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ABSTRACT. The existence and uniqueness of vortex solutions is proved for Ginzburg—
Landau equations with external potentials in R2. These equations describe the equi-
librium states of superconductors and the stationary states of the U(1)-Higgs model
of particle physics. In the former case, the external potentials are due to impurities
and defects. Without the external potentials, the equations are translationally (as
well as gauge) invariant, and they have gauge equivalent families of vortex (equivari-
ant) solutions called magnetic or Abrikosov vortices, centered at arbitrary points of
R2. For smooth and sufficiently small external potentials, it is shown that for each
critical point zg of the potential there exists a perturbed vortex solution centered
near zg, and that there are no other single vortex solutions. This result confirms the
“pinning” phenomena observed and described in physics, whereby magnetic vortices
are pinned down to impurities or defects in the superconductor.

§1. INTRODUCTION AND STATEMENT OF THE PROBLEM

For a superconductor of type II, if the external magnetic field satisfies he < h < he,,
then the magnetic field penetrates the material in tubular flux lines called magnetic
vortices. To date, superconductors have been very useful in making steady magnetic
fields of over 100,000 Gauss. One major problem encountered when trying to produce
large magnetic fields is the dissipation of energy due to creeping or flow of vortices [T].
The phenomenon of creeping of vortices can be explained by the Lorentz force between
the superconducting current and the magnetic flux lines. It can be shown that the force
acting on a single vortex is proportional to the superconducting current. This force
moves the flux lines transversely to the current, which, in turn, induces an electric field
parallel to the current. The electric field generated by the moving vortex acts to resist
the current flow, and hence energy is dissipated.

A way to resolve the problem of creeping of vortices is to pin vortices down. It
is well known that spatial inhomogeneities, impurities or point defects in the sample,
or variable thickness [DG] in the superconducting material can immobilize a flux line.
Showing that this indeed happens, say in the framework of the macroscopic model of a
superconductor, leads to an interesting mathematical problem. Namely, the problem is
to prove that out of a continuum of vortex states only a few survive when an impurity
potential is introduced, and that the surviving states are localized near critical points of
the potential in question. Moreover, one would like to determine which of these states are
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212 I. M. SIGAL AND F. TING

stable. The first of these problems is addressed in this paper, while the second (stability
of vortex states) will be addressed elsewhere [ST].

In this paper we work within the standard macroscopic (or mean field) theory of
superconductivity. In this theory, due to Ginzburg and Landau, the stationary states of
superconductors are described by pairs (1, A), where 1 : R? — C is the order parameter
and A : R? — R? is the magnetic potential. These states satisfy the system of equations

A
(1.1) —Ag¢+5ﬂw2—nw=m
(1.2) V xVxA+Im(pVa) =0,

called the Ginzburg-Landau (GL) equations. Here A > 0 is a constant depending on the
material in question, V4 = V —iA is the covariant gradient, and A4 = V. For a vector
A, V x A is the scalar 91 A3 — 02 A1, and for a scalar £, V x £ is the vector (—02&, 01§).
Equation (C2) is the Maxwell equation involving the magnetic field B = curl A and the
supercurrent Im(¢)V 4v). Equations (ILI]) and (ICZ) are supplemented with the boundary
condition

(1.3) [(z)| — 1 as|z| — .

Equations (1)) and (I2) are the Euler-Lagrange equations for the Ginzburg—Landau
energy functional

1 A
e A) =5 [ (1940 + (¥ x 424 102 - 12)
2 Jpo 4
i.e., the solutions of (ITl) and (2)) are critical points of £: £'(y, A) = 0.

We define the vorticity or the winding number of a vector field ¢ : R2 — C at infinity
as deg1 := deg (li—lhﬂzR) = % f‘m‘:R d(arg) for R sufficiently large. Assume that a
pair (¢, A) has finite energy; then the degree of the vector field 1) is related to the flux
of the magnetic field B = curl A as follows:

/ Bdx = 27n(deg ).
R2

Besides the trivial solutions ¥ = 1,4 = 0 and v = 0,V x A = By (Bp is a con-
stant vector field), which correspond to purely superconducting and normal states of the
material, respectively, equations (IT)-(T2)) also have remarkable solutions of the form

(1.4) Un(x) = fu(r)e™ and A, (x) = a,(r)V(nh)

called (magnetic or Abrikosov) n-vortices. Here (r,0) are the polar coordinates of the
vector x € R? and n is an integer. Note that deg v, = n. The existence of such solutions
was predicted by A. Abrikosov, who together with V. L. Ginzburg shared the 2003 Nobel
prize in Physics for this discovery (see www.nobel.se). The existence was proved by
Pholr [P] and by Berger and Chen [BC] by using methods of the calculus of variations.
Stability of n-vortices was proved by Gustafson and Sigal [GS1].

The following information on the vortex profiles f,, and a, is available (see [BC]):
0< fn<1,0<a, <1on (0,00); fr,al, >0;1— f,,1—a, — 0asr — oo with an
exponential rate of decay; f, ~ c¢r”, a, ~ dr? (¢ > 0,d > 0 are constants) as r — 0.

Equations (IJ]) and ([2) have translational and gauge symmetries

() =Pz = 2),  Ax) = Az - 2)

and
Yey, A— A+ Vy
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PINNING OF MAGNETIC VORTICES BY AN EXTERNAL POTENTIAL 213

for any z € R? and any twice differentiable v : R? — R, respectively. Consequently,
solutions (IA4)) lead to the following families of solutions:

(1.5) Yz () = ez — 2), Apay(x) = An(z — 2) + Vy(z — 2),

where n is an integer, z € R? and 7 : R? — R.
Equations (II))-(T2) also have rotational symmetry:

Y(x) = P(gr), Alz) — g~ Alga)

for any g € O(2), but this symmetry plays no role in our analysis.
If a superconductor has impurities, then the GL equations are modified to

A
(1.6) —Aav+ ([ = 1)y + We(@)yp =0,
(1.7) V xVxA+Im(yVay) =0,
where W, : R? — R is a potential of impurities. We assume that Wy = 0.
The problem we address in this paper is the existence and uniqueness of vortex-type

solutions of the Ginzburg-Landau system (LB)—(L7) with external potential W, near
the vortex solutions (LHl).

Notation. Throughout this paper, we are working with Sobolev spaces but we use only
L? inner products.

Acknowledgement. [.M.S. thanks S. Gustafson for fruitful collaboration on magnetic
vortices.

§2. RESULTS

In this section, we state our assumptions on the potential W, and our main theorems.
In what follows, we consider only the 1-vortex (¢, A;) and use the notation ¢y = 1
and Ag = A;. Results for the —1-vortex are exactly the same. Proving similar results
for n-vortices requires some additional technical steps and the corresponding results will
be presented elsewhere.

We assume the potential W, satisfies the following conditions:

o (A) W is O(e) in L?
e (B) [09W.(z)| < Cyedlel for 0 < |a| < m and for some ¢,d > 0.
Define the effective potential experienced by the vortex (1o, Ag) as

1
Wes e(2) = 3 / We(z)(|tpo (x — z)|2 —1)dz.
We consider the domain
Qs = {x € R? 1 if [W/ ()| < €0, then W/ (z) is invertible and |W/ (z) || < c(e6?)™*}.

Theorem 2.1 (Existence). Let W (x) satisfy conditions (A) and (B) withm = 3,0 < 1,
and € < 8. Suppose Wegt ¢ has a critical point at zg € Q5. Then for € sufficiently small,
there exist solutions of (.6) and (L) of the form

Ye(@) = eV (a — 20) + &(w), Ac(@) = Ao(z — 20) + Be(x) + V(2),

where zc = zo + O(e), the functions &, Be are O(e) in H?(R%*;,C) and H?*(R?;R?), re-
spectively, and vy is an arbitrary H'(R?; R)-function.
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214 I. M. SIGAL AND F. TING

Let v = (ﬁ) and v, = (ﬁ:{), where

(2.1) Yoy =AYy A=A +V(z-A,) +Vy

for v € HY(R%*R) and 2 € R?. Here ¢,(x) = ¢o(z — z) and A, = Ag(z — 2).
We introduce the spaces H? = H%(R?;C) & H?(R?;R?) and L? = L*(R%;C) &
L?(R%*;R?) equipped with the inner product

(€. B), (1, C))pe = /R {Re(@) + B-C) da.

