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PAIRS OF SELFADJOINT OPERATORS AND THEIR INVARIANTS

D. ALPAY AND I. GOHBERG

Dedicated to Mikhail Birman on the occasion of his 75th birthday, with admiration

Abstract. A trace formula is proved for pairs of selfadjoint operators that are close
to each other in a certain sense. An important role is played by a function analytic
in the open upper half-plane and with positive imaginary part there. This function,
called the characteristic function of the pair, coincides with Krĕın’s Q-function in the

case where the selfadjoint operators are canonical extensions of a common simple and
closed Hermitian operator. Special emphasis is given to the finite-dimensional case.
Relationships with Krĕın’s spectral shift function are also considered. Finally, the
case of canonical differential expressions is discussed briefly. In this case, the function
N may be chosen to be the Weyl function of the canonical differential expression.

§1. Introduction

This paper is the second in a series where we study models and trace formulas for
pairs of selfadjoint operators. In [8] we considered the case of the so-called canonical
differential expressions (see §6 and equation (6.1) for the definitions). Here our starting
point is a pair (H+, H−) of selfadjoint operators defined on a separable Hilbert space H
and possessing the following properties:

1) for all ω ∈ C \ R,

rank
(
(H+ − ωI)−1 − (H− − ωI)−1

)
= n < ∞;

2) we have ⋂
ω∈C\R

ker
(
(H+ − ωI)−1 − (H− − ωI)−1

)
= {0}.

The first condition expresses the fact that the operators H+ and H− are close to each
other. The second condition means that {0} is the only closed subspace of H invariant
under H+ and H− on which H+ and H− coincide.

A model for such a pair was given by L. de Branges and J. Rovnyak in [21]. In fact,
these authors considered the more general case where the operators

(H+ − ωI)−1 − (H− − ωI)−1

are of trace class for ω ∈ C \R. If these operators are of finite rank (say n), the result of
de Branges and Rovnyak can be formulated in terms of a Cn×n-valued function analytic
in the open upper half-plane C+ and with a positive real part there, and we rephrase it
in terms of a function with a positive imaginary part in the open upper half-plane C+

(i.e., a Herglotz–Nevanlinna function). Before stating the result, we need a definition.
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If a Herglotz–Nevanlinna function N is extended to the lower half-plane by the formula
N(z) = N(z∗)∗, then the functions

KN(z, ω) =
N(z) − N(ω)∗

4π(z − ω∗)
and K−N−1(z, ω) =

−N(z)−1 + N(ω)−∗

4π(z − ω∗)

are positive in the sense of reproducing kernels in C \ R; see [43, 11] for the definition
of positivity. Thus, we can consider the associated reproducing-kernel Hilbert spaces of
functions analytic in C \R with reproducing kernels KN (z, ω) and K−N−1(z, ω), respec-
tively. We shall denote these spaces by L(N) and L(−N−1). For N arising from such a
pair (H+, H−), the spaces L(N) and L(−N−1) provide a model for the pair (H+, H−),
as is explicitly seen in the following result due to de Branges and Rovnyak (see [21]).
Two proofs of this result will be given in the paper; see Subsection 2.4 for the case of
matrices and Subsection 5.1 for the case of unbounded operators.

Theorem 1.1. Let (H+, H−) be a pair of selfadjoint operators defined on a separable
Hilbert space and with the following two properties:

1) there is n ∈ N such that

dim ran
(
(H+ − ωI)−1 − (H− − ωI)−1

)
= n

for all ω ∈ C \ R;
2) we have ⋂

ω∈C\R

ker
(
(H+ − ωI)−1 − (H− − ωI)−1

)
= {0}.

Then there exists a Cn×n-valued Herglotz–Nevanlinna function with detN �= 0 and with
the following properties:

1) there are unitary transformations

U+ : H → L(N) and U− : H → L(−N−1)

such that for ω ∈ C \ R we have

U+(H+ − ωI)−1f = RωU+f,

U−(H− − ωI)−1f = RωU−f,

where Rω is the resolvent-like operator defined by Rωf(z) = f(z)−f(ω)
z−ω ;

2) for every f ∈ H we have

M−N−1U+f = U−f,

where M−N−1 denotes the operator of left multiplication by −N−1.

As a consequence of the construction of de Branges and Rovnyak, we obtain the
following statement.

Theorem 1.2. Let (H+, H−) be a pair of selfadjoint operators defined on a separable
Hilbert space and satisfying the hypothesis mentioned above. Let N be the associated
Herglotz–Nevanlinna function. Then for all ω in the open upper half-plane we have

Tr
{
(H+ − ωI)−1 − (H− − ωI)−1

}
= TrN(ω)−1N ′(ω)

and
d̃etz0(H− − zI)(H+ − zI)−1 = detN(z)N(z0)−1, z ∈ C+,

where z0 ∈ C \ R and d̃etz0 is the generalized perturbation determinant associated with
the pair (H+, H−).
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We also study relationships between the trace formulas and the spectral shift function
introduced by I. M. Lifshifts in [40, 41] and by M. G. Krĕın (see [33, 17]). This function
is such that

Tr (r(H+) − r(H−)) =
∫

R

r′(t)ξ(t) dt

for all rational functions analytic at infinity and with poles in σ(H+) ∩ σ(H−). See [32,
(3), p. 138]. The choice r(t) = 1

t−ω with ω off the real line leads to the formula

Tr
(
(H+ − ωI)−1 − (H− − ωI)−1

)
= −

∫
R

ξ(t) dt

(t − ω)2
.

It is of interest to find explicit examples where the hypotheses of Theorem 1.1 are
fulfilled and, consequently, the above trace formula is true. As has already been men-
tioned, one such example is given by the case of canonical differential expressions; see §6
and [8]. Another example is when H+ and H− are extensions of a common Hermitian
operator with deficiency indices (n, n) (see [23, p. 420]). In this case we use the notion
of the Q-function of a closed Hermitian operator (due to Krĕın; see [30, 31, 36, 42]).

The paper consists of six sections besides the Introduction. In §2 we focus on the finite-
dimensional case, and give a self-contained exposition based on the realization theory of
matrix-valued rational functions and on the theory of finite-dimensional reproducing-
kernel Hilbert spaces. In §3 we study infinite-dimensional L(N)-spaces. §4 is devoted to
the case of pairs of bounded selfadjoint operators. In §5 we consider the case of possibly
unbounded operators. In the last two sections we consider two special cases: canonical
differential expressions (§6) and selfadjoint extensions of a Hermitian operator (§7).

In conclusion, we note that this paper has a number of links with the work of de
Branges and Rovnyak and with the work of Krĕın and Langer. These relationships are
demonstrated in the text.

§2. The finite-dimensional case

In this section we focus on the finite-dimensional case, that is, we consider the case
of pairs of selfadjoint matrices. We define an invariant for such a pair, which we call the
characteristic function of the pair. Because of the finite-dimensionality hypothesis, the
arguments do not involve difficult analytic tools. Realization of rational matrix-valued
functions plays an important role in the theory; see [14]. We also use the canonical form
of a matrix that is Hermitian with respect to an indefinite inner product; see [28, 29, 44].

2.1. Finite-dimensional reproducing-kernel Hilbert spaces. The theory of repro-
ducing-kernel Hilbert spaces is used extensively in this paper; here we review the main
features of the finite-dimensional case.

A Hilbert space H of Cn-valued functions defined on a set Ω is called a reproducing-
kernel Hilbert space if there exists a Cn×n-valued function K(z, w) of two variables with
the following two properties: first, the function z �→ K(z, w)e belongs to H for every
w ∈ Ω and every e ∈ Cn, and next, we have

(2.1) 〈f(·), K(·, w)e〉H = e∗f(w)

for every f ∈ H.
The function K(z, w) is called the reproducing kernel of the space. It is unique. By

Riesz’s representation theorem for bounded functionals in a Hilbert space, a Hilbert
space of functions has a reproducing kernel if and only if the point evaluation functionals
f �→ e∗f(w) are bounded (here e ∈ Cn and w ∈ Ω).

Property (2.1) implies the following statement.
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Lemma 2.1. Let H be a reproducing-kernel Hilbert space of Cn-valued functions defined
on a set Ω, and let K(z, w) be the reproducing kernel of H. Then the linear span of the
functions z �→ K(z, w)e as w varies in Ω and e varies in Cn is dense in H. Furthermore,

(2.2) 〈K(·, v)d, K(·, w)e〉H = e∗K(w, v)d for all v, w ∈ Ω and all d, e ∈ Cn.

Proof. By (2.1), a function f ∈ H orthogonal to all the functions z �→ K(z, w)e satisfies
e∗f(w) = 0 for all w ∈ Ω and all e ∈ Cn, whence f ≡ 0. This proves the first claim. To
prove the second, we apply (2.1) to f(z) = K(z, v)d and obtain (2.2). �

If H is finite-dimensional, then the point evaluation functionals f �→ e∗f(w) (with
e ∈ Cn and w ∈ Ω) are bounded automatically, and H is a reproducing-kernel Hilbert
space. The linear span of the functions z �→ K(z, w)e for w ∈ Ω and e ∈ Cn is not
merely dense in H but is equal to H. Now we recall a formula for the reproducing kernel
in the finite-dimensional case. Let m = dimH, and let F be a Cn×m-valued function
whose columns form a basis of H. The inner product 〈·, ·〉H determines a strictly positive
matrix P ∈ Cm×m (called the Gram matrix) via the relation

〈Fc, Fd〉H = d∗Pc, c, d ∈ Cm.

Lemma 2.2. The reproducing kernel of H is given by the formula

(2.3) K(z, w) = F (z)P−1F (w)∗.

Proof. We must check the two conditions mentioned at the beginning of the section.
The first condition is clear because K(z, w)e = F (z)

(
P−1F (w)∗e

)
. To prove the second,

write f(z) = F (z)d, where d ∈ Cm. Then

〈f(·), K(·, w)e〉H = 〈F (·)d, F (·)P−1F (w)∗e〉H
= (P−1F (w)∗e)∗Pd = e∗F (w)d = e∗f(w). �

Formula (2.3) has the following consequence.

Corollary 2.3. Assume that Ω ⊂ C and that the elements of H are rational functions.
Then for every w ∈ Ω the reproducing kernel K(z, w) is a rational function in z.

Now we discuss an important case where the elements of H are rational. For α ∈ C

and f a matrix-valued function analytic in a neighborhood of α, we define

Rαf(z) =

{
f(z)−f(α)

z−α if z �= α,

f ′(α) if z = α.

The operators Rα satisfy the resolvent equation

(2.4) Rα − Rβ = (α − β)RαRβ .

Let α ∈ C, and let H be an Rα-invariant finite-dimensional space of Cn-valued func-
tions analytic in a neighborhood of α. Then the elements of H are rational functions
without a pole at the point α. Indeed, suppose F (z) is as in Lemma 2.2, that is, a
Cn×m-valued function whose columns form a basis of H. Let fj be the jth column
of F . By Rα-invariance, there exists a vector aj ∈ Cm such that Rαfj = Faj . Let
A =

(
a1 a2 · · · am

) ∈ Cm×m. We have RαF = FA. Thus,

F (z) − F (α)
z − α

= F (z)A,

whence
F (z) = F (α)(Im − (z − α)A)−1,

which is a rational matrix-valued function analytic at the point α.
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We note that the material presented in this section is well known and the proofs have
been provided for completeness. For instance, Lemma 2.2 can be found in [25] and [43].
We also refer to [25, 43] for more information on reproducing-kernel Hilbert spaces.

2.2. Finite-dimensional L(N)-spaces. In this paper we shall be particularly inter-
ested in reproducing-kernel Hilbert spaces whose reproducing kernel is of the form

(2.5) KN(z, w) =
N(z) − N(w)∗

z − w
,

where N is a Cn×n-valued function analytic in C\R. These spaces were introduced by de
Branges; see [18, 19]. We shall denote by L(N) the associated reproducing-kernel Hilbert
space. Now we review the main features of these spaces in the finite-dimensional case. We
make use of the realization theory of matrix-valued functions. The infinite-dimensional
case will be considered in §3.

Lemma 2.1 and the finite-dimensionality hypothesis imply that the functions of the
form z �→ N(z)−N(w)∗

z−w e span L(N) when w varies in C\R and e varies in Cn. Furthermore,

(2.6)
〈

N(z) − N(v)∗

z − v
d,

N(z) − N(w)∗

z − w
e

〉
L(N)

= e∗
N(w) − N(v)∗

w − v
d

for all v, w ∈ C \ R and all d, e ∈ Cn.
Equation (2.6) does not take the special form of the kernel into account. In the sequel

we give more precise descriptions of the inner product in L(N); see Proposition 2.6 for
the finite-dimensional case and Theorem 3.2 for the general case.

Lemma 2.4. Let N be a Cn×n-valued function analytic in C+. Suppose that the kernel
KN(z, w) is positive in C+ and that the corresponding space L(N) is finite-dimensional.
Then N is rational, N(z) = N(z)∗ for z ∈ C \ R, and Im N(z) ≥ 0 for z ∈ C+.

Proof. Since N(w)∗ = N(w), we have

KN (z, w) =
N(z) − N(w)

z − w
= (RwN)(z).

Therefore, using the resolvent identity (2.4), we obtain

(2.7) RαKN(z, w) =
1

α − w
{KN (z, α) − KN (z, w)} .

Since L(N) is finite-dimensional, the functions z �→ K(z, w)e span the entire space L(N)
when w runs through C \ R and e runs through Cn, so that L(N) is Rα-invariant.
Therefore, this space consists of rational functions. Next, Lemma 2.2 shows that z �→
KN(z, w) is rational. In particular, w is a removable singularity of z �→ KN(z, w) and,
thus, N(w) = N(w)∗. To see that Im N(z) ≥ 0 for z ∈ C+, it suffices to observe that
KN(z, z) is a positive matrix for z ∈ C \R. Finally, N is rational because of the formula

N(z) = N(w0)∗ + (z − w0)KN(z, w0),

where w0 is any preassigned point in C+. �

Now we describe the minimal realizations of the matrix-valued functions analytic at
infinity and such that N(z) = N(z)∗. We studied such realizations in [3]. We refer to
[14] for the background on the various notions and results from the theory of realization
of rational matrix-valued functions used in the sequel.

