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ABSTRACT. The three-dimensional Schrodinger operator H with constant magnetic
field of strength b > 0 is considered under the assumption that the electric potential
V € L'(R?) admits certain power-like estimates at infinity. The asymptotic behavior
as b — oo of the spectral shift function £(E; H, Hp) is studied for the pair of operators
(H, Ho) at the energies E = b+ X\, £ > 0 and A € R being fixed. Two asymptotic
regimes are distinguished. In the first regime, called asymptotics far from the Landau
levels, we pick £/2 & 7, and X\ € R; then the main term is always of order v/b, and
is independent of A. In the second asymptotic regime, called asymptotics near a
Landau level, we choose € = 2qo, qo € Z4+, and X # 0; in this case the leading term
of the SSF could be of order b or v/b for different A.

§1. INTRODUCTION

The main object of investigation in the present paper is the spectral shift function
(SSF) for the three-dimensional Schrédinger operator with constant magnetic field, per-
turbed by an electric potential that decays sufficiently fast at infinity. We recall the
abstract setting in which the SSF for a pair of selfadjoint operators occurs. First, let 7
and 7 be two selfadjoint operators acting in the same Hilbert space, and let 7 — 7y € Sy,
where S7 denotes the trace class. Then there exists a unique function £(+;7,75) € L'(R)
such that the Lifshits—Krein trace formula

(11) Te(f(T) - /(T5)) = / ¢(B:T.To) ' (E) dE

is true for every f € C§°(R) (see [19] or, e.g., [31, Theorem 8.3.3]). Now, let Ho and H
be two lower-bounded selfadjoint operators acting in the same Hilbert space. Assume
that there exists v > 0 such that for some Ay € R lying strictly below the infima of the
spectra of Hg and ‘H we have

(1.2) (H — )\0)_7 — (Ho - /\0)_7 € 51.

Set

CEU(E = M) (H — \o) )Y iFE

€(E:H, Ho) = E(E = 20)7;(H=2X0)7 7, (Ho—X)77) : > Ao,

0 if B < Ag.

Then we have

Te(f(H) — f(Ho) = / E(E:H, Ho) f(E)dE, [ € CF(R)
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(see [31, Theorem 8.9.1]). The function £(-; H, Ho) is called the SSF for the pair (H, Ho)
of operators; it does not depend on the particular choice of v and )¢ in (I.2)) and belongs
to the class L' ((Ag,0), (E — X\o) 7" 1dE).

If F lies below the infimum of the spectrum of Hy, then H can possess only finitely
many eigenvalues below F, and

(1.3) §(EH, Ho) = —N(E; H),

where N (E; H) denotes the number of the eigenvalues of H lying on the interval (—oo, E]
and counted with the multiplicities. On the other hand, for almost every E in the
absolutely continuous spectrum of Hg, the SSF £(E;H, Ho) is related to the scattering
determinant det S(E; H, Hp) for the pair (H, Hp) by the Birman-Krein formula

(1.4) det S(B;H, Ho) = e~ 2B Ho)

(see [9] or [31] 8.4]).

In the present paper the role of Hy is played by the operator Hy := (iV + A)? — b,
essentially selfadjoint on the Schwartz class S (R3). Here the magnetic potential A =
(—I”CTQ, I”CTl, 0) generates the constant magnetic field B = curl A = (0,0,b), b > 0. It is
well known that o(Hy) = gac(Hp) = [0, 00) (see [3]), where o(Hy) denotes the spectrum
of Hy, and o,.(Hp) denotes its absolutely continuous spectrum. Moreover, the Landau
levels 2bq, q € Z, play the role of thresholds in the spectrum of Hy (here and in what
follows Z denotes the set of all nonnegative integers).

For x = (z1,22,73) € R® we denote by X, = (z1,22) the variables in the plane
perpendicular to the magnetic field. We assume that V satisfies

(1.5) V0, VeCR?, [V(x)|<Co(X) ™ (x3)"™, xeR3,

with Co > 0, my > 2, mz > 1, and (z) := (14|22, 2 € R d > 1. Set H := Hy+ V.
Obviously, info(H) > —Cp. In this paper, the role of the perturbed operator H is
played by H. By (LI) and the diamagnetic inequality (see, e.g., [3]), the operator
v/ 2(Hy — Xo)~! with \g < 0 is Hilbert-Schmidt. Therefore, the resolvent identity
implies that (H — X\g)™! — (Ho — X\o)~! € S for \g < info(H) < inf o(Hy), i.e., (D) is
true with H = H, Ho = Hp, and v = 1; consequently, the SSF &(-; H, Hp) exists.

Our main goal in the present paper is to study the asymptotic behavior as b — oo
of the SSF &(-; H(b), Ho(b)). Note that the distance between the Landau levels grows
linearly with b. We study the SSF in the scale adapted to this rate of growth. Namely,
we fix a parameter £ € R and view £(Eb+ A; H(b), Ho(b)) as a function of A € R. We
distinguish two different types of asymptotics. The first type, which we call asymptotics
far from the Landau levels, concerns the case of £ € R, £/2 ¢ Z,. The second asymptotic
regime, called asymptotics of the SSF near a Landau level, occurs when € = 2qq, qo € Z .
In both cases, the convergence of £(Eb+ A; H(b), Hy(b)) to its limit value is in LS, with
respect to the variable .

The paper is organized as follows. §2 is devoted to the formulation of the main results
and brief comments on them. In §3 we recall some basic properties of compact linear
operators, as well as the representation formula for the SSF due to F. Gesztesy and
K. Makarov [I5]. Various auxiliary results utilized further in the proofs of the main ones
are established in §4. The proof of Theorems 2.1] and 2.4 containing SSF asymptotics of
order v/b, can be found in §5. The properties of the limiting quantity that occurs in the
asymptotic relations established in Theorem are investigated in §6. §7 is devoted to
asymptotic trace formulas for compact operators of Birman—Schwinger type. §8 contains
the proof of Theorem dealing with the case where the asymptotics of the SSF near a
given Landau level is of order b. Finally, in §9, we reveal some spectral properties of the
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SPECTRAL SHIFT FUNCTION IN STRONG MAGNETIC FIELDS 183

Landau Hamiltonian (see (&I))). In particular, we prove the unitary equivalence of the
Toeplitz operators corresponding to different Landau levels.

§2. MAIN RESULTS

2.1. Formulation of the main results. In this subsection we formulate our main
results as Theorems 2ZTHZAl In our first theorem we treat the asymptotics of &(-; H(b),
Hy(b)) far from the Landau levels.

Theorem 2.1. Suppose (ILH) is fulfilled. Assume that € € (0,00) \ 2Z, and let A C R
be a bounded interval. Then

[£/2]

b1/2 3
2.1) esssupyea [E(E0+ A H(b), Ho(b)) — 12 2 (€ —2¢q)"Y/? g V(x)dx

where [E/2] denotes the integral part of the real number £/2.

The proof of Theorem 2.1 is contained in Subsection [5.2]

The following two theorems concern the asymptotics of the SSF near a Landau level.
In order to formulate our Theorem 23] we introduce the following family of selfadjoint
operators in L3(R, dx3):

Xo = —d?/dz3, Xx(X1):=xo0+V(X.,), X €R?

which are defined on the Sobolev space H?(R), and depend on the parameter X, € R2.
Then (L5) easily implies that (x(X1) — Xo)™! — (xo — Ao)~* € S; for each X, €
R? and A\ < info(x(XL1)) Ua(xo). Hence, the SSF &(-;x(X 1), x0) is well defined as
an element of L((\g,00), (A — X\g)~2d\). It is well known that under the assumption
([@CH) &£(;x(X1),x0) can be chosen to be continuous for A > 0. For A < 0, we choose
&(-;x(X 1), x0) to be right continuous.

Proposition 2.2. For all X # 0, we have E(\; x(+), x0) € L*(R?,dX ). Moreover, the
integral [o, E(N; x(X 1), x0) dX 1 is continuous in A > 0. This integral is continuous in
Aat A= Ao <0 if and only if

{XL eR*|Xeo(x(XL))} =0,
where || denotes the Lebesque measure in R?.
The proof of Proposition 22l is given in §6.

Theorem 2.3. Assume that (CH) is fulfilled, and let qo € Z4. Then the following
statements are true.
(i) For any compact interval Ay C (0,00), we have

1
esssuprea, b7 E(2bgo + A H (b), Ho(b) = 5~ | €A x(X 1), x0)dX 1| =0,
R

(2.2) 27

b — oo.
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(ii) For any compact interval Ag C (—00,0), we have

limsup esssupyca, {blf(quo + A H(b), Ho(b))
(2.3) b .
_ e <
- dim [0 (X axL | <o
1ibm inf essinfyea, {blf(%qo + \; H(b), Ho(b))
— 00

(2.4) '

B % 62120 R2 E(/\ +6 X(Xl)v XO) dXL} > 0.

The proof of Theorem can be found in §8. In particular, from Theorem 2:3(ii) it
follows that if the integral [, £(A;x(X 1), x0)dX 1 is continuous on a compact interval
Ay C (—00,0), then 22) is true.

Denote

A= Join, inf o(x(X1)).

