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A LOCAL TWO-RADII THEOREM ON THE SPHERE

VIT. V. VOLCHKOV

ABSTRACT. Various classes of functions with vanishing integrals over all balls of a
fixed radius on the sphere S™ are studied. For such functions, uniqueness theorems are
proved, and representations in the form of series in special functions are obtained.
These results made it possible to completely resolve the problem concerning the
existence of a nonzero function with vanishing integrals over all balls on S™ the radii
of which belong to a given two-element set.

§1. INTRODUCTION

Let X be a Riemannian two-point homogeneous manifold (see [I, Chapter 1]), let G
be the isometry group of X, and let dz be Riemannian measure on X. We consider a
collection F = {Ei}le of compact subsets in X of positive measure. For every open set
U C X such that every set G; = {g €G:g7'E; C U}, 1 =1,...,k, is nonempty, the
Pompeiu transformation Pry maps the set C(U) into the direct product C(G1) x - - - x
C(Gy) as follows: Pryf = (f1,..., fx), where fi(g) = fg_lEi flx)de, ge Gy i=
1,...,k. IfU = X, we call Pry the global Pompeiu transformation and denote it by Pr.

For given F and U, the following questions arise.

Problem (see [2]). Is the transformation Pry injective? If not, what is its kernel?

A set E C X for which Pg is injective is called a Pompeiu set.

The injectivity of the Pompeiu transformation and related questions for some X, F,
and U were studied in many papers (see the surveys [2]-[5]). It turned out that there is
a qualitative difference between the results for noncompact spaces X and their analogs
for compact spaces. Here, we consider some of them.

Suppose X is a noncompact two-point homogeneous space, i.e., X is isometric either
to the Euclidean space R™, or to one of the hyperbolic spaces H"(R), H"(C), H"(H), or
H'6(Cay) (see [1, Chapter 1, §4, Subsection 3]. Then every ball in X is not a Pompeiu set.
This fact follows easily from the mean-value theorem for eigenfunctions of the Laplace—
Beltrami operator on X (see [1, Chapter 4, Proposition 2.4]) (for Euclidean spaces, this
fact was first mentioned in the paper [6]). Some necessary and sufficient conditions for
the injectivity of Px for the family F = {ETI,ETZ (where the symbol B,.,, i = 1,2,
stands for the open ball of radius r; and centered at the origin of X, and B, is the closure
of B,,) were obtained in [7]. The results of this type are called “two-radii theorems”.
Very general conditions ensuring the injectivity of Pg were obtained by Williams [§] for
X = R", and by Berenstein and Shahshahani [9] for hyperbolic spaces. In these papers, it
was proved that if a bounded open set E with connected complement and with Lipschitz
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boundary is not a Pompeiu set, then the boundary of F is a real-analytic submanifold
of X. In particular, every polygon in R? is a Pompeiu set.

Some radically new effects arise when we pass to compact two-point homogeneous
spaces X (which means that X is isometric to the sphere S™ or to one of the projective
spaces P*(R), P*(C), P*(H), or P'5(Cay); see [I, Chapter 1, §4, Subsection 2]). In
this case, the transformation Pz yr (k € {1,2,...}) is injective if and only if the

simultaneous equations gpﬁff“’ﬁﬂ)(m) =0, where i = 1,...,k and m € {1,2,...}, are

unsolvable. Here o and (3 are the parameters of X, and
t
Pt (1) = F <—m, m+a+ B+ 3;a+ 2;sin® (;—)) ;
a

where F' is the hypergeometric function and a is the diameter of X (see [7, Theorem 4]).
This implies that the set of all r such that Pg_is injective, as well as the complement of
this set, is dense in [0, a]. Moreover, in [I0] [TT] there are examples of regular polygons
on S? that are not Pompeiu sets.

The study of the kernel of the local Pompeiu transformation (we mean the case where
U # X) is a considerably more difficult problem. This is related to the violation of the
group structure acting on the set of solutions of the equations Pxf = 0. So far, these
issues were investigated only in the case of Euclidean and hyperbolic spaces (see [2]—[5]
and [12]-[16] and the references therein).

In the present paper, we begin to study the injectivity of the local Pompeiu transforma-
tion on the sphere S”. A considerable development of the methods suggested in [12]-[16]
allows us to find the precise conditions for the injectivity of Pzyy for F = {B,,, By, } and
U = Bg (see Theorem [Z.T] below). Uniqueness theorems for various classes of functions
with zero spherical mean play a key role here (see §8). We note that in the proof of
uniqueness theorems we cannot use the well-known Titchmarsh theorem on convolutions
(see [17, Appendix 7, §12]), which was used earlier in such situations in the case of non-
compact two-point homogeneous spaces (cf. [I4] the proof of Theorem 4]). Furthermore,
in the spherical case, additional difficulties arise in the construction of functions f of
finite smoothness satisfying the conditions Pg .5, f = 0 and f|z = 0 (such functions
play an important role in the study of injectivity of the transformation P{P B,, }:Br

s
for R =1 +rs; see §11). To overcome these difficulties, we need new ideas related to the
distribution of the zeros v of the function @if_’lf)(r) in the set of positive integers (see
Lemma in §5 and also §8). Also, we note that the method of proof of Theorem 2
makes it possible to obtain some other definitive results on spherical means on a sphere

(see §9).

§2. STATEMENT OF THE MAIN RESULT

Let n > 2. We denote by S™ the standard unit sphere in R"*! with intrinsic metric
d and surface measure d¢. Let Br = {{ € S™ : d(0,§) < R} be the open geodesic
ball of radius R with center at o = (0,...,0,1) € S”, and let Li,.(Bgr) be the set
of functions locally integrable on Br with respect to the measure d. Observe that
B, =S"\{(0,...,0,—1)}, and that the ball Bg coincides with S™ if R > 7. Throughout,
we assume that r,71,r2 € (0,7), r1 # 79, and max(r,ry,72) < R. We denote by V,.(Bg)
the class of functions f € Ljo.(Bgr) with vanishing integrals over all closed geodesic balls
in Bp of radius r. For a nonnegative integer s or for s = oo, we put V,°(Bgr) = V,.(Br) N
CS(BR) and V? (BR) = V’I"1,7"2 (BR) N CS(BR), where V}hm (BR) =V, (BR) NV, (BR)

1,72 ( )
n n
202

Let N(r) be the set of all zeros v of the equation ¢,22"(r) = 0 in the interval
((1=n)/2,4+00), and let N(ri,r3) = N(r1) N N(r2). A detailed information on the
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structure of N(r) is contained in §5. We denote by ) the set of all pairs (ry,73) with the
following property: for every g > 0, there exist points « € N(r1) and 8 € N(r2) such
that |a — 8] < (a4 )77 We list some properties of the sets N(r1,7r2) and Q (for the
proofs, see §10):

a) for each r1 € (0,7), the set {ry € (0,7) : N(r1,72) # @} is countable and dense in
(0,7);

b) for each r1 € (0,7), the intersection of the set {ry € (0,7) : (r1,72) € Q} with an
arbitrary interval (a,b) C (0, ) is uncountable;

c) for each r; € (0,), the set {ry € (0,7) : (r1,72) € 2} has zero Lebesgue measure
on (0,m);

d) if (r1,7r2) € Q@ and N(rq,r) = &, then the number r/ry is irrational.

Now, we state the main result of the present paper.

Theorem 2.1. Suppose that r1,r9 € (0,7), 71 # 72, and max(ry,rs) < R <. Then:

1) if f € Viy ry(Br), 1 +72 < R, and N(r1,r3) = &, then f =0;

2) if f eV, (Br), 11 +72 =R, and N(r1,72) = @, then f = 0;

3)if f€Vrr(Br), 11 +r2 =R, N(ri,r2) = &, and (r1,72) € Q, then f = 0;

4) if r1 + 12 = R and (r1,72) ¢ Q, then for each integer ¢ > 0 there exists a nonzero
function f € V¢ . (Br);

5) if 11 + 12 > R, then there exists a nonzero function f € V,°, (BR);

6) if N(ri,m2) # &, then on B, there exists a mnonzero real-analytic function f €
V7“1»7‘2 (Bﬂ')

The properties of the sets N(ry,r2) and  listed above show that all situations de-
scribed in statements 1)-6) of Theorem [2.1] are realized for appropriate 71,72 € (0, 7).

For the first time, necessary and sufficient conditions of the injectivity of the global
Pompeiu transformation Prg,_ (k € {1,2,...}) on a sphere were found in [I0], [18].
Earlier, local versions of the two-radii theorem were known only for Euclidean and hy-
perbolic spaces; see [2]-[5] and [12} 13} [15].