Proposition 2.5. Let N be a Cn×n-valued rational function analytic at infinity, and
let N(z) = D + C(zIm − A)−1B be a minimal realization of N . Then N satisfies the
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condition N(z) = N(z)∗ if and only if the following conditions are fulfilled: D = D∗ and
there exists a Hermitian invertible matrix H such that

AH = HA∗,(2.8)

−CH = B∗.(2.9)

Furthermore, we have

(2.10)
N(z) − N(w)∗

z − w
= C(zIm − A)−1H(wIm − A)−∗C∗,

and the following statements are equivalent :

1) the imaginary part of N is positive in the open upper half-plane;
2) the matrix H is strictly positive;
3) the kernel KN (z, w) is positive in C \ σ(A).

Proof. A minimal realization of the rational function N(z)∗ is given by

N(z)∗ = D∗ + B∗(zIm − A∗)−1C∗.

Since N(z) = N(z)∗, we have

D + C(zIm − A)−1B = D∗ + B∗(zIm − A∗)−1C∗.

Thus, there is a unique matrix H such that

(2.11)
(

A B
C D

)(−H 0
0 In

)
=
(−H 0

0 In

)(
A∗ C∗

B∗ D∗

)
.

Taking the adjoint of (2.11), we see that H∗ is also a solution of (2.11) and thus H = H∗.
Furthermore, (2.11) is equivalent to D = D∗ and (2.8)–(2.9).

We prove (2.10). Observe that

N(z) = D − C(zIm − A)−1HC∗.

Thus,

N(z) − N(w)∗ = N(z) − N(w)

= C
{−(zIm − A)−1 + (wIm − A)−1

}
HC∗

= C(zIm − A)−1(wIm − A)−1HC∗ · (z − w).

By (2.8), we have

(wIm − A)−1H = H(wIm − A∗)−1,

and we arrive at (2.10).
Now we turn to the proof of the equivalence of claims 1)–3) in the theorem. Formula

(2.10) shows that 2) implies 3). The fact that 3) implies 1) is trivial (simply take z = w).
It remains to show that 1) implies 2). First, we note that the function N is analytic in
the open upper half-plane C+. Indeed, the function S(z) = (In + iN(z))(In − iN(z))−1

is contractive at all points where it is defined in C+; consequently, it admits analytic
and contractive extension to C+, so that N is analytic in C+. Thus, this function is
analytic in C \R because N(z) = N(z)∗. It follows that the matrix A has spectrum only
on the real line. Therefore, the pair (A, H) has a canonical representation of the form⊕M

k=1(Jmk
(λk), εkEmk

), where λk is a real number for every k ∈ {1, . . . , M}, Jmk
(λk) is
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the (mk × mk)-Jordan block with eigenvalue λk, Enk
is the matrix with the entries on

the main antidiagonal equal to 1 and all other entries equal to 0:

Jnk
(λk) =


λk 1 0 0 · · · 0
0 λk 1 0 · · · 0
· · · · ·
0 · · · · 1
0 · λk

 , Enk
=


0 · · · 0 0 1
0 · · · 0 1 0
0 · · · 1 0 0
· · 0
1 0

 ,

and εk ∈ {−1, 1}.
The remaining part of the proof that 1) implies 2) is split in several steps.

Step 1. Let λ ∈ R, and let 	 ≥ 2. The function Im 1
(z−λ)� takes both positive and

negative values in the open upper half-plane.
We set z = λ + ρeiθ, where ρ > 0 and θ ∈ (0, π). Then

Im
1

(z − λ)�
= −2 sin(	θ)

ρ�
.

For 	 ≥ 2 the argument 	θ belongs to (0, 2π); thus, sin(	θ) takes both positive and
negative values.

Step 2. Assume that (A, H) consists only of an elementary block, that is, M = 1 in
the above canonical form. Then m1 = 1, and 1) implies 2).

We set m1 = m and assume that m ≥ 2 and A = J(λ) ∈ Cm×m. We write

A = J(λ) = λIm + T,

where T m+1 = 0. Then

N(z) = In − C(zIm − A)−1HC∗

= In − C((z − λ)Im − T )−1HC∗

= In −
m∑

k=0

CT kHC∗

(z − λ)k+1
.

Since AH = HA∗, we have TH = HT ∗ and T �H = HT ∗� for all 	 ≥ 1. Therefore,
(2.12)

Im N(z) = −CHC∗
{

1
z − λ

− 1
z − λ

}
− · · · − CT mHC∗

{
1

(z − λ)m+1
− 1

(z − λ)m+1

}
.

We set z = λ + ρeiθ as at the preceding step and multiply both sides of (2.12) by
ρm+1. Letting ρ → 0, we see that

0 ≤ lim
ρ→0

ρm Im N(λ + ρeiθ) = (2 sin(m + 1)θ)CT mHC∗.

Consequently, CT mC∗ = 0.
Now, multiplying (2.12) by ρm and letting ρ → 0, we show that CT m−1HC∗ = 0.

Reiterating, we obtain

(2.13) CTHC∗ = CT 2HC∗ = · · · = CT mHC∗ = 0.

Thus,

Im N(z) = −CHC∗
{

1
z − λ

− 1
z − λ

}
,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



66 D. ALPAY AND I. GOHBERG

and we have CHC∗ ≥ 0. This inequality and (2.13) imply the relation

(2.14)


C

CA
...

CAn

H
(
C∗ A∗C∗ · · · A∗nC∗) =


Im

λIm

...
λnIm

CHC∗(Im λIm · · · λnIm

) ≥ 0

because T � = 0 for 	 ≥ m + 1. Since the pair (C, A) is observable, the pair (A∗, C∗) is
controllable:

ran
(
C∗ A∗C∗ · · · A∗nC∗) = Cn

and (2.14) implies that H ≥ 0.

Step 3. Now we turn to the case where in the canonical representation of the pair
(A, H) there is a unique eigenvalue λ corresponding to possibly different blocks:

(A, H) =
⊕

(Ji(λ), Hi),

where both Ji(λ) and Hi are in Cmi×mi . We write Ji(λ) = λImi +Ti, where T mi+1
i = 0.

Let C =
(
C1 C2 . . .

)
be the corresponding matrix representation of C. Arguing as at

Step 2, we obtain ∑
i

CiT
n
i HiC

∗
i = 0, m = 1, 2, . . . , sup mi,

and ∑
i

CiHiC
∗
i ≥ 0.

Set M = supi mi. The counterpart of (2.14) looks like this:
(
C1 C2 · · ·)(

C1J1(λ) C2J2(λ) · · ·)
...(

C1J1(λ)n C2J2(λ)n · · ·)
H


(
C1 C2 · · ·)(

C1J1(λ) C2J2(λ) · · ·)
...(

C1J1(λ)n C2J2(λ)n · · ·)


∗

=


Im

λIm

...
λnIm

∑
i

CiHiC
∗
i

(
Im λIm · · · λnIm

) ≥ 0.

(2.15)

Finally, it remains to consider the case where different λ appear in the canonical
decomposition. For this, it suffices to use the canonical representation of the pair (A, H)
and write N as a sum of rational matrix-valued functions Ni satisfying Ni(z)∗ = Ni(z)
and each having a single pole. �

The matrix H is called the Hermitian matrix associated with a given realization. From
(2.10) it follows that H−1 is the Gram matrix of L(N) with respect to the basis under
consideration; for c, d ∈ Cm we have

〈C(zIm − A)−1c, C(zIm − A)−1d〉L(N) = d∗H−1c.

If H > 0, without loss of generality we may assume that H = Im. This amounts to
the replacement of ( A B

C D ) by(√
H 0
0 In

)(
A B
C D

)(√
H

−1
0

0 In

)
.
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Proposition 2.6. In the notation of the preceding proposition, the space L(N) consists
of functions F of the form

F (z) = C(zIm − A)−1x, x ∈ Cm,

with the inner product

(2.16) 〈F, G〉L(N) = y∗H−1x,

where G(z) = C(zIm − A)−1y with y ∈ Cm. In particular, L(N) contains no nonzero
constant functions.

Proof. Since the realization of N is minimal, the pair (C, A) is observable, that is,
∞⋂

k=0

kerCAk = {0} .

Hence,
C(zIm − A)−1x ≡ 0 =⇒ x = 0,

so that F and the associated inner product (2.16) are well defined.
We take

x = H

( k∑
j=1

(wjIm − A)−∗C∗ej

)
and

y = H

( k∑
j=1

(vjIm − A)−∗C∗dj

)
,

where the ej and dj belong to Cn. Then

F (z) = C(zIm − A)−1x =
k∑

j=1

KN (z, wj)ej ,

G(z) = C(zIm − A)−1x =
k∑

j=1

KN (z, vj)dj ,

and

〈F, G〉L(N) =
k∑

i,j=1

d∗i K(vi, wj)ej = y∗H−1x.

This finishes the proof of (2.16) because such x, y span Cm. Now we show that L(N)
contains no nonzero constant functions. Assume that x ∈ Cm is such that C(zIm−A)−1x
is a constant function, say t. Multiplying the identity C(zIm − A)−1x ≡ t by z on both
sides and letting z → ∞, we see that t = 0. �

Now, we consider the case where N is not necessarily analytic at infinity.

Proposition 2.7. The space L(N) is finite-dimensional if and only if N is of the form

(2.17) N(z) = D + Ez +
�∑

j=1

Mj

tj − z
,

where D is a selfadjoint matrix, E and Mj are positive matrices, and the tj are real
numbers. Furthermore, L(N) consists of functions F of the form

(2.18) F (z) = Ee +
�∑

j=1

Mjej

tj − z
, e, e1, . . . , e� ∈ Cn,
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with the inner product

〈F, G〉L(N) = d∗Ee +
�∑

j=1

d∗jMjej,

where

G(z) = Ed +
�∑

j=1

Mjdj

tj − z
, d, d1, . . . , d� ∈ Cn.

Proof. First, assume that N is analytic at infinity; we take a minimal realization of N
with the associated Hermitian matrix H equal to Im. Then

N(z) = D − C(zIm − A)−1C∗,

where A = A∗. Let U be a unitary matrix such that

A = U diag(t1Im1 , . . . , t�Im�
)U∗,

where the tj are real and are assumed to be pairwise different. Then

N(z) = D − CU(zIm − diag(t1Im1 , . . . , t�Im�
))−1U∗C∗.

Let CU =
(
c1 · · · c�

)
. We arrive at (2.17) with E = 0 and Mj = cjc

∗
j .

Now, assume that N is not analytic at infinity. There exists a real number t0 such
that the function M(z) = N(1/(z− t0)) is analytic at infinity. Since M(z) = M(z)∗, and
the function M(z) still has positive imaginary part in C+, we can write

M(z) = D +
�∑

j=1

Mj

tj − z
.

Thus,

N(z) = M((1 + zt0)/z)

= D −
�∑

j=1

Mj

tj − 1+zt0
z

= D −
�∑

j=1

zMj

(tj − t0)z − 1
.

The map 1
z−t0

sends t0 to ∞; therefore, one of the tj (say t1) is equal to t0, and we have

N(z) = D + zM1 −
�∑
2

zMj

(tj − t0)z − 1

=
(

D −
�∑
2

Mj

tj − t0

)
−
( �∑

2

Mj

(tj − t0)z − 1
− Mj

tj − t0

)

= D′ +
�∑
2

M ′
j

t′j − z

with

D′ =
(

D −
�∑
2

Mj

tj − t0

)
and M ′

j =
Mj

(tj − t0)2
for j = 2, . . . , 	.

Thus, N is of the required form.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PAIRS OF SELFADJOINT OPERATORS AND THEIR INVARIANTS 69

Now we describe the space L(N) with N as in (2.17). We have

F (z) =
p∑
1

N(z) − N(wk)∗

z − wk
ek = E

( p∑
1

ek

)
+

�∑
1

Mj(
∑p

1 ek)
(tj − t)(w − t)

and

G(z) =
p∑
1

N(z) − N(vk)∗

z − vk
dk = E

( p∑
1

dk

)
+

�∑
1

Mj(
∑p

1 dk)
(tj − t)(w − t)

,

whence

〈F, G〉L(N) =
p∑

i,j=1

e∗j
N(vk) − N(wj)∗

vk − wj
dk

=
( p∑

1

dk

)∗
B

( p∑
1

ck

)
+

�∑
1

( p∑
1

dk

)∗
Mj

( p∑
1

ck

)
. �

Corollary 2.8. The space L(N) contains no nonzero constants if and only if N is
analytic at infinity.

Proof. This follows from (2.17) and (2.18). �

It should be noted that the uniqueness of a reproducing kernel implies that N1 and
N2 correspond to the same space if and only if

N1(z) = N2(z) + D,

where D is a selfadjoint matrix. The role of D will be important when the function
−N−1 is considered together with N .

Example 2.9. If N1(z) = − 1
z , from the relation

N1(z) − N1(w)
z − w

=
1

zw

it follows that the space L(N) consists of the multiples of the function 1
z with the norm

‖ 1
z ‖N = 1. The function −1/N1(z) = z is not analytic at infinity, and the corresponding

space L(−1/N1) consists of constants because

−1/N1(z) −
(
−1/N1(w)

)
z − w

=
z − w

z − w
= 1.

On the other hand, if we take N2(z) = 1 + N1(z), then the space L(N) will not change,
but −N2(z)−1 = z

1−z is analytic at infinity. We have

N2(z) − N2(w)
z − w

=
1

(1 − z)(1 − w)
.

The space L(N2) consists of the multiples of the function 1
1−z and contains no nonzero

constants.

Another proof of Proposition 2.5 involves the Riesz–Herglotz representation formula
for analytic functions with a positive imaginary part in the open upper half-plane. This
proof is much shorter. We chose to present direct arguments based on the theory of re-
alization of rational functions and on the theory of finite-dimensional reproducing-kernel
Hilbert spaces. The case of finite-dimensional Pontryagin spaces with such reproducing
kernels was considered in [3]. As in [3], we make use of the realization theory, but our
approach and point of view are slightly different.
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2.3. Model for one matrix. In this section we use L(N)-spaces to give models for
selfadjoint matrices.

Theorem 2.10. Let G+ ∈ Cm×m be a selfadjoint matrix, let C ∈ Cn×m be such that

(2.19)
∞⋂

k=0

kerCGk
+ = {0} ,

and let H denote the Hilbert space of Cn-valued functions of the form F (z) = C(zIm −
G+)−1x with x ∈ Cm; H is endowed with the inner product

(2.20) 〈F, G〉H = y∗x, where G(z) = C(zIm − G+)−1y, y ∈ Cm.

