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SPECTRAL BOUNDARY-VALUE PROBLEMS
FOR THE DIRAC SYSTEM WITH A SINGULAR POTENTIAL
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Dedicated to Mikhail Shlemovich Birman on the occasion of his 75th birthday

INTRODUCTION. SETTING OF THE PROBLEMS

We write the free Dirac operator in R? as

3
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Here D; = —i0; = —i0/0x;, a; are Hermitian (4 x 4)-matrices

@ o=(, %)

where o; are the Pauli matrices

D R ) I (!

and 3 = a4 is the diagonal (4 x 4)-matrix with the main diagonal (1,1, —1, —1). These
matrices have eigenvalues =1 and satisfy the relations
oor = —opoy (1 #£k), of =1y

(4)

QI = — OO (l # k), al2 = I4.

Here and in what follows I,,, is the identity (m x m)-matrix. Vector-valued functions
w(z), on which the operator D acts, will be written in the form

= (1),

where

We also set
3

(5) a(§) =Y oy
1

The square of this matrix is |¢|?I5. The form (1) of the Dirac system was used in [I] and
many other papers included in our references.
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26 M. S. AGRANOVICH AND G. ROZENBLUM

Let Q be a bounded domain in R3. For simplicity we assume that its boundary T is
infinitely smooth. By v = v(z) we denote the outward unit normal at the point € T".
Consider the following boundary-value problem with two real parameters A and u:

(6) (P +V)w(z) — dw(z) = f(x) (zeQ),
(7) Bu :=io(v(z))v" (z) — pu’ () = g(x) (v €T);

here and below the superscript © means the boundary values of functions. By V(z)
we denote a Hermitian potential that may have a Coulomb-like singularity at the origin
(we assume that it lies inside ). In the simplest case this singularity has the form
0/|z|, where 6 is a real number. The potential V(z) is the sum of this fraction and a
function smooth in €. It is the presence of the Coulomb singularity that leads to many
analytical difficulties we overcome in the paper. In the general case, the potential can be
a matrix-valued function subject to some inequalities and additional restrictions.

System (6) corresponds, for example, to an electron in the field of a charged point
nucleus. The problem (6), (7) was posed by physicists (see [2] and references therein).
However, the boundary condition has no physical meaning and is imposed for calculation
purposes. Namely, the domain € is regarded as a “black box”, and one intends to find
what happens on its boundary. More precisely, let the values of the parameters A and pu
be such that the problem has a unique solution, and let f = 0. The problem consists in
finding u* in terms of g. The operator mapping g to u* is called the R-matriz. If ut
is found and p is different from 0 (this is assumed as well), then v" also can be found
from the boundary condition (7), so the Cauchy data of the solution are determined
completely. For the homogeneous Dirac system these Cauchy data from the inside are
the same as those from the outside, and the latter replace the system in € when the
problem is considered in the exterior domain R? \ Q.

Two approaches to constructing the R-matrix are suggested by physicists. Namely,
setting f =0, g = 0, we get two spectral problems.

I. The problem with X\ as a spectral parameter and fixed pu.

II. The problem with p as a spectral parameter and fixed .

The approaches consist in using the spectral expansions in eigenfunctions of problems
I and II, respectively.

Our aim in the present paper is to investigate spectral properties of both problems
and to clarify how to use them rigorously in the mathematical context for constructing
the R-matrix. Problems I and II are considered in Chapters I and II, respectively.

We were informed about these problems, the notion of the R-matrix, and two ap-
proaches to its construction by R. Szmytkowski, the author of the book [2]. We owe him
our sincere gratitude for this as well as for consultations and a discussion of our results.

Before passing to their brief description, we make two remarks.

Remark 1. At first sight, u™ and v* have different status in the boundary condition.
However, in fact, their roles can be interchanged by multiplying the boundary condition
by —io(v)/u and replacing p with g = —1/p; cf. [2].

Remark 2. By the well-known Hardy inequality

h 2
8) /' éjg' dx §4/|Vh|2dx (h € C3°(RY)),
where h is a scalar function (see, e.g., [3| Chapter VI, §5]), multiplication by a potential
with a Coulomb singularity is a bounded operator from the Sobolev space H'(Q2) =
W) to HY(Q) = La(Q). Indeed, it is well known that the functions in H'(2) can
be extended to finitely supported functions in H'(R3) by using a bounded extension
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SPECTRAL BOUNDARY-VALUE PROBLEMS FOR THE DIRAC SYSTEM 27

operator. Therefore, the operator D+ V with a Coulomb potential is a bounded operator
from H*(Q)* to La(Q)*.

To a great extent, our investigation is based on fine results that are known for the Dirac
operator in R? with a Coulomb-type potential. However, taken alone, these results are
insufficient, and we need to consider some specific questions, starting with the definition
and description of the selfadjoint operators that correspond to problems I and II and
concluding with the investigation of the behavior of their eigenvalues.

We begin with the explanation of the contents of Chapter I.

When the potential V' does not involve a singularity, the problem (6), (7) with a
nonzero real p is elliptic, and integration by parts readily shows that it is formally self-
adjoint (see [4]@) This leads immediately to the following description of the properties
of the first spectral problem. The differential operation D + V and the boundary con-
dition determine a selfadjoint operator (D + V)q in Lo(Q)%. Its domain is a subspace
of the Sobolev Ly-space H'(€2)*; this subspace consists of all functions satisfying the
homogeneous boundary condition (7) with ¢ = 0 and is denoted by H'($, B)*. The
operator (D + V)q acts boundedly from this subspace to La(2)*. The spectrum of this
operator is discrete, there exists an orthonormal basis of eigenfunctions in Lo(€2)?, and
the eigenvalues have the usual asymptotic behavior

9 Ay = b/ +0(1 + po (2 )"
) L=t 0() (0 2oc), b= ()
Here the positive and negative eigenvalues are numbered in a nondecreasing way, counting
their multiplicities. The remainder estimate is the best possible. The operator is not
semibounded, and thus the eigenvalues have two limit points +-co. The orthonormal basis
of eigenfunctions in Ly(2)* remains to be an unconditional basis in H'(Q2, B)*. (A basis
is called unconditional if it remains to be a basis after any permutation of its terms.)

As to formula (9), we refer the reader to the general results of [5] §6]. There is another
way to deduce this asymptotics, however without an efficient estimate of the remainder.
For V' = 0 it consists in passing to the variational problem for the second order system
D2w = MDw and then using the results of [6] for the corresponding ratio of the quadratic
forms first on H1(Q)* and on Hg(Q)*, which corresponds to the Neumann and Dirichlet
variational problems with homogeneous boundary conditions. In these cases we get one
and the same asymptotic behavior; therefore it is extended to our problem as well. The
lower order terms in the operator that appear due to the potential do not influence the
leading term of the asymptotics.

In the case of a potential with singularity, we can no longer use the results of the
theory of elliptic boundary-value problems directly.

But in this case, starting from the 1970s, the problem of constructing and describing
a selfadjoint operator in R3 that corresponds to the Dirac operator with a potential
having a Coulomb singularity has been studied actively. The history of this problem and
detailed references can be found in [7, Chapter 4, pp. 305-306]. We also mention the
survey [8]. If, for simplicity, the potential is scalar, then three cases are distinguished:

1) 16 < V/3/2,

2) V3/2 <0 <1,

3) 16] > 1.

The growth of |#| corresponds to that of the “atomic number” of the nucleus. In the
first case the atomic numbers are less than 119, in the second they are between 119 and
137. These cases are most interesting for the atomic physics. In the first case it is proved
that the Dirac operator in C§°(R?\ {0})* is essentially selfadjoint, i.e., the closure of

LOur notation is slightly different from that in [4].
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28 M. S. AGRANOVICH AND G. ROZENBLUM

this operator in L?(R3)* is selfadjoint. For simplicity, let the potential be compactly
supported; then the domain of this closure is the space H'(R®)%. In the second case
there are infinitely many selfadjoint extensions; however, a distinguished one can be
constructed corresponding to finite kinetic and potential energy states. Now the domain
consists of the functions w € H'/?(R3)* such that pw € H'(R*)* for smooth functions
¢ vanishing near the origin and bounded together with the first derivatives. The reason
of an abrupt smoothness loss near the singularity is clearly seen for the pure Coulomb
potential V' (x) = 6/|z| if the required operator is constructed by separation of variables
(we briefly dwell on this in §5, where separation of variables for the boundary-value
problem will be performed). In §1 and §2 the results pertaining to the construction of
this operator are described in more detail. Subsequently, these results will be used in an
essential way.

In the third case, for large atomic numbers, presumably there is no physical reason
to single out a distinguished selfadjoint extension. Moreover, it is believed that the
Dirac—Coulomb system is not quite adequate to the physical situation for heavy nuclei.
Nevertheless, there are some publications concerning this case as well.

In §§1 and 2, we associate a selfadjoint operator (D + V)gq in L2(Q)* with the prob-
lem (6), (7) for g = 0, describe its domain, its action on functions in the domain, and
spectral properties of this operator. Cases 1) and 2) will be considered in §1 and §2,
respectively, and we shall “glue together” the results for the Dirac system with a singu-
lar potential in the entire space and the results for the boundary-value problem without
singularities.

In the first case the domain of this operator is the space H'(Q, B)*. The second case is
somewhat more complicated and the domain is “worse” in this case: near the singularity
the functions belonging to the domain are in H'/? only, so that a special definition of
the norm in this space is required in order to ensure the boundedness of the direct and
inverse operators (outside the spectrum). In fact this is the graph norm for this operator.

In both cases the spectrum of our operator turns out to be discrete. The eigenfunctions
still form a basis in the domain of the operator. In §3 we establish the usual asymptotic
behavior for the eigenvalues, as in (9), with the same limit points oo and the same
constant b (but without an efficient remainder estimate).

However, the latter is not quite simple. The point is that the term with singular poten-
tial is not relatively compact with respect to the rest of the operator. We overcome this
difficulty by considering the difference of resolvents for the perturbed and nonperturbed
operators. Here the results by Nenciu [0] are essentially used, namely, the abstract ap-
proach for nonsemibounded operators with the study of the resolvent, and realization of
this approach in R®. First we show that the operator we define for our problem is also
a realization of the abstract Nenciu approach. This fact is interesting in itself. At the
concluding step, we use the estimate of the spectrum proved in 6] [10].

The main results are stated in Theorems 1.1, 2.5, and 3.1. They cover some situ-
ations with matrix-valued potentials and can be extended to potentials with Coulomb
singularities at several points.

In case 3) we only note the possibility to describe all the possible selfadjoint operators
that correspond to the problem with pure Coulomb potential in a ball. See §5.

