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BERNSTEIN-TYPE INEQUALITIES FOR THE DERIVATIVES
OF RATIONAL FUNCTIONS IN L,-SPACES, 0<p<1,
ON LAVRENT'EV CURVES

A. A. PEKARSKII

ABSTRACT. Let S be a simple or a closed Lavrent’ev curve on the complex plane, let
0<p<1with1/p ¢N, and let s € N. It is shown that for an arbitrary rational
function r of degree n such that |r|P is integrable on S the following inequality is

fulfilled:
. 1/o . 1/p
( / |r<s>(z>\”|dz|) s«ms( e |dz|) ,
JS S

where 1/0 = s+ 1/p, and ¢ > 0 depends only on S, p, and s.

Earlier (in 1995) this result was obtained by the author and Stahl for the segment
and the circle. The inequality is used to deduce an inverse rational approximation
theorem in the Smirnov class Ej,. Other rational approximation problems in L, and
E, are also treated.

§1. INTRODUCTION

Let S be a rectifiable Jordan curve (either simple or closed) on the complex plane C.
Then S is called an Ahlfors curve if there exists x > 2 such that for all z € C and ¢t > 0
we have

(1.1) {¢eS:|¢—z <t} <kt

Here and below |I| stands for the linear Lebesgue measure of a set I C S. A simple curve
S is called a Lavrent'ev curve if there exists # > 1 such that for every (i, {3 € S the arc
I(¢1,¢2) C S with endpoints (7 and (- satisfies the inequality

(1.2) 11(C1,C2)| < 0]¢1 — Cal-

A closed curve S is called a Lavrentev curve if for every (i, {5 € S inequality (1.2) is
fulfilled for the shortest of the two arcs on S with endpoints (3, (.

It is easily seen that a Lavrent’ev curve is an Ahlfors curve; the converse is not true.
If S is a Lavrent’ev curve, then the smallest constants x and € in (1.1) and (1.2) are
related by the inequality & < 276.

For a rectifiable Jordan curve S and for 0 < p < oo, let L, = L,(S) denote the
Lebesgue space of complex-valued functions on S. Specifically, f € L,(S) if f is measur-
able and the following quasinorm (a norm for 1 < p < co and a p-norm for 0 < p < 1) is
finite:

1/p
151 = Wy = ([ 17@P 1) 0<p <o
[fllso = Ifllzc(s) = esssupces [f(O)], P = oo
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We denote by R,,, n=0,1,2,..., the set of all rational functions of degree at most n
(degr < n).
The following theorem is the main result of the paper.

Theorem 1.1. Suppose S is a Lavrentev curve (simple or closed). Let 0 < p < 1 with
1/p¢N, let seN, and let 1/o = s+ 1/p. Then for every r € R,, N Ly(S) we have

(1.3) Ir o < en®lirlp,
where ¢ > 0 depends only on p, s, and the number 6 in (1.2).

Earlier, Theorem 1 was obtained by the author and Stahl for the segment and the
circle.

For p € (1, 00], inequality (1.3) is also true (see [I5} 4, 19] for the details) under the
only assumption that S is an Ahlfors curve. This latter condition is in fact necessary for
the validity of (1.3) for an arbitrary p € (0,4o00], 1/p ¢ N. If 1/p € N, then (1.3) fails
for all curves S. See Subsection 2A below for more details. If 0 < p < 1 and 1/p ¢ N,
the following question remains open: What is the maximal class of curves S for which
(1.3) is fulfilled? We note also that the question about the validity of (1.3) was raised by
Sevast’yanov [22].

The standard Bernstein method allows us to deduce the next Theorem 1.2 from The-
orem 1.1. Theorem 1.2 is an inverse theorem for rational approximation in the Smirnov
space E, = E,(G). We recall the definition of this space.

A domain G C C will be called a Jordan, Ahlfors, Lavrent’ev, etc., domain if its
boundary OG is a respective curve. Let G be a bounded simply connected Jordan domain
with rectifiable boundary, and let 0 < p < co. A function f analytic in G belongs to E,, if
sup,en | fllz, 0ac,) < oo for at least one sequence {G, };2; of simply connected domains
(with rectifiable boundaries dG,,) such that G,, C G, .1 C G for all n and U, G, =G.
This definition was suggested by Keldysh and Lavrent’ev. Smirnov’s original definition
(equivalent to the above definition) will be given in §3 (see also [10, [20]).

