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INTEGRAL REPRESENTATIONS AND EMBEDDING THEOREMS
FOR FUNCTIONS DEFINED ON THE HEISENBERG GROUPS H"

N. N. ROMANOVSKII

ABSTRACT. Integral representations of Sobolev type are obtained for functions de-
fined on the Heisenberg group H™. These representations are employed to prove
embedding theorems, Poincaré inequalities, and coercive estimates for functions de-
fined on regions in H".

§0. INTRODUCTION

0.1. Tt is well known that integral representations of functions defined on regions in
Euclidean spaces have considerable application to function spaces, partial differential
equations, cubature formulas, and other areas. An intensive study of these fields was
initiated by S. L. Sobolev in his fundamental papers in 1936-1938. The theory of spaces
of functions with distributional derivatives is described in Sobolev’s book [I], and also in
the monographs by J. Necas [2], S. M. Nikol’skii [3], I. M. Stein [4], O. V. Besov, V. P. Il'in,
and S. M. Nikol’skii [B], V. M. Gol’dshtein and Yu. G. Reshetnyak [6], V. G. Maz'ya [1],
D. R. Adams and L. I. Hedberg [§], V. I. Burenkov [9], Yu. G. Reshetnyak [10], and in
several books by other authors. For different ways of deriving integral representations,
see also the papers [IT]-[I7].

The topicality of the theory of Sobolev spaces on Heisenberg groups is explained by
numerous applications of it to the study of solutions of subelliptic differential equations,
quasiconformal analysis, and many other related problems (see, e.g., [18]-[24]). The
Heisenberg groups H™ represent the best known and, in many respects, a model case of
the Carnot—Carathéodory spaces. The latter are smooth manifolds with distinguished
tangent subbundle satisfying certain algebraic conditions. The vector fields of this sub-
bundle are called horizontal. The curves for which the tangent vectors are contained
in the distinguished subbundle are also called horizontal. The Carnot—Carathéodory
distance between two points is equal to the infimum of the lengths of the horizontal
curves connecting these points. The Carnot—Carathéodory metric is not equivalent to
the Riemann metric. The geometry of the Carnot—Carathéodory spaces was studied by
M. Gromov in [25] 26], A. Nagel, E. M. Stein, and S. Wainger in [27], P. Pansu in [26, 28],
and by other authors.

The Sobolev classes of functions on regions of Carnot—Carathéodory spaces are defined
by derivatives along vector fields of the distinguished subbundle. The development of
the theory of such function spaces was stimulated by the study of regularity properties
of subelliptic differential equations. In particular, to generalize the iterative technique
of Moser, we need to prove the Poincaré and Sobolev inequalities for functions defined
on a ball in the Carnot—Carathéodory space. This line of investigation is related to the
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350 N. N. ROMANOVSKII

papers of D. Jerison [29]-[31], B. Franci [32]-[37], R. L. Wheeden [33|, 36, [37], L. Capogna
[38], D. Danielli [39, [40], N. Garofallo [38], [40]-[42], D. M. Nhieu [0} 42], P. Hajtazs
[43, 44], J. Heinonen [45], P. Koskela [43, 45], G. Lu [36] [37], [46]-[49], O. Martio [44],
S. K. Vodopyanov [50]-[58], A. V. Greshnov [54]-[56], [59], and other authors.

At present, by integral representations of functions defined in Carnot—Carathéodory
spaces, some authors mean inequalities of the form

If(x)—01|§cz/ Veflly)

B(z,Csr) p(l‘, y)y_l ’
where x € B(z,r), and the constants Cy and C3 are independent of x, r, and f. The
Poincaré and Sobolev inequalities are obtained from this relation. However, many subtler
results cannot be derived from this inequality. Among those are, for example, coercive
estimates for differential operators, which are expressed in terms of linear combinations
of derivatives of some order along vector fields in the standard basis of the horizontal
subbundle. In the sequel, we call such operators homogeneous linear differential operators
with constant coefficients in the sense of the standard basis of the horizontal subbundle.
It is well known that coercive estimates provide an important tool for the study of
systems of partial differential equations. By a coercive estimate for a differential operator
Q, we usually mean either an inequality of the form

[ullwiey < CQQ)(1QullL ) + llullL, @)
for an arbitrary vector-valued function u, or an inequality of the form
lullwe@) < C(Q,Q)Qul L,

for a compactly supported vector-valued function. In 1907, Korn [60] proved that such

inequalities are valid for the operator @1 = %(Vu + (Vu)T) (the stress tensor) for

p = 2. Much later, in the papers [61] [62] by N. Aronszajn and K. T. Smith and also in

O. V. Besov’s paper [63], these inequalities were proved for a sufficiently large class of

operators acting on functions defined on regions of Euclidean spaces (see also [64]-[66]).
For the operators

|~

and
1 o1
Qs = E(Vu—i— (Vu) ) — ﬁTrVu,

Yu. G. Reshetnyak [I0] [14] obtained a stronger version of coercive estimates. These
estimates were used in quasiconformal analysis for proving stability theorems [I0].

In the present paper, we prove the strong version of coercive estimates for the ho-
mogeneous linear differential operators with constant coefficients and finite-dimensional
kernel in the sense of the standard basis of the horizontal subbundle of the group H"™.

We use the ideas and classical approaches to the theory of spaces of functions with
distributional derivatives, initiated by S. L. Sobolev, O. V. Besov, V. I. Burenkov,
V. G. Maz'ya, Yu. G. Reshetnyak, and other authors.

0.2. We present the basic definitions used in the paper. The points of the group H" will
be identified with points of the space R?"*1. The group multiplication is given by the
formula

(xlv xllv x2n+1) : (y/a yllv y2n+1) = (QC/ + y/v LC” + yllv Tan+1 + Y2n+1 — 2<xlv y/l> + 2<x/lv y/>)7

Where J), = (331, et ,J?n), .1?/, = (xn"rl? et ,J?Qn), y/ = (y17 et 7yn)7 y,/ = (yn+17 et 7y2n)7
and <{E’, y/,> =T1Yn+1 + -+ TnYon.
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1

The Heisenberg metric is defined as follows: p(p,q) = |[p~"' - ¢|, where

(2, 2" w2ni1)| = (@ +2)? + a3, )"

This metric is not equivalent to the Euclidean one. It is easily seen that the topology
of the Heisenberg group is equivalent to the Euclidean topology. Accordingly, a region
in H™ is identified with an open connected subset of R??*1.

The left-invariant vector fields X; = 8%1‘, + 2xi+n%n+1, i=1,...,n, X; = 82,; —
2xi_n%ﬂ, i =n+1,...,2n, form the standard basis of the horizontal subbundle.

Together with the vector field Xo,41 = %ﬂ“, they form the standard basis of the Lie
algebra corresponding to the group H". We have the following nontrivial commutation
relations:

(01) [Xj,Xj+n] = —4X2n+1, ] = 1,...,TL.

It can easily be seen that the left shift I, : y — x - y is a diffeomorphism from R27+!
to R?"*1 and det(Dl,) = 1.

By v we denote the Hausdorff dimension of H"™ with respect to the Heisenberg metric,
which is equal to 2n + 2.

The family of mappings &; : (2/,2”, x2n+1) — (ta’,tz",t?22,11), t > 0, is called the
one-parametric family of dilations. Obviously, | (x)| = ¢|z].

The biinvariant Haar measure on the group H" coincides with Lebesgue measure in
the space RZ"F1. Tt is easy to show that |§;(5)| = t|S| for every measurable subset S
in H"™.

To an arbitrary (2n + 1)-dimensional multiindex «, we assign the number ||, = a1 +
-+ 4 ign + 2025 41. The symbol X will denote the differential operator X7 - - - X5201".