In §§3-5 of the present paper, we give information necessary in what follows and
present some auxiliary statements related to the Legendre functions. In §§6-9, we study
various properties of the functions of class V,.(Bg). In particular, in §9 we solve the
problem mentioned above for X = S", F = {B,}, and U = Bg. In §10, we study the
structure of the sets N(r1,72) and Q. The proof of the main result is given in §11.

The author thanks V. V. Volchkov for useful discussions.

§3. BASIC NOTATION

As usual, N, Z, Z, and Q denote the set of positive integers, integers, nonnegative
integers, and rational numbers, respectively. For basic multivalued functions, we choose
the following branches in C\(—oc0,0]: Inz = In|z| +iargz, argz € (—m,7); 2¥ = e’ 1",

For £ = (&1,...,&41) € S™, we denote & = (&1,...,&,) # 0, and o = £'/[¢'| € S~ L.
Let 6y,...,60, be the spherical coordinates of £ (0 < 6; < 27w, 0 < 0y < 7, k # 1,
and & = sinf, ---sinfy, & = sinf, ---sinfbycosby,...,£,11 = cosby,). The symbol
H}, will stand for the space of spherical harmonics of degree k on S”~!, regarded as a
subspace of L2(S"™1) (see [19, Chapter 4, §2]). Let aj be the dimension of Hj, and

let {Yl(k)}, 1 <1 < ag, be a fixed orthonormal basis in Hy. For each function f(§) =
f(osinb,,cos8,) € Lioc(Bgr), we have the Fourier series

(3.1) FEO~I3 fra0)Y (o), 0, € (0,R),

k=0 1=1
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where
(3.2) Froa(On) = /S  F(Csin,cos6,)Y, M (C) d

(d¢ is the surface measure on S"~1).

Let SO(n + 1) be the rotation group of R"*! and let SO(n) = {r € SO(n + 1) :
70 = 0}. For the normalized Haar measure dr on SO(n), let T*(7) be the restriction
of the quasiregular representation of SO(n) to the space Hj (see [20, Chapter 9, §2,
Subsection 7]), and let {tﬁp}, 1 <1,p < a, be the matrix of T%(7) in the basis {Yl(k)},
ie.,

(T*(r)y, ™) () = Ztl,p W), TeSOm), ¢esm L.

In particular, for k = 0 we have ao = 1, and Y, (¢) = ;1{2, t9 (1) =1forall ( € S"~!

and 7 € SO(n), where w,,—1 is the area of the sphere S*~ 1. For n=2and k > 1, it is
convenient to use the following basis in Hy: Yl(k)(C) = ¢* /2, Y2(k)(C) = Zk/\/ 27 (in
this case, a, = 2 for all k > 1). If 7 is the rotation through the angle § in R?, then for
this basis we have t§ (1) = t5 ,(7) = e7*% and t} ,(7) = t§ ,(7) = 0. For the terms of
the series (3.1)), formula (B.2) implies the relation

(33 fra@)YP0) = [ o dr

For n > 3, the irreducibility of T%(7) (see [20, Chapter 9, §2, Subsection 10]) implies
that the following relation is valid for all 1 <, p < ag:

(3.4) Fra@)Y P 0) o [ e () dr
SO(n)

(see [21], the proof of formula (6)]). Formulas (B3] and (34]) show that, for all f € C*(Bpg)
(0 < R < ), the terms of (BI) can be defined at £ = o so that they become functions of
class C*(Bg). In what follows, we assume that all functions in C*(Br\{o}) admitting
such continuation to £ = o are defined at this point as described above.

Let L be the Laplace-Beltrami operator on S™. The operator L is invariant under the
action of SO(n+1) and coincides with the restriction of the spherical part of the Laplace
operator A in R™*! to S™. In the spherical coordinates, the operator L has the form

1 0 0
[ =—— n—1 9 v
a1, 96, > g,
1 0 9 0
+ in"" "0, 1+
sin? 6, sin" "2 6,,_1 00, _1 st ! 00,1
1 0?

+

sin?@,, - - - sin® 0, 8_(9%
(see [20, Chapter 9, §5, Subsection 1]). Moreover, the operator L is symmetric, i.e.,
[ newp@d= [ @h©Op@d fec=E). =12

For k € Z; we put Ly, = L+ k(n+ k — 1) Id, where Id is the identity operator. For each
m € 7, we consider the differential operator d,,, defined on the space C*(0, ) as follows:
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(dmu)(0) = sin™ 0L (u(f)(sin) ™), u € C*(0,7). A simple calculation shows that if
f € C%(Bg) has the form (&) = u(6,)Y,"(¢), then

(L1 F)() = (dx—1da—n—ru)(6,) Y, (o),

(3.5) )
(Lrf)(€) = (dr—k—ndiu)(0n)Y, ™ (o).

In what follows, we use the standard notation P} and Q¥ for the Legendre functions
of the first and second kind on the interval (—1,1) (see [22] Subsection 3.4, formulas (6)
and (10)]. For v € C and k € Z,, we put

(30 Yk (0) = (sin g)t-sp 2

1 (cosh), 6€l0,m).

Note that

(3.7) Yyx(f) =2"F3 (r(g + k>>_1(sin9)kF(1/ Yntk—1k-v; g 4 ks sin? g)

where T' is the gamma-function (see [22, Subsection 3.5, formula (8)]. Moreover, the
Mehler—Dirichlet formula yields

3 2—n—k 0 5 ) oy
B9 )= ey [ feost - eomg) T g
0y )

(see [22, Subsection 3.7, formula (27)]). From @) with k = 1 we see that
(3.9) N(r)=M(r)+ (1 —-n)/2,

where M (r) is the set of all positive zeros A of the function sr()\)zw/w%,l(r). We also
need the following relations:

(3.10) dithve =(k—v)(k+v+n—1D, k1, dicn—k®u ki1 = Yok,
(3.11) (L+v(v+n-1)1d) (TE(E)) =0,

where Ukl (¢) = ¢,,,,€(9n)Yl(’“) (0) and £ € By. To prove (BI0), it suffices to use (B.6) and
the recurrence relations for the Legendre functions (see [22] Subsection 3.8, formulas (15),

(17), and (19)]. Equation (B:I1) follows from (BI0) and (B:H).

§4. AUXILIARY STATEMENTS ABOUT THE FUNCTIONS %, j

Lemma 4.1. Suppose o, 3 € C and 6 € [0, 7). Then

0
(@=B)a+B+n-1) [ GaaOup(tsin” e
0
= sin" "1 0 (a1 (0)95,1(0) — 3.1 (0)11(0)) -
Proof. Relations [B5) and (BII) with £ = 1 imply dodi—n¥y1 = v(1 —n — V)b 1.

Putting v = «, 3, we obtain (o — fB)(a+ B+n—1)va 1981 = di—n(Ya,1¥5 1 — ¥p1%51),
and the lemma follows. |

(4.1)



458 VIT. V. VOLCHKOV

Lemma 4.2. Let 0 < a < B < 7, and let € € (0,7). Then, forr € [o, 3], if A — o0 so
that |arg \| < m — €, then

3 6mn 5,0

(4.2) _ cos ()\7‘ - G(n+ 1)) (n%—1) sin(Ar — £(n+ 1)) N O(er|1m,\|>

= - cotr —=

A 8 2\ A2

(3 6mn " 50

_ —rsin(Ar — F(n+1)) N O(eTImA)

At A2

(4.3)

where the constants involved in the O signs depend only on «, B,n, and €.

Proof. This follows from the relation

1 (sinn)tn [ S
(44) ST(A) = \/ﬂl_‘(n%l)/T(COStcosr) 2 e dt

(see (BR)) and the asymptotic expansion of Fourier integrals (see [23, Chapter 2, the
proof of Theorem 10.2]). O

Lemma 4.3. Suppose & = (§1,...,&ns1) €S™, €441 > 0. Then

1) [ GO O = emi L)

where ((,&') is the Euclidean scalar product of the vectors ¢,&' € R™.

w(e),

Proof. Using formula (23) in [22] Subsection 3.7], we obtain

B sin® 0,
VRZEFEIT (1t 251)

™
X / (cosB,, +isinf, cost)’ F(sint)" 2 =2 qt.
0

wu,k(on)

(4.6)

Integrating by parts and arguing by induction on k, from (6] we deduce the relation

/ (cos 0y, + isin b, cos t)”C’,:T (cost)(sint)" ™2 dt
0

7 i*T(n+k-2) T(r+1)

T 252k T(22) I(v—k+1)

wu,k(on),

n—2
where C,  is the Gegenbauer polynomial of degree k and of order 252 (see [22| Sub-
section 3.15, formulas (3) and (10)]). Recalling the Funk-Hecke theorem (see [24] Sub-

section 11.4]), we arrive at (4.1). O

Corollary 4.1. Let § € [0, 7). Then, as v — 400, we have

% dswl/,k(t)‘ _ O(Vs—k)

4.7
(4.7) t€[0,6] dts

with the constant independent of v.

