, if o = {(i,j) € Z+ x Zy : ¢(j) < i} is the ordinate set of a function
¢ Zy — Zs U {oo}, and n = card(p(Z4)) is the number of different values of ¢
(n = oo if ¢ takes infinitely many values), then ||xq||% = log(n + 1).

Acknowledgement. This research was done with a financial support of the European
Research and Training Network “Classical Analysis”, the Bordeaux node. Yu. B. Far-
forovskaya is grateful to the University of Bordeaux-I for hospitality during her visit in
2002, which enabled her to complete this research.

§2. TOEPLITZ MULTIPLIERS

We begin with calculating the norm ||T},||#, where p € 9(T) and T, = (f1(i — j))i,j>0-
Let ¢ € T, and let R; be the unitary operator on /% defined on the basis vectors ey,
k>0, by

Rgek = Ckek.

The following lemma gives examples of “skew diagonal” Hadamard—Schur multipliers.

It is also related to Toeplitz and Hankel matrices as to special cases.

Lemma 2.1. Suppose p € M(T) and l,m € Z. Then the matriz
M, = (a(im + j1))ij>0
is an HSM, and | M,|l% < |ullon. Moreover,

(M,o0A)x = /TRC_MARcfzxdu(C)

for every A € L(1?) and every x € 1 (the integral is norm convergent).

Proof. Clearly, the function ¢ — R¢-m ARz is norm continuous on T for every z € 1.
Hence, it is Riemann integrable, and we have

| RemAR2duO) < [ IR ARGl d(©) < AL - el - lon

This means that the integral determines a bounded operator on (2, say, B. For its
matrix entries, we have

w%m—(é&wmawmme—Amc%mmmW@

= /TC_jl_m(Aejaei)du(C) = (il +im)(Aej, €;)

for all i,j € Z;. Consequently, B = M, o A and ||M, o A|| < ||u|m||A||, whence
Myl < [l pallom- O
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918 L. N. NIKOLSKAYA AND YU. B. FARFOROVSKAYA

Theorem 2.2. Let T = (t;—;)i >0 be a Toeplitz matriz. Then T € H if and only if
T = T, for a (unique) p € M. Moreover, |T,lln = ||pllom, so that the norm of T,
coincides with the norm of its restriction to the set of Toeplitz operators.

Proof. The “if” part and the inequality || T,|ln < ||g/l;m were proved in Lemma 2.1.
To check the reverse inequality, we test the multiplier 7,, on Toeplitz operators T,
@ € L>(T) (it suffices to consider step functions ¢ or continuous ¢ € C(T)). As is well
known, |T,|| = ||¢|| for every ¢ € L°(T) (see, e.g., [L6, Chapter B.4]). Hence, we have

ITuoTo|| = |Tpspll = |l * tt]loo, where ¢ 1 stands for the convolution on T. Therefore,
Tl > sup { || T, 0 Ty|| = |1t * ¢l : ¢ is a step function, [|¢[lee < 1}

> sup{‘ @ du(o} pis astep function, [l < 1f = lulon
T

Conversely, if T is an HSM, then T o T, is a bounded Toeplitz operator (and hence
is of the form T)) for every ¢ € L. Consequently, 1[1(/4:) = tpp(k) for every k € Z,
which means that the mapping ¢ —— 1 determined by (tx)rez is a Fourier multiplier
L>* — L. As is well known (see, e.g., [9]), this implies that ¢, = ji(k), k € Z, for a

measure p € M. ]

Remark 2.3. The above arguments are applicable in a more general framework. Namely,
let X be a Banach space, and let (ex)r>0 be a complete sequence in X (i.e., span(ey, :
k > 0) = X) such that the formula

R(ek = Cke/w k 2 07

determines bounded operators R¢ continuously depending on ¢ € T. Then, by the
same integration process, it is easy to show that (eg)r>0 is a minimal sequence having
a bounded biorthogonal sequence (e} )k>0, i-e., e € X* with (e, e}) = dx;. With every
bounded operator A : X — X, we associate its matrix with the entries (Ae;,e]).
Then the above arguments imply that, for every p € 9, the matrix f(i — j)(Ae;, )
corresponds to a bounded operator on X, say T, 0 A, and || T, o A|| < ||g/lon|lA]l-

