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ON THE STABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM
FIGURES OF A ROTATING VISCOUS INCOMPRESSIBLE FLUID

V. A. SOLONNIKOV

ABSTRACT. It is proved that if the second variation of the energy functional R (see
(2.9)) is positive, then the axially symmetric equilibrium figure of a viscous incom-
pressible capillary fluid is stable. The proof is based on the study of a nonstationary
free boundary problem for the Navier—Stokes system with initial data close to the
rotation regime of the fluid as a rigid body.

§1. INTRODUCTION

Unsteady motion of an isolated liquid mass under the surface tension force on the
boundary and the self-gravity forces is governed by the following problem: to find a
bounded domain €; C R3, a vector field #(z,t) = (v1,ve,v3), and a function p(z,t),
x € (U, satisfying the relations

T4 (0- VYT —vV24+Vp=0, V-T=0, z€Q, t>0,
(1.1) ’U|t:0 = 170(.23), X € Qo,
T(U,p)ii = (0 H 4 »U(z,t))i, V,, =0 -1, x€ly=00, t>0,

where € is a given domain, 7 is the outward unit normal to the boundary I'; of the
domain Q;, H is twice the mean curvature of I'y, U(x,t) = fﬂf 4 is the Newtonian

lz—yl

potential, and T'(v, p) = —pI +vS(¥) and S(v) = (g;’J + 227 )i’j=17273 are the stress tensor

and twice the rate-of-strain tensor, respectively; I is the identity tensor. The coefficients

v, 0, are given positive constants, but the constant s can also be set equal to zero,

which corresponds to the absence of self-gravitation. By V;, we denote the velocity of the
motion of I'; in the direction of 7.

Suppose a drop of a liquid rotates as a rigid body about the axis x3 with constant

angular speed wg. The velocity and pressure are determined by the formulas

]_}(J)) = wo(—xg, X1, 0) = wO€3 X f,

1= w?
Pa) = 3PP +po = “2 (a2 +23) + po,
where €5 = (0,0,1) and py = const, while the boundary conditions reduce to a single
equation
(1.2) cH+P+d =0

on the surface of the rotating liquid. The domain filled by the rotating liquid is called
an equilibrium figure and is denoted by F; its boundary is denoted by G. In (1.2), by H
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378 V. A. SOLONNIKOV

we mean twice the mean curvature of G, and

_ dy
“(‘”/ﬂx—yr

Equation (1.2) serves for determining G. If F is axially symmetric with respect to the
axis 3, then (F,V(x),P(x)) is a stationary solution of problem (1.1). Clearly, the full
angular momentum

3= / (Z x V(z)) d
f
is parallel to the axis 3, 5 = fes; B and wq are related as follows:
g=wl. T- [ Gt+addn
f

In addition, we assume that the barycenter of F coincides with the origin, i.e.,

(1.3) !/xMx:Q i=1,2,3.
f
Equation (1.2) is the Euler equation for the functionals
wh 2, .2 >
(1.4) G=o|l'|—= [ (z7 +a3)de — = [ U(z)dx — po|Q|,
2 Ja 2 Ja
where U(z) = [, |# —y| ™' dy, |T| = measT, Q| = meas, and
3 Gl

(1.5) R=oll|+ / U(z) dz — pol9;
Q

2 [(@3+x3)de 2

these functionals are defined on a set of domains €2 that are close to F and have the same
volume and barycenter as F; I' = 9. An arbitrary surface close to G can be given by
an equation of the form

(1.6) r=y+Nyply), yeg,
where N(y) is the outward normal to G and p(y) is some small function,
(17) |p|C1(g) S 1) < 1,

so that G and R can be viewed as p-dependent functionals. It is easy to verify that

50GIr] = SoR[] = — /g (oH + P + sd(2))r(x) dS = 0,

where
0
SoGlr] = aG[p + Ar]|
As to the stability of F, the universally recognized stability condition is that the second
variations of these functionals should be positive; if we deal with free motion of the fluid
with preservation of the angular momentum, then the condition

p=0,A=0"

2

o
(1.8) SR = 55 Rlp+Al|\ g g >0

is more natural (see [1]-[3]).

Comparison of (1.4) and (1.5) shows that

ﬂZ
2

o, P 3
St + =631 = =

SR — 83G = 572

(601)2 > 0,
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STABILITY OF EQUILIBRIUM FIGURES 379

where I = [, (2} + 23) dz. Therefore, if 3G is positive, then so is 63 R. We assume that

an equilibrium figure is stable if, under initial data (Qo, ) close to (F,V(z)) and such

that
(1.9) / vdx =0, / (Z x Uy(x)) dz = (e,
Qo Q0
(1.10) Q0] = |7, / zidr =0, i=1,2,3,
Qo

problem (1.1) has a solution defined for all ¢ > 0 and satisfying #(z,t) — V(z) — 0,
p(z,t) —P(z) - 0,and I'y — G as t — oo.

In [4]-[6], the stability of the axially symmetric equilibrium figures was proved under
the condition 62G > 0 (for 3 = 0 in [4, 5] and for s > 0 in [A]). Here we do the same
under the more natural condition (1.8), which has required several modifications in the
proofs. Moreover, we remedy some inaccuracies occurred in [5, 6. The main result is
formulated in Theorem 2.1.

§2. AUXILIARY RELATIONS AND STATEMENT OF THE MAIN RESULT

Assume that equation (1.2), which can also be written in the form
ﬂZ
272
has a solution that determines a smooth axially symmetric equilibrium figure F satisfying
(1.3). We consider the set of surfaces I' given by equations (1.6) in which the functions

p satisfy inequality (1.7) and are such that the domains Q bounded by these surfaces
satisfy the conditions

(2.1) oM (y) + 5= (Wi +y3) + 24(y) + po =0,

(2.2) Q= |7, /xidxzo, i=1,2,3.
Q

These conditions can be expressed in terms of p(y) and have the following form (see []
and also [B]):

(2.3) /g oly; p) dS =0,

(2.4) /wxy;p) dS=0, i=1,2,3,
g
where

o(v:0) = ply) — L-Wrg(y) + W ey,
: 2 p3

4
Vr(y; p) = yre(y; p) + Nk(y)(% - gH(y) + %K(y)),

and K(y) is the Gaussian curvature of G. Our basic assumption concerning the functional
R is as follows:
there are two positive constants ¢; and ¢y such that

(2.6) crllr®llwy o) < SR < eallrlliv )

for all r(y) satisfying (1.7), (2.3), and (2.4). If ¢ is sufficiently small, we can replace
conditions (2.3) and (2.4) by

(2.7) /r(y) ds =0, /ykr(y) dsS =0, k=1,2,3.
g g
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380 V. A. SOLONNIKOV