We turn to the contents of Chapter II. For a smooth potential, the second spectral
problem was considered in [4]. Even in that case, the problem is unusual. To simplify the
notation, we put A = 0; but we need to assume that the functions V(z) £ 1 do not vanish
anywhere (cf. [IT]). Then, excluding v or u from (6), we get strongly elliptic second order
(2 x 2)-systems in Q. Suppose that the corresponding Dirichlet problems have unique
solutions. Then, by using the corresponding Poisson operators, it is possible to reduce
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SPECTRAL BOUNDARY-VALUE PROBLEMS FOR THE DIRAC SYSTEM 29

the spectral problem II to a spectral equation in Lo(I")? with respect to u™ (or to v™T)
with a first order pseudodifferential operator. This operator turns out to be nonelliptic
but invertible on the set of infinitely smooth functions. Actually, the nonellipticity of this
operator is related to the fact that the Dirichlet problem for the Dirac system (where
either u™ or v is given) is nonelliptic; cf. [11]. Furthermore, it turns out that the linear
combinations of this operator and its inverse with two nonzero coeflicients are elliptic.
(In [4] only one linear combination was considered, which is insufficient in the case of
variable coefficients.) This leads to the existence of a smooth orthonormal basis in Lo(T")?
consisting of the parts u;} of eigenfunctions on I with two limit points for the eigenvalues,
namely, 0 and oo (more precisely, +0 and —oo), which is rather unusual. Moreover, the
asymptotic behavior of both eigenvalue sequences is given with remainder estimates. It
is possible to form a basis consisting of the lower parts v,l of the eigenfunctions as well.
The property to be a basis persists for all Sobolev spaces on T'.

We extend this result to the case of potentials with Coulomb singularity for 0 < 6| < 1.
To do this, we again consider the corresponding second order systems. However, now
they are degenerate in its principal term and have a Coulomb singularity in the lower
order term. Roughly speaking, they are systems of the following structure:

92
(10) V|z|Vu(x) + Tl
It is possible to handle the corresponding Dirichlet problem by using some special analogs
of the Hardy and Garding inequalities. For a scalar system like (10), the required analog
of the Hardy inequality is the following:

u(z) = 0.

xr 2 .
(11) /%dm < /|x||Vh(x)|2dx, h e C°(RY)

(see [13]). This inequality can be verified in the same way as the standard inequality (8)
(see [3]) but with the substitution w = rh instead of w = r/2h, where r = |z|.

We shall need a similar inequality with o (D) instead of V (for two-dimensional vector-
valued functions) actually contained in [13]; cf. also [I2]. Under the condition that the
Dirichlet problems mentioned above are solvable, the spectral results remain true without
losses. They are stated in Theorem 10.1.

In §84 and 11 we discuss two spectral methods of constructing the R-matrix for the
Dirac system.

First, we note that for the Schrédinger equation, in the case of unique solvability of
the (scalar) problem

(12) Au+Vu—du=0inQ, du—pu=gonl

(here 0, is the normal derivative), the operator g — u* is called the R-matriz. This
operator can be constructed either by using the eigenfunctions of the problem with
spectral parameter A in €2, or by using the eigenfunctions of the problem with spectral
parameter p on I'; see [2] and references therein. In the atomic and molecular physics,
this notion of the R-matrix for the Schrédinger equation and the spectral approaches to
its construction seem to be very popular. They were analyzed by mathematical tools
in [12) [15].

For the Dirac system, the notion of the R-matrix and attempts to use the spectral
approaches for its construction appeared by a natural analogy (again see [2] and the
references therein). We have not succeeded in justification of the approach that involves
the eigenfunctions of problem I; however, we propose a satisfactory (from our point of
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30 M. S. AGRANOVICH AND G. ROZENBLUM

view) regularization of the corresponding series. As to the approach based on the eigen-
functions of problem II, it admits a complete and convenient justification. Apparently,
the first physical paper in this direction was [16] (see also [2] and references therein).

Concluding this Introduction, we would like to mention a continuous and salutary
effect of the remarkable investigations, ideas, and results of M. Sh. Birman on our math-
ematical work. On the occasion of his jubilee birthday, we wish him good health and a
successful continuation of his creative activity during many years.

We agree to identify a function defined in 2 and vanishing near I with the function
in R? that extends the original one by zero outside Q.

The symbol O, will denote the open ball of radius € with center at the origin. For ¢
sufficiently small, its closure is contained in €, and then we use the notation Q. = Q\O..
We also put Qg = 2\ {0} and R} = R?\ {0}.

Positive constants C; do not depend on the functions under consideration, and usually
they are numbered anew in each new section.

CuapPTER I. THE PROBLEM WITH SPECTRAL PARAMETER
IN THE SYSTEM

§1. THE CASE OF A COULOMB SINGULARITY WITH 0| < v/3/2
In this section we assume that
(1.1) V() = Vo(x) + Vi(x),

where Vi (z) is a smooth (C1) function in Q and Vy(x) is a function smooth everywhere
except the origin, vanishing near I', and satisfying the inequality

(12) V)< L 0<o< ¥,

|| 2
Both functions may be Hermitian matrices, and then inequality (1.2) (as well as similar
inequalities below) is related to the operator norm of the matrix, which is equal to the
maximum modulus of the eigenvalues. In addition, as in [I3], we assume that the matriz
Vo(z) commutes with the matriz © - o = Ei’ z;jaj. Let V() be of the same form in R?
with compactly supported V;(z).

In this and the next section we denote the Sobolev spaces H*(R3)* by H*; in particular,
Lo(R3*)* = HY(R®)* is denoted by Lo or H°.

The Dirac operator (D + V)gs with such a potential was considered by Schminke [I7]
and later by Vogelsang [I3] in the scalar case (under a slightly more general assumptions
than ours) and in the matrix case, respectively. Generalizing results of their predecessors,
these authors proved that this operator defined on C§°(R3)* is essentially selfadjoint in
Ls. As was already mentioned in the Introduction, the domain of the corresponding
selfadjoint operator is the space H' if, say, the potential is compactly supported. In
fact, its behavior at infinity plays no role for selfadjointness (see [1§] and the references
therein to the papers by Chernov and other authors).

Recall that in the boundary-value problem (6), (7) the number yu is assumed to be
real and nonzero.

Theorem 1.1. Under the assumptions indicated above, the problem (6), (7) with A =0
and g = 0 determines a selfadjoint operator in Lo(Q)* with domain H'(Q, B)*. Its
spectrum is discrete. In La(2)* it has an orthonormal basis of eigenfunctions, which
remains to be an unconditional basis in H(Q, B)?.

If the function V (x) for x # 0 and the boundary are infinitely smooth, then the eigen-
functions belong to C>=(2\ {0}).
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SPECTRAL BOUNDARY-VALUE PROBLEMS FOR THE DIRAC SYSTEM 31

Proof. Remark 2 in the Introduction implies that the operator (D + V)q corresponding
to the problem under consideration is always bounded as an operator from H'(), B)*
HO()*. First, we check that under our assumptions it is a Fredholm operator. To do
this, we establish an a priori estimate and construct a right parametriz (see, e.g., [19]).

Let ¢1 be a (scalar) function in C§°(€2) that equals 1 in a neighborhood of the origin,
and let oo = 1 — ¢ in Q. Somewhat later we shall need two more functions: ¢ in
C§°(2) will be equal to 1 in a neighborhood of supp ¢1, and 1 in C*(Q) will be equal
to 1 in a neighborhood of supp 2 and to 0 in a neighborhood of the origin. All these
functions are assumed to be nonnegative.

First, we assume that V;(z) = 0. Let w be an arbitrary function in H'(Q, B)*. The
following inequality by Vogelsang [13] is true for ¢;w regarded as a compactly supported
function on R3:

(1.3) lerw/|zl[lors < C1l(D+ V) (p1w)|lors-

More precisely, this estimate is proved for C§°(R3)*-functions, but it is known (see,
e.g., [7, p. 12]) that such functions are dense in Hl( 3)4. As a consequence, we obtain
the estimate

[D(prw)llops < C2l|(D + V)(erw)llors-
Since the operator D is elliptic and the function Dy; is bounded, this implies
(1.4) lprwllie < C3[I[(D + V)wlo.e + [wlo.q]-

On the other hand, since the problem without singularity is elliptic, we have

[pawl1,0 < Ca[[(D + V) (p2w)llo,0 + l[p2wllo.e],

so that

(1.5) lp2wle < Cs[I(D + V)wllo.g + [lwllo.g]-
From (1.4) and (1.5) we arrive at

(1.6) lwllhie < Cs[l(D + V)wllo.g + llwllo.q],

and this is the required estimate. Of course, it can be extended to the case of V7 # 0.
Moreover, we can add isly to the potential V| where we take s real.

Now we construct a right parametrix. Again, let V3 = 0 for the beginning.

Denote by R; the operator inverse to (D + V)rs + is9ly with a nonzero real sg. This
inverse exists because the operator (D+V )gs is selfadjoint and is a bounded operator from
Ly(R3)* to HY(R?)*. By Ry we denote the operator acting from Lo(Q)* to H(€, B)*
and inverse to the operator corresponding to the boundary problem (6), (7) with g =0,
the potential 12V instead of V| and the same additional term isgls. The operator Rs
exists because the analogous operator with so = 0 is selfadjoint. (In what follows the
symbol I, will usually be omitted.) Put

(1.7) R =11Ri(p1) + 2 Ra(p27).

Let f be a function in Ly(2)*. The function u = Rf satisfies the boundary condition (7)
with ¢ = 0, and

(D+V)aRf =v1(D+V +isg —iso)Ri(¢1f) + 102 (D 4V +isg —isg)Ra(p2f)

<Zaj 3%)31 p1f) + (Z% ]¢2>R2(502f)

From this we see that

(1.8) (D+V)eRf=[f+Uf,
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32 M. S. AGRANOVICH AND G. ROZENBLUM

where U is a bounded operator from Lo(Q)* to H*(£2)* and hence a compact operator
in Ly(2)%. Consequently, the operator R is a right parametrix we are looking for. It
remains to be a right parametrix after adding a smooth function and is to V' (the formula
for R does not require any changes).

We have proved that (D + V)q is a Fredholm operator.

All this remains true if we multiply the potential by ¢, 0 < ¢ < 1. Since the index does
not change under continuous deformations and, obviously, equals zero for ¢ = 0 (as the
index of a formally selfadjoint elliptic problem), it is equal to zero for ¢t = 1 as well, i.e.,
for the operator corresponding to our problem.

This operator is symmetric. It remains to check that it is selfadjoint. It is well known
that it suffices to prove that for real s with sufficiently large absolute value after adding is
to the potential we have uniqueness for the problem (then there exists a unique solution
for all nonzero real s). Let us look once again at the proof of the a priori estimate.
Recalling that the corresponding operators are selfadjoint, instead of (1.4) and (1.5) we
can write the inequalities

(1.9) Islllp1wllo,0 < C7[[(D +V +is)(prw)]|o,0
and
(1.10) |s[lp2wllo,0 < Cs[[(D +V +is)(p2w) 0,0

where the constants do not depend on s. For sufficiently large |s|, this obviously yields
the estimate

(1.11) [sll[wllo,o < Coll(D +V +is)wllo,a,

which implies uniqueness.

The domain H(€2, B)* of the operator (D + V)q is compactly embedded in Lo(€2)%;
therefore, the spectrum of this operator is discrete.

Without loss of generality we may assume that the point A\ = 0 does not belong to the
spectrum. Then our operator determines a continuous isomorphism between H'(Q, B)*
and Ly(Q)%. Therefore, the orthonormal basis of eigenfunctions in L?(2) remains to be
an unconditional basis in H'(Q, B)*.