The proof follows from Lemma B3] and formulas B.8), (4.2)), and (310).
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§5. PROPERTIES OF THE SET N(r)

Let r € (0, 7). Relation (£4) shows that s, is an even entire function of A. Moreover,
we have s.(\) = s,.(\); in particular, s, is real-valued on R'. Also from (&4), we see
that s, > 0 on the imaginary axis. Next, s, tends to 0 as A — oo along the real axis
and is a function of exponential type r. Invoking Hadamard’s theorem [17) Chapter 1,

Theorem 13], we conclude that the set N(r) is infinite (see (3.9))).

Lemma 5.1. Letr € (0, 7). Then: 1) all zeros v of the function 1, 1(r) are real, simple,
and symmetric with respect to the point v = (1 —n)/2; and 2) if v € [—-n,1], then
1/),/71(7") > O

Proof. Let s,.(\) = 0. We prove that A\ € R and s.(\) # 0. Suppose A ¢ R'. Then
A2 £ X because i\ ¢ R!. Putting o« = f = A+ 152 and 6 = r in (@) and recalling that

s-(A) = 0, we obtain
(5.1) / (sint)"L|s, (V)2 dt = 0,
0

which is impossible. Now, we assume that s,.(A\) = 0. Putting o = A + 152 and
6 = r in (@I)), and letting 8 — «, we obtain (5.I)) once again. Thus, all zeros of s,
are real, simple, and symmetric with respect to A = 0. This and the definition of s,
imply statement 1). Statement 2) follows from formula [B7) and the definition of the
hypergeometric function. Lemma [5.7]is proved. O

From equation (33) and Lemma [51]it follows that the set N(r) has the form N(r) =
{Xj + 15}, ey where \; = \;(r) is the sequence of all positive zeros of s, enumerated

in ascending order, and A; > HT”
Lemma 5.2. Let 0 < a< @ <7 and r € [a,5]. Then

2

8\

3
(5.2) rA; = w(n + + 7+ q(r n)) - cotr + O()\;?’)7
where q(r,n) is an integer independent of j, and the constant involved in the O sign

depends only on «, B, and n. In particular, for every € > 0 we have
o0

(5.3) d A < oo

Jj=1

Proof. For r € [a, 3], the number of zeros of s, in the interval [—a,a] does not exceed
c1(1 + a), where ¢; > 0 depends only on a, 3, and n (see [I7, formula (1.27)] and (£2)).
Combined with (B2) and (#3)), this implies the existence of ¢(r,n) € Z such that

3
(5.4) TAj = 7T<n + 7+ q(r, n)) +¢e;(r,n), jeEN,

where |g;(r,n)| < ca/Aj, j € N, and the constant ¢, > 0 depends only on «, 3, and n.
Putting A = A; in (E2) and using (54), we obtain €;(r,n) = (1 — n?)(cotr)/(8);) +
O()\;3). Using (5.4) once again, we finish the proof. O

We denote by [t] the integral part of t € R*.
Lemma 5.3. For s € N\{1}, let Ns(r) ={2,3,...,8} N N(r), and let card Ng(r) be the
number of elements of Ny(r). Then: 1) if r # m/2, then card Ny(r) < [£] +1; and 2) if
r = /2, then card Ny(r) = [3].
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Proof. Let r # m/2. We assume that m € N and 1, 1(r) = 0. Since the zeros of the

'n.+1
Gegenbauer polynomial C, % | are simple, we have 9,,,41.1(r) # 0 (see [22, Subsection 3.8,

formula (19)]). Recalling the formula (2v+1)tP¥(t) = (v —p+1) Pl (t)+ (v +p) P ()
(see [22], Subsection 3.8]), we conclude that each triple of consecutive positive integers
contains at most one element of N(r). This proves statement 1). Statement 2) follows
from the fact that N(7/2) = {2]’}]9';1 (see [22] Subsection 3.4, formula (20)]). O

Lemma 5.4. For u € L[0,7], let v(z) = [; (sin )" 'u(6)1p.1(0) d6. If v(v) =0 for all
v e N(r), then u=0.

Proof. By (B.8) and the assumptions of the lemma, we have

1 T
where
(5.5) K(z,0)= /9 ei(”";l)tg(&t) dt, g(0,t) = (cost — cos 6’)71771
-0

Integrating (5A) by parts for z # 15, we obtain

e = ()™ [ 2 () e

Consequently, |v(z)| < ¢(1 + \z|)_[%]er|lmz‘, where ¢ is independent of z. Consider
the function ¢(z) = v(2)/9,1(r). Since ¥, 1(0) = Y_,_pny11(0) (see [22, Subsec-
tion 3.4, formula (7)], our assumptions and Lemma Bl imply that ¢ is an entire func-
tion of at most first order and ¢(z) = ¢(—z —n + 1), z € C. Furthermore, the es-
timate obtained for v and (£2) imply that ¢(z) = O(|z]) as z — oo along the lines
Imz = + Rez. This fact and the Phragmen—Lindel6f principle show that ¢ is a poly-
nomial of degree at most one. Since ¢ is even with respect to (1 — n)/2, we have
o(z) = <p(0) for all z. This means (see (5.5) and (@) that @(O)(binr)l_"K(z r) =
fi eil=tm30 )t ﬁ:lu(ﬁ)g(G,t) dfdt. Then ¢(0)(sinr)'~"g = [/ u(6)g(6,t)df for all

€ [0,7]. Letting ¢ — r, from the latter equation we deduce that 90(0) = 0 and that
ft u(0)g(0,t)dd = 0 on [0 r]. By [I, Chapter 1, §2, proof of Theorem 2.6], this implies
that u = 0. g

Lemma 5.5. Let §(« fo Va1 ()Yp1(t)(sint)"~1dt, a, 3 € N(r). Then (o, 3) =0
for a # B and §(«, a) "*2 > ¢, where the constant ¢ > 0 is independent of «.

Proof. For o # 3, the claim follows from Lemma [£1l Note that it is suffices to prove

1—n

the required inequality for §(c, a) for sufficiently large a € N(r). Let o > - + 5.
By (3:8), we have

5, @) = @/Or(sinG)l"(/ogg(G,t)cos ((a+ ”T_l)t> dt>2d9
> ﬁ/@‘““*ﬂ”;”(sma)l—”(/;g(a,t)cos(( ”_1)t> dt>2d9

1 /<a+> e (/9 )2
> — ? “(sin@) " 0,t)dt | db.
—al2(2H) Jo (sin ) 9/29( )

Now, the required estimate for 6(«, «) follows from the definition of ¢(8, ). O
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§6. ELEMENTARY PROPERTIES OF THE CLASS V.
Lemma 6.1. Let f € V,*(Bgr). Then ka(Hn)Y'p(k)(a) € V5(Bg) for all k € Zy and
1 <l,p<ag. A similar statement is valid also for f € V,.(Bg).

To prove this lemma, it suffices to notice that SO(n) = {r € SO(n+ 1) : 7o = o},
and to use formulas (B3] and (3.4).

Lemma 6.2. Suppose s € N, f € V.*(Bg), and f(@l,..., 0,) = f(sin6, ---sinby, ..
cosBy,). Then —sinf, 1cot9nae —|—cos€n 169 € Vi~ Y(Bg).

Y

Proof. Let 7 € SO(n 4+ 1), and let 7B, C Bgr. We denote by a; the rotation of
R™*! through the angle t in the plane (z,1,2,). For sufficiently small |t| we have

J.p, F(a:£) d§ =0, where F(z) = f (\II) Differentiating with respect to ¢ and putting
t = 0, we obtain fB (&) d¢ = 0, Where () = £n+1d% € — fnd%ﬂ (€), £ € Bg.
Since ;L(Hl, ooy 0,) = —sinb,_q cot b, — 89 -+ cos 0n_1 (%f , we arrive at the statement of

Lemma [6.2] O

Lemma 6.3. Suppose that s € N and u(6,)Y (0) € V,*(Bg) for some Y € Hy. Then:
a) (dpu)(6,)Y; " (0) € VE=Y(BR) for alll = 1,...,a5; b) (dap_nu)(0,)Y," (o) €
VS=Y(BR) foralll = 1,... a1 if k € N; and ¢) if s > 2, then L (u(0,,)Y (0)) € V,*~2(Bg).

