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ABSTRACT. In a strip II =R X (0, a), the operator
Ae = Digi(x1/e,22)D1 + Daga(x1 /e, 22) D2

is considered, where g1, g2 are periodic with respect to the first variable. Periodic
boundary conditions are put on the boundary of the strip. The behavior of the
operator Ac in the limit ¢ — 0 is studied. It is proved that, with respect to the
operator norm in La(IT), the resolvent (Ac + I)~! tends to the resolvent of the
effective operator A®. A sharp order estimate for the norm of the difference of the
resolvents is obtained. The operator A is of the same type, but its coefficients
depend only on za.

§0. INTRODUCTION

0.1. The problem of homogenization for periodic operators of mathematical physics is
of significant interest both from the general-theoretic viewpoint and for applications. An
extensive body of literature is devoted to homogenization problems. At the first place,
the books [I]-[3] should be mentioned. A typical homogenization problem looks like this.
Consider the family of operators

(0.1) A. = —divg(x/e) grad, x¢€ R, >0,

where g(x) is a positive definite bounded matrix-valued function periodic with respect
to some lattice in R%. The problem is to find a constant positive matrix ¢g° such that the
resolvent (A + 1)1 converges (in some sense) as € — 0 to the resolvent of the operator
A® = — div g° grad. The operator A is called the effective or homogenized operator.

A possible approach to homogenization of periodic differential operators in R% consists
in application of the Floquet theory. In this connection, we mention the papers [4]-[§]. In
[71 8], it was proposed to treat the homogenization procedure as a threshold effect near the
lower edge of the spectrum of a periodic differential operator. Namely, let €2 be the cell of
the lattice of periods, and let A(k) be the family of operators acting in L2(€2) that appear
in the direct integral decomposition for the operator A = — div g(x) grad. The parameter
k € R? is called the quasimomentum. The operator A(k) is defined by the expression
(D+k)*g(x)(D+k) and periodic boundary conditions. The homogenization problem for
A reduces to the study of a (two-parameter) family of operators (A(k)+2I)~! acting in
Ly(Q). Here, an important role is played by distinguishing the spectral germ of the family
A(k) at k = 0. In terms of the spectral germ, we can find a good approximation for the
resolvent (A(k)+e2I)~!. Since the effective operator A° has the same spectral germ, this
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238 T. A. SUSLINA

leads to approximation of the resolvent (A(k)+&21)~! by the resolvent (A°(k)+e%I)~!
of the effective operator. As a result, for the initial operator (0.1) acting in La(R?), the
facts established in [, [§] give convergence of the resolvent in the operator norm with the
following sharp order estimate:

H(-Ae + I)il - (-AO + I)ilan(Rd)HLz(Rd’) < Ce.

0.2. Along with problems in the entire space R?, periodic problems can be considered
in domains of cylinder type, layer type, etc., where the coefficients of the operator are
periodic only in part of variables. In such problems, the effective operator depends on
the “nonperiodic” variables, while homogenization is related to the “periodic” variables.

In the present paper, for a simplest model, we try to apply the approach of [} [§] to
such problems. We study the two-dimensional operator A = —div g(x1,z2) grad in the
strip IT = {(z1,22) : 1 € R,z2 € (0,a)}. The matrix g(x) is periodic along this strip
(with respect to x1) with period 1. On the boundary OII, we put periodic boundary
conditions. The problem is to study the behavior of the operator

(0.2) A = —divg(zy /e, x2) grad
as € — 0. It is assumed that the matrix g(x) is diagonal: g(x) = diag{gi(x), g2(x)}.
It turns out that the effective operator A° is of the form A° = — div ¢"(x2) grad, where

g%(z2) = diag{g?(x2), g3 (x2)}. Using the standard rules of homogenization theory, it is
not difficult to find (formally) the expression for ¢°(z2).

Our goal in the present paper is to obtain an estimate of sharp order for the difference of
the resolvents of A. and A° in the operator norm in Ly(IT). The difficulties we encounter
are related to the fact that the method of [7} §] does not automatically yield the result.

In this paper, for the simple model problem just described, we show how the estimate

[(Ac + 1) = (A" + D)"Yy -2 < Ce

can still be obtained. We employ the results of |7, 8], but in combination with other
methods. This requires some smoothness assumptions on the matrix-valued function
g(x) (see condition (1.4) below).

Now for the cell Q we take (0,1) x (0,a), and the parameter k is one-dimensional.
After reducing the problem to the cell, we need to study a (two-parameter) family

Ak e) = Ay (k) + €% Ay

of operators acting in L2(Q2). Here A;(k) = (D1+k)g1(x)(D1+k) and A2 = Daga(x)Da;
the boundary conditions are periodic in both variables. The method of [7l [§] can be
applied to the operator A; (k) “layerwise”. This allows us to obtain a good approximation
for A;(k) for small |k| in terms of the corresponding spectral germ. The main technical

difficulties are related to adding the unbounded “perturbation” €24, and approximating
the resolvent (A(k,e) +2I)~L.

0.3. In §1, we state the problem and the main result. In §2, the problem is reduced to
the study of the resolvent (A(k,e) + &2I)~1. In §3, the operator pencil A;(k) is treated
in detail. In §4, approximation for the family (A(k,e) + ¢%I)~! is constructed in terms
of the spectral germ. §§5 and 6 are devoted to auxiliary technical estimates. The proof
of the main theorem is completed in §7. In §8, possible generalizations are discussed.

0.4. Notation. Let $ and & be separable Hilbert spaces. The symbols (-,-)g and |- |4
stand for the inner product and the norm in $; the symbol || - ||s—e denotes the norm
of a bounded operator from $ to &. Sometimes we omit indices if this does not lead to
confusion. By I = Iy we denote the identity operator in §. If 91 is a subspace in ), then
N+ := HoN. If P is the orthogonal projection of § onto M, then we write P for the
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ON HOMOGENIZATION FOR A PERIODIC ELLIPTIC OPERATOR 239

orthogonal projection onto M*. By H*(D), s € R, we denote the Sobolev spaces in the
domain D C R2.

0.5. The author is grateful to M. Sh. Birman for fruitful discussions.

§1. DEFINITION OF THE OPERATOR. MAIN RESULT
1.1. Let a > 0, and let
M= {x = (z1,72) €ER*: 0 < 29 < a}.

We introduce the notation 9; = 9/0x;, D; = —id;, j = 1,2. Assume that g(x) =
diag{gi1(x), g2(x)}, where the g;(x), j = 1,2, are real-valued measurable functions in the
strip II such that

(1.1) 0<co<ygj(x)<er<oo, xell, j=1,2.
The functions g;(z1,22) are assumed to be periodic in z; with period 1:
(1.2) gi(r1 +1,22) = gj(x1,22), x€Il, j=1,2.