The first three terms on the right in (1.4), (1.5) correspond to the potential energy related
to the capillary, centrifugal, and gravitational forces that act on the fluid in €2, and the
constant pg is the Lagrange multiplier corresponding to the restriction on the volume of
Qin (2.2). The other multipliers, related to constraints on the position of the barycenter,
vanish. If we multiply (1.2) by Z?Zl x;N; and integrate the result over G, then, after

easy calculations, we obtain an expression for pg:

20|G| 5 9 /
_ 2 2 (2 U(r) dz).
PO =37 T o7 (AT -+ U@ o)

In the case of o = 0, this expression was found in [1].
The second order variation 63G|r] is defined by the formula

(2.8) oN

2 2 2 W(Q) 9 2 2 2 2
5G] = /g (o (Vgrl? +260%) = 2 (55 +3) - (y1+y2)H)77 + potr?] ds

dS ds
L{H——rdS %// vy =
/g( 8N |y—z|

which coincides with
2 0
(2.9)
— —7"2 ds — %/ / dSy ds-
Iy — 7

in view of (1.2); consequently,

05 Rlr]

2 _ 2 _a2y,.2y _ Yo 2 2y,.2
g3l = [ [o19arf + (26 —eyt) - % 8N<y1+y2>r}ds

w2/ 0
= / [U(IVQTI2 +2K0r%) — 20 (—(yf +y3) — (U5 + y%)H)TQ +p0H7“2} s
g

ON

+%/ (uH—g—%) 2 ds

(2.10) dsy s, wi (/ s 9 )2
— r + — +y5)rdS

B / [U(WQTP + (2K = H)r?) - ﬂ7“2i(y(f’ + yg)} ds — %/ M2 as
7 ;N

ON

o [ [ P ([t + siras)

wo = BZ~!. These formulas were deduced in [I] in the case where ¢ = 0 and in [7]
for s = 0. The proof of (2.8) was also given in [5l [6], and in the case where the
surfaces I' = 982 can be represented by an equation of the form r = R(6, ¢) in spherical
coordinates, the formula for the second variation of G (upon perturbing G along the

vector €, = ‘%) was obtained in [4].

We turn to problem (1.1) and introduce some auxiliary constructions. Assume that
(1.1) has a classical solution defined for ¢t € [0,T], T < co. We recall the following
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STABILITY OF EQUILIBRIUM FIGURES 381

“conservation laws”:

€] = 0] = [ F],
/U(x,t)dx:/ Uo(x) dx =0,
Q Qo

(2.11) /Qt (Z x ¥z, b)) do = /QO (Z x Uy(x)) dz = (e,
/ Zdr = Zdx = 0.
Q4 Qo
We put
I(t) = / (a + a3) do,
Qq
(2.12) B

7(2,t) = w(t) (@ x ).

In accordance with A. Poincaré [2], for every fixed t, /(z,t) is the velocity of the points
of the “equivalent rigid body” occupying the same domain ; as the fluid and rotating
about the axis x3 with the angular speed w(t). The relative velocity

Op(z,t) = (2, t) — 0 (x,t)
satisfies

/ 17r'17’dx:w(t)/ Ty - [€3 X T dz =0
Q

Q
(see [2]). Indeed, by (2.11)—(2.12) we have

/ (- ) da
Q¢
(2.13) — () /Q ¥ (& x 7) da — 2 (D)I(0)

- w(t)/ﬂ & - (& x F(x, 1)) de — w2 () I(t) = w(t)(B — B) = 0.

Next, we introduce the vector fields

3
(2.14) v, 1) = ;O‘i(t)ﬁi(x) —at) x 7,
171—(;5,15) = (x,t) — 17”(:5,15),

where 7;(z) = €; X &, i = 1,2,3, & = (dik)k=1,2,3, and the «;(t) are determined by the
orthogonality conditions

(2.15) / ot fide =0, i=1,2,3.
Q
It is easily seen that (2.15) is equivalent to the linear algebraic system
2
ZSki(t)ai(t):/ U'ﬁkdl':ﬁ(skg, k:1,2,3,
i=1 S

where

Sm‘(t)z/ ﬁk'ﬁz"dx:/ (Oilz|® — 21, d.
Q Q
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382 V. A. SOLONNIKOV

Thus,
(2.16) a;(t) = BSB(t),

where S are the elements of the matrix inverse to (S;;)i j=123 = S.
Using the identities

. L, 1 32
(- V) = §V|’Ul|2 = mv(ﬁ + a3),
1

—(U” . V)’l_f" _ §V|’l7/,|2,

it is easy to show that ¥, and o satisfy the relations
Ury + (T V)0, + (0, - V)T = vV?T, + Vp,
= —Uy(z,t) = —wi(t)7s(2),
V-1,=0, 2€Q, t>0,

(2.17) Uo(x) — v (2,0),

St
—~
u& .
o
S—

I

. S, 1. S,
T(Urapr)n = (UH + §|’Ul|2 + Do + %U(x,t))n,
Vo=v-1n, ze€ly, t>0,
where ¥ = ¥, + 07, p, = p — 5|V

T+ (T V)Tt + (0 - V)T — vVt + Vpt

= —’[72’(1‘,2‘;)7
V-t =0, 2€Q, t>0,
(218) ’D’L(l‘, O) = ’[70(,2’,‘) — 17”(1‘, 0)7

. . L .
T p )it = (oH + 51"+ po + U, )
Vo=v-1, x €Ty, t>0,
where ¥ = v+ 4+ §”, pt =p— %|17”|2 — Po.
Largely, we shall study problem (2.17), and it is often convenient to use the coordinate
system that rotates about the axis z3 with variable angular speed w(t). We rewrite the
relations (2.17) in this coordinate system. For this, we make the transformation

(2.19) z = Z((t))y,
(2.20) Wy, t) = Z7H(o(1)) T (Z(s(1))y, 1),
where

cosA —sinA 0
Z(A)=|sinA cosA 0
0 0 1

and ¢(t) = fot w(s) ds, so that ¢}(t) = w(t). We use the relations
() = (Zé3 x ZY)) = Zij3(y),

0 v, dz L . .
(2.21) aUT(Zya t) = ot + (Ey : vx)vr = Upt + ('U/ : v:c)vm
0 0 dz=v __ S o
Zil(t)&vr(Zy,t) = aw(y,t) ~ Z0 = W + w(t)(€5 X W)
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STABILITY OF EQUILIBRIUM FIGURES 383

and pass to the coordinates {y} in the equation
Zil(art + (U/ : V)ﬁr + (777" : V)ﬁr + (Ur : V)U, - Vv277r + Vpr)
= ()2 (e,

After simple calculations, we arrive at the following nonstationary problem with free
boundary for the functions @W(y,t), s(y,t) = pr(Z2y, t):

