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Abstract. A simple proof of the inequality µk+1 < λk is given. Here the λk (re-
spectively, µk) are the eigenvalues of the Dirichlet (respectively, Neumann) problem
for the Laplace operator in an arbitrary domain of finite measure in Rd, d > 1.

Let Ω be a domain in Rd such that the Sobolev space W 1
2 (Ω) is compactly embedded

in L2(Ω). Then the spectra of the Dirichlet problem and the Neumann problem for the
Laplace operator are both discrete. We denote the respective operators by −∆D and
−∆N, and enumerate their eigenvalues in increasing order (with multiplicity taken into
account):

σ(−∆D) = {λk}∞k=1, σ(−∆N) = {µk}∞k=1.

Note that
1) µ1 = 0 if the measure of the domain Ω is finite;
2) µk+1 = λk if d = 1;
3) the inequality µk ≤ λk is deduced immediately by variational arguments.

For d = 2 and for a domain bounded by an analytic curve, Pólya and Szegő proved
(see [P, S]) that µ2 ≤ γλ1, where γ is an absolute constant less than one (expressed
in terms of zeros of Bessel functions). Since their proofs involve conformal mappings,
they do not work in higher dimensions. Developing an idea used in [Pa], Levine and
Weinberger established (see [LW]), for an arbitrary dimension, a series of inequalities of
the form µk+r < λk, r = 1, . . . , d, under some conditions on the principal curvatures of
the C2+α-smooth boundary ∂Ω of a bounded domain Ω. In particular, µk+1 < λk if the
mean curvature is nonnegative, and µk+d ≤ λk for all convex domains.

Friedlander [F] proved the inequality µk+1 ≤ λk for the bounded domains Ω with ∂Ω ∈
C1. He used the “Dirichlet-to-Neumann” operator R(λ) that maps a function ϕ defined
on ∂Ω to the normal derivative on ∂Ω of the solution u of the problem (−∆ − λ)u = 0
in Ω, u = ϕ on ∂Ω. Friedlander obtained the following formula:

n(λ) = NN(λ) −ND(λ) for λ �∈ σ(−∆D) ∪ σ(−∆N),

where n(λ) is the number of negative eigenvalues of the operator R(λ), and NN, ND are
the counting functions of the Laplace operator (see (1)), and he showed that n(λ) ≥ 1,
which implies the desired inequality.

We have succeeded in finding a simple proof of the inequality µk+1 < λk in a more
general situation.
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Theorem. Suppose d ≥ 2, a domain Ω ⊂ Rd is such that the embedding W 1
2 (Ω) ⊂ L2(Ω)

is compact, and the measure of Ω is finite, |Ω| <∞. Then µk+1 < λk for all k, where λk,
µk are the eigenvalues of the Dirichlet problem and the Neumann problem, respectively.

The following simple fact will be used.

Lemma. For all µ we have
◦
W 1

2(Ω) ∩ ker(−∆N − µ) = {0}.

Proof. Let v ∈
◦
W 1

2(Ω) ∩ ker(−∆N − µ). Since the function

w(x) =

{
v(x) if x ∈ Ω,
0 if x �∈ Ω,

belongs to W 1
2 (Rd), we have∫

Rd

〈∇w,∇ψ〉 dx =
∫

Ω

〈∇v,∇ψ〉 dx = −µ
∫

Ω

vψ dx = −µ
∫

Rd

wψ dx, ψ ∈ C∞
0 (Rd),

where the angle brackets denote the scalar product in Cd. This implies that −∆w = µw,
whence w = 0. �

Proof of the theorem. Let ND and NN denote the counting functions of the operators
under consideration:

(1) ND(µ) = card(σ(−∆D) ∩ [0, µ]), NN(µ) = card(σ(−∆N) ∩ [0, µ]).