Next, suppose that the functions g;(x1, z2) are absolutely continuous with respect to the
variable z5 € [0,a] (with z; fixed), and that

(1.3) gi(z1,0) = gj(z1,a), =1 €R, j=1,2,
(1.4) esssup |0ag;(x)| < c2, j=1,2.
xeﬁ

In the space Lo(II), we consider the operator A given formally by the differential
expression

A = —divg(x) grad = D1g1(x)D1 + D3g2(x) D2

with periodic boundary conditions in x2. The precise definition of A as a selfadjoint
operator in Ly(IT) is given in terms of the closed semibounded quadratic form

alu, u] = /H (91 (0| Dyul? + g2 (x)|Dyul?) dx, € FM(TI).

Here H*(II), s > 0, is the subspace in H*(IT) formed by all functions the (aZ)-periodic
extension of which with respect to variable x5 belongs to H (R?).

1.2. The homogenization problem consists in the study of the behavior of a periodic
operator in the limit of small period. In Ly(II), we consider the operator A, generated
by the quadratic form

aelu, u] = / (9121 /2, 22) [ Druf? + ga(a1 /2, 22)| Daul?) dx,
II

we H'(I), > 0.

(1.5)

Our goal is to find the effective operator A° of the same form as A, but with coefficients
independent of the “periodic” variable x; and such that

(Ac+ D)7 = (A°+ D)7t e—o0.

On the formal level, it is easily discovered that the effective operator A° is the operator
in Lo(II) generated by the form

(16) o®fu,u] = /H (69 (2)| Dyl + g (22) | Doul?) dx, u € H(IT),
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240 T. A. SUSLINA

where the coefficients g?(arg) are given by the formulas

—1

(L.7) g (x2) == </01(91($1,$2))1 d$1) )

1
(19) 8(a2) 1= [ ga(or,0)dan.
0
We note that conditions (1.1), (1.4) imply the following inequalities for the coefficients
(1.7), (1.8):
(19) co < g?(l‘g) <c, x2€ [O,G], Jj=12,
(1.10) esssup |0297 (22)| < ca(c1/co)?,  esssup |Dags(z2)] < ca.

z2€[0,a] z2€[0,a]

1.3. The main result of the paper is the following theorem.

Theorem 1.1. Suppose that conditions (1.1)—(1.4) are satisfied. Let A. be the operator
in Lo(I1) that corresponds to the form (1.5), and let the operator A° correspond to the
form (1.6), where the coefficients are defined by (1.7), (1.8). Then the following estimate
18 true:

(1.11) [(Ac + D)7 = (A°+ ) Y pym—z,an < Ce, 0<e<1.

The constant C' in (1.11) depends only on the constants ¢y and ¢y in (1.1) and on the
constant co in condition (1.4).

1.4. Interpolation. Let H—*(I), s > 0, be the function space adjoint to H*(IT) with
respect to the Lo(IT)-duality. We estimate the resolvent (A. + I)~! as an operator from
H~Y(IT) to H'(IT). For f € H~*(IT), we put ue = (Ac + I)~1f. Then

aclueyuc) + e oy = | fazdx
I
Combining this with the lower estimate (1.1), we arrive at the inequality

min{co, 1}|vell gy < [1f11g-1 )
In other words,
| (Ac + I)_l ”ﬁ—l(n)ﬁﬁl(n) < maX{CSI, 1}
A similar estimate for (A% + I)~?! is also true. Consequently,
(1.12) [(Ae + D)7 = (A + D)7 g iy < 2maxfeg ', 1}
Standard interpolation between (1.11) and (1.12) yields the following result.
Theorem 1.2. Under the conditions of Theorem 1.1, we have

(Ae + 1)~ — (A% + I)*1||E_S(H)Hﬁs(n) <Cee'™%, 0<s<1, 0<e<l.

Here Cy = C'~*(2max{cy ', 1})*.
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ON HOMOGENIZATION FOR A PERIODIC ELLIPTIC OPERATOR 241

§2. REDUCTION TO OPERATORS ON THE CELL

2.1. Direct integral expansion of the operator A is obtained with the help of the
Gelfand transformation . Putting Q = (0,1) x (0, a), we consider the Hilbert space

(2.1) K = /[_ OL(@)dk = L=, 7 La(9),

which is a direct integral with constant fibers. Initially, the operator U : Lo(II) — K is
defined on the functions f € C§°(II) by the formula

(I/{f)(x, k) = (27()71/2 Z eiik(mler)f(xl + mva)a X € Qa ke [—7’(,71'),
mEZ

and then U extends by continuity to a unitary mapping from Lo(II) onto K.
In Ly(2), we consider the operator A(k) generated by the quadratic form

a(k)lu, u] = /9(91(X)I(D1 +k)ul® + g2 (x)| Daul*) dx, w e H'(Q), keR.

Here H'() is the subspace in H'(Q) formed by the functions the (Z x (aZ))-periodic
extensions of which belong to H} (R?).

loc

The operator A is unitarily equivalent to the operator of multiplication by A(k) in IC,
which is expressed by the relation

UAU™ = DA(k) dk.

[_77771—)

2.2. We denote by T, € > 0, the unitary scale transformation in Lo(IT) defined by the
formula

(Teu)(y1, z2) = 51/2u(6y1, x2), y1 €ER, 0 <z <a.

Let A(k,e) be the operator in Ly(2) corresponding to the form

a(k, &), u] = / (61(0)|(Ds + k)uf? + 2g2(x)| Dyul?) dx,

(2.2)
wue HY(Q), keR, ¢>0.

We put

(2.3) B(k,e) := e?(A(k,e) +2I)7, keR, €>0.

The operator of multiplication by the operator-valued function (2.3) acting in the direct
integral (2.1) is denoted by B.:

B. ::/ ®B(k,e)dk, &> 0.
[77‘—77")

It is easily seen [, (5.6)] that
(2.4) (Ac + )" =TU*B.UT., € >0.

Relation (2.4) reduces the problem to the study of the operator family (2.3) acting in
L (92).
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2.3. Let A%(k,¢) be the operator in Ly(2) corresponding to the form

a’(k, )[u, u] = /Q(g(f(xz)l(D1 + k)ul® + g8 (22)| Doul*) dx, u € H'(Q).

We put
(2.5) BY(k,e) := 2(A%k,e) +21)7, >0,

BY ::/ ®B°(k,e)dk, &>0.
[77‘—77")

As in (2.4), we have
(2.6) (A° + )t =T*U*BUT., < >0.
Theorem 1.1 is a direct consequence of relations (2.4), (2.6) and the following theorem.

Theorem 2.1. Suppose that conditions (1.1), (1.3), and (1.4) are satisfied. Let B(k,e)
and B°(k,€) be the operators defined by (2.3) and (2.5). Then
(2.7) ponax |B(k,e) — B (k)| o) —1a0) < Ce, 0<e<1.

cl—m,m
The constant C in (2.7) depends only on the constants ¢y and c¢1 in (1.1) and on the
constant cq in (1.4).