Theorem 2.2 (Uniqueness). Let W(x) satisfy conditions (A) and (B) with m = 3,
§ < 1, and € < 62. Assume for simplicity that W is of the form W (x) = eW (x). We
have the following results:
(1) Suppose zy € Qs is a bifurcation point, i.e., there exists a family of solutions v.
of [L8) and ([LT) with ve — vy, in H? for some v € H'(R%*R). Then zo is a
critical point of Weg ¢ for € sufficiently small.
(2) Suppose ve, v are two families of solutions of (L8) and (D) with ve, v — .oy
in H? and 2y € Qcs. Then ve = v. for € sufficiently small.

Denote vy := v,—0,y—0. We will also need the affine space
HZ = vy + H? = {vo +w | w € H?}.

Theorem 2.3 (Reduced Energy). Under the assumptions of Theorem [Z1], for ¢ > 0
sufficiently small, there exists a constant 69 > 0 and a C® function ®. : R> — R such
that there is a one-to-one correspondence between the critical points of E. in the tube
{veBE | ||[v—vs|luz < 8o for some z € R? and v € H'(R%;R)} and the critical points
of ®. in R2.

The following proposition discusses the relationship between the critical points of W,
and Weg .

Proposition 2.1. Suppose our potential W, satisfies conditions (A) and (B) with m = 3,
d < 1. Then W, has a critical point (local minimum/mazimum/saddle point) at 2’ €
Qes if and only if Weg « has a critical point (local mazimum,/minimum/saddle point) at
20 € Qes with |2" — 29| < ¢d.

The proof of the following theorem will be given elsewhere [ST].

Theorem 2.4 (Type of a critical point). Suppose the assumptions of Theorem [2.1] are
satisfied, and We has a mazimum/minimum or saddle point at 2/ € Q5. Then the
corresponding solution (e, A¢) (as guaranteed by Theorem [Z and Proposition [Z11) is
a strict (modulo gauge symmetry) local minimizer/saddle point of (1, A).

Theorems 1] 22, and Z3] are proved in §3l Proposition 1] will be proved in Sub-
section

Theorem [Z4] makes it possible to show that only vortices corresponding to maxima of
the potential W, are orbitally stable (see [ST]).

TheoremsZTl, 22, and -4lgive mathematical content to the physical picture of trapped
vortices: out of a continuum of vortex solutions localized around arbitrary points of
the physical space in the absence of an external potential, only few (modulo the gauge
symmetry) solutions survive when such a potential is turned on; the latter solutions are
localized near critical points of the potential, with only those localized near maxima
being stable.

Theorem 23] introduces a reduced energy on R? that gives a complete description of
the vortex location and stability.
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PINNING OF MAGNETIC VORTICES BY AN EXTERNAL POTENTIAL 215

Aftalion, Sandier, and Serfaty [ASaSe] proved a similar pinning result as in Theorem
2T in the A — oo regime, for applied external magnetic fields, bounded domains, and for
maxima/minima of the potential. The result of [ASaSe| was extended to critical points
of the external potential by Andre, Bauman, and Phillips [ABP]. Chapman, Du, and
Gunzburger [CDG| have done numerical work on pinning.

For reviews of the results on Ginzburg-Landau theory of superconductors, see [BEGLV],
Gull [JT, Rl Rivl, Rub2]. Some recent results on magnetic vortices can be found in [JMS].
Some of the issues touched upon in this paper were also addressed in [GS2]. Earlier results
related to trapping of solitons can be found in [EFW] [Oh1] [OL2| [ABC].

Remarks. (1) The restrictions on the parameters € and § in the statements above are not
uniform in the parameter A. Presumably, the restrictions imposed weaken as A increases;
however, to prove this would require an additional estimate on the vortex profile (namely,
a lower bound on [(1 — f2) needed in Lemmal[6.2)), which is not done in this paper.

(ii) We could have formulated the conditions on the potential W, entirely in terms of
the effective potential Weg . so that no differentiability of W, would be required.

(iii) One can weaken our assumptions on W, considerably if one is interested in maxima
and minima only.

§3. MAIN STEPS YIELDING PROOF OF THEOREMS [2.TH2.3

In this section, we describe the main steps yielding the proofs of Theorems 211, P21
and 23

Equations (L) and (IZ) are Euler-Lagrange equations for the Ginzburg-Landau
energy functional with potential

1 A
(3.1)  E(,A) = 5/ <|VA1/)|2 + (VAP 4 297 = 1) + We(@) ([e1” — 1)) da
R2
defined on the space H2, i.e., the solutions of (L6) and (7) are critical points of &:
& (, A) = 0. Here we note that & is C°° if W, € L2
Let v = (¢, A) € HZ; we introduce F.(v) = &!(v), defined as a map from H? to LZ.
Explicitly,
F.(v) := —Aap + %(WP - 1)w_+ We(z)y
e(v): VX VxA+m(@Vad) )

Thus, equations (L.6) and (I.7) can be written as F.(v) = 0.

Let 7., denote the orthogonal projection onto the kernel K, of F{(v,,), and let

WZLA/ :=1—m,,. The operator ij projects onto the L2-orthogonal complement KZL7 of
K., ie., 71'2‘7 L2 — Kj:/.

The proof of the existence of a solution of ([6) and (1) relies on the following two
steps.

Step 1. Liapunov—Schmidt reduction and solution in the orthogonal direc-
tion. We use Liapunov—Schmidt reduction to break the problem up into its tangential
and orthogonal components to the infinite-dimensional manifold of approximate solu-
tions:

M :={v., | 2 € R* vy € H'(R*;R)}.

First, we show that there exists a solution in the orthogonal direction. More precisely,
we show that for all z € R?, v € H*(R?;R) and e sufficiently small, there exists a unique
Wyvye € KZL7 such that

(3.2) T Fe(Vay + Ware) = 0.
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216 I. M. SIGAL AND F. TING

To do this, we show that the linearization of F around a point v, € M is invertible in the
orthogonal direction. After deriving some estimates on the nonlinear term N, (v.~,w), we
shall employ a fixed point argument to show the existence of a solution in the orthogonal
direction.

Step 2. reduced problem and solution in the tangential direction. We solve
the corresponding problem in the tangential direction. More precisely, we show that
there exist z. such that

(3.3) Wznge(Uzg'y + wZe'YE) =0.

To do this, we substitute the solution, w.~., of (82) into the Ginzburg-Landau energy
functional to get the reduced energy functional

D (2) 1= Ec(Vary + Wiare)-

We show that (a) ®.(z) has a critical point at z. if and only if (3:3) has z, as a solution,
and (b) if Weg (x) has a critical point at zg € Q, then ®.(z) has a unique critical point
at some z. = zg + O(e) provided our potential W, satisfies (A) and (B) (with m = 3) of
Theorem 1Tl § < 1, € < 62.

Steps 1 and 2 imply F. (v, ~ + w, ) = 0 and hence Theorem 2] follows. Step 1 will
be carried out in §4, and Steps 2(a) and 2(b) will be carried out in §§6land B respectively.
We give some essential details below.

Let T, M denote the tangent space to M at v,,. Then

(3.4) Tp. M ={a-V, v,y + (0,0,)v. | a € R?, 0 € H*(R*R)}.

Vzny
Explicit expressions for the vectors d.,v., and 0y(;)v.y at z = 0 and v = 0 (which suffice
for our analysis; see the remark below) are given in equations (B12) and (5I4]). Here we
only mention that due to our peculiar definition of the family v, (see equation [21J)) the
1p-component of the z;-derivative of v, can be expressed through the covariant derivative
(0j —iAj(x))bo(x). The latter fact implies that 0,,v., € H* for any s > 0. Moreover,
examining equations (£.12) and (5.14), we see that T, M C H?*(R%* C) & H?*(R*R?).
Now, we state the critical fact we need in our analysis. To identify Theorem 3.1 with
a result from [GST], we use the relation Fj(v.+) = g~ (v0)g, , where g.. is defined by

o\ (il AC=2) (. _ 1)
(3:5) 9y <A> o (A( —2)+V(z-A(-—2))+ V'y)
for v € HY(R%*R) and 2 € R? (see 2.)).
Theorem 3.1 ([GST]). (i) Ty M = Ker[F}(v.. ).

Vzry

(ii) oo(FY(vay)) = [, 00), where ¥ = min(1, ).
Corollary 3.1. Fé(vm)|TvaL is invertible.