Then H is a reproducing-kernel Hilbert space, and its reproducing kernel is of the form

N(z) − N(w)∗

z − w
,

where

(2.21) N(z) = D + C(G+ − zIm)−1C∗,

D being any selfadjoint matrix in Cn×n.

Proof. From (2.19) we see that

C(zIm − G+)−1x ≡ 0 =⇒ x = 0,

so that the inner product (2.20) is well defined. For w ∈ C \ R, set

(2.22) K(z, w) = C(zIm − G+)−1(wIm − G+)−∗C∗.

Then for every w ∈ C \ R and every y ∈ Cm the function z �→ K(z, w)y belongs to H.
Furthermore, for F (z) = C(zIm − G+)−1x ∈ H we have

〈F (·), K(·, w)y〉H = ((wIm − G+)−∗C∗y)∗x = y∗C(wIm − G+)−1x = y∗F (w).

Thus, the reproducing kernel of H is

K(z, w) = C(zIm − G+)−1(wIm − G+)−∗C∗.

Finally, let N be as in (2.21). Then

N(z) − N(w)∗

z − w
=

C(zIm − G+)−1C∗ − C(wIm − G+)−∗C∗

z − w

= C

{
(zIm − G+)−1 − (wIm − G+)−1

z − w

}
= C(zIm − G+)−1(wIm − G+)−∗C∗,

which completes the proof in view of (2.22). �

Proposition 2.11. Condition (2.19) is equivalent to the condition⋂
z∈C+

kerC(zIm − G)−1 = {0} .

Proof. This follows from the power series expansion at infinity:

C(zIm − G)−1 =
∞∑

�=0

1
z�+1

CG�. �
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Theorem 2.12. Let G+ ∈ Cm×m be a selfadjoint matrix, and let C ∈ Cn×m be a matrix
satisfying (2.19). Let N be defined by (2.21), and let L(N) be the reproducing-kernel
Hilbert space with reproducing kernel N(z)−N(w)∗

z−w . Then the map U+ defined by

U+x(z) = C(zIm − G+)−1x

is a unitary map from Cm (endowed with the canonical inner product) onto L(N). Its
adjoint is given by

U∗
+

(
C(zIm − G+)−1y

)
= y.

Finally, we have

U+G+U∗
+F (z) = zF (z) + cF ,(2.23)

U+(G+ − αIm)−1U∗
+F (z) = RαF (z),(2.24)

where cF = − limz→∞ zF (z).

Proof. First, we compute U∗
+. Let e ∈ Cn, and let w ∈ C \ R. We have

〈U∗
+

(
C(zIm − G+)−1y

)
, (wIm − G+)−1C∗e〉Cm

= 〈C(zIm − G+)−1y, U+(wIm − G+)−1C∗e〉L(N)

= 〈C(zIm − G+)−1y, C(zIm − G+)−1(wIm − G+)−1C∗e〉L(N)

= 〈(C(zIm − G+)−1y
)
, KN(z, w)e〉L(N)

= e∗C(wIm − G+)−1y,

where we have used (2.30) and the reproducing-kernel property. It follows that

U∗
+(C(zIm − G+)−1y) = y,

because the span of the vectors (wIm − G+)−1C∗e with w ∈ C \ R and e ∈ Cn is equal
to Cm.

To prove the next claim, we write

C(zIm − G+)−1G+x = C(zIm − G+)−1(G+ − zIm + zIm)x

= zC(zIm − G+)−1x − Cx

and observe that

(2.25) Cx = lim
z→∞ zC(zIm − G+)−1x = − lim

z→∞ zF (z).

The last claim is proved as follows. Let F (z) = C(zIm−G+)−1x for some x ∈ Cm. Then

RαF (z) = C
(zIm − G+)−1 − (αIm − G+)−1

z − α
x

= C(zIm − G+)−1(G+ − αIm)−1x. �

2.4. The model of de Branges and Rovnyak for pairs of matrices. In this sub-
section we discuss the model of de Branges and Rovnyak for pairs of selfadjoint matrices.
More generally, the model for pairs of bounded selfadjoint operators will be considered
in Subsection 4.2, and the model in the setting of possibly unbounded operators will be
given in §5.

Our starting point is a pair of selfadjoint matrices G+ and G− in Cm×m. We assume
that G+ and G− do not coincide on any nontrivial subspace of Cr invariant under both
G+ and G−. We set

n = dim ran(G+ − G−)
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and write G+ − G− = −C∗JC, where J ∈ Cn×n is both selfadjoint and unitary and
C ∈ Cn×r. The function

N(z) = J + C(G+ − zI)−1C∗

is called the characteristic function of the pair. The function N allows us to recover the
pair (G+, G−) up to a unitary similarity.

The function N satisfies N(z)∗ = N(z) and has positive imaginary part; in particular,
the function KN (z, w) is positive for z, w ∈ C that are not poles of N .

Proposition 2.13. Let G+ and G− be two selfadjoint matrices in Cm×m, and let

E =
∞⋂

k=0

ker
(
Gk

+ − Gk
−
)
.

Then E is the largest linear subspace invariant under both G+ and G− and on which
G+ = G−.

Proof. The matrices G+ and G− coincide on E since E ⊂ ker(G+ − G−). Furthermore,
E is invariant under the operators G+ and G−. Indeed, let u ∈ E . We want to show that
G±u ∈ E , that is,

Gk
+(G±u) = Gk

−(G±u) for all k.

This is readily seen because G+u = G−u.
Let M be such that G±M ⊂ M, and let u ∈ M. Then G+u = G−u. By assumption,

both G+u and G−u also belong to M, whence

G+(G+u) = G−(G+u).

Since G+u = G−u, we obtain G2
+u = G2

−u. By induction, we conclude that Gk
+u = Gk

−u
for all k, and therefore M ⊂ E . �

Thus, the condition

(2.26) E =
∞⋂

k=0

ker(Gk
+ − Gk

−) = {0}

is necessary and sufficient for the matrices G+ and G− to have no nontrivial invariant
subspace on which they coincide. Another characterization of the fact that E = {0} is
as follows.

Lemma 2.14. Two selfadjoint matrices G+ and G− in Cm×m satisfy condition (2.26)
if and only if they have no common eigenvalue corresponding to the same eigenvector.

Proof. Since E is G+-invariant, there exists a nonzero vector u ∈ Cm and a real number
λ such that G+u = λu. In particular, since u ∈ E , we have G+u = G−u, whence
G−u = λu. Thus, G+ and G− have a common eigenvector with the same eigenvalue.
The converse statement is clear. �

As was proved in Proposition 2.6, the space L(N) in Theorem 2.12 contains no nonzero
constants. If detD �= 0, we can consider the function −N(z)−1 and the corresponding
space L(−N−1). It contains no nonzero constants, and the operators Rα in L(−N−1)
are the resolvents of a Hermitian matrix. So, then there are two Hermitian matrices
associated with N in a natural way. This is the idea behind the result of de Branges
and Rovnyak that gives a model for a pair of selfadjoint operators in terms of a sin-
gle Herglotz–Nevanlinna function. In the next theorem we construct the Herglotz–
Nevanlinna function associated with a pair of matrices.
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Theorem 2.15. Let G+ and G− be two selfadjoint matrices in Cm×m such that (2.26)
is true. Let n = rank(G+ − G−), and let

(2.27) G+ − G− = −C∗JC,

where J ∈ Cn×n is both selfadjoint and unitary, and C ∈ Cn×m. Let N be defined by the
formula

(2.28) N(z) = J + C(G+ − zIm)−1C∗.

Then N has a positive imaginary part in the open upper half-plane and satisfies N(z) =
N(z)∗. Moreover,

(2.29) −N(z)−1 = −J + JC(G− − zIm)−1C∗J,

and (2.28) and (2.29) are minimal realizations of N and −N−1, respectively.

Proof. The claim about N follows from the identity

(2.30)
N(z) − N(w)∗

z − w
= C(G+ − zIm)−1(G+ − wIm)−1C∗.

First, we prove that the pair (C, G+) is observable, i.e.,
⋂∞

k=0 kerCGk
+ = {0}. Let

u ∈ ⋂∞
k=0 kerCGk

+. In particular, Cu = 0, whence C∗JCu = 0, that is, G+u =
G−u. Similarly, from the condition CG+u = 0 we obtain C∗JCG+u = 0, and thus
(G+ − G−)G+u = 0. It follows that G2

+u = G2−u, since we already know that G+u =
G−u. By induction, in a similar way we prove that Gk

+u = Gk−u. Thus, u ∈⋂∞
k=0 ker(Gk

+ − Gk
−), and we see that u = 0. Therefore, the pair (C, G+) is observ-

able; consequently, the pair (G+, C∗) is controllable, which implies that the realization
(2.28) is minimal. �

As a consequence we obtain a description of the spaces L(N) and L(−N−1). The
infinite-dimensional counterpart of this result is presented in Theorem 3.2.

Corollary 2.16. We have

L(N) =
{
F (z) = C(zIm − G+)−1x, x ∈ Cn

}
and

L(−N−1) =
{
F (z) = JC(zIm − G−)−1x, x ∈ Cn

}
,

with the inner products

〈F, G〉L(N) = y∗x, where G(z) = C(zIm − G+)−1y,

and

〈F, G〉L(−N−1) = y∗x, where G(z) = JC(zIm − G−)−1y,

respectively. Finally, the map F �→ −N−1F is a unitary map from L(N) to L(−N−1).

Proof. The claim about L(N) follows from Proposition 2.6. The claim about L(−N−1)
follows from (2.29) and the relation

−N(z)−1 + N(w)−∗

z − w
= JC(G− − zIm)−1(G− − wIm)−1C∗J.
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Now we prove the last claim. Let F ∈ L(N), i.e., F (z) = C(zIm − G+)−1x for some
x ∈ Cm. We have

− N(z)−1F (z) = (−J + JC(G− − zIm)−1C∗J)C(zIm − G+)−1x

= −JC(zIm − G+)−1x + JC(G− − zIm)−1(G− − G+)(zIm − G+)−1x

= −JC(zIm − G+)−1x

+ JC(G− − zIm)−1(G− − zIm + zIm − G+)(zIm − G+)−1x

= JC(G− − zIm)−1x.

Thus, −N−1F belongs to L(−N−1) and has the same norm as F :

‖ − N−1F‖2
L(−N−1) = ‖F‖2

L(N) = x∗x. �

The role of the characteristic function of the pair (G+, G−) of matrices is clarified
in the next theorem, which is the main result of the section. The passage from N to
−N−1 can be viewed in two equivalent ways: one can look at G+ and G− in L(N)
and view G− as a perturbation of G+. One can also look at both G+ and G− in the
space L(−N−1) and view G+ as a perturbation of G−. See also the next section and de
Branges’ paper [18, p. 546], where such an interpretation is given in terms of measures
for the infinite-dimensional case.

Theorem 2.17. For the map U+, we have

U+G+U∗
+F (z) = zU+F (z) + cF ,(2.31)

U+G−U∗
+F (z) = zF (z) + N(z)JcF ,(2.32)

U+(G+ − αIm)−1U∗
+F = RαF,(2.33)

U+(G− − αIm)−1U∗
+F = RαF − (RαN)N(α)−1F (α),(2.34)

where F ∈ L(N) and

cF = − lim
z→∞ zF (z).

In particular,

(2.35) U+

{
(G+ − αIm)−1 − (G− − αIm)−1

}
U∗

+F = RαNN(α)−1F (α).

Similarly, the map U− that takes u ∈ Cm to the rational function z �→ JC(zI−G−)−1u
is an isometry from the space Cm endowed with its usual inner product onto L(−N−1).
We have M−N−1U+ = U−. Moreover, for U− we have

U−G−U∗
−F (z) = zU−F (z) + cF ,

U−G+U∗
−F (z) = zF (z) + N−1(z)JcF ,

U−(G− − αIm)−1U∗
−F = RαF,

U−(G+ − αIm)−1U∗
−F = RαF − (RαN−1)N(α)F (α), F ∈ L(−N−1).

In particular,

U−
{
(G+ − αIm)−1 − (G− − αIm)−1

}
U∗
−F

= −RαN−1N(α)F (α), F ∈ L(−N−1).
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Proof. Let F ∈ L(N). By Corollary 2.16, F (z) = C(zIm −G+)−1x for a unique x ∈ Cm.
By Lemma 2.12, U∗

+F = x, and therefore

U+G+U∗
+F (z) = C(zIm − G+)−1G+x

= C(zIm − G+)−1(G+ − zIm + zIm)x

= zF (z)− Cx,

which completes the proof of (2.31) since, as was already noticed, Cx = − limz→∞ zF (z).
We turn to (2.32). Now we have

U+G−U∗
+F (z) = C(zIm − G+)−1G−x

= C(zIm − G+)−1(G+ + G− − G+)x

= C(zIm − G+)−1G+x + C(zIm − G+)−1C∗JC

= C(zIm − G+)−1G+x + C(zIm − G+)−1C∗JCx

= zF (z)− Cx + (J − N(z))JCx,

where we have used (2.31) and (2.27), and we obtain

U+G−U∗
+F (z) = zF (z)− N(z)JCx.

To prove (2.33), we proceed as follows:

U+

(
(G+ − αIm)−1

)
U∗

+F (z) = C(zIm − G+)−1(G+ − αIm)−1y

=
C(zIm − G+)−1 − C(αIm − G+)−1

z − α
= RαF (z).

For the proof of (2.34), we write

U+(G− − αIm)−1U∗
+F (z)

= C(zIm − G+)−1(G− − αIm)−1x

= C(zIm − G+)−1
{
(G+ − αIm)−1 + (G− − αIm)−1 − (G+ − αIm)−1

}
x

= C(zIm − G+)−1(G+ − αIm)−1x

+ C(zIm − G+)−1(G+ − αIm)−1(G+ − G−)(G− − αIm)−1x

= C(zIm − G+)−1(G+ − αIm)−1x

+ C(zIm − G+)−1(αIm − G+)−1C∗JC(G− − αIm)−1x.

Using (2.33) and (2.30), we obtain

U+(G− − αIm)−1U∗
+F (z) =

F (z) − F (α)
z − α

+
N(z) − N(α)

z − α
JC(G− − αIm)−1x.