Evidently, A € [-Cy, 0], and A = 0 for nonnegative V. By (I3), we have £(A; x(X 1), xo0)
=0 for all X if A < A. Thus, the integrals in (Z3) and (Z4)) vanish if A < A. In this
case there exists a more precise version of (Z3))—(Z3) contained in our last theorem.

Theorem 2.4. Let (L) be fulfilled. Assume that the partial derivatives of (x3)™3V with
respect to the variables X, € R? exist and are uniformly bounded in R3. Let qo € Z,
and let A C (—o0,A) be a compact interval. Then

€SS SUPyca bil/QE(QbQO + A H(b), Ho(b))

(25) 1 qo—1
—-1/2
T a2 q§=0 (2(g0 — q)) /}Rs V(x)dx| — 0, b— oo.

go—1

Remark. Here and in the sequel we set the sum Zq:O equal to zero if gg = 0.

The proof of Theorem 24 is contained in Subsection 0.3l
Note that for go = 0 the above theorem is trivial. Indeed, in this case the sum over ¢
vanishes. On the other hand, we have

(2.6) A = lim info(H(b));

this follows from [3, Theorem 5.8]. Thus, by (3), for all sufficiently large b > 0 the SSF
&(2bgo + A; H(b), Ho (b)) in (ZH) also vanishes.

Remark. Tt can be shown that, for A > A, a sufficient condition for the limit coefficient
in (2.2) to be nonzero is that V should be of definite sign. In this case the coefficient
Jrz EAix(X 1), x0) dX 1 has the same sign as V.

2.2. Continuity of the SSF. As a by-product of our construction, we obtain a result
on the continuity of the SSF. This result might be of independent interest, so we have
decided to include it in the paper.

Proposition 2.5. Assume that (L) is true. Then the SSF &(E; H(b), Ho(b)) is bounded
on every compact subset of R\ 2bZy and continuous on R\ (o,(H (b)) U 2bZ. ), where
op(H(b)) denotes the set of eigenvalues of the operator H(b).

Note that H(b) may possess not only isolated negative eigenvalues but also eigenval-
ues embedded in the continuous spectrum [0, 00) (see [3, Theorem 5.1]). The following
proposition concerns the location of the eigenvalues of o, (H (b)).
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Proposition 2.6. Assume that (LH) is true. Then

U [2bg — C(m3)*C3, 2bg + C(m3)*Cl,

where Cy is the constant occurring in ([L3) and C(ms3) = (1/2) [ (x)~™ dz.

Remark. Generically, the only possible accumulation points for the eigenvalues of H (b)
are the Landau levels 2bg, ¢ € Z, (see [3l Theorem 4.7] and [I4] Theorem 3.5.3(iii)]).
We shall not use this fact here.

2.3. Comments. In this subsection we comment briefly on our main results and com-
pare them with the results existing in the literature.

e Generically, the asymptotic relations (1)), (Z2), and (L) can be unified into a
single formula. Indeed, it is well known (see e.g., [11]) that

hm EY2¢(E; x(X 1), x0) /V X, z3)dxs, X, € R%

Thus, each of relations (ZI) with 0 < 8/2 & Zy, or (Z2)—(Z3) with 2g0 = &, qo € Zy,

implies that

§(Eb+ X H(b), Ho(b))
(2.7) S
Z/f € = 29) + X X(X1),x0) dX1 (1 +0(1)), b— oo,

in L2 (R\ {0}). In its turn, formula ([27) can be rewritten as
§(Eb+ X H(b), Ho(b))

:/ E(ED+ A — 5 x(X 1), x0) dX 1 duy(s) (14 0(1)), b— oo,
R JR2
where

b (oo}
:2—2 (s —2bq), s€ER,
q=0

and

i <
O(s) = 0 ?fst,
1 ifs>0

is the Heaviside function. It is well known that v is the integrated density of states for
the two-dimensional Landau Hamiltonian (see {1)).

e By (I3, for almost every A < 0 we have {(\; H(b), Hy) = —N(X; H(b)). In the case
where A < 0 is fixed, the asymptotics as b — oo of the counting function N(\; H(b))
was investigated in [25] under far less restrictive assumptions on V' than in Theorems
|2:ﬂ42211 The asymptotic properties as A T 0 and as A | A of the asymptotic coefficient

— o Joe N(A;x(X1))dX 1 (which appears in (Z3) and ZZ) in the case of a negative
perturbatlon) were studied in [26].

e As mentioned in the Introduction, on the absolutely continuous spectrum of H(b)
the SSF is related to the scattering determinant by the Birman-Krein formula (I4]). The
existence and completeness of the wave operators for the pair ((iV+ A)2+U, (iV + A)?)
was established in [3] for quite general electromagnetic potentials (A, U) including the
case of constant magnetic fields. More recent results on the scattering theory for the
pair (Ho(b) + V, Hy(b)) can be found in the monograph [14]. As far as the authors are
informed, the asymptotics as b — oo of the scattering phase arg det S(A; H(b), Ho(b)) has
not been presented in the literature before.
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e Finally, we would like to mention several possible extensions of our results.

We believe that the assumptions about the continuity and boundedness of V' and its
derivatives can be lifted by using an appropriate approximation procedure. In particular,
we expect that some local integrable singularities can be allowed. We do not include this
approximation procedure in the present paper, in order to avoid an unreasonable growth
of its size.

Furthermore, it is natural to try to obtain an optimal remainder estimate in (2-2) and
(3, in the cases where such an estimate exists. For this, hopefully, the theory of the
pseudodifferential operators with operator-valued symbols developed in [5], [1§], and [12]
could be useful.

§3. REPRESENTATION OF THE SSF AS AN AVERAGED INDEX OF PROJECTIONS
OF COMPACT OPERATORS

In this section we recall the representation formula for the SSF (see formula (BIH)
below) in terms of an integral of an index for a Fredholm pair of selfadjoint spectral
projections. This formula was obtained in [I5] for the case of trace class perturbation
and was generalized in [23] to the case of relatively trace class perturbations. The formula
generalizes the earlier results of [21], [30] and can be regarded as a far-reaching extension
of the Birman—Schwinger principle (see []).

In order to write down this formula, we need to recall some basic properties of compact
operators and the notion of the index of a pair of projections.

3.1. Basic properties of compact linear operators. We denote by S, the class
of compact linear operators acting in a fixed Hilbert space. Let T = T* € S, and let
Er(I) denote the spectral projection of T' associated with the interval I C R. For s > 0,
we set

ny(s;T) :=rank Eyp((s, 00)).

For an arbitrary (not necessarily selfadjoint) operator T € S, put

(3.1) ny(s;T) :=ny (s34, T*T), s> 0.
If T =T, then, obviously,
(3.2) n(s;T) =n4(s,T)+n_(s;T), s>0.

Moreover, if T; = T} € S, j = 1,2, then the Weyl inequalities
(3.3) n(s1+ 852,71 + Tz) < nx(s1,T1) + nt(s2, o)

are fulfilled for all s1, so > 0.
Next, we denote by S,, p € (0,00), the Schatten—von Neumann class of compact
1
operators for which the functional ||T[s, : = (p [;~ s? " n.(s; T) ds)* is finite. If T € S,
p € (0,00), then the elementary inequality

(3.4) na(s;T) < sP|T|L,

is true for every s > 0. f T =T"* € S, p € (0,00), then (1)) and (B2) imply

(3.5) ny(s;T) <s7P|T|[g, s>0.

Finally, we define the selfadjoint operators ReT := (T + T*) and Im T := (T — T*).
Evidently,

(3.6) ny(s;ReT) < 2n.(s;T7), na(s;ImT) < 2n.(s;T).
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3.2. Index of a pair of projections. A pair of orthogonal projections P, @ in a
Hilbert space is said to be Fredholm if

{1,-1} Noess(P — Q) = 2.

In particular, if P — @ is compact, then the pair P, @ is Fredholm. The index of a
Fredholm pair is given by the formula

index(P, @) = dimKer(P — Q — I) — dimKer(P — Q + I).
In particular, if P — @ € Sy, then index(P, Q) = Tr(P — Q). Clearly,
index(P, @) = —index(Q, P) = —index({ — P, I — Q).
If both P, @ and @, R are Fredholm pairs and either P — Q) or Q — R is compact, then
the pair P, R is also Fredholm, and the following “chain rule” holds true:
(3.7) index(P, R) = index(P, Q) + index(Q, R).

See, e.g., [4] for the proof of the last statement and the details.

Suppose M and M are bounded selfadjoint operators. If the spectral projections
Enr((—00,0)), Eg;((—00,0)) form a Fredholm pair, we shall use the shorthand notation

ind(M, M) := index(E; ((—00,0)), Exr((—00,0))).

Mostly, we shall use this notation if M=M+ A, where A is a compact selfadjoint
operator and M is a bounded selfadjoint operator such that 0 is not in the essential
spectrum of M. In this case, representing the spectral projections by Riesz integrals and
using the resolvent identity, we easily see that the difference E;((—00,0))—En((—00,0))
is compact, and therefore the above pair of spectral projections is Fredholm.

Below we list the properties of ind that we shall need in the paper.

(a) If A € S; and 0 is not in the essential spectrum of M (and hence of M + A), then

(3.8) indM+ A,M) = 111205(—6; M, M + A).
This follows from the trace formula (IZI) after approximation of the characteristic func-
tion of the interval (—oo,0) by smooth functions.