Using Corollary we shall prove the following main statement in Step 1. We denote
by Bx(z,r) the open ball of radius r centered at z in a Banach space X.

Theorem 3.2. Suppose W.(x) is O(¢) in L?. Then there exist positive constants ¢y and
8o such that for every z € R?, v € HY(R%;R), and 0 < € < €, there is a unique element
Wzre 0 By2(0,00) N KZ{/ such that equation [B.2) is satisfied.

In addition, we have the following:

a) ||Werel|lygz < De with a constant D = D(||[¢)]|oc, 5, 8) > 0, Kk 1= sup. w,

€
and (3 is defined as in Lemma[7.]]
b) Ware is C* in z, and ||02 wayellr2 < ce forn=1,2,3.
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PINNING OF MAGNETIC VORTICES BY AN EXTERNAL POTENTIAL 217

Now, we shall state precisely part (a) of Step 2 in Theorem below, but first we
need some definitions.

We define a manifold diffeomorphic to the manifold M of approximate solutions.
By Theorem B2 for every 0 < € < €y, z € R?, and v € H!(R?;R) we have a unique
Vzye = Vsy FWaye € H3 with ﬂj‘vFe(vm—i—wz%) =0and wyye € Ran(ﬂj-v). For 0 < € < ¢,
we define the manifold M, by

Me = {vzye € H? | Vzye = Vzy + Wavye, Y € H'(R% R), z € R?}.

Note that M, = M for e = 0.
The effective energy ®, : R? — R is the energy functional &, restricted to the manifold
M.. We have the following result.

Theorem 3.3. Assume the conditions of Theorem[3.2Z, and let w.~. be a unique solution
of B2) for given z € R?, v € HY(R%:R), so that ®.(z) is well defined. Then for
0 < € < €, the reduced energy function ®(z) has a critical point at z = z, if and only if
equation [B3) is satisfied.

Finally, in order to complete Step 2, we use part 1) of the following theorem.

Theorem 3.4. Suppose our potential W, satisfies conditions (A) and (B) in §2 with
m=3,0 <1, and e € 6. Then:

1) If Wegr e has a critical point zg € Qes, then ®. has a unique critical point z. €
Bg2(z0, c%) N Qes, and moreover |z — 20| < C'g5.

2) If . has a critical point z. € Qes, then Weg ¢ has a unique critical point zy €
Brg2 (2, c%) N Qes, and moreover |zo — z.| < Cg5.

3) West,e has a local minimum/mazimum/saddle point at zo if and only if ®. has a
local minimum/mazimum/saddle point at ze.

Theorems B3, and B4 are proved in §§4, [, and [ respectively.

Now, we are ready to prove Theorems 2.1] 2.2, and 23]

Proof of Theorem [2.1l By Theorem [3.2] for all z € R? and v € H*(R?;R), there exists
a unique w;~e € Bg2(0,00) N Kjv such that 7TZ{YFE(UZ7 + w,ve) = 0. Therefore, ®(z) =
Ee(Vzy + Wyye) is well defined. By Theorem B4 (part 1)), ®. has a critical point z. €
Bga (20, ce) for € sufficiently small. Therefore, by Theorem B3] 7, ~F(vs + W ~e) =0
and hence F (v, 4 + W ~e) = 0. Moreover, w, e 1= (g) = O(¢) in H? (by Theorem

B.2(a)). Denoting (i) = U,y + W, e, We arrive at the statement of Theorem .11 O

Proof of Theorem [ZZ For part (1), let zg € Qs be such that there exist solutions v, of
& (v) = 0 satisfying ve, — v, in H?. By Proposition 2 in [Gu2] (“Splitting theorem”),
there exists ko such that for all & > kg, v, can be uniquely (modulo gauge) decomposed
as Ve, = Uz, + Wy, Where 2, — 20 and wy, L Ty, M. Since ve, is a solution of & (v) =0,
we have

(3.6) 73 Fop (Vs +wg) = 0.

Since ||wg||g2 — 0 as k — oo, we can assume that ko is such that ||wg|g2 < o for
k > ko, where §p is the same as in Theorem Then, by Theorem B2l wy, is a unique
solution of (B6]) in By2(0,dp), and this solution satisfies |wg||g2 < Deg.

By Theorem B3 and B4), for all k& > ko we have

(3.7) V., (21) = 0.
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Since zg € Q5 and zp — zg, it follows that zp € Qs for k sufficiently large. Hence, by
(B0) and Theorem Bl (part 2)), for all k > ko we have
(3.8) VWet e, (2,) =0 for some z;, € Bge (zk, ?—;)

Since W, = eW, we have Weg,c = eWesr, where Weg(2) = 3 [ W (z)([¢(z—2)[* — 1) dz.
Since Weg is independent of €, the 2z, are independent of k for all k¥ > k; for some
sufficiently large k1 > ko. Since zj, — zp, we conclude that zj, = zy and, in particular,
VWes(z0) = 0. This implies that Weg . has a critical point at zop (Weg . has the same
critical points for all €).

For part (2), suppose v, v. are solutions of &£ (v) = 0 with v.,v. — v,, in H? and
20 € Q¢ (here and in the rest of the proof we omit the subscripts ). Using [Gu2]
Proposition 2] once again, write v¥ = v # +w, % , where v¥ is either v, or v/, 27 is either
ze or 2., and w1 T”z# M. As in the above argument in part (1), we have W, # = O(e),

2# — zg as € — 0, and V®.(2¥) = 0. By the previous result, VWeg ((20) = 0. Since
20 € Qes, Theorem B4l (part 1)) implies that ®, has a unique critical point in Bgz (2o, c%).
Since z# — 2 as € — 0, for e sufficiently small both 2, and 2/ are in Bg (20, c%). Hence,
z. = z. for e sufficiently small, i.e., v. = v for e sufficiently small.

Proof of Theorem [ZZ3. Let a constant o > 0 and a C? function ®. : R? — R be as in
Theorems and B3] respectively. By Theorem [3.2 for any z,~ there exists a unique
Werye € Bp2(0,00) N KZ{/ with ﬂijE(vw + w,ye) = 0. By Theorem[33] ®, has a critical
point at z. if and only if m, Fe(vs.y + Wz ~e) = 0. Hence, ®, has a critical point at
z =z if and only if F.(v,+ws_ ) =0. Thus, ®, has a critical point in R? if and only
if & has a critical point in the tubular set specified in the theorem. O

Remark. Some of the computations simplify if we transform the map F. “back” to a
neighborhood of vy := wgp. This is done with the help of the transformation (3.3).
Using this transformation, we write v,y = ¢.4v0 and Fy(g:4v) = g.4Fo(v), so that
F§(g24v) = ganFo(v)gz) . Next, we introduce the new map

(3.9) Fe:(v) = g2, Fe(gzyv).

Observe the relations F/,(v) = g;.' F/(gzyv)g. and

(3.10) Fo.(v) = Fo(v) + (Wf(' N ZW) .

Now, instead of considering the equation F,(v) = 0 in a neighborhood of v, we consider
the equation

(3.11) F..(v)=0
in a neighborhood of the point vy. In particular, instead of the equation
(3.12) T Fe(vey +w) =0

for w € (T, M)+, we can consider the equation

(3.13) 7y Fe.(vo +w) = 0,

where 15 = 1 — 1 with Ty = mgo, for w € (T,,M)*. Similarly, instead of solving for z

the equation

(314) Wzng(szy + wz'ye) =0,
where w.e € (T,,,, M)* is the solution of (ZIZ), we can solve for z the equation
(315) 7TOF‘ez(UO + wze) =0,
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PINNING OF MAGNETIC VORTICES BY AN EXTERNAL POTENTIAL 219

where w,. € (T,, M) is the solution of (3.I3). Observe that here

Wzve = GzyWze-

These are two equivalent approaches, and we use one or the other depending on its
convenience in computations.