Wy 4 (0 - V)b + 2w(t)(€3 x W) — vV + Vs

= —uw'()i3(y),
V-i=0, yeQ, =210, t>0,
52

T(wW,s)i = (cH +

/N

2I'2(t) (Y% +y3) +po + %U'(y,t))ﬁ’,

Here 7’ is the outward unit normal to '}, H' is twice the mean curvature of T}, U’ (y, t) =
Jor |ydeZ|, V! is the velocity of the movement of I} in the direction of 7/, and I'(t) =
t

—

fQ; (y? + y3) dy. We deduce the relation V! = 1 - i’ formally. Assume that T'; can be

given by an equation of the form z = X (§,t), where the point £ runs over some manifold
independent of ¢ (as is the case, e.g., in (1.6)). Then y = Y (£,¢) = Z71X(¢,¢) € I'}, and
since 1 = Z7i’, we have

l —/ -1 —1= v = dZ_l —/
Vo=, =2 ' X)-Z =X, -1+ o ZY -
=Vu—w(®)is(y) -7 = (U, + ) -7l — w(t)s(y) -7 = 0, - 70
=i
This implies that I](t) = fﬂi @ - V(y? + y3) dy, and
(2.23) —w’(t):i/ -V + ) dy = o / (wiy1 + w2ys2) dy
’ t I2(t) o 1 2 2(1) o 141 2Y2 .

Now we formulate the main result of the paper.

Theorem 2.1. Suppose the following:

1) the surface T is given by equation (1.6) with p = po € C3t%(G), a € (0,1), and
conditions (1.7), (1.9), and (1.10) are fulfilled (i.e., po satisfies (2.3) and (2.4)).

2) g € C*T¥(Qy) satisfies the compatibility conditions

v : UO (y) = 07
(S(¥0)7i0)tan = S(t0)1i0 — 7io(7io - S(To)70)|yer, = 0,

where 1y 1s the unit outward normal to To;

3) the smallness condition

(2.24) ol Lo(00) + lP0llwagy <€ <1

is fulfilled.
If R satisfies (2.6) for all p subject to (1.7) and (2.7), then problem (2.17) has a unique
classical solution defined for all t > 0, the surface T'y can be given by equation (1.6) with
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384 V. A. SOLONNIKOV

p(at) € CB-HX(g)a and

sup |177n(-, t)lCu(Qt) + sup |’D’,«(-, t)|02+‘1(9,,) + sup |])7n(-7 t)lcl+¢x(Qt)
t>0 t>0 t>0

(2.25) + sup |p(-t)|ca+e(g) + sup |pi (- )| c2re gy + sup [pe (-, 1) oo (g)
t>0 t>0 t>0

< Ce_bt(|w0|02+a(ﬂo) + |p0|03+a(g)), b>0.

The symbols C!(Q;) and C'(G) with nonintegral I > 0 denote the standard Holder
spaces. Although the smallness condition is imposed on the La-norm of 1 and the W3-
norm of pg, interpolation inequalities allow us to show that the norms |wWy|ci(q,) and
lpolci+1(q,) are also small with arbitrary [ < 2 + «; the latter norms are estimated by
ce” with some 7 € (0,1) depending on [ (see []).

Estimate (2.25) indicates that (x,t) — V(z), p(z,t) — P(z) tend exponentially to zero
as t — oo. This follows from (2.25) and the relations

g

iz, t) = V(@) = p(2,t) + W(Z —I(t))7s(z),
2
p(x,t) - P({E) - pr(xat) + 212[(1)12 (I2 - I2(t))($% + x%)v
and
10-1= [ @radar= [t +iay
(2.26) e ; ) ) SN2
= /O d /g [(yl + sN1(y)p(y,1))” + (y2 + sN2p) }
x p(1 — spH + s*p*K) dS,
(see [5, §2]).

§3. SOLVABILITY OF PROBLEM (2.17) ON A FINITE TIME INTERVAL

In order to prove Theorem 2.1, it suffices to show that problem (2.17) is solvable
locally (in time), and to obtain uniform estimates of the solution. For this, we apply the
following theorem on the solvability of the linear problem

¥ — vV2E+ Vp = f(&, 1),
Vﬁzg(g,t), EEQOa tE[O7T]a T<007
(&, 0) = 1o (8),

(3.1) -
o S(0)7 = b(&, 1),

o - T(@, p)ilo — oo - A(0) /0 B, ) dr = b€, 1) + /0 B(&,7)dr,

where Ilpd = @ — 7ip(d@ - ) is the projection of the vector @ to the plane tangent to I'y,
and A(0) is the Laplace-Beltrami operator on T'g.

—

Theorem 3.1 ([8 []). For any f(-,t) € C*(Q) and any t € [0,T], o € (0,1), g €
CHe(Ty), Ty € C*F(Qy), b € C1+*"5*(Gr), Gr = T x (0,T), b € C*(Ty), and
B e C*(T) satisfying the compatibility conditions

V() = g(&,0),  B(&,1) - 7io =0, ToS(do)ido = b(E,0),

and also the condition

g(&,t) =V -h(E 1), hy € C*(Q),
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problem (3.1) has a unique solution
T(-,t) € C*T(Qp), p(-,t) € CH(Qy), U € C%(Qp),
€ [0,T], and this solution satisfies the inequality
sup T (5 8) | (a0) + Sup [U(+, )| c2+a(0g) + sup (5 )| cra ()

< C(T)(sup 17 )|y + 5D [9( ) e e
t<T t<T

(3.2) +sup |7 (-, 1) 0o o)
t<T

+ [tolcz+a (o) + blgrta 1£a (@

o 5up b, Dl varg +5up 1B Olonry) )
t<T t<T

14a

Here Gy =T x (0,T), and C1** =" (Gr) is the “parabolic” anisotropic Holder space.

In order to prove the solvability of problem (2.17), we rewrite it in the rotating coor-
dinate system. Next, in (2.22) we pass to the Lagrangian coordinates £ € Q related to
the Eulerian coordinates y € Q; by the formula

t
(3.3) 7=&+ [ e ir =%,
0
where @(€,t) = W(X (£, t),t). This results in the problem
iy — vV2i + V(& t) = Fy (i, q) + F| (D),
A TZ:FQ(’E[)7 EEQOa
oS (uw)rio = F3(u), & €T,

t
(3.4) flo - T, q)flo — ofp - A(0) / u(g, 7)dr

= M(€) + Fi(id,q) + Fy(i /F

where (€, ) = s(X (€, 1), ),
Fi(i@,q) = v(V? — V?)@ + (V — V.)a,

F) = —2w(>[é°3xa1—d‘*;—f>e<xx
@ = (V%) =K@,

Fi(i) = 0 / v 250 6ar+ (St xp - S @ 4 )
+ 2(U(X) = Uo(§))7i - 1io — (0 Ho(§) — M(§))(7i - 1ip — 1),
. L OA(L) [T a .
Fs(@) = ol ST ; w(&,7)dr + oflg - (A(t) — A(0))u(E, t),

