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ON AN INEQUALITY BETWEEN DIRICHLET AND NEUMANN
EIGENVALUES FOR THE LAPLACE OPERATOR
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Dedicated to my teacher Mikhail Shlemovich Birman

ABSTRACT. A simple proof of the inequality pri1 < A is given. Here the Ay (re-
spectively, ug) are the eigenvalues of the Dirichlet (respectively, Neumann) problem
for the Laplace operator in an arbitrary domain of finite measure in R%, d > 1.

Let Q be a domain in R? such that the Sobolev space W3 (£2) is compactly embedded
in L2(92). Then the spectra of the Dirichlet problem and the Neumann problem for the
Laplace operator are both discrete. We denote the respective operators by —Ag and
—Am, and enumerate their eigenvalues in increasing order (with multiplicity taken into
account):

o(=An) ={M}iZ1, o(—Am) = {pe}iz-
Note that

1) p1 = 0 if the measure of the domain €2 is finite;

2) pir1 = M if d = 1;

3) the inequality pux < A is deduced immediately by variational arguments.

For d = 2 and for a domain bounded by an analytic curve, Pélya and Szegé proved
(see [Pl [S]) that pa < 4A;, where v is an absolute constant less than one (expressed
in terms of zeros of Bessel functions). Since their proofs involve conformal mappings,
they do not work in higher dimensions. Developing an idea used in [Pa], Levine and
Weinberger established (see [LW]), for an arbitrary dimension, a series of inequalities of
the form pp4,r < Ag, 7 = 1,...,d, under some conditions on the principal curvatures of
the C?**-smooth boundary 99 of a bounded domain Q. In particular, g1 < Ay if the
mean curvature is nonnegative, and pg4q < A for all convex domains.

Friedlander [E] proved the inequality pr11 < Ag for the bounded domains Q with 9Q €
C'. He used the “Dirichlet-to-Neumann” operator R()) that maps a function ¢ defined
on 99 to the normal derivative on 92 of the solution u of the problem (—A — X)u =0
in Q, u = ¢ on JN). Friedlander obtained the following formula:

TL()\) = Nm(A) — Nyp ()\) for A € U(—Ag) @] J(—Am),

where n(\) is the number of negative eigenvalues of the operator R()\), and Ny, No are
the counting functions of the Laplace operator (see (1)), and he showed that n(A) > 1,
which implies the desired inequality.

We have succeeded in finding a simple proof of the inequality pr+1 < Ag in a more
general situation.
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Theorem. Suppose d > 2, a domain 2 C R? is such that the embedding W4 () C La(9)
is compact, and the measure of Q is finite, |Q| < co. Then pur+1 < g for all k, where Ay,
i are the eigenvalues of the Dirichlet problem and the Neumann problem, respectively.

The following simple fact will be used.

Lemma. For all p we have
WL(9) N ker(—Am — 1) = {0}
Proof. Let v € V?@(Q) Nker(—Ag — p). Since the function

Ju(z) ifreq,
v@ =1 trea

belongs to W3 (R?), we have
/ (Vw, V) dx =/<VU,Vw> dr = —u/ vip de = —,u/ wipdr, P € CFRY),
Rd Q Q R

where the angle brackets denote the scalar product in C?. This implies that —Aw = pw,
whence w = 0. g

Proof of the theorem. Let Np and Ny denote the counting functions of the operators
under consideration:

(1) No(n) = card(o(—As) N[0, 4]),  Non(2) = card(e(—Am) 1[0, ).

It is known that

No(p) = max{dimL L C V(E/%(Q),/ |Vu|? de < u/ |u|? da,u € L},
Q Q

(2)
N (1) :max{dimL ‘L C W;(Q),/ |Vu|? de < u/ |u|? da,u € L}.
Q Q

We fix a positive number p and take a subspace F of W1(2) such that dim F = Ng(p)

and
/ |Vu|? dz < u/ lu|?dz, wu€F.
Q Q

The lemma implies that the sum F+ ker(—Ag —p) is direct. Consider the set of functions
{eiwx}‘w‘zzu. Since all these functions are linearly independent, there exists a vector
w € RY, |w| = /&, such that the function ¢™® does not belong to F+ker(—Am — p).
Put

(3) G = Fiker(—Agy — p)4-{ce™} e

(if 4 & o(—Am), then G is the sum of two terms). Clearly, G C W4 ().
Let (u + v + ce™®) be an element of G, u € F, v € ker(—Ay — p). We have

/ |V(u+v+ cei‘”“’)|2 dx = / (IVul® + [Vo|* + |ew|?) dx
Q Q
+ 2Re/ ((Vo, V(u + ce™?)) + (V(ce™™),Vu)) dz
Q

=: 11 + Iz,
and, by the definition of F,

L < u/ (|u|2 + |1)|2 + |c|2) dx.
Q
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Furthermore, we have
I, =-2 Re/ (Av(u + ceiwr) + A(cew’”)ﬂ) dx
Q

=2 Re/ (v(u + cewT) + cei‘””ﬂ> dzx,
Q

whence
/ |V(u+v+cei‘””)‘2 do < ,u/ |u+v+cei‘””‘2 dx.
Q Q

Therefore,
Ny(p) > dim G = Ngp(p) + dimker(—Agp — p) + 1,
by (2) and (3).
Now we take p = Ai. Then
card(o(—=An) N[0, 1)) = Nm(u) — dimker(—Ag — ) > No(u) +1 > k+ 1,
which shows that pr+1 < Ag. O

Remark. Our construction is based on a function f such that —Af = pf and |Vf] <
Vi f|. In the Euclidean space this is an exponential: f(z) = e“". The question as to
whether such a function exists on a manifold is not trivial. For example, if we cut a
sphere into two parts by a plane that does not contain the center of the sphere, then the
desired function fails to exist in the part containing a hemisphere. For some classes of
manifolds such a function was constructed in [M].

ADDED IN PROOF

In the same way we can treat a more general case of a mixed boundary condition
instead of the Neumann problem.

Theorem. Letd > 2, and let Q be a bounded domain in R¢ with Lipschitz boundary OS).
Suppose o is a real function on 0Q, o € Ly(0Q), where ¢ > 1 ford =2 and g =d—1
for d > 2. Let uf, denote the eigenvalues of the problem

(%) —Au = pfu in Q, ? +ou =0 on 01,
n

where n is the outward normal to the boundary. If fBQ o(r)dr <0, then pg < A\ for
all k.

Remark. The problem () corresponds to the quadratic form

/|Vu|2da:—|—/ olul? dx
Q a0

with domain W} (Q). For o = 0 this is a Neumann problem, uf = jy.
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