§3. THE OPERATOR PENCIL A, (k)

3.1. If we formally put e = 0, then the operator A(k,e) defined in Subsection 2.2 will
turn into the operator A;(k) given by the expression (D1+k)g1(x)(D1 + k) and periodic
boundary conditions in x7, and the boundary conditions in zo “disappear”. Strictly
speaking, A;(k) is the selfadjoint operator in Lo(£2) generated by the quadratic form

(3.1) aq (k)[u, u] = /le(x)|(D1 + I<:)u|2 dx,
(3.2) Dom a; (k) :/ GH'(0,1) dzy = Ly((0,a); H(0,1)).
(0,a)

Here ﬁl(O, 1) is the subspace in H'(0,1) formed by the functions whose Z-periodic
extensions belong to H} (R).

In this section we study the operator pencil A; (k). Here, it suffices to impose only
condition (1.1) with j = 1. We shall not use conditions (1.2)—(1.4). Now it is convenient
to interpret the space La(2) as a direct integral in x5 with constant fibers L2 (0, 1):

The operator A; (k) acts in the direct integral (3.3) “layerwise”, i.e., it is the operator of
multiplication by the operator-valued function A (k;x2):

(3.4) Ay (k) = / DA (k; 22) dxa,
(0,a)
where A (k;z2) is the selfadjoint operator in Ly (0, 1) generated by the form

1 ~
(3.5) a1 (k; z2)[v, v] :/0 g1(z1,22) (D1 + k)v|* dzy, ve HY(0,1), zo € (0,a).
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ON HOMOGENIZATION FOR A PERIODIC ELLIPTIC OPERATOR 243

3.2. The method of the papers [7, 8] is applicable to the operator family A, (k; x2) acting
in L2(0,1). This family admits the following factorization:

(3.6) Ay (ks o) = (X (k;22))* X (k; x2),

(37) X(k};l‘g) ZXo(J?Q)—f—kJXl(J?Q),

where Xo(x3) is the (closed) operator in Ly (0, 1) given by the expression (g1 (21, z2))2 Dy
on the domain H'(0,1), and X;(x2) is the (bounded) operator of multiplication by the
function (g1 (xl,xg))l/Q. Then the operator (3.7) is closed in L3(0,1) on the domain
H'(0,1). Obviously, the kernel

(3.8) N = Ker A; (0; 25) = Ker Xo(22) = {u € Ly(0,1) : u = const}

is one-dimensional. Let do(x2) denote the distance between the point A = 0 and the rest
of the spectrum of A;(0;z2). We estimate do(z2) from below.

By condition (1.1) (with j = 1), the quadratic form (3.5) with k& = 0 satisfies the
estimate

1
(3.9) a1(0; x2)[v,v] > co/ |D1v(a:1)|2 dry, wve HY0, 1).
0

Expanding the function v € H(0, 1) in the Fourier series
’U(l‘l) _ Z %\me%rimxl
meZ
and using (3.9), we obtain
a1 (0; x2)[v,v] > ¢ Z AT?m? (0,2, v e HY(0,1).
meZ
Ifv L NMin L5(0,1), then Tg = 0, whence
a1 (0;22)[v,v] > dnco||v][3 0.0y, v € H'(0,1), v LN,
This implies the inequality
do(ﬂ?g) > do = 47‘(260.
In accordance with [[7} §1], we choose § such that
0<d< d0/8 = 71'200/2.
For instance, we can put
§ =72co /4.
Next, we estimate the norm of the operator Xi(x2). By the upper estimate (1.1) (with

j=1), we have

(3.10) 1X1(22) | Lao.1) 220y < sup (g1 (21, 22))/2 < ¢/
O<z1<1

for all 2z € (0,a). As in [7, (1.5)], we choose a number ¢y = to(J) such that ¢o(d) <
SY2|| X1 (22)|| =" for all zp € (0,a). Tt suffices to put

(3.11) to = 51/20f1/2 = 7rc(1)/2/201/2.

Let F(k;x2;0) be the spectral projection of the operator Aj(k;x2) corresponding to the
closed interval [0, o]. From [7, Proposition 1.2] it follows that

(3.12) dim F(k; x2;6)L2(0,1) = dim F(k; 22;30)L2(0,1) =1, |k| =t < to.

Therefore, for all 5 € (0,a) the interval (§,36) is free of the spectrum of the operator
Aq(k;xo) if k| < tg. We put F(k;xo) := F(k;z2;9).
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3.3. The spectral germ S(z2) of the operator family A;(k;x2). In accordance
with [7, 18], we introduce the operator S(x3) acting in the one-dimensional space M (see
(3.8)) and called the spectral germ of the operator family A;(k;z2) at k = 0. In our
case (i.e., for the one-dimensional elliptic operator of the form —%g(m)%), the germ is
calculated explicitly (see [7, Subsection 6.1]): the operator S(z2) is multiplication by the
number ¢9(z2) (see (1.7)).

Let P be the orthoprojection in L2(0,1) onto the one-dimensional subspace n. By
[7] (2.13)—(2.15)], the following approximations are valid:

(3.13) F(k;my) = P4+ t®(k; 20), t=|k| <to, 2 € (0,0),
(3.14) Ay (k;20)F(ky 20) = 128 (20) P + 20 (ky22), ¢ = |k| < to, 22 € (0,a).

Here, the operators ®(k;z3) and U(k; x2) admit the estimates

(3.15) (ks 22)[|Lo0,1)~L2001) < C1,  t= k| <to, 22 € (0,0a),

(3.16) [ (F; 22) || L20,1)—La(0,1) < C2, t= k| <to, @2 € (0,0).

The constants Cy, Cs are controlled explicitly. By [7} (1.4.3), (1.4.6)], and (3.10), we
have

Co= 6™/ max |Xa(e)| < Gi6 e},
x2 ,a

Cy = Bo0"? max : X1 (22) |13 < Bad /2652,

z2€(0,a

where 31 and (5 are absolute constants.

3.4. The spectral germ of the operator family A;(k). We return to the family
(3.4) in Lo(€2). First, we note that the interval (J,30) is free of the spectrum of A (k)
for |k| < o (this follows from (3.4) and (3.12)).

By (3.4) and (3.6), we have

where
X (k)= / X (k; z2) dxs.
(0,a)
Here, by (3.7),
X (k) = Xo + kX1,

Xo := / @Xo((ﬁg) dxa,
(0,a)

X = / @Xl(xg) dxs.
(0,a)

Clearly, X is the operator in Ly(Q) given by the expression (g1(x))/2D; on the domain
(3.2), and X is the operator of multiplication by the function (g;(x))/2.
For the operator A;(0) with & = 0, we have

(3.17) M =Ker A;(0) = Ker Xo = {u € L2(Q) : u=u(x2)}.