Proof. Since sin* 6,,_1 - - - sin® 0,e?91 ¢ H,, (see [20, Chapter 9, §3, Subsection 6]), we
have u(6,) sin® 6,,_; - - -sin® 6,e"*% € V*(Bg) by Lemma Bl Then, by Lemma 6.2

(dru)(6,) cos b1 sin® 6,1 - - - sin® Boe*0 € ViY(BgR).

Since cosf,_1 sin* 6,_1 - - -sin® 03¢0 € Hy 1 (see [20) Chapter 9, §3, Subsection 6]),
we obtain statement a) from Lemma Now we prove statement b). By Lemma

n—2
u(f,)Cy? (cosb,_1) € V?(Bg). Applying Lemma to this function and using formu-
las (4) and (10) in [20) Chapter 9, §3, Subsection 2], we see that

(do——nu)(6y,) cos en,lc,:% (cosbp—1) — (k+1)u(6,) cot HnC,;i?f (cosB,_1) € VS H(Bg).

n—2 n—2
Since C} 7, (cos0y 1) € Hpy1 and cosb, 1C, > (cosy 1) € Hp1 + Hiyr (see [20)
Chapter 9, §2, Subsection 3]), we can deduce statement b) from LemmalG.Il Statement c)
is proved by successive application of a) and b) to the function u(6,,)Y (o) (see (3H)). O
Corollary 6.1. If u(6,)Y (o) € VX(BRr) for some Y € Hy, then u(r) = 0.

Proof. Statement b) of Lemma [6.3 yields
sin'~" 0, % (w(6,)sin™ " 0,) € V) (Br).

Integrating this function over the ball B,., we obtain u(r) = 0. O

§7. EXAMPLES OF FUNCTIONS OF CLASS V.
Let f(§) = u_(@n) be a function belonging to L(S™) and such that its support supp f
lies in the ball B, for some ¢ € (0, 7). For v € C, we put

F) = [ 1€ hplarccos i) d€ =wos [ ult)ina(tysin® e

Then (B.8) implies that f is an entire function of exponential type not exceeding e.
Furthermore, if f € C*°(S™), then the fact that the operator L is symmetric and for-
mula (3I1) show that f(v) = O(v™°) as v — +o0, for every fixed ¢ > 0.
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Lemma 7.1. Suppose ®(§) = ¢(0,) € L(S™) and supp® C B for some ¢ € (0,7). If
T7€SO(n+1), feC¥rB.), and Lf =v(1 —n—v)f in 7B, then

(7.1) / F(re)D(€) de = ﬁ*lr(g)f(m)ci(y).
In particular,
(7.2) | 1@ = (n)Esine a(@) (7o)

Proof. Let F(&) = f(7€), £ € B.. Then LF = v(1 — n — v)F, and therefore F' is real
analytic in B, (see [I, Chapter 4, §2, the proof of Proposition 2.2]). Next,

(7.3) /B F(E)B(E) dé = w1 /;(sinp)"lso(p) /S F(E) du(€) d,

P

where S, = {¢£ € S” : d(0,¢) = p}, and dp(€) is the induced measure on S, normalized
by the condition fsp du(€) = 1. By Pizzetti’s formula (see [7]), we have

/ F(&) du(¢)
S

P

o) e ) m
= (COI;(;)”Q Z (smg)2

m=0
((L (n-2n Id) (L, (”“m’iwld) F) (0)
’ mIF (3 +m)
F(ﬂ) > 2m
= (COS 52)n—2 mzzo (Sln 5)
(11— =) = C2) o ({1 ) — 2D
) Il (3 5 ) (o)
- %F (=g 1vt gt §) =280 (3) o) (o)
2

(see [22, Subsection 3.5, formula (9)]. Invoking ([C3), we obtain ([CI). Relation (72)
follows from (1) and (310). O

Corollary 7.1. IfY € Hy, and v € N(r), then ¢, 1(0,)Y (o) € V,>°(By).
The assertion follows from (Z.2)) and (B.ITJ).

Lemma 7.2. Suppose R < m, f € Lioc(Bgr), and each coefficient of the series (B is
of the form

(74> fk,l(en) = Z Cl/,k:,lwmk(en)v
VvEN(r)
where ¢, 11 € C and ZyeN(T) levkalv™F < 0o. Then f € V,.(Bg).
Proof. Estimate (BZ) shows that the series ([Z4) converges uniformly on every com-
pact subset of B;. By the corollary to Lemma [, we have ka(Hn)Yp(k)(o) € V.(Br).

This means (see ([B3) and (B4)) that IkJ(Hn)Y'p(k)(a) = 0 in Br_,, where I(n) =
fd(n,g)grf(f) d¢, n € Br_y. Thus, I =0 and f € V,.(Bg). O
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68. UNIQUENESS THEOREMS

The results of this section substantially generalize the well-known John theorem for
functions with zero spherical mean on R™ (see, e.g., [25]).

Theorem 8.1. 1) If f € V>°(Bg) and f =0 in By, then f =0 in Bp.

2) If f € V.(Bgr) and f =0 in B,y for somee € (0,R —r), then f =0 in Bg.

3) Let R < m; then a) for each q € Z, there exists a nonzero function f € V4(Bg)
vanishing in B,; b) for each € € (0,r) there exists a nonzero function f € V,*°(BRg)
vanishing in B._..

We note that if R > 7 (i.e., Bg = S™), then, in general, statements 3a) and 3b) are
false (see [7, Theorem 4] and also §1 of the present paper).

Analogs of Theorem for noncompact two-point homogeneous spaces were obtained
n [T4], 15]. The method used in these papers was based on the Titchmarsh theorem on
convolutions and cannot be applied to the sphere S™.

To prove Theorem [RI] we need two auxiliary statements.

Lemma 8.1. Suppose R < 2r, f(&) = u(f,) € V°(Bgr), and f =0 in B,.. Then f =0
mn BR.

Proof. Without loss of generality, we may assume that R < 7. Let 0 <e < R—71. We
consider a function w, satisfying the following conditions: 1) w. € C*[0,7]; 2) w. = 1
on [0,R —¢] and w, = 0 on [R — §,7]. For € [0, 7], we put ®() = u(d)w.(0), where

w=0on [R,a]. Then & € C[0,7] and ®(6,) = X270 b;(®)C; 7 (cosb,), where

2"73(2j +n — 1502 (251) [T 21 A
(8.1) b;(®) = Tt i—1) /0 ®(0)C, 2 (cosf)sin™ " 0db

(see [20, Chapter 9, §3, Subsection 4]). For every fixed ¢ > 0 we have b;(®) = O(jfc)
as j — +oo. We shall use the mapping a; constructed in the proof of Lemma By
assumption, we have [, F(a)d¢ =0, 0<t< R—r—¢, where F(§) = ®(cos™" §n+1).
Passing to the spherical coordinates in this integral, we obtain

Zb

27
(8.2) / / / / C’ COSG cost + sind, sint cos 6,,_1)

x sin" 16, sin" 26,1 ---sinfsdby - - db,, = 0,

0<t<R-r—c.

Taking into account that fo m; (cosB,,—1)sin™ “20,_1d0,_1 =0, m €N, and

I'Gj+n-1), . nt1
A ne2
TG 1) (sinm)"C; 2

(see [20, Chapter 9, §3, Subsection 4 and §4, Subsection 8, equation (7)]), and using the
addition formula for the Gegenbauer polynomials, we obtain from (82) that

j/ C’;%l (cosB,)sin™ 16, db,, = (n —1) (cosr), jeN
0

(@) T (@TG) oot
F(n)(sinr)"/o ( 9) d9+z (]+Tl) CJ 1( )C] ( t) 07

0<t<R-—-r—e.
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Consequently (see [20, Chapter 9, §3, Subsection 2, formula (4)] and (81])),

2 GG -+ 252 w1 "
j; F(_] +n — I)F(j 4 n) Cj—l (COS T)Cj—l

(8.3) g n=1
X / ®(0)C; % (cosf)sin" 1 0df =0,
0

(cost)

J
0<t<R-r-—e.

Consider the function H defined as follows:

n—3
s O4ttr s t+r—6 2
Sin 2 sSin 2 )

H(0) = m(cosf — costcosr) (sin =L sin =2

 9nt1 (T (22T ("TH))z (sin§)"—2(sin t sinr)"

iflt—r| <O <t+r and HO) =01if 6 € [0,7]\[|t — 7|, t + r]. By [20, Chapter 9, §4,
Subsection 3, formula (6)] and (81]), we have

MG =DVG+ ) e mpl
bj(H) = G +25)

C; 2 (cosm)C; 2 (cost), jeN,
and byo(H) = 0. Since ® =0 on [0,7] and R < 2r, formula (83)) implies that

T(+n—1IG+n) 77!

r—+t
(8.4) / BOVH(O)sin" 1 0dh =0, 0<t<R—7r—¢c.
We represent (B4) in the form

(8.5) /COiT ®(arccos x)(z — cosrcos(t — 1)) ((cos(t — 2r) — z)(x — cos L‘))HT_3 dz = 0,

r<t<R-—e¢.