Now, we briefly consider block Hadamard—Schur multipliers. Let H be a Hilbert
space, and let (Pik)izm k =1,2,3, be three families of orthoprojections in H such that
Pikij = 0 for every i # j and every k, and Zizo PF = I. We say that a matrix
M = (myj;), where m;; : PPH — P3?H, is a block Hadamard-Schur multiplier if for
every operator A € L(H) there exists B € L(H) such that mijPilAsz = PfBPj2 for all
i,j > 0. As in the scalar case, we denote B = M o A and define the multiplier norm
|[M]]7 in the usual way.

First, we consider the “square case” where P} = P? = P? =: P, and all blocks are
“of the same size”, i.e., rank P; = n < oo for every . We can unitarily identify all P;H,
and identify H with the space [?(Z,, E) of E-valued sequences, where dim E = n. This
identification leads to the replacement of a multiplier (m;;) by (u; 'msju;), where the u;
are appropriate unitary operators. Let u be an £(F)-valued Borel measures on T having
finite norm variation

liallan = sup { Sl 77y = & (i £ 3), i T} < .
[

We denote by M(T, L(E)) the vector space of such measures endowed with the above
norm. FEvery measure p having a density with respect to a scalar measure A is in
(T, L(E)): if p=f-X ie, u(r) = [ f(¢)dX() for a function f € L'(L(E)), then
llon = [ 1 ()] dA(C) < oo
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TOEPLITZ AND HANKEL MATRICES AS HADAMARD-SCHUR MULTIPLIERS 919

Every operator A € L(E) can be viewed as a diagonal operator acting on [2(E), i.e.,
A(z;)j>0 = (Az;)j>0. Now, given a step function Y x;x,, with z; € I*(E), we set in

the usual way
/T(dM(C))<Z$jXT,~) = ulrj)x;,

and then, passing to the limit, we can consistently define the integral [;.(du(¢))h(C) at
least for separable-valued functions h € L*(I?(E)). In the case of a density measure
pw=f-A where f(¢) € L(E), we have [1(du(C))h(C) = [; f({)A(C) dA(C). We refer to
[13, ] for the details concerning vector-valued integration.

As in the scalar case, for a measure p € IM(T, L(E)), the corresponding Toeplitz
matrix is denoted by T}, = (f1(i — j))i,j>0- It is known that T}, is a bounded operator on
I2(E) if and only if du = ¢dm with ¢ € L>®(L(E)); in this case || T, = [|¢]lc (see [15]
or [16]).

The following lemma is an analog of the “Toeplitz part” of Lemma 2.1. Of course,
it remains true for the M,-type operators (except the norm equality), but we do not
need this. The rotation operators R¢ are defined on [?(E) in the same way as on [%:
Reep = Ckey, for every ey, = (Okje)j>0, e € E.

Lemma 2.4. Suppose A € L(I*(E)) and u € M(T, L(E)). Then
(T A)x = [ (@u(©)ReARea
T

for every x € I?(E). The integral is norm convergent, and we have ||T,,0 A|| < ||ulon||A]|-
Moreover, ||Ty|lx = ||glon-

Proof. Clearly, the function ( — RzAR¢x is norm continuous on T for every x € I*(E),
whence

H [utcnrzarca

< sup [ BeARcx|| - [[pllan < AN - [l - [l
S

This means that the integral determines a bounded operator on [?(E), say, B. Since
the u(o) are diagonal operators on [2(E), we have