Thus, the kernel 91 is isomorphic to L2(0, a) and consists of functions depending only on
the second variable. Obviously,

(3.18) N = &N dzo,
(0.0)
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which means that the space 9 (= L2(0,a)) can be viewed as a direct integral of the
one-dimensional spaces 9t (= C). It is also clear that the orthoprojection P of Lo(2)

onto the kernel 91 can be represented as the direct integral of the orthoprojections P of
L2(0,1) onto MN:

(3.19) P :/ &P dzs.
(0,a)
In the space (3.18), we introduce the decomposable operator

S = @S((EQ) de;
(0,a)
which is the operator of multiplication by the function g9(x2). The operator S is called
the spectral germ of the operator family Ai(k) at k = 0.
Let F(k) denote the spectral projection of the operator A;(k) corresponding to the
interval [0, d]. Since A;(k) can be represented as the direct integral (3.4), we have

(0,a)
From (3.13), (3.19), and (3.20) it follows that
(3.21) F(k)=P+to(k), t=|k|<to,

(0,a)
Similarly, (3.4), (3.14), (3.19), and (3.20) imply the relations
(3.23) Ay (k)F (k) = t2SP +t3U(k), t=|k| <to,
(3.24) U(k) = / DU (k; x2) dxs.

(0,a)
By (3.15) and (3.16), the operators (3.22) and (3.24) satisfy the estimates
(3.25) PR Lo(@)—La() < Cr,y E = [k < to,
(3.26) V(R La@)—La) < Coy  t = [K| < to.

84. APPROXIMATION OF THE OPERATOR FAMILY B(k;e¢)

4.1. Now we return to the study of the operator family A(k, ) introduced in Subsection
2.2. Our goal is to approximate the operator B(k, ) defined by (2.3).
In the space M = L2(0, a) (see (3.17)), we consider the quadratic form

s(k, e)[w,w] = /Oa(g9(x2)t2|w(x2)|2 + 95 (22)e?| Daw(2)|?) daa,
kel-mm), >0,
(4.2) Dom s(k,e) = H'(0, a).

(4.1)

Let H*(0,a) denote the subspace in H*(0,a) formed by the functions the (aZ)-periodic
extensions of which belong to Hj .(R). The form (4.1) is closed and semibounded on the
domain (4.2). The selfadjoint operator in L2(0,a) corresponding to this form is denoted
by S(k,e). Clearly, under conditions (1.9) and (1.10), the operator S(k,¢) is given by
the differential expression

(4.3) S(k,e) = g(f(xg)tQ + 62D2gg(x2)D2
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on the domain
(4.4) Dom S(k,e) = H?(0,a).

Note that the first summand in (4.3) corresponds to the operator ¢2S.
The key role in the proof of Theorem 2.1 is played by the following theorem.

Theorem 4.1. Suppose that conditions (1.1), (1.3), and (1.4) are satisfied. Let P be
the orthoprojection of L2(Q2) onto the subspace M of functions depending only on x2. Let
A(k,€) be the operator in Lo(§2) corresponding to the quadratic form (2.2), and let S(k,¢)
be the operator in N defined by (4.3) and (4.4). Then

(AR, ) + 21)7 = (S(k, )P + D)7 Pl Ly Loy < O,

(4.5)
k| <tg, 0<e<1.

The number to is defined as in (3.11). The constant C depends only on the constants cg
and ¢y in (1.1) and on the constant co in (1.4).

4.2. Deduction of Theorem 2.1 from Theorem 4.1. Let A°(k,¢) be the operator
family corresponding to the effective operator A° defined in Subsection 2.3. For A%(k,¢),
we define the corresponding operator S°(k,¢) by the same rule as for A(k,¢). Clearly,
SO(k,e) = S(k,e). Applying Theorem 4.1 to the operator A°(k,e), we obtain
(4.6) e |(A°(k,e) + 1)~ — (S(k,e)P + &) ' Pl 1, () — L) < C'e,

' k| <to, 0<e<1.

Since the coefficients g?(mg), j = 1,2, satisfy estimate (1.9) with the same constants ¢
and c¢; as in (1.1), the number ¢y (see (3.11)) in (4.5) and in (4.6) is one and the same.
Moreover, combining (1.9) and (1.10) with the statement of Theorem 4.1 concerning the

constant C, we see that the constant C’ in (4.6) depends only on c¢g, ¢1, and cs.

From (4.5) and (4.6) it follows that
wr S NAER+EDT — (Ak )+ D) @) Lo < (C+C)e,
|k|§t0, 0<e<1.

For |k| > to, the required estimate can easily be obtained by variational arguments.
By (1.1) and (2.2), we have

(4.8) a(k,e)u, u] > CO/Q(|(D1+k)u| + 7| Dau|®) dx,

we H'(Q), ke[-mx), e>0.
Expanding the function u € H L(Q) in the Fourier series with respect to variable x1,
’U,(J)l,l‘g) — Z am(xQ)eQﬂ-imxl,
mEZ
we obtain

2 ¢ ~ 2
o alk, ), u] Zcomze:z@ﬂ'm—l-k) /0 (i (22) 2 ds,

uwe H'(Q), kel[-mnr), €>0.
Obviously, if k € [—m, —to] U [to, m) (see (3.11)), then
[2rm + k| > tg, m € Z.
Then (4.9) implies that
a(k,e)[u,u] > cot(2)||u||2L2(Q), u € ﬁl(Q), k € [—m, —to] Ulto,m), € > 0.
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Consequently,
||(A(k3 E) + 521)71HL2 (Q)— L2 (Q) < C(;lf,aQ, ke [—7‘(’ —to] U [to,ﬂ'), e > 0.

The same estimate is true with A(k, £) replaced by A%(k, ). Combining this with (4.7),
we obtain (2.7) with the constant C' = maX{C + C’ 2y Mty 21 depending only on co, ¢,
and cs.

Theorem 4.1 is proved in §§5-7.

5. PRELIMINARY ESTIMATES

5.1. By (4.9), we have
(5.1) ak,€)[u, u] + %[l i) = (cot® + )|l @) = et +e)|ullZ, @),

' we H'(Q), ke[-m7), >0,

where ¢, = min{cg, 1}.
As in (4.8), from (1.1) and (3.1) it follows that

(5.2) ay (k)[u,u] > Co/Q (D) + k)ul?dx, we H'(Q), ke[-m,n),

whence
ar(k)[u, u] + 2[ull7 ) > (cot® + ) ullZ ) = e(t® + ) [[ullF, ),

(5.3)
u € Domay(k), k€ [—mm), €>0.