To conclude the proof of (2.34), we observe that

−N(α)−1F (α) = −JC(αIm − G+)−1x + JC(G− − αIm)−1C∗JC(αIm − G+)−1x

= −JC(αIm − G+)−1x

+ JC(G− − αIm)−1 (G− − αIm + αIm − G+) (αIm − G+)−1x

= JC(G− − αIm)−1x.

This computation also shows that M−N−1U+ = U−.
The claims about U− are proved in a similar way. �
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It should be noted that, if S is a unitary matrix and K+ = S∗G+S, K− = S∗G−S,
then

K+ − K− = S∗C∗JCS,

and the characteristic function of the pair (K+, K−) is equal to

J + CS(K+ − zI)−1S∗C∗ = J + C(G+ − zI)−1C∗,

so that it is the same as the characteristic function of the pair (G+, G−).
Similarly, the matrix C in (2.27) is defined up to a left-multiplicative J-unitary con-

stant. If we replace C by UC, where UJU∗ = J , then the characteristic function of the
pair becomes

J + UC(G+ − zI)−1C∗U∗ = U(J + C(G+ − zI)−1C∗)U∗ = UN(z)U∗.

2.5. Trace formula for pairs of selfadjoint matrices. In this section we prove a
trace formula and establish the relationship with Krĕın’s trace formula.

Proposition 2.18. Let G+ and G− constitute a pair of selfadjoint matrices such that⋂∞
k=0 ker(Gk

+ − Gk
−) = {0}, and let N be the corresponding characteristic function. Put

Y+(w) = C(G+ − wIm)−1 and Y−(w) = (G− − wIm)−1C∗J.

Then for all w ∈ C \ R we have

N ′(w)N(w)−1 = Y+(w)Y−(w),(2.36)

Tr
{
(G+ − wIm)−1 − (G− − wIm)−1

}
= Tr

(
N ′(w)N(w)−1

)
,(2.37)

det N(w) = (det J)
det(G+ − zIm)
det(G− − zIm)

.(2.38)

Proof. We have N ′(w) = C(G+ − wI)−2C∗, whence

N ′(w)N(w)−1 = C(G+ − wIm)−2C∗ (J − JC(G− − wIm)−1C∗J
)

= C(G+ − wIm)−2C∗J − C(G+ − wIm)−2C∗JC(G− − wIm)−1C∗J

= C(G+ − wIm)−2C∗J − C(G+ − wIm)−2(G− − G+)(G− − wIm)−1C∗J

= C(G+ − wIm)−2C∗J

− C(G+ − wIm)−2(G− − wIm + wIm − G+)(G− − wIm)−1C∗J.

Consequently,
N ′(w)N(w)−1 = C(G+ − wI)−1(G− − wI)−1C∗J

and

Tr N ′(w)N(w)−1 = Tr(G− − wIm)−1(C∗JC)(G+ − wIm)−1

= Tr(G− − wIm)−1(G− − wI + wI − G+)(G+ − wIm)−1

= Tr
{
(G+ − wIm)−1 − (G− − wIm)−1

}
.

The last claim can be proved in two ways. First, we write

detN(w) = (detJ)(det(In + JC(G+ − zIm)−1C∗))

= (det J)(det(In + (G+ − zIm)−1C∗JC)))

= (det J)(det(In + (G+ − zIm)−1(G− − G+)))

= (det J)(det(G+ − zIm)−1(G− − zIm)).

Alternatively, we can use the formula (see [32, p. 129])
d

dw
ln det a(w) = Tr(a′(w)a−1(w))
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with a(w) = N(w) and a(w) = G± − wIm, and integrate (2.36). �

In the scalar case we have the following uniqueness result.

Corollary 2.19. The characteristic function N is a unique (up to a multiplicative con-
stant) function analytic in C+ and such that (2.36) is true.

Proof. Indeed, two such functions, say N1 and N2, will satisfy

N1(w)′

N1(w)
=

N2(w)′

N2(w)
.

It follows that N1(w)
N2(w) is constant, whence the result. �

The next proposition remains true in the case of bounded operators, as we shall see
in the sequel; to the best of our knowledge, it is new.

Proposition 2.20. Let γ be a simple closed contour that contains the spectra of G+ and
G−, and let f be a scalar-valued function analytic inside and on the boundary of γ. Then

(2.39) Tr {f(G−) − f(G+)} =
1

2πi

∫
γ

TrN−1(w)(Nf)′(w) dw.

Proof. From (2.37) we deduce that

(2.40) Tr
{
f(w)(G+ − wIm)−1 − f(w)(G− − wIm)−1

}
= TrN ′(w)N−1(w)f(w).

Integrating over the contour γ and using the functional calculus, we obtain

(2.41) Tr {f(G−) − f(G+)} =
1

2πi

∫
γ

TrN ′(w)N−1(w)f(w) dw.

We note that

N−1(w)(Nf)′(w) = f ′(w) + N−1(w)N ′(w)f(w).

Substituting in (2.41), we obtain

Tr {f(G−) − f(G+)} =
1

2πi

∫
γ

Tr
(
N−1(w)(Nf)′(w) − f(w)

)
dw.

Since f is analytic on the boundary of γ, we have
∫

γ
f ′(w) = 0, and this leads to

(2.39). �

Neither equation (2.40) nor equation (2.39) is Krĕın’s formula. To indicate a link with
Krĕın’s formula, we need the following statement.

Proposition 2.21. Let N be the characteristic function of a pair of Hermitian matrices.
Then there exists a function ζ(t) such that

(2.42) TrN ′(w)N−1(w) =
∫

R

ζ(t) dt

(t − w)2
.

Proof. Formula (2.36) shows that TrN ′(w)N−1(w) can be written as a finite sum of
terms of the form ni

ti−w , where ni ∈ Z and the ti are real numbers. As in [32, p. 109], we
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arrange the ti in increasing order. We have
M∑
i=1

ni

ti − w
= −

M∑
i=1

ni

∫ ti

−∞

dt

(t − w)2

= −
M∑
i=1

∫
R

1(−∞,ti]ni

(t − w)2
dt

= −
∫

R

∑M
i=1 1(−∞,ti]ni

(t − w)2
dt,

which has the required form with

(2.43) ζ(t) =
M∑
i=1

1(−∞,ti]ni.

This is a particular case of [38, (0.8), p. 156]. �

For the case of the general Herglotz–Nevanlinna function, see the discussion in Sub-
section 4.3.

Now we explain how (2.42) leads, via (2.40), to Krĕın’s formula. Using (2.42), we
obtain

Tr {f(G−) − f(G+)} =
1

2πi

∫
γ

Tr N ′(w)N−1(w)f(w) dw

=
1

2πi

∫
γ

(∫
R

ζ(t) dt

(t − w)2

)
f(w) dw

=
∫

R

ζ(t)
(

1
2πi

∫
γ

f(w)
(t − w)2

dw

)
=
∫

R

ζ(t)f ′(t) dt.

2.6. Inverse problems. Let N be the characteristic function of a pair (G+, G−). Then,
as we saw in the proof of Lemma 2.16, the spaces L(N) and L(−N−1) contain no nonzero
constant functions. It turns out that these conditions are also sufficient for a rational
function with positive imaginary part in C+ to be the characteristic function of a pair
(G+, G−), and that these conditions are easily restated in terms of a minimal realization
of N .

Theorem 2.22. A Cn×n-valued rational function N is the characteristic function of a
pair (G+, G−) of matrices if and only if the following conditions are satisfied:

1) N has positive imaginary part in C+;
2) N(z)∗ = N(z) for z ∈ C \ R;
3) N is analytic at infinity and N(∞) is both selfadjoint and unitary.

If these conditions are fulfilled, then N is the characteristic function of a pair of matrices.
One such pair (G+, G−) can be constructed as follows: let N(z) = D + C(A− zIm)−1C∗

be a minimal realization of N with the associated matrix equal to the identity. Then

G+ = A and G− = A − C∗DC.

Any other pair is obtained from this pair by a unitary similarity.

Proof. Formula (2.28) shows that the above conditions are necessary. Conversely, if
they are satisfied, then, by Proposition 2.5, N admits a minimal realization of the form
announced above with H = I. The pair (G+, G−) of operators is then built by using
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Theorem 2.17. We turn to the uniqueness claim. The realization of N is unique up to a
similarity operator S: if

N(z) = D + C1(zIm − A1)−1C∗
1

is another minimal realization, then

C1 = CS and A1 = S−1AS.

If, moreover, A1 = A∗
1, we see that S−∗ also satisfies these equations; hence, by the

uniqueness of the similarity matrix S = S−∗, the operator S is unitary, and the pairs
(A, A − C∗DC) and (A1, A1 − C∗

1DC1) are related by

A1 = S∗AS and A1 − C∗
1DC1 = S(A − C∗DC)S. �

We note that if N(∞) is invertible but is not a signature matrix, then, writing

N(∞) = K∗JK,

where J = J∗ = J−1, we see that the function K−∗N(z)K−1satisfies the conditions of
Theorem 2.22.

§3. Infinite-dimensional L(N)-spaces

In this section we study infinite-dimensional L(N)-spaces. Now we cannot use the
realization theory; instead, we employ the Riesz–Herglotz representation of a matrix-
valued function N analytic in the open upper half-plane and having a positive imaginary
part there:

(3.1) N(z) = A + Bz +
∫

R

{
1

t − z
− t

t2 + 1

}
dµ(t)

for a Cn×n-valued function N analytic and with positive imaginary part in C+. In (3.1),
the matrix A is Hermitian, the matrix B is positive, and dµ is a Cn×n-valued positive
measure such that

∫
R

dµ(t)
t2+1 < ∞.

3.1. L(N)-spaces. The reproducing-kernel Hilbert spaces associated with Herglotz–
Nevanlinna functions (that is, the reproducing kernel of which is of the form N(z)−N(w)∗

z−w )
also play an important role in the present section. As before, we call them L(N)-spaces.
We start with reviewing their main properties.

First, we note that formula (3.1) implies that N admits analytic extension to the open
lower half-plane via

(3.2) N(z) = N(z)∗.

Theorem 3.1. Let N be a Cn×n-valued function analytic in the open upper-half plane
C+. The following statements are equivalent:

1) Im N(z) ≥ 0 in C+;
2) the function KN(z, w) = N(z)−N(w)∗

z−w is positive in C+.

Proof. Trivially, the second assertion implies the first. Starting from the Riesz–Herglotz
representation formula for N , we obtain

(3.3)
N(z) − N(w)∗

z − w
= B +

∫
R

dµ(t)
(t − z)(t − w)

,

which shows that the kernel KN(z, w) is positive in C+. �
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Extending N to the open lower half-plane by (3.2), we see that the preceding result
remains true in C \ R if we replace the first condition by

Im N(z)
Im z

≥ 0.

Using (3.3), we arrive at the following statement.

Theorem 3.2. Let N be a Cn×n-valued Herglotz–Nevanlinna function, and let (3.1) be
its Riesz–Herglotz representation. Then the space L(N) consists of all functions of the
form

(3.4) F (z) = Bb +
∫

R

dµ(t)f(t)
t − z

with b ∈ Cn and f ∈ Ln
2 (dµ), and the inner product in L(N) has the form

〈F, G〉L(N) = c∗Bb +
∫

R

g(t)∗ dµ(t)f(t),

where G(z) = Bc +
∫

R

dµ(t)g(t)
t−z .

For the proof of this result, we refer the reader to [19, 2]. It should be noted that an
integral of the form

∫
R

dµ(t)f(t)
t−z may converge for all nonreal z for some f not in Ln

2 (dµ).
Then the function

z �→
∫

R

dµ(t)f(t)
t − z

does not belong to L(N). For instance, take dµ(t) = dt
t2+1 and f(t) = t. Then∫

R

t dt
(t2+1)(t−z) exists for all nonreal z, but

∫
R

t2 dt
t2+1 = ∞. Thus, the function z �→∫

R

t dt
(t2+1)(t−z) is not in L(N).

Proposition 3.3. Let N be a Cn×n-valued Herglotz–Nevanlinna function and assume
that detN �≡ 0. Then the function −N(z)−1 is well defined and is also a Herglotz–
Nevanlinna function, and

f �→ Nf

is a unitary map from L(−N−1) onto L(N).

Proof. Let wj ∈ C \ R, and let ej ∈ Cn for j = 1, . . . , M . We have

N(z)K−N−1(z, wj)ej = N(z)
−N−1(z) + N(wj)−∗

z − wj
ej

=
−In + N(z)N(wj)−∗

z − wj
ej

=
N(z) − N(wj)∗

z − wj
N(wj)−∗ej

= KN (z, wj)N(wj)−∗ej .

Thus, for f(z) =
∑M

j=1 K−N−1(z, wj)ej , the function

Nf(z) =
M∑

j=1

KN (z, wj)N(wj)−∗ej
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belongs to L(N), and

‖Nf‖2
L(N) =

M∑
�,j=1

〈KN (z, wj)N(wj)−∗ej , KN(z, w�)N(w�)−∗e�〉L(N)

=
M∑

�,j=1

e∗�N(w�)−1KN(w�, wj)N(wj)−∗ej

=
M∑

�,j=1

e∗�K−N−1(w�, wj)ej

= ‖f‖2
L(−N−1).

This completes the proof because such f form a dense subset of L(−N−1). �

The case where the spaces L(N) and L(−N−1) contain no nonzero constants will be
of special interest in the sequel. This case can be characterized as follows.

Proposition 3.4. Let N be a Cn×n-valued Herglotz–Nevanlinna function such that
detN(z) �≡ 0 in C+. The following statements are equivalent:

1) the spaces L(N) and L(−N−1) contain no nonzero constant functions;
2) L(N) contains no nonzero constant function and no nonzero function of the form

z �→ N(z)c with c ∈ Cn;
3) in the representation (3.1), we have B = 0, and if

∫
R

c∗ dµ(t)c < ∞ for some
c ∈ Cn, then

(3.5) Ac −
∫

R

t dµ(t)c
t2 + 1

�= 0.

Proof. By the characterization (3.4), we have that L(N) contains no nonzero constants
if and only if B = 0 in (3.1). Now, assume that L(N) contains a function of the form
N(z)c. Then there is a function f ∈ Ln

2 (dµ) such that

(3.6) N(z)c =
∫

R

dµ(t)f(t)
t − z

.

Applying the operator Rα to both sides of this equation (for some α ∈ C \R), we obtain∫
R

dµ(t)c
(t − z)(t − α)

=
∫

R

dµ(t)f(t)
(t − z)(t − α)

.