(Besveuce) = ([ (@nO)reARe;. ) = [ (au)acie; e

- / I (dp(Q)) Aes, ey = (i — ) Aes, )iy = (il — asies, i)

for every i, j € Zy. Consequently, B = T, o A, || T}, o A|l < ||ullanlAll, whence [T, [+ <

l[llom-

As in Lemma 2.1, to check the reverse inequality, we test the multiplier 7}, at Toeplitz
operators Ty, ¢ € L*(T,L(E)) (it suffices to consider step functions ¢). We have
1T 0 Tooll = | Tpwell = ||t * ¢]lco, Where o ¢ stands for convolution on T. Therefore,

| Tyl > sup {HTu oTy|l = |l * ¢lloo : @ is a step function, ||¢|lc < 1}

> sup{\ [antcnetc)

and the result follows. O

: @ is a step function, [|¢|lec < 1} = |||l om,

Lemma 2.5. Let M = (my;) € H(L(?(E))) be an HSM multiplier, i.e., a bounded
mapping taking A = (a;;) € L(I*(E)) to M o A = (myjai;) € L(I*(E)), where A = (a;;)
is the standard matriz representation of an operator A : I>(E) — [*(E). Neat, let P;,
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920 L. N. NIKOLSKAYA AND YU. B. FARFOROVSKAYA

Q; be orthoprojections on E, and let P(x;);>0 = (Pjz;) >0, Q(xj)j>0 = (Q;z;) >0 for
x = (x;)j>0 € I>(E). Assume that m;;Q;E C Q;E for every i,j > 0.

Then the block matriz QMQ is an HSM for the operators acting from PI?(E) into
QI*(E), and |QMQ|l3 < || M]|x-

Proof. For every operator A : PI*(E) — QI*(E), the composition AP is its extension
to [2(E), and conversely, QAP is bounded from PI*(E) to QI?(E) for every A € L(E).
Obviously, [|QAP|| < ||A||. Since for an arbitrary operator A : PI%(E) — QI?(E) we
have Q;m;jai; P; = myja;; P for every i, j, the desired inequality follows. a

Corollary 2.6. Let Pj, Q;, P, and Q) be orthoprojections as in Lemma 2.5, and let
w € M(T, L(E)) be a measure satisfying u(m)Q;E C Q;E for every i >0 and 7 C T.

Then the block Toepliz matriz QT,Q is an HSM for the operators acting from Pl?*(E)
into QI*(E), and |QT,Q|ln < ||lpllm. If p is a scalar measure (i.e., if u(c) = o) - I
for every o C T with a scalar measure X\) and Q; # 0, P; # 0 for every j > 0, we have
QTR = |l = [IAllon-

The first claim follows from Lemmas 2.4 and 2.5, because [i(i — j)@Q;F C Q;E for
every i, j.

For a scalar measure p, we can pass to smaller rank one projections 0 < Pj( < P,
0 < @) < Qj, in which case the operator Q'T,Q’" is equivalent to an HSM on the
scalar space (2. This implies that [|QT,Q|»n > |QT.Q'|l%« = ||Al|om, and the formula
1QT.QlH = || A|lon follows. O

Now, we apply these results to get the classical Matsaev theorem; see [15] [f].

Corollary 2.7. Let M, = (m;;) = xa, be the (n x n)-matriz that determines the
triangular truncation operator A — M, 0 A, i.e., m;j = xa, (i,7) for 0 <i,j <n-—1,
where A, is the lower diagonal triangle A, = {(i,7) : 0<j<i<n-—1},

1 0 o ... O
1 1 o ... O
My, =xa,=1]1 1 T ... 0
1 1 1 ... 1

Then % -log(n+1) < [|xa,lln < 1+log(n) for every n > 1.
The corresponding block truncation operator determined by the matriz M,, on L(I2(E)),
(aij) — (mijai;) with a;; : E — E, has the same norm as M,

Proof. Let T,, = Tp, be the Toeplitz matrix determined by the Dirichlet kernel D,,(¢) =
ZZ;& ¢k, ¢ € T. Then ||T,||3 = ||Dnllzi(r) and, as is well known, 25 - log(n + 1) <
IDnllr(ry < 1+1log(n) for every n > 1.