§4. SOLUTION IN THE ORTHOGONAL DIRECTION (PROOF OF THEOREM [3.2)

In this section we prove that for e sufficiently small, the equation 7L - Fe (Vzy +w) =0
forw € KZA/ has a unique solution. To this end we use an implicit functlon type argument.
We begin with the following definitions. Let v = v, + w, where v,, = (w‘” ) € M, and
w = (g) € H? with w L T,,, M. We have the following Taylor expansion:

(4.1) Fe(vay + W) = Fe(vay) + F(027)w + Ne(vzy, 0),
where Ne(v,y,w) is deﬁned by this relation (the explicit form of N (v,,w) can be found
in §7). Define L,\e = 75 F!(v2y) |rcs e

zyte
To proceed, we need the following two lemmas the proofs of which are given in §fl

Lemma 4.1. There exist positive real numbers 8 and Cy independent of €, z, and v (see
{7 for the value of C1) so that for |e| < C1 and w € ley N H? we have

(4.2) [Layew|lpz > B llwllge -

Lemma 4.2. There exist positive constants Co,C3,Cy independent of z,v, € such that
for all w € H? with ||w]|g2 < Ca,

(4.3) INe(Vars w)l 2 < Ci e
and
(4.4) 0w Ne(vzy, w) |2 12 < Caf|w]|ge.
Using the expansion (LI) and abbreviating 7% Fe (v2+) to F, and 72 Ne(vzy, w) to
N z{/e( ), we rewrite equation (3.2) as a fixed pomt equation w = S.~.(w) for the map

S.~e defined on H? by
Sunelw) = ~L5L [N, (w) + F

zye zve zve] .

Let 3,C1,C5,C5 and C4 be the constants occurring in Lemmas 1] and and let
K= Supq = ||Wel 2. Set 8o = min(Cs, %, %) and €p = min(CY, g—zﬁ). We shall show
that, for 0 < € < €g, the map S, takes the ball Bi = By:=(0, 60)0Kj7 continuously into
itself. Let w € B(i. Then by Lemmas A1 and B2] for € < e < Cy and ||w|| < §p < Cq,
we have

1
HSZ’YE HH2 — ﬂ H Z'ye +F;:/€||L2 — 6(03 ||1'U||H2 + H Z“KHL? )

Since F,(v) = Fy(v) + (ng 8)1} and Fy(v.y) = 0, we have Fe(v,y) = (WES”” ); therefore
(since [ian] < 1),

(4.5) S Fe(uar)llpe < [WellL2 < re.

12l
Combined with the preceding inequality, this gives

Sere(w)ll g2 <

Therefore, S.,c(w) is in B, too.

% (6’363 + IﬁJE) < .
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In addition, for w and w’ in Bi}, from (44) and the mean value theorem it follows
that

(4.6) [Ne(var, w) = Ne(Vzy, w')llg2 < Cado lw — w'|lgg2 -
Hence, ([@6) and our choice of dy imply
[S2e(w) = Sane (W)l = 1L zye(Nzse(w) = Nope(w)) | L
Ciydo
B

Therefore, S, is a contraction map, and so S, has a unique fixed point w,e in Bé} .
By the definition of the map ..., this fixed point solves (B.2]), which proves the first
part of Theorem 3.2
For part a) of the second part of Theorem [3.2] we note that
[1S27e Ol = || Loye Fiellgge < 87 1Fe(va)lpa -
But for the fixed point w,. we have

Waye = Sye(Warye) = Soye(0) + Soye(Wane) = F2qe(0).

1
< lw =l < 5 llw = 'l -

Consequently,
||wz'ye||H2 < HSZ'ye(O)H}p + [1S2ye(Ware) — Szve(o)H}p

_ 1
<p ! ||Fe(vzv)||1,2 + 5 ||w276||H2 .

Since || Fe(vzy)|lL2 < ke (see @A) and S is independent of €, the last inequality implies
part a) with D = 237 1x:

(4.7) waellz: < 28 ke,

To prove part b), we proceed in a standard way. Define F- : R? x (Ran(n.,)* NH?) —
(Ran(7,+ )t N L2) by

(4.8) FH(z,w) = 72 Fe(vay + w),

where we have suppressed the dependence of F'*- on € and « for brevity. By part a), for
0 <e<epand vy € H! there exists w = w(z) € Ran(m,,)* N H? such that

(4.9) F(z,w(z)) =0, zeR2%

We shall show that w(z) in @9) is C! in z (the C? and C? cases are similar). Fix
0<e<eandy € H'. For any z € R? and sufficiently small h € R?, we have by (£3)

(4.10) FL(z4hw(z)+t) =0 wheret=w(z+h) —w(z).
Expanding the left-hand side of this equation around (z,w(z)) and using (Z3]), we obtain
(4.11) 10:F (2, w(2))h + 00 P (2, w(2))t L2 = o(|lh]|z2 + [[tllse2)-

Since 0, F (2, w(2)) is invertible, (1)) implies
It 4 (D FH (2, w(2))) L0, F 4 (2, w(2)) b 2
< (0w F* (2, w(2))) "Ml - oll[Allz2 + [It]12).
Now, suppose that [|A||r2 + ||| g2 is chosen so small that
o[lhllre + Itlle2) 100 = (2, w(2) | < 1/2([[Allr2 + [t 52)-

In addition, if a = 2[|0,F*(2,w(z))"! - 9, F+(z,w(2))|| + 1, then, using the triangle
inequality on the left-hand side of (@I2), we deduce the estimate

(4.13) [tl[a2 < al|h|ge.

(4.12)
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Equations (4.I12) and ({I3) imply that
[t + 0w F ™ (z,w0(2)) 71 - 0 F+ (2, w(2)hllme < (a+ 1)o]|hl|z2),

and by the definition of ¢ in (4.10), the above argument shows that w(z) is C! in z, with
0, w(z) given by

(4.14) D.w(z) = =0 F(z,w(2)) L0, F 1 (2, w(z)).

Now we prove that [|0,w(z)||gz < ce. Fix z € R? and write w = w(z) for conve-
nience. We estimate the right-hand side of I4). We have already shown before that
|0wF+(2,w)~t| < C. Hence, it suffices to check that ||0.F*(z,w)|| = O(¢) as e — 0.
By (&), we have

(4.15) 0. F*(z,w) = (8Z7TZ{/)F6(UZA, +w) + ijazFe(vw + w).

By (58) and Lemmas and B3 ||z | < C. Similarly it can be shown that
0.7 || < C. By @), we have

(4.16) 1Fe(vary + w)llee < [Wellz2 + Cllwllsz + Cllwlle = O(e),

because ||w|g2z = O(e) by @T). In the above, we have used equation (LE) and the
relation W, = O(e) in L? for the first term, the fact that F, is C* for the second term,
and Lemma for the last term. Now, recall that

0 0
By ([@I7) and the fact that F{(v.,)0.v., = 0, we have
0= Fe(var + w)llre = [FL(vzy + )00z |12

< F sy +0) = Flto 0w s+ | (Y 0) 020
L2

< € max([|0:v2 lloos 102024 o) [wllgxz + [Well 2210024 [l
= 0(e),

(4.17) Fito o =Bty + (V47 0)w.

(4.18)

since F, is C%, W, = O(e) in L?, and [|0:02+||oos [[02024 |0 < o (by the explicit form of
0.v.,—see equation 1]) and the line preceding it). Equations (@15)), (A16), and (EIY)
show that ||0,w.ye|lL2 < ce and we are done with the proof of the estimates in Theorem
B2b) for n = 1. The cases of n = 2,3 are done similarly. O

§5. CRITICAL POINT OF REDUCED ENERGY IS EQUIVALENT TO CRITICAL POINT
OF FULL ENERGY (PROOF OF THEOREM [3.3))

In this section we show that the reduced energy ®.(z) := & (v.ye) (we recall that
Uzve 1= VUzy + Wsye) has a critical point at z if and only if £/ (v, c) = 0.

5.1. General Argument. Equation (3.2]) implies that

(5.1) EL (Vo) € T M
for any z € R2. By the independence of the energy functional of gauge, we have
(5:2) 0= 0yPc(2) = (DyVzye; E(V2re))-
We claim that, given (1) and (5:2),
(5.3) 0:Pc(2)]=2. =0 = E/(Vare|o=z.) = 0.
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Note that statement (B.3)) is equivalent to the statement in Theorem B3l The (<) part
of statement (5.3)) is trivial: if £/(vzye|z=2.) = 0, then

0:Pc(2)]o=z, = <82”Z“/evgé(7}276)>|z:ze = <azvzvs|z:zeagé(vzve)|z:ze> =0.
Hence, it remains to prove the (=) part of (B3). First, we observe that the relation

(5.4) (020296, EL(Vzne)) 2=z, = 0:Pe(2) 2=z, = 0
together with (5.2) implies
(5.5) E(Vzne) L T, Me.