Consequently, f(t) = c almost everywhere with respect to µ, so that f belongs to
L2(dµ). Therefore, the integral

∫
R

dµ(t)c t
t2+1 exists by the Cauchy–Schwarz inequality,

and (3.6) becomes

Ac +
∫

R

dµ(t)c
1

t − z
−
∫

B

dµ(t)c
t

t2 + 1
=
∫

R

dµ(t)f(t)
t − z

.

It follows that Ac =
∫

R
dµ(t)c t

t2+1 . �

Similar arguments were used in [1].
The class of Herglotz–Nevanlinna functions appearing in Proposition 3.4 with equality

rather than inequality in (3.5) was introduced (via the third characterization) by Bely̆ı
and Tsekanovskĭı in [15, p. 65]. They denoted that class by N(R). This is the largest
class of Herglotz–Nevanlinna functions that admit a realization in terms of a Brodskĭı–
Livshitz colligation. The main operator of this colligation is defined between rigged
Hilbert spaces; see [1] and [16, p. 98].
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Thus, our class and that of Bely̆ı and Tsekanovskĭı are complementary in a sense.
Their characterization of N(R) is as follows.

Theorem 3.5. A matrix-valued Herglotz–Nevanlinna function N is in the class N(R)
if and only if it can be written as

N(z) = i(Wθ(z) + I)−1(Wθ(z) − I)J,

where
Wθ(z) = I − 2iK∗(A − zI)−1KJ.

In this expression, A is a correct (∗)-extension of an operator T in ΩA and

A − A∗ = 2iKJK∗.

We refer the reader to [1] and [16, p. 98] for the definitions of the classes ΩA and of
a correct (∗)-extension of an operator T .

Another criterion for L(N) to contain no nonzero constant functions is as follows.

Proposition 3.6. Let N be a Herglotz–Nevanlinna function. Then L(N) contains no
nonzero constant functions if and only if

(3.7) lim
y→+∞

N(iy)
iy

= 0.

Proof. Let (3.1) be the Riesz–Herglotz representation of N . Then

N(iy)
iy

=
A

iy
+ B +

∫
R

dµ(t)
t2 + 1

{
iyt + 1

(iy)(t − iy)

}
.

Since ∣∣∣∣ iyt + 1
(iy)(t − iy)

∣∣∣∣2 =
t2y2 + 1

y2(t2 + y2)
≤ 1 for y ≥ 1,

we have

lim
y→+∞

N(iy)
iy

= B

by the dominated convergence theorem, whence the result. �

We note that condition (3.7) is necessary and sufficient for a function to be the Q-
function of a Hermitian operator. See [36, Hauptsatz on p. 203] and §7.

The map f �→ Nf induces a related map in the Lebesgue spaces.

Theorem 3.7. Let N be a Cn×n-valued Herglotz–Nevanlinna function. Assume that
detN(z) �≡ 0 and that the spaces L(N) and L(−N−1) do not contain nonzero constant
functions. Let

N(z) = A+ +
∫

R

{
1

t − z
− t

t2 + 1

}
dµ+(t),

−N(z)−1 = A− +
∫

R

{
1

t − z
− t

t2 + 1

}
dµ−(t)

be the Riesz–Herglotz representations of N and −N−1, respectively. Then for any f− ∈
L2(dµ−) there exists a unique f+ ∈ L2(dµ+) such that

N(z)
∫

R

dµ−(t)f−(z)
t − z

=
∫

R

dµ+(t)f+(z)
t − z

.

See [18] for the proof. The map f− �→ f+ is called the Hilbert transformation. We
refer the reader to our earlier paper [8] and to Subsections 3.3 and 6.1 for the case where
N is in the Wiener algebra.
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3.2. L(N)-spaces and operator models. First, we recall the following result (see
[18]), the proof of which is provided for completeness.

Theorem 3.8. Let H be a reproducing-kernel Hilbert space of functions analytic in C\R.
Then its reproducing kernel is of the form KN (z, w) if and only if the following conditions
are fulfilled:

1) RαH ⊂ H for all α ∈ C \ R;
2) for all α, β ∈ C \ R and all f, g ∈ H we have

(3.8) 〈Rαf, g〉 − 〈f, Rβg〉 − (α − β)〈Rαf, Rβg〉 = 0.

Proof. To simplify notation, we consider the case of scalar-valued functions. One direc-
tion follows from formula (2.7), which allows us to compute various inner products in
(3.8) at linear combinations of kernels. More precisely, let f(z) = KN (z, w), and let
g(z) = KN (z, v). Using (2.7), we obtain the relations

〈Rαf, g〉 =
1

α − w
(KN(α, v) − KN(w, v)) ,

〈f, Rβg〉 =
1

β − v

(
KN(β, w) − KN (v, w)

)
,

〈Rαf, Rβg〉 =
1

(α − w)(β − v)

(
KN (β, α) − KN(β, w) − KN (v, α) + KN (v, w)

)
.

Using these expressions, we see that the proof of (3.8) amounts to the proof of the identity

(α − v)KN (v, α) + (w − β)KN (β, w) − (α − β)K(β, α) + (w − v)KN (v, w) = 0.

In its turn, this is a direct consequence of the form of KN(z, w).
The converse is proved as follows (we still consider the scalar case for simplicity of

notation). We choose β = α, f(z) = K(z, w) and g(z) = K(z, v) in (3.8) to obtain

K(v, w) − K(α, w)
v − α

=
(

K(w, v) − K(α, v)
w − α

)∗
.

Thus, we get
(v − w)K(v, w) = (v − α)K(v, α) − (w − α)K(α, w).

Setting w = α leads to

(3.9) (v − α)K(v, α) = (v − α)K(v, α) − (α − α)K(α, α).

Set
N(z) = (v − α)K(v, α) +

α − α

2
K(α, α).

Using (3.9), we obtain
(v − w)K(v, w) = N(v) − N(w)∗,

and the result follows. �
If the operators Rα have no kernel, then there is a (possibly unbounded) operator G+

such that Rα = (G+ − αI)−1. Identity (3.8) forces G+ to be selfadjoint.

Theorem 3.9. Let G+ be a densely defined selfadjoint operator in a Hilbert space H.
We assume that there is an operator C : H → Cn such that (4.1) is true,⋂

z∈C\R

kerC(G+ − zI)−1 = {0} ,

and we put N(z) = D + C(G+ − zI)−1C∗. Let

N(z) = D +
∫

R

dµ(t)
{

1
t − z

− t

t2 + 1

}
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be the Riesz–Herglotz representation of N . The map that takes h ∈ H to the function
f ∈ Ln

2 (dµ) such that

(3.10) C(G+ − zI)−1h =
∫

R

dµ(t)f(t)
t − z

is unitary. Finally, G+ is unitarily equivalent under the map (3.10) to the operator of
multiplication by the independent variable in L2(dµ)

Proof. This follows from the relation∫
R

dµ(t)tf(t)
t − z

= z

∫
R

dµ(t)f(t)
t − z

+
∫

R

dµ(t)f(t). �

We note that
− lim

z→∞ zF (z) =
∫

R

dµ(t)f(t).

Finally, it is of interest to consider Theorem 3.8 in the finite-dimensional case. Since
the space H is Rα-invariant, it is formed by rational functions (see Subsection 2.1).
Provided these functions are analytic at infinity, a basis of H consists of the columns of
a matrix-valued function of the form C(zIm − A)−1, where m = dimH. Let P be the
Gram matrix of H with respect to this basis. Then the structural equation (3.8) becomes
A∗P = PA. We recognize equation (2.8) with H = P−1, and it is easy to check that
P−1 is indeed the matrix associated with a minimal realization of N .

3.3. The case where N belongs to the Wiener algebra. The Wiener algebra Wn×n

consists of the functions of the form

(3.11) f(z) = D +
∫ ∞

−∞
eiztu(t) dt,

where D ∈ Cn×n and u ∈ Ln×n
1 (R). The subalgebra Wn×n

+ (respectively, Wn×n
− ) consists

of all functions of the form (3.11) for which the support of u is in R+ (respectively, in
R−).

In the case where N belongs to Wn×n
+ , we proved in [8] that f− is given by the formula

(3.12) f−(z) = ipN∗pf − iqNqf,

where p = I − q denotes the orthogonal projection from the Lebesgue space Ln
2 (R) onto

the Hardy space in the open upper half-plane.

§4. The case of bounded operators

In this section we turn to the case of bounded selfadjoint operators in possibly infinite-
dimensional spaces. The analysis is very close to the case of matrices. The main difference
is that in the study of reproducing-kernel Hilbert spaces with reproducing kernel of the
form N(z)−N(w)∗

z−w we cannot use the realization theory; instead, we apply the Riesz–
Herglotz representation formula (3.1).

4.1. Models for a bounded selfadjoint operator. First, we explain how spaces of
the form L(N) give models for selfadjoint operators. For more details, see [18]. In this
section we focus on the case where G+ is bounded. The case of possibly unbounded
operators is considered in §5.
Theorem 4.1. Let G+ be a bounded selfadjoint operator on a Hilbert space H. Assume
that there is an operator C : H → Cn such that

(4.1)
⋂

z∈C\R

kerC(G+ − zI)−1 = {0} .
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For h ∈ H, we define

(4.2) ĥ(z) = C(G+ − zI)−1h, z ∈ C \ R.

Then ĥ(z) ≡ 0 ⇐⇒ h = 0, and the set of functions of the form (4.2) endowed with the
norm

(4.3) ‖ĥ‖ def= ‖h‖H
is a reproducing-kernel Hilbert space of functions analytic in C \ R. The reproducing
kernel has the form N(z)−N(w)∗

z−w , where

(4.4) N(z) = D + C(G+ − zI)−1C∗,

D being any selfadjoint matrix in Cn×n. Furthermore, the map h �→ ĥ takes the operator
(G+ − αI)−1 with α ∈ C \ R to the operator Rα:

(4.5) (Ĝ+ − αI)−1h(z) =
ĥ(z) − ĥ(α)

z − α
.

Proof. Let Ĥ denote the set of functions of the form (4.2); relation (4.1) shows that
formula (4.3) determines a norm. For every c ∈ Cn, the function

z �→ K(z, w)c = C(G+ − zI)−1(G+ − wI)−∗C∗c

belongs to Ĥ. Furthermore, for every h ∈ H we have

〈ĥ, K(z, w)c〉Ĥ = 〈h, (G+ − wI)−∗C∗c〉H
= 〈C(G+ − wI)−1h, c〉Cn

= c∗ĥ(w),

so that Ĥ is the reproducing-kernel Hilbert space with the reproducing kernel

C(G+ − zI)−1(G+ − wI)−∗C∗.

Now, let N be defined by (4.4). Then N is analytic in C \ R, and we have

N(z) − N(w)∗ = C
(
(G+ − zI)−1 − (G+ − wI)−1

)
C∗

= (z − w)C(G+ − zI)−1(G+ − wI)−∗C∗

for all z, w ∈ C \ R, whence the result. �

The space L(N) in the preceding theorem contains no nonzero constants. Indeed, by
(4.5), a constant function corresponds to an element in the kernel of (G+−αI)−1 for any
nonreal point α. If N is a Cn×n-valued function analytic and with a positive real part in
the open upper half-plane C+ (i.e., N is a Herglotz–Nevanlinna function) and detN(z) �=
0, then −N−1 is also a Herglotz–Nevanlinna function. If the space L(−N−1) contains
no nonzero constants, the operators Rα are the resolvents of a selfadjoint operator. So,
in this case there are two selfadjoint operators associated with N in a natural way. This
is the idea behind the result of de Branges and Rovnyak that gives a model for a pair of
selfadjoint operators in terms of a single Herglotz–Nevanlinna function.
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4.2. The model of de Branges and Rovnyak. We write

(4.6) G+ − G− = −CJC∗,

where J is a signature matrix of size n × n (that is, J is both selfadjoint and unitary),
and define N by (2.28). Then the computations of §2 go through without changes up to
Proposition 2.20. Using the spectral theorem for bounded selfadjoint operators, we set

N(z) = J +
∫

R

dµ+(t)
t − z

.

Now, we present a counterpart of Theorem 2.17. We present it in terms of Lebesgue
spaces; the passage to the L(N)-spaces is left to the reader.

We set

V+f(z) =
∫

R

dµ+(t)f(t)
t − z

and similarly for −N−1. We begin with a preliminary lemma.

Lemma 4.2. Let dµ be a Cn×n-valued positive measure on R. Then the operator of
multiplication by t is bounded in Ln

2 (dµ) if and only if dµ has bounded support.

Proof. Assume that the support of dµ is unbounded, say toward +∞. Then for every
n > 0 there exists a function f ∈ Ln

2 (dµ) with support on [n, +∞). Thus,∫
R

t2f(t)∗ dµ(t)f(t) ≥ n2

∫
R

f(t)∗ dµ(t)f(t),

and we see that the norm of the operator of multiplication by t is at least n for all n.
Therefore, this operator is unbounded. The converse is clear because∫

R

t2f(t)∗ dµ(t)f(t) dt ≤ M

∫
R

f(t)∗ dµ(t)f(t) dt,

where M is such that the support of dµ is inside [−M, M ]. �

This lemma shows that all the operators in the next theorem are bounded.

Theorem 4.3. For the map V+, we have

V+G+V ∗
+f(t) = tf(t),(4.7)

V+G−V ∗
+f(t) = tf(t) + J

∫
R

dµ+(t)f(t),(4.8)

V+(G+ − αIm)−1V ∗
+f(t) =

f(t)
t − α

,(4.9)

V+(G− − αIm)−1V ∗
+f(t) =

f(t)
t − α

−
(

J +
∫

R

dµ+(s)
s − α

)−1
∫

R

dµ+(s)f(s)
s−α

t − α
,(4.10)

where f ∈ L2(dµ+). In particular,

V+

{
(G+ − αIm)−1 − (G− − αIm)−1

}
V ∗

+F

=
1

t − α

(
J +

∫
R

dµ+(s)
s − α

)−1 ∫
R

dµ+(s)f(s)
s − α

.
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Similarly, for the map V− we have

V−G−V ∗
−f(t) = tf(t),

V−G+V ∗
−F (z) = tf(t) − J

∫
R

dµ−(t)f(t),

V−(G− − αIm)−1V ∗
−f(t) =

f(t)
t − α

,

V−(G+ − αIm)−1V ∗
−F

=
f(t)
t − α

−
(

J +
∫

R

dµ+(t)
t − α

) ∫
R

dµ−(t)f(t)
t − α

, f ∈ L2(dµ−).