Next, let Py be the orthoprojection onto the subspace

Then [[xa, l[# = [PoTnFolln < [[Tnlln <1+ log(n).
For the lower estimate of ||xa, |7, we represent T;, as a sum of two block Toeplitz
matrices, T, = T" + T", where 7" = ", ., PxT, Py and Py is the orthoprojection onto

l(2k+1)n O3, ={z=(2j)j50 €1>:x; =0 for j < kn and j > (k + 1)n}.
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Identifying Pyl? with C" and [2 with [2(C"), we observe that T” is a diagonal operator

with constant diagonal entries, T’ = Diag(M,,), i
M, 0 0

(| 0 M, O

= 0 0 M,

Similarly, 7" = S Diag(M'), where S is the shift operator on I2(E), S(zo,z1,...)
(0,70, 21,...), and MI is the transpose of M,. It is clear that a diagonal HSM M
(8;jmii), which acts on L(I2(E)) by the rule M o A = (§;;m;; o a;;), where A = (a;;)
L(I*(E)) and m;; € L(E), has the norm HMHH = Sup;>q ||miillz. Therefore, ||T"] %
IT"ll3 = [|My I3, whence || Mal|3 > | Tn]|/2 > 2 log(n + 1).

onmml

Remark 2.8. A slightly weaker upper bound for ||M,| can be found in the following
elementary way. First, let n = 2¥. Then M,, can be written as a (2 x 2)-matrix of the

form
_ Mn/Q 0 0 0 _ / "
M"‘( 0 M) T\1 o) =Mt M,

where T = (Lij)o<;, j<n/2 with I;; = 1 for all 4,5. As above, ||M] || = [|My,2|l%, and
[|M||% = 1 because M, o A = PyAP; for every A € L(C"), where Py and P; are the
corresponding orthoprojections. Therefore, |[M |3 < |[M, /2|3 + 1, and by induction,
HMn”H <14k

In general, if 2571 < n < 2%, then

[ Ml < [[Mar]lre <14k < 2+logy(n) = 2+ logy e - log(n). 0

Corollary 2.9. Let 0 = 0, = {(1,j) € Z+ x Z1 : ¢(j) < i} be the ordinate set of a
function ¢ : Zy — Z4 U {oo}, and let
n = card(p(Z))

be the number of different values taken by ¢ (n = oo if w(Zy) is infinite). Then the
indicator function of the matriz

AY)

=<

)
o Gy Sy S
I T e T S = Sy Y
e T T S SO S S
Il T T S SO S S
o W Yy Ser gy W
Il T T S SO S S

—_ = =
—_ = =

(the empty entries are filled with zeros), is an HSM if and only if n < oo, and in this
case

c-log(n+1) < |[Myn <1+ log(n),

where ¢ > 0 is an absolute constant.

Proof. Indeed, let Z(k) = {j € Z+ : ¢(j) = k}, k € p(Z4), and let P; be the orthopro-
jections onto l%(k), where

l%(k) ={z=(2;)j50 € 1> :2; =0 for j € Z,\Z(k)}.
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Writing p(Z4) = {k(1) < k(2) < ---}, we get [2 = D1 @®Py(s)l?. Let Q; be the
orthoprojections onto l?,(i), where J(i) = [k(i),k(i + 1)), ¢ > 0, and k(0) = 0. Then
every operator A € L(I?) can be represented in a block matrix form A = (a},): s>o0,

ar,x = Qr Az for z € l%(k(s)). For a matrix M = (m;;), the Hadamard product M o A

has the following entries (here = € Z%(k(s))):

(MoA)jax=Q (MoA) Y (z,¢)e
JEZ(R(3)

Z Z (z,e;)(M o Aej, e;)e;

i€J(r) jeZ(k)

Z Z (x,ej)mij(Aej,ei)ei.
i€J(r) jeZ (k)
If M = M, and r < s, then m;; =0 for j € Z(k(s)) and ¢ € J(r), whence (M, 0A)}, =
0. Similarly, (M, o A);, = aj, for r > s. This means that M, is a block triangular
truncation HSM from PI2(1%) to QI*(I1?) = I2. Now, Corollaries 2.6 and 2.7 yield the
result. g

Corollary 2.10. Let ¢ : Zy — R, and let M, , be the (n x n)-matriz with the entries
my; =1 fori > ¢(j), 0 < j < n, and m;; = 0 otherwise. Let N(p,n) = card{[p(j)] :
0 <j < n}, where [-] stands for the integral part of a number. Then

C1 - log N(p,n) < ||[Mpplln < Cz -log N(gp,n)

with some absolute constants C1, Co. In particular, for a piecewise affine function
Ya,8(x) = ax + B, we have N(p,n) = |[an]| if both pa.5(0) and ¢q p(n — 1) are in
the interval I = [0,n—1], N(p,n) = |[n/a]| if both ¢q (0) and va,g(n—1) are not in I,
and N(p,n) = |[an — B]] if one of pa p(0), ¢a,s(n—1) is in I and the other is not. O

Bounds for the norms of the multipliers M, , restricted to Toeplitz and/or Hankel
matrices were found in [4] (of course, the results differ from ours).