(& +&) = L} +n3) + (Vo (&) —Um)),
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and 7 is the point of G related to £ € Ty by € =1+ N(n)po(n). Here we have used the
following notation:

V. = AV¢ is the transformed gradient V,;

A is the matrix of cofactors for the elements

t
(9ui

(3.5) ai; = i + dr

of the Jacobi matrix of the transformation (3.3) (the determinant of the latter matrix is

equal to 1);

7i is the outward normal to I"} at the point X (§,t);
IT is the projection onto the tangent plane at this point, i.e., Il@

3
i i = Ow; ow;

500 = (V) + (0" = (32 (s Gt + a2 )
J i/ 0,j=1,2,3

@—ii(@-i);

is twice the transformed rate-of-strain tensor S(w);

A(t) is the Laplace-Beltrami operator on I';

%t(t) is the operator obtained from A(t) by differentiating its coefficients with respect
to t;

Hy (&) is twice the mean curvature of T'p;
d !
Problems (2.22) and (3.4) are equivalent if 7@ - 7ig > 0.
We prove the following theorem on the solvability of (3.4).

Theorem 3.2. Under the assumptions of Theorem 2.1, problem (3.4) has a unique
solution (-, t) € C?*T*(Q), q(-,t) € C1T¥(Qy), (-, 1) € C() defined on some finite
time interval (0,Ty) and satisfying the inequality

sup |ﬁ‘r('7 7—)

Ce () +Sup |ﬂ:(7 7—)|C’2‘*'f’(ﬂo) + sup |(I('; t)|C1+a(QO)
(3.6) T<t T<t T<t

< c(t)([wolcz+a (o) + lpolcsta(g))s t < To.

The value Ty increases unboundedly as the norms on the right in (3.6) tend to zero; c(t)
is a monotone nondecreasing function of t.

Problem (3.4) differs insignificantly from a similar problem with w = wy considered in
[6]. Along with Theorem 3.1, we shall apply some estimates of the expressions F; and
M ; most of them were obtained in [9].

Lemma 3.1. 1. If pg belongs to C3T%(G) and satisfies condition (1.7), then

(37) |M|Cl+a(F0) < C|p0|c3+u(g).
2. Suppose vector fields w(€,t), @' (&,t) and functions q(&,t), ¢'(&,t) are given. Assume
that
t(sup |7 (-, 7)|co (o) + sup|11’(-,7')|cz+u(go)) < 6,
T<t T<t
t(sup (-, )| oo (o) + sup |ﬁ/('7’7—)|c2+a(90)) < 01,
(3.8) r<t r<t

tsup |q(-, T)|c1+e () < 01,
T<t
tsup |q' (-, 7)|crte(aq)) < 01,
T<t

where 61 is a sufficiently small number. Also, let

’J— ﬁ/|t:0 = 0
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Then
sup |F1 (i, q) — Fi(d@',q")| oo (o) + sup |Fo (@) — Fa ()| crva0q)
+ |F5(@) — F5(@')| 40 1te  +sup|Fu(d,q) — Fu(@',q")|crva(ry)
(3.9) o

+ sup |6 (@) — Fo(@')| o ()
<o Ny(d —d',q—q'),
where Gy =Ty x (0,t) and
Ni(t,q) = sup |t (-, 7)o (90)
(3.10) + Sup |U(-, t)|c2+a(ng) + sup (-, 7)|cr+a ()

Moreover, under conditions (3.8) we have

t
B11) s F(@) ~ F@)lewoy < [ [:6,7) = T 7)o g dr
T 0
t
(312 swp|Fy() — F()lcwa,) < c/ [, ) — @ () dr
T 0
and, finally,
9 .. _y
sup | 2 (h() — (i)
T<t Ce(Q0)
< b (supitr (-, 7) = (-, 7)lew )
(3.13) T<t

+supi(,7) (., Dernay)
+ C|ﬂ(', 0)|ca(QO) Sli}z |Vﬂ(, T) - Vﬁ/(', T)|C1+Q(QO).

Proof. We start with the proof of (3.7). Consider the difference

w?(0)
2

2 oy WB oo 2
(G +&) - 7(771 +m3)
w2 (0) — c")(2) (

2
It is estimated with the help of the relations

w2 (JJ2
G+8E)+ 70(27711\71 +2n2N2)po(n) + 70(N12 + N3)pj-

2 2
wQ(O)—w(Q):I:;(O)—%

and (2.26), i.e.,

1(0)—I=/Q (€f+§§)d§—/F(n?+n§)dn

1
= [ s [ [l sNupn)? + G + sNapo ] o)1 spu + 52 3C)
0 g
Obviously, the norm of that difference is dominated by c|po|cs+a(g). By [6, Proposition

3.1], the expressions Ho (&) — H(n) and Up(§) — U(n) are also estimated by c|po|cs+a(gys
and we arrive at inequality (3.7).
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In order to prove (3.9), we use the fact that the elements d;; — A;; (f t) of the matrix
I — A are sums of linear and quadratic functions of the expressions fo 8“"(5 7) dr, and,

consequently, A;;(&,t)— ij (&) (A ; 1s the cofactor for 6;; —l—ft au‘

dT) are sums of terms

that contain the differences fot (auk duj

D D ) dr as factors. Thus,

Ay (1) — AL ()| crsegan) < ¢ / ., T loree a0y d7

< ctsup |u(-,7) — U ('77')|02+“(Qo)'
T<t

(3.14)

The same can be said about the difference

Al A’

(3.15) |Arig| | A'To|

and about the coefficients of the operator A(t) — A'(t), where A’(t) is the Laplace-
Beltrami operator on ', = X'(To, 1), X'(€,t) = £ + f @' (&, 7)dr. The definition of A(¥)

implies that

= g
\/ﬁ %:1 asa \/_

X (£(s),t)  OX(&(s),1)
M dsg
and the g‘yﬂ are the elements of the matrix inverse to (gag)a,g=1,2. Detailed calculations

can be found in [9] §7].
We explain the idea of the proof of inequalities (3.9). Consider, for instance, the
expression

where (s1, $2) are local coordinates on Iy, g = det(gag)a.s=1,2, Jas = ,

Fy(il) = Fy(@) = (Vo = Vi) - i+ (V = Vi) - (i — @)
= (A = AV i+ (I— AWV (i@ — ).