(b) If 0 < A € Sy, and 0 is not in the spectrum of M, then there exists a simple
Birman—Schwinger type formula for computing ind(M + A, M):

(3.9) ind(M +A,M)=-— Z dim Ker(M 4 sA) = —rank E 4172351 41/2((—00, —1]);
s€[0,1]

see [I5] Corollary 4.8] and [23] Lemma 5.2] for the proof.
(c) There is a stability result for ind (see, e.g., [I5} Theorem 3.12] for the proof):

(3.10) 0 € p(M+A4), lim|A,—A| =0 = lim ind(M+A4,,M)=ind(M+A, M).
n—oo n—oo
(d) If A is a finite rank operator, then
—rank Ay <ind(M 4+ A, M) <rank A_,

where Ay = 3(JA| £ A). This follows from property (a) and the similar bound for the
SSF (see, e.g., [31]).
(e) If M > M, then ind(M, M) <0.

Proof. Tt suffices to prove that
Ker(E;((=00,0)) = Em((=00,0)) — I) = {0}.
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Suppose to the contrary that (Eg;((—00,0)) — Ep((—00,0)) — I)ip = 0 for a vector

¥ # 0; then Er7((—00,0))1 = 1 and Ep((—00,0))y = 0. It follows that (M) < 0
and (M1,) > 0, a contradiction. O

(f) Let M be a bounded selfadjoint operator such that [—a, a] C p(M) for some a > 0.
Let Ap and A be compact selfadjoint operators and suppose that ||A|| < a. Then

ind(M +A4p+a,M+a) <ind(M + A+ A, M) <ind(M + Ay — a, M — a).
Proof. By the chain rule,

ind(M+Ag+A,M)=ind(M + Ao+ A, M + Ay — a) + ind(M + Ay — a, M).
By property (e), ind(M + Ag + A,M + Ag — a) < 0. This gives the second of the two

required inequalities. The first can be obtained in a similar way. O

(g) Combining properties (d) and (f), we obtain the following estimate. Let M be a
bounded selfadjoint operator such that [—a,a] C p(M) for some a > 0. Let Ay and A be
compact selfadjoint operators. Then

ind(M + Ag + a, M + a) — ny(a, A)

A1
(3:.11) <ind(M +Ap+ A, M) <ind(M + Ay —a,M — a) +n_(a, A).

3.3. Representation of the SSF. Now we are ready to describe the required repre-
sentation for the SSF.

Let ‘H and Hy be two lower bounded selfadjoint operators acting in the same Hilbert
space. Let A\g < inf o(H) Uo(Hp). First, assume that (L2) is true for some v > 0. Next,

let

(3.12) V:=(H-Ho) =K*IK,

where J is a bounded selfadjoint operator with a bounded inverse, and
(3.13) K(Ho — Ao)"Y? € S

Finally, suppose that

(3.14) K(Ho — Xo)~" € o

for some 7/ > 0. For z € C with Im z > 0, we set 7 (2) := K(Ho — 2)"1K*.

Lemma 3.1 (see [8]). Let BI2)-BI4) be fulfilled. Then for almost every E € R
the operator norm limit T (E + 40) := n-lims o 7 (E + 4d) exists, and by (313)) we have
T(E +1i0) € Seo. Moreover, InT (E +140) € S1.

Theorem 3.2 (see [15, 23]). Let (LZ) and BIA)-BI4) be fulfilled. Then for almost
every E € R we have

(3.15) §(E;H,H0)=/OO ind(J ' +ReT(E +1i0) +tIm T (E +i0), 7 ") du(t),

—00
where du(t) = 7= 1(1 + )~ 1dt.

The representation (B:15) was found in [I5] for the case of the trace class V. A
generalization for relatively trace class perturbations was proved in [23].

Let us comment on the convergence of the integral in (3IH]). Below we mimic the proof
of 21} Lemma 2.1]. Choose s > 0 sufficiently small, so that [—s, s] does not contain the
spectrum of 7 ~!. Using property (g) of ind, we see that

lind(J ' +ReT(E +140) + tIm T (E +i0), 71|

3.16
(8.16) < n.(s,ReT(F +1i0) + tIm 7 (E + i0)).
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Applying Weyl’s inequality (83)), for any s1,s2 € (0,1) with s; + s3 = s we obtain
o0
/ n.«(s,ReT(E +40) + tIm 7 (E +40)) du(¢)
—0o0

(3.17) < (51, Re T(E + i0)) +/ na (2, T T(E + i0)) dpu(t)
0
1
< n«(s1,Re T(E +1i0)) + EHImT(E +10)||sy-
2

This proves the absolute convergence of the integral in (BIH) and provides a bound,
which will be used in the sequel.

Now, suppose that V satisfies (LHl). Then relations (312)-@I4) are true with V =V,
Ho = Ho, K = |V|'/2, J = sgnV, and v = 4/ = 1. For z € C, Imz > 0, we set
T(z) := |V|/?(Hy — 2)~Y|V|*/2. By Lemma 3] for almost every E € R the operator

norm limit

(3.18) T(E +10) := n-lims o T'(E + i9)
exists, and

(3.19) 0<ImT(FE +1i0) € S;.

From Lemma below it follows that the limit in (BI8) exists and relation (BI9) is
valid for every E ¢ 2bZ,. Denote

(3.20) A(E) =ReT(E +1i0), B(F)=ImT(E+1i0), J=sgnV.
Then (B.I5) becomes
(3.21)  &(E;H(b),Ho(b)) = /Oo ind(J + A(E) +tB(E),J)du(t) fora.e. E€R,

the right-hand side being well defined for every E € R\ 2bZ, .

§4. PRELIMINARY UNIFORM ESTIMATES

In Subsection 4.1, we obtain estimates of the spectrum of the sandwiched resolvent
T(E +i0), which will be essential for the proofs of Theorems 2.1} [Z3], and 2-4] in §§5 and
8. Moreover, these estimates allow us to prove Propositions and 2.6, which is done
in Subsection 4.2.

4.1. Estimates for the sandwiched resolvent. We recall (see, e.g., [3]) the formula
for the resolvent of Ho(b):

(Ho(b) — 2)~ ' = qu ®r(z —2bg), Imz>0.
q=0

Here p, is the orthogonal projection onto the eigenspace corresponding to the Landau
level 2bq of the two-dimensional magnetic Hamiltonian

(4.1) hb) = <z’i - bﬂf + (ii ¥ bx—1>2 b,

and 7(z) is the resolvent of —d?/dz% in L*(R,dr3). By the assumption (CH) on V, we
can write |V (x)| = M (x)(X ) ~™+ (z3) "™, where 0 < M € L>(R3).
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For z € C4 := {z € C|Imz > 0}, consider the sandwiched resolvent

T(z) = Z Ty(2),
q=0

(4.2) Ty(2) = MYP(((X L) Ppg{X 1) ™™ /%) @ t(= — 2bg)) M2,
t(z) = (w3) "/ 2r(2)(ws)~me 2,

Bounds on t(z). Recall that mg > 1. Under this assumption, it is well known (and can
be seen immediately from the explicit form of the integral kernel of r(z)) that for z € C4
the operator t(z) belongs to the Hilbert—Schmidt class Sa, is continuous in z € C4 \ {0}
in the Hilbert—Schmidt norm, and obeys the bound

. C(m:
(4.3 42 + 05, < S,
VIE|
where C(ms) = (1/2) [p(x)~™ dx. It is less evident that similar properties hold true in
the trace class S;. This can be seen as follows. By the spectral theorem, we can write

)= [ PO F) ;2 secy,

vV—2z

EeR\ {0},

where F(v) : L?(R) — C? is given by

F(v) :u(z) — (ﬁyl/4 N et VIR () Tma 2y (1) dur,

1 e ,
muflﬂ - eIV (1) T3/ 2y () da:) .
It is easily seen that F(v) belongs to the Hilbert—Schmidt class Ss, and is Holder contin-
uous in v in the Hilbert-Schmidt norm. It follows that, for any z € C., the operator t(z)
belongs to the trace class, is continuous in z € C1 \ {0} in the trace norm, and satisfies
the inequality

c
(4.4) 4B + Ol <~ 1+ EYY), EeR\{0}.
The right-hand side in (£4]) can be replaced by \/%(1 + E9) for any 6 > 0, but for our
purposes it suffices to take 6 = 1/4. Finally, a direct inspection of the integral kernel
shows that Im¢(E + 40) has rank two for all E # 0, and we have the estimate

(4.5) [m¢(E +i0)|% < C|E|P/*

for any 0 < p < 1.

A bound on (X ) ™+/2p (X )~™+/2. We have an explicit formula for the integral
kernel of pg:

blx —x

b 112 b )
(4.6)  Kyp(x,x') = %Léo) < 5 | ) exp <—Z(|x — X2 + 2i(xy2h — x’lxg)))

(see, e.g., [20] or [27] Subsection 2.3.2]), where the Laguerre polynomials Léo) are defined
as in (I7) below. Note that Kg,(x,x) = 5= for each ¢ € Z, and x € R?. Using this
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fact, we immediately obtain
X L) ™™ pg 1%, = X L) ™™ Ppg (X 1) ™™ s,
(4.7) = Tr((X )™ 2py (X )™ /?) = b / (X1)"mdXy

= Cb.