Now, we pass to the question as to how to express the norm of a finite Toeplitz matrix
in terms of its symbol. The result will be used in the next section to treat Hankel HSMs.
Let T' = (ti—;)o<i,j<n be a Toeplitz (n x n)-matrix, and let or(2) = 323 <, tr2*, 2 €T,
be its symbol. For m, n € Z with m < n, we denote

LS, ={feL®T): f(k)=0for k € (m,n)}.

Note that L7 ,, contains the subspace ZmLH® 4 2" H> but is different from it; in fact,
the latter has an infinite codimension in the former (see D. Newman’s theorem in [I6]
A.5.7.3(m)]. Given a function ¢, we put

D(m,n; @) = inf{||f||oc : f(k) = ¢(k) for k € (m,n)}.
If ¢ € L™, we have D(m,n;¢) = ||¢|| o /o = distre (@,Lﬁ,n).

m,n

Theorem 2.11. Let T = (ti—j)o<ij<n be a Toeplitz (n x n)-matriz, and let pr(z) =
Zlen tp2®, 2 € T, be its symbol. Then

1
gD(—mn; or) < ||T|| < D(=n,n;01).

In other words, for every extension of T up to an infinite Toeplitz matriz T, we have
IT|| < | Ty, and there exists an extension satisfying ||T,| < 3||T||.
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Proof. Since T' = P, T, P, for every extension of T', we get ||T|| < ||T,||. Consequently,
IT|| < mf{[|Te[| : ¢ € L¥(T), T = PaTy P} = inf{lgl|oo - o € L(T), T = Pp TP}
= inf{[lplloc : pr —¢ € LZ, 0},

and the right-hand side inequality follows. 3
To prove the left-hand side inequality, first we construct a tridiagonal extension 7" of T,
which will be block Toeplitz. For this, we consider the block structure on I determined

by the subspaces l(2k+1)n ©12,, k > 0, the same as in the proof of Corollary 2.7. Therefore,

we write [2 = [?(C").

Setting 71 = diag(T) : I1?(C") — [?(C"), we define the subdiagonal part Tp =
S,, - diag(A) and the superdiagonal part T3 = S - diag(B) of T, where S,, and S stand
for the forward and backward shifts on [2(C"), respectively, and A and B are operators

on C™ to be defined below. Thus, T =T + T3 + T3,
T B 0 0

) A T B 0

T=|10 A T B

0 0 A T

Since we look for a Toeplitz extension of T', the upper triangular part of A is determined
by the lower triangular part of T

aij = titn—j,
where 0 < i < j < n. We seek a matrix A of the smallest norm || A|| whose (strictly)

upper triangular part coincides with the matrix written above. It is known (H. Dym and
I. Gohberg; see [10l Chapter XXXIII]) that

min || Al = max || Ax [,

where Ay runs through all (k x (n — k))-matrices of the form Ay = (ai;)o<ick<j<n. In
our case, Ag coincides with a section of our initial Toeplitz matrix T', namely, denoting
s=j—k,r=i4+n—k, weget

Ak = (tign—j)o<ick<j<n = (tr—s)n—k<r<n,0<s<n—k-

This implies that there exists a matrix A with the upper triangular part given above
and such that [|A| < ||T||. We define B by a similar procedure but applied to the
lower triangular part of B, which has the Toeplitz structure borrowed from the upper
triangular part of T.