In particular,
V−

{
(G+ − αIm)−1 − (G− − αIm)−1

}
V ∗
−F

= − 1
t − α

(
J +

∫
R

dµ+(t)
t − α

)∫
R

dµ−(t)f(t),

where f ∈ L2(dµ−).

This theorem is a counterpart of Theorem 2.17; the proof is similar and is omitted.

4.3. The trace formula for pairs of bounded selfadjoint operators. Only the
second proof of the determinant formula (2.38) remains valid.

Proposition 2.21 cannot be proved in the same way as in §2. We discuss it, dis-
tinguishing two cases: the scalar case and the matrix-valued case. Now, in the scalar
case, relationship with Krĕın’s formula is established by using the following result of
N. Aronszajn and W. Donoghue.

Proposition 4.4. A function N is a Herglotz–Nevanlinna function if and only if it can
be written as

N(z) = exp
{∫

R

(
1

t − z
− t

t2 + 1

)
f(t) dt

}
,

where C > 0 and f is a measurable function such that 0 ≤ f(t) ≤ 1 almost everywhere
on R and

∫
R

f(t) dt
t2+1 < ∞.

See [13, 12], [24, p. 27], and [37, Theorem A.3, p. 391].
As a consequence, we have

N ′(z)
N(z)

=
∫

R

f(t) dt

(t − z)2
.

The result of Aronszajn and Donoghue was extended to the matrix-valued (and even
operator-valued) case by Carey [22] and by Gesztesy, Makarov, and Naboko [27].

Theorem 4.5. Let N be a Cn×n-valued function analytic in the open upper half-plane
and such that Im N(z) > 0 for Im z > 0 and N(∞) = In. Then there exists a measurable
Cn×n-valued function B(t) such that 0 ≤ B(t) ≤ In and

(4.11) N(z) = exp
{∫

R

B(t) dt

t − z

}
.

We briefly discuss this result.

Lemma 4.6. Let F (z) = exp A(z), where A is a Cn×n-valued function analytic in some
domain Ω. Then

(4.12) Tr
(
F−1(z)F ′(z)

)
= TrA′(z).
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Proof. We have

F ′(z) = A′(z) +
1
2!

(A(z)A′(z) + A′(z)A(z))

+
1
3!
(
A2(z)A′(z) + A(z)A′(z)A(z) + A′(z)A2(z)

)
+ · · ·

and

F−1(z) = In − A(z) +
1
2!

A2(z) − · · · .

Therefore,

F−1(z)F ′(z) = A′(z) +
(
− A(z)A′(z) +

1
2!

(A(z)A′(z) + A′(z)A(z))
)

+ · · · ,

and (4.12) follows by taking the trace of both sides. �

This lemma shows that (4.11) implies the formula

Tr N−1(w)N ′(w) =
∫

R

TrB(t) dt

(t − w)2
.

Lemma 4.7. Let N be a Cn×n-valued function analytic in the open upper half-plane C+

and such that Im N(z) > 0 for Im z > 0. Then there exists a Cn×n-valued function L(z)
analytic in the open upper half-plane and such that

N(z) = exp L(z).

Proof. The function S(z) = (In+iN(z))(In−iN(z))−1 is analytic and strictly contractive
in C+. Thus,

In − S(z) = exp L1(z) with L1(z) = −
( ∞∑

j=1

S(z)j

j

)
.

Similarly,

In + S(z) = expL2(z) with L2(z) = −
( ∞∑

j=1

(−1)jS(z)j

j

)
.

It follows that
N(z) = i(In − S(z))(In + S(z))−1 = i expL2(z) exp−L1(z)

= exp
{π

2
In + L1(z) − L2(z)

}
,

since L1 and L2 commute. This completes the proof because L1 and L2 are analytic in
C+ and

L(z) =
π

2
In −

∞∑
j=0

S(z)2j+1

2j + 1
. �

To indicate links with the results by Carey and by Gesztesy, Makarov, and Naboko
mentioned above, it remains to show that L(z) can be written in the form L(z) =∫

R

C(t) dt
t−z . In the next lemma we prove a little less.

Lemma 4.8. Let L be a Cn×n-valued function analytic in C+ and such that L(i) = 0
and the function L(z)

z+i has its entries in the Hardy space of the open upper half-plane.
Then

L(z) =
∫

R

L(t)
{

1
t − z

− t

t2 + 1

}
dt.
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Proof. We have∫
R

L(t)
{

1
t − z

− t

t2 + 1

}
dt =

∫
R

L(t)
t + i

{
t + i

t − z
− t(t + i)

t2 + 1

}
dt

=
∫

R

L(t)
t + i

{
z + i

t − z
− i

t − i

}
dt.

Using Cauchy’s formula for functions in the Hardy space, we obtain∫
R

L(t)
{

1
t − z

− t

t2 + 1

}
dt =

L(z)
z + i

(z + i) − i
L(i)
2i

= L(z). �

In particular, this lemma will be applicable if ImN(z) ≥ xIn for z ∈ C+, where x > 0
is independent of z.

4.4. Inverse problems. In this subsection we give two characterizations of the char-
acteristic functions of bounded selfadjoint operators.

Theorem 4.9. A Herglotz–Nevanlinna function N is the characteristic function of a pair
of bounded selfadjoint operators if and only if there is M ≥ 0 such that after extension to
the lower half-plane by N(z) = N(z)∗, the function N becomes analytic in C \ [−M, M ],
and the following conditions are fulfilled:

lim
y→+∞

N(iy)
y

= 0,(4.13)

lim
y→+∞

N−1(iy)
y

= 0,(4.14)

and N(∞) = J . Under these conditions, a pair (G+, G−) of operators for which N is
the characteristic function is obtained as follows:

G+F (z) = zF (z) + cF , F ∈ L(N),

G−F (z) = zF (z) + cF , F ∈ L(−N−1).

Proof. The Herglotz–Nevanlinna function N is the characteristic function of a pair of
bounded selfadjoint operators if and only if the spaces L(N) and L(−N−1) both contain
no nonzero constant functions. By Proposition 3.6, this is equivalent to (4.13) and (4.14).

The first requirement in the theorem is equivalent to the statement that the measure
dµ+ in the Riesz–Herglotz representation of N has finite support, and thus the operator
G+ is bounded in L(N). By the Cauchy–Schwarz inequality, the quantity

cF =
∫

R

dµ+(t)f(t)

is well defined for all f ∈ Ln
2 (dµ+), so that

G+F (z) =
∫

R

dµ+(t)f(t)t
t − z

=
∫

R

dµ+(t)f(t)(t − z + z)
t − z

= zF (z) + cF .

From (4.14) it follows that
lim

y→∞ y Im N(iy)−1 < ∞.

Hence, G− is also bounded. �

We present an alternative characterization.
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Theorem 4.10. A Herglotz–Nevanlinna function N is the characteristic function of a
pair of bounded selfadjoint operators if and only if it can be written as

N(z) = J +
∫

R

dµ+(t)
t − z

,

where dµ+ is a positive measure with finite support and satisfying the condition

(4.15) J �=
∫

R

t dµ+(t)
t2 + 1

.

A pair (G+, G−) can then be chosen as follows:

(4.16) G+f(t) = tf(t) and G−f(t) = tf(t) + J

∫
R

dµ+(t)f(t),

where f ∈ L2(dµ+).

Equation (4.15) is the specialization of (3.5) to a finite measure.

§5. The case of possibly unbounded operators

In this section we consider operators that may be unbounded. Of particular interest
is the case where G+ and G− are common selfadjoint extensions of a given Hermitian
operator. This latter case is considered in §7.

5.1. An operator model for pairs.

Lemma 5.1. Let G+ and G− be two selfadjoint operators. Then the space

E =
⋂

w∈C\R

ker
{
(G+ − wI)−1 − (G− − wI)−1

}
is the largest subspace with the following two properties: for all w0 ∈ C \ R, we have

(5.1) (G+ − w0I)−1E ⊂ E and (G− − w0I)−1E ⊂ E ,

and for all f ∈ E and some w0 ∈ C \ R we have

(5.2) (G+ − w0I)−1f = (G− − w0I)−1f.

Proof. Let M be a closed subspace of H for which (5.1) and (5.2) are fulfilled. Then the
resolvent identity implies that (5.2) is true for all w ∈ C \ R; indeed, (5.2) implies that

(G+ − wI)−1(G+ − w0I)−1f = (G+ − wI)−1(G− − w0)−1f,

and since (G− − w0)−1f ∈ M, by (5.1) we have

(G+ − wI)−1(G+ − w0I)−1f = (G− − wI)−1(G− − w0)−1f.

Using the resolvent identity, we obtain

(G+ − wI)−1f − (G+ − w0I)−1f = (G− − wI)−1f − (G− − w0I)−1f

whence

(G+ − wI)−1f = (G− − wI)−1f.

Thus, f ∈ E , that is, we have M ⊂ E . The space E is easily seen to satisfy conditions
(5.1) and (5.2), and this ends the proof. �
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We note that E may be reduced to {0}, while G+ and G− coincide on a dense set. This
will happen, for instance, if G+ and G− are canonical extensions of a common simple
closed Hermitian operator.

We begin with the proof of Theorem 1.1. To ease the reading, we repeat the theorem
(with the notation G± rather than H±).

Theorem 1.1. Let (G+, G−) be a pair of selfadjoint operators defined on a separable
Hilbert space and having the following two properties:

1) there is n ∈ N such that

dim ran
(
(G+ − wI)−1 − (G− − wI)−1

)
= n

for all w ∈ C \ R;
2)

(5.3)
⋂

w∈C\R

ker
(
(G+ − wI)−1 − (G− − wI)−1

)
= {0}.

Then there exists a Cn×n-valued Herglotz–Nevanlinna function with detN �= 0 and with
the following properties:

1) there are unitary transformations

U+ : H → L(N) and U− : H → L(−N−1)

such that

U+(G+ − wI)−1f = RwU+f,(5.4)

U−(G− − wI)−1f = RwU−f,(5.5)

for w ∈ C \ R, where Rw is the resolvent-like operator defined by Rwf(z) =
f(z)−f(w)

z−w ;
2) for every f ∈ H we have

(5.6) M−N−1U+f = U−f,

where M−N−1 denotes the operator of multiplication by −N−1 from the left.

As has already been mentioned, this result is due to de Branges and Rovnyak. It is
of interest to find explicit examples where the hypothesis of Theorem 1.1 is in force, and
hence the above trace formula is true. One such example is given by the case of canonical
differential expressions; see §6 and [8]. Another example is obtained when G+ and G−
are extensions of a common Hermitian operator with deficiency indices (n, n) (see [23,
p. 420]). Then we use the notion of the Q-function of a closed Hermitian operator (due
to Krĕın; see [30, 31, 36, 42]). See §7.
Proof of Theorem 1.1. We follow [20, pp. 330–333] and proceed in a number of steps.

Step 1. Let α ∈ C \ R. The operator

U = (G+ − αI)−1(G+ − αI)(G− − αI)(G− − αI)−1

is unitary. If δ = I − U , then ker δ = ker δ∗.
This follows from the fact that for any selfadjoint operator A and any point α off the

real line, the operator

(5.7) (A − αI)(A − αI)−1 def= I + (α − α)(A − αI)−1

is unitary, as is easily seen by using, e.g., the spectral theorem.
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For the proof of the second claim, let u ∈ ker δ. Then Wu = u, and since W is unitary,
we have u = W ∗u, that is, u ∈ ker δ∗, whence ker δ ⊂ ker δ∗. The converse inclusion is
proved by reading the preceding argument backwards.

Step 2. Set x(α) = (G+ − αI)−1 − (G− − αI)−1. We have

(5.8) rank δ = rankx(α) = n for any α ∈ C \ R.

We write

U − I = (I + (α − α)(G+ − αI)−1)(I + (α − α)(G− − αI)−1) − I

= (α − α)
{
(G+ − αI)−1 − (G− − αI)−1

+ (α − α)(G+ − αI)−1(G− − αI)−1
}

= (α − α)
{
x(α) + (G− − αI)−1 − (G− − αI)−1

+ (α − α)(G+ − αI)−1(G− − αI)−1
}
.

Since (G− − αI)−1 − (G− − αI)−1 = (α − α)(G− − αI)−1(G− − αI)−1, we have

U − I = (α − α)
{
x(α) + (α − α)(G− − αI)−1(G− − αI)−1

+ (α − α)(G+ − αI)−1(G− − αI)−1
}

= (α − α)
{
x(α) + x(α)(α − α)(G− − αI)−1

}
= (α − α)x(α)

(
I + (α − α)(G− − αI)−1

)
,

and the result follows, because the operator I + (α − α)(G− − αI)−1 is unitary.

Step 3. There exists an invertible matrix N0 ∈ Cn×n and a bounded operator C : H →
Cn such that δ = (α − α)C∗N0C.

By Step 1, H = ran δ ⊕ ker δ. Let P denote the orthogonal projection from H onto
ran δ, and let X be a unitary operator from ran δ onto Cn. Then

δ = P (δ|ran δ)P = PX∗X (δ|ran δ)X∗XP = C∗N0C

with
C = XP and N0 = X (δ|ran δ)X∗.

Step 4. Let

(5.9) C+(z) = C(G+ − αI)(G+ − zI)−1,

and, for h ∈ H, let ĥ(z) = C+(z)f . Then, ĥ(z) ≡ 0 if and only if h = 0. Furthermore,

(5.10) C+(z)
(
(G+ − wI)−1h

)
= Rwĥ.

Assume that C+(z)h ≡ 0. Then C∗N0C+(z)h ≡ 0, and so{
I − (G+ − αI)−1(G+ − αI)(G− − αI)(G− − αI)−1

}
×(G+ − αI)(G+ − zI)−1h ≡ 0.

Multiplying both sides from the left by the unitary operator (G+ −αI)(G+ −αI)−1, we
obtain {

(G+ − αI)(G+ − αI)−1 − (G− − αI)(G− − αI)−1
}

×(G+ − αI)(G+ − zI)−1h ≡ 0.