The last assertion of the theorem follows from the theorem on local smoothness of
solutions to elliptic problems. |

Using interpolation arguments, we conclude that, moreover, for 0 < s < 1/2 this basis
remains to be an unconditional basis in H*(Q)?*, and for 1/2 < s < 1, in the subspace
H* (2, B)* ¢ H*(Q)* consisting of functions that satisfy the homogeneous boundary
condition (7) (cf. [15]).

Note also that, since the operator under consideration acts from H'(Q2, B)* to H°(Q2)%,
we automatically get a lower estimate of proper order for the absolute values of its
eigenvalues (see, e.g., [19]).

In conclusion, we note the following. The linear set of smooth functions w on Q
vanishing near the origin and satisfying the boundary condition is dense in H'(£2, B)*.
Therefore, if originally the operator (D+V)gq is defined on such functions, it is essentially
selfadjoint. We see that under condition (1.2) the situation in € is similar to that in R3.

§2. THE CASE OF A COULOMB SINGULARITY WITH 6] < 1

Now we assume that V(z) is a matrix-valued potential of the form (1.1), where Vi ()
is smooth in Q and Vj(x) vanishes near T', satisfies the inequality

(2.1) Vo(z)| € — with0< 6 <1,

v
]
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SPECTRAL BOUNDARY-VALUE PROBLEMS FOR THE DIRAC SYSTEM 33

and is smooth everywhere except the origin; moreover, both matrices are Hermitian. We
assume that the potential is of the same form in R? with finitely supported V;. (However,
in §3 we shall see that it is possible to add a constant to the potential, at least not too
large, and we shall use this.)

2.1. The Dirac operator with singular potential in R3. The Dirac operator in R?
with a potential that has a Coulomb singularity of type (2.1) was investigated among
others by Nenciu [9], Wiist [20]-[22], Klaus—Wiist [23],[24], and Schmincke [25].

In [9] quadratic and sesquilinear forms were used, so the approach is similar to the
classical approach to boundary-value problems for strongly elliptic second order systems.
The operator D is not semibounded. Nevertheless, Nenciu showed that the sum of
the forms for the operator D and for the operator of multiplication by the potential
determines a selfadjoint operator in Ly. More precisely, the following statement is true.

Proposition 2.1. There exists a selfadjoint operator (D + V)gs in Lo such that its
domain Hy = Hy (R®)* is a dense subset of HY/? and

(2.2) (D + V)gswy,wa)ors = (Pwi + Vwi,we)ors (wy € Hy,we € H'Y?).
The operator is determined by these conditions uniquely.
Nenciu used the domain of the operator |D|'/? instead of H'/2. However,
(D2 = (D)4 = (1 - &)1y,

therefore D(|D|'/?) is simply equal to H/2.
Some explanations how Proposition 2.1 was obtained will be given in Subsection 2.3.

Remark 2.2. Since D is an elliptic first order differential operator with constant coeffi-
cients and with nowhere degenerated symbol, it maps H® isomorphically onto H*~! for
every s. The operator (of multiplication by) V is bounded from H! to H". By duality,
it is bounded from H® to H~', and by interpolation arguments it is bounded from H*
to H M for 0 < s < 1.

In particular, D and V act from H/? to H~'/2 hence the right-hand side of (2.2)
certainly makes sense as a continuous antilinear functional on H'/2, and the following
formula is true:

(2.3) (D + V)]R3w1 =Dwi +Vw;, wi € Hy,

as an identity in H~'/2. However, the domain of the operator (D + V)gs consists of
w; € H'Y? such that the right-hand side of (2.2) is continuous in wy on HY? with
respect to the Lo-norm and the sum on the right-hand side of (2.3) belongs to L.

Obviously, H'/?2 ¢ Hy c H'. Under the assumptions of the preceding section, we
have Hy = H".
For convenience, we mention several local properties of the functions in Hy .

Proposition 2.3. 1. The function (D 4+ V)gsw, w € Hy, vanishes outside the support
of w.

2. Multiplication by any smooth function ¢ is possible in the space Hy . Moreover, the
following “Leibniz formula” is true:

(2.4) (D+ V)gs(pw) = (D + V)gsw + prw, where o1 = D(ply).

3. If w € Hy and ¢ is a smooth compactly supported function vanishing in a neigh-
borhood of the origin, then pw € H'. In particular, if a compactly supported function
w € Hy wanishes in a neighborhood of the origin, then it belongs to H'.
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Proof. Statement 1 follows from (2.3).
We check statement 2. Let wy € Hy, so that the form (Dw; 4+ Vwy, ws)g is continuous
in wo with respect to the La-norm. Then, assuming for simplicity that ¢ is real, we have

(2.5) (D(pw1) + VSOwlan)O,H@ = (Dw; + Vuwu, sﬁwz)O,RB + (wr, 90111)2)0,1R3

with obvious meaning for ¢1 = D(¢l,). Note that the absolute value of the first term on
the right-hand side of (2.5) is dominated by Ci||¢wsz|ors and therefore by Cal|wa||o 3.
The latter is surely true for the second term as well. Thus, the left-hand side of (2.5) is
continuous in we with respect to the Lo-norm.

Formula (2.5) implies (2.4).

Now, we check statement 3. Let v be a smooth compactly supported function equal
to 1 in a neighborhood of supp ¢ and vanishing near the origin. By (2.4), from (2.3)
we deduce that (D 4+ ¢¥V)(pw) € La. Applying the theorem on local smoothness for
solutions of elliptic systems, we conclude that ow € H?!. g

Nenciu’s condition D((D + V)gs) C D(|D|*/?) means that the kinetic energy is finite.
In the papers [20]-[22] by Wiist, another approach to the construction of a distinguished
selfadjoint extension of the operator D+ V' was proposed. Namely, the singular potential
V was replaced by an approximating family of potentials V), ¢ — 0o, cut off near the
singularity. The Nenciu’s condition was replaced by D((D + V)gs) C D(|z|~/2), which
means that the potential energy is finite. Further, in the papers [23, 24] by Klaus and
Wiist, it was shown that these two extensions coincide and, under the approximation,
the resolvents converge in norm. However, in those papers the potential was assumed to
be scalar.

2.2. The operator corresponding to the boundary-value problem with a singu-
lar potential. Now we consider the boundary-value problem. We denote by H} (2, B)*
the space of all functions whose restrictions to 2. belong to H*(Q.)* for an arbitrarily
small € > 0 and satisfy the boundary condition Bu = 0.

Using the functions @1, @2 and 19 introduced in the proof of Theorem 1.1, we define
the operator corresponding to our problem with singularity as follows:

(2.6) (D+V)a=(D+V)rs(er:)|, + (D + 12V)ales).

On the right-hand side, the operator (D + ¥V )q corresponds to an elliptic problem
without singularities. This operator acts from H'(Q, B)* to La(2)*. The function )y
may be changed; it must only be equal to 1 in a neighborhood of the support of 5 and
vanish near the origin.

Denote the domain of the operator (2.6) by Hy (Q, B)*. It consists of functions w €
L2()* such that for every function ¢ € C§°(f) supported in a neighborhood of the
origin the product pw belongs to Hy (R3)*, and for every ¢ € C°°(Q) vanishing in a
neighborhood of the origin and equal to 1 outside a larger neighborhood the product pw
belongs to H'(Q2, B)*.

Relations (2.6) and (2.3) imply that for w € Hy (€2, B)* we have

(2.7) (D+V)qw =Dw + Vw,

and here the sum on the right-hand side belongs to H°(Q)*.
We define the norm in the space Hy (2, B)* by the formula

(2.8) [wliFr, @, = (P + Vg (prw)[§ o + llp2wli o + [[wl o
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where 1 and o are the same functions as above (actually, only the location of their
supports and the fact that their sum exceeds a positive constant everywhere are impor-
tant). Using the theorem on local smoothness for solutions of elliptic problems, we see
that the functions in Hy (2, B)* belong to the intersection H'/2(Q)* N HL _(Q, B)*.

Remark 2.4. 1. Different choices of the partition of unity and different choices of 1o
produce equivalent definitions of the operator (2.6).
2. The norms corresponding to different partitions of unity are equivalent.

Indeed, first we note that for a smooth function ¢ with support inside 2\ {0} we have
(2.9) (D + Vrs(p) = (D +¢V)ale),

where 1) is another smooth function having support inside  \ {0} and equal to 1 in a
neighborhood of supp ¢.
Now let functions ¢;, j = 1, 2, form another partition of unity with the same properties

as ¢;, and let 1 be a function smooth in Q, equal to 1 in a neighborhood of the support
of ¢, and vanishing near the origin. We compare two definitions, with ¢;, ¥» and with

D, 7,;2. Without loss of generality we assume that 1o = Jg. Taking Proposition 2.3 into
account, we can write the definition (2.6) with the functions ¢; as
(D+V)ow = (D + V)rs((§1 + G2)prw)|, + (D + 92V )a((@1 + P2)p2w).
By (2.9), we have
(D + V)gs (P2p10) |, = (D + V)a(Paprw).
Therefore,
(D+V)ow = (D+V)es(@ro1w)| o+ D, (D+vaV)a(@ipsw).
{i.5}#{1,1}

The same expression is obtained if we start with the functions ¢;.
Now we outline how to estimate the norm in (2.8) via the analogous norm with @;.
For example, we have

(D + V)rs (p1w)llo.0
< (D + Vg (Gr91w) 0,0 + (D + V) (S2010) |0,
< 1 (D + V)gs (@rw)lo,0 + [[(Per)(B1w)]lo,e + Cil|p2pr1wll1,0
< Co[[(D + V)gs(Prw)llo,0 + [|[Paw]

1o + llwlloe]-

And so on.

The space Hy (), B)* is complete and therefore is a Hilbert space. (The inner product
corresponding to the norm (2.8) can be written in an obvious way.)

This assertion follows from the completeness of the space Hy (R3)* endowed with the
graph norm for the operator (D + V)gs.

In contrast with the situation in the preceding section, we cannot consider our problem
in usual Sobolev spaces. Instead, we have endowed the domain of the operator with its
graph norm, and we can use the fact that the operator in R? and the operator without
singularity in Q are selfadjoint. This yields the required result.

Theorem 2.5. The operator (2.6) with domain Hy (Q, B)* is selfadjoint in La(Q)*. Its
spectrum is discrete, and there exists a basis of its eigenfunctions orthonormal in La(2)*.
The latter remains to be an unconditional basis in Hy (92, B)?.