Using (3.8) and (3.14), we obtain

sup |Fo (@) — Fa ()| c1vaaq)
< ct(sipt) |Va(-, 7)|crveq) + sipt) |V (-, T)|Cl+a(QO))
X su[t) |@(-,7) — U’(-,T)|Cz+u(90)

T<

< 051 sup |'&:(a T) - Ul('7 T)|02+”(QO)'
T<t
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The other Holder norms with respect to the spatial variables in (3.9) are estimated in a
similar way. Next, let

Nk = sup  h=>|f(r—h) = f(7)]

0<h<T<t
be the Holder constant of a function f(7), 7 € (0,¢). The norm

(5%)

sup[F (i) — F(i')] o 7)

To

is estimated with the help of the inequalities

lta 1—a =
sup|Aij (&,) = 05l 7)) < ct " supsup| V(€. 7)],
Fo Tt Qo

sup[Ai; (&,) — Al (€. 5,

To

(3.16) < ct'3" (supsup |Va(¢, 7) - Vi (€, 7)

Tt Qo
t

+ / sup | Vi€, 7) — V' (€, 7)| dr
0 Qo

x (supsup [V(€, 7)| + supsup |V (¢, 7)))).
Tt Qo Tt Qo

Recalling conditions (3.8) and the interpolation inequality
sup |Vﬁ(£v T) - Vﬁ"({, T)|
Qo

4o ) _loa —
(3.17) < C(t 2 |’U,—ul|cz+u(go) +t 2 |u—u'|ca(90))

o /., N .
<ctz (|u — u'|c2+a(90) + sup |ty (-, 7") — u'T,(.,T')|Cu(QO)>,
T'<T

we obtain

supl Ay (&) — AL (6,13
(3.18) ™

< ct(su[z |ﬂ,’(77’) — ﬁl(-7T)|CZ+u(QO) + Sli[t) |’lj7_(-77') — ’HZF(-,T”CQ(QO)).
T T

Inequalities similar to (3.17) and (3.18) are also true for the difference (3.15).
Now we represent the difference F3(@) — F3(u') in the form

Fy(il) — F3(@') = (oS (@ — @)t
— TIS,, (@ — @)id) — (IS, (@) — IS, (@)’
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lto
2

and estimate suprp, [F3(u) — F3 (ﬂ")]EO t;) by using (3.17)—-(3.18). We have

sup[Fa(i) — Fa(i®)] o)
u (0.1)
lta
< esup[Va — Vﬁ']éo’i) ) sup sup(|I — A&, 7)| + |70 — 7il)
To <t Ty

B (52 ()
+ €Sup Sup Vi — V| sup ([I — Al "+ [0 — 17 )
9] 0

1t+a
+ esup[ViE](, 7)) supsup(JA(€, 7) — A'(&,7)] + |7 — )

To 7<t Ty
, N (e
+ csupsup |[Va' (€, 7)| sup ([A—A](Oi) + A= 5 )
T<t Ty To ’ ’

N —
< 6(51 s;lop[Vu — Vi ]Clga 00

1—o N N )
+ 3% supsup |Va(¢, 7)| supsup | V(¢ 7) — V(6 7)])
Tt Qo Tt Qo
(45%)

+ ct( sup[Vﬁ'](OJ) + supsup [V’ (¢, 7')|)
To T<t T

x (sup [, 7) = @ (,Tlcave oy + sup s (-, 7) = T (,7)
T<t T<t

C“(QO)>

< 651(8111) (-, 7) = @' (- 7)| o2t () + sup |t (-, 7) — 17'7(',7)|00(90))7

T<t

as required.

Inequality (3.11) follows from the relations

Fl (@) — F{ (@) = =2(w(t) — '(t))[es x 1] — 20 (t)[ee x @ — @]
duw'(t) dw’ (t)
e dt B

wlt) = B/I(t),  I(t) = / (X2(€.1) + XE(E, 1)) d,

I
() _ 2/ (X1u1 + Xous) de,
di -
ar'(t
® _ 2/ (Xl + Xhub) de.
dt -
We have
sup |F{ (@) — F{(a) C(Q0)

T<t

t

— —/

ca(QO)/ |’LL—U
0

t
éc/ 7, (o) — @)
0

< c(sup|ﬂ'(-,7’) Co () AT +sup|a(-, 7) — @', 7)
T<t T<t

Ce(Qo) dr.
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The difference F5 (@) — F5 (@) is estimated in a similar way, with the help of [6] Proposition
3.2] and the inequality

L <8A(7') B aA’(T))E—»

1o or or

< cli(- — (. -
Clta(rg) = clu(-,7) = ' (, )| 2o (ry)

(the lower terms of the operator 8%(:) — 8%;(7) , which contain the second order derivatives

of @ — ', disappear because the vector 7 is orthogonal to the first order derivatives of

5 with respect to the tangential variables).
Finally, we consider the difference

Oh(@) Oh(i) (AT — AT)

"
= i+ (AT — AT)a, - e

(@—a')+ (I - A" (i, — )

ot ot ot
and write the first term on the right-hand side in the form
3(A/T _ .AT) . a(A/T _ .AT) . t .
py u= py (u(f, 0) +/0 Ur (&, 7) dT).

N Aqij . o .
The derivatives 88t’ are linear combinations of terms that contain %—2“ as factors (the

same refers to the leading coefficients of the operator 8%”, and the coefficients of the

. . 2 . . .
first order derivatives depend on 22— in a similar way). As a consequence, we have

08108m
Oh(w)  Oh(d’)

or or

T<t C*(Q0)

< b (sup s (,7) = @ (5 )lew(@p) + 5D [, 7) = @, T)lozveay) )
T<t T<t

—/

+ clt(-, 0)|ca (qy) sup V(- 7) = V' (-, 7)|crve )
and the last term here does not exceed the quantity
et [i(-, 0l oo (Sup (7))o + Sup i (- 7) = (7)) ).
The lemma is proved. O
Proof of Theorem 3.2. As in [6], we rewrite problem (3.4) in the form of the equation

(3.19) (4, q) = (U, q) + (i1, q1),

where (u1,q1) is a solution of problem (3.1) with f =0,¢9g =0, 9 = W, b =0,
B =0, and b = M(£), and ¢(d,q) = (d',q’) is a solution of the same problem with
f= Fl(’lj, q)—i—Fl’(zZ), qg= Fg(ﬂ,’), U9 =0,b= Fg(?j), b= }‘—'4(’17;7 q)+F5(1Z), and B = Fﬁ('l,_[)
To solve equation (3.19), we apply the successive approximation method:

(ﬁerl; Qerl) - ¢(ﬁ’m’ (JWL) + (ﬁlﬂ QI)a

where m = 1,... (4 and g; are defined as before). Let

Ni(d, q) = sup [t (-, )| co(00) + sup (-, )| e+ (aq) + sup la(, )l cr+e ()
From (3.2) and (3.7) it follows that
(3.20) Ni(tr, q1) < c(t)(|polcs+a(g) + [Wolozra(ay))-

The differences (@41 — Um, gm+1 — Gm) satisfy the equations

(ﬁerl - ﬁm; qm+1 — Qm) = ¢(ﬂma Qm) - ¢(ﬂ‘m71; mel)a
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m=2,3,.... By (3.2), we have
Nt(am-i-l - ﬁmv dm+1 — Qm)
< o(t) (80P |1t @) = Fi (fin—1, 4100
T<