27r

Later on, we shall prove a stronger bound (see Lemma [8.1]).

Bounds on T(z). Putting together the above bounds in (£Z), we obtain the following
statement.

Lemma 4.1. For any z € Cy, the operator Ty(z) belongs to the trace class S1 and
depends continuously on z € C1 \ {2bq} in the trace class norm. Moreover,

‘ Gy
4. T,(FE < —"— o E e R\ {2b
@8 LB+ S g € R\ {26},
. Cab
(@9 (B +i0)ls, < s (4 B =20l ), B e R\ {20q).

In the sequel, for £ € R\ {2bq} and A € R\ {0}, we denote

Ty(E) = M'Y2(((X 1) Ppg(X1)™™/%) @ (B — 2bq)) M2,
t(\) = (x3) 7"/ 20\ 4 00) (w5) "/ 2,

Finally, we get a bound for T'(z).

(4.10)

Lemma 4.2. For any z € C,, the operator T(z) is compact, depends continuously on
z € C4 \ 20Z4 in the operator norm, and obeys the estimate

I < CoC(ms)

~ dist(F, 20Z)1/2’
Moreover, for E € R\ 2bZ, the operator B(E) = T(E + i0) is nonnegative, and it
vanishes if E < 0. Next, B(E) belongs to the trace class S1 and depends continuously

on E € R\ 2bZ4 in the trace class norm. Finally, for 2b(qo — 1) < E < 2bqo, qo € Z+,
qo>1, and r =0,1, we have

(4.11) |T(E +i0) E € R\ 2bZ,.

"B _i - — —1/2 sgn V(x))" |V (x)| dx
(@12  TBE) = W;} 200) 72 [ (s V60) V(0] dx:

Proof. Compactness follows from the diamagnetic inequality; in fact, we have T'(z) € Sa,
but we do not need this here. Next, fix ¢o € Z4. For E < 2bqg, E € R\ 2bZ, continuity
in the operator norm can be seen by representing

go—1

(4.13) T(E 4+ i0) = ZT )+ T, (E).

Here each T,(E) is continuous by Lemma L1l and T, (F) is even analytic in E € C\
[2bqp, 00) by the spectral theorem. Using (43]), we obtain

IT(E +i0)l| < Co||S_ py  H(E — 200) < Co sup ||t(E — 20)
q=0

qE€Z

CoC(ms)
= dist(E, 2074 )12
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Taking the imaginary parts in (I3) gives

qo—1
B(E)= Y By(E), E<2bg. E€R\20Z,,
q=0

where B,(F) = Im T, (E) is trace norm continuous by Lemma[ZTl Note that the relations
B(E) >0 for E € R\ 2bZ4, and B(E) = 0 for E < 0, follow easily from the definition
of the operator T'(z) (see ({2)).

Finally, using (B10), (@6) and the explicit formula for the integral kernel of Tm ¢()),

oy a2 eSOV =) g
(@a) A k)

we obtain (£I2]). O

4.2. Proof of Propositions and

/
B X3, T3 S Ra

4.2.1. Proof of Proposition [Z8. We identify the SSF with the right-hand side of the
representation (B21) and prove its continuity on the set R\ (o,(H (b)) U 20Z, ). By the
stability result of [15, Theorem 3.12], the right-hand side of (3.2 is continuous in E at
a point E = FEj if the following conditions are satisfied:

(4.14) lim [[A(E) — A(Eo)|| =0,  lim [|B(E) — B(Eo)|ls, = 0.
E—Eq E—Eo
(4.15) 0 € p(J+ A(Ep) + 7B(Ep)) for some 7 € R.

The limit relations ([@I4) are met by Lemma 2] By the analytic Fredholm alterna-
tive, (@I5) will follow from 0 € p(J + A(Ep) + iB(Ep)) or, equivalently, from —1 €
p(JT (Ep +40)). Mimicking Agmon’s “bootstrap argument” [2], we see that

(4.16) —1 € o(JT(Ey +i0)) <= Ey € op(H(b))

for Ey € R\ 2bZ. Thus, condition (EIH) holds true for all Ey € R\ (o,(H (b)) U2bZ,.).
Now, we prove that the right-hand side of (BZI) is bounded on any closed interval
that contains no Landau levels. By (3I1), we have

[ AE) + e85 )| < /3, 4E) + 2B

— 00

By Lemma [4.2] the right-hand side is bounded on any closed interval in R\ 2bZ . .

4.2.2. Proof of Proposition By (@&I6), the problem reduces to estimating the norm
of T(E + i0). Estimate (4I1]) shows that for dist(E,20Z.) > CZC(m3)? we have
|IT(E +10)|| < 1, whence E ¢ o,(H(b)). O

§5. SSF ASYMPTOTICS OF THE ORDER OF /b

In this section the asymptotic behavior of the SSF ¢(F; H, Hy) as b — oo is stud-
ied in two situations. First, to prove Theorem 1], we consider energies far from the
Landau levels, that is, E = £b+ X\ with £ € R\ 2Z,. Then, to prove Theorem 2]
we consider energies under Landau levels, that is, E = 2¢ob + A with A < A (A: =
miny  egeinf o(x(X1))).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPECTRAL SHIFT FUNCTION IN STRONG MAGNETIC FIELDS 193

5.1. An abstract lemma. First, we prove a simple lemma of abstract nature. This
lemma might be of independent interest. Note that formulas similar to (5.]) can be found
in [15].

Lemma 5.1. Let A = A* be a compact operator, let 0 < B € Sy, and let J = J* = J L.
Suppose that 0 € p(J + A). Then

/ ind(J + A+ B, J) du(t)

(5.1) —o0
=ind(J + A, J) + 7~ Trarctan(BY/?(J + A) "1 BY/?)
and
|7~ Trarctan(BY/2(J + A)~'BY?) — n~' Tx(JB)|
(5.2)

1 f
< §I|(J + A)7YPTr B + |Te(BJA(J + A)7H)).

Proof. Using the “chain rule” (3.7) and integrating, we get

o0

/ ind(J+A+tB,J)du(t):ind(J+A,J)+/ nd(J + A+ tB,J + A) du(t).

— 00 — 00

We split the integral on the right into the sum of integrals over (—oo,0) and (0, c0).
Using (B8.9), we obtain

/ ind(J+A+1tB,J+ A)du(t)

:/ ind(J + A+ tB,J + A)du(t) + | ind(J+ A —tB,J + A)du(t)
0 0

:—/ n_(1,6BY2(J + A)" B2) dy(t)
0

+/ ny (1, tBY2(J + A)~'BY?) du(t)
0
= 7~ Trarctan(BY/2(J + A)"'1B/2).

This proves formula (E.1]).
Now, we prove (5.32). Denoting M = BY/2(J + A)~"'B'/2 we get
Trarctan M — Tr M

< (1 M) /°° n_(t, M) /00 /°°
_ M) g [ =M M (M
/0 L a- [ ST a- [Cnwanat [ nogana

20, (t, M o0 1
Mdtg/o th*(t,M)dt:§||M||:°’93

whence

|Tr arctan M — Tr M| g/
0 1+¢2

_ 1
< SUBIENG + A7) = 5

|(J+A)~ P T B3,

Wl

Finally,
Tt M — Tr JB| = ‘Tr(Bl/z((J F A J)Bl/Q)‘ = |Te(BJA(J + A)7Y).
This proves estimate (&.2)). O

Now, using the notation (BI8), (20), and @I0), we employ Lemma Bl to prove
Theorem 211 and Theorem [Z4]
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5.2. Proof of Theorem [2.T. We shall use the representation (32I) and Lemma [E.T]
Denote qop = [£/2]. Suppose that b is so large that Eb+ A < 2(gp + 1)b for all A € A.

Then, by (Z12),
7 Tr JB(Eb + \)
b q0
L qu)—l/Q/ V(x) dx
(53) 47‘(2 q:ZO R3
b1/2 q0
=-—) (- 2q)*1/2/ V(x)dx+O(1), b— +oo,
4 7=0 R3

uniformly over A € A. Next, by (EIT),

(5.4) sup||T(Eb+ A +i0)| = O(b~Y?), b — .
AEA
It follows that for all sufficiently large b we have
(5.5) sup||A(Eb+ A +1i0)]| < 1/2,
AEA

and therefore ind(J + A(Eb+ A),J) =0, A € A.

We estimate the error terms given by the right-hand side of (52). By (&.H), for all
sufficiently large b we have supycal|/(J + A(Eb+ A)) 71| < 2. Using this, relations (53)
and (4), and Lemma .2, we obtain

[(J+A) P B <2|BIPTr B=00b"")O0BY?) =0(0b""?),  b— o,
ITr(BJA(J + A) N < Tr BJA|[|(J + A) 7 = O *)O(b™?) = 0(1), b — oo,
uniformly over A € A. This completes the proof of Theorem [ZT1
5.3. Proof of Theorem 2.4

Lemma 5.2. Assume that ([L5) is true and that the partial derivatives of (w3)™V
with respect to the variables X | € R? exist and are uniformly bounded on R3. Then
limy o0 ||(1 — Py ){z3)™*V P, || = 0, where P, = p, ® I in L*(R3) = L?*(R%dX,) ®
L?(R,dx3).

The proof of Lemma, can be found in Subsection 9.2.