Consider the following norms:

I llvey = D I1XFllz, @)

laln<k
12k = Z X fllz, )
laln=Fk
£ llws) = 1Ly + D 1X* fllo,@-

|Oz‘h:k}
For an arbitrary homogeneous linear kth order differential operator () with constant

coefficients in the sense of the standard basis of the horizontal subbundle, we consider
the norms

I fllwe ) = Ifllz, ) + 1Qfz, )
[V o) = 1f Iy () + 1Qf L, 0)-

We define the space W} () as the completion of the set { f € C>°(Q) | ||f||W§(Q) < oo}

with respect to the norm || fllyx(q). The spaces LE(Q), V), Wg,»(Q), and Vg ,(Q)
are defined in a similar way.
The space VP (€2) is the completion of C§° () with respect to the norm || - v (e)-

The space C*() consists of all functions for which the horizontal derivatives of order
[s] are uniformly Holder continuous with respect to the Heisenberg metric with exponent
s —[s] ([s] is the integral part of s).

Now, we define the main classes of regions considered in the paper.

A region Q C H"™ satisfies the cone condition with constant R > 0 if, for each point
x € (, there is a ball B, C Q such that the cone {x-d;(x™" - y) |y € By, 0 <t < 1} lies
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352 N. N. ROMANOVSKII

in  and the radii of the balls B, are uniformly bounded below by a positive constant
R. An equivalent definition can be found in [38].

A region Q C H" satisfies the strong Lipschitz condition if every point z° € 0Q
has a neighborhood U,o such that, in some Cartesian coordinates, the set U,o N Q can
be represented by an inequality zy > fpo(z1,...,2n-1) (N = 2n + 1), where either
the function f,o satisfies the Lipschitz condition with constant L(f,o) and the cone

zn — 2% > L(fpo)ll(z1,...,2n-1) — (29,...,2%_;)| has nonempty intersection with
the horizontal plane attached to the point x°, or the function f,o belongs to the class
Cl’l(Uxo).

A region 0 C H"™ satisfies the (g, d)-condition if, for arbitrary x, y € £ such that
p(z,y) <, there is a curve 7y connecting x and y, rectifiable in the sense of the Heisenberg
metric, and satisfying the inequalities

1
I(y) < gp(x,y), dist(z, Q) > emin(p(z, 2), p(y, 2)) for all z € ~,

where [(7) is the length of 7 in the sense of the Heisenberg metric.
We say that an open set U C H" is star-like in a region €2 with respect to a ball B € Q)
if for arbitrary x € U and y € B the point z - §;(z =1 - y) belongs to  for all t € (0, 1].
By a horizontal polynomial of degree at most [ we mean a function for which all
horizontal derivatives of order (I 4+ 1) (i.e., the derivatives along the horizontal vector
fields X;, i =1,...,2n) are zero.

§1. INTEGRAL REPRESENTATIONS OF FUNCTIONS OF SOBOLEV CLASSES
IN REGIONS OF HEISENBERG GROUPS

1.1. Integral representations by first horizontal derivatives for functions on
bounded regions in the group H".

Theorem 1. Let ' C H™ be a star-like region in @ C H™ with respect to a Heisenberg
ball B(a,r), and let ¢ € C§°(B(a,r)) be a function satisfying [, ¢(x)dx = 1. Then for
each function f of class C*°(Q) we have the following integral representation in '

ﬂm:Af@mm@
+Arm%m

X <Z(yz — i) Xif(y)

=1
+ 2(y2n+1 — Tap41 + 2<(E,, y/,> - 2<£C”, y/>)X2n+1f(y)> dya

where T'(z,y;p) = — floo o(x - 6 (=1 - )2t dt.
Proof. For every x € R?"*! we consider the mapping
vy 1 (0,00) x [0,27) x [0,7)*" 72 x (=00, 00) — R?"H1
given by the formula
(12) (@ 8) = L 8) = L((1+ 8460, ), (1 + 82)726),
where @ € [0,27) x [0,7)?"72, and 0 : (0,00) x [0,27) x [0, 7)?"~2 — R?" is the mapping
that gives rise to the standard polar coordinate system in the Euclidean space. In the

sequel, we need the following properties of §:
1) 0](0,00)x (0,27) x (0,m)2n—2 is a diffeomorphism;
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2) |6(r,@)|| = r, where || - || is the Euclidean norm in R?";

3) det(DO(r,@)) = A(a)r®"~1;
4) 20(r,a@) = 10(r, @).

We note that
o(r,@, B) = 6, (v(1, @ B)),

p(x,ve(r, @, 8)) = p(0,v(r, @, §))
= (|14 %)o@t + (1 + 657282 =

—— and @ is the
I=12>

Moreover, if v(r,@, ) = (2,t) (z € Rt € R), then r = |(2,t)], 8 =
vector of angles that are involved in the coordinates of z in the polar system. Thus, the

mapping v.|r is a diffeomorphism, where II = (0, 00) x (0,27) x (0,7)?"~2 x (—00,00).
Now, it is easy to calculate det(Dv(r, @, 3)). For this, we put
O(r,@) = (01(r,@),. .., 02, (r,@)).

We obtain
Du(r,a, 3)
190, 106, 1 2, o 2y-1
(1+52)i or (1+52)i o (1_,’_[32)% Oaan 1 8,3((1 + ﬂ ) 4)01
(1.3) : : : : :
T 1 90m, 1 902n 1 902n, 0 2\—1 )
(1+52)§ 0" ren® 0ar (i fas 031 FY) 4)19%
_2Br _ 9 2N—1\ 92
(14+62)3 0 0 a5 (B(1+5%)72)r
LZBO+/) ) = (146778 - 2+ 6273 =

Z((1+p2)71) = 501+ )75, &

(1+5%)72.
We find the determinant of the above matrix expanding it along the last row. We

have
det(Du(r,@, B)) = (1 + %)~ 212 ((1 + ﬂz)*%)Q”det(De(r, @)
By 62)‘%) det M,

+20r(1+ 87 H (1 + ﬁ%‘i)%ﬂ( .

where
901 964
Sar 1 DagT 01

M = . .

902y, 902n

30?1 aaZi—l O2n

Using the identity 6; = T%Hi and interchanging the first and the last rows, we see that
= —A(@)r®™,

det M = (—1)>""'rdet(D(r,@))

Finally, we obtain the relation

det (Dv(r, @, 3))
=(1+ 52)7%*%14(@)7,%(2%1) Y1+ 52)7%7%,% (@)t
*"T”) = A(@)(1 _f_ﬂ2)—"21r2n+17

= A@)r? (14 6%)7F + 821+ 5°)

n+1
3 r2n+1 )

whence
det(Duv, (r,@, §)) = det(D(l, o v)(r, @, 3)) = A(@)(1 + %)~

(1.4)
We fix a smooth function ¢ with support in the Heisenberg ball B(a, R) C R?"*1 and

satisfying the condition [, p(z)dx = 1.
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354 N. N. ROMANOVSKII

Let f be an arbitrary smooth function f defined on 2, and let xy € '. We introduce
the functions

_ /Oo (Ve (5,7, B)) det(Dua, (5, @, B)) ds

(I)(x07y 6(‘IEOa ;col(y))v
7:f O VUgg,
6(3?0;7”75;5) 6(1‘0,7" aaﬁ) 7(T7aaﬁ)'
Then
s 08 501

It is easily seen that the support of ®(xo,-) lies in v;ol (), because the domain Q' is

star-like in Q C H" with respect to B(a,r). Therefore, the functions 2 S v ofod 5r» and 5%
can be extended by zero to continuous functions on the entire set H\v (Q) Integrating
(1.5) from r to oo and letting r — 0, we obtain

06 o) [ty o7 3) det(Du (5.7 s = [ (750 + 8L ) av.