=+ sup |Fll(ﬂ:m) - Fll(ﬂ:mfl)

C(0) T Sg’ |Fo (i) — Fo(tm—1)|cr+a ()

T<t
Oh(ii) (it 1) ) )
- Fs(t,,) — F3(tm— )
R Bt loay TPl = Falima)lgnio e g
+ Sli}z |F4(ﬂmv Qm) - F4(ﬁm717 Qm71)|C1+“(F0)
+ su;z |F5(’ljm) — F5 (Um—1)|01+a(1“0) + su;z |F6('a:m) - Fg(’ljm_l) Ca(r‘o)).
T< T<
Now we use Lemma 3.1. If
(3.21) tNy (g, qr) < 61, k=m,m—1,
then, by (3.9)—(3.13),
Nt(am-i-l = U, Gm+1 — Qm)
< 0152Nt 'U'm Um—1, Gm — qm—l)
+ Cz/ Ny (i — -1, qm — Gm—-1)d7, 62 = 61 + |Wo|ce(0q)t"/?,

and if (3.21) is true for all k = 1,...,m, then

m
> Ny(iipgr — tin, qer1 — qx)
k=1

m
(3.22) < c1d2 »  Ny(ily — k-1, qk — Gr-1)

t m
+Cz/ ZNT(Uk — Up—1, qk — Qk—1) AT + Ny(t2 — U1, q2 — q1)-
0 k=2

Now suppose that da is so small that ¢1d2 < 1/2 (this is the case for small ¢; and ¢).
Then, applying Gronwall’s lemma, from (3.22) we can easily deduce the estimate

m
(3:23) > Nililki1 — ik, qer1 — @) < c(t)Ni(ily — i1, g2 — q1) < c(t)Ne((@in, q1)).

k=1
Consequently,
(3.24) Ni(tim+1, gmr1) < c(t)p(tr, q1) + Ne(ti, q1),
and if we require the inequality
(3.25) To(c(To) N1y (¢(tir, 1) + Nr (d1, 1)) < 61,

then condition (3.21) will remain true for k = m + 1. Hence, it will hold for all k£ > 1,
and (3.23) will be fulfilled for m = co. The sequence (@, ¢m) will converge to a solution
of equation (3.19), i.e., of problem (3.4). By using (3.2) and (3.20), it is not difficult to
verify that

(3.26) o(tir, 1) < c(|Vo]c2e () + |polc+e(g))-

Thus, (3.25) is valid for

T0(|170|C2+a(90) + |p0|03+a(g)) <d3 1.
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This implies that Ty — oo as the norms of ¥y and pg tend to zero. Estimate (3.4) follows
from (3.24), (3.20), and (3.26). The uniqueness of the solution just constructed can be
easily proved with the help of (3.2) and (3.9)—(3.13). The theorem is proved. O

The solvability of problem (3.4) implies that of (2.22), together with the estimate

sup Wy (-, 7)| e (qry + sup |, (-, T)|C2+Q(Q,T) + sup|s(-, 7—)|Cl+a(QIT)
(327) T<t T<t Tt
< c([wo|oz+a(q,) + |polcrtagy),  t < To,

for its solution. Moreover, if ¢ is sufficiently small, then T} is given by equation (1.6)

with p = p/(y,t), and moreover, p'(y,0) = po(y), p’ satisfies (1.7), and

( ) Sli€|p/('77')|03+u(9) +Si€|p2('a7)|01+“(g) +Slilt)|pg.7.(',7')|0f’(g)
3.28 T ! ’
< (|l ve (o) + [P0l crre(g))

(see [6l Theorem 3.3]). But then problem (2.17) is also solvable on the interval (0, Tp),
and I'y = ZT, is determined by equation (1.6) with p = p(y,t) = p'(Z71y,t). By (3.27),
(3.28), we obtain the estimate

sup [V (-, 7)|ca(o,) +8up |Ur (-, T)|c2+a(a,) +sup [pr(+, 7)|cr+a(a,)
Tt T<t T<t
+sup |q(, 7)|csta(g) +sup | pr (-, T)|c2te gy +sup [prr (-, 7)o (g
T<t T<t Tt

< C(|w0|02+¢x(90) + |p0|c1+a(g))7 t <Tp.

§4. ESTIMATION OF THE SOLUTION OF PROBLEM (2.17)

Along with Theorem 3.2, we need uniform (in time) estimates for the solution of
problem (2.17). One of them is an estimate for the generalized energy. The following
auxiliary assertion will help us to deduce it.

Lemma 4.1. Suppose I'y is given by equation (1.6) with a function p(y,t) satisfying
conditions (1.7) and having first order derivatives with respect to t and second order
derivatives with respect to the spatial variables. There exists a solenoidal vector field

-

W(xz,t) on Q; with the following properties:
1)
(4.1) W (x,t) - ii(x) = m(y; p(y, 1) p(y; p(y, 1)),y €G,

where x = y + N(y)p(y,t) € Ty, m(y; p) is a positive function to be defined later (see
(4.6)), and ¢(y; p) is as in (2.5);
2)

(4.2) W(z,t) Fi(z)de =0, 7i=¢x7Z, i=123;
Q4

3) the inequalities
W, Ollw ) < ellol gy
(4.3) W ()l o) < elloC )l Lao),
12Dl zage < el Dllzage) + 10C-Dlly2g))

are true with constants independent of t (but depending on the mazima of the absolute
values of the derivatives of p mentioned above).
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Proof. Obviously, there exists a solenoidal vector field Wo(y, t), y € F, such that
Wo- N =¢(y;p), yeG,
(4.4) Wollwz ) < cllellyre gy < cllplinirag,
[WollLo7) < cllellrag) < cllpllrag),
[Wotll o) < elletlizaig) < cllpelliaio)
We map F onto €; by the transformation
(4.5) T=y+N"p" =ey(y),
where N* and p* are the following extensions of the functions NV and p from G to F: at
the points z =y + N(y)A € F (y € G, A < A\g) close to G, we put
N*(z) = N(y), p"(2) = p(y)p(N),
where 1/)( ) is a smooth cut-off function equal to zero for [A| > 23¢ and to one for

|A| < 22; outside the A\g-neighborhood of G, we set p = 0 and extend N *in an arbitrary
way. Clearly, for such an extension we have

ON*| ap*|
ON g ’ N
Let £,(y, p) = (8655’)) = (6i;+ d!gyp )z . 1 2.3 be the Jacobi matrix of the transformation

(4.5), let L, = det £,, and let Ep =L, E ( i (Y3 p))i,j=1,2,3 be the matrix reciprocal
to L, (for ¢ sufficiently small the transformatlon (4.4) is obviously invertible and the
matrix L1 is well defined). Let