5.3.1. Proof of Theorem Z4l We shall use the representation (321]) and Lemma 511
1. First, observe that for any A < 0 the operator Ty, (2gob + A) is selfadjoint and
nonnegative and belongs to the trace class. We prove that

(5.6) ind(J 4+ T4 (2q0b+ A),J) =0, A€ A,
(5.7) sup||(J + Ty, (2900 + A) 7 < C,
AEA
where C' does not depend on b > 0. Consider the operator I ® xo + V in L*(R3) =

L*(R?%,dX ) ® L*(R,dx3). Our assumption A C (—oo,A) means that supA < A =
inf o(I ® xo + V); therefore, by the Birman—Schwinger principle,

EURH(IQ? Xo = APV @ xo =NV < L.
S

It follows that
sup||(pgo ® (x0 - AWV (pg, ® (xo — NV < 1,
€

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPECTRAL SHIFT FUNCTION IN STRONG MAGNETIC FIELDS 195

or equivalently,

(5-8) sup | (Ty, (240 + A))'/2J (Ty, (2000 + 1) /2|| < 1.
AEA

From this, using the formula
(J + Tyo) ™t = J — JTA (I + TH2ITH2) T2

and estimate (€8], we obtain (5.7). Using (8:9) and (58], we get (5.6).
2. Next, as in (f11]) we have

sup [ A(2bgo + A) — T, (2bqo + M)
AEA

(5.9) <o ilelg H (zg)~ms/2 ((gq:o P @1(2b(q0 — q) + A + zO)) <x3>—m3/2H

< CoC(ms)sup{|2b(go — q) + A7 [ ¢ € Z+,q # qo, A € A}
=0(b?),  b— oo
From this and (&.6]), by the stability of the index, it follows that

(5.10) ind(J + A(2bgo + A),J) =0, A€ A,

for all sufficiently large b. Also, (EX) and (BE9) imply

(5.11) sup||(J 4+ A(2bgo + \) 7| = O(1), b — .
AEA

3. We apply Lemma Bl For the leading term we have formula (4.12), which gives
the limiting expression in (ZH). Now, we check that the remainder terms given by the
right-hand side of (5.2)) are o(b'/2). Consider the term ||(J 4+ A)~'||* Tr B3. For A\ < 0

we have
qo—1

(5.12) B(2bgo +A) = Y ImT,(2bgo + X).
q=0

Consequently, by (53)) and (£IT),

(5.13) sup Tr B3(2bgo + A) = O(b™?).

AEA

Combining this with (5I1]), we get the required bound for ||(J + A)~!||* Tr B3.
4. Finally, consider the term Tr(BJA(J + A)~!). We prove that

(5.14) sup || B(2gob + N\ JA(2qob + || s, = o(b'/?), b — oc.
AEA

By (5:9) and (4.12), it suffices to prove that

sup || B(2q0b + A\)J Ty, (2q0b + M| s, = o(b*/?), b — oco.

AEA
By (EI2), it suffices to consider Im(7,(2qob + N))J Ty, (2g0b + A) for any fixed ¢ < qo.
Using the notation M (x) = |V (x)[(XL)™*(z3)™ and V| (X1, x3) := (x3)"™ V(X 1, x3),

we obtain
Im(7T4(2q0b + X)) J Ty, (2q0b + A)

= MY2((X )7 2py @ Imt(2b(go — @) + A)) Py Vi Pyg (pgo (X 1) ™™+ @ (X)) M1/,

By Lemma[G.2] as b tends to infinity, we have ||P,V, Py, || = o(1). Next, (Z3) and (E1)
show that

(X 1)™+/?py @ Imt(2b(qo — q) + A)||s, < Cb'/?|2b(qo — q) — A| /2 = O(1), b — oo,
[Pgo (X 1)/ @ t(N)||s, = O(bY?), b — o0,
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uniformly over A € A. Combining the above bounds, we get (5.14l). O

§6. PROPERTIES OF &(X\; x(X 1), Xx0)

Here we prepare some auxiliary statements for the proof of Theorem [Z41 These
statements pertain to the SSF &(A; x(X 1), x0). We shall use the representation (BIH)
for £(A; x(X 1), x0). With the notation
(6.1) T(X1,A) = V(XL )2 (0 = A= i0) V(XL )2,

(6.2) (X1)=senV(X,,"), a(Xi,A)=Rer(XL,A), BXL,N=Im7(X,,N),
this representation reads
N x(X 1), x0)

(6.3) _ /°° ind(¢(X 1) + a(X 1, A) + t8(X 1, \), o(X 1)) du(t) for ae. A €R.

—00

Along with the operator x(X ), we consider its modification: for n € R, |n| # 1, let
X(X1.m) = xo + [V(X1L,)|((X1) —n) 7
By @I3), for this operator we have

e}

(6.4) £ x(X1L,m), x0) =/ Ex(n, X1, t)du(t) for ae. X €R,

—0
where
(6.5)  Ex(n, X1,t) :=ind(u(X1) + (X1, A) +8(X 1, A) — (X)) —n), Inl#1.
We shall need some continuity and measurability properties of Zy(n, X ,t).
Lemma 6.1. (i) The set

Q={(\nX1,t)[n¢oe(Xi)+ (X1, ) +16(X1, ), A#0,|n] #1}
is open in R x R x R? x R, and the function Zx(n, X1 ,t) is constant on the connected

components of this set.
(ii) The function Zx(n, X1 ,t) is lower semicontinuous on the set

{m XL t) [X#0, [0l # 1, X, €R%t € R}
Proof. 1. First, consider the difference of resolvents
(((X1) + (X1, A) +tB(X1,A) = 2) 7" = (u(X1) = 2)7"

for a fixed z away from the spectra of ¢(X | ) and «(X )+ a(X 1, A)+t5(X 1, A). We prove
that this difference depends continuously on A\, X | , and ¢ in the trace norm. Here the only
nontrivial issue is the continuous dependence on X | (observe that ¢(X | ) is not continuous
in X, even in the operator norm). In order to prove the continuous dependence on X |,
first we observe that the operators a(X |, A) +¢8(X 1, ), e(X 1) («(X 1, ) +t8(X 1, N)),
(a(X 1, A) +tB(X 1L, )X 1), and o(X ) (a(X 1, A) +t8(X 1, N)e(X 1) depend continu-
ously on X in the trace norm. Using the identity

(HattB—2)" (=2 ==+ (-2 a+t8) -2 a+tB) -2,

and expanding (¢ — z)~! in a norm convergent series, we obtain the desired statement.

2. From the result of the preceding step, we deduce that the eigenvalues of ¢(X ) +
a(X 1, \)+t8(X1,\) depend continuously on A, X |, and ¢. This proves that {2 is open.
Since a(X 1, A) +tB(X 1, A) is of trace class, we have

Ex(n, X1,t) = index(E,(x  yrax, 2N+t8(x 0,0 ((—00,1)), B, (x ) ((—00,m)))
= Tr(E(x )tax, 2+ax 0 ((=00,m) = Eyx ) ((—00,1))).
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Representing the above spectral projections as Riesz integrals, and using the result of
the first step of the proof, we see that Ey(n, X 1, t) is continuous on 2. Since Zx(n, X ,t)
is integer-valued, it is constant on the connected components of 2. Precisely the same
argument shows also that Zy(n, X ,t) is lower semicontinuous on the entire range of its
variables. O

Recall that the lower semicontinuous functions are measurable. Thus, Lemma
ensures that Zy(n, X ,t) is measurable with respect to any combination of its variables.
We shall need to integrate Zy(n, X | ,t) with respect to some of its variables; integrability
is provided by the following statement.

Lemma 6.2. (i) For any p € (0,1), we have the bound
(6.6)  sup [Ex(m, X0, 1) < C(L+ AL YN TVAX )T O[T (X )7

In|<1/2
(ii) For any t € R and any A C R\ {0}, we have
(6.7) sup/ dn / dX 1 [Ex(n, X1,t)] < oo.
AeA J - R2

Proof. (1) Recall that 7(X 1, ) is a trace class operator satisfying (4, and (X1, \)
has rank two and satisfies (5). Thus, by estimate (LH) on V, we have

C 1/4 _
(X1, Mlsy € —== 1+ A ){X0)™™,
(6.8) VIA
IB(X L MG, < CIATP2(X )P
Using these bounds and arguing as in (816) and (3.17), for any p € (0,1) we obtain

sup |E)\(777 X, t)' < n*(1/47 a(Xl7 )‘) + tB(Xla A))
[n|<1/2

<Ny (1/8, (X1, N)) +ny(1/8,t8(X 1, M)
< 18a(X L, Nlls, + 1888(X 1L, N)|s,
< COAN AT X )T+ O (X )
(ii) First, observe that, by property (a) of ind,
69  EXut) =~ lim €0 6u(X0) +a(X0,A) + 15X 1, A), X))

Using this fact and Krein’s bound for the SSF (see, e.g., [31), Theorem 8.2.1]), we obtain
oo
[ n [ dx jetmX0) + (XN + 50X A (X))
—o0 R

< / la(X 1, A) + t5(X 1, N5, dX 1 < oo,
R2
This completes the proof. O

Lemma 6.3. (i) For eachn € [—3, 3] and X1 € R?, the function [~ Zx(n, X1, t) du(t)
is continuous for A > 0 and right continuous for A < 0.
(ii) The function [z, dX1 [ du(t) Ex(n, X1,t) is continuous for A > 0 and 1 €

~1/2,1/2].