Relation (5.7) implies that{
(G+ − αI)(G+ − αI)−1 − (G− − αI)(G− − αI)−1

}
= (α − α)

{
(G+ − αI)−1 − (G− − αI)−1

}
.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PAIRS OF SELFADJOINT OPERATORS AND THEIR INVARIANTS 93

Thus, (
(G+ − αI)−1 − (G− − αI)−1

)
(G+ − αI)(G+ − zI)−1h ≡ 0,

so that

(G+ − zI)−1h ≡ (G− − αI)−1(G+ − αI)(G+ − zI)−1h

≡ (G− − αI)−1
{
I + (z − α)(G+ − zI)1

}
h

≡ (G− − αI)−1h + (z − α)(G− − αI)−1(G+ − zI)−1h.

Consequently,

(G− − αI)−1h ≡ (I − (z − α)(G− − αI)−1)(G+ − zI)−1h

≡ (G− − zI)(G− − αI)−1(G+ − zI)−1,

whence (G− − zI)−1(G− − αI)−1h ≡ (G− − αI)−1(G+ − zI)−1h. It follows that

(G− − zI)−1h ≡ (G+ − zI)−1h,

and (5.3) shows that h = 0.
Now we prove (5.10):

C+(z)
{
(G+ − wI)−1h

}
= C(G+ − wI)

{
(G+ − zI)−1(G+ − wI)−1

}
h

= C(G+ − wI)
{

(G+ − zI)−1 − (G+ − wI)−1

z − w

}
h

=
C+(z)h − C+(w)h

z − w
= Rw (C+(z)h) .

Step 5. Let

(5.11) N(z) = N−1
0 − (α − z)C+(z)C+(α)∗.

Then

(5.12)
N(z) − N(w)∗

(z − w)
= C+(z)C+(w)∗.

First, we observe that

C+(z)C+(w)∗ = C(I + (z − α)(G+ − zI)−1)(I + (w − α)(G+ − w)−1)C∗

= C
{

I + (z − α)(G+ − zI)−1 + (w − α)(G+ − wI)−1

+
(z − α)(w − α)

z − w

(
(G+ − zI)−1 − (G+ − wI)−1

)}
C∗

= C
{

I + (z − α)
(

1 +
w − α

z − w

)
(G+ − zI)−1

+ (w − α)
(

1 − z − α

z − w

)
(G+ − wI)−1

}
C∗,

which in turn is equal to

C

{
z + (z − α)(z − α)(G+ − zI)−1 − w − (w − α)(w − α)(G+ − wI)−1

z − w

}
C∗.

Therefore,

C+(z)C+(w)∗ =
N1(z) − N1(w)∗

z − w
,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



94 D. ALPAY AND I. GOHBERG

where we have set

N1(z) = C
(
zI + (z − α)(z − α)(G+ − zI)−1

)
C∗.

Next we compute N(z)−N(w)
z−w , where N(z) is given by (5.11). We have

N(z) − N(w) = −C
{
(α − z)(G+ − αI)(G+ − zI)−1

− (α − w)(G+ − αI)(G+ − wI)−1
}
(G+ − α)(G+ − αI)−1C∗

= −C
{
(α − z)(G+ − zI)−1(G+ − α) − (α − w)(G+ − wI)−1(G+ − αI)

}
C∗

= −C
{
(α − z)(I + (z − α)(G+ − zI)−1) − (α − w)(I + (w − α)(G+ − w)−1)

}
,

so that

N(z) − N(w) = C
{
z + (z − α)(z − α)(G+ − zI)−1

− w − (w − α)(w − α)(G+ − w)−1
}
C∗

= N1(z) − N1(w)∗.

Thus, N(z)−N1(z) is a constant. Consequently, N(w)∗ = N(w)∗, and we obtain (5.12).
Formula (5.12) expresses the fact that the set of functions of the form z �→ C+(z)h with

the norm ‖C+(z)h‖ = ‖h‖H is a reproducing-kernel Hilbert space with the reproducing
kernel given by the right-hand side of (5.12). The next steps of the proof consist in
showing that this space L(N) has the required properties.

Step 6. Let C− = N0C. We have

(5.13) I − (G− − αI)−1(G− − αI)(G+ − αI)(G+ − αI)−1 = C∗
−N−1

0 C−.

Indeed, the left-hand side of (5.13) is equal to I −U∗, where U is as in Step 1. From the
identity I − U = C∗N0C, we obtain

I − U∗ = C∗N∗
0 C = C∗N∗

0 N−1
0 N0C = C∗

−N−1
0 C−.

Step 7. Let C−(z) = 1
4C−(G− − αI)(G− − zI)−1, and let h̃(z) = C−(z)h. Then

C−(z)h ≡ 0 if and only if h = 0. Furthermore, we have

C−(z)((G− − wI)−1h) = Rwh̃.

The proof is similar to that in Step 6 and is omitted.

Step 8. We have

(5.14) N(z)C−(z) = C+(z).

We write

N(z)C−(z) − C+(z) = (N−1
0 + (z − α)C+(z)C+(α)∗)C−(z) − C+(z)

= C(G− − αI)(G− − zI)−1

+ (z − α)
{
C(G+ − αI)(G+ − zI)−1(G+ − αI)−1

× (G+ − αI)(G+ − αI)C∗N0C(G− − αI)(G− − zI)−1
}

− C(G+ − αI)(G+ − zI)−1

= C(G− − αI)(G− − zI)−1

+ (z − α)
{
C(G+ − zI)−1(G+ − αI)C∗N0C(G− − αI)(G− − zI)−1

}
− C(G+ − αI)(G+ − zI)−1.
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Replacing (G± − αI)(G± − zI)−1 by I + (z − α)(G± − zI)−1, and replacing C∗N0C by
its value, we see that for the proof of (5.14) it suffices to check the identity

π(α − α)
{
(G− − zI)−1 − (G+ − zI)−1

}
= (G+ − zI)−1(G+ − αI)(G− − αI)(G− − zI)−1

− (G+ − zI)−1(G+ − αI)(G− − αI)(G− − zI)−1.

Here the right-hand side is equal to{
(I + (z − α)(G+ − zI)−1)(I + (z − α)(G− − zI)−1)

− (I + (z − α)(G+ − zI)−1)(I + (z − α)(G− − zI)−1)
}

= (α − α)
{
(G+ − zI)−1 − (G− − zI)−1

}
,

whence the result. �
More generally, with the preceding result at hand, one can rewrite all the remaining

formulas in Theorem 4.3. We leave this to the reader.
Using the model and arguing as in our earlier paper [8], we arrive at the following

corollary, which will be used in the proof of the trace formula.

Corollary 5.2. With the notation and under the hypothesis of Theorem 1.1, we have

(5.15) U+

{
(G+ − wI)−1 − (G− − wI)−1

}
U∗

+F = (RwN)N(w)−1F (w)

for w ∈ C \ R.

We note that, in the finite-dimensional case, (5.15) was proved in §2; see (2.35).

Proof of Corollary 5.2. We have the formulas U+

{
(G+ − wI)−1

}
U∗

+F = RwF . The
commutativity condition (5.6) leads to

U+(G− − wI)−1U∗
+F = MNU−(G− − wI)−1U∗

−M−1
N F

= MN

(
Rw(M−1

N F )
)

= N(z)
(

N−1(z)F (z) − N−1(w)F (w)
z − w

)
=

F (z) − N(z)N(w)−1F (w)
z − w

=
F (z) − F (w)

z − w
− N(z) − N(w)

z − w
N(w)−1F (w)

= U+(G+ − wI)−1U∗
+ − N(z) − N(w)

z − w
N(w)−1F (w),

and the result follows. �
5.2. A trace formula. Now we prove Theorem 1.2. As in the preceding section, first
we repeat the theorem (with G± in place of H±).

Theorem 1.2. Let (G+, G−) be a pair of selfadjoint operators defined on a separable
Hilbert space and satisfying the hypothesis of Theorem 1.1. Let N be the associated
Herglotz–Nevanlinna function. Then for all w in the open upper half-plane we have

(5.16) Tr
{
(G+ − wI)−1 − (G− − wI)−1

}
= TrN(w)−1N ′(w)

and

(5.17) d̃etz0(G− − zI)(G+ − zI)−1 = detN(z)N(z0)−1, z ∈ C+,

where z0 ∈ C \ R and d̃etz0 is the generalized perturbation determinant associated with
the pair (G+, G−).
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We begin with the trace formula (5.16). Recall that we have put

x(w) = (G+ − wI)−1 − (G− − wI)−1.

We proceed in a number of steps.

Step 1. Let f ∈ H, and let F = U+f ∈ L(N) and w ∈ C \ R. Then

(5.18) 〈x(w)f, f〉L(N) = Tr
{
N(w)−1F (w)F (w)∗

}
.

Using Corollary 5.2, we obtain

〈f, x(w)f〉H = 4π〈F, KN (z, w)N(w)−1F (w)〉L(N) = 4πF (w)∗N(w)−∗F (w),

whence

(5.19) 〈x(w)f, f〉L(N) = F (w)N(w)−1F (w) = Tr
{
N(w)−1F (w)F (w)∗

}
.

Step 2. Let F1, F2, . . . be an orthonormal basis of L(N). Then, in the norm of L(N)
and pointwise, we have

(5.20) KN (z, w) =
∞∑

p=0

Fp(z)Fp(w)∗.

This is a general result on reproducing kernels; see, e.g., [11, 43].

Step 3. Let w ∈ C \ R. Then

N ′(w) =
( ∞∑

p=0

Fp(w)Fp(w)∗
)

.

Plugging w in place of w in (5.20) and taking the relation N(w) = N(w)∗ into account,
we obtain

N(z) − N(w)
z − w

= KN(z, w) =
( ∞∑

p=0

Fp(z)Fp(w)∗
)

.

Letting z → w yields

N ′(w) =
( ∞∑

p=0

Fp(w)Fp(w)∗
)

.

Step 4. We have

Tr x(w) = Tr N(w)−1N ′(w) = (ln detN)′ (w).

By the definition of the trace,

Trx(w) =
∞∑

p=0

〈x(w)Fp, Fp〉L(N),

where {F1, F2, . . .} is any orthonormal basis in L(N). Consequently,

Trx(w) =
∞∑

p=0

Tr
{
N(w)−1Fp(w)Fp(w)∗

}
= Tr N(w)−1N ′(w),

where we have used the preceding step to get the second identity.
Finally, (5.17) is deduced from (5.16) as this was done in [8].
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5.3. Inverse problems. Now we consider a general inverse problem associated with
Herglotz–Nevanlinna functions. Two important special cases (for functions in the Wiener
algebra and for Q-functions of Hermitian operators) will be considered in Subsections
6.3 and 7.3, respectively.

Theorem 5.3. A Herglotz–Nevanlinna function N is the characteristic function of a pair
of selfadjoint operators if and only if conditions (4.13) and (4.14) are fulfilled. Under
these conditions, a pair (G+, G−) of operators for which N is the characteristic function
is obtained as follows:

G+F (z) = zF (z) + cF , F ∈ L(N),

G−F (z) = zF (z) + cF , F ∈ L(−N−1).

The proof is similar to that of Theorem 4.9. Conditions (4.13) and (4.14) ensure that
the spaces L(N) and L(−N−1) contain no nonzero constant functions.

One can also express G+ and G− in a Lebesgue space as in (4.16).

§6. The case of canonical differential expressions

In this section we consider the case of the canonical differential expressions, which was
treated in detail in our paper [8].

6.1. Preliminaries. Canonical differential expressions are differential equations of the
form

(6.1) −iJ
df

dt
(t, z) = zf(t, z) + V (t)f(t, z), t ≥ 0, z ∈ R,

where

J =
(

In 0
0 −In

)
, V (t) =

(
0 k(t)

k(t)∗ 0

)
,

and the function k (called the potential) is Cn×n-valued and with entries in L1(0,∞).
The solution f(t, z) is C2n×p-valued (typically, p will be equal to 1, n, or 2n). These
expressions were introduced by M. G. Krĕın (see, e.g., [34]), and we studied them in [4, 5]
in the case where the scattering function is rational. It is of interest to relate precisely the
properties of k, S, and the weight function W . This was done in [4], where we obtained
an explicit expression for the potential in terms of a minimal realization of the spectral
function or in terms of the scattering function. We studied such differential expressions
in [9, 10, 4, 5, 6, 7].

The differential equation (6.1) has a unique C2n×2n-valued solution Θ(t, z) subject to
the initial condition Θ(0, z) = I2n.

Definition 6.1. The Weyl coefficient function N(z) is defined in the open upper half-
plane; it is a unique Cn×n-valued function such that∫ ∞

0

(iN(z)∗ In)
(

In In

In −In

)
Θ(t, z)∗Θ(t, z)

(
In In

In −In

)(−iN(z)
In

)
dt < ∞

for Im z > 0.

With the differential expression (6.1), we associate a pair of selfadjoint operators as
follows: G+ is defined by

(6.2) G+f(t) = −iJ
df

dt
(t, z) − V (t)f(t, z)
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with the domain formed by the elements f ∈ L2n
2 (0,∞) such that f ′ ∈ L2n

2 (0,∞), and
(In − In)f(0) = 0, and G− is defined by

(6.3) G−f(t) = −iJ
df

dt
(t, z) + V (t)f(t, z)

with the same domain.

Theorem 6.2. The pair (G+, G−) of selfadjoint operators defined by (6.2) and (6.3)
satisfies the hypothesis of the de Branges–Rovnyak model. The associated Herglotz–
Nevanlinna function N that describes the model is the Weyl function associated with
the expression (6.1).

6.2. The trace formula. The trace formula for pairs of differential operators takes the
following form.

Theorem 6.3. Let G± be the differential operators defined by (6.2) and (6.3) with po-
tentials ±k(t) ∈ Ln×n

1 (R+). Then for any z off the real line, the rank of the operator

(G+ − zI)−1 − (G− − zI)−1

is equal to n. Let N be the associated Herglotz–Nevanlinna function. Then the operator
(G+ − zI)(G− − zI)−1 − I has rank n, and

Tr
(
(G+ − zI)−1 − (G− − zI)−1

)
= TrN(z)−1N ′(z)

and
d̃etz0(G− − zI)(G+ − zI)−1 = detN(z)N(z0)−1, z ∈ C+.

In the above formula, d̃etz0 denotes the generalized perturbation determinant associ-
ated with the pair (G+, G−). For the proof, see [8]. The proof is based on the theory of
reproducing-kernel Hilbert spaces of entire functions.