Integrating (8.5)) by parts, we obtain

/COST hi(x) ((x — cost)(cos(t — 2r) — Jc))nT_1 dz =0,

ost

(8.6)
r<t<R-—g¢,

where hy(z) = (®(cos™ ' z))". By (BH),
hz(:r)(sin z —2'_ ! sin - x2— 2 (cos(t —r) — cos(x — 1)) ) T da = 0,

T

r<t<R-—e¢g,
where ho(x) = hy(cosz) sinz. Consequently,
1
(8.7) / hs(z)(x — t)nT_lgl(:v,t) dx =0, cos(R—r—e¢g)<t<l,
t

n—

_ no1
where h3(z) = w%f;lz), g1(x,t) = (t+ V1 —22sin2r —zcos2r) ? . Suppose that

cos(R—r —¢) <y <1. We multiply (87) by (¢ — y)%1 and integrate with respect to ¢
from y to 1. Changing the order of integration, we obtain

/hg(x)/m((:U—t)(t—y))nT_lgl(xJ)dtdx:O, cos(R—r—2) <y < 1.

The change of variables (z — y)z = x + y — 2t in the inner integral yields

1
(8.8) / hs(z)(x —y)"g2(z,y)dx =0, cos(R—r—¢)<y<1,
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where g (z,y) = fil(l — 2" g (z, W) dz. Differentiating n + 1 times with
respect to y, we deduce from (8.8)) that hs(y) + fyl hs(x)K(x,y)dr =0, cos(R—r —¢) <

antl n
w1 (=) " 92(2,y))
y < 1, where K(z,y) = ay(il)n+1n;g2(;y)
integral Volterra equation of the second kind with the bounded kernel K(z,y). This
means (see, e.g., [27, Chapter 9, §2, Subsection 5]) that hg = 0 on (cos(R — r — €), 1),

and the lemma follows. O

. Thus, hg3 is a solution of the homogeneous

Lemma 8.2. Let 7 € SO(n + 1). Then there exist rotations Ty and Ty € SO(n + 1)
with the following properties: 1) Tio = o; 2) T is a rotation in the plane (Tpi1,Tn);
3) 7B, = T1T3B, for allr € (0,7).

Proof. Let 9}“, where 1 < k < nand 1 < j < k, be the Euler angles of the rota-
tion 7 (see [20, Chapter 9, §1, Subsection 3]). Then 7 = 7" ...7(1 where 7(F) =
71(05) -7 (0F), and 7;(0) is the rotation through the angle 6 in the plane (zj11,z;).
Putting

T =71(07) - ma1(0;_1), To=7a(0),

we prove the lemma. ([
Now, we proceed to the proof of Theorem [B:1]

Proof of statement 1). First, let r < R < 2r. Our assumptions, Lemma[6.1] and formu-
las (B3) and () imply that fi;(6,)Y, " (o) € V°°(Bg) and fi.1(6,)Y,*)(5) = 0 in B,.
Using Lemma BJ] and statement b) of Lemma [6.3] we obtain fkvl(On)Yl(k) (¢) =01in Bg.
Consequently, f =0 in Bg.

Next, suppose that statement 1) is valid for a radius R < (m + 1)r, where m is a
fixed positive integer. We prove statement 1) for R € ((m + 1)r, (m + 2)r]. Consider the
function g, (&) = f(7€), £ € Br_m, where 7 € SO(n + 1) and 7Br_y,» C Bgr. Since
gr € V,2°(Br—mr) and 7B, C B(y,11), (see Lemma B.2), we have g, = 0 in Br_y, by
induction. Since 7 is arbitrary, this means that f = 0 in Bg. Thus, statement 1) is
proved. O

Proof of statement 2). Let @5, § € (0,¢), be a function with the following properties: 1)
&5 € C°(S™) and supp s C Bs; 2) s is of the form P5(€) = ¢s5(6,); 3) s > 0 and
Jn ®5(€) d€ = 1. We consider the convolution

fs(To) = (f xPs5)(To) = / f(r0)®s(T7 T o) dr

SO(n+1)
=wy,! A F(&)@5(T1¢) de,
where 7 € SO(n+ 1) and 7o € Bg_s. Then fs € V>°(Br_s), fs =0 in B,1._s, and

the f5 converge uniformly to f on the compact subsets of Bg as § — 0. Referring to
statement 1), we conclude that f = 0 in Bp. O

Proof of statement 3a). First, we assume that r # 7/2. Suppose ¢,s € Z4, s > 3(n+
q+8),p=s—[5] —4, and D = dody_p,. Since card Ny(r) > p + 2, where N,(r) =
{2,3,...,s}\Ns(r) (see Lemma [5.3)), there exist constants v,,, m € Ny(r), such that not
all of them are zero and the function u(6) = >_,, c . () Ym¥m,1(0) satisfies (D7u)(r) = 0,
j=0,1,...,p. For v € N(r), we put

(8.9) co(u) = (6(v,v)) /Oru(ﬁ)wl,,l(ﬁ) sin" " 0 df.
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Integrating (BH) by parts and using BI0), (BII), and the corollary to Lemma [6.3]
we obtain ¢, (u) = (v(1 —n —v)) P lc, (DPTu). By (D) and Lemma B.5, we have
c(u) = O (v"~17%) as v — +oo. Thus, the function w(f) = 2 ven(r) Cv(whn(0) is
continuous on [0, 7] and ¢, (w) = ¢, (u) for all v € N(r) (see (&), (£3), and Lemma [B.5).
From Lemma 5.4 and (89) it follows that w = w on [0,r], whence ds---dyw = 0 on
[0,7] (see (BI)). This means that }° ¢y qwty,s+1(0) = 0 on [0,7], where o, =

¢y (u) H;;é(l —v+7)(v+n+j) (see BI0), D), and (B3)). Consequently, the function
(8.10) 1O = > ot (0)Y"(0)

veEN(r)

belongs to 1/}572[5]7”78(33) and is zero on B, (see (L1) and (53)). We assume that
f =01in Bpg, fix e € (0,R — r), and consider an arbitrary function ®(§) = ¢(0,) €
C°(S") with support in B.. Then Lemma [ZT] and formulas (B.I1) and (8I0) imply
Sven(r) W ()b, 511(0) = 0 on [0,7]. Since for any fixed ¢ > 0 we have ®(v) = O(v~°)
as v — 400 (see the beginning of §7), relations (310, (£7), (53) and Lemma 5.5l imply
that 04,,6(1/) = 0 for all v € N(r). Since ® is arbitrary, all a,, are equal to 0, whence
¢y(u) =0 for v € N(r)\{2,3,...,s}. Since u = w on [0,r], the definition of u and w
implies the existence of constants (s, 03, ..., 3s such that not all of them are zero and
> o BmWm(0) =0on [0,r]. This contradicts (3.7), i.e., the function f satisfies all the
required conditions for r # 7/2.

Now, suppose r = 7/2, ¢ € Z4, and s > 3+ ¢q. Let v1,...,7s—1 be constants such
that not all of them are zero and

Z%(dt) (J[ﬁs“(t))‘t:o:o, j=0,....5—3.

Then the function

1_n —20—2s+1
Z’Ym n+1 )2 4P2m2+%_1 (|§n+1|)025 (fn/ n+1>

m=1

belongs to C*~3(S") and is even on S", and

h(6y,...,0, Zwm@bgmzs )CoZ (cosB,1)

for 0,, € [0,7/2]. Since N(mw/2) = {2j}32

Ve /23(8") Therefore, the function

221, the corollary to Lemma [71] implies h €

1_n  _—2_92541 n-2
Z"/m n+1 )? 4szz_|-" 1 (€n+1)Ca <§n/ n+1)

belongs to V;/EB(BR) and vanishes in By ;. Suppose f =0 in Bgr. Then

7772s+1 —2—2s5+1
Z“Ym( 2m+” (8 — P2m2+” 1 (_t)) =0

n (0, —cos R). By [22], Subsection 3.4, formula (14) and Subsection 3.5, formula (3)],
we have

s—1 s—

m—1
Z’ym Z ajsmcos((2s —2m —2j—1)0) =0, 6e(m—R,7/2),
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where o 5,m > 0. Since this contradicts the choice of 71, ..., 7,1, the function f satisfies
all conditions of statement 3) for r = 7/2. O

Proof of statement 3b). Suppose € € (0,r), u € C*°[0,7], and suppu = [r —e,r — £/2].
The proof of statement 3a) shows that if 0 < 6 < r, then u(f) = 3_,cn () uthr,1(0),
where u,, € C, and for any fixed ¢ > 0 we have u, = O(r=°) as v — 4oo0. Then
the function f(§) = >-, ey UV¢V,1(9n)Y1(1)(U), & € Bp, satisfies all the requirements of
statement 3b) (see (7)), (5.3), and Lemma [2). Thus, Theorem B1]is proved completely.