Now, integrating both sides of (1.6) with respect to a; from 0 to 27, with respect to «;
from 0 to w, i =2,...,2n — 1, and with respect to § from —oco to oo, we get

F(x0) /H o (vay (1, @, 3)) det (Dvg, (r, @, B)) drdadf = / ( f— + @Zf ) drdadp.

In the integral on the left, we make the change of variables r, @, — x1,...,T2n41,
obtaining

f(zo) = f(zo) /%(H) o(x)dr = /H (f— + @ff) drdadf.

Next, we have % = (Vg (r, @, B)) det(Dvy, (r, @, 5)), whence

[ 75 drawas = [ fEpa = [ s@rota)as

Since g—z = %f(vxo(ﬂ a, 3))

<V(f oly ) (v(r, @, 5)), %v(r, a, 6)>, we can write

3f 1 .
| @ drama = ) Aot (Do (o @] )

x <V(fo Loy ) (25 - 2), [%v} (v;ol(x))> da

1
= /Q [det(Doms (02 (@)] ®(z0; 7)
X <v(f0 Lo )(zg - ), [

S
(4
|
<
L
=
|
)
8
N~—
N~—
~——
QL
“H
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because the function ® is identically zero outside €2. The last two equalities imply

F(xo) = /Q f(@)p() de

1
(1.7) +/Q e (Don (v;ol(x)))|@(x0’x)

X <V(f 0 ly) (gt - ), {%v} (v ag* x))> dx.

We rewrite (1.7), replacing g by = and using (1.4):

z) = /Q F)oly) dy

1
1.8
(%) + ATy
)
< (V(felo)@™ - y) [0 (07 @ y) ) dy
where ®(z,y) = — [ o(va(s, @, 3))A@)g(B)s* T ds, (ra,B) = v;'(y), g(B) =
(1+3%)~ ";1 , and - denotes multiplication in H".

Observe that v, (s, @, §) = z-v(s,@, 8) = & -8z (v(r, @, #)) = x- 8= (¢~ -y). Therefore,
O(z,y) = — /TOO oz 8s (1 y)A@)g(B)s? ds.
Using the change of variables t = f, s =tr, ds = rdt, we obtain
boa) == [ ol aa ) A

Substituting the latter expression in (1.8) yields

0= [t dy
(19) o G R

< (V(f ol -y), [2o) @ ) ) dy.
< {87'

It is easy to verify that the vector [2-v](v™1()) is equal to (o> s 2%’2‘;8‘+1 ). Indeed,
from (1.2) and (1.3) it follows that

% 891 (’I“, a) %892n (’I“, a)
or

o, B) = ((1L+6%) (1 ) R 1y ) hapy)

(0 + B 0@ 0+ ) ). (4 ) H2r)

= <lv1 (T; «, ﬂ)v ceey %UZn(rv «, ﬂ)v §U2n+1(ra «, ﬂ)) .

r

9
or

Now, it can easily be seen that for every smooth function g we have

(1.10) sza g(x sz ig(x
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Since the vector fields X; and Xs,11 are left-invariant, we have

-1, . -1,
%Xi(f olz)(z ™! y) + Q%sz(f ols)(™" - y)

=1 ... -i.
%Xif(y) + 2%X2n+1f(y>'

Substituting this in (1.8), we arrive at the required integral representation. O

Lemma 1. Let ' C H" be a star-like region in a region @ C H™ with respect to a
Heisenberg ball B(a,r). Suppose Q is bounded, Q@ C B(0,R). Let @9 € C§°(B(0,1)) be
a fived function satisfying fB(O’I) wo(z)dx = 1, and let p(x) = ﬁgpo (6r_1(a’1 x))
Then the function T'(z,y;0) = — [ ¢(z - 6:(x™1 - y))t2" L dt is of class C(R*F1 x
R2 N\ {2 = y}), and is compactly supported with respect to the second argument for a
fired x € Q, with support in Q. Moreover, T satisfies the estimates

T (z,y; )]
< sup p(z)|(diam (@) —
(1.11) T en |zt - y|2nt2
(diam(Q))?"+2 1
= sup |0 (@) [ 5n53 T g U € ', ye Ba,r),
3 .
| X2 X, T (2, y; 0)
1
< C(a, B, ¢, R) o1 y|PnrzHlaln A0
diam(Q?) 1 ,
:C(aa675007R; >|x71,y|2n+2+|a\h+|mh7 LEEQ’ yEB(a,T),

where diam(Q) is the diameter of 2 in the sense of the Heisenberg metric, and C increases

with R and di%(m,

Proof. Since

plx,x-6(a - y)) =tla™" - yl, t=

-yl
we see that p(x - 6;(z~! - y)) is zero for all t > ﬁ;af?(gy_ll) Consequently,
diam(Q) diam(2) et
e = (S50 )y B
o)l < (5 1) sup ot (1
diam(Q)\ >
<sw ol ()

Now, taking into account that the fields X; are left-invariant and for an arbitrary differ-
entiable function g we have X;(go d;)(x) = t(X;9)(0ex), i = 1,...,2n, we obtain

Xiy(pole 0 diol)](y) = Xiy(pole o)™ )
= t[Xiy(pola)](6: (™" - y)) = t{Xigl(z - (2" - ).

Therefore,

(1.12) XyT(z,y;0) = —/1 [(X](z - 6 (x" - y))e2Trleln gy,
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We assume that y is fixed and put v, (z) =z - §(z7! - y).
First, we observe that the following relations are valid for all 7,0 € H": §;(7 - 0) =
&7 0o, (87) " =6 (77Y), 771 = —7, where —7 = (=71,..., —Ton+1). We have

vy(x) = () ™"+ (G ™)™ 2™ )T = ((Gey) ™ 2T )T = (ply) - w()) T

where p(y) = 6;(y~!) is a fixed point in H" and w(z) = §;z - (z71).
Let g be a smooth function defined on H". We denote by inv the mapping = — z~'.
Let i € {1,...,2n}. Then

(1.13)  [Xi(gouy)l(z) = [Xi(go ((p(y) - w)")](z) = [Xi(g o involy,) ow)](x).

Next, for any differentiable h we have [X;(h o w)](x) = E?Z‘fl [g—fj} (w(z))X;wj(z). On
the other hand,

wj(z) = (t — 1)y, Xiw; = (t — 1)dy,
Wopt1(z) = ( — Daapgr,  Xiwony1(z) = 2sgn(n — ) (£ — 1)@ sgn(n—1i)»

j=1,...,2n. Consequently, since

2wt + 25n(n = 0t = Dt | 5| 2]

Zomi1
— gj (w(x)) + 25gn(n — )W, 4 sgn(n_i) () 8;% (w(z))
[ 2n+1

— | o)
we obtain
[X,(h 0 w)](z)

(0= (| 5w + 258000 = 0 + Vgt | G| (0l

= (t = D(Xih (w(@)) + d5gn(n — )isn sgn(o [ Xons1h)(w(@)).

Therefore,

(1.14) X (how)(@)] < 1 Cllal) | mae (X 7hl(w(z)]

where ¢ € [0,00), and C increases with |z|.
Let g be a smooth function with compact support contained in the ball B(0, R). Since
X; is left-invariant, we have

[Xi(g o involyy))](2) = [Xi(g o inv)](p(y)2).