By (1.9), the form (4.1) satisfies the estimate

s(k,e)|w,w] > co/ (t2|w|2 —|—52|D2w|2) dxs,
0

(5.4)
we HY0,a), k€ [-m, ), €>0.
Then
(55) s(k, &)w, w] + e [lwl|Z, 0.0y = (cot” + )Wl 0,0y = € (8 + )|l 0,05

w € ﬁl(O,a), ke [-mm), €>0.
Relations (5.1), (5.3), and (5.5) imply that

(5.6) 1(A(k, €) + 1) Ly@)— Loy < e ' +7) 7,
1(A1(B) + D) M Ly —Lai) < 62 (2 +7) 7
(5.7) 1(S(k,e)P + 1) Pl )= Loy < ¢ (87 +€%) 71

for all k € [-m,7) and € > 0.
Next, from the estimate (see (4.8))

co/(|(D1+k)u|2+52|D2u|2)dx
Q

< a(k,e)[u,u] + e2||ull} ) = I(A(k,e) + 1) ?ul} ), ueE H'(Q),
it follows that

(5.8) (D1 + k)(A(k, ) + 1) 2| 1y (@) - La(e) < o2,
(5.9) leDa(Ak, €) + €2I) 2| (@)= o) < €5

for all k € [—m,7) and € > 0. Similarly, (5.2) implies

(5.10) (D1 + W) A R) ™ o) rae) S 0 % k€ [=mm).
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Finally, from (5.4) we obtain
(5.11) leDa(S(k, &) P+ 2I) "2 P|| Loy o) < ¢o
for all k € [—m,m) and € > 0.

5.2. Recall that F'(k) denotes the spectral projection of the operator A; (k) for the inter-
val [0, 0], and P denotes the orthoprojection of Lo(2) onto the subspace 91 of functions
depending only on 5.

Lemma 5.1. Let t = |k| <tg, € > 0. Then
IF (k)" (Alk,€) + 2D 72| Ly)— a9

(5.12) - -

= [[(A(k, &) + D)™ F(k) | 1o (@) pae) < 071%
(5.13) I(A(K,€) + €27 2P | y(0)— 1age) < O 1= 872 + Cres /%
(5.14) |F(k):(S(k,e) P+ 21) "2 P| 1y ) o) < Ca = Ciei /2.

Proof. By (2.2) and (3.1), we have
a1 (k) [u, u] + &%|ull} ) < alk,e)[u,u] + €7 |ull} ), v € H(Q).
Consequently,
I(AL(R) + D)2 (Alk,€) + D) 72| L) - Lo < 1.
Therefore,
1F (k) (A(k, ) + €212 py0) - 120
< F R (Ar (k) + 2D 72 Ly )~ La(9)
X (1AL (k) + 2 D)V (Alk,€) + 1) 72|y ) - L)
<612

which proves (5.12).
In order to prove (5.13), we use (5.12), (5.6) and (3.21), (3.25):

I(A(k,e) +€21) " 2P| 1, 0)— 10 (0)
= [[(A(k, &) + D)7V (E (k) + 1@ (k)| o)~ La(0)
<6 Y2 4 Chres VP2 4 £2) V2 < O
Inequality (5.14) follows from (3.21), (3.25),
PL(S(k,e)P + €I

5.7), and the obvious relation

(
)"2p =o.

We have
IF (k)" (S(k,e)P + 1) 2P| Ly)—La(@)
= [[t®(k)(S(k,e)P +e2I) " /Pl 1 (0)—L2@)
< Crei A2+ e V2 < . O

Lemma 5.1 and inequalities (5.6) and (5.7) imply the following statement.
Corollary 5.2. Lett = |k| <tg, € > 0. Then
(5.15) 2||(A(K,€) + €21) " P Loy 1) < Caex e,
(5.16) 2||F(k):(S(k, &) P + £21) " P| Ly() - Loy < Cacs e

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON HOMOGENIZATION FOR A PERIODIC ELLIPTIC OPERATOR 249

Relations (5.15) and (5.16) show that, for the proof of Theorem 4.1, it suffices to
estimate the operator £2J(k, ) with

(5.17) J(k,e) = (A(k,e) + %) ' P — F(k)(S(k,e)P + %) P.
Thus, Theorem 4.1 is a consequence of the following proposition.

Proposition 5.3. Suppose that conditions of Theorem 4.1 are satisfied. Let J(k,e) be
the operator defined by (5.17). Then

(5.18) 2| T (k, )l La(@)—rae) < Ce, k| <to, 0<e<1.
The constant C depends only on cgy, c1, and co.

Proposition 5.3 will be proved in §7.

§6. ESTIMATES OF COMMUTATORS

6.1. For the proof of Proposition 5.3, we need to estimate the commutator of the operator
Dy with the resolvent (A(k,e) + &2I)~! and with the spectral projection F(k) of the
operator A;(k).

Lemma 6.1. Let |k| < tg, € > 0. The operator clos[(A(k,e) +&2I)~1, Da] is bounded on
Ly (), and

[[(Ak, &) + 1), Do) P
= ||PH[(A(k,e) +°1)7"

(61) Q)—L2(Q)

2, _2\-1/2
vDQ]HM(Q)ﬁLQ(Q) O e

The constant Cs depends on ¢y, ¢1, and cs.

Proof. Under conditions (1.1), (1.3), and (1.4), for the functions v € Dom A(k, &) we
have

uwe H'(Q), Dyue H'(Q).

This property expresses a partial smoothness improvement (with respect to z3) of the
solutions of the elliptic equation — div g(x)Vu = f(x) with periodic boundary conditions
and f € Lo(£2). This is ensured by the fact that the matrix of coefficients g(x) is periodic
and satisfies the Lipschitz condition (with respect to x2). The corresponding theorem
about smoothness improvement can easily be established by analogy with the proof of
Theorem 10.1 in Chapter IIT of the book [9] or Theorem 8.8 in [10].

Let u,v € Dom A(k,¢). Then Dau, Dav € Doma(k,e), and

a(k,e)[Dau,v] + 52(D2u, V)1, (0) — alk, €)u, Dov] — 62(u, D2v) 1, )

= [ (560D + 102D 0 + a0 (D3) D) i
(6.2) +€2/Q ((D2u)v — u(Dav)) dx
— [ (560D + KDL+ R D+ <0a (0 (D2 D) s
- /Q ((ngl)(x)((Dl + k)u) (D1 + k)v + £2(D2gz2) (x)( DQU)D—QU) dx.

We have integrated by parts and used the periodic boundary conditions (in z3) on u and
v, and also the periodicity of the coefficients g;(x) with respect to z2 (see (1.3)).
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Now we plug the functions u = (A(k,e)+e%I) Lo, v=(A(k,&)+e?I)~ 14 in the relation
obtained. Here ¢, 1) € L2(€2). Then the left-hand side of (6.2) takes the form
(D2(A(k,€) + )" o, 9) () — (0, Da(Alk, ) + 1) 7))
= (clos[Da, (A(k,€) + £I) e, v)
and the right-hand side looks like this:

Ls(2)?

- /Q(D291)(x) ((D1+ E)(A(k,€) +21) 7 ) (D1 + k) (A(k, €) + 2I)~19) dx

- /{leQ(DQgQ)(x) (D2(A(k,e) + 1) ) (D2(A(k, e) +e2I)~1¢) dx.
Thus,
clos[Dy, (A(k,e) + 2I) 7]
(6.3) = — (D1 + k) (A(k,e) +2)7")" (D2gi) (D1 + k) (A(k, ) + 1))
— (eDa(A(k,€) + 1) 7Y) " ((D2g2)eDa(A(k, ) + 1) 7H).