It is known that

(2)
ND(µ) = max

{
dimL : L ⊂

◦
W 1

2(Ω),
∫

Ω

|∇u|2 dx ≤ µ

∫
Ω

|u|2 dx, u ∈ L
}
,

NN(µ) = max
{

dimL : L ⊂W 1
2 (Ω),

∫
Ω

|∇u|2 dx ≤ µ

∫
Ω

|u|2 dx, u ∈ L
}
.

We fix a positive number µ and take a subspace F of
◦
W 1

2(Ω) such that dimF = ND(µ)
and ∫

Ω

|∇u|2 dx ≤ µ

∫
Ω

|u|2 dx, u ∈ F.

The lemma implies that the sum F +̇ ker(−∆N−µ) is direct. Consider the set of functions
{eiωx}|ω|2=µ. Since all these functions are linearly independent, there exists a vector
ω ∈ Rd, |ω| =

√
µ, such that the function eiωx does not belong to F +̇ ker(−∆N − µ).

Put

(3) G = F +̇ ker(−∆N − µ)+̇{ceiωx}c∈C

(if µ �∈ σ(−∆N), then G is the sum of two terms). Clearly, G ⊂W 1
2 (Ω).

Let (u + v + ceiωx) be an element of G, u ∈ F , v ∈ ker(−∆N − µ). We have∫
Ω

∣∣∇(u+ v + ceiωx)
∣∣2 dx =

∫
Ω

(|∇u|2 + |∇v|2 + |cω|2) dx
+ 2 Re

∫
Ω

(〈∇v,∇(u + ceiωx)〉 + 〈∇(ceiωx),∇u〉) dx
=: I1 + I2,

and, by the definition of F ,

I1 ≤ µ

∫
Ω

(|u|2 + |v|2 + |c|2) dx.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



INEQUALITY BETWEEN EIGENVALUES 415

Furthermore, we have

I2 = −2 Re
∫

Ω

(
∆v(u + ceiωx) + ∆(ceiωx)u

)
dx

= 2µRe
∫

Ω

(
v(u + ceiωx) + ceiωxu

)
dx,

whence ∫
Ω

∣∣∇(u+ v + ceiωx)
∣∣2 dx ≤ µ

∫
Ω

∣∣u+ v + ceiωx
∣∣2 dx.

Therefore,
NN(µ) ≥ dimG = ND(µ) + dim ker(−∆N − µ) + 1,

by (2) and (3).
Now we take µ = λk. Then

card(σ(−∆N) ∩ [0, µ)) = NN(µ) − dim ker(−∆N − µ) ≥ ND(µ) + 1 ≥ k + 1,

which shows that µk+1 < λk. �

Remark. Our construction is based on a function f such that −∆f = µf and |∇f | ≤√
µ|f |. In the Euclidean space this is an exponential: f(x) = eiωx. The question as to

whether such a function exists on a manifold is not trivial. For example, if we cut a
sphere into two parts by a plane that does not contain the center of the sphere, then the
desired function fails to exist in the part containing a hemisphere. For some classes of
manifolds such a function was constructed in [M].

Added in proof

In the same way we can treat a more general case of a mixed boundary condition
instead of the Neumann problem.

Theorem. Let d ≥ 2, and let Ω be a bounded domain in Rd with Lipschitz boundary ∂Ω.
Suppose σ is a real function on ∂Ω, σ ∈ Lq(∂Ω), where q > 1 for d = 2 and q = d − 1
for d > 2. Let µσ

k denote the eigenvalues of the problem

(∗) −∆u = µσ
ku in Ω,

∂u

∂n
+ σu = 0 on ∂Ω,

where n is the outward normal to the boundary. If
∫

∂Ω
σ(x) dx ≤ 0, then µσ

k+1 < λk for
all k.

Remark. The problem (∗) corresponds to the quadratic form∫
Ω

|∇u|2 dx +
∫

∂Ω

σ|u|2 dx

with domain W 1
2 (Ω). For σ = 0 this is a Neumann problem, µ0

k = µk.
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