If V(z) for x # 0 and the boundary T' are infinitely smooth, then the eigenfunctions

belong to C=(Q\ {0}).
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Proof. Tt is not difficult to check that (D + V)q is a symmetric operator. Indeed, multi-
plying (2.6) by ¢1 + @2, we obtain the sum of four operators

¢1(D +V)es (1) + @2(D + V)gs (1)

+¢1(D + ¥2V)a(p2:) + @2(D + 2V )alp2),
where in the first two terms extension by zero outside ) and restriction to {2 are assumed.
The 1st and 4th terms are selfadjoint operators because the operator (D+V )gs in Lo (R?)4
and the operator (D + 12V )q in La(2)* are selfadjoint. Now we verify that the 2nd and

3rd terms are formally adjoint to each other on functions in H'(2)*. We consider the
integra

(2.10)

/ QOQ(D + V)]RJ (galwl) - Wo dx.
Q

Since the integrand vanishes outside supp 1, we can insert the factor ¢, before ws. After
this we can extend our integral over R3. Since the operator (D + V)gs is selfadjoint, we
get

/J 1wy - (D + V)gs (1 p2w2) dz.
-

Since supp ¥1p2 C 2\ {0}, we can replace (D + V)gs by (D + 12V )q and integrate again
over 2. Furthermore, the function D1y vanishes on supp 1, and hence 1 can be taken
out of the operator sign in (D + 92V )q and dropped thereafter. Thus, we get

/Q wy - 1(D + P2 V)a(paws) dz,

as required; here the 3rd operator in (2.10) acts on ws.

Now, we check that (D + V)gq is a bounded Fredholm operator from Hy (€2, B)* to
Lo (2)* with index zero.

We can verify this in the same way as in the preceding section. First, we note that,
by the definition (2.8) of the norm in Hy (€2, B)*, our operator is automatically bounded
from Hy (Q, B)* to La(Q)*.

Now we check the a priori estimate

(2.11) [ullzry (2,8)0 < C[I(D + V)aulloga + [lullo,]-
Namely, let w € Hy (2, B)*, and let sg be a nonzero real number. Then

1wy (@,Byt < Cal(D+V +iso)rs (p1w)llo,0

and

[p2wll1,0 < Cs5[[(D + 12V +iso)a(paw)|
because the corresponding operators with so = 0 are selfadjoint, respectively, in L3 and
Lo(Q)*. This implies (2.11).

Furthermore, these operators with real sy # 0 have inverses Ry and R,. A right
parametrix is constructed as in (1.7).

Thus, (D + V)gq is a Fredholm operator. Replacing V' by ¢V, 0 <t < 1, we see that
(D + V)q has index zero.

For a real sg with sufficiently large absolute value, we check that (D 4V +isg)q is an
invertible operator. Its spectrum is discrete because the inverse operator maps Lo(2)*
to H'/? (2)*. Without loss in generality we may assume that invertibility takes place
for sp = 0, and hence we see that the eigenfunctions form an unconditional basis in the
operator’s domain. O

0,92,

’In places like this we write the inner product of vectors w; and ws with complex components in the
form wq - w2.
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2.3. Nenciu’s abstract approach. Thus, the operator (D + V)gq is constructed and
Theorem 2.5 is proved. Now we briefly discuss the abstract approach proposed in [9].
As has already been mentioned, it was used in [9] for the investigation of the Dirac
operator with singular potential in R3, and the result cited above was obtained in [J]
(see Proposition 2.1). In the next section we show that Nenciu’s approach enables us to
define the operator (D+V)gq in an alternative way. This approach involves an important
formula for the resolvent of the operator under investigation (see (2.21) below).

Let H be a Hilbert space with inner product (-, -), and let A and V be two selfadjoint
operators in H with domains D(A) and D(V'), respectively. Assumd] that the operator
|A| is positive definite, D(V') D D(A), and the inequality

(2.12) IVIFI < CllAlAl (f € D(AD)

is true (of course, D(]A|) coincides with D(A)). Then by the Heinz theorem (see, e.g., [26]
§12]) D([V|'/?) > D(|A]'/?) and

(2.13) IIVIV2EI < CIHAM2FIL (f € D(AJY?)).

We write the polar decompositions of A and V in the form A = T|A|, V = S|V, where
Tf=fif Af =0,and Sf = fif Vf = 0. The sesquilinear forms of the operators A and
V are

half.g] = (|A]'V2 £, T|A]'2g),
hvlf.g) = (VI'V2£, 81V 2g).

On D(|A|*/?) both of them are defined, and by (2.13) we have
(2.15) v [f, FIl < CIAIM2FI? - (f € D(A]Y?).

Let W be a bounded operator in H such that VV|A|*1/2 is a compact operator. Now
we formulate some conditions that guarantee the existence of a unique operator B with
domain D(B) C D(|A|'/?) such that

(2.16) (Bf.g) = half. gl + hvlf.g] + hwl(f.g] (f € D(B), g € D(|A]'?)).

To do this, we assume that z ¢ o(A) (i.e., z does not belong to the spectrum of A) and
consider the operator

(2.17) M(z) = |[V|V2(A = 2)~ YV |2

(2.14)

Initially, this operator is defined on D(|V'|*/?), but it is bounded and admits a bounded
extension to H by the formula

(2.18) M(z) = {|[VIV2 AT 2HIAN(A = 2) H(VIV2A]V2)7)

We also see that M(z) depends on z analytically. Assume that

(2.19) |M(2z0)|| <1 for some zy ¢ o(A),

so that T + SM(z) is invertible for z = z5. Furthermore, assume that the operator

[VIV2(A — 20) " (A — 2)"HV|*/? extends by continuity to a compact

(2.20) operator for z ¢ o(A).

Proposition 2.6. Under the conditions listed above (including (2.12), (2.19), and (2.20)),
there exists a unique selfadjoint operator B with domain D(B) C D(A) such that (2.16)

s true.

3To simplify the presentation, we restrict generality, as compared with [9].
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This assertion is contained in [9, Corollary 2.1]. In [9] that corollary was applied in R3
to the free Dirac operator as A, multiplication by the singular part of the potential as V',
multiplication by its smooth part as W, and the full Dirac operator with the potential
consisting of the singular and smooth parts as B. In the next section we shall show
that our operator (D + V)q can be obtained in a similar way if for A we take either the
operator (D)gq corresponding to the free Dirac system in  (if this operator has bounded
inverse) or, otherwise, the operator (D + ¢)q with a small real constant ¢ added to gain
invertibility. The proof will be based on specific results established in [9] for the Dirac
operator in R3.

The following results of [9] will be particularly important.

Proposition 2.7. 1. Under the same assumptions, the operator (I + SM(z))~! is a
meromorphic function of z outside o(A), and hence it exists in C\ o(A) at least outside
a set without limit points in C\ o(A).
2. If z ¢ o(A) and the operator I + SM(z) is invertible, then z ¢ o(B) and the
following formula for the difference of the resolvents for B and A is true:
(B=2)'=(A-2)""

2.21
22 = —(VITVAA =) + SM() TSIV - )

Since the spectrum of our operator A = (D + V)q is discrete, we can use this formula
for almost all real z.

83. THE ASYMPTOTIC BEHAVIOR OF EIGENVALUES
Here our main goal is to prove the following theorem.

Theorem 3.1. Under the assumptions of §2, the following formula is valid for the eigen-
values of the spectral problem I:

32 )1/3.

1 n — 1/3 1/3 —)j: =
(3.1) An =bn"? 4+ o(In]*?) (n o0), whereb (measQ

The key point of the proof is the use of a formula of type (2.21) for the difference of the
resolvents of the operators corresponding to our problem with a singular potential and
without it. First, in Subsections 3.1-3.4 we check that our operator (D + V)gq can also
be obtained by the Nenciu approach (see Subsection 2.3) and satisfies the assumptions
that ensure the above formula.

3.1. Notation. In this section it will be convenient to change our notation slightly.
Consider the problem

(3.2) D+cow=f (x€Q), Bw=0 (zel).

If uniqueness holds for ¢ = 0, then we put here ¢ = 0; otherwise we fix a real ¢ with a small
absolute value for which we have uniqueness. Below, we shall see how small it should
be; in particular, we assume that |¢| < 1. By Lo we denote the corresponding operator
in Ly(Q)* We shall write D, instead of D + ¢. The same notation will be used for the
corresponding operator in La(R?)*. The potential V will be added to D.. This potential
will be assumed to satisfy inequality (2.1) with 6 < 1, to vanish near the boundary, and
to be extended by zero outside 2. This does not restrict the generality of the proof,
because a smooth term in © has no influence on the asymptotics. In general the total
potential is not compactly supported, but is equal to the constant ¢ near infinity. We
denote by L the operator in Lo(€2)* that corresponds to the problem under investigation:

(3.3) Dc+Vw=f (x€Q), Bw=0 (x€l).
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For functions defined on R3, we denote by P the operator of restriction to €; next,
by P* we denote the operator of extension of functions defined on  to the entire R? by
zero outside Q (above, these operators were used implicitly). Let V' = S|V| be the polar
decomposition of the matrix V.

3.2. The domain of the operator |Ly|'/? and the boundedness of the form of
V on it. By the Hardy inequality (8) and the a priori estimate for the uniquely solvable
elliptic problem (3.2), we have

(3.4) [V

0,0 < Ci||Low|

0,9

for w in H'(2, B)*. This inequality remains true if we replace V by |V| and Lg by |Lo|
(cf. (2.12)).

Denote by Hy/; = H'Y?(Q, B)* the domain of the operator |Lo|*/?. The standard
description of such a domain is as follows: if {w;}$° is the orthonormal basis in Lo (0)*
consisting of the eigenfunctions of Ly, and A; are the corresponding eigenvalues, then a
function w in La(Q)*, w = Y ¢;(w)w;, belongs to Hy o if and only if the norm defined
by the formula

(3-5) [l 2 = Lol wli o = > IAslle; (w)?

is finite. Below we shall see that H, /o is a linear subset of the Sobolev space HY2(Q)%,
and we describe this subset.
By the Heinz theorem, the operator |V|'/2 is defined on H'/? and

(3.6) VI 2wllo.0 < Callwll1ye

(cf. (2.13)). On the same space, the sesquilinear form of the operator V' is defined:
(3.7) hv[wr,wa] = (V['2wn, SV 2wa)

and we see that it is bounded on this space:

(3.8) |y [w, w]| < Csllwli

(cf. (2.15)).

We return to the space Hy/p. It is contained in the Hilbert scale of the domains Hy
of the operators |Lo|”, 0 < 9 < 1. This scale coincides with the interpolation scale both
for the real and the complex interpolation methods up to norm equivalence (see [27]
Subsection 1.18.10, Remark 3]@) The real and complex interpolation methods for the
Sobolev spaces determined by boundary conditions were investigated in the papers by
Grisvard [28] and Seeley [29], respectively. Their results imply that H /; is a linear subset
of the space HY/?(Q)* determined by the boundary condition Bu = 0 in the following
sense. 1) Let p(z) be a positive continuous function on Q such that near the boundary
T it coincides with the distance from the point x to the boundary. Then the function
p~/2(x)Bw(x) is in Ly(Q)*. 2) The extension of Bw(x) by zero outside Q belongs to
H'Y2(R3)*. Here by B we denote a reasonable continuation of the operator (7). The
equivalence of these two conditions was verified directly in [30), Section 3.6].

However, it should be mentioned that, actually, these details of understanding the
boundary condition are inessential for us, because the functions in the domain of our
operator are in H'(Q, B)* for every ¢ > 0 and therefore the boundary condition can be
treated in the usual sense of traces of functions in H!(2).