A function f € E, has a nontangential boundary value f(¢) at almost every ( €
O0G (with respect to linear Lebesgue measure). It is known that f({) € L,(0G). By
definition, the quasinorm ||f||g, is [|f]|z,0q)-

For f € E,, we introduce the best approzimation by rational functions of degree at
most n:

Ry(f)p =inf{||f =7, : 7 € Ru N Ep}.
Theorem 1.2. Suppose G is a simply connected bounded Lavrentev domain. Let 0 <
p<luwithl/pgN,letseN, andletl/o=s+1/p. If f € E, and
oo 1 ’ .
Z n (n°Rn(f)p)” < o0,
n=1

then f) € E,.

The corresponding direct theorem was obtained by the author in [19] in the following
form. Suppose G is a bounded simply connected Lavrentev domain. Let 0 < p < oo, let
s€N, and let 1/o = s+ 1/p. If f is analytic in G and f©) € E,, then f € E, and

Rn(f)pzo(%) as n — 0o,

c
R, (f)p < E”JCHEU asm=s,s+1,....

Here c is a positive constant independent of n and f.
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In [19] the direct theorem was obtained also for p = oo, i.e., for uniform approxima-
tions. However, in this case G must be an Alper or Radon domain.

In the paper [17] by the author and Stahl, where a segment or a circle plays the role
of S, Theorem 1.1 was verified in two steps. First, it was shown that it suffices to obtain
(1.3) for rational functions with poles on S only. Then (1.3) was proved for such rational
functions. In the general case the arguments follow the same pattern but, unlike [17],
now the first step is the most difficult. Among other things, we shall employ Carleson’s
lemma [10] used in his original proof of the corona theorem. At the second step, the
general Hardy—Littlewood embedding theorem from [19] is applied. Note also that at the
first step all constructions are done for Ahlfors curves, whereas at the second step we are
forced to restrict ourselves to Lavrent’ev curves.

At the end of the paper, other applications of the methods used here will be given. In
particular, a new proof of a result by Aleksandrov [2] will be presented.

§2. INEQUALITIES FOR CERTAIN INTEGRALS ALONG AHLFORS CURVES

2A. Estimates of simplest singular integrals. Various positive constants will be
denoted by ¢, ¢1, ¢ca,.... The parameters on which these constants may depend will be
either clear from the context or indicated explicitly. We agree to distinguish between
these constants in the notation only within a current statement or proof. Throughout, s
and 6 denote the constants in the Ahlfors condition (1.1) and Lavrent’ev condition (1.2),
respectively.

Let K and S be subsets of C. We denote by p(K,S) the distance between K and S,
ie., p(K,S) =inf{|¢ — 2| : £ € K,z € S}. In particular, p(§, S) is the distance from a
point £ to the set S.

Lemma 2.1 (see [3, B]). Suppose S is a rectifiable Jordan curve and 1 > « > 0. The
following conditions are equivalent:

(i) S is an Ahifors curve;

(ii) for every & € C\S we have

|dz] < e(S, a)

(21) .Lz—gwﬂ“M&SV'

In [3] /5] this lemma was proved for & = 1. In the general case the proof is similar.

Considering the simplest rational functions of the form r(z) = (z — &)7!, £ € C\ S,
and using Lemma 2.1 together with the remark in the Introduction about the validity of
(1.3) for 1 < p < o0, it is easy to show that the set of Ahlfors curves is the maximal class
of curves for which (1.3) is fulfilled for p = co. In the case of s = 1 this was observed by
Dolzhenko and Danchenko [5]. The same condition is necessary for 0 < p < oo, 1/p € N.
To prove this, we need Lemma 2.2.

Lemma 2.2. Suppose S is a rectifiable Jordan curve and 1 > o > 0, B > «. If there
exists ¢ = ¢(S, o, 8) > 0 such that

|dz| )““ ( |dz| )”5
. pa) =l tgm

for every £ € C\ S, then S is an Ahlfors curve.