Since
[Xi(g 0 inv))(z) = fj 5| coxit)
= | 52| o)+ 2500 = Do (1) | )

- —[ng](—l‘) - 4Sg1’l(7’l - Z)szrn sgn(n—1) [X2n+1g](_x)7
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we have
[Xi(g oinvolpy)](2)

= —[Xig +4sgn(n — ) (p(y)2)itn san(n—i) X2nt19)((P(y)2) 1),
I[XP(g 0 involy)l(2)]

< C(R)  max [[X7g]((p(y)2) "),

Iv[n<2|B8n

(1.15)

where C increases with R.
Comparing formulas (1.13), (1.14), and (1.15), we see that the following inequality is
valid for every smooth function g:

(XMo@ - au(@ " -yl < CR)H  max |[XPg)(x - 6,(a7" - y)l,
1Bl <4|a|p
where C' increases with R.
Substituting this in (1.12) and plugging g = X%y, we obtain

XXy 90) SOR) ma (/ [XHT] (2 - Gy - y)) g2t 1B dt>'
Yir> h 1

C};af}(g‘), the relationship between ¢ and g

implies the required inequality (1.11). a

Since p(z - ;(z~! - y)) is zero for all t >

Theorem 2. Suppose that the assumptions of Lemma 1 are fulfilled for regions Q0 and
Q' and a function pg. Then, for every function f of class C*(Q) in ', the following
integral representation is valid:

(1.16) f(z) = /Q F(w)ely) dy + /Q Y Kiwy)Xif)dy, e,

where () = i po(6,-1(a! - 1)), K; € C°(R>™ ! x R\ {z = y}), and the
functions K; have compact support with respect to the second argument and satisfy the
inequality

diam(Q2 B —(2n o
IXOXPK(z,y)| gc(mﬁ,@o,R, #)Iw L |-G iHal 8l

where C' increases with R and dl%().

Proof. We rewrite formula (1.1) with the help of (0.1), obtaining
2n
f@) = [ swewdn+ | r(m,y;so)(Z(yi—xi)Xif(y)) ay

(1.17) - /Q %F(ﬂzy; ©)

X <y2n+1 — Topy1 + 2<$', y”} - 2<$”a Z/>)[Xja Xj+n]f(y)) dy,

where j < n is arbitrary.
Now, from the definition of a homogeneous norm we deduce the estimates

|yi—$i|:|($71'y)i|§|5E71'y|, i:]-v"'72n7

(1.18) _ _
[yan+1 — Tang1 + 202, y") = 202", )| = (7" y)onga| < a7 -yl
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Taking into account the equalities
(1.19)
Xjy(Yont1 = Tanr1 + 2(2",y") = 2(",y")) = 2(Yjan — j4n), J=1,..00m
XjyWena1 — Tane1 + 20, 9") = 20", 0) = 2(2j-n —yj—n), J=n+1....2n,
and relations (1.11) and (1.18), we obtain the inequality

_ diam(§2 _ _
(1.20) |X;’X5((a: Yoo, y; gp))| < C(QOO,R, %) le !y @n+laln+1Bln)

where C increases with R and w
Since the function T'(z;-) has compact support, we can integrate by parts in the last
term on the right in (1. 17) This yields

/f dy+/F(a?,y;@)(i(yi—xi)&f(y))d

(1.21) =t

/ <Z@ z,y) X f(y ))dy,
Q
where the ©;(z,y) are of class C°°(R*" 1 x R?2"T1\ {2 = y}) and satisfy

diam(2
|X§X5@i(x, y)| < C((po7 R, %) |{E71 . y|*(”*1+|a\h+\ﬁ|h),

where C increases with R and
Combining the second and third terms on the right-hand side of (1.21), we obtain the
required integral representation. O

dlam(ﬂ)
r

Lemma 2. Let K be a C*°(H" \ {0})-function positively homogeneous of degree —v + 1
(I € N), de., K(0i(x)) = t VT K(x) for all t > 0. Then, for each multiindexr o such
that |a|p, =1, the function X*K is positively homogeneous of degree —v and satisfies the
relation fS(O,l) X*K(z)dz =0, where S(0,1) is the Heisenberg sphere centered at 0 and

of radius 1.
Proof. The case where | = 1 is typical. For t > 0 and j € {1,...,2n} we have
[X; (K 0dy)](2) = t[X; K](tz).
On the other hand, [X;(K o &)](z) = t " [X;K](z). Thus,
[(X;K](tz) = t7"[X;K](z).
We prove that [g\ X;K(z)dz = 0. Let P = (—=1,1)?"*! and P. = (—¢,6)*" x

(—€2,22). We consider the region U, and the vector field V with components 6;; K (z),
i=1,...,2n, 25g0(n — J)Tjtn sgn(n—j) K (z). Using the divergence theorem (the Ostro-
gradskii-Liouville formula) for the vector field V', we obtain

—/ K(z)dz + 2sgn(n — j)
Gj.e

x (/ ZjJrnsgn(nfj)K(Z) dz — / ZjJrnsgn(nfj)K(Z) dz),
Ggﬂ,+1 G2n+1,a
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where G; is the union of the faces {z; = const} of the parallelepiped P;, and G . is the
union of the faces {z; = const} of the parallelepiped F;.
Since
|Gj,6‘ =2l =1 o0, |G2n+175| — 2
1G5l

the function K (z) is homogeneous of degree —v+1, and the functions ;. , sgn(n—j) K ()

)

‘G2n+1| B

are homogeneous of degree —v + 2, we see that faU V -mido = 0. Finally,

| XK@y =0
Ue

It remains to use the fact that the function X;K is homogeneous of degree —v, which
shows that

sup
13

/ [XjK](y)dy‘ <00 = s 1)[X]»K](z)d;::(). O

Lemma 3. Suppose the kernel K(z,y~t-z) = K(z,2) is of class C>°(H" x (H" \ {0}))
and is homogeneous of degree —v +1 (I € N) with respect to z. Let a be a multiindex
such that |a|p, = 1. Let Q be a bounded region. We assume that XOK (z,2) < C|z| 775,
j=1,...,2n, where s >0, and put K;(z,z) = K;(z,y ' - 2) = X3K;(z,y' - x). Then
the operator taking a function f to the function PV [, K;(z, y~ ') f(y) dy, where f = f
in Q and f =0 off Q, is bounded in the space L,(2), 1 < p < co.

Proof. The case where | =1 is typical. Let j € {1,...,2n}. Since the vector field X; is
left-invariant, we have

Kj(x,2) = X; . K(2,2) + X; . K (2, 2) = Kj(x,2) + K} (2, 2).

Since the order of singularity of Kj(z,z) does not exceed v — s, the operator f
Jign K;-(x,y’1 -2)f(y) dy is bounded in L,(2). Now, we note that, for a fixed z, the
function K (z, z) satisfies the assumptions of Lemma 2. Consequently, the kernel K7/ (z, 2)
is homogeneous of degree —v with respect to z and satisfies fS(O 1 KJ/-/(J?, z)dz = 0. Thus,
for the kernel K ;’ (z, z), the hypotheses of the generalization of the Zygmund—Calderén

theorem to the case of the groups H" are fulfilled (see [20), 22 24]). Finally, we conclude
that the operator determined by the kernel K (z, z) is bounded in the sense of L, (Q2). [

For the boundedness of such operators on arbitrary Carnot groups, see [20], [24].

Proposition 1. The kernels K;(x, z) in the integral representation (1.16) can be written
in the form K/(x,z)+ K!'(z, z), where K!(x,z) € C°(H" x H") and K/'(z, z) is of class
C™®(H™ x (H™\ {0})) and is homogeneous of degree —v + 1 with respect to z.

Proof. We have

1 o0
F@wwz/wu@@*ymwﬂmww/’wmwf*ww%M%w
0 0

=T (z,y ' 2)+ T (z,y ' 2).