4The authors are obliged to V. I. Ovchinnikov for this reference.
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3.3. The operator M(z) and the invertibility of I + SM(z) for z = is with
large s. Recall that Lg is a selfadjoint operator with discrete spectrum. We define the
operator M (z) outside this spectrum by the formula

(3.9) M(z) = [VIV2(Lo — =) HV|'/2

(cf. (2.17)). A priori, it is defined on H'/2(Q)*, but it extends to a bounded operator on
H°(Q)* by the formula

(310)  M(z) = (V]2 Lol /2H{ILol(Lo — ) H(VI| Lol ™))

(cf. (2.18)).

Proposition 3.2. The norm of M(z) is less than 1 for z = is with real s having suffi-
ciently large absolute value. Thus, the operator I + SM(z) is invertible for such z.

This assertion will be deduced from a similar one established in [9] for operators in
R3. For this reason, we shall need the following auxiliary operators:

Mi(z) = [V P, — =) PV,
(3.11) Ma(2) = |V[V*(De —2) V|2,

My(z) = [V]"/2(D — 2) V]2
The first of these operators is defined on functions on 2 that lie in the domain of [V|!/2;
the second and the third operators are defined on functions on R? that lie in the domain
of essentially the same operator. But we shall see soon that M;(z) extends to a bounded
operator in Lo(2)*, and Mz (z) and M3(z) extend to bounded operators in Lo(R3)%. As
functions of z, the operators Mj(z) and Ms(z) are defined for z outside the spectrum
o(D.), and M3(z) is defined outside o(D), in particular, for nonreal z. However, all of
them are defined on some interval of the real axis as well, because the spectrum of D
contains no points of the interval (—1,1) (see [7, Subsection 1.4.4]) and ¢ is assumed to
be in this interval.

To see that Mo (z) and Mz(z) extend to bounded operators in Lo(R3)*, we may refer

to Remark 2.2. In the definition of M;(z), the operators P and P* can be commuted
with |V|'/2, and we see that

(3.12) My ()] < [[Ma(2)]]-
From [9] Section 5] it follows that under our assumptions about the potential we have
(3.13) [[Ms(is)]| <by <1, seR

(see also [24]). Now we check that the same is true for Ms(is) if ¢ is sufficiently small.
To do this, we consider the difference

M(is) — Ma(is)
= [V|'2[(D —is)™ = (D +c —is)"!] [V| /2
= c{|VI'VAD|7V2H{|IDU(D —is) " H{(D + ¢ —is) L H{([V|V3D| V) }
=T1Ts(s)T3(c, s)Ty.

(3.14)

Here the operators 77 and T4 are bounded. Using the spectral theorem, we can check
that the operator T5(s) is bounded uniformly in s and T3(c, s) is bounded uniformly in s
and ¢, |¢| < 1/2 (these operators are functions of the selfadjoint operator D bounded on
its spectrum). (The same can be checked by passing to Fourier transforms.) Thus, the
norm of the operator (3.14) tends uniformly to zero as ¢ — 0.
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Now, we assume that ¢ is chosen in such a way that
(3.15) [|M2(is)|| < ba < 1,

say, with the constant by = (14 b1)/2.
To prove Proposition 3.2, it remains to verify the following statement.

Proposition 3.3. The norm of the operator M(z) — M1 (z) in H°(Q)* tends to zero as
z =18, s — +00.

Proof. Let f1,f2 € L2(Q)* = H°(Q)*. Consider the sesquilinear form of the operator
(Lo — 2)~! — P(D. — z)~1P*. It can be written as

(3.16) h(f1, f2) = (f1, (Lo —2) ' f2)o.0 — (De — 2) "' P* f1, P* f2)o ge.
We set

(3.17) wi = (Do —2)'P*f1, w2 = (Lo —%) ' fa

Now the form (3.16) turns into

(3.18) (P(De — 2)wi, wa)o,0 — (Pwi, (De — Z)w2)o,0,

where D, is viewed (only in this formula) as a differential operator in 2. Integrating by
parts, we obtain

(3.19) h(f1, f2) = (Pywi, yw2)o,r,

where 7y is the operator of restriction to the boundary and & is some smooth matrix on
I'. Using (3.17), we rewrite (3.19) in the form

h(fi, f2) = (@yP(De — 2) 7' P* f1,7(Lo = 2) ™" fa)or
— (Lo = 2) ) BYP(De — 2) P f1, fo) o
Here v(Lo — Z)~! is a bounded operator from H%(Q)* to H'/?(I')* and consequently to
HO(T')*. The adjoint (y(Lo —%)~!)* is bounded at least as an operator from H°(T")* to
HO(Q)%.
Therefore,
(3.21) (Lo —2)"' = P(D, — 2)7'P* = (y(Lo — Z)"!)*®yP(D,. — ) ' P*.

Such a way of representing the difference of the resolvents of two operators with different
domains was proposed by M. Sh. Birman in [31]. Relations (3.9), (3.11), and (3.21) yield

(3.22) M(z) — M1(z) = Ti(2)T2(2),

where

(3.20)

Ti(z2) = [VI"2(y(Lo —2) 1),
Ty(z) = ®yP(D, — 2) "L P*|V|V/2.

The second of these two operators transforms functions on 2 to functions on I', and the
first transforms functions on I' to functions on .

Now, we verify that Tj(z) can be extended to a bounded operator from H®(2)* to
HO(T')* for z = is with real s, with a bound independent of s. Let ¢ be a scalar
function in C§°(Q) such that ¥V = V. Then (¢ — 1)V = 0, (¢ — 1)|V|"/2 = 0, thus
YV =V

For functions g on I' and f on 2, we have

(Y (y(Lo —2)"")*g. oo
=(9.7(Lo —2) " f)or = (v(Lo —2)""¥)g, [o.e;

(3.23)
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hence

Ti(z) = V"2 (v(Lo —2)"'9)".
Here we commute the operator (Lo —Z)~! and the operator of multiplication by ¢, and
then use the identity - = 0. This leads to the formula

Ti(z) = |V['*(y(Lo = 2)"'[, D" (Lo —2) 71"
Here we have
(v(Lo =2~ [, DN (Lo —2) ") "9, flog

= (ga’)/(LO - E)il[wa D](LO - E)ilf)oyr

= ((v(Lo =2)"")*9, [V, DI(Lo —2) "' flo,a

= (Lo —2) ' [¥, DI* (v(Lo = 2) )" 9, fo.o-
Hence

Ty(z) = {|V["*(Lo — 2) " M, DI* H(v(Lo — 2) ") "g}-

Here the middle factor is a smooth function not depending on z. The left factor can be
rewritten in the form

{IVIV2 Lol 2 H{| Lol /* (Lo — is) '}
Clearly, this is an operator bounded uniformly in s. Finally,
(Lo —2) "t = {vLg H{Lo(Lo +is) ™'},

and we see that this is a uniformly bounded operator from H®(2)* to H°(T)%, so that
the adjoint operator from HY(I')* to H°(Q)* is uniformly bounded as well.

Now we verify that Ty(z) can be extended to a bounded operator from H°(Q)* to
HO(I')* and that its norm tends to zero as z = is, s — +00. Since y1- = 0, with the
same function ¥ we have

(3.24) To(z) = ®YP[(D, — 2) ™1, | P*|V /2.
We rewrite this formula as
Ty(z) = @YP(De — 2) ' [, D)(De — 2) ' PH[V['/?
= {®yP|D|" V2 H{|D|"***(De — 2) ' H{[v, D]}
x {(De — 2) D[P H(VIVE D) Pr)

with ¢ € (0,1/2). Here the fifth factor is a bounded operator from H°(2)* to H°(R?).
The fourth factor is a bounded operator in H°(R*)* whose norm tends to zero as z = is,
s — Z00. The third factor is an operator bounded in the same space and independent
of z. The second factor is a bounded operator in this space with norm tending to 0. The
first factor is an operator from this space to H%(T")* not depending on z. O

3.4. Now, we consider the operator
[VY3(Lo = 20) "' (Lo — 2) V[V

(cf. (2.20)) under the assumption that z and zp are not in the spectrum of Lg. This
operator extends to a compact operator in H°(Q)*. To check this, it suffices to rewrite
the above expression in the form

{IVIM2[Lo| =2 HILol /(Lo — 20) " HI Lo|/*(Lo — 2) T H(VIV/*|Lo|71/2)"}.

Here the second and third factors are compact.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPECTRAL BOUNDARY-VALUE PROBLEMS FOR THE DIRAC SYSTEM 43

3.5. All this together allows us to use the results stated in Subsection 2.3.
By Proposition 2.6, the following is true.

Proposition 3.4. There ezists a unique selfadjoint operator L in HO(Q)* with D(E) c
D(|Lo|'/?) = Hy 5 such that

(3.25) (Lwi, w2)o.0 = hiolwi,ws] + hyfwi,ws], wi € D(L), wy € Hys.

On the right-hand side of this formula it is possible to add the form (omitted previ-
ously) of the operator of multiplication by a smooth matrix V.

Theorem 3.5. The operators L and L coincide.

Proof. We return to the definition of L. The domains of L and Lo are Hy (£, B)*
and H'(2, B)*, respectively. Of course, the first domain contains the second one. Let
wy € Hy(Q, B)*. Then ¢jw; and pow; are in Hy (9, B)* as well (see, in particular,
Proposition 2.3), and by (2.6) and (2.7) we have

Lwy = (D + (c+ V) (prw1) + (D + ¢+ ¢2V)a(p2wi)
(3.26) =D(pr1w1) + (¢ + V)(prw1) + D(p2wi) + (¢ + V) (p2wr)

= Lowy + Vws.

Therefore,

(Lwi,w2)o,0 = ((Lo + V)wi,w2)0,0 = hi,[wi, wa] + hy [wi, ws]
for we € Hy /o, and the operator L coincides with L because the latter is unique. O

Propositions 2.7 and 3.2 yield the following statement.

Proposition 3.6. 1. The function z — (I + SM(z))~! is a meromorphic operator-
valued function outside o(Lo). In particular, the operator I + SM(z) has a bounded
inverse everywhere outside o(Lg) except, possibly, a discrete set without finite limit points
outside o(Ly).