By (1.4), (5.6), (5.8), and (5.9), the operator on the right is bounded.
From (1.4), (5.6), (5.8), (5.9), and (5.13) it follows that the operator (6.3) multiplied
by P+ from the right satisfies the estimate

|[D2, (A(k,e) + €°I)~ < 20510;1/20302(1&2 +2)71/2,

11pl
1P ||L2(Q)HL2(Q)
which proves (6.1) with C5 = 20610:1/20302. O

6.2. For calculating the commutator [Dao, F(k)], we represent the spectral projection
F(k) as the integral of the resolvent (A1 (k) —zI)~! over the contour T' that envelopes the
real interval [0,0] equidistantly with distance 6. We recall that, for |k| < to, the interval
(6,30) is free of the spectrum of the operator A;(k); therefore,

(64) H(Al(k) — ZI)_1||L2(Q)_,L2(Q) < (5_1, |k| < to, zel.
We have
1

: F(k) = —=— [ (Ai(k) — 21)" ' dz.
(65) () = ~g= [ (Aal) =20 s
Lemma 6.2. Let |k| < tg, € > 0. The operator clos[Daq, F(k)] is bounded on L2(2), and
(6.6) [[D2, F(k)]HLz(Q)HLQ(Q) = Ce,
(6.7) H[Dg,F(k;)]F(k;)HLz(Q)HLQ(Q) < Cqt,

where the constants Cg and Cy depend on ¢y, ¢1, and cs.

Proof. First, we calculate the commutator clos[Da, (A1 (k) — 2I)~!]. Suppose functions
u,v € Domay (k) (see (3.2)) are such that Dyu, Dov € Domay (k) and u(x),v(x) are
equal to zero in some neighborhood of the set {x € 90 : x5 = 0 or 2 = a}. Then

a1(k)[Dau,v] — 2(Dau,v) 1, q) — a1(k)[u, Dav] + 2(u, D2v) 1, ()
= /Q (91 (x)((D1 + k)D2u) (D1 + k)v — g1(x)((D1 + k)u)(D1 + k')ng) dx
(6.8) +z /Q(uD—gv — (Dau)v) dx

_ /Q(ngl)(x)(Dl + k)yu(Dy ¥ B)vdx.
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We have integrated by parts and used the fact that v and v vanish near the corresponding
part of the boundary. We put u = (A1 (k) — 2I) "Ly, v = (A1 (k) — 2I) "2, where p, 1) €
C§°(9Q). By using (1.4), it is easily seen that v and v satisfy the required conditions.
From (6.8) it follows that

(Da2(Ar(k) — 2I) " 0,9) 1y 0) — (¢, D2(A1(k) — 2I) ") 1,0
= - /Q(le)(x) (D14 k) (AvL(k) — 2I) ") (D1 + k)(As(k) — 21)~19) dx,
¢, ¥ € C5° ().

Since C§°(€2) is dense in Ly (2), we obtain
clos[Dg, (A1 (k) — zI)_l]
= — (D1 +k)(As(k) = 21)7")" (D2g1) (D1 + k)(Ax (k) = 2I)71) .
Now (1.4) and (5.10) yield the estimate
H[DQ’ (Ax(k) — ZI)_1]||L2(Q)—>L2(Q)
(6.10) < cal|(D1 + k)AL (k) 2P| AL (k)2 (Ar (k) — =) 717
< eacy | Ar (k)2 (AL (R) = 2D,
Finally, we use the inequality
(6.11) Ay (k)2 (AL (k) — 2I)7Y| < e(8), zeT, |k <to,

where ¢(8) is the maximum value of the function f(\) = A/2|\ — 2|~ for X € [0,6] U
[30,00) and z € T". Inequalities (6.10) and (6.11) imply

(6.12) H[Dg, (A1(k) — 2I)~ < 020610(6)2, zel, k| <to.
By (6.5) and (6.12), we have
(6.13) H[DQ’F(k‘)]HLQ(Q)eLQ(Q) < (20 + 27m8)(2m) teacy 'e(8)? =: Cs, || < to,

(6.9)

1
M 2@~ Lo

which proves (6.6).
Relations (1.4), (5.10), (6.4), and (6.11) show that the commutator (6.9) multiplied
by F(k) from the right satisfies the estimate

1Dz, (A1 (k) = 2D) T NFE)|| 1, ) Lo
< ea|(Dy + k) Av (k) 2|2 Ax (k)2 (Ad (k) — =) 7|
x | A (B) 2 E(R)| ] (Ar (k) = 21) 7|
< cacy te(0)TH AL (R) VPR (R)|, 2 €T, |k < to.
Recalling (3.23) and (3.26), we obtain
1AL (k)2 F (k)ul1F 0y = (Ax (k) F (k)u, w) py0) = (PSP + 0 (k) Ju, u) 10
< (1S o)=L + ENYE) | o) — Lo @) 1wl )
< (c1 + Cato)t?||ullF, ), ¢ <to

(6.14)

(we have also used the fact that ||S]1,0)—1.() = max|g?(z2)] < ¢1 by (1.9)). Thus,

(6.15) 141 (B)' 2 F (k)| L0y~ ey < (1 + Cato) /%8, |k| < to.
Combining this with (6.5) and (6.14), we arrive at (6.7) with
C7 = (26 4 27m6)(2m) " Leacy e(8)6 (e1 + Cato) /2. 0
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6.3. In the sequel, we shall need the following statement.

Lemma 6.3. We have
(6.16) F(k)HY(Q) c H'().

Proof. Let w € H'(). Then, obviously, u € Doma, (k) = f(O,a) GH'(0,1) dzy. Since
F(k)Domay (k) C Domay(k), a fortiori, we have F(k)u € Domaq (k). This means that
Dy (F(k)u) € La(R2), and F(k)u satisfies periodic boundary conditions with respect to
x1. Next,

because Dau € Lo(f2), and the operators F(k) and [Da, F'(k)] are bounded in Lo(2).
The function F(k)u satisfies periodic boundary conditions in x5 because u(x) is periodic
in xo, the operator F'(k) acts in the direct integral (3.3) layerwise, and the coefficient
g1(x) is periodic with respect to z2 (see (1.3)). O

§7. PROOF OF PROPOSITION 5.3
7.1. For the study of the operator (5.17), we wish to apply the identity
J(k,e) = (A(k,e) +* 1)~ " (S(k,e) P+ e*P — (A(k,e) + 1) F(k))
x (S(k,e)P +£*I)7'P.

However, strictly speaking, the operator in the central brackets makes no sense. In order
to obtain a precise version of (7.1), we need the following statement of abstract nature.