Proof. (i) First, we prove continuity for A > 0. We shall use the dominated convergence
theorem; Lemma B.2l(i) gives an integrable bound, and Lemma [61)i) provides the conti-
nuity of the integrand away from the set S :={t | n € o(«(X 1)+ (X1, N\)+t6(X1,N)}.
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We need only to prove that this set has zero measure in R. By the analytic Fred-
holm alternative, the relation t € S is fulfilled either for countably many ¢ or for
all t € C. We show that the latter is impossible. Indeed, if i € S, then —1 €
o((L(X1) —n) Ha(X1,A\) +i8(X1,N))), and Agmon’s classical bootstrap argument
shows that A > 0 is an eigenvalue of the one-dimensional Schrédinger operator x (X ,7),
which is impossible. This proves continuity in the domain A > 0.

The lower semicontinuity of Zx(n, X1 ,t) is inherited by its integral over ¢. Also, the
function Zx(n, X1 ,t) (and, therefore, its integral) is monotone nonincreasing for A < 0.
It follows that the integral of Z5(n, X ,t) is right continuous for A < 0.

Statement (ii) can be proved by following the same pattern. O

Proof of Proposition[ZZ2 By Lemma [E3(i), with our choice of £(\; x(X 1), x0) (continu-

ous in A > 0 and right continuous in A < 0), identity (63)) is true for all A # 0. Then the

integrability of £(A\; x(X 1), Xxo) is ensured by (6.6) with 2/m, < p < 1, and continuity

for A > 0 is ensured by Lemma 6.3. In view of ([3)), the last statement is obvious. O
§7. ASYMPTOTIC TRACE FORMULAS

In this section, we establish the key limit relation used in the proof of Theorem 23]
Let T,(E) be as above (see (EEI0)); we denote

(7.1) Ay =ReT,(2¢b+)N), By=ImT;(2¢b+ ), J=sgnV.
Moreover, we use the notation introduced in (G.1)—(G2).

Proposition 7.1. Suppose (LX) is fulfilled, and let A be a compact interval in R\ {0}.
Let r = (r1,...,rp) € {0,1}P with p > 1. Then for every t € R we have

b1irn b_l Tr (‘]rl (Aqo + tBQO) g (Aqo + tB(Io))
—00

(7.2) Tr ((X1)™ (a(X 1, N) +tB(X L, N) -

T2 e
L(Xl)rp (Oé(XL, A) + tﬂ(XL, )\))) dX,,
where the convergence is uniform in A € A.

Proof. We have
Tr (‘]rl (Aqo + tho) g (Aqo + tho))

p
=/ / [TwWi(x1 5 255)
R2p JRP

j=1

p p
!
$ T Kaon(X1 s X0 ju)Rau(s s — s ji1) [ [ dX0;das
j=1

j=1
where W; = (sgn V)" |V,
_5111(2\/\;/\_|x|) . tcosé(\\//_ix) iFA>0,
Rai(z) == V- teR, z eR,
it A <0,

2v/ =X
and the notation H,;}:l means that, in the product of p factors, the variables X, ,.4
and x3 p4+1 should be set equal (respectively) to X1 7 and w31. For p =1 the claimed as-
ymptotic is an identity because Kgp(X 1, X 1) = %. For p > 2, we change the variables:
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(7.3) Xig=X\,, Xi;=X\,+b7'?X\ , j=2....p
Thus, we obtain
Tr (Jrl (Aqo + tho) g (Aqo + tho))

p
= b/z Wi (X' p,wen) [T Wi (X0, +07 12X 8 5) Ko 1 (0, X )
R2P JRP .
j=2

(7.4 -

) H qo,1 XL j’Xl _]+1)Kq071(Xi7p’0)
p

H $37]—"E3J+1 HdXJ_jd"Egj

j=1

Here and in the sequel, for p = 2 the product H?;Ql Kqo (X1 j, X1 j41) should be set
equal to one. The modulus of the integrand on the right-hand side of (Z4l) is upper
bounded by the L!(R3)-function

<1+ |t|>p<X/ >—myP(X/ X' )6—92§)=2\Xi,]\2 ﬁ<x3 yms
WO B 11 128 H J )

where P is a polynomial and g is a positive constant. Moreover, for each (XJ_:I, T30, -,
X', w3,) we have

P P
bllrgowl X' 1,231 1:[ (X 407 1/2Xi_g’m3j 1:[ (XY 1 ms5).

Applying the dominated convergence theorem, we see that (Z4)) entails

(7.5)
bhm bﬂ Tr (Jrl (Aq() + tho) s JTr (Aqo + tho))

/2/ HW XLl,J)gj HR,\t X35 — T3,5+1 dXLIHdJ)gj
R2 JRP j=1

j=1 j=1

X/]Rz(rfl) qOIOXLQ H qolXLj,XLJJrl) g0,1 XLp, HdXLj

_ / T (o(X )" (X1 1 )+ 6Ky )

(XL )" (X1, A) HEB(X L1, M) dX 1

p—1

X/]R2( 1)qul(O , X1 2) HKQO1 (X1, X1 1) K1 (X1 5,0 H X, ;,
pP— ] 2
uniformly in A € A. In order to conclude that (Z5) is equivalent to (]EI), it remains to
note that
p—1 p
/]R?(pfl) KCIO71(O7XL,2) H qu,l(XL,]vXL7j+1)KqO71(XL7p7 O) H Xm,j
Jj=2 =2
1
:K(1071(050): % O
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Corollary 7.2. For each polynomial ¢ andt € R, we have

Jim b= Tr(@(] + Agy +Bqy) — $(7))

— 00

1
=5 [ X1 Tr(é((X1) + (X1, A) +16(X1, A) = ¢(u(XL1))),
R2
where the convergence is uniform in X on the compact subsets of R\ {0}.
Proof. By the linearity of the trace and the integral, it suffices to prove the lemma for
é(x) = z*, k € Z,. Using the cyclicity of the trace and the identity J? = I, we find
that Tr ((J + Agy + tBg,)* — J*) can be written as the trace of a linear combination of
operators of the form J™ (Ag, +tBy,) - J7(Ag, +tBg,) with r = (r1,...,1r,) € {0,1}?
and 1 < p < k. Similarly, Tr ((«(X1) 4+ a(X1,A) +t3(X 1, A)F — (X 1)) with fixed
X | € R? can be written as the trace of a linear combination of operators of the form
WX L) (XL, A) +EB(X L, A)) -+ (X )7 (a(X L, A) + 18(X 1, A)),

which involves the same coefficients as in the case of Tr ((J + Agy + tBg,)* — J*). Using
the linearity of the trace and of the integral once again, and applying Proposition [T1]
we deduce:

Hm b~ Tr ((J + Ag, + tBg,)* — J%)
b—o0

1
=5 / Tr (((X1) + (X1, N) +t8(X L, A)F — o(X1)F) dX .
R
This completes the proof of Corollary [7.2] |

§8. SSF ASYMPTOTICS OF ORDER b: PROOF OF THEOREM

In this section we use the above results and the notation (3IX), (320), (EIT), and
(1) to prove Theorem P23

Lemma 8.1. For each g € Z1 and p > 2/m, we have
||pq<XJ_>_mqu”gp =0(b), b— oo
The proof of the lemma can be found in Subsection 9.4.

Fix qo € Z. All “constants” C' appearing in the proof may depend on V and qp.

Lemma 8.2. Under the assumption (1.5), for each compact interval A in R\ {0} the
following statements are valid.
(i) For allb> 0 and all g € Z4, we have Ty(2bgo + \) € S, and

fuguTq(?bqo +N)|ls, =0®**), b—oo, if q+# q,
€

and
Sup”qu(2bq0 + >‘)||31 = O(b)v b— oo.
AEA
(ii) For every p > 2/m, and A # 0, we have By, (2bqo + \) € S,, and
sup || By, (2bg0 + M) ||% = O(b), b — oo.
PYVN P

Proof. Note that, by (1.5), the proof reduces to the case where V (r) = (X )~ ™+ (z3) .
We consider this case. We have

T,(2bg0 + \) = (X1 )™/ 2p (X )™/ @ £(2b(q0 — q) + ).