Proof. Since 8 > a > 0, we have |z — &P > p(¢,9)~z —¢|*H! for z € S and
& € C\ S. Therefore, (2.2) implies

(/ |dz| )”“< c (/ |dz| )”ﬁ
s le—¢*" ) T ope,8) E \Us [z gttt
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After easy transformations, this yields (2.1) with ¢; = c(S,a,ﬂ)ﬁ%. By Lemma 2.1, S
is an Ahlfors curve. |

Suppose that (1.3) is fulfilled for some fixed p and s, p € (0,00), s € N. Putting n,
= n1(p) = [1/p] + 1, we substitute the rational function r1(z) = (z — €)™, £ € C, in
(1.3). Lemma 2.2 shows that S is an Ahlfors curve. Assuming, in addition, that 1/p € N,
we substitute the rational function ro(2) = (2 — &)~V/P, € € C\ S, in (1.3). After easy
transformations, we obtain

/ 22l _ s) foreech s,
s |z —¢
The left-hand side of this inequality grows unboundedly as p(&,S) — 0, a contradiction.
Thus, for 1/p € N inequality (1.3) fails for all curves S.

In the next statement (Lemma 2.3) we give more explicit expressions for the con-
stant ¢(S, ) in (2.1) and estimate other integrals of similar nature. These integrals also
occurred in [2 6} [7].

Lemma 2.3. If S is an Ahlfors curve, then

d 1
/ |d2] <K(a+) fora>0, e>0, £€C, and
s-(¢) |2

(2.3) —gtt T e
Se(§) ={zeS5:[z - =e};
d
(2.4) /S ; _‘ §Z|a+1 < Zéc(“;_zii fora>0and £ € C\ S;
(2.5) /S |Z|dz£|p < 1m_pp|5|17p forpe (0,1) and £ € C.

Proof. We use the following identity for the Lebesgue integral. If f € L,(S), 0 < p < o0,
and m(f,t) = |{z € S :|f(2)| > t}|, t > 0, is the distribution function for |f|, then

+oo
(2.6) Auwwud=pl 7= (f, ) dt

To prove (2.3), take f(z) = (2 — &)~ ! for 2 € S.(€) and f(z) = 0 for 2 € S\ S-(&).
Then m(f,t) = {2 € Sc(&) : |z =& >t} ={z € S:e < |z—¢ < 1/t}| for
t > 0. Consequently, m(f,t) = 0 for t > 1/e, and, by (1.1), we have m(f,t) < x/t for
t € (0,1/¢]. Taking (2.6) into account, we obtain (2.3):

d 1/e 1
/ __Liﬁfgﬁm*ﬂ)/‘ H‘%ﬁ:fEQ%l
s-(6) |2 =& 0 as

Putting € = p(&, S) in (2.3), we arrive at (2.4).

In order to establish (2.5), we take f(2) = (2 — €)%, £ € C. Then m(f,t)=|{z € S:
lz =&t >t =z €8]z —¢ < 1/t}] <min{%,[S|}, t > 0. Here we have used the
obvious inequality m(f,t) < |S| and condition (1.1). Therefore,

<y [ ot {2
< tP — dt. O
(A|z—app o tmin {31}
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2B. Integral estimates for algebraic polynomials. A measurable function f on S
is said to belong to the Lebesgue space Lo = Lo(S) if —oo < [¢In|f(z)]|dz| < 40c0. For
such a function, we introduce the geometric mean

1910 = 1 ags) = ex0 (o [ 176 ).

By the Jensen inequality, it is easily seen that if f € L,(S) with 0 < p < oo, then
f € Lo(S) and

(2.7) 1o < ISI7V2 1 £l

We denote by Py, (m =0,1,2,...) the set of algebraic polynomials of degree at most
m.

Lemma 2.4. If S is an Ahlfors curve and f € Py, then ||f'|lo < 4xm?|S|1|fllo-

Proof. There is no loss of generality in assuming that degf = m and m > 1. Let

21,29, .., 2Zm be the zeros of f (taken with multiplicities). Then

1o _ Hf §-

1£1lo =z 2kl
We denote the sum in the third term by g = g(z). We must prove that
(2.8) lgllo < 4km?|S|~".