(7.1)

Lemma 7.1. Let t; and ty be two closed and densely defined sesquilinear forms in a
separable Hilbert space $). Suppose that both quadratic forms ti[u,u] and tau,u] are
positive definite. Let Ty and Ty denote the selfadjoint operators in $ corresponding to
the forms t1 and ta, respectively, and let P and Q be orthoprojections in $). Assume the
following conditions:

1° 0 := Domt; C Dom ty;

2° PDomty; C Dom ty;

3° Qo C 0

4° P commutes with Tb;

5° the following representation is true:

(7.2) t2[Pu,v] — t1[Qu,v] = (Gou, Gv)s, u,v €D,

where Go,G : H — & are densely defined linear operators acting from $ into some
separable Hilbert space &. Moreover, © C Dom Gy, 8 C Dom G, and the operators

GTy' 9 -6, GI,'P:H—6

are bounded.
Then we have

(7.3) TP — QT, P = (GT 1) (GoTy ' P).

Proof. Tn (7.2) we take u = PT, "¢ and v = Tfli/), where p,1 € $. Then u € 0 by
condition 2°, and obviously v € 0. Thus,

t2[7DT2_1807T1_1w] - tl[QPTz_l%Tflw] = (GoPTz_l% GT1_1¢)Q% 0, EH.
Using condition 4°, we rewrite this as
(Po. Ty ) — (L5 P, )5 = (GoTy P, GIT 'W)e, 0.1 €9,
which implies (7.3). O
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7.2. Let |k| < tg, € > 0. We are going to apply Lemma 7.1 with § = L2(Q2), P = P,
Q = F(k),
t1 [U,U] = a(ka 5)[“70] + 62(U7U)L2(Q)7

S(k,E)[PU,PU] +52(uav)L2(Q)a

ta[u, v]

0 = HY(Q), and Domt, = {u € Ly() : Pu € H*(0,a)}. Obviously, conditions 1°, 2°,
and 4° are satisfied. Condition 3° is also satisfied by Lemma 6.3. We check condition

5°. The left-hand side of (7.2) takes the form
(7.4) Alu, v] := s(k,e)[Pu, Pv] + e?(Pu, V) o) — alk, e)[F(k)u,v] — EQ(F(k)u7 V) Lo ()
' = T1|u, v] + Zo[u, v] + Zs[u, v],

where, in accordance with (2.2), (3.1), and (4.1),

(7.5) Ti[u,v] := e2((P — F(k))u, V) Ly ()5
(7.6) To[u,v] = t*(SPu, Pv) ) — a1 (k)[F(k)u,v],
(7.7) Is[u, v] == (99D Pu,eDaPv) 1, () — (92 D2 F (k)u,eDav) 1, (-

The forms 7; and Z,. By (3.21), for the form (7.5) we have
(7.8) Ti[u,v] = =t (@(k)u, v) 1, 0) = (Gort, G1v) L, (0),
where Go1 = —et'/2®(k), G1 = t'/2I. Using (3.25), (5.6), and (5.7), we obtain
(7.9) €l|Go1(S(k,e)P + )" Pl py)—1.0) < Cret 2 (12 + €27 < Creftel/?,
(7.10) e[| G1(A(k,e) + 2 I) " Pl 1y0)— 12 (0) < 22 (12 4 e2) 7 < e tet/2
As to the form (7.6), we apply (3.23):
(7.11) Tofu,v] = —t3(\I'(k;)u,v)L2(Q) = (Goau, G2v) 1, (0),
where Gz = —t3/2W(k), Gy = t3/21. Then, by (3.26) and (5.7),
(7.12) el|Goa(S(k, )P + 1) Pl 1y 0)—La()
< Coet?2e] (12 + 2) 71 < Oy tel/2,
From (5.6) we deduce the estimate

(7.13) e|Ga(A(k,e) + 2 1) Pl 1y0)—1a(0) < et32e M (12 + %) < e tel /2

The form 7Z5. We rewrite the form (7.7) as

(7.14) Ts[u, v] = Zi[u, v] + Zy[u, v],

where

(7.15) I3[, v] = —(g2e D2(F (k) — P)u,eDav) 1, (0,

(7.16) Zy[u,v] = (952D Pu,eDaPv) 1,0y — (926 D2 Pu,eDav) 1, (q).-
For the form (7.15), we have

(7.17) Z5[u, v] = (Gosu, G3v) ,(0)

where Go3 = —g2e'/2Do(F(k) — P), G3 = €%/2Dy. By (3.21), we can represent the
operator Gosz as

(7.18) Gos = Gos + Gos + Gos,
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where
Gos = —goe /%[ Dy, F(k)|F(k),
Goz = —g2e"/%[ Dy, F(K)|F (k)"
Gos = —goe/2(F (k) — P)Dy = —goe'/?t® (k) Ds.

From (1.1), (5.7), and (6.7) it follows that
(7.19)

€||G03(S(/€, E)P -+ 621)71P||L2(Q)_,L2(Q) < 63/20107150:1@2 + 62)71 < C1C7c:1€1/2.
Relations (1.1), (5.16), and (6.6) yield the estimate
(7.20) el Gos(S(k, )P + €21) " P 1y () - Loy < ¢1CsCacy /22,
Finally, relations (1.1), (3.25), (5.7), and (5.11) imply
(7.21) el Gos(S(k, )P + 1) Pl Ly ()~ L)

' < eV2e1Chteg PP (# 4 €2) V2 < ey Cheg e V2
As a result, from (7.18)—(7.21) we obtain

e|Goa(S(k,e)P + €2I) " P|| Loy o Lo(a) < Cse'/?,

(7.22) —1/2 —1/2 —1/2
Cs =cicx "7 (Cres + CsCs + Cicy 7).
Next, by (5.6) and (5.9),

el|Gs(A(k,€) + 1) M| o)~ La() = ¥/ *[l€Da(A(k, €) + &) | La(@) ~ La(@)

< 63/2051/20:1/2(152 + 62)_1/2 < 051/20:1/261/2.

(7.23)

The form (7.16) can be rewritten as

Iyu,v] = (g3eDaPu,eDaPv) 1, ()

(7.24) N
— (gg&DgPU,, PEDQ'U)Lz(Q) — (ggEDQPu, P EDQ'U)LZ(Q).

Since PgaP = g9 (see (1.8)), the first two terms on the right in (7.24) compensate each
other. Consequently,

(7.25) Tylu,v] = —(QQEDQP’U,,PlﬁDQU)IQ(Q) = (Goau, G4v) ()
where Goy = —g2%/2DyP, Gy = £'/2P+D,. Relations (1.1), (5.7), and (5.11) imply
that
ellGoa(S(k,e) P + &) 7' Pl o)~ La(o
(7.26) 2(Q)—L2(2)

< 63/201061/26I1/2(t2 +€2)—1/2 < 61(361/26:1/261/2.
Next, we have
Gu(A(k,e) + 21~ = eY/2PL Dy, (A(k,e) + €21) 7Y + /2P (A(k, €) 4+ €21) "' Ds.