It is easily seen that I'(z,z) € C°(H" x H") and that the kernel I''(z, z) is of class
C>(H" x (H" \ {0})) and is homogeneous of degree —v with respect to z. It remains
to use the fact that the product of homogeneous functions is a homogeneous function
and that differentiation along the vector field Xj, 7 = 1,...,2n, reduces the degree of
homogeneity by one. O
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1.2. Integral representations by horizontal derivatives of arbitrary order for
functions on regions in Heisenberg groups. In this section, we modify the method
of obtaining integral representations developed by Yu. G. Reshetnyak and V. I. Burenkov
in the Euclidean case. Since the commutation relations for vector fields of the horizontal
subbundle are nontrivial, the application of this method to the Heisenberg groups is not
straightforward. More specifically, the analog of Taylor’s expansion on H" fails to have
the properties of Taylor’s expansion in R".

Theorem 3. Let ' C H" be a star-like region in a region Q C H™ with respect to
a Heisenberg ball B(a,r). Suppose Q is bounded, @ C B(0,R) and po € C§°(B(0,1))
satisfies the relation fQ wo(x)de = 1. Then, for every function f of class C*°() and
every positive integer k, we have the following integral representation in '

(122)  flz) = / Pu(w, ) (y) dy + / Y K @)X, X f0) dy,

100t =1

where x € ', Py(-,y) is a horizontal polynomial of order k — 1 such that supp Px(z,-)
C B and |Py(z,y)| < Cp(r, R, p0), Kiy.i, € C®(R*™ T x R2"M\ {z = y}), and the
functions K, ...;, have compact support with respect to the second argument and satisfy
the inequality

diam(§2 _ (r—ktla
(123) |X;1X5K’Lllk (xvy)| é C<C¥,ﬂ, QOO;Ra %)kﬁ L, y| (v—k+] ‘h+|5‘h)7

where C' increases with R and m_

Proof. For i, j € N, we consider the differential operators
2n
Aj : h(:L‘, y) = Z (xh - yi1)(xi2 - yiz) t (xh — Yi; )XihyXimy T Xij:yh(x’ y)v
11,05 =1
B; : h(l‘,y) = (yil 'x)gn-i—lXén-i-l,yh(x’y)'

Since Al((xil - yil)(xi2 - yiz) e (xik - ylk)) = _k(xil - yil)(xiz - yiz) T (xik - yik)v
By((y~t 'x)§n+1) =—k(y ! x)gn_H, the above operators satisfy the recurrence relations
A1 A = A1 — KAy, BiBy, = Byy1 — kBy. Moreover, these operators commute, A;B; =
B;A;. Indeed,

2n
(A;B; — BiAj)h(z,y) = Z (Tiy = Yir )(Tiy — Yin) - (a?z'j - yz'j)

01,005 =1 _ . )
X XiyyXigy - Xij oy ((y . x)én-{—l)Xén-i-l,yh(xa Y)-
Using (1.19), we see that the terms

-1

(@i, — Yi) @iy — Yin) -+ (@i, — ¥i,) Xy y KXoy X,y (U @) 41)

cancel.

Now, we proceed directly to the deduction of the integral representation. Let f be a
function of class C*°(2). For the function

1
ge(z,y) = Y iAW)
2itj<k
of two variables, we have gi(x,z) = f(z). Viewing g as a function of y, we use the
integral representation (1.1) at y = x, obtaining

F(2) = 9@, y)ly—s = /Q g (2, 9)ply) dy — /Q Tz, y)(Ar +2B:)gi(x,y) dy.
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We have
1 [k/2] 1 k—21 1
Argi(,y) = Y T BidiAifly) = > B > S AAf(y)
2i+j<k - i=0 j=0 J:
[k/2] 1 k—2i 1
=2 B 2 (A — 5 A)f(y)
i=0 7=0
k/2
TP
70 (k — 24)!
=0
Similarly,
ko [(k—j)/2]
Bigk(z,y) = Y i BiBif(y) = >S4, B1Bif(y)
2i+j5<k ’ j=0 J: i=0
ko [((k—3)/2] 1
=D 54 o (Biv1 —1Bi) f(y)
j=0 J: i=0 ’
k
_ A Bie—iy/an )
21 [Tk = )/2])
As a result, we obtain
f(x)=/ﬂgk(x7y)<p(y) dy
(1.24) [k/2] k
B; Ap_2it1 Aj Blk—j)/21+1 )
— —rIhmal + D I'(z,y) dy.
i <Z 72 O L G e W) e

Integrating by parts, we can rewrite the first term in (1.24) as [, Pi(z,y)f(y) dy. It can
easily be seen that the function Py(z,y) satisfies all assumptions of the theorem.
The following inequality generalizes estimate (1.20) and can easily be proved:

XoXJ (™t y) Tz, y))

1.25 diam (0
(1:2) SCa,ﬁ,v(wo,R, Llf( )>Ifc1-y|(”+'“”'5”'“),

where «, 3,7 € N*"*1 and, for z € H", the symbol 27 denotes 27" 2% - - - 232" %"

It is easily seen that B;Ax_2,41f(y) is a linear combination of horizontal derivatives
of f(y) of order (k + 1). Further, for odd (k — j), the expression A;Bj_;)/2) is also a
linear combination of horizontal derivatives of f(y) of order (k + 1). For even (k — j),
the expression A;Bj(—;)/2]+11s a linear combination of horizontal derivatives of f(y) of
order (k + 2).

Finally, taking into account that the kernel K (x,y) has compact support with respect
to y, and integrating by parts the terms containing A; Bj(x_j) 2141, Wwhere (k — j) is even,
from the integral representation (1.24) we obtain an integral representation of f in terms
of horizontal derivatives of order (k + 1). Estimates (1.23) for the kernel in the latter
integral representation easily follow from (1.25). O

Lemma 4. The kernels K;,...;, (z,z) in the integral representation (1.22) can be written
as Kj, _; (v,2) + K[!, (v,2), where K[ . (v,z) € C*(H" x H"), and K]/ ; (v,2) is
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of class C°(H" x (H"\ {0})) and is homogeneous of degree —v +1 with respect to z. Fur-
thermore, for each multiindex o such that |a|, = I, we have XK', (v,2) < Clz|77 s,
where s > 0.

The proof of Lemma 4 is similar to that of Proposition 1 in Subsection 1.1.

1.3. On some classes of regions in Heisenberg groups. Let B(a,r) denote the
Heisenberg ball centered at a and of radius r.

Lemma 5. The ball B(a, R) is star-like in the ball B(a,3R) with respect to the ball
B(a, R).

Proof. Indeed, let z,y € B(a, R). We must prove that x6;(z~!-y) € B(a,3R),0 <t < 1.
We have

v hy=2ta-at y=(@(@t2)aty.
Next, a='-z,a7 -y € B(0, R). Therefore, (a~!-x)~! € B(0, R). The triangle inequality
implies that =1 -y € B(0,2R). Consequently, &;(z~!-y) € B(0,2R). Using again the
triangle inequality on the group H" (see [16]), we obtain z8;(z~! - y) € B(a, 3R). O

The definition of the cone condition, which we use in the next lemma, was given in
Subsection 0.2.

Lemma 6. Suppose a bounded region 2 C H"™ satisfies the cone condition. Then there
is a finite collection of open sets U; that cover Q) and are star-like in € with respect to
certain balls.