]

The first statement of Theorem [8.1] admits the following refinement.

Theorem 8.2. Let f € V,?(Bgr), and let f =0 in B,. Then fj;(6,) =0 in B for all
0<k<sandl <Il<ay.

For the proof of Theorem we need the following lemma.

Lemma 8.3. Suppose R < 7 and f € C®(Bgr). Then f € V.(Bg) if and only if
relation (T4) is valid for all k € Z4 and 1 <1 < ay, and ¢y = O (v™°) as v — 400
for any fixed ¢ > 0.

Proof. The “only if” part. By Lemma 611 fy (0 )Y(k)( ) € V>°(Bg) for all k € Z,
and 1 <[ < a. First, we consider the case where k = 1. We put u(6,,) = f1,(6,) and
e = ¢ (u), where cy( ) is defined by ([B3). The same argument as in the proof of
statement 3a) of Theorem [B1] shows that ¢, 1, = O (v™°) for every ¢ > 0 as v — +00,
and the series on the right-hand side of (Z4]) with ¥ = 1 converges uniformly on the
compact subsets of Br. By Lemmas 5.4 and B3, the sum of this series is equal to u(6,)
in B,. Using ([@7), (53), and Lemma [T.2] from the first statement of Theorem [8.] we
deduce relation (T4) for £ = 1 on the entire Bgr. For k > 1, formula (7.4) is obtained
by induction on k with the help of (310) and statement b) of Lemma Similarly,
for k = 0, the required expansion follows from the case of k = 1, formula (BI0), and
statement a) of Lemma [6.3]

The “if” part of Lemma B3 follows from estimate (5.3) and Lemma[72l O

Proof of Theorem B2, By Lemma [6.1] and formulas ([B:3) and (B4), from the assump-

tions of Theorem 8.2 it follows that fk,l(Hn)Yl(k) (o) € V2 (Bg) and fi1(0,) = 0 in
B,. Let k = 0. Using the standard smoothing procedure (see the proof of the sec-
ond statement of Theorem RT), relation (BI0), and Lemmas and B3 we obtain

fO,l(en) = ZVGN(T) CV,O,lme(en)a where

o1 = (V(v+n—1)0(v, V))_l/ fo.1(0),0(0) sin™ " 0 df,
0

and the series converges to fo 1(6,) in the space D'(Bg) of distributions. Hence, fo 1(65)
= 0 in Bg. For 0 < k < s, the claim follows by induction on k£ with the help of
statement b) of Lemma B.3. O

§9. DESCRIPTION OF THE FUNCTIONS OF CLASS V.,

Theorem 9.1. Suppose R < 7 and f € Lioc(Bgr). Then f € V.(Bgr) if and only if the
following relation is valid for all k € Z+ and 1 <1 < ay:

(9.1) Fra @)Y (o) = 37 eyt
VEN(r)

where the series converges in the space D'(BR).
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For the proof of Theorem we need three lemmas.

Lemma 9.1. Suppose R <m, s >n+5, and f € V*(Br). If |k —1] <s—n—>5 and
1 <1< ay, then ([Td) is true with ¢, ., € C, and ¢, ;1 = OV TF27%) as v — +o0.

Proof. Repeating the same argument as in the proof of Lemma K3 and using Theorem B2
in place of Theorem [B1], we obtain the required statement. |

Let x, denote the characteristic function (indicator) of the ball B,.
Lemma 9.2. Suppose that f € Lioc(Br), f(§) = ka(Gn)Yl(k)(U) in Bg, and F(§) =
(f#X:)(€), € € By Then F(€) = Fi1(6,)Y,"(0) in Br—..
Proof. The claim is obtained from formulas (33) and (B:4) by simple manipulations. [

Lemma 9.3. If R < m and f(§) = u(ﬁn)Yl(k)(o) € V.(BR), then for each s € N there
exists a function ® with the following properties: 1) ® € V,*(Bgr); 2) ® is of the form
®(&) = 0(6,)Y, P (0); 3) LoHFR/A41G — f in D/(Bg), where £ = Ly, if 11 (r) # 0,
and £ = Ly_1 if Yy 1(r) = 0.

Proof. First, let ¢y 1(r) # 0. We put u;1(6) = u(). By the Fubini theorem, we have
R—¢

(9.2) / luy (t)|sin ! tdt < oo
0

for every € € (0, R). We consider the sequence of functions u,,(t) defined as follows: if
1 <m < [(n+k)/2], then

0 o
(9.3) Uy 11 (0) = sin® 6 / (sin ) 1=2E—" / (sin t)" 5L, (£) dtda,
r/4 0
and if m > [(n+ k)/2] + 1, then
2 «
(9.4) U1 1(0) = sin® 9/ (sin a)l_%_”/ (sint)"TE 1y, () dt da.
0 0

For 2 < m < [(n+k)/2] + 1, the following inequalities are easily deduced from (0.2
and ([@3) by induction on m:
(9.5) U (0)] < €107 In 0] + 26" "2 6 € (0,R —¢),
where the constants ¢; and ¢y are independent of 6. Similarly, identity (Z4]) and esti-
mate (@H) with m = [(n+k)/2] + 1 show that if m > [(n+k)/2] +2 and 0 < j <
2m —2[(n+k)/2] — 4, then

( d )2m72[(n+k)/2]747j
(s
and the constant ¢z is independent of §. We put f,,,(§) = um(9n)Yl(k)(U), m € N. The
functions f, have the following properties (see (@H), (@6), @3)): 1) fi € Lioc(Br),
m € N; 2) if m > [(n+k)/2] + 2, then f,, € O™ "+R)/2=2(Bpy: 3) L1 = fm
in D'(Bg) for m € N. Since f; € V,.(Bg), property 3) implies that £(f2 * x,) = 0
in D/(Bgr—,). Since the operator L is elliptic and the function fs * x, is continuous,
we have fo * x, € C®°(Bgr_,). Now, using (3H), (BI0), and Lemma [@2] we see that

(foxxr)(&) = C41/)k,k(9n)1/l(k)(0'), where ¢4 € C. Therefore, the function f; 1(£) = f2(§) —
Ca/T (25 71T (Z5L) by () sin™ 1) g 1 (6,) Y, () belongs to V;.(Bg) N C(Br\{o})
(see Lemma [( ] and (3.I0)). Here f11(€) is of the form u1’1(9n)Yl(k)(a) and Lf11=f1
in D’'(Bg). Repeating the same argument with f; ; in place of f and so on, we construct

a sequence of functions f,, ; of the form um,l(ﬁn)Yl(k)(U) and such that f, 1 € V.(Br)N

(9.6) (tr (0))| < e36*H9HL e (0,R— ),
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C(Bg\{o}) and L™(fm1) = f1 in D'(Bg). The properties 2) and 3) of the functions f,,
and the fact that the operator £™ is elliptic imply that f,,; € O™ [("+F)/2=1(Bp) for
m > [(n+ k)/2] + 1. Putting ® = f,,, 1, where m = s + [(n + k) /2] + 1, we complete the
proof of Lemma [9.3 in the case where 9y 1(r) # 0. If ¢, 1(r) = 0, then ¥p_1,1(r) # 0
(see the proof of Lemma [5.3), and the claim is obtained similarly (see (3:3])). O

Proof of Theorem @1l Let f € V,.(Bgr). By Lemma [G. we have fk,l(ﬁn)Yl(k)(U) €
V. (Bgr). Put s = |k — 1| +n + 5. By Lemma [0.3] there exists a function cp(@n)Yl(k)(o) €
V.#(BRr) such that

6.7 LA (0(6,)Y,(0)) = fia(6)Y ™ (0)
in D'(Bg). By Lemma [0.1]
00V (0 Z ST\ I
VEN(r)
where ’Yy,k,l = O(yn+k+275) as v — —+4o00. SIHCG s—n—%k Z 4’ this series con-

verges uniformly on the compact subsets of Br (see () and (5.3)). Invoking (9.7),
we obtain the expansion (0.d]) with the series converging in D’(Bg) and with ¢, =
19) (Vs+2[(n+k)/2]+n+k+4) as v — 400 (See (m))

Now, we prove the converse statement. Since the convolution ¢ — @* X, is continuous
on D'(Bg), the corollary to Lemma [7.]] and (m imply f%.:(6,)Y, (k)( ) € V,.(Bg). The
same argument as in the proof of Lemma [T.2] yields f € V,.(Bg). Thus, Theorem [9.1] is
proved. (Il

§10. THE STRUCTURE OF THE SET ()

Lemma 10.1. Let ri,72 € (0,m) and r1 # ro. If {am},._; € N(r1) is a monotone in-
creasing sequence such that [, 1(ra)| < (1+am)~FD/2 then inf {8t im e N} > 1.