Thus, it remains to show that (5I) and (B0) imply E/(vsye)|:=-. = 0. Let f. denote
EL(vz.~e), and let
M,

7 = L*-orthogonal projection onto T...,

7e = L2-orthogonal projection onto Ty, .M.

Then equations (51) and (5H) can be written as

(5.6) 7fe=fc and w.fe=0.
We want to show that f. = 0. But in view of (5.6,
(5.7) fe=nfe=(m—me)fe.

Now, by Proposition (.1], we have

”fe” S ”7T _7Te|| er” S Ce”fe”

This implies that f. = 0, which completes the proof of the (=) part of (53)), modulo the
proof of Proposition B.11

Proposition 5.1. a) 7 and 7. are bounded, and b) |7 — 7|]| = O(e).
Proof. The statement follows from (B.8), (5.9), and Lemmas [.4] and 5.5 |

In the rest of this section, we only consider the case of z = 0 and v = 0, to which the
case of general 2z and 7 can be reduced (see the remark at the end of §3). We write ¢
and A for 1y and Ag.

5.2. The projections 7', 7!, 79, 7¢. In this section, we find explicit expressions for

the orthogonal projections 7w and 7.

Recall that v,ye = Uiy + Waye. We set T = (11,T2) = V.0.y|220y=0 and G5 =
OyUzy|2=0,4=0, and T¢ = (T}, T5) = V. V.ye|lz=0y=0 and G§ = OyVzvye|z=0,y=0. Since
T,M ={a-T+ (0,Gs) | a € R*,0c € H}(R*R)} and T, M. = {a- T+ (0,G5) | a €
R% o € H3(R?%R)}, we have

(5.8) T=n"+79,
(5.9) e = mt + Y,
where

7t = L*-orthogonal projection onto {a-T | a € R?},
79 = L?-orthogonal projection onto {(o,Gs) | o € H3(R*;R)},
(5:10) ! = L*-orthogonal projection onto {a - T° | a € R?},
79 = L*-orthogonal projection onto {(o, G§) | o € H3(R*;R)}.
We recall that if {¢;} is a basis for a subspace V' C X, then the orthogonal projection
Py onto V is given by

(5.11) Py = [6) (U )i (51,
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where (U);; = (¢i|¢;) is the basis matrix, and where the labels ¢ and j are allowed to
vary through a continuous domain, in which case the sum in (5.I1) should be understood
as the corresponding integral.

Our goal is to compute the basis matrix for the basis {7}, G5)}. First, we compute
T; and Gs,. For the translational tangent vectors, we have explicitly

_ (05 —iAy) D -
(5.12) T; = <8jA—VAj for j=1,2.

By using the formulas ¢(z) = fi(r)e? and A(z) = a1(r)VO (for x = (r,0)), expression
(512) can be further rewritten as

(5.13) T, = <ei9(%f{ + gl al)%fl)) 7

where ef = (0,1), e = (—1,0), and 2+ = (—x9,71).
For the gauge tangent vectors, we have explicitly

_ [ iy e _ (020"
19 o= (2) - (%),

where 6,(y) = 0(y — z).
Now, we compute the “basis matrices”. Using (5.13) and the vanishing of the integrals
of the type [ z122¢(|z|) dz, we obtain

2 / 2
(5.15) (T;,T;) = Bid;; where §; = W/W [(f{(r))z + flr—(;)u —a1)?+ % (“z@) } dz.
Since T = T; + 0z, Wie|z=0,v=0, We have
(5.16) (T5,T5) =: (8)ij = Bidij + (V)ijs

where (v)i; = vy = (T3, 0jw) + (yw, Tj) + (yw, Ojw), with Ojw := 0., Wzre|=0,y=0-
Note that ||v|| = O(e) (since ||9jw||r2 = O(€) by Theorem B2b) with n = 1). Hence,
the matrix ¢ is invertible (as a sum of an invertible matrix § and a small matrix). In
addition, using (5I4)), we obtain
(5.17)

(Gs,Gs,) = (=D + [WP)(z,y), (G5,,G5,) = (A +[¢*)(@,y), (T},Gs,) = 0.

Here we prove only the first of these relations. The other two can be proved in a similar
way. Using (B-I4), we write

(Gs., Gs,) = /Re(i5z(2)¢(2)i5y(2)¢(2) +(=V202(2)) - (=V20y(2))) dz

_ / 50(2) (= + [1]2)0, (=) d
= (0, (—A + [9]2)3,).

The expression on the right-hand side is the integral kernel of the operator —A + [¢|%.
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Now, the projections introduced above can be expressed in terms of the bases {7}, Gs, }
and {T5,G§_}. Using the equations above and (G.11]), we have

2
nt ="\ s T,
=1
wt = > TH((B) i Ty,

4,j=1

w0 = [[1650(-2 + [0P) (2.0)(G, | dad

(5.18)

7 :/ G5, )(=A+ [0) (2, 9)(G, | dady,

5.3. Boundedness of 79. In this section, we prove the boundedness of the operator 9.
As a prelude to the calculations below, we note that there is a one-to-one correspondence
between the operators J on H*(R?) and the operators 7% defined by

(5.19) 7= [[165.)9(.0)(Gs, | dad,

where J(z,y) is the integral kernel of J. Moreover, this correspondence is linear, i.e.,
7% + 7% = 7% g In our case (see (BIF)),

(5.20) 7 =79 with J = (—A, + |[¢(z)*) "
This can be seen from (5.17) and (5.18)).

In the next lemma, we find explicitly how 7% acts on vectors.

Lemma 5.1. If f = (g), then, in the sense of distributions, we have

g _ (J[Im($¢) + V- B]
(5.21) maf = <V(J[Im(u7£)+v'3])) '

Proof. The computation

sl = (). (50))..

= Re/(—iéy(z)w(z))f(z) dz — /Vzéy(z) - B(z)dz
= Im(¢(y)¢(y)) +V - B(y)
and (B19) give (B21)). O

We are ready to show the boundedness of ;.

Lemma 5.2. Let J : H! — H*t! be a bounded operator. Then the operator 7
H?* — H? is bounded, with

(5.22) |79 —me < C|\ | gs—1— gt
The constant C depends on H&Lalwoﬂoo for Ja] < s.

Proof. Estimate (522 follows from the explicit expression (E21]), the estimates ol €
L® for |a| < s, and the boundedness of J as an operator from H*~! to H*T. O
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Lemma 5.3. For fized z € R? and v € H'(R%*;R), the operators A := —A + || and
Aci= —A+ [¢¢)? : HY — H™! are invertible, and J = A~! and J. = AZ! satisfy all the
conditions of Lemma [2.2 for s = 0. Therefore, the operators w9 = Wi_l and ¢ =

are bounded on L? with the bound

792 < CIAZ | -1

g
ATt

by Lemmalid, and B20) and similarly for m9. Moreover, the quantities | A7 | g-1 1,
€ > 0, are bounded uniformly in €.

Proof. To show that the operator A := —A +[|? : H? — L? is invertible (with bounded
inverse), we show that its spectrum is disjoint from zero. Clearly, A is selfadjoint and
positive. Hence, o(A) C [0,00). Now, since |1|> — 1 as  — 00, we have Tcont(A) =
[1,00) (see, e.g., [HS, RS]). Therefore, A can have only discrete eigenvalues in [0, 1).
Clearly, 0 is not an eigenvalue of A, whence 0 ¢ o(A). Therefore, A : H?> — L? is
invertible.

Now, to show that (—A + [1[?)~1 : H~' — H! is bounded, it suffices to check that
the operator

(5.23) (—A+ ) Y (=A+1)Y2: L2 = H' is bounded.
To prove (5:23), we write
(CA+ [P A+ D2 = (A4 [pP) TN =A+ )T (A + 1)
= (A+ )TV (A + [P (-A+1)

H'«— L2 bounded L2+ L2 bounded
AT A ) TE(-A )
B

since (—A +|Y)2)"H(=A+1) =1+ (=A + [%]*)~1(1 — |1|?), which is bounded from L?
to L2. Hence, all we must show is that B : L? — H' is bounded. Write

B=—(—A+ ) [FA+ [P (—A+ 1)V (A + [P TH=A+ 1),
HZ2+ L2 bounded L2+ L2 bounded L2+ L2 bounded

But we have [-A + [¢0[2, (=A + 1)"2] = [|¢|2, (—A + 1)~2]. Writing (—A 4+ 1)"2 =

cfss %dw, we see that [|¢]?, (=A + 1)72] is (L? — L?)-bounded. Therefore,
B: L? — H! is bounded, and we have proved (5.23).