. 1 .
W' (z,t) = ——L,Wo(y,t
=0 =W
(i.e., Wo = ZpW’). The Piola identity
3
8
-— = k=1,2,3
z:: a ) ? )
implies that V, - W’(z,t) = 0; moreover, since
1 7=
n(x) = ——=L" N(y),
0= gzt N0)
we see that condition (4.1) is fulfilled,
(4.6) W= 2. , zely,
ILEN () ly=c; ()
with m(y; p) = |E£N|f1. Obviously,
(4.8) W) a0 < elWol ) lna < ellpllzaia);
moreover, the relation
8W’(x,t) oW’ ( e,, aW'
ot < i at
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and (4.4) imply

OW'(-,t) - .
| =5,y = 0 Dz ) + 1ol aca)

< e(lloeC- )l zagey + ol 2726

(4.9)

Finally, we set
(4.10) W(w,t) =W (x,t) = > ci(t) curl &.A(x),
where A(z) is a C§°(Qq)-function with th A(z)dz =

)= [ W(x,t)-ii(z)de.
Q

Since curlj;(x) = 2€;, we have
Wz, t) - 7] Z Ci€; x) curl j; (z) dz = 0;
Q

estimates (4.3) follow from (4.7)—(4.9). The lemma is proved. O

Theorem 4.1. Assume that problem (2.17) has a classical solution defined fort € [0,T],
T < o0, and that Q; satisfies the assumptions of Lemma 4.1. If condition (2.6) is fulfilled,
then there exists a function E(t) satisfying the inequalities

(411) er(18: (DL, ) + 1005 Bl ) < E @) < callltn( DL, 0, + 106D g)):

(4.12) E(t) <e "EB(0), te][0,T],
with constants ¢y, ce,b > 0 independent of t.

Proof. First, we prove the energy inequality for the relative velocity v,.. For this, we
multiply the first equation in (1.1) by ¥ and integrate over €, taking into account (2.13)
and also the relations

9 de:/(Ut—i—(ﬁ-V)U)dx
Qy Q

ot
:/ dm/ (ﬁ(y,t)-vy)%dy—i—/ (T-V)U(z,t)dx
Q Q |z =yl Q

:2/ (U-VI)U(x,t)dx:Q/ Uv-1ndS,
Q¢ Iy

dly| _d [ g

i = LN,

ALy
*/ Z NkLkz m 8t |,CTN|

zkm 1

Z/nzm Sy

i,m=1

~  0*Nyp ~ O°Nyp k
= Non L, I + 1Ny Lo ") d
Z / o " 9yt T Oy0t ) Sy

i,k,m,s=1

> 3
_ 82Nkp 0 Nkp -
a /Ft <_ 2 mim OOt Z 8xk8t> dSy = kZ1/Ft O (Nkpe) dS

ik=1
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—Z/ HptdS——/ VanS:—/ ¥-fH dSs,
I Ty Iy

where the [5% = 2_Zi are the elements of the matrix E 1 and 9 = % — nk% =é,-Vr,

(compare with [5l §2]). As a result, we obtain

1d v
(13) ST + IS

!

<

»xd
)”%2(9,5) = |Ft|+ 5 dt/ U(z,t)d.

Since S(¥) = S(¥,) and
62

1912, = 1717, 00 + 17170000 = 15117 0 + @

we can rewrite (4.13) in the form

(4.14) S (G15COI 0y + Bl — BIOT) + ZIS )12, 0y =0,

where R[0] is the value of the functional (1.5) for p = 0 (i.e., for @ = F). This identity
can also be obtained by multiplying the first equation in (2.17) by @, and integrating
over {1, or by multiplying the first equation in (2.22) by @ and then integrating over 2;.
The difference

Rlp] - R[0] = / 1§R[sp1 ds = / 1 (4 Rlso] - dd RIS plo) ds

z/ ds/ e R[A\pld\ = / d)\2 R[Mp] dX

2

= —50R[ ] + /0 (1=24) (dci: Rldo] = dd)\2 R[Ap]‘)\:()) dX

can be estimated from above and from below by c|\p||%V21(g) if § is sufficiently small.
However, (4.14) does not imply (4.12) yet. As the second step, we multiply the first

equation in (2.18) by the vector W constructed in Lemma 4.1 and integrate over €.
Using the orthogonality condition (2.15), we obtain

d - - -
= *l.de—/ ot (Wi + (0 V)W) da

Q
+/ (- - V)" - de+2 S(@*) : S(W) da
(4.15) o o

-,

:/ (aH+ |*"|2+p0+%U(x,t))W-ﬁdsz
't

= [ (o) + 5@ + -+ sta (o)) L o A )| as..

where © = y + Np(y, t). Invoking equation (2.1), we rewrite the last integral in the form

1

(4.16) /g [o(H (@) = H(y) + 5 (15" (@)~ (s} +93) + (U (a.0) ~U(w)) | 0 dS, = I,

and then we add (4.14) to (4.15) multiplied by small v > 0. This yields

SB() + Bi(6) =0,
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where

1 . -
B() = 515 0l 0 + (Rl — RO+ | 7 Waa,

v v . -
@17) B() = FIS@lE e + 5 [ S S07)do
—l—’y/ (T - V)o" - W da — / 7t (W + (T V)W) da — g,
Q¢ Q

because S(#,) = S(¥+). By using (2.6) and (4.3), it is not difficult to prove estimate
(4.11) if the number v > 0 is sufficiently small. To prove (4.12), it suffices to obtain the
inequality

(4.18) Ei(t) > bE(t)

with some constant b > 0. Consider the integral —Ig, which contains one of the main
positive terms in E(t). We rewrite it as the sum of four terms:

Ig = IW 413 4 16) 4 1),

w2 w2
10 = [ [ot@) ~ 1) + G0t +3) = T3 +18) + AV @) -Uw)] s,
w2
2)_/< 2(t )371“‘372) (y) dSy,
=5 [ @0 - @0l pds,,
G

14 = /g [a(H(x) ~H() + 5 (7@ ~ B+ ) + AU (@)~ U)
X (p(y:p) = p)dSy, = ey(y).
In [5, [6] it was shown that
—1M = §Gp] + K1,
where 02G is as in (2.8), and K satisfies
(4.19) [K1| < e8]l o)

Now we turn to the integral I(?). Since

WAt) W [32 1 1y B 1 1
2 _70’ (P() ﬁ)*__(I(t)_ImI(t)I?+II2(t))’

2

and the leading linear (with respect to p) part of the difference
10-T= [ @ +adde- |62 +ah)dy
Q F
is equal to
dol = /g(yf +y3)p(y,t) dS,

(this follows from (2.26)), we have

B

—1® = (501) + Ko,
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where K also satisfies (4.19). Consider the integrand of —I(3):

|0 (2)? — 0" (2)|* = 2 (t)(aF + 23) — (a2ws — cv3w2)?
— (a3ry — a1w3)? — (a172 — anwy)?
= (W2(t) — a3)(a] + 23) — (of + 03)a3

+ 2(a1aex1T9 + o3TaTs + A3 T1X3).