Since the Sp-norms of the operators p,(X | )~™4p, and (X )~"+/2p (X )~™+/2 coin-
cide, the required statements follow from Lemma B estimates (@4]) and (@H), and the
fact that Im¢(\) is of rank two. O
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Proof of Theorem 3. 1. First, we prove that

limsup sup {bl/ ind(J+ A+1tB,J)du(t)

b—oo AEATUA- —00

(8.1) - / b~ lind(J —n+ Agy + tByy, J — 1) du(t)} <0

—0o0

for each n € (0,1). By (B11) and (317,
/ ind(J + A+ B, J) du(t)

< / ind(J —n+ Ag, +tBg,J —n) du(t)

— 00

+ /Oo n_(n,A— Ag +t(B — By,)) du(t)

—0o0

< / ind(J —n+ Aqy + tBg,, J — n) du(t)

— 00

+n*(77/2aA_Aqo)+ |B_Bq0||31'

2
)
By a calculation similar to (5.9), we get

sup || A(2gob + ) — Ag, (2q0b + N)|| = O(b~/3),

AEALUAS
whence n_(n/2,A — Ag) = 0, A € Ay U Ay, for all sufficiently large b. Next, by
Lemma [82(i),
sup  [[B(2gob + A) — Bqy (2900 + A)lls,
AEALUAS

go—1

- su B, (2 b+>\‘
)\EA1BA2 H q:ZO Q( w )

=0(**), b— oo,

S1

This proves (BJ]).
2. We will prove that, for each n € (0,1/2),

limsup sup {b_1 / ind(J —n+ Ag, +tBg,, J — 1) du(t)
b—oo AEAIUA> —o0

1 oo
o [Laxe [ aunEenxio) <o
2w R2 — 00

Fix t € R. Applying Corollary [7.2] Krein’s trace formula (1)), and (3:8)), we see that

(8.2)

sup
AEAIUAS

[ v ek Ay + By = ot d
(8.3) o . -
5 [Laxe [ = xsnom)| - o
™ JR2 — 00
for any polynomial ¢, as b — oco. Next, the bounds

sup  sup ||Tg(2bgo + A)|| < oo, sup  sup ||[7(X i, N[ <o

b>0 AeA1UAS X | ERZAEAIUA,
ensure that for all A € A;UA; the functions ind(J—n+ A4, +tBy,, J—n) and Ex(n, X | , )
vanish for all  outside some fixed interval (—R, R), where R may depend on ¢g, V, and
t, but not on b or X . Together with the fact that Z,(-,-,t) € L*(R x R?,dndX ) (see
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Lemma [E.2(ii)), this allows us to change the order of integration in the second integral
in (B3)). This yields

sup

R
[ ano) (v imd(7 =+ Ay, + B4y, 1)
AEATUAS —R

1
21 R2

(8.4)

— 0

Ea(, X1, 1) dX.)

as b — oo.

3. We show that ([84) extends to any ¢ € C(—R,R). By (X)), Krein’s inequality
(see, e.g., 31, Theorem 8.2.1]), and Lemma B(i), we obtain

R
sup / ‘b_lind(:f =1+ Agy +1Byq, J = 77)‘ dn
reAUA; R

R
— sup / 1@ T + Agy + By, J)| di
AeA1UAs J—R

< sup [ Ag + tBylls, = O(1)
AEAUA
as b — oo. Thus, the norms of b= ind(J —n+ A, +tBy,, J —n) are uniformly bounded
in L'(—R, R); so, by the Weierstrass theorem, we can extend (84) by continuity from
the polynomials to all ¢ € C(—R, R).

4. Consider ([84) with an arbitrary ¢ € C(—R, R) such that supp¢ C (—1/2,1/2).
We apply the dominated convergence theorem to show that (84 can be integrated with
respect to du(t). For any n € (—=1/2,1/2), mimicking the pattern of (BI6) and (BI7),
and applying Lemma [82)(ii), we show that

|b71§(7l; J + AQO + tBQO? J)| é biln*(l/z Aqo + tho)

8.5
59 < b 4y s, + b [46By [, < C + O

uniformly over n € (—=1/2,1/2) and A € A; U Ay. Choosing 2/m | < p < 1, we get an
integrable bound for the first term in (84). An integrable bound for the second term
in (8.4) is provided by Lemma [6.2] Thus, (8:4)) can be integrated with respect to du(t),
which yields

0o 1/2
/ dp(t) / dn ¢(n) (b’lind(J —n+ Ag + 1By, J — 1)

sup
AEAIUA, —o0 —1/2
1
—— | =\, X, t)dX )
21 Jae A Xu,t) X,
0o 1/2
é/ du(t)  sup / dn¢(n)(b’lind(J—77+Aqo+tho,J—n)
—o0 AEAIUA, | J—1/2
(8.6) 1
—— | =Xt dX) 0
21 Jae A Xi,8) dXL ) =

as b — oo. The bounds BH) and (6.6) show that we can interchange the order of
integration on the left in (86]). Thus,

sup

1/2 [e.e] 1
ot [ auw) (50— o+ A+ B0 )
AEAIUA —o0

—1/2

(8.7) 1

— E)\(U,Xl,t)dXL)‘ —0
21w R2

as b — oo.
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5. By using the chain rule (87)) and property (e) of ind, it is straightforward to see that
the functions ind(J —n+ Ag, +tBy,, J —n) and Ex(n, X 1 ,t) are monotone nondecreasing
inn € (—1,1). For a given 19 € (0,1/2), choose a continuous nonnegative function ¢
with support in (1o, 210) and such that anOno ¢(n) dn = 1. Then

1/2 S
[ notn) [ dute) (57 md(7 = g+ Agy + 1B T 1)

—1/2 —00

5 |2 Xth)
. A, X1, t)dX

1
/ du(t) (blmd(J Mo + Ago +tBgy, J —1m0) — %/ux(?no,XL,t)dXL)-

Combining this with (8.7), we get (8.2)).
6. Combining (81]), (82), and (B:21]), we obtain

lim sup ess supyca,un, {5_16(25(]0 + A H(b), Ho(b))

b—oo
(8.8) 1 0o
-5 dXL/ du(t) Ez\(2777XL7t)} <0.

™ JR2 — 00

Similarly,
1ibminfessinf)\€AluA2 {b §(2bqo+)\ H( ) Hy (b))
(8.9)
R2

The subsequent arguments are different for A; and Ag. First, we consider the interval
A;. By Lemma B3(ii), the integral [p,dX | [* du(t)Ex(n, X1,t) is continuous in
(A\,m) € A1 x [—1/2,1/2] and therefore is uniformly continuous on this set. It follows
that

(8.10) sup / dXJ_/ dp(t) (Ex(n, X1,1) — A(O,Xl,t))‘ —0 as n—0.
AEALUAS R2

Combining (8F), (83), recalling that 7 can be taken arbitrarily small, and using (B.10)
and (G4), we obtain the desired limit relation (2:2)).

7. Finally, we employ (BR) and [R3) to prove relations 23) and ([24). Note that here
A < 0,0 that (X, \) =0. Foreachn € (—1,1) and X € R?, using the representation
BI3), formula (3J), and a continuity argument, we obtain

Ex(n, X1,t) =ind(e(X 1)+ a(X1,A) —n,u(X1)—n)
= lim NOV o + VXL |60 — )7

Next, for |n| < 1/2 we have
N+ e xo + V(XL )|(e(X1) =)~
=N+ €& x0+ V(X1 + V(XL )l = o(X)n) ™)
> N(A+€—2Con], xo + V(XL,-))

Therefore,

(8.11) Ex(m, X1,t) < Ex_ac,n(0, X1, 1).

Similarly, for |n| < 1/2, 2Con < —\, we obtain

(8.12) Ex(m, X1,t) > Exgacyn (0, X1,1).

Together with (83), (8H), and (64), this completes the proof. O
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89. SPECTRAL PROPERTIES OF THE LANDAU HAMILTONIAN

9.1. Creation and annihilation operators. Angular momentum eigenbases. In
this subsection we construct orthonormal bases of the subspaces H, := Ker(h(g) —2bg) =
pyL?(R?), q¢ € Z (see Subsection EI]), known in the physics literature as the angular-
momentum eigenbases (see [13,[17]). For x = (z1,72) € R?, we take the complex variable
¢ :=x1 + ixo, set

a;_g_l<i_ii>7 3;_i_l<i+ii>7
aC 2 \ 0x1 Oxo a¢ 2 \ Oy Oxo

and introduce the annihilation and the creation operators

(9.1) a=a(b) = —2i (5 + Z@) = —2je bl /4geblc /4,

(9.2) a* =a(b)" =21 (8 — ZZ) = —2iellCI* /4 e —bIc /4

defined originally on the Schwartz class S(R?) and then closed in L?(R?). Tt is easy to
check that the operators a and a* are mutually adjoint. Moreover, on S(R?) we have

(9:3) [a(b), a(b)"] = 20,

and h(b) = a*a. Therefore, the common domain of the closed operators a and a* coincides
with the domain of h(b)'/2. A standard argument from the representation theory of the
Heisenberg algebra yields Ho = Kera, H, = (a*)7Ho, ¢ > 1 (see, e.g., [0, 5.2]). Moreover,
Kera = {f € L*(R?) | f = ge*b‘x‘2/4,5g = 0}. Therefore, it is easily seen that the

functions

1 b\ (E+1)/2 2
(94)  por(x):= Ve (5) (z1 4 izo)Fe X7/ xeR? keZg,

k!
form an orthonormal basis of Hy, while the functions

1
— *\q 2

(9.5) ©g k(%) = il ((@")lpok) (x), xeR, kelZy,

form an orthonormal basis of H,, ¢ > 1. The functions ¢4 can be written in the polar
coordinates (p, 0):

! b k—q+1 )
(9.6) pqux(peost, psinf) = (=i)7y | <5> b= 00 phma [=0) (bp?/2) €004,
TK:

where

. “ k! I
07 LEI = > (k_q+l)!(q—l)!(l!)’

l=max{0,q—k}

5207 quJrv keZJrv

are the generalized Laguerre polynomials.

9.2. Proof of Lemma Lemma is an immediate consequence of the following

fact.