Proof. Let x be an arbitrary point in Q. There is a ball B, of radius at least C(£2)
such that the cone K, = {z-&(z71-y) | y € Bs, 0 <t < 1} lies in Q. Since the sets
K, and 99 are compact and disjoint, we have dist(K,,9Q) > 0. Therefore, there is a
neighborhood U, of = such that the set {z-6;(271-y) | y € By, 2 € Uy, 0 <t < 1} is also
contained in €. This means that the set U, is star-like in the region €2 with respect to
B,. Consequently, there exists a countable collection {U;} of subsets of Q2 such that each
U; is star-like in 2 with respect to the balls B;, and the radii of the balls are bounded
below by a positive constant.

Without loss of generality, we may assume that all balls B; have the same radius R,
B; = B(a;, R). We fix a positive number r < R and form the open set V; = Uj Uj;, where
the union is taken over all j such that the distance from the center of B; to the center
of By does not exceed r. Obviously, all B; contain the ball B] = B(a1, R — r), which
implies immediately that the set V; is star-like in 2 with respect to Bj. Next, we choose
a set Uy that does not occur among the above U;. Repeating the same argument, we
construct an open set V5 that is star-like in © with respect to the ball B5 = B(ag, R—7).
We continue this process. It will stop after several steps, because the centers of the B
are contained in a bounded region and the distance between any two of them is greater
than r. a

An analog of Lemma 6 in the Euclidean case was proved by V. P. Glushko in [67].
The definition of the strong Lipschitz condition occurring in Lemma 7 can be found
in Subsection 0.2.

Lemma 7. Let Q C H"™ be a bounded region satisfying the strong Lipschitz condition.
Then the regions Q and CS) satisfy the cone condition.

Proof. Two classes of points can be distinguished among the points of the boundary 9.
For every point of the first class, there is a neighborhood in which € can be represented,
in some coordinate system, as an epigraph of a Lipschitz function (as described in the
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definition of the strong Lipschitz condition). For every point of the second class, there
exists a neighborhood in which the boundary 92 is C'''-smooth and the tangent planes
to 002 at such a point coincides with the horizontal plane attached to it.

Let 2 € Q. We choose an open ball B, centered at z as follows. If 2 € Q, then 2B, C €.
If = lies on 02 and belongs to the first class, then we assume that 2B, C U, and the cone
an —yn > L(fz)l[(x1,. .., 2n=1) — (1, ..., yn—1)|| has nonempty intersection with the
horizontal plane attached to y for each y € B,. If € 09 belongs to the second class,
then we require that 2B, C U, and that the region 2 be representable in the form of
either an epigraph or a subgraph of a C'-smooth function f, in the initial coordinate
system. For sufficiently small balls, all these conditions can be satisfied.

The balls B, are open and cover the compact set Q. We choose a finite subcover B;,
1=1,...,m.

Now, we verify the cone condition for the region 2. We fix an arbitrary point x € €.
It is contained in one of the balls B; of the subcover. We consider three cases. In the
first case, 2B; C §2. Then as K, we can take the Heisenberg ball centered at = and of
radius coinciding with that of B;.

In the second case, a Fuclidean cone with fixed opening and height and nonempty
intersection with the horizontal plane attached to x also lies in 2. We choose a ball B
contained in this cone. Since the orbits {x - d;(z~! - y)} are tangent to the horizontal
plane at x and are concave in the direction of that plane, we see that the Heisenberg
cone with base B and vertex at z lies in Q.

Finally, in the third case, we use the formula for the group operation in H" to conclude
that, in the standard system of coordinates, the set I,-1(2B; N ) can be defined either
by Zont1 > f(x1,..., %), or by Zapt1 < f(x1,...,%2,), where f is a function of class
CV1. Consider the first possibility. We construct a Heisenberg cone with vertex at 0 and
lying above the graph of f. We have f(0) < 0. Fixing a point y in the domain of f and
using the Taylor formula, we obtain

F) < F0) + (VFO)y + LIVHI w1, - ven) |
where L(Vf) is the Lipschitz constant of Vf. It follows that if Vf(0) = 0, then the

required cone is the paraboloid

want1 > LIVH)l[(@1, . 220 |12

If Vf # 0, then, as a required cone, we can take the half of this paraboloid cut along the
axis {1 = -+ = w9, = 0} that corresponds to the directions v in the space of x1, ..., 2,
for which (V f(0))v < 0.

Obviously, the intersection of the cone obtained in this way with the ball [,-1(B;)
contains a closed Heisenberg ball B the radius of which depends only on the constant
L(Vf) and the radius of B;. Since the left shift takes a Heisenberg ball into a Heisenberg
ball of the same radius, the cone {z - 6,(x71 - y) | y € [,(B), 0 <t < 1} is as required.

The cone condition for the region C'2 can be verified in a similar way. O

Corollary. Fvery region Q0 C H™ representable as a finite union of bounded regions with
CYt-smooth boundary satisfies the cone condition.

§2. COERCIVE ESTIMATES
We recall that by a region we mean a connected open set.

Theorem 4. Let ) be a bounded region satisfying the cone condition, and let Q be the
linear differential operator that takes a smooth vector-valued function f : Q2 — R™ to the
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vector-valued function with the components

Z Z 1 X (@), weQ, j=1,...,1,

i=1 a:falp=

where « is a multiindex and the C’j are constants. Assume that the operator Q has a
finite-dimensional kernel. Then there exists a family of projection operators Py , taking
the smooth m-vector-valued functions to functions lying in ker(Q) and satisfying the
inequalities

1) [[Papull < C(20 6, Q)llull 1,0

2) [lu = Popullweo) < C(, ¢, Q)1Qull L, (0)-

Remark. The parameter ¢ in the statement of the theorem is related to the fact that the
operator we construct in the proof of the theorem depends on the averaging function in
the integral representation of Sobolev type that we use.

Proof. It is easily seen that if |«|, = [, then X*g = const for every homogeneous horizon-
tal polynomial g of degree [. We have X%*g = 0 for all multiindices « satisfying |a|, =1
if and only if g = 0.

Since the kernel of @ is finite-dimensional, there exists a positive integer [ such that
ker @ N G; = 0, where G is the linear space of all homogeneous horizontal polynomials
of degree [.

We denote by Dl[kQ the operator that takes an m-vector-valued function f to the
vector-valued function the components of which are all possible horizontal (I — k)th order
derivatives of the components of @ f. Obviously, Dl FQf = AV! 7 f, where A is a matrix
with constant entries and V. f is the vector- Valued function whose components are all
horizontal [th order derivatives of the components of f.

Now, it is easy to see that the linear mapping VIL tg— Vng establishes a one-to-one
correspondence between the space of homogeneous polynomials and the space of vectors
of the corresponding dimension.

Since ker @ N G; = 0, we have kerDl *Q NG, = 0. Viewing Vc as a mapping
that determines a coordinate system in Gl, we see that the matrix A is invertible. Thus,
Vhf= A_lDlEkQ f- It follows that all horizontal Ith order derivatives of the components
of f can be represented in the form of linear combinations of horizontal (I — k)th order
derivatives of components of Q f.

We represent € as the union of a finite family of regions U; satisfying Lemma 6. In
each U;, we use an integral representation of Sobolev type. We have

@) = (PuD@) + [ Ki@)Vef)dn. o€ U
Consequently,
@) = (Bl hle)+ [ Kilw.)A D Qs dy, e Ui
Integrating by parts [ — k times in the second term of the latter equation, we obtain
(21) @) = (FiNle) + | Hiwn)@fw)dy. €U

where H;(z,y) is a matrix-valued function. It is easy to show that the components
H;(x,y) satisfy the conditions of the generalization of the Zygmund—Calderén theorem
to the case of the groups H" [20] 22]; see Lemmas 2 and 3 in Subsection 1.1 and Lemma
4 in Subsection 1.2.
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The projections Pli,cp that take the functions in L;(B;) to horizontal polynomials of
degree at most [ — 1 correspond to the same smooth finite function ¢ to within a dilation
and a left shift.