Proof. Let By, = am + (n — 1)/2. Lemma (.2, formulas (f2), and the estimate for
Ya,, 1(r2) imply the relation

(10.1) Tifm = w(”+3 85 n’

where n,,; € Z and the constant involved in the O sign is independent of m. Conse-
quently,

—l—nm’i) + cotr; + O(6;, ) 1=1,2,

ri n+3+4dnmg c(ry,72)
re n+3+4n,2  Bn(n+ 3+ 4n.,9)

(10.2) +0(8,Y),

~ (1=n2)(racot r1—ry cot ry)
(27r2)
. . .. . . Qo
{ml}l=1 be a monotone increasing sequence of positive integers such that lim;_, ., ail“

= 1. Recalling ([I0.1]) and using ({0.2) with m = m;,m; + 1, we obtain
(n+ 3+ 4nm,1)(n+ 3+ 4nm,11,2) = (R + 3+ dnp,11) (0 + 3 + 4, 2)

+ 3+ dny, 43+ 4y, B
:c(rl,rz)((n ; j 2)_ B” +1’2))+0(ﬂmf).

Since ¢(r1,72) # 0 and (n+3+4nm, 2)/Bmi+1 — (+3+40m,41,2)/Bm, — 0 asl — oo, the
above relation implies that (n+ 3441y, 2)/Bm,4+1 — (4 3+ 4nm,11.2) /B, = O (87,2).
Consequently, (nm,+1.2 — 7m,,2) (4(Nm, 2 + Ny +1,2) + 20+ 6) = O(1) (see (IUI)). This
means that n,,, 112 = 7y, 2 for all sufficiently large I € N. In particular, lim;_, o (Gm,+1—
Bm,) = 0 (see (I0)), which contradicts (5:2). This proves Lemma [10.1] O

where ¢(ry,79) = . Suppose inf {41/ : m € N} =1, and let

my
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We proceed to the study of the properties of €.

Lemma 10.2. Let ri,79 € (0,7). Then (r1,r2) € Q if and only if for each m € N there
exists au, € N(r1) such that |ta,, 1(r2)] < (1 + am) ™.

Proof. Assuming that for each m € N there exists a,, € N(r1) satisfying the hypothesis
of the lemma, we prove that (r1,72) € Q. Let p > (n + 7)/2. Without loss of generality,
we may assume that the sequence {a,} -_, is monotone increasing and [¢q,, 1(r2)| <
(1+ ay,) 7P for m € N (otherwise, N(rq,r2) # &, whence (r1,72) € Q). Then, by (I0.0])
and relation (5.2)) with r = r9, we have ay, — v, — 0 as m — oo, where 7, is the
element of N(r3) closest to a,, ( such v, is uniquely determined for sufficiently large
m; see (0.2))). Applying the mean-value theorem to the function u(t) = 1 1(r2) on the
interval with endpoints «,, and ~,, and using [@3) and (B2) with » = r2, we obtain
|t — Ym| < ¢(1 + ap,) P FD/2 swhere ¢ does not depend on m. Thus, (r1,72) € Q.
To prove the converse statement, we assume that for every g > 0 there exist points o €
N(ry) and B € N(rq) such that |a—F] < (a+8)79. Then 9o 1(r2) = ¥a,1(r2) —1g,1(r2).
Now, as above, we can apply the mean-value theorem and ({.3) with r = ry to obtain
the required statement. Lemma [[0.2 is proved. O

Corollary 10.1. Suppose (r1,72) € Q and N(ry1,r2) = &. Then ri/rs ¢ Q.

Proof. The assumption and Lemma [T0.2] imply that there exist a monotone increasing
sequence {a, },-_, satisfying the hypothesis of Lemma [0l The proof of Lemma [0.1]
shows that r1 /ro admits fast approximation by rational fractions (see (I02)). Therefore,

r1/re ¢ Q. O

Lemma 10.3. For each r1 € (0,7), the set A = {ro € (0,m) : N(ri,r2) # @} is
countable and dense in (0,).

Proof. For a fixed A > (1 —n)/2, the set {r € (0,7) : ¥»1(r) = 0} has no finite
accumulation points; therefore, A is at most countable. Consider an arbitrary interval
(a,b) C (0,7). Let a € (a,b) be such that cos (ﬂafﬁjg’) — W("4+1)) # 0, and let n,, ; and
Nm,2 be sequences of positive integers such that n,, 1 — 00, My,.2 — 00, and My, 1 /Nm 2 —
a/ry as m — oo. From Lemma it follows that (B.2)) is valid for r = r; and j =
Nn,2—q(11,1). Let pry1 = rinm 1/Mm 2 and pp, 2 = 71 (Nm,1+1) /nm 2. Using [@2), we see
that, for sufficiently large m, the numbers s, (A;(r1)) and s, ,(A;(r1)) have opposite
signs, whence s,,(\;(r1)) = 0 for some ry € [pm 1, pm,2] C (a,b). Thus, (a,b) N A # @,
and Lemma is proved. O

Lemma 10.4. For everyry € (0,7), the intersection of the set {rq € (0,7) : (r1,r2) € N}
with an arbitrary interval (a,b) C (0,7) is uncountable.

Proof. Let s, be the smallest element of N (71, a,), where {a,}-_, is a sequence of
pairwise distinct numbers such that {ry € (a,b) : N(ri,r2) # @} = {am}_, (see
Lemma [0.3). Then s, — 0o as m — oo, because otherwise the function 1, 1(r) has
infinitely many zeros r € (a,b) for some v € N(r1). Therefore, since the sequence
{am},°_, is dense on (a,b), we see that the set A; of all ¢ such that there exists a
subsequence {m; }7°, € N with [t—a,,,| < e” ™, 1 € N, is uncountable. Since A; C {rs €
[a,b] : (r1,r2) € Q} (see (£1) and Lemma [[0.2)), the required statement is proved. O

Lemma 10.5. For each r1 € (0,7), the set {ro € (0,7) : (r1,72) € Q} has nonzero
Lebesgue measure on (0,7).

Proof. Suppose rq is fixed, [a,b] C (0,7), r2 € [a,b], and (r1,72) € Q. Then there exists
a subsequence {j,}5°_; of positive integers depending, possibly, on o and such that,
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for j € {jm}55_1, we have roX;(r1) = m(2E2 + nj(re))+ (1 —n?)(cotre)/ (8X;(r1)) +
O()\;3(r1)), with n;(re) € Z and with constant depending only on r1,a,b, and n (see
Lemma and the proof of Lemma B.2). In particular, if, for 7o = p; and p2 € [a,b],
the above relation is valid for the same A;(r1) and n;(p1) = n;(p2), then p1 — py =
O()\;‘l(rl)). This means that for each ¢ € N the set Ay = {rs € [a,b] : (r1,72) € Q} can
be covered by intervals with the sum of lengths estimated by O( Y72, A3 (ry)), e, the
Lebesgue measure of Ay is zero (see (B3)). Since a and b are arbitrary, the lemma is
proved O

811. PROOF OF THE MAIN RESULT

First, we note that the first statement of Theorem [ZT] can easily be deduced from the
second statement with the help of the standard smoothing procedure (see the proof of
Theorem B] item 2)).

Proof of statement 2). Suppose f € V;°, (Bg), r1 + 12 = R, and N(r,12) = @. By
Lemma [B3 with r = 71, we have relation (74), where ¢, ; = O (v™°) as v — +00
and ¢ > 0 is arbitrary and fixed. Since ka(Gn)Yl(k)(a) € V.(Br) (see Lemma [BE.1),

from (Z4), (BII), and (IZ2) it follows that >,y Cokathr,1(r2)Yw,k(0) = 0 for 6 €
[0,71). Since N(r1,72) = &, we have ¢, ; = 0 for all v, k, and I (see (BI0) and
Lemma [B5). Thus, all fx;(6,) vanish in Bg, which implies statement 2). O

Proof of statement 3). Suppose f € Vi ,,(Bgr), 11 + 72 = R, N(r1,m2) = @, and
(r1,7r2) € Q0. It suffices to prove that fj;(6,) =0in Bg forallr € Zy and all 1 <1 < qy.