Lemma 9.1. Let v € Lip(R?) be such that sup,cg: ([v(z)] + |Vo(z)|) < co. Fiz q € Z.
Then

0.9 1= poJopyll <672V (Va+ 1+ va) sup [Vo(x)].

xER2
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Proof. Without loss of generality, we may assume that v € C°°(R?) and that all its
derivatives are uniformly bounded on R?. We have (1 — py)vp, = (1 — pg)[v, pglpg, Where

[v,pq] := vpy — pgv denotes the commutator of the operators v and p,. Suppose that
2b > 1. Then p; = 5= qu (z — h)~1 dz, where Ty is the circle {z € C| |z — 2bg| = 1} run

over in the positive direction. Therefore,

1 ~1

opal = =5 [ 16 =0 e
1
=——— [ (242bg— h)"[h,v](z + 2bqg — h) "' dz.
21 To

Since h = a*a, we get [h,v] = [a*a,v] = a*[a,v] + [a*,v]a = —2i(a*OV + OV a). Hence,
(9.9) (1= py)[v, pglpg = 2i(h — 2bq) " (1 — pg)a*OVpy + 2i(h — 2bq) (1 — p, )V ap,.
It is easy to check that

_ N _ q+1
(9:10)  [[(h = 2bg) "' (1 = pg)a®|| = lla(h — 2bg) (1 = py)|| = 5 Ipall =1,
_ 1
(9.11) [[(h = 2bq) ' (1 = py)|| = 55 Nlapqll = v/2bg.

Combining (0.9)) with (O.I0)-(9.11), we immediately get (9.8). O

9.3. Unitary equivalence of Toeplitz operators corresponding to different Lan-
dau levels. By (f,g) = [z, fgdx, f,g € L*(R?), we denote the scalar product in
L?(R?). Moreover, we use the notation (f,g) := (f,9), f,g € L?>(R?). If g € S(R?) is
fixed, then the functionals (f,g) and (f, g) can be extended by continuity to f € S’(R?).
Note also that if f € S'(R?), h € S(R?), then the product fh is a well-defined element
of 8'(R?), acting in accordance with (fh,g) = (f, hg).

Lemma 9.2. Let F € S8'(R?), and let j,k,q € Z,. Then

(9.12) (F¢qks Pa,i) = (DgF) o,k %0,5),

where

(9.13) (DyF)(x) = Y deg(A°F)(x), x€R?
s=0

and

(9.14) dsq = qil(zb)‘s.

T ()% g - 9)!
Proof. First, note that the functions ¢q 1P, ; as well as o £P ; are in the Schwartz class
S(R?). Therefore, we may assume without loss of generality that F € S(R?), because
S(R?) is dense in &'(R?), and D, : §'(R?) — S’'(R?) is a continuous mapping. Then all
the functions (D*F)ps; = DER@ ) ok with o € Z%, s € Ly, k € Zy are in S(R?)

\/s!(2b)¢

and therefore in the domain of the operators a and a*. Next, relations (O.1)—([@2) imply

(9.15) [a, F] = —[F,a] = —2i0F, [a*,F] = —[F,a*] = —2i0F,
whence
(9.16) [la, F],a*] = —2i [0F, a*] = 400F = AF.

Fix j,k,q € Z4. First, we use induction on ¢ € Z, to prove that ([IIZ) is valid with
coefficients d; , depending only on s, ¢, and b.
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Fixing () € Z4, we assume that (9.12) is valid with coeflicients ds 4 that depend only
on s,q, and b for every ¢ = 0,...,Q. We shall prove that similar relations hold true for
q=Q + 1. We have

1
N \Q+1 NQ+1
(9'17) <F90Q+1,k;5062+1,1> - (Q + 1)!(2b)Q+1 <F(a ) $0,k> (a ) 900,j>'

Utilizing the commutation relations (@3)), (@.14), and (@.I5), and taking into account the
fact that g ; is in Kera, we see that

(F(a*)¥ 0o, (a*) ¥ 0 )
26(Q + 1)(F(a*)%o., (a*)%@0,3) + ([a, Fl(a*)?* @0 , (a*) P00 )
2b(Q + 1)(F(a*)%po,x, (a*)?p0,;)

+ (AF(a*) %o, (a*) %00 5) + 2bQ([a, F)(a*) %ok, (a*)? " ¢0,;)
if @ > 0; if @ = 0, the last term should be set equal to zero. By recurrence,
(F(a)? ok, (a*) % 00 5)
=2b(Q + 1)<F(a*)Q</>o ks (@) %00,5)
(9.18) 0
+Q!(20)° Z qq' a”)¥pok, (a)?po,5)-
q:O
Combining (@I7) with [@I8), we get
1 Q
(FooiikeQi1s) = (Feqk, 9Q,4) + s (AFQ.k,¢q5)
Q+1,k> PQ+1,j Q.k>PQ,j Qb(Q I 1) =~ q,k>Pq,j
Q+1
= degr1{A°Feo ko)
s=0
with
do Q if s =0,
ds,QJrl = 2b(Q+1) ZQJFI ds— 1,n—1+ ds,Q if1<s< Q;
Qb(QJrl dQ7Q ifs=0Q+ 1.

Evidently, ds,g+1 depends only on s, @), and b. In order to demonstrate that the numerical
values of the coefficients d, , are given by (9.13), we proceed in the following way. Set
F,(x) := [x|?’, p=0,...,q. Then the identities

q

(9.19) (Fppq.0,24.0) = ((DgFp)0.0, 00.0) = Y _ dsg{(A°Fp)p0.0,000), P=0,...,4,
s=0

are special cases of (II2). A straightforward calculation yields

(Fopan oan) = 2 o D2y

4S(p‘s),(b/2) P if0<s<p,
0 ifp<s<gq.

((A*Fp) ©0,0,0,0) = {

Therefore, from ([@.19) it follows that the ds 4, s =0, ..., ¢, yield a unique solution of the
linear system

~ 45 (p yord, = @D Qo
(9.20) ;)(p b/2 = (b/2)7P, p=0,...,q.
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Setting
(9.21) ds,q = (2b)"%hsq, $=0,...,q,

we find that ([I20) is equivalent to the system

L p+q
(9.22) Ji Sq_< ) ) p=0,....q.

S=

Invoking the elementary combinatorial identity -7_, (7) (pf )= ;q) (see, e.g., [16]

equation 0.165]), we conclude that the solution of ([@.22) is given by

1
(9.23) heg = (q) Zos=0,...,q.

s) sV
Combination of (I21)) and (I23) yields (O.14). O

Corollary 9.3. Let q € Zy, and let F be the operator of multiplication by a real func-
tion F € C?1(R?). Assume that A°F € L*®(R?), s = 0,...,q. Then the operator
pg(b)Fpy(b) : L2(R?) — L%(R?) is unitarily equivalent to the operator po(b)(DyF)po(b) :
L?*(R?) — L%(R?), where D, is the differential operation defined in (L.13)—(@.14).

9.4. Proof of Lemma [8 For § > 0 and ¢ € Z,, we define an operator G, :
L*(R?) — L*(R?) by
Gg.0.b = pq(b)Wopg (D),

where Wy is the operator of multiplication by the function (x) , x € R2. Tt is easy to
check that G, ¢4 is compact, selfadjoint, and nonnegative (see [24, Lemma 5.1]).
Now, Lemma is a direct consequence of the following fact.

—2/0

Lemma 9.4. Suppose § >0, q€ Zy, s> 0, and b > 1/2. Then
(9.24) n1(8;Gqg0.) < Cs + Cybs™,
where C3 = C5(0) and Cy = Cy(q,0) are independent of s and b.

Proof. By Lemma [0.3] the nonzero eigenvalues of the operator G, ¢, coincide with the
nonzero eigenvalues of the operator Gy g5 = po(b)(DyWy)po(b). Evidently, there exists
a function wggp @ [0,00) — R different from zero almost everywhere and such that
(DyWp)(x) = wy0(1x]?), x € R% By [28, Lemma 3.3], the nonzero eigenvalues vy of
the operator G, g, can be written as

1 oo
(9.25) v = vi(q,0,b) := k'/ wy.p.0(2n/b)e M dn, ke Z,.

Since b/2 > 1, we have d; 4 < ¢! (see (@I3)—(@I4)). Hence, wgp0(t) < Cs(t y=1/0 ¢ € R,
with a constant Cj5 that may depend on ¢ and 6 but not on b and ¢. Therefore, ()
implies

1 [ _ Cs [ _ _
nla.b.0) = 35 [ wno(znmeat an< [ e et dy

b\ 1 > C T'(k+1—1/6)
s —_ —1,,k—1/0 _ 5 1/ \ T L — 1/V)
Cs (2> k;!/ A LS U T

keZy, k>—-1+1/6.

IN
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Since limy_ o kl/gw =1 (see [I equation (6.1.46)]), there exists ko = ko(6) > 1

such that for k > ko we have vg(q,0,b) < 225‘; (k/b)~/%. Therefore,

14 (53Gg,0) = (8 Gapo) = #{k € Z | vi(q,0,b) > s}

2C5 _ 1 0., _
<ko+ #{k > ko | S (/0717 > s} < o+ 5 (265)" bs ™,
which is equivalent to (I24)) with Cs = ko, Cy = (205)0 /2. O
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