It is clear that T is an extension of T and that ||| < ||T1|| + || 72|l + ||T3]| < 3||T||.
Now, we set T, = P(T), where P is a projection from L£(I?) onto the subspace of all
Toeplitz operators; specifically, we define T by a diagonal averaging process; see, e.g.,
[16, B.4.7.6]. (In fact, we do not need the Banach generalized limits used in [I6] because
in our case the arithmetic means

m

1 ~
m + o

converge weakly to P(T) as m — o0.) Clearly, T' is an (n x n)-section of T, and
IT,]] < ||T|| < 3||T||. This completes the proof. O

Corollary 2.12. Let p(z) = 324 <, apz®, z € T. Then
[(Tp)nll < D(=n,n;p) < 3[[(Tp)nl|- 0
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Remark 2.13. Clearly, the last corollary is an extension of the classical Carathéodory—
Schur interpolation theorem to the case of nonanalytic polynomials p. For an analytic
polynomial p, the Carathéodory—Schur theorem says that D(—oo,n;p) = |[(Tp)nl (see,
e.g., [16, B.3.2]). As observed by A. Volberg (private communication), for general non-
analytic data p the identity of the latter type fails. For example, let T' be the (2 x 2)-

symplectic matrix, T = Ja,
0 1
e (00)

Then ||T|| = 1, but for every function ¢ = ---+Z + 2z +--- we have ||¢]lo > [l¢ll2 > V2.
Therefore, D(—2,2;¢) > /2|T||. We do not know the best possible constant in the
inequalities of Theorem 2.11 and Corollary 2.12.

A similar extension problem for Hankel operators is considered in the next section.

§3. HANKEL AND HANKEL-TYPE MULTIPLIERS

Now we view Hankel operators as Hadamard—Schur multipliers. We begin with the
following lemma linking Hankel and Toeplitz operators.

Lemma 3.1. Let J,, be the (n x n)-symplectic matriz,

0 o ... O 1
0 0o ... 1 0
Jn=10 0o ... 0 0
1 o ... O 0

Then ||AJ,|| = ||Al| and || M Jy |2 = || M]3 for every A, M € L(C"™). Moreover, J? =1,
and

(Tap)an = (Fz"—lcp)na (Fw)an = (Tz—"‘*'lcp)n-
Proof. Clearly, J, is a unitary operator on C", and (M o A)J,, = (M J,,) o (AJ,). O

The following theorem can easily be derived from Lemma 2.1. However, we give yet
another proof by using the link between finite Hankel and Toeplitz matrices established
in Lemma 3.1.

Theorem 3.2. Let p € M(T). Then the Hankel matriz T,

= (f(i+7))i >0 is an HSM,
and we have ||Tylls < ||pllon s, where HY = {f € LY(T) : f(k)

=0 for k > 0}.

Proof. Let (T,)n = (f(¢ — j))o<i,j<n be the nth finite section of the Toeplitz operator
T, with an odd n > 1. Let Pr, be the orthoprojection onto the subspace L = Lin(e :
"51 <k < n) C C". Then, by Lemma 3.1, the operator (7,),J, has a Hankel matrix,
and moreover, the section Pr((T})nJn)|L has the matrix (I',)(;,41)/2. Therefore,

I(C) () 2l = IPLAT)nIn) | Ll < AN(Tdnllre < Tl = llpellom-

Letting n — oo, we get ||T',||n < ||t]|on. Moreover, I, =T',,1,, if and only if #(k) =0
for k > 0, whence v = h-m, where h is a function in the Hardy space H!, and m stands
for the normalized Lebesgue measure on T (we refer to the Riesz brothers theorem; see,
e.g., [16]). Consequently, ||T,,|l3 < inf{||p+h -mlom:h € HL}. O

Now, we apply Lemma 3.1 and Theorem 2.11 to Hankel operators. First, we obtain
the following analog of Corollary 2.12.
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Corollary 3.3. Let p(z) = 20§k<2n71 2%, z € T, be a polynomial, and let (T)), =
(Vitj)o<i,j<n be the corresponding Hankel matriz. Then the smallest norm min ||I'|| of a
Hankel extension T of (I'p), is D(—1,2n — 1;p), and

[(Tp)nll < D(=1,2n = 1;p) < 3[[(Tp)nll

Proof. A Hankel operator I', is an extension of (I',), if and only if (k) = ax for
0 < k < 2n — 1. Therefore, by the Nehari theorem, the smallest norm among all
extensions is inf || + H>°||, where ¢ runs over the L>-functions described above. Since
H®® C L% 5,4, the identity D(—1,2n — 1;p) = min [|[T',|| follows.