The invertibility of the operators A, := —A + |¢¢|? : H?> — L? and the boundedness
of At : H=1 — H' is proved similarly. Since A, is a small perturbation of A, one can
show that the various norms of A-! considered here are bounded uniformly in e. O

5.4. Estimation of |79 — 7Y|.

Lemma 5.4.
[79 —7Z| = O(e).

Proof. By (BI8), we have
n0 = / (1G5 )T (2 9)(GS, | — |G, ) el 1) (Gs, |} dadly

e~ {165 - 6s) 0G|
+1Gs, ). = J)(e) G5, | +1Gs.) () (G5, — G,

} dxdy,
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where J(x,y) and J(z,y) are the integral kernels of the operators J := (—A + [¢[?)~!
and Je := (—A+[¢|?) 7L Since G5, —Gs, = (=0 )) and Jo—J = Je(|[y[* = [¢<|*) ],
we have (by calculations in Lemma 51l and (G24)) for f = (§) € L?

(m¢ —7)f = (z‘(w — ) [Ing(%s) +V- B])
i (iw(Je(|¢|2 = [0°P)7) Im(<6) -B]) + (wmm@]) .

+V
V(Ie([9]? = [¢*)J) [Im () + V - B] VJIm((¢c = )¢)]

Now using the fact that |t/ < 1 and |¢¢| < 1, and using Theorem B:Zh), we obtain
> = [ le < 2[[8)¢ — ¥]joe < ce. Since J and J. are bounded from H~! to H'
uniformly in €, we conclude that ||(7? — 79) f||L2 < ce|| f]|L2, which implies the statement
of the lemma. O

5.5. Estimation of ||7! — 7'||. Our goal in this section is to prove the following state-
ment.

Lemma 5.5. The operators ©* and wt are bounded and satisfy |7t — 7t|| = O(e).

Proof. The operators 7" and w! are simply (2 x 2)-matrices, so the boundedness is trivial.
Since T = T; + O;w, where, we recall, 0;w = 0., Wre|2=0,~=0, from (BI8) it follows that

mt—mt = ST = BT — 0B )i (T
4,J

—|T) (B )i (05w — |03w) (B )ij (O]

Hence, we are reduced to showing that a) ||9;w||2 = O(e), b) ||3=1|| < C for € sufficiently
small, and ¢) |- — 371|| = O(e). Theorem [B.2b) with n = 1 takes care of a). For b),
the invertibility of S for € < €y small and the bound ||3-]] < C follows from the
representation 8. = § + v, where (3 is independent of € and is invertible, and ||v| = O(e)
(see equation (B.16]) and the paragraph after it).

Finally, c) follows from the relations

18 =87 = 1618 = BB~ < N8B = Bell 1871
and ||8 — Be|l = O(e) (see equation (B.I6) and the paragraph after it). O

§6. PROOF OF THEOREM [3.4]

Theorems B3 and imply that the full energy & (v) has a critical point at v, =
Vz.y + W e if and only if the reduced energy ®.(z) = E(v.y + w.~.) has a critical point
at z = z.. In this section we study the critical points of ®.(z).

Note that since & is C°°, and v, + W, is C® in z as a vector-valued function from R?

i(y+z-Az)
2 (3 — e B
to H? (indeed, z — v,y = (AZ+V(z~Az)+V'y

representation, and z — w,~. is C® by Theorem B:Zb), we see that ®.(z) is C3.

) is C*° as can be deduced from the explicit

6.1. Explicit Form of ®.(z). In this subsection we prove the following lemma.

Lemma 6.1. Suppose W, satisfies condition (A). Then ®.(z) can be written as

(61) q)e(z) = 80(’(#0, AO) + Weﬁ,e(z) + Re(z)7
where, we recall,
(6.2) Wer(2) = 3 [ Wel@)(lola = 2)F = 1) do
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and
(6.3) 0°R.(2) = O(€?), 0<|al <3.
Proof. Equation (6.I) with
(6.4) Ro(2) 1= Ec(Vay + Waye) — Ec(V2y)
follows from the definition ®.(z) := E(vzy + Wzye) and the relations
(6.5) Eu(v2r) = Eo(vor) + / We(@) (o (z — )% — 1) da
and & (vzy) = & (Yo, Ao) (by the translational and gauge invariance of the energy func-
tional &).
To prove (B3) for || = 0, we notice that, since £)(v,,) = 0, we have
(6.6) ey = ("1 ) vy = 00)
€ 0 O

in L2, and therefore
(6.7) Re(2) = (E{(v2y), Ware) + O(||w||2) :

——— N~ ——

O(e)  O(e) O(e?)

For the proof of (63) with |a| = 1, we use the fact that (£!(v.y)Wsye, 0:0.y) =
(Wiryey EY (V2)D2057) = O(€?), because w, = O(€) by Theorem BZh), and €/ (v;)0;v.+
= O(¢) by (@I7) and the identity & (v.y)0,v,y = 0. Also, we use the relations £/ (v.y +
Warye) = O(e) (by I6)) and d,w.e = O(€) (by Theorem[B3.2b) with n = 1) in L2. Then,
by (6.4) and an expansion of £ about v.-, we have

D:Re(2) = (EL(Vay + Warye)s OxVan + OoWare) — (EL(V2ry), O22v)

(6.8) = (82'(1127)111276, 0:02) +(O (HwH ), 020z) + <8é(vzv + Ware); OxWane)-
——— ——— —— ——
O(e?) O(€2) O(e) O(e)

Using similar arguments as above and Theorem B2b) with n = 2,3, we can prove (63))
with |a| = 2, 3. 0

6.2. The effective potential Weg .. Here we prove estimates on Weg ((z). For future
considerations, estimates in this subsection are more precise than needed. Namely, we
track out the A-dependence of the constants involved. Let my := min(\/X, 2) and ny =
J (1 = |¢o(x)|?) dz. For a function f: R? — R we denote by f'(z), f”(z) and f”'(z), or
o (z), n =1,2, 3, the gradient, Hessian and third differential, respectively.

Lemma 6.2. Suppose § K mf{m\ and z € Q¢s. Then forn=1,2,3,

671
(6.9) Wi (2) = O(e—).
i m3
Moreover, if |[Wig (2)| < edny, then Wi (2) is invertible, with
(6.10) IWelr e (2) 7l < e(ed®na) ™"

Proof. In the estimates below, we use the following bound proved in §0
(.11 [ 10— o)) e = O ),

Differentiating the equation Weg . = §W€ % (|Yo|> — 1) n times and using condition
(B) on W, and the bound (GI1]), we arrive at (G9)).
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Now, we prove the second statement in Lemma Expanding We(z + 2) in (6.2)
about z and using condition (B) on W, and estimate (G.I1), we obtain

(6.12)
ot (2) = W(2) /(Iwo(%)l2 -1) dw+/{Wé'(Z)w +0(e6°2?)} (|0 (@)]* = 1) dz
O(ed) 0
O(ﬁ)

(the integral [ z(|yo|> — 1) do vanishes since |¢)o(x)|? is spherically symmetric), and
(6.13) ar,e(2) = — W!'(Z)/ (1= [do(2)?) do — /0(653%‘) (1= [to(@)?) da.
ofct2y) o(<(s%)")

If [Weg (2)] < €dny, then (G12) implies [W/(z)| < €6 (since n‘i—z% < 1). Since z € Qs,
W/ (z) is invertible and ||[W/(2)71|| < c(e§?)~ . Since Héi'% < 1, from ([I3) it follows
that Wl (2) is invertible with bound (G.10). O

6.3. Critical points of ®.. Now, we are ready to prove Theorem 34 The estimates
below depend on A, but this A-guaranteed is not displayed explicitly. We start with part
1). Since W/g (20) = 0, we have

(6.14) ®!(20) = O(¢?)
by (1) and (E.3).