We claim that there exists a linear projection P, g defined on the space of polynomials
of degree at most [ and satisfying the following conditions:

1) Piog € ker Q;
(2.2) 2) [|PLagll < Co(l, )9l L, ()3
3) llg = Progllwie) < Cr(l,D)[Qgl L)

where g is an arbitrary polynomial of degree at most .
This claim is a simple consequence of the following lemma.

Lemma 8. Let V be a finite-dimensional linear space, let A : V +— V be a linear mapping,
and let ||-]|1 and |- ||2 be norms in V. Then there exists a linear projection Pa such that
Pav € ker A for all v € V and the inequality ||v — Pav||1 < C||Av||2 is valid.

Proof. This statement can easily be proved. It suffices to use the fact that all norms
are equivalent in a finite-dimensional vector space. Indeed, let || - || be the Euclidean
norm in V', let P4 be the orthogonal projection onto ker A, and let V; be the orthogonal
complement of ker A. Then the vector v — P4v belongs to V;. The operator A is one-
to-one on V. Consequently, there exists a linear operator A’ such that the restriction of
A’ o A to V7 is the identity. Since V; is finite-dimensional, the operator A’ is bounded.
Since, A(v— Pav) = Av, we have v — Pyv = A'(Av) and ||[v — Pav]|| < C||Av||. Since any
two norms in V' are equivalent, we obtain the required inequality. O

We note that the choice of € influences the corresponding norms.
As a projection defined on the set of all smooth m-vector-valued functions on B;, we
take Pp) , = P, 0 P/, Since the operators Po; and P/, are linear and bounded, so is

the ope'rator Péw.
Putting

Rif = /Q Hi(,)Qf (y) dy,

for any x € U; we can write f(z) = Pfﬂ”(m) + Rif(z).
From (2.1) and (2.2) it follows that
If— P&gpf”Wé“(U,;) =|lf—Pquo Pli,aprW}’f(Uf,)
<Nf = By flwwn + I o — Pauo B flwe
< Riflwpw,) + ClQUF . Pz, w)
<OQflz, 0 + OIS — Rif)llz,w,) < ClIQfIL, )

Without loss of generality, we may assume that 10B; C 2 for all i. We fix two
arbitrary balls B; and Bj in the collection in question and connect them by a chain of
balls Si,...,Sn such that S, = B;, S;, = Bj, and the sets Sy are star-like in {2 with
respect to the balls S, and Sj41. Since HG||W§(Q) < C||GHW5(S,‘,), i=1,...,m, for each
polynomial G of degree at most [ — 1, the inequalities proved before yield

1PS o f — Pé,¢f|\wg(n) <ClQfllL, -

Finally, each of the operators PZ; , can be taken as the projection Pg . The theorem is
proved. O

Theorem 4 and the method of its proof are new even in the Euclidean case (see [68]).
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Corollary. Let Q) be a bounded region satisfying the cone condition. Let Q be the linear
differential operator that takes a smooth vector-valued function f : Q — R™ to the vector-
valued function with the components

Z Z Xafz )7 ervj:]-a"'vlv

i=1 a:falp=

where a is a multiindex and the Cg’a are constants. Assume that the operator Q@ has a

finite-dimensional kernel. Then the standard norms of the spaces Wq ,(Q) and WE(Q)
are equivalent.

§3. EMBEDDING THEOREMS
3.1. Generalized Poincaré inequalities.

Theorem 5. Suppose ) is a bounded connected region satisfying the cone condition with
constant v and contained in B(0, R). Let 1 < p < oco. Then for each k € N there exists a
projection Py that takes the functions of class WI? (Q) to horizontal polynomials of degree
at most k — 1 and satisfies the inequalities

X = Bl Ly
(3.1) <C<R diam(£2) a) k—|aln—2 42

2n

Z X, -

q

ix ;

i1ip=1 Lp()
1 X(f = Pef)llooco)
< C<R, diam(Q)va) pk=leln—%
T
2n v
% Z Xi X f ifk—lalp > —;
e Ly() P
1X(f = Pef)llz,
(3.2) - C<R’ dlam(ﬂ)va) k—laln Z X, - ,
r Lin=1 Lp(Q)

where « is a multiindex, |al, <k, 1 <p<gq, q 7$ 00, and q < m ifp < m

Proof. First, we note that (3.2) is a special case of (3.1).

By Lemma 6 in Subsection 1.3, we can represent ) as the union of a finite family
of open sets U; that are star-like in 2 with respect to some balls B;. The number
of the U; can be estimated by the constant dlL(Q). Using the integral representation
(1.22), estimates (1.23), the Holder and Young mequalities, and some well-known results

concerning Riesz potentials on the groups H" (see, e.g., [51]), we can easily prove the

inequality
X fllz,ws
<C(R7M,a>
(3.3) r
X(fkan,;ﬁ: Z XX + p-lal fIILq<B,->)-
Li=1 Ly()

Without loss of generality, we assume that 10B; C €2 for all i. Since the region € is
connected, each ball B; can be connected with B; by a finite chain of pairwise disjoint
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balls Bg such that 5Bg C Q. Since the balls Bg are star-like in 3Bg with respect to each
ball lying in the intersection B/ N B/™!, we obtain the inequality

diam() L
1 fllz,B:) < C<R, #) (Tk vy

By (3.3), this implies that
X fllL, @)
< C<R, diam(Q) 7 a)
r

X (rk_l(’h_%"‘%

Now, we use the integral representation (1.22) for f in the ball B;, obtaining

2n
3 Xil...XikaLp(Q)"‘||f||Lq(Bl)>'

i1yt =1

(3.4)

Z X, X

’Lkl

+r'ah|f|Lq(31>>.

Ly(Q)

f@) - pP@ = [ Z Kiyooiy (2,9) X, - Xo, £ () dy,

,’L}c 1

where PBlf fQ Py (z,y)f(y) dy is a horizontal polynomial of degree at most k — 1,
and the kernels K, .., (z,y) satisfy (1.23). We have

Z le" zkf

Ltp=1

v

(35)  If(@) = B (@)l 8y < CrF 7ot

L4(5B1)

Putting P, = P,fl and substituting f — Py f for f in (3.4), and using (3.5), we arrive at
the first of the required inequalities. The second inequality is proved similarly. O

Remark. In the case where k£ = 1 and €2 is a ball, Theorem 5 was proved by other methods
in a number of papers (see, e.g., [29 32| [33] [36] [43]).

Corollary. Suppose € is a bounded connected region satisfying the cone condition. Let
p > 1. Then the following inequality is valid for every projection Il bounded in L,(£2)
and taking the functions of class Wf(Q) to horizontal polynomials of degree at most k—1:

2n

Z XX f

11,0t =1

)

Lp(©)

If = i fll, ) < C(Q, 1)

wherel<p§qandq§yi’;€p ifp<f

Proof. First, we note that, since the space of all horizontal polynomials of degree at most
k is finite-dimensional, the boundedness of 11}, in the sense of L,, implies its boundedness
in the sense of L, for all ¢ > p. Let P, be a projection satisfying the assumptions of
Theorem 5. The triangle inequality yields

If =T fllo, ) < If = Pefllo,) + 1Pef =i fllL, )
=f = Pefllr, o + 1Me(f = Pef)llz ) < A+ 1HeDIf = Pefllz,

Now, the required inequality follows directly from Theorem 5. O

Invoking the well-known results concerning Riesz potentials on metric spaces, we ob-
tain the following statement.
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Proposition 2. Suppose Q) is a bounded connected region satisfying the cone condition.
Let p > 1, and let p be a measure on H"™ such that p(B(R)) < CR®, where B(R) is a
ball of radius R in the Heisenberg metric. Then the following inequality is valid for every
projection 11, bounded in Ly, ,(Q) and taking functions of the class Wli“(Q) to horizontal
polynomials of degree at most k — 1:

)

Lp($2)

2n

i1yt =1

Hf - kaHLq,“(Q) < C(thnk)

Theorem 6. Suppose §2 is a bounded connected region satisfying the cone condition with
constant v and contained in B(0,R). Let p > 1, and let Q be the linear differential
operator that takes a smooth vector-valued function f :  — R™ to the vector-valued
function with the components

Z Z Xafz )7 ervj:]-a"'vlv

i=1 a:falp=

where a is a multiindex and the C’J are constants. If Q has a finite-dimensional kernel,
then there exists an operator Pg that takes smooth m-vector-valued functions defined on
Q to horizontal polynomials of degree at most s(Q) and satisfies the inequalities

diam(2)

1X(f — Pz sc(R a) b1l 54 QS .

diam(2) a> P-laln

IX(f — Pof)lly < c(R, Q10

where « is a multiindex, |al, <k, 1 <p <g< oo, and ¢ < 7(k |a‘ zfp < = Ia\;,

The proof of this theorem repeats almost word for word that of Theorem 5. The only
difference is that now we use the integral representation (2.1).

3.2. Embedding theorems. We recall that v denotes the homogeneous dimension
of H". In the sequel, we denote by Lj; the Orlicz space constructed starting with the
function M(z) = el*I” — |z|2 — 1.

Lemma 9. Suppose f is a smooth function defined on a bounded region 2 with the cone
condition. Let p > 1, and let | be a nonnegative integer not exceeding k. Then

14

< ' -

||V fllz - Q) = CHfHWI’;(Q) if p < Rk
. 14

IVEflew < Cliflwer ifp= Pt
14

IVEfle@nia@ < Clfllwew o p> Pt

Proof. By Lemma 6, there is a finite family of open sets U; that cover €2 and are star-
like in © with respect to some balls. From the integral representation (1.22), estimates
(1.23), and generalizations of the well-known results on Riesz potentials to the Heisenberg
groups (see, e.g., [I7]), it follows immediately that for each multiindex o with |a|p < k
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we have

14
X vp N < C; : ifp< ——;
|| fHLu—(k—m,L)p(U”) ”f”W;‘(Q) p L — |a|h
124

k—lal’

v
o . ] _—
IX*fllewnnrwws < Cill fllwpy i p > 1— ol
Since all these norms satisfy the subadditivity condition, we obtain the required esti-
mates for the norm of V.. f. O

X flloawy < Cillfllwey ifp=

The following lemma is proved similarly.

Lemma 10. Let p be a measure on H" such that u(B(R)) < CR', where B(R) is a
ball of radius R in the Heisenberg metric. Let  be a bounded region satisfying the cone
condition, and let p > 1. Then the following inequality is valid for every smooth function

feC>=(Q):
S
Ifle e (@m = Cllfllwpe), <z
s—kp
Now, it is easy to prove the main result of this section.

Theorem 7. Suppose Q0 C H"™ is a bounded region satisfying the cone condition. Let
w be a measure on H™ such that p(B(R)) < CR®, where B(R) is a ball of radius R in
the Heisenberg metric. Let p > 1. Then we have the following embeddings of function

spaces:
W, (Q) C L () ifp <~ o
W) € Lu(Q) ifp= 1
(36) WE(©Q) C Q) ifp>
WEQ) VL (Q) #l<kandp< ﬁ;
WH(Q) C L_sp_ (9, ) z’fp<%
Proof. We fix a function f in the Sobolev class Wf. Let ¢ = VZI;CP. By definition,

there exists a sequence of smooth functions on {2 that converges to f in the norm of the
corresponding Sobolev space. This sequence has a subsequence converging to f almost
everywhere. All elements of the latter sequence belong to L, if p < ¥, and to Ly if
p = 7. This sequence is fundamental in L, if p < ¢, in Ly if p= 7, and in C(U) for
every U € Q if p > . Since all these spaces are complete, the sequence converges to a
functlon of class L, 1f p < 7, of class Ly if p = ¥, and of class C(U) for all U € Q if
p > ¥. Passing to a subsequence once again, we obtain a sequence that converges to f
almost everywhere. As a result, we see that f belongs to L, if p < %, belongs to Ly if
p = %, and coincides almost everywhere with a function of class C(€) if p > .

The other inclusions in (3.6) are proved similarly. O

Corollary. Suppose Q is a bounded region satisfying the cone condition. Let p > 1.
Then the function spaces Vi (Q) and W} (Q) coincide.

Proposition 3. If Q is a bounded region and p > 1, then the function spaces Vok’p(Q),
Wéﬁp(g)v and Lg’p(Q) coincide.
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Proof. We assume that € lies in a Heisenberg ball B(0, R) and fix a ball B(a,r) C
B(0,3R) \ B(0,2R). Viewing B(0,9R) as the domain of f, we observe that ) is a star-
like region in B(0,9R) with respect to B(a,r). To prove the required statement, it suffices
to use the integral representation (1.22) and estimates (1.23). O

The proof of the following assertions is based on application of an extension theorem
in [42].
Theorem 8. Suppose Q) C H" is a bounded region satisfying the (g,0)-condition. Let
p > {. Then we have the following embedding of function spaces:
k k=Y S
V() CcC*r (Q).

Proof. Assuming that (2 satisfies the hypothesis of the theorem, consider a function f of
class Vpk (Q). Let E) be a bounded extension operator. We must prove that

X f(@) = X (y)]
pla,y)*lel=
for almost all z and y in ©, where a is a multiindex such that |a|, = [k — %]

Obviously, in inequality (3.7) we can replace the function f by Eif. We fix a smooth

function g with compact support and close to Ejf in the space ka’p(H”). Using the
generalized Poincaré inequality (3.1) in the ball B = B(z, 3p(x,y)), we obtain

(3.7)

<C(f)

v
p

2n

Z X’L ...Xikg

11,0 =1

1X(g = Peg) | Loy < C(Q, )15

Ly(9)
It follows that
| Xg(x) — X“g(y)| < |X*Prg(x) — X" Pig(y)] + C(Qa)r" "5 g[| s
< C' Q)" T B f | oo gy

< C"(Q )ty 1 v ey -

)

Consequently,
[X%g(z) = Xg(y)|
pla,y)t1oln=s
Passing to the limit as g tends to Ej f in the norm of the space Vp’“ (H™), we see that

| XExf(z) — X“Exf(y)]

< C, )| fllvpamy-

< CQ, a)[[ vy

k—|al,—Z

pla,y)t o0y
for almost all z and y in H™. Since the function Ej f coincides with f almost everywhere
in Q, this inequality implies the assertion. 0

Corollary 1. Suppose 2 C H" is a bounded region satisfying the cone condition and the
(¢,0)-condition. Let p > {. Then we have the following embedding of function spaces:

Wk(Q) c ¢* 7 (9Q).

Corollary 2. Suppose Q C H" is a bounded region with C?-smooth boundary. Letp > 7
Then we have the following embedding of function spaces:

wWk(Q) c ¢* 7 (9Q).
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Remark. In my paper [70], there is an error in the statement of Theorem 1. The first
term in the corresponding integral representation must be replaced by the expression

/ Py(z,y;90) f(y) dy,
Q

where Py(-,y;¢) is a horizontal polynomial of degree k — 1, |Pi(z,y; )| < C(Q,p),
supp Px(z,¢) C B.

In conclusion, I would like to thank S. K. Vodop’yanov for fruitful discussions and
advice.
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