Using the formula (I'y)nJn = (T,-n+1,)n of Lemma 3.1, and then applying Corollary
2.12, we get the rest of our claim. O

Next, we deduce a necessary condition for a Hankel matrix I" to be an HSM.

Theorem 3.4. Let I' = (vi4j)ij>0 be a Hadamard-Schur multiplier, and let ¢ =
ks k2" be the corresponding symbol (a distribution on T). Let 1/a be a positive
integer, and let K0 be the Fejér type kernel for the interval [m,n], that is, the trigono-
metric polynomial with IA(mna(s) =1form<s<n, Km,n;a(s) =0 for s < m—a(n—m)
and s > n+ a(n —m), and with linear Ky p.o on the intervals [m — a(n —m), m] and
[n,n+ a(n —m)]. Then

sup [ Ko n.a * ¢lly < 36(T|2,
m<n<fm

where § = é + 1.
Proof. Using the formula (I'y)nJy, = (T.-n+1,)n of Lemma 3.1 once again, we get
TN+ = 1(T)nllr = [Tall#,

where T, = (T,-n+14)n. Since

sup{[|Tn o (Tp)nll : (Tp)nll <1} < | Tnlln,
we see that
SUp{[[(Tyxp)nll = | flloo < 1} < [|Tnll2e < [ITll3,
where ¢ = 27 "*1p. By Theorem 2.11, for every f € L* with ||f|s < 1, there exists
g € L such that g = (m) on the interval (—n,n) and

lglloe = T3l < 3I[(Tpss)nll-
Now, we take any kernel K_n n.o such that [-N — 2aN, N + 2aN] C [-n,n]; it is
easily seen that K_n n. is a sum of at most é + 1 = 3 (shifted) Fejér kernels, so that
IK_n Nl < L 11 =74. Moreover, K_NNa*9g=K_NnN.*(*f), whence

[K-nNsa* (¥ f)lloc = [ K-n,Na * glloo < Bllgllc < 3BT %

for every f with || f]|cc < 1. This implies [|K_n ~:a*%|lcoc < 38||IT'||7, which is equivalent
to the claim. 0

Corollary 3.5. Let A C Zy, let k — ~; be the indicator function of A, and let T' =
(Vitj)i,j>0 be the corresponding Hankel matriz. Assume that there exist m, n, a« > 0 such
that m <n < Bm, where B =1+ 1 and [m,n]NA = [m — a(n —m),n+ a(n —m)] NA.
Then

T > a log(card([m, n] N A)),

e
31+«a)
where a > 0 is an absolute constant.

In particular, T & H if, for a fized o, there exist intervals [m,n| as above with
sup(card([m,n] NA)) = co.
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Proof. Using Theorem 3.4 and its notation, we get || K n,a * ¢ll1 < 38||T|l%. On the

other hand,
Km,n,oz *p = Z 2.
JE[M,nINA
Now, the result follows from the Konyagin—Smith theorem (see, e.g., [1]). O

We finish this section by exhibiting a vector space of Hankel type matrices M = (m;)
for which sup |m;;| < oo implies that M € H. In particular, we obtain many examples
of Hankel HSMs whose symbols are not measures.

For A C Z4, we denote by HL(A) the set of all Hankel-like matrices M = (mi;)i j>0
supported on A, that is, matrices having m;; = 0 for every ¢, j with ¢ +j € ZL\A
and sup; ; [m;;| < oo. Let H(A) be the subset of HL(A) consisting of Hankel matri-

ces. We recall that a sequence (n(k))r>1 of integers is (Hadamard) lacunary if ¢ =

n(k+1)
n(k)

also a finite union of sequences with ¢ > 2.

infr>4 > 1. Clearly, a sequence A that is a finite union of lacunary sequences is

Lemma 3.6. Let M € HL(A). If A is a union of N lacunary sequences with q¢ > 2,
then
[ M|+ < 3N -sup [mi].
i,j

Proof. It suffices to analyze the case of N = 1. Let n(k + 1) > 2n(k) for £ > 1, and
let A = (a;;) be a bounded operator on I?>. We write M o A = D + K + L, where D
is a diagonal matrix, K is strictly upper triangular, and L is strictly lower triangular.
Clealy, | D] < [|A| sup,  lmis|.