Since Wéﬂg’e(zo) =0 and z¢ € Q5, Lemma [6.2] shows that Wéllcf,e(ZO) is invertible with
the bound given in (GI0). Using this bound and the relations (61)), (€3), (610), and
€ < 0%, we see that ®”(zg) is invertible with the bound

(6.15) 19 (20) M| < ¢/(ed®) 7"
By (639) with n = 3, and by (6.1)) and (63)) with |a| = 3, we obtain
(6.16) @ (20)|| = O(e6® + €2).

Hence, (614), (GIH), (©I16) and an implicit function theorem type argument (similar
to that used in the proof of Proposition 2T} see §8]) imply that ®. has a unique critical
point z. € Bgz(20, C%) and |z — 20| = O(5z)-

To prove that z. € s, suppose |W/(z.)| < ed. We want to show that W/ (z.) is
invertible with the bound ||[W/ (z.)71|| < c(e6?)~!. First, using the expansion

(6.17) W!(z0) = W/ (z¢) + O(e6?|2c — 20])
—_—— —
o(ed) O(e?)

and the relation € < §, we obtain
(6.18) [W/(20)] < €6.

From (6IR) it follows that W/ (zg) is invertible with the bound ||[W/ (z0)7!|| < c(ed?)~!
(since zg € Qes). This fact, the condition € < §, and the expansion

(6.19) W (z.) = W/ (20) + O(e6®| ¢ — 20|)
—_— —— —
0(52) 0(e25)

(since [ze — 20| = O(5z)) immediately imply that z. € Q5. This completes the proof of
part 1) of Theorem B.41
For part 2), note that the relations ®’(z.) = 0, (6.1) and (63) imply

(6.20) orc(2e) = O(?).
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Since z. € Qs and € < §, Lemma and (6:20) show that Wéghe(ze) is invertible with
the bound

(6.21) Wi e (z) M < ()™

Hence, ([6:20), (6.21), (6.9) with n = 3 and an implicit function theorem type argument
(similar to that used in the proof of Proposition BT} see §8) imply that Weg . has a
unique critical point zg € Bz (2ze, C'3) and |z — z.| = O(5%).

To show that zg € Q.s5, we use exactly the same arguments as those used in part 1)
for the proof of the fact that z. € Q5. This completes the proof of part 2).

For part 3), first we prove the “only if” assertion. To fix the ideas, we assume that
Weg . has a local minimum at z, i.e., Wéﬁ’e(zo) = 0 and éﬁ,e(zo) > 0. Therefore,

by Lemma 6.2 Wl (20) > ced?. By part 1), ®.(z) has a unique critical point z. in
Bgz(20,C%) N Qes. We want to show that ®”(zc) > 0. By (6I) and (3], we have

(6.22) O (2e) = Wi o(2) + O(€?).

Hence, it suffices to check that Wl (zc) > ced? (since € < §2). The latter follows from
the expansion
ot c(2e) = Wi o(20) + O(e0° |z — z0),
—_— —
>ced? O(€29)
and the condition € < §, and we are done with the “only if” statement of part 3).
For the “if” part, to fix the ideas we assume that ®. has a minimum at z., i.e.,
®(ze) = 0 and 7 (2) > 0. We want to show that Wi (20) > 0 for the critical point zo
found in part 2) above. By (6.1), (6.3) and the assumption, we have

(6.23) afr.c(2e) + O(€%) = ®/(z) > 0.

Since € < 6% and || ez < c(ed?)™1, ([©23) and spectral theory (see, e.g., [HS])
imply Wéﬁ,e(ze) > ced?. Hence, the result follows from the condition € < § and the

expansion
ofr,e(20) = Wegp o(26) + O(€6° |20 — 2c]) - O
—_— ——
>eb? O(e29)

6.4. Proof of Proposition 2.1t relationship between W, and Wcg .. We first
prove the “only if” part of the statement. Since W/(z') = 0, (€12) implies

(6.24) r.e(2) = O(e8°).
Since 2’ € Q5 and § < 1, LemmalG2 and (E24)) show that W[i; (2) is invertible with
(6.25) IWek (") 7| < e(ed®) ™!

Hence, ([6.24), (625), (6.9) with n = 3 and an implicit function type argument (see §8)
imply that Weg . has a unique critical point at zg € Brz(%,¢) and |zg — 2’| = O(90).
The fact that zg € Qs is proved in the same way as the fact that z. € Qs in the proof
of part 1) of Theorem [3:4] (see the paragraph containing (617)—(G-19)).
For the “if” part of the statement, we note that the identity Wig (20) = 0 and (6.12)

imply

(6.26) W!(20) = O(e8?).

Since ¢ < 1, ([6.206) implies |W/(z0)| < €6, and since zg € Q5, we have
(6.27) W (20) "M < e(e®) ™
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By (626), (627) and an implicit function type argument (see §8)), W, has a unique
critical point at z/ € Bgz(z0,¢) and |z’ — z9| = O(6). Finally, the fact that z’ € Qs
follows from the same argument as that mentioned above.

We note that (613) implies that W, has a local minimum/maximum if and only if
Wes e has a local maximum/minimum. O

§7. PROOF OF LEMMAS [A.T] AND

In this section we drop the subscripts z and « in 1 and A for brevity.

Proof of Lemma[f1}l Recall that, by [GST] §3], for w = (5 ),

o ([—AA T 2(2I0[2 — 1 + 302 +i2V 406 + 9] B)
([Vaw — V) + (A + VY + [pP)-B )

where we use the notation L = F{(v.). For w € K., Theorem B yields
(7.1) [Lw]r> = 7wl

with 7 = inf(c(L) N (0, 00)). By (1),

(7.2) [LwllLz = (1 = )r|wlLz + o Lw|ga.

Now, for w = (g) we have

1Zwle = || [~ 84+ SN - 0]e + S92 +il2V40 + 9] B

L2(R%0)

(7.3) __ 0
+ [ In([Vay = 9V alé) + (=A + [ + VV) B |72 (z2 )

(1)

Let w € KZJ;Y Then w is orthogonal to the gauge zero modes, i.e., Im(y¢) = V - B.
This and the inequalities

1 01
7.4 \V4 2 < ——— 2+ —||A 2
(7.4) V€]l < N3 €]z \/ﬁH €z
for any §; > 0, and
- C
[VV - B2 = [[VIm(y§)|| L2 < gllﬁllL2 + Co2|| A][ 2

for any d2 > 0, imply that (assuming dy,d2 < 1)

C
(7.5) [l 2 g2,y > (1 — C61)[| ALl L= — EIIEIILz = C||Bl| L2,
and
C
(T6)  Nliagege) = |AB] Laqeoime) = C(0 + 02) 18] 12 = 5=l = ClLB

Choosing ¢; and 02 sufficiently small, from (ZH) and (Z6) we deduce that

1
IZwlez 2 5 (IABll2 g2 + 1480 L2) = C (1€ 22 + 1Bl 22)

where C' > 0. This and (Z2) with a = = imply

[Lwllze > B'f|wllse,

where 3 = min{Z, o
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To finish the proof of this lemma, we estimate, with the help of (ZIM): ||L.yewllLz >
[Lw||Lz = [Weéllrz = (8= |Well2)||w||2. By the assumption on W, we have ||W,||2 <
De. So, Lemma Bl follows with 8 = 8’ — €D, and C; = %. O

3 — wz"/ J— —
Proof of Lemmal[{.2 Recall the notation v, = (Am) = (fﬁ), and let w = (g) € H2
By (@), the remainder N¢(v,,,w) can be computed explicitly as

Ne(ver,w) = (3<2w§+ Ve IEI)E +_||B||2<w+€>+[iQV'B+B'V)+2A'B]€>
e\Vzy, — Im(vaf) + B(2 Re(?/Jf) + |£|2) .

Using this formula, we compute for o = (g) c H?:

(OwNe (v, w)a)y = ARe(En) (14 &) + (€ + (1/2)[¢]*)n] + 2B - C(¢ + &) + || B||*n
+[(V-C+C-V)+2A4-ClE+[i(V-B+ B-V)+2A- Bn,

and
(OwNe(v2y, w)a)g = = Im(7V a€ + EV an) + C(2Re(Y€) + [€%) + 2BRe(y) + ).

Now estimates (3] and [{4) follow from the Sobolev embedding inequalities and esti-
mates on ¥ and A. O

§8. AN IMPLICIT FUNCTION TYPE ARGUMENT

In this section we show that equations (6.24), (6:28), ([6-9) with n = 3 imply that the
function Weg . has a unique critical point at zg € Bgz(2’,a) for some oo = O(1) and
|20 — 2’| = O(6). For this, we use a standard implicit function type argument (see, e.g.,
[McQ]).