2. Suppose z does not belong to the spectrum o(Lg) and I + SM(z) is an invertible
operator. Then z does not belong to o(L) and the formula

(L—2)"=(Lo—2)""

= —(IV["*(Lo = 2) )" (1 + SM(2)) ' S|V[V/*(Lo — 2) "
is true. In particular, there exists a real point z = Ao at which (3.27) is true.
Proof of Theorem 3.1. Consider the operator K = |V|'/2(Lo — A\g)~! with this \g. The
spectrum of K* K coincides with the spectrum of the variational problem for the quotient
of the quadratic forms ||[Kw||§ o/llw|§ o, w € La()*. Put f = (Lo — Ao)~'w; this is a
function in H'(Q, B)*. We get a variational problem for the quotient
(3.28) (IVI£, Hoa/ll(Lo = o) f1I5.0-

Here the denominator is equivalent to || f[|3 . The space H'(Q, B)* lies between Hg ()
and H'(Q)*. If T is a compact operator, we denote by s;(T") its s-numbers (singular
numbers; see, e.g., [32] Chapter II]). It is easy to check that |V| € L3/»(€2). By this,
Theorem 3.1 in [6], and Theorem 1 in [I0] on eigenvalues of variational problems, we

(3.27)

have

s;(K*K) = 0(j /%),
so that
(3.29) si(K) = 0@~
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Now we use the Ky Fan inequality for s-numbers of the product of compact operators
T1 and T27

(3.30) Ski—1(ThTo) < si(T1)s1(Tz),

and the inequality s;(BT) < || B||s;(T) for a compact operator T' and a bounded operator
B (see, e.g., [32]). From (3.27) we see that the difference of (L — \g)~! and (Lo — \g) ™!
is the product K*BK, where B is a bounded operator. Hence, the s-numbers of this
difference can be estimated as O(j~%/3). As a consequence, the moduli of the eigenvalues
of this difference are estimated in the same way. Since, by (9), the eigenvalues of (Lo —
Xo)~! have asymptotics of the form b=1j71/3 (j — +00), the eigenvalues of (L — \g)~!
have the same asymptotics by the version of the H. Weyl theorem proposed by Birman
and Solomyak (see Lemma 1.5 in [6]). This implies the statement of Theorem 3.1. O

84. CALCULATION OF THE R-MATRIX: THE FIRST FORMULA

We describe a formal construction of the R-matrix by using the eigenfunctions of the
first spectral problem. Consider the problem

(4.1) D+V)w=MwinQ, Bw=gonT.

Let w be its solution for some A different from the eigenvalues A,. The function w (as
any function in Lo(Q)?) can be expanded into a series with respect to the orthogonal
basis {wy, }$° of eigenfunctions:

e}

(4.2) w = chwn with ¢, = (w, wn)q.

—0o0
Calculation of the coefficients via integration by parts shows that

(gv UI)F
4.3 n = ———.
(4.3) s w—
The details of this calculation are given at the end of this section. We obtain

o0

(1.4) wir) = Y Ly, o

in Ly()*. If it were possible to take the values on the boundary in this expansion, we
would get, in particular,

(4.5) ut(z) = Z (iifti_j;);u:(a:)

This is precisely the first formula for the R-matrix, i.e., for the operator transforming
g to u™. As far as we know, the question of the validity of this expansion remained
to be open for discussion in the physical literature (cf. [2] and the references therein).
Unfortunately, we can also say nothing about this series even in the case of a smooth g.
In order to pass to the boundary, we must view w and w,, as functions in H*(Q)* with
t > 1/2, but then we arrive at a contradiction on the boundary, because w,, satisfy the
homogeneous boundary condition, while w does not.

However, the following regularization of this series is possible. Mathematically, the
trick is quite simple: we move the nonhomogeneity from the boundary condition into
the equation. Let g € H'/2(I")2, and let wo(z) be a function in H'(Q)* with zero upper
component uy and satisfying the boundary condition (7):

(4.6) io(v)vg (z) = g(w).
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If the potential has a singularity at the origin, then we assume additionally that vg(z) = 0
near the origin. The function w—wq belongs to the domain of the operator corresponding
to the spectral problem. Its expansion in the eigenfunctions w, is convergent at least in
H'(Q.)* & > 0, and admits passage to the boundary. In particular, we get

oo u+
(4.7) ut(z) = Z [(Agnif); — (vo,vn)a |u) (z).

This expansion converges in H/? (T')2. Tt should be noted that, actually, a series with
zero sum in €2 on the level of u-components is subtracted from the series (4.4).
If no singularity is present, we can assume g to be slightly more regular and obtain
a better convergence: for g € H'7%(I")? we have the convergence in H'~°(T")? with
arbitrarily small § > 0.
Now we present the omitted calculation. We have
(D4 V)w,wp)a = Mw, wn)a
=i (o@)o®, uf)r + (u™, oo )r] + (w, (D + V)ws)a
= _M(u+a U:)l" - (ga U:)F + M(u+7 U’I)F + )‘n(wa wn)Q7

hence (A — Ap)en = —(g, un)r, and this yields (4.3).
§5 SEPARATION OF VARIABLES IN THE DIRAC EQUATION

WITH A SPHERICALLY SYMMETRIC POTENTIAL,
AND THE CASE OF THE COULOMB SINGULARITY WITH |0 > 1

In the case of a spherically symmetric potential and, in particular, for a pure Coulomb
singularity, it is well known how to separate variables in the Dirac equation in R? and
to investigate the corresponding first order equation on a semiaxis. See the book [33]
by Weidmann and numerous references therein to earlier papers by Rellich, Weidmann,
Roos—Sangren, and other authors. R. Szmytkowski called our attention to the fact that
for the problem in the ball centered at the origin with the boundary condition (7) (where
g = 0), separation of variables works as well. Here we outline the changes that should
be done in order to pass from R? to a ball. Our notation differs a bit from that in [33].

5.1. Suppose the potential is a scalar function of the form V = V(|z|). For simplicity,
we consider the operator D + V in the unit ball Oy = {z : |z| < 1}. We put

r = |z,
(5.1) o =171 305,
(L 0
U=U(z) = <0 —io,«>'

The matrix U(z) is unitary. By Theorem 1.A.2 in [33], we have

(5.2) UDU = (Z?Q ‘612) P+ %(Zg Z?) + 6+ V(jal),

where
173

Pr:_ D — 1 )
(3 aini=)

3
Q:IQ—iZaj(xx V)]
1
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In [33] the operator @ was called the complete angular momentum. It can be regarded
as an operator on the unit sphere 52 . This is a first order elliptic operator; its spectrum
is discrete and is contained in Z \ {0} (compare with Theorem 1.A.3 in [33]). This is
clear from the following formula checked in the proof:

(5.4) (Q—31)* =1L — B,

where B is the Laplace-Beltrami operator on S? with the eigenvalues I(I +1). Let K; be
the corresponding (41 + 2)-dimensional eigenspace in L2(5?)? spanned by

Yy 0 S
(5.5) <0>, (Yu) =l 4+ 1,1,

where Y7 ; is the complete orthonormal system of spherical harmonics of order I. This
subspace is invariant with respect to ), and the restriction @); of this operator to K; has
eigenvalues [ + 1 and —[ for [ > 1. For [ = 0 the vectors in K; are constant, and we have
only the eigenvalue 1.

Thus, @ has the following system of eigenfunctions orthonormal in Ly(S5?)?:

Zk.i1l . .
5.6 Ty = (P90 =1, k)
(5:6) = () =i

they correspond to the eigenvalues k € Z \ {0}. Here j(k) = 2|k[; see [34].
Denoting by Y (r) the column of two scalar-valued functions y; () and ys(r), we define
isometries

Wit L2(0,1)* — La(01)* (k€ Z\{0}, j=1,...,5(k))
by the formula

ry(r)ze g (@)
ry(r) Ze g (w) r i (r)zk 2 (w)
5.7 Wy ;Y = _ 7 =1 _ 0
5.7) (Wi ¥)(re) (7“ 12 (r) 2.5 (w) () 2k ja (@)
() 2,52 (W)
Then
(5.8) Ly(01)* = @ Hyj, where Hy; = Wy ;L(0,1)%.
k,j
As a result (cf. Theorem 1.A.4 in [33]), we see that D + V is the orthogonal sum of the
operators
(5.9) Ty,j = Ty, = Wy ;U DUW} ;

in Ly(0,1)% with

_ (0 =1\ (wi(r) V() +1  —kr=t\ (yi(r)
o o= ) (0) (TR ) ()
5.2. We return to our boundary-value problem and make the substitution
(5.11) w(z) = UWy,;Y)(rw) = r'UY (r) Zx ; (w)

(see (5.7)). Obviously, o(x) = o, on the unit sphere. By the structure of our boundary
condition (see (7), g = 0) and of the matrix U, the variables separate, and we obtain the
problem

(5.12) TY(r) = AY(r) (0<r<1), ya(l) = uyi(1)

on the interval (0, 1). In order to construct a selfadjoint extension of the operator corre-

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPECTRAL BOUNDARY-VALUE PROBLEMS FOR THE DIRAC SYSTEM 47

sponding to the initial problem in the ball, we need to construct a selfadjoint extension
of the operator corresponding to the problem (5.12) for every k.

5.3. Now, let V(r) = 0/r. The construction of a selfadjoint operator in Ls(0,1) corre-
sponding to the problem (5.12) is determined by the following facts. At the point r = 1
we have the limit circle case. This means that for 0 < ¢ < 1 all solutions of the equation

(5.13) (Ts — )Y (r) = 0

on (c,1) are in Ly(c,1)? for every A. At the point 0 we have either the limit circle
case or the limit point case. The latter means that for 0 < ¢ < 1 there exists a solution
of (5.13) on (0, ¢) not belonging to Lz (0, ¢)?. The domain of the corresponding selfadjoint
operator consists of all (absolutely continuous) functions Y (r) in L,(0,1)? such that
T,.Y (r) belongs to L2(0,1)%. In the first case one boundary condition is needed at the
point 0 and the other at the point 1, while in the second case only one boundary condition
at the point 1 is needed. The condition at the point 1 is already prescribed by separation
of variables, and this is the boundary condition in (5.12).
Calculations show that at the point 0 the case of limit circle occurs if and only if

(5.14) k< 0%+ 1.

Since k is a nonzero integer, for |6 < v/3/2 condition (5.14) fails for every k. Thus, it
suffices to set the boundary condition at the point 1. This illustrates the constructions
of §1. If v/3/2 < |6] < 1, an additional condition is required at the point 0 only for
k = +1. This illustrates the constructions of §2. Here we see that the critical values
V/3/2 and 1 for || are quite essential.

As |0| increases, more and more new values of k appear requiring additional conditions
at the point 0. For the way of doing this, we refer the reader to the paper [34]. We do
not dwell on this, though the study of properties of every selfadjoint extension that can
be constructed for a fixed 6 with large |6] is feasible.

§6. CONCLUDING REMARKS

The results of §§1-4 can be generalized to the case of a potential with many poles.
We only need to assume that the inequality for € is fulfilled at every singular point, and
to use a partition of unity consisting of several functions. Concerning the Dirac operator
in R? in this case; see, e.g., [35] and [36].

The operator (D + V)gq introduced in §2 also admits another definition as a limit of
operators with cut-off potentials V*) instead of V. This idea can be realized by using the
results of the papers [20]—-[22] and [23, 24] for the Dirac operator with Coulomb potential
in R3, at least in the case of a scalar potential. See the end of Subsection 2.1.

In the results of §§1-3, the boundary condition (7) can be generalized. For example, p
can be replaced by a diagonal real matrix that has nonzero trace and depends smoothly
on a point on I'. It is not difficult to check that this is sufficient for the problem to be
elliptic and formally selfadjoint.

Minimal smoothness assumptions to be imposed on the boundary and on the potential
off the singularity in order to make our arguments working will not be analyzed here.
Surely, the boundary need not be too smooth. But nonsmooth surfaces are not very
interesting in the atomic physics, because there, in contrast to electrodynamics, there is
a freedom in the choice of T.
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CHAPTER 1I. THE PROBLEM WITH SPECTRAL PARAMETER
IN THE BOUNDARY CONDITION

§7. PASSAGE FROM THE DIRAC SYSTEM TO A SECOND ORDER SYSTEM,
AND A HARDY-TYPE INEQUALITY

In this chapter we shall not single out the parameter A in the Dirac system explicitly,
and we write this system in the form

(V(@) + Lu(@) + o(D)v(x) =0,

(7.1) a(D)u(z) + (V(z) — 1)v(z) = 0.