We use formulas (2.16) for a;, and the relations

_ S12823 — 522513

13
s det S ’
g2 _ 521513 — 511523
- det S ’

U A et _£2 Qi3
w(t) 043—6(533 s )_53323@5 .

Since [ry;ysdy =0, j = 1,2, and §0Sj3 = — [ y;y3pdS, (see [B §2]), we have

(4.20) Sjs = — /g yiy3p(y; 1) dSy + S, 1Sjs] < cllpll,g)-
Moreover,
(4.21) w?(t) — af| + o + o3| + |araz| < cllpllZ,g)-

Next, by (2.16) and (4.20), we have

s S22, + 51153, — 2512513523

K
det S Tt

(4.22) /(alozgxla:g—l—agagxgxg)p(y, t)dS, =p
g

where K3 satisfies (4.19). Since |S12| < /S11512, the first term on the right in (4.22) is

nonnegative, whence

I > Ky, (K| < cbloly )

Finally, expressing the difference H — H in terms of p by the formula

=ii- Ar,(Np) + (il = N) - Ar, i+ N - (Ar, — Ag)j
and integrating by parts, we easily verify that
[19] < e8lpllwy g)-
Thus,

where K satisfies (4.19).
Now we consider the volume integrals in (4.17). By (4.3),

-,

[ O ) o] < el e (o) + Dol
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In order to estimate p;, we use the kinematic boundary condition V,, = ¥ - @i, which can
be written equivalently in the form

(4.23) o
SN )
=L (Y o 0 0) 1) + st e) -7 — ) - ).
yegq, "~

where z = y + N(y)p(y,t) (we have applied the relation 75 (y) - N(y) = 0). The estimate

e )l Lag) < el C O Loy + 10 Ollwg @)
follows from (4.23) and (4.21).
Recalling Korn’s inequality
17wz @) < ellSE) o),

we easily verify that the first four terms in (4.17) are dominated by

v o -
(5 = ) ISE )0 = ASE aien IPlwi @)

whence
v . -
Ev®) = (5 = en)IISE) 0,y — e ISE ) Laen lollwi o) + 103 Rlol = eorllpllfz -

Choosing ¢ and v sufficiently small (but independent of ¢, || p[/y; (g), and 1S )| La(020))
and using (2.6), we obtain inequality (4.18) with some b > 0. This completes the proof
of the theorem. |

The following theorem concerns uniform estimates for the Hélder norms of the solution
of problem (2.17).

Theorem 4.2. Under the assumptions of Theorem 1.1, the solution of problem (2.17)
satisfies the estimate

Ut (-, 1) | oo () + |0 (5 )| o2t ) + [0r (5 ) [crva )
(4.24) + |p(, )| os+a(gy + |pe (s V)] c2rag) + o, t)|ca(g)

<e s 15Ol s oG Olwie)):
t—2ro<t'<t t—271<t'<t

where T s a small number, t > 271y, and ¢ is a constant independent of t.

The proof of this theorem does not differ from that of Theorem 4.1 in [6], where the
solution of (2.22) with w = wp was estimated. To obtain (4.24), we can use both the
fixed and the rotating coordinate systems, due to relations (2.23) and

W(t) = _Ig—g)/ﬂ (V11 + voxo) da = _Ig—g)/ﬂ (121 + Vo) dz.

Therefore, inequality (4.4) in [6] is true both for ¢, and for .

Having estimates (4.12) and (4.13) at hand, we can extend the solution to the entire
infinite time interval ¢ > 0 in precisely the same way as this was done in [6], thus
completing the proof of Theorem 2.1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



400 V. A. SOLONNIKOV

REFERENCES

[1] A. M. Lyapunov, On stability of ellipsoidal shapes of equilibrium of revolving liquid, Collected Works.
Vol. 3, Akad. Nauk SSSR, Moscow, 1959, pp. 5-113. (Russian)

[2] P. Appell, Traité de mécanique rationnelle. T. 4, Fasc. 1. Figures d’équilibre d’une masse liquide
homogene en rotation, Gauthier-Villars, Paris, 1932.

[3] R. A. Brown and L. E. Scriven, The shape and stability of rotating liquid drops, Proc. Roy. Soc.
London Ser. A 371 (1980), 331-357. MRO0576833 |(82m:76027)

[4] M. Padula and V. A. Solonnikov, Ezistence of non-steady flows of an incompressible, viscous drop of
fluid in a frame rotating with finite angular velocity, Elliptic and Parabolic Problems (Rolduc/Gaeta,
2001), World Sci. Publishing, River Edge, NJ, 2002, pp. 180-203. MR 1937540/ (2003h:35210)

[5] V. A. Solonnikov, A generalized energy estimate in a problem with a free boundary for a viscous
incompressible fluid, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 282 (2001),
216-243. (Russian) MR1874890](2003b:35217)

, The problem of evolution of an isolated liquid mass, Sovrem. Mat. Fund. Naprav. 3 (2003),
43-62. (Russian)

[7] A. D. Myshkis (ed.), Hydromechanics of weightlessness, “Nauka”, Moscow, 1976. (Russian)

[8] V. A. Solonnikov, On the justification of quasistationary approzimation in the problem of motion of
a viscous capillary drop, Interfaces Free Bound. 1 (1999), 125-173. MR1867129 /(2002h:35352)

, Lectures on evolution free boundary problems: classical solutions, Lecture Notes in Math.,

vol. 1812, Springer, Berlin, 2003, pp. 123-175. MR2011035

ST. PETERSBURG BRANCH, STEKLOV MATHEMATICAL INSTITUTE, RUSSIAN ACADEMY OF SCIENCES,
FONTANKA 27, ST. PETERSBURG 191023, RUSSIA
E-mail address: solonnik@pdmi.ras.ru

Received 18/AUG/2003

Translated by I. V. DENISOVA

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0576833
http://www.ams.org/mathscinet-getitem?mr=0576833
http://www.ams.org/mathscinet-getitem?mr=1937540
http://www.ams.org/mathscinet-getitem?mr=1937540
http://www.ams.org/mathscinet-getitem?mr=1874890
http://www.ams.org/mathscinet-getitem?mr=1874890
http://www.ams.org/mathscinet-getitem?mr=1867129
http://www.ams.org/mathscinet-getitem?mr=1867129
http://www.ams.org/mathscinet-getitem?mr=2011035

	§1. Introduction
	§2. Auxiliary relations and statement of the main result
	§3. Solvability of problem (2.17) on a finite time interval
	§4. Estimation of the solution of problem (2.17)
	References