The first term on the right is estimated with the help of (6.1), and the second with the
help of (5.13) and (5.9). As a result, we obtain

ellGa(Alk,€) + &) La(@)—La(e)

(7.27) . _ _
< 6‘3/26’5@2 + 62)71/2 + 61/200 1/203 < (Cs5+ ¢ 1/203)61/2.
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7.3. We summarize the study of the form (7.4). By (7.8), (7.11), (7.14), (7.17), and
(7.25), this form can be represented as

Au, v] = (Goru, G1v) 1, ()
+ (Goau, G2v) 1, () + (Gosu, G3v) 1, ) + (Goar, G4v) 1, (0)-
We put & = Ly(;C*) = La(2) x La(Q) x La(Q) x L2() and introduce the operators
Go: La(Q) — &, Go = col{Go1, Goz, Gos, Goa},
G:Ly(Q) — &, G = col{G1, G2, G3,Ga},

Dom Gy = Dom G = {u € Ly(Q) : Dou € Lo(Q)}.

The operators Gy and G are densely defined, and we have 0 = ﬁl(Q) C Dom Gy =
Dom G and

Au, v] = (Gou, Gv)s, u,v €.
Thus, we have checked condition (7.2) in the case in question. Relations (7.10), (7.13),
(7.23), and (7.27) show that the operator G(A(k,e) +&2I)~! : Ly(Q) — & is bounded,
and

(7.28) e[| G(Ak,e) + 21 M1y —e < Coel/?,

where C2 = 2¢; 2 +cy eyt + (C5—|—cal/203)2. Inequalities (7.9), (7.12), (7.22), and (7.26)
imply that the operator Go(S(k,e)P +2I)~'P : Ly(2) — & is bounded, and
(729) €HGO(S(]€, E)P + EQI)_1PHL2(Q)H@ < 01061/2,
where C3, = (C? + C2)c;2 4+ C2 + c3cy tes . Observe that the constants Cy and Cyg can
be expressed in terms of ¢, c1, cs.

Thus, we see that condition 5° of Lemma 7.1 is satisfied. Applying Lemma 7.1, we
obtain the representation
(A(k,e) +2I)"'P — F(k)(S(k,e)P + *I)~'P

= (G(A(k,e) +2I)"1)*(Go(S(k,e) P + €2I) "' P).

Relations (7.28)—(7.30) imply estimate (5.18) with C = CyCho. This completes the proof
of Proposition 5.3 and, with it, of Theorem 4.1. Also, this completes (see Subsection 4.2)
the proof of Theorem 2.1, and, thereby (see Subsection 2.3), that of Theorem 1.1.

(7.30)

§8. ON GENERALIZATIONS OF THEOREM 1.1

In this section, we briefly discuss possible generalizations of the main result of the
paper.

8.1. The two-dimensional operator of the form (0.2) in Ly(IT) with a nondiagonal matrix
g(x) can also be studied. The statement of Theorem 1.1 carries over to the case where
the antidiagonal entries of the matriz g(x) do not depend on x4, i.e., g(x) is of the form

_ (g1(z1,22) g(x2)
9<X>—< 3(2) gz<x1,x2))'

We suppose that the matrix g(x) is positive definite and bounded, and that the coef-
ficients g1, go are subject to the same conditions as before. Also, we assume that the
coefficient g(z2) is real-valued, periodic (with respect to x3), and Lipschitz. In this case
the effective operator coincides with A% = — div ¢° grad, where

0 (9?@2) g(2) >7

T =\ glz2)  g3(a2)
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and the ¢9(x2), j = 1,2, are as in (1.7) and (1.8). Under the above conditions, an analog
of estimate (1.11) is valid.

In the case where g(x) is a nondiagonal matrix of general type, additional technical
difficulties arise, and the author has not yet succeeded in overcoming them.

8.2. An analog of the operator (0.2) can also be studied in the domain = = R% x (0, a)92
of an arbitrary dimension d = d; + da. We use the notation x = (x/,x”) € =, x' € R%,
x" € (0,a)%, Dy = —igrad,, DX, = —idivy, and similarly for Dy», D%,,. In Ly(Z),

X
we consider the operator A corresponding to the differential expression

(8.1) A=DL g1 (x,x")Dyx + DL, g2 (x',x")Dyr,

with periodic boundary conditions on 9=. Here ¢1(x) is a (dy X dj)-matrix-valued func-
tion, and g2(x) is a (da x d2)-matrix-valued function in =. Both matrices are real-valued,
measurable, positive definite, and periodic in x’ with respect to a lattice I' ¢ R%. We
assume that

95,97 ' € Lao(B), j=1,2.
Moreover, we assume that g;, g2 belong to the Lipschitz class with respect to x”,

esssup [Dxrg;(x)[ <¢, j=1,2,

xXER

and satisfy periodic boundary conditions in x” (the values of g1, g2 on the opposite faces
of Z coincide). We consider the operator

(8.2) A. =D%Lgi(x' /e, x")Dy + DLiga(x' /e, x")Dyr, € > 0.

Theorem 1.1 can be carried over to the operator (8.2). The effective operator has the
form

A° = D% ¢?(x")Dy + DL, gy (x" ) Dy
We present the rule of calculation of the coefficients. Let @ < R% be the cell of the

lattice I'. Then ¢9(x”) is equal to the mean value of go:

(8.3) G(x") = || / g2, ") dx.

/

The matrix g1 (x) is homogenized by the rule corresponding to the d;-dimensional elliptic
operator D}, g1 Dy . This rule can be described as follows. For a given C € Ch, let v(x)
be the periodic (in x’) solution of the equation D%, g1 (x',x”)(Dx v + C) = 0. (Here x”
is a parameter.) Then

(8.4) AxC = | / g1 (<, x")(Dwv+ C)dx, CeCh.
QI

Note that, for d; = 1, the rule (8.4) corresponds to calculating the harmonic average
value of g1, and then (8.4) turns into (1.7). The following analog of Theorem 1.1 is true.

Theorem 8.1. Under the above conditions, we have

(8.5) [(Ac + 1) = (A° + 1) Y| pom)—10E) < Ce, 0<e <1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON HOMOGENIZATION FOR A PERIODIC ELLIPTIC OPERATOR 257

8.3. We can include “antidiagonal” terms in the operator (8.1), but only with coefficients
independent of x’. In this case, A = — div g(x) grad, and the matrix g(x) is of the form

gl (>(/7 XI/) .’g\(xll)
x)= (72 ,
g( ) ((g(X//))* QQ(X/,X”)
where ¢1, g2 are as above, the (d X d)-matrix-valued function g(x) is bounded and
positive definite, and the (di x dz)-matrix-valued function g(x”) is periodic (in x”)
and belongs to the Lipschitz class. In this case, the effective operator is of the form
A% = —div ¢°(x”) grad, where

0 (! Sl
OX// :<21(X )* g(X ))
7EI= @) B
Here g9 and g9 are defined by the same rules (8.4) and (8.3), respectively. Under the
above conditions, an analog of estimate (8.5) is valid.
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