We begin with expanding Wg (2) around 2’ to get

ot e (2) = Wig (&) + Wi (2)a + Re(a),
where a = z — 2/ and, by (69) with n = 3,
(8.1) Rc(a) = O(ed®|al?).

Using this expression and the fact that W (2') is invertible, we rewrite the equation
oft.(#) =0 as a = H(a), where

(8.2) H(a) == =W (") 7 (Wi (') + Re(a).
Thus, Wig (20) = 0 if and only if H has a fixed point 2o.
To show that H has a fixed point, we shall show that, for « = O(1) and § sufficiently
small,
1) H maps Bg2(0,a) — Bg2(0, a);
2) H is a contraction on Bgz(0, a).

We prove statement 1) first. By (6.24), (6:25), (81)), and (82), we have
[H(a)] < Wi ()7 (Wi ()] + [Re(a)]) < C(e6®) 7 (e + e6]af?)

(8.3) c,
< 2
- 2

Now, choose a < ﬁ and 0 < C%oz (note that this is fulfilled because § < 1 by assump-
tion). Then for |a| < «, we have |H(a)| < o, and we are done with 1).
To prove 2), we use the fact that Wlg (2) + Re(a) = Wi (2) — Wl (2')a. Then

(B22) implies that

(5+02(5|a|2.

H'(a) = =Wl (") Wi o (2) = Wi ()]
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for any a € Bgz(0,a). Since Weg ((2) is C? in z, we can choose a to be sufficiently
small so that W/ (2) = Wi ()| < 5[[W/i (2) 7|7 for any z € Bg2(2', ). Then
|[H (a)|| < 1/2 for any a € Bg2(0, ), and since Bg2(0, a) is a convex domain, it follows
that H is a contraction, and we are done with 2).

Since the map H is a contraction in Bgz(0,«), it has a unique fixed point there;
therefore, there exists a unique 2o in Bgz(2’, a) such that Wlg (20) = 0.

Moreover, for this fixed point a we have
1
lal = [H(a)| < [H(0)] + [H(a) — H(0)| < C5 + S]al

by (83)) and because H is a 1/2-contraction. Thus, |z — z| = |a|] = O(0). O

§89. BOUNDS ON a, AND f,

In this section, we prove bounds on the vortex profiles a,, and f,, defined in (I.4)). The
index n is fixed in what follows, and we write f and a for f, and a,, respectively. In
the proofs below, we use the following equations satisfied by £ :=1— fand b:=1—a,
which follow from equations (LI)) and (T2) and the definition (C4):

2b2 A 2b2

9.1) [—AML”TQ +§f(f+1)}g:”r—2,
20 | a9\, _
(9.2) (—Ar+;§+f)670,

where A, = g—:z + %%
We have the following exponential bounds on ¢ and b.

Theorem 9.1. Let R = R(e) be such that
(9.3) f2(r) >2¢  forr=|z| >R,

and let ¢1(r) = [p+/f*(p) —edp and ¢2(r) = min (qgg(r),Zcm(r)), where ¢y(r) =
Jo /3@ () + 1) — d dp. Then

(9.4) le®bllzs < CeleR b
and
(9.5) €22 < CAT e (€™ |¢] i 4 €C(R)[l€?b]72),

where my = min(v/\, 2).

Proof. First, we obtain an exponential bound on b. We note that for any v € H?(R"; R)
and any ¢; € C?(R";R) we have
(9.6) Re(v, e (=A)e™?v) = (v, (=A — |[V¢1]?)v).

Observe that (v, %%> = 27v(0)? = 0 for any radially symmetric H'-function v with
v(0) = 0. Therefore, by (@3] and since —A, is a positive operator, for any radially
symmetric H!-function v with support in {r > R} we have

00 (v (=2t 224 2 19aiP)o) 2 0 (7~ [Vl > el

Let v = Je?'b, and let J be a C™ function of r such that J =0 if r < R and J =1 if
r > R+ 1 with |0%J| < 2 for |o| < 2. Since u is radially symmetric and u(0) = 0, we
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can write

elluf. < <u (— A, + 33 T2 |V ) > by (@)

Re<u,e ( A, +—8—+f)e*¢1u> by (Z6)
= Re (u, e [( - A+——+f) J[b) by e~ = Jband @2)
= o [~ a4 7o)
< ullze [ A, +2£ JMH.
Since [A,, J]b=2VJ - Vb+ AJ b and [2.2, J] = 22 we have

lullzz < e H{2][ e VI ||| VO] L2 + [V - (V) oo [B]] 2}

20J
“Hler ===\ |1b]| e
te He r(‘)rHoo” I
This gives

(9.8) | Je® b||> < Ce™  sup  e?||b]| .
z€supp(VJ)

To obtain an exponential bound £, we follow the same argument as above to prove
22
(@8). We use the fact that —A, and "rzb are positive operators and the inequality
|Va|? < 2[ (f+1)— € to get

(o (-2 + 27 nb” %f(f+1)—|V¢2|2)v>2< (Af(erl) |V¢2|2)v>
A
2

for any function v with support in {r > R}. Let u = Je?2¢, and let J be the same
function as defined in the proof of (]E) above. We have

A 9 2b2 9
Z , <
Celull?e < (u, (- 25U+ D)~ [Voal?)u)
2b2
:Re<u,e¢2<—Ar+n + f(f+1))ef¢2u> by (@)
2b2
= Re <u,e¢2[ A, J]£+e¢2J—> by e~ ?2u = J¢ and (@)
b2
< ljullge | (A, g + 20 2|
r2 e
Therefore,
2
(9.9) lul|L2 <227 te? <||e¢2[—A,«,J] L2) :
The first term can be estimated as in (0.8); this gives
(9.10) le?2[~A,, J|lp2 < Ce™t sup  e?2||¢]mn.
z€supp(VJ)

For the second term, we use the fact that for any p > 0 there is d > 0 such that

(9.11) Ib(z)] < d /B ol
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(see [CFKS, Theorem 2.4]). We have
n?b? ‘ 2

r2 iz

4

(— /62¢2|b|4d1’
dn\4 4

<() fwen( [ i) by (1D
R Bya (2.p)

dn\4 § 1.6 4
< —8p2 (2+4)¢2(y)+cp .
- ( R ) /dm ¢ </BR2 (z,p) ‘ |b(y)| dy)

Since ¢2(x) < ¢a(p) + cp for |x — y| < p, the latter quantity is dominated by

dn\ 4 ) 2 ) 2
(f) /dxefﬁc Iml</ dy) (/ e(1+§)¢2(y)+2cp|b(y)|2 dy) )
BR2(I1P) BR2(I7P)

Applying the Cauchy—Schwartz inequality and the estimate ¢2(x) > ¢'|x|, we find

‘ e?2J

n?b? 2 dny\4 1 1,6
(9.12) H6¢2Jr—2‘ L2 < (f) @vol(BRa (0, p))2eer || ezt D)92p||4 .
Inequalities ([@.9), (910), and (@12) with p = 1 imply the estimate
(9.13) [Te?2¢]| > < c(gl sup  e®||¢]|m + 6*1R*4||e(%+%)¢2b||‘£2).

z€supp(VJ)

Now, by increasing constants, we can replace ¢; and ¢o on the right-hand sides of
(@8) and (@13) by r and myr, respectively. Here, my = min(v/),2). Since r < R+ 1
on supp(1 —.J), we have ||e?1b]|? < ||Je?1b||? 4 e2F+D||(1 — J)b||%. Combined with (I,
this yields ([@4). Inequality (I0) is obtained similarly. O

Picking now Ryew = Ruew(€) so that f2(r) > 1 — e for r > Ryew, We obtain
¢1(r) = (1 = 2€)(r — Ruew)
and
(9.14) ¢a2(r) > min(\/X, 2)(1 —2€)(r — Ruew) for r > Rpew.

Using (@.14)) in (04) and ([@3) in Theorem[9.1] and using (0.II) once again, we arrive at
the following statement.

Corollary 9.1. Let my = min(v/),2), and let R = Ryew be as in (0.14). Then
1—|ful <c(R)e ™= and 1—la,| <c(R)e 2.
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