We show that K K* is a diagonal matrix. For this, it suffices to check that, for
every j > 1, we have m;jmy; = 0 for kK > 4 and ¢ < j, k < j. Indeed, if we suppose
that m;;mg; # 0, then i + j = n(s) and k + j = n(t) for some ¢t > s > 1, whence
kE=mn(t)—j > n(t)—n(s) > n(s) > j, a contradiction. Thus, K K* is the diagonal matrix
with diagonal entries )., [m;ja;;|?, and we obtain || K|| = [ KK*||1/2 < || Al sup, ; [mi;.

Similarly, ||L|| = ||[L*L||*/? < || Al sup; ; |m;;|, and the result follows. O

Corollary 3.7. Suppose A is a finite union of lacunary sequences. Then the only matri-
cesT' € H(A) generated by a measure are matrices with finitely many nonzero diagonals.
Consequently, the norm pi—— ||T'[|3¢ is strictly weaker than the norm p—— ||ullon, g1 -

Proof. The first assertion follows from Helson’s theorem (see the Introduction). The
second assertion follows from the first one. Indeed, assume that there exists C' > 0 such
that [|ullon g1 < C[|Tyl[# for every measure p. Then, given a Hankel HSM T' = (v;4;),
we can approximate it by its Fejér means I's, o I' = I'yyp,, where ®,, stands for the
Fejér kernel and ¢ = Y7~ 2. This leads to [|®, * @llgn g < C|IT||% for every
n > 0. Passing to the weak limit, we conclude that I' is generated by a measure, a
contradiction. 0

Theorem 3.8. Let A C Z,. The following assertions are equivalent.
1) HL(A) C H.
2) H(A) C H.

3) A is a finite union of lacunary sequences.

Proof. The implication 1) = 2) is obvious, and the implication 3) = 1) was proved
in Lemma 3.6. Now we show that the implication 2) = 3) follows from Corollary 3.5.
Indeed, if H(A) C 'H, then the norms ||I'[|3; and supy, |yx| are equivalent on H(A). Let
v = 1 for k € An[2V,2V 1] and ~;, = 0 otherwise, where N is an integer. Applying
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Corollary 3.5 to an appropriate Hankel operator, the interval 2V, 2V 1] and 8 = 2, we
see that card([2V,2V*+1]NA) is uniformly bounded for all N = 1,2, ... . This means that
A is a finite union of lacunary sequences (we extract subsequences by taking a point from
each interval [22V 22N+1) and then by doing the same with the intervals [22V+1 22N+2]
N=0,1,...). O

Remark 3.9. An interesting open problem is to describe the subsets ¢ C Z4 x Z4 such
that the set

M(o) = {(mij) : my; = 0 for (i,j) € (Z+ x Z4)\o and sup [m;;| < oo}

ij
is contained in H. Theorem 3.8 characterizes such Hankel-like subsets. For Toeplitz-like
subsets the result is completely different. Namely, let

U:{(i,j)EZ+XZ+Ii—jEA},

where A C Z, and let T'(o) be the subset of M (o) consisting of Toeplitz matrices. Then
the following statements are equivalent:

(1) M(A) CH.

(2) T(A) CH.

(3) A is a finite set.

Indeed, the implications (1) = (2) and (3) == (1) are obvious. To prove the
implication (2) = (3), assume that A is infinite. Taking an infinite aperiodic subset
Ay C A and considering the corresponding Toeplitz matrix (i.e., t;; = 1 for i —j € Ay
and ¢;; = 0 otherwise), and then using Theorem 2.2, we obtain a contradiction with the
Helson theorem (see the Introduction). O
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