6.3. Inverse problems. If a given Herglotz–Nevanlinna function is the characteristic
function of a pair of selfadjoint operators, then, in general, it seems difficult to give a
concrete model for the pair, besides the one described in Subsections 2.6, 4.4, and 5.3.
In the setting of the Wiener algebra, a specific model is available in terms of canonical
differential expressions.

Theorem 6.4. A Herglotz–Nevanlinna function N is the characteristic function of a
pair of differential expressions (G+, G−) defined by (6.2), (6.3) if and only if N belongs
to the Wiener algebra Wn×n

+ , satisfies Im N(t) > 0 for real t, and becomes equal to the
identity at infinity.

The conditions of the theorem imply that −N−1 is also in the Wiener algebra Wn×n
+

and is equal to the identity at infinity. Consequently, conditions (4.13) and (4.14) are
fulfilled, as it should be.

Two equivalent strategies can be used to prove this theorem: Krĕın’s approach and
Marchenko’s approach. Under Krĕın’s approach, one starts with the spectral function
W (t) = Im N(t), while under Marchenko’s approach one starts with the scattering func-
tion. Relationships between these approaches were studied in [26] and, in the rational
case, in [5]. Following Krĕın’s approach, we let N be the Weyl coefficient and set

W (t) = Im N(t) = In −
∫

R

eistk(s) ds.

For every T > 0, the operator that takes f ∈ Ln
2 [0, T ] to the function

f(t) −
∫ T

0

k(t − u)f(u) du
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is invertible, and its inverse is of the form

f(t) +
∫ T

0

ΓT (t, u)f(u) du.

Then the potential is given by the formula

k(t) = −2iΓ2t(0, 2t).

We refer the reader to our papers mentioned before for a discussion of Marchenko’s
approach and for the study of the relationship between the two approaches.

§7. Extensions of a common Hermitian operator

In [30] and [31], M. G. Krĕın introduced the notion of the Q-function of a symmetric
simple closed operator S. This function makes it possible to give a formula that describes
the set of all compressed resolvents of the selfadjoint extensions of S; see [36, formula
(2.7) on p. 200]. In this section we establish the relationship between the Q-function
and the characteristic function of a pair of selfadjoint operators. The Q-function is not
uniquely determined. The main result of the section is the following. Let (n, n) be the
deficiency indices of S. If the pair (G+, G−) of selfadjoint extensions satisfies

dim ran
{
(G+ − zI)−1 − (G− − zI)−1

}
= n

(in general, inequality may occur), then the function z �→ N(z)∗ (where N is the corre-
sponding characteristic function) is a Q-function of the symmetric operator.

7.1. The Q-function and Krĕın’s formula for generalized resolvents. In this
section we recall the definition and main properties of the Q-function. Let S be a
symmetric (we shall also use the term Hermitian) simple closed operator in a Hilbert
space H. Simple means that S has no invariant subspace on which it is selfadjoint. We
recall that for any nonreal number z the range ran(zI − S) is a closed subspace of H.
The dimensions of the spaces

H� ran(zI − S)
are the same for all z in the upper half-plane and all z in the lower half-plane, and are
called the deficiency indices of the operator. We assume that the deficiency indices are
equal and finite. Let A denote a selfadjoint extension of S in a Hilbert space H̃ ⊃ H,
and let P denote the orthogonal projection from H̃ onto H. The function R(z) =
P (A−zI)−1|H is called a generalized resolvent of S. The set of all generalized resolvents
is described by Krĕın’s formula. To present this formula, we need to recall the definition
of a Q-function; see [35, 36]. In order to define a Q-function, we fix a point z0 ∈ C \ R

and let A0 be a selfadjoint extension of S in H (such an extension is called canonical).
For every z ∈ C \ R, the operator

I + (z − z0)(A0 − zI)−1

is a bijection from ker(S∗ − z0I) onto ker(S∗ − zI). Let Γz0 denote a bijection from Cn

onto ker(S∗ − z0I), and let

(7.1) Γz0(z) = (A0 − z0)(A0 − zI)−1Γz0 .

Any Cn×n-valued function Q analytic in C \ R and such that

(7.2)
Q(z) − Q(ω)∗

z − ω
= Γz0(ω)∗Γz0(z)

is called a Q-function of the Hermitian operator S; see [36, §2, p. 199].
The relationship with L(N)-spaces is established with the help of the following propo-

sition.
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Proposition 7.1. Let Q be a Q-function. Then Q(z) = Q(z)∗, and the kernel

Q(z)∗ − Q(w)
z − w

is positive in C \ R.

Proof. Relation (7.2) implies that Q(z) = Q(z)∗, and the result follows from the definition
of a Q-function. �

Not every Nevanlinna–Herglotz function is a Q-function. Necessary and sufficient
conditions can be found in [36]; see Subsection 7.3. Let B ∈ Cn×n be any selfadjoint
matrix; we set y0 = Im z0. The function

Q0(z) = B − iy0Γ∗
z0

Γz0 + (z − z0)Γ∗
z0

(A0 − z0I)(A0 − zI)−1Γ∗
z0

is a Q-function of the closed symmetric operator S; see [36, (2.2), p. 199] and [39]. The
set of all Q-functions of a given symmetric operator was described in [36, Satz 2.1, p. 201].
To present the result, we recall a definition: T is called a generalized selfadjoint matrix
if there is a projection P̂ such that

T = T̂ P̂ + ∞(I − P̂ ),

where T̂ is a selfadjoint matrix. The symbol ∞ in the above formula is interpreted as
follows:

(T + Q0(z))−1 = P̂ (T̂ + P̂Q0(z)P̂ )−1P̂ .

Theorem 7.2. As above, let Q0 be a Q-function of a closed simple Hermitian operator S
with equal deficiency indices. Then the set of all Q-functions of S is given by the formula

Q(z) = Q0(z) − (Q0(z) − Q0(z0)∗)(T + Q0(z))−1(Q0(z) − Q0(z0)) + B,

where T is a generalized selfadjoint matrix and B is a selfadjoint matrix.

Krĕın’s formula gives a description of all generalized resolvents of a given symmetric
operator with equal deficiency indices. When specialized to canonical extensions (that
is, within the original Hilbert space H), it takes the following form.

Theorem 7.3. Let S be a closed symmetric operator with finite and equal deficiency
indices (n, n). Let G0 denote a fixed canonical selfadjoint extension of S, and let Q(z)
be a Q-function of S. Then the formula

(7.3) (H − zI)−1 = (G0 − zI)−1 − Γz0(z)P̂ (P̂Q(z)P̂ + T̂ )−1P̂Γz0(z
∗)∗

describes the set of all resolvents of the canonical selfadjoint extensions of S, where P̂ is
an orthogonal projection from Cn into itself, and T̂ ∈ Cn̂×n̂ (with n̂ = dim ran P̂ ) is a
selfadjoint matrix.

Formula (7.3) shows that for any two canonical extensions G+ and G− of S we have

dim ran
(
(G+ − wI)−1 − (G− − wI)−1

) ≤ n.

This dimension is exactly equal to n if P̂ = In.
The main result of this section is as follows.

Theorem 7.4. Let S be a simple closed Hermitian operator with equal and finite defi-
ciency indices (n, n). Let G+ and G− be two canonical selfadjoint extensions of S such
that

dim ran
(
(G+ − wI)−1 − (G− − wI)−1

)
= n.

Let N be the characteristic function of the pair. Then the function z �→ N(z)∗ is a
Q-function of S.
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An important ingredient of the proof of this theorem is the following lemma, which is
of independent interest.

Lemma 7.5. Let S be a Hermitian operator, and let G+ and G− be two extensions of
S. Let z ∈ C \ R. Then

(7.4) ran
{
(G+ − zI)−1 − (G− − zI)−1

} ⊂ H� ran(S − zI).

Proof. Let u ∈ Dom S and h ∈ H. Then

〈(S − zI)u,
{
(G+ − zI)−1 − (G− − zI)−1

}
h〉H

= 〈(S − zI)u, (G+ − zI)−1h〉H − 〈(S − zI)u, (G− − zI)−1h〉H
= 〈(G+ − zI)u, (G+ − zI)−1h〉H − 〈(G− − zI)u, (G− − zI)−1h〉H,

where we have used the inclusions S ⊂ G+ and S ⊂ G−. Therefore, we obtain

〈(S − zI)u,
{
(G+ − zI)−1 − (G− − zI)−1

}
h〉H = 0,

that is,
ran(S − zI) ⊂ ran

{
(G+ − zI)−1 − (G− − zI)−1

}⊥
,

whence the result. �

The above lemma implies that

(7.5) dim ran
{
(G+ − zI)−1 − (G− − zI)−1

} ≤ n.

If G+ �= G− and n > 1, strict inequality may occur; it suffices to take P̂ �= I in (7.3).
We note that in [23, p. 420] inequality (7.5) was claimed to be an identity.

Proof of Theorem 7.4. We fix a point z0 ∈ C \R and set α = z0 in the arguments in the
proof of Theorem 1.1. The inclusion (7.4) and the hypotheses of the theorem imply that

(7.6) ran
{
(G+ − z0I)−1 − (G− − z0I)−1

}
= H� ran(S − z0I).

Thus, in (7.1) we can take Γz0 = C∗|ran(S−z0I), where C is as in Step 3 of the proof of
Theorem 1.1. Therefore,

C+(z) = Γz0(z)∗,
where C+(z) is defined by (5.9). Now, the result follows if we compare (7.2) and
(5.12). �

7.2. Trace formula: the case of common extensions of Hermitian operators.
In the present setting the trace formula is easy to obtain. More precisely, taking the
trace of Krĕın’s formula, we arrive at the following result.

Theorem 7.6. Let S be a simple closed symmetric operator with finite and equal defi-
ciency indices (n, n), and let G+ and G− be two canonical extensions of S. Then there
exists a Q-function of S such that

Tr
(
(G+ − zI)−1 − (G− − zI)−1

)
= TrQ(z)−1Q′(z), z ∈ C+.

Proof. We take G0 = G− in (7.3) and take a Q-function coming from G−. The extension
G+ corresponds to P̂ = I and a constant T . From (7.2) we see that

Tr Γz0(z
∗)∗Γz0(z) = Q′(z).

Hence, taking the trace of both sides in (7.3), we obtain

Tr
(
(G+ − zI)−1 − (G− − zI)−1

)
= Tr(Q(z) + T )−1Q′(z), z ∈ C+,

which leads to the required result by replacing Q by Q+T since Q+T is still a Q-function
of S. �
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7.3. Inverse problems. A Q-function has a positive imaginary part in the upper half-
plane, i.e., it is a Herglotz–Nevanlinna function. Krĕın and Langer proved a general
converse result in the setting of operators in Pontryagin spaces. See [36, Hauptsatz,
p. 203]. Specialized to the case of a Hilbert space and finite deficiency indices, their
result reads as follows.

Theorem 7.7. A Cn×n-valued Nevanlinna function is a Q-function of a Hermitian
operator with deficiency indices (n, n) if and only if for every e ∈ Cn the following two
conditions are fulfilled:

1) limy→∞
e∗Q(iy)e

y = 0;
2) limy→∞ ye∗ (Im Q(iy)) e = ∞.

The first condition expresses the fact that the space L(Q) contains no nonzero constant
functions; see Proposition 3.6. The second expresses the fact that the measure dµ in
the Riesz–Herglotz representation of Q is not summable. In particular, the operator of
multiplication by the independent variable is unbounded in Ln

2 (dµ), so that the selfadjoint
operator G+ defined by (G+ − zI)−1 = Rz is unbounded in L(Q). Proposition 3.4 shows
that −Q(z)−1 is also a Q-function.

As was remarked in [36], the second condition also implies that ImQ(z) > 0 for at
least one point in C+.

It is of interest to compare these conditions with conditions (4.13) and (4.14). The
first is precisely (4.13). The second implies (4.14) but is not equivalent to it.

The Hermitian operator associated with a Q-function is given in the next theorem;
see [36, Satz 5.1, p. 222].

Theorem 7.8. For a given Q-function Q, the associated operator S is the closure of the
operator S0 defined as follows:

Dom S0 =
{
F (z) =

∑
w

KQ(z, w)cw :
∑
w

Q(w)∗cw =
∑
w

cw = 0
}
,

where all the sums are finite, and

S0F (z) = zF (z), F ∈ Dom S0.

In conclusion, we mention the following statement.

Theorem 7.9. Let Q be a Cn×n-valued Herglotz–Nevanlinna function satisfying the
conditions of Theorem 7.7. Then it is the characteristic function of the pair (G+, G−) of
operators obtained as follows:

G+F (z) = zF (z) + cF , F ∈ L(Q),

G−F (z) = zF (z) + cF , F ∈ L(−Q−1),

where cF = − limz→∞ zF (z).

As before, here one can express G+ and G− in the Lebesgue space Ln
2 (dµ), as in (4.16).

We also note that in the special case where N ∈ Wn×n
+ the operators G+ and G− can be

chosen to be canonical differential expressions, as was explained in the preceding section
and in [8].
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vol. 115, Birkhäuser, Basel, 2000, pp. 1–50. MR1766806 (2001g:47026)

[2] D. Alpay and H. Dym, Hilbert spaces of analytic functions, inverse scattering, and operator models.
I, Integral Equations Operator Theory 7 (1984), 589–641. MR0766625 (87h:47022a)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=1766806
http://www.ams.org/mathscinet-getitem?mr=1766806
http://www.ams.org/mathscinet-getitem?mr=0766625
http://www.ams.org/mathscinet-getitem?mr=0766625


PAIRS OF SELFADJOINT OPERATORS AND THEIR INVARIANTS 103

[3] D. Alpay and I. Gohberg, Unitary rational matrix functions, Topics in Interpolation Theory of
Rational Matrix-Valued Functions, Oper. Theory Adv. Appl., vol. 33, Birkhäuser, Basel, 1988,
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tegral Equations Operator Theory 26 (1996), 249–272. MR1415031 (98c:47017)

[7] , Inverse problems associated to a canonical differential system, Recent Advances in Operator
Theory and Related Topics (Szeged, 1999), Oper. Theory Adv. Appl., vol. 127, Birkhäuser, Basel,
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Basel, 1997, pp. 55–91. MR1478466 (98k:47018)

[16] , On classes of realizable operator-valued R-functions, Operator Theory and Interpolation
(Bloomington, IN, 1996), Oper. Theory Adv. Appl., vol. 115, Birkhäuser, Basel, 2000, pp. 85–112.
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