Here we shall first assume that V(x) is a scalar function of the form

(7.2) V(z) = Vo(z) + Vi(z), where Vp(z) = |%|, 0<|0 <1,
and Vi(z) is a smooth function; both are real-valued. In this chapter, for simplicity,
when talking about the smoothness of V;(z) and of the boundary, we mean the infinite
smoothness. Assume that the functions V(z) £ 1 do not vanish in € and hence have
constant sign. For definiteness, let them be positive, so that 6 > 0. Recall that the
boundary condition in the spectral problem II is of the form (7) with g = 0.

From the system (7.1) we get

(7.3) Liu:=o(D)(V = 1)"to(D)u — (V + 1)u = 0.

This is a homogeneous second order (2 x 2)-system of Schrodinger type in a divergent
form with degeneration in the leading term at one point 0 and a Coulomb singularity in
the free term at the same point,

Our analysis of the spectral problem II for the Dirac system with a singular potential
will be based on the results for the Dirichlet problem

(7.4) Liu=finQ, ut=0onT

in a weak (variational) setting. They will be obtained in the next section. In [4] this
problem was also used, but there all coefficients were smooth and system (7.3) had neither
degeneration nor singularity.

Assuming the function u to be smooth and vanishing at the boundary, we take the
inner product of the left-hand side of (7.3) with @ and integrate over 2. Integrating by
parts and recalling that o(D) is a Hermitian operator, we obtain the quadratic form

(7.5) Bo(u, 1) = /Q(V— 1)*10(D)u-a(p)uda:—/ﬂ(v+ V) - T da.

Here we note the difference of signs: (V —1)~% ~ |2|/6, but —(V +1) ~ —0/|x| as z — 0.
We want to deduce a Garding-type inequality for this form. To do this, we need the
following Hardy-type inequality.

Proposition 7.1. For functions u(z) € C3(R3)?2, the following inequality is true:

1

(7.6) =

luf? de < / 12||o () u]? da.
Inequality (2.1) in [13] for a four-dimensional vector-valued function and the operator
Zi’ a;0; immediately yields (7.6) if we let the two lower components of that vector-valued

function be equal to zero.

5Any attempts to pass to a second order system in a different way did not lead to positive results.
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Corollary 7.2. For functions u(z) € C}(Q)?, the following inequality is true:
(77) Juli s < € [ fallo(@)uf da.

§8. THE DIRICHLET PROBLEM (7.4)

We introduce the space HL(Q)? as the completion of the linear set C5°(2)? with
respect to the norm defined by

(8.1) (Jul)? g = / 2l [o(D)ul? da.

(If (Ju|) = 0, then u = 0 by the uniqueness of a solution to the Dirichlet problem for the
Laplace equation.) By (7.7), this space is continuously embedded into L ().

Proposition 8.1. The space HL(Q)? is compactly embedded into Ly(€2)2.

Proof. Fix an arbitrary ¢ € (6/5,3/2). It suffices to check that HZ ()2 is continuously
embedded into W/} (Q)?. Indeed, the inequality ¢ > 6/5 implies the continuity of the
embedding of W, (2) into H¢(£2) with some positive & (see, e.g., [27} Section 4.6.1]), and
the latter space is compactly embedded into Lo(€2). Here the space W, () is defined as

the completion of the set of functions smooth in Q with respect to the norm defined by
the formula (we write it for scalar-valued functions h)

(8.2) 109 0 = ST H0A1%, g +1IA1% -

We need this norm in the current proof only.
Using the Holder inequality, we get

o(ul?dx = z|lo(9)ul?192| 2|~ 2 dx
/Q|<a>|d /Qn||<a>|1|| d

q/2 (2—q)/2
< (/ |x||a(8)u|2da:> (/ |9/ 2=9) da:) .
Q Q

The latter integral converges because g < 3/2. Thus,
(8.3) lo(@)ullz,0) < Crlul)1a-
Furthermore, by the Holder inequality we have

lullz @) < CollullLy0)-

It remains to use the a priori estimate by Agmon—Nirenberg for solutions to the elliptic
system o(9)u = f in the linear set of smooth compactly supported functions on R? with

support lying inside a fixed compact set (£2):

lull1g0 < Cs[llo(@)ullL, @) + lullz,@]-
Taking (7.7) into account, we obtain
(8.4) [ull.g.0 < Caflu))r.a,

as required. O

Proposition 8.2. For functions u € fI& (Q)2, the following Gdrding-type inequality is
true:

(8.5) e(lu))i o < [Po(u,u) + Cllullf o]
with some € > 0 and C > 0.
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Proof. Let ¢ be a function in C§°(€2) supported in Os with small § and equal to 1 in
a smaller neighborhood of the origin. We set ¢p = (1 — g02)1/2. Let u be an arbitrary
function in ﬁ& (€2)2. By Proposition 7.1, our assumptions on the potential imply that for
d sufficiently small the function ¢u satisfies (8.5) with some ¢; and Cs instead of ¢ and
C'. Using (7.7) to estimate the terms with derivatives of ¢, we obtain

(8.6) exfleoul)? o < [@o(u, u) + Collwulld o]

Furthermore, since the system Liu = f is strongly elliptic everywhere except the singu-
larity, the function tu satisfies the estimate

ex|[ullf o < [@o(vu, Yu) + Crllvul§ o]
In its turn, this yields

(8.7) es(lvul)i o < [@o(u, u) + Cs[lullf o).

The positive constants ¢; and C; do not depend on w. It is clear that (8.6) and (8.7)

imply the required result. O
Now we consider the Dirichlet problem

(8.8) (L1 = Nu=finQ, u"=0,

in the weak setting

(8.9) D (u,v) =: ®o(u,v) — AMw,v)o,0 = (f,v)on forve f[&(Q)Q,

where the form ®¢(u, v) is defined in an obvious way. It is standard to prove that, by (8.5),
this problem has a unique solution in ﬁ&(Q)Q for sufficiently large absolute values of A
and for arbitrary f, in particular, for f in H(2)2. Namely, if we take ®,(u,v) as the
inner product in H}(€2)2, then the continuous antilinear functional v — (f,v) on this
space has a unique representation in the form @y (u,v).

The a priori estimate can be written at least in the form

(8.10) (luhre < Coll fllo.c-
Remark 8.3. A similar result can be obtained, for example, for the scalar equation
V(z|Vu) + 0z tu =0, 0<6<1,

and for systems having a similar (and more general) structure with degeneration in the
principal term and singularity in the lower order term. The Dirichlet problem for elliptic
systems with degeneration on the boundary was treated in many papers; however, some
other types of degeneration were considered as well. Cf. the papers [6] and [I0] we have
already mentioned in connection with spectral asymptotics.

Now, as in [1l, Chapter VI, §2], with the problem (7.1) we can associate a selfadjoint

operator £; in Ly(2)2? semibounded below, with domain D(£;) contained in HZ ()2 and
such that

(8.11) (Lyu,v)o.0 = Po(u,v) for u e D(L1), v e HE(Q)2.

This operator is uniquely determined by the conditions listed above. By Proposition 8.1
the spectrum of this operator is discrete, and the following assumption (to be added from
now on) is reasonable: the Dirichlet problem for the system Liu = f in the weak sense
cannot have two different solutions.

Unique solvability is carried over to the case of a nonhomogeneous boundary condition
u|r = wt € HY?(I')? in a usual way, namely, by the consideration of the difference
between the solution and a function ug belonging to H'(€2)2, having this boundary
value, and vanishing near the singularity. The solution of the homogeneous equation
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Liu = 0 in Qy with the nonhomogeneous boundary condition u‘r = u™T belongs to the

space H'(2)2. This is the completion of the linear set C'°°(Q)2 with respect to the norm
defined by the formula

(8.12) ((ul)iq = (ubiq+lullf o
We obtain the a priori estimate
(8.13) ({[ul)r.0 < Crollu™llj2,r-

Indeed, we may assume that [[ug||1,0 < Ci1|lut]|1/2,r; then the function Lyug = f belongs
to H~1(Q)2, and moreover, it vanishes near the singularity. It gives rise to a continuous
antilinear functional on ﬁ&(Q)Q; thus, the equation Liu; = —f with the homogeneous
Dirichlet condition u]” = 0 has a solution in HE ()2, and for it we have

(lui[)1,0 < Cral| fll-1,0 < Cislluoll1,0-
We set u = ug + uq.

Remark 8.4. If £1 — A\ is a nonnegative operator (this is true for negative A < 0 with
sufficiently large absolute value), then the domain of its nonnegative square root is the

space ﬁé(Q)Q See again [Il Chapter VI, §2].

The following proposition can easily be checked by applying the theorem on local
smoothness for solutions of elliptic problems.

Proposition 8.5. For arbitrarily small € > 0 and s > 1/2, if ut € H*(T')?, then the
solution of the system Lyu = 0 belongs to HSH/Q(QE)Q. In particular, this solution
belongs to C>(Q\ {0})? if u™ € C°°(I")2.

Furthermore, the Poisson operator P; is well defined; it maps u* to the solution of
the homogeneous system Liu = 0 in €.

Proposition 8.6. The Poisson operator Py maps H*(T')? to H*+1/2(Q.)? boundedly for
s> 1/2 and arbitrarily small € > 0:

(8.14) ullsr1/2,0. < Crale)|ut]

In this proposition nothing is said about the smoothness of the solution on the inner
part of the boundary of the domain ), i.e., on the sphere of radius ¢ centered at the
origin. But in fact, when assuming that u™ € H*(I')?, we automatically have the same
smoothness on this sphere. Here our results for the Dirichlet problem (7.4) are essential.

s, I':

Proof of Proposition 8.6. Let 1) be a function in C°°(2) vanishing in O¢ /2 and equal to
1 outside O.. We can write a priori estimates for Sobolev norms of ¥u in terms of
Sobolev norms of the boundary function. Let ut € H*(I")?; then ¢u € H*T1/2(Q,,,)2.

We obtain
[bullss1/2,0.,, < Crs[IL1(u)lls—s/2.0. + lu"[lsr],
consequently,
[ullss1/2,0. < Cs[llulls—1/2,0. + [lut 5],
whence
[ulls1/2.0. < Cirllullog + [u™ls,r]-

But, by (8.13) and (8.12), the zero order norm of the solution is estimated by ||| /2,r-
As a result, we arrive at (8.14). O
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§9. THE OPERATOR ON I' CORRESPONDING TO THE SPECTRAL PROBLEM

Now it is natural to consider system (7.1) under the following assumptions: u,v €
HY(Q)?, ie.,

(9.1) 12|V 26 (8)u, |z 20(d)v € La(2)2.
By (7.6) this yields

(9.2) 2| 7Y 2, 2| Y0 € Ly(Q)2
This agrees with system (7.1) if we rewrite it in the form

(V+1D)Y2u+ (V+1)"Y26(D)w =0,

(93) (V- 1)*1/20(D)u + (V- 1)1/21) =0,

in the sense that all terms in these equations belong to Lo(2)2. Here, moreover, u,v €
C=(@\ {0})*.