We put s = |[k—1|4+n+5 and consider the function ®(&) = cp(Hn)Yl(k)(U) € V.2 (Br) such

that (LP®) (&) = fk7l(9n)Yl(k)(a) in D'(Bg) for p=s+[(n+k)/2] + 1 (see Lemmas
and [@3). By Lemma [0.T] we have

(11.1) o) = Y Ui, €< B,

VvEN(ry)

where ¢, ;; = O(V"*+27%) as v — +oo. By (L)) and (Z2),

251 n+1
(@ x) (©) = ~=T(%5

where £ € B, and Hy(0,) = ZyeN(Tl) Cu koW, 1(T2) Y0 (6,,). Since the operator £ is
invariant under the action of SO(n+ 1), by the latter identity and the definition of ® we
obtain

(sinra) 1 Hy (0¥, (o),

(11.2) 7 (Hy(0,)Y, " (0)) = 0.

Since the operator LP is elliptic, we have H; (Hn)Yl(k)(U) € C*(B,,), and the function
H; can be extended uniquely to a function of class C*°[0, 7) (see (B:5)). For t € (0,7), we
put Hg(t) = (d—nd—n—l . "d—n—k+2H1) (t) if k Z 2, Hg(t) = Hl(t) if k= 1, and Hg(t) =
(doHy)(t) if k& = 0. By (BI0) and (1), we obtain Ha(t) = >, cnpy) Dokt (l),
t € [0,71], where dy i = coptu(r2) if k> 1, and dy o1 = V(1 —n — V) 0,1%0,1(12).
The estimate for ¢, j,; shows that

(11.3) dy s = O(M), v — +o00.

V2
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Repeating the same argument as in the proof of statement 3a) of Theorem B} we see
that the following relation is valid for all m € Z:
dyri=w(l—n—-v))""c, (D"Hs)

(11.4) (sinry)" b, o(r) o= (DIH) (1)
M )T

o wWl-n-v

where D = dypd;_,, (for the definition of c,, see (89)). By (3:8)), (£2)), and [#4)), we have
the estimate |1, o(r1)| > cv(!=™)/2 for all sufficiently large v € N (r1), where the constant
¢ > 0 is independent of v. We assume that at least one of the numbers (]D)ng) (r1),
j € Z4, is nonzero. Then, by (I14) and @), |dy k| > v~ * for some fixed o >
0 and all sufficiently large v € N(ry). Since (r1,r2) € , we have N(ri,r3) = &,
which contradicts (IL3) (see Lemma [0.2). Thus, (D/Hs) (r;) = 0 for all j € Z,,
and ([I.4) implies that for any fixed 8 > 0 we have d,; = O(r =) as v — +oc.
Then, by @GII) and (L), >, cn () bvkCrki¥u,1(r2)Yyk(0) = 0 for 6 € [0,71], where
bur=(k—v)k+v+n—1)"ifp1(r) #0and b, = (k—v—1)(k+v+n—2))"
if ¢ 1(r1) = 0. Since N(r1,r2) = @, all ¢, 1; vanish (see (BI0) and Lemma [5.5]). This
fact and (ILI) show that ® = 0 in Bgr. Since all f;;(6,) vanish in Bpg, statement 3) is
proved. ([l

Proof of statement 4). Suppose r1 +ry = R and (r1,72) ¢ Q. Without loss of generality,
we may assume that r; # 7/2. By Lemma [10.2] there exists a constant a > 0 such that
[Yp1(re)| 7t < (v+1)* for all v € N(rq). Let s,q € Z4 be such that s > 3(a+n+g+38).
Fixing s, we consider the function f defined by formula (8I0) with » = r;. From the
proof of statement 3) of Theorem Bl it follows that f = 0 in B,,, and the coefficients
o, in BI0) satisfy o, = O (v21/347+7) a5 v — 400. For € € By, we put

(11.5) f1(€) = Z (1 (r2)) " W s 1 () YT (0).

vEN(r1)

Since s > 3(a+n + q+8), the estimates for ,, and |1, 1(r2)| ™! show that f; € C9(Bg)
(see (@A), @), and (&3))). Moreover, f1 € V., (Bg) by Lemma [Z2 Using (Z2) with
r =ry and (ILH), (BI0), we see that fi € V;.,(Bg), because f =0 in B,,. By the same
argument as in the proof of statement 3a) of Theorem B from (ITH) we deduce that f;
is nonzero in Bi. Thus, the function f; satisfies all the requirements of Statement 4). O

The following lemma is needed in the proof of Statement 5).

Lemma 11.1. Let {a.,}_, be a monotone increasing sequence of positive numbers
such that a1 — Qun — 00 as m — oo. Then for every € € (0, ) there exists a nonzero

function ®(€) = p(6,,) € C°°(S™) with support in B. and such that ®(aw,) = 0 for all m.

Proof. We may assume that € € (0,7/2). From [26] Lemma 1], it follows that there
exists a nonzero even function h € C°°(R!) such that supph C {t € R! : ¢/3 < |t| < ¢}
and [°_e!@mt(n=/2tp(¢) dt = 0 for m € N. Let 1 € C*°[0,1] be a function satisfying
/2
h(t) = ¥(cos B)(cost — cos )/ 2sin0dh, |t| < x/2

Il

(this equation reduces easily to an Abel integral equation). We put ¢(6) = ¢ (cos8) if
6 € [0,7/2] and ¢ = 0 on [7/2,7]. Then the function ®(£) = p(cos™!&, 1) satisfies all
the requirements of Lemma [[T.T] (for the definition of ®, see §7 and (B.8)). O
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Proof of statement 5). First, we consider the case where N(rq,r2) = &. Let r1 +7r2 > R,
and let ¢ = min{(r; + ro — R)/4,R — r2}. We denote by A the set of all numbers
v € N(rg) such that |1, 1(r1)| < (v + 1)"*7/2 By Lemma [T}, either the set A is
empty, or it is lacunary in the sense of Hadamard. Then there exists a nonzero function
D) = ¢(0,) € C=(S™) such that supp® C B. and ®(v) = 0 for all v € A (see
Lemma [T1.1]). We choose j € N such that

(11.6) /Tr gp(ﬁ)Cj";l (cos ) (sin )"~ df # 0.
0

Let u1(6,,) be a nonzero function of class C*°(B,,) and with support contained in the
set By, 2:\BR_r,+e- We put ua(f) = u1(0) cos® 0, where k € Z, and

) n
(11.7) / us(0)C; 2, (cos 0)(sin 0)" dO # 0,
0
The proof of statement 3) of Theorem shows that u2(0) = 3_,cn(p,) Cv¥r,1(0) for

0 <6 < ry, where ¢, € C, and for any fixed ¢ > 0 we have ¢, = O (v~ ¢) as v — +o0. In
particular, if v1(§) = (d1_nu2)(6,), then

(11.8) v1(§) = Z wuo(bn), €€ B,

vEN(r2)
(see (BI0)). By formula ([IT.8), the function v; extends to a function of class C*°(Bg)
(see (), [@70), and (5-3)). The definition of convolution and the location of the supports
of v; and ® show that v; * ® = 0 in Bg_,,. Therefore, relations (IIT.8) and (T2) imply
that the function

(11.9) FO=" > a@)@aln) e
vEN(r2)\ A
belongs to V,°, (Br) (see (&3), (A1), and Lemma [2). Suppose f = 0 on Br. Us-

ing (I1.9), (3I0), and Lemma B.5, we see that ¢, ®(r) = 0 for all v € N(ry). Thus,
v1 %P =0in Br_. (see (I18) and ([Z2)). Consequently, vy * ® = 0 on S™, where ve = v;
in By, and vy = 0 in S™\ B,,,. Therefore (see the proof of Lemma [T.]),

n—1
L2

0= [ (2x®)OC (€n)de

I'(n—1I'(7+1 n—1 n=1
— LD [ @0 G ds [ o0 (g de
which contradicts (ILG) and (IT). Thus, if N(ry,r3) = &, then the function f satisfies
all the requirements of Statement 5).

Now, suppose N(rq,72) # @. Then, for each v € N(ry,rs), the function W91(¢) is
real-analytic in B, and belongs to V;, ,,(By) (see the corollary to Lemma []). This
implies both statement 5) in the case where N(ri,73) # @ and statement 6). This
completes the proof of Theorem [2.1] |
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