System (7.1) is formally equivalent to the system consisting of (7.3) and the second
equation in (7.1). Indeed, they imply the first equation in (7.1).

Since V' is assumed to be scalar, from the second equation in (7.1) we see that

(9.4) ic(v)vt = QuT, where Q := —[(V — 1)—10(;/)0(3)731 .]f

For this operator we have the following result. In its statement the same coordinate
system is used as in [4], i.e., the origin is placed at a point on I' and the axis z3 is
directed along the outward normal at this point. At the end of the section, we explain
why such a choice of the coordinate system does not restrict generality.

Proposition 9.1. The operator Q is a first order pseudodifferential operator with prin-
cipal symbol given by

(9.5) (€)=~ =17 [l€] 413 Goacn

k3

Proof. First, we explain why Q is a pseudodifferential operator. Let L be a strongly el-
liptic second order matrix operator with coefficients infinitely smooth in © and coinciding
with the coeflicients of L; in a strip near the boundary. We compare the corresponding
Poisson operators P; and P;. It suffices to show that their difference is an infinitely
smoothing operator in the boundary strip. We consider the difference u = P1g — 751 g,
where, say, g € Hl/Q(F)Q, and apply the operator L1 to this difference. In our boundary
strip we have Elu = L1P1g = 0. Moreover, ut = 0. By the theorem on local smoothness
for solutions of elliptic boundary-value problems, the function w is infinitely smooth in
the boundary strip.

Now, calculating the principal symbol of the operator Q, we freeze the coefficients
and assume that we deal with the operator o(0)o(9) = SAI, instead of Li. Here the
nonzero constant § plays no role, because the Poisson operator transforms the Dirichlet
data to a solution of the homogeneous equation; so, let § = 1. This is precisely the case
considered in [4 §4]. In the notation of that paper, we need the operator

—(V=1)7 =347 +c0)],

up to terms of zero order. The principal symbol of the operator —%A‘l is |¢'|I5, and
that of the operator ¢(9) is izk#, 0301k, O
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In what follows we write @ = @)1 instead of Q.
Now we observe that, instead of system (7.3), we could start with a similar second
order system for v:

(9.6) Lov :=o(D)(V +1)"to(D)v — (V = 1)v = 0.

Assume that the Dirichlet problem in Q) for this system also cannot have two different
solutions in the weak sense. Denote the corresponding Poisson operator by P.. Using
this operator as above, we can first construct an operator expressing ia(u)u+ in terms
of v:

ioc(wyut = —[(V+ 1)710(V)0(8)'P2U+]+
It follows that
(9.7) ut = iQoo(v)v*, where Qo = o(¥)[(V 4+ 1) o (1)a(9)Paa(v)]

For this operator we obtain an analog of Proposition 9.1 with the only difference that,
instead of (9.5), we get the following formula for the principal symbol:

93) al€) = (V417 |¢] 4§ F 6|

k3

As in [4], the operators Q; and Qs are mutually inverse on the set of infinitely smooth
functions. They are not elliptic.

We give yet another explanation of this fact. If we eliminate v+ from the boundary
condition (7), we obtain the problem

(9.9) Liu=0inQ, —o@)(V-1)"to@u" —pu® =g

We may assume that it was reduced to the equation in (9.4). This problem resembles
the classical Steklov problem

(9.10) Au=0inQ, Ju" —puut =g

but, in contrast to the latter, is readily seen to be nonelliptic.

Recall that we assume V £ 1 to be positive functions.

Theorem 9.2. For arbitrary nonzero real o and (3, the pseudodifferential operator So3 =
aQq + Qs is elliptic. Its principal symbol has only positive eigenvalues for § > 0 > «
and eigenvalues of both signs for a > 0.

Proof. Consider a fixed boundary point and a coordinate system with origin at this point,
the same as above. At this boundary point, we set

(V-1)"ta=a,

(9.11) B
V+1)7'8=7.
It is easy to check that the principal symbol of the operator S,z is the Hermitian matrix
9.12) < (—oa + B1)I€] (o1 = ) (i& + 52)) .
(—on = i) (—i&1 + &2) (—on + B1)[¢]

Its determinant is —4a;31]¢'|?, thus the operator S,s is elliptic. Its eigenvalues are
261|¢'| and —2c1|¢’|. This implies the remaining assertions of the theorem. a

Now we return to our choice of the coordinate system. It is easy to check that, under
a rotation of the coordinate system in R3, the three matrices o1, 02, 03 are transformed
to matrices that remain to be Hermitian, satisfy relations (4), and have the eigenvalues
+1. Tt is known that, by a unitary transformation of the variables uy, us (and by
multiplication of the system from the left by the matrix of the inverse transformation),
we can return these three matrices to their initial form o1, 02, o3 (see, e.g., [37] Part II,
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Appendix CJ; compare with [38, Part I, §9]). Precisely this argument shows that we do
not restrict generality by using the above coordinate system.

§10. SPECTRAL PROPERTIES OF THE OPERATOR Q

The following considerations refine those in [4]. This refinement is based on Theo-
rem 9.2 absent in [4]. Only the operator S alone was considered in that paper, which
works, for instance, in the case of a free Dirac operator.

The operator Q is formally selfadjoint in La(I')%. As in [4], this can be verified by
integration by parts in 2. Therefore, every operator S,z is formally selfadjoint as well.
But it is a first order elliptic pseudodifferential operator, and hence S,g can be viewed
as a selfadjoint operator in Ly(I')? with domain H'(2)2. It has an orthonormal basis
of eigenfunctions in Ly(I")?, which remains to be an unconditional basis in all Sobolev
spaces H*(I")%.

We take 1) a = 8 =1 and 2) a = —1,8 = 1, i.e., we consider the operators Q~! + Q
and @' — Q. We redenote them by S; and Ss.

The operator S; has eigenvalues of both signs tending to £00. Numbered monotoni-
cally with their multiplicities taken into account, the eigenvalues have the asymptotics

(10.1) M = +cEnV2 +0(1) (n — £0).

The eigenvalues of Sy tend to +o0o. Numbered in nondecreasing order, they have the
asymptotics

(10.2) 72 = nt2 £ 0(1)  (n — 400).

Here cf and cg are positive constants. See [39], where a method of calculation of these
constants can be found. We shall not dwell on this.

For every eigenvalue 7 the corresponding eigenspace of Sy is finite-dimensional, consists
of infinitely smooth functions, and is invariant with respect to the operator Q that com-
mutes with S; and satisfies the relation Q!4+ Q = S;. Therefore, Q has an orthonormal
basis of eigenfunctions there, and the eigenvalues are the roots of the quadratic equation

(10.3) pt =T

We have a similar situation for the eigenspaces of So, and the corresponding quadratic
equation is

(10.4) =1

Consider the root sequence Ty(Ll) in (10.1) with n > 0, which tends to +00. The formula
for the roots of equation (10.3), namely,

(10.5) u:%(ri VT2 —4),

implies that at least one of the points +00 or 40 is a limit point of the corresponding
eigenvalues p for the operator ), but at this moment it is still unclear whether both of
them are limit points. Here 40 means that the eigenvalues tend to 0 from the right.
No more limit points may appear. If we assume that some subsequence of the eigen-
values (10.5) tends to +oo, then (10.4) implies that the corresponding eigenvalues 7 of
So tend to —oo, which is impossible. Therefore, for all positive n except, perhaps, a
finite number of them, the minus sign should be taken in (10.5) and the corresponding
eigenvalues of Q tend to +0 with recalculation of the asymptotic behavior by (10.1)
and (10.5).

Now we consider the sequence of eigenvalues T,(LD of &1 with negative n. It tends to
—o0. From (10.5) we see that the corresponding eigenvalues of Q might have —oco and/or
—0 as limit points. The second possibility contradicts the fact that the right-hand side
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of (10.4) may tend to +o0o only. Therefore, for all negative n except, probably, a finite
number of them, the eigenvalues (10.5) of Q correspond to the “plus” sign in (10.5)
(again with recalculation of the asymptotic behavior by using (10.1) and (10.5)).

Thus, the eigenvalues of Q have two limit points, +0 and —oo. The coefficients of
the principal terms in the asymptotics can easily be expressed in terms of cf (see the
theorem below). The remainder estimate follows from the remainder estimate in (10.1)
and from the asymptotics for the roots of equation (10.5). We arrive at the following
main result.

Theorem 10.1. The eigenfunctions of the operator Q are infinitely smooth and form
an orthonormal basis in Lo(T)? that remains to be an unconditional basis in all Sobolev
spaces H*(T')2. The corresponding eigenvalues split in two sequences, one of them tends
to +0 and the other to —oo.
More precisely, these series of eigenvalues {ut} have the following asymptotic behav-
or:
oy = ()T 207 (n — o0),

10.6
1o pn = —ci [n['/2 +0(1) (n — —o0).

Thus, the operator Q is the orthogonal sum of an operator with discrete spectrum
(i.e., with compact resolvent) in a subspace of Ly(I')? and a compact operator in another
subspace. The sum of these two mutually orthogonal subspaces is Lo(I')2. There is no
uniqueness: any finite set of eigenspaces can be attributed arbitrarily to any of these two
subspaces.

If uT is an eigenfunction of Q, then v can be reconstructed by the formula v+ =
—io(v)QuT. After this, we reconstruct u and v in Q by the formulas v = Pju™ and
v = Pyvt. These functions possess properties (9.1) and belong to C>(Q\ {0})2.

§11. SECOND FORMULA FOR THE R-MATRIX

This formula is simply the construction of the required operator g — u™ by expansion
of g and u™ in eigenfunctions of the operator Q. If {¢, }> is the orthonormal basis in
Ly(T')? consisting of these eigenfunctions, then

oo

(11.1) 9="> (9, n)ren,

— 00

and for p different from the eigenvalues p,, we obtain

- (g7<pn)1—‘
11.2 ut =S \enr
(11.2) DD ey

— 00

Here convergence improves together with the smoothness of 4™, and the latter increases
together with that of g. Even a moderate smoothness of g guarantees the uniform
convergence: it suffices to assume g € H'T¢(T")2, ¢ > 0, because the convergence in
H'*¢(T")? on a two-dimensional surface implies the uniform convergence.

By (8.13), the approximations of u™ correspond to approximations of the solution u
in Q. (with an arbitrarily small €) with respect to the Sobolev norms of arbitrarily high
order.

§12. CONCLUDING REMARKS

The results of this chapter can also be generalized to the case of a potential with many
poles. Some matrix-valued V' are acceptable as well. We shall not dwell on this here.
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In the case of the problem in the ball with purely Coulomb potential, the eigenfunctions
can be written explicitly (cf. §5). They are expressed via spherical harmonics.

Without the assumption about unique solvability of the Dirichlet problem for the
second order systems, these problems are still Fredholm, and a possibility remains to
construct a basis of eigenfunctions with finite-dimensional defect.

Surely, in the considerations of this chapter, the assumptions about the smoothness
of the boundary and of the potential outside the singularity can be relaxed.
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