Fixing some p € (0, 1), we apply (2.7); this yields

dz|
P < p<_ |
||g|| = ‘S| ”g”p — |S| Z/ |Z_Zk|p

We continue the estimate by using (2.5). As a result, we obtain

lally < £
Ho=1=p s
Now, to verify (2.8), it suffices to put p = 1/2. O
Lemma 2.5. Suppose S is an Ahlfors curve and f € P,,. Then for every k =0,1,...,m
we have
3(4k)™ (m1)?
£ oo < F2 2 £ .

|S*

Proof. For every k = 0,1,...,m, let & denote a point on S satisfying min{|f®*)(¢)] :
¢ €8} =|f*(&)]. Next, put ar = f*)(&). We have arrived at the so-called Birkhoff
interpolation problem: to recover the polynomial f by the data (&, ax). This problem
has a unique solution, which can be found by iteration:

F ) = am (m € S)
and

Nk
fO )= [ fE D (gr) diggs +ar (g € )
&k

fork=m—1,m—2,...,0. It easily follows that

1Moo <" lagl - ISP for k=0,1,2.....m
j=k



546 A. A. PEKARSKII

Next, by Lemma 2.4 and the choice of & and aj, we obtain

ol <[], < (WL_']),Y - (4ry %

1790 |'§',SZ( 1) @ < 3w on2 e, 0

Therefore,

2C. Relationship between rational and piecewise-polynomial functions. Let S
be a simple rectifiable oriented Jordan curve, and let I be an arc of it. We denote by
X1 the characteristic function of I, i.e., x7(§) =1 for £ € I and x;(§) =0 for £ € S\ I.
Suppose S is split into n (n > 1) pairwise disjoint arcs Iy, I, ..., I, (they are indexed in
accordance with the fixed direction on S). Next, let hq, ho, ..., h, be some polynomials
of degree at most [ — 1 (I € N). The function g(&) = >, _, X1, (§)hi(§), £ € S, is called
a piecewise-polynomial function of degree at most I — 1 and with at most n pieces (in
symbols, g € PL(S)).

Let n and [ be natural numbers with n > [ + 1. We denote by R (S) the set of
functions r € R,, such that all poles of r lie on S and are of multiplicity at most [, and
r(z) =O0(z7"1) as 2 — oo.

For a function g € L1(S), we put

(Cg)(z)zjrifsgf_)‘f, 2eC\ S

(the Cauchy-type integral).
Lemma 2.6. For every r € RL(S) there is a unique function g in Pl ,(S) with
(2.9) r(z) = (Cg)V(z), ze€C\S.

On the other hand, if g € P.(S), then the function r(z) given by (2.9) belongs to

For S =R this lemma was proved in [I7]. In the present case the proof is similar.

Lemma 2.7. Suppose S is a simple Ahlfors curve, 1 < ¢ < oo, I € N, and 1/\ =
1/q+1+1. Then for every g € P.(S) we have

(2.10) o

< I+1
s) c(k,q,l)n ||9||L (9)-

Remark. By Lemma 2.6, (Cig)(*1D(2) is a rational function for z € C\ S; for z € S the
symbol (Cg)**1(z) means an analytic extension of this function.

Proof of Lemma 2.7. Let g = >"}'_, X1, where I, C S and hy € Pi_1 (see above).
Then

n

(Cg) D (2) = Z(CXIk hi)FY(z)  for z € C.
k=1
Suppose that (2.10) is fulfilled for n = 1. Then the above identity implies

A n A n
C (z+1)H < H Cvr h (z+1)H < Bl .
|c9) IREED N (R ARSI I

We estimate the sum on the right by using the Holder inequality:

n

n 1—— Aq
Doz, ) < (Zl) (Z ]| (Ik)> < gl s
k=1

k=1
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Thus, we have proved that if (2.10) is fulfilled for n = 1, then it is fulfilled for all n > 1.
Now, we prove (2.10) for n = 1. Suppose an arc I lies on S, h € P;_1, and g = x1h.
We denote by & the point of the arc I that splits it into two parts of equal length. Next,
we split S into two disjoint sets J and T: J ={£ € S: | —&| < |I|}, T=S\J.
We have

(2.11) (Cg)HV(z) = (lﬂ)!/ (gh@dg zeC\ I
I

27i — z)i+2’

If¢elandz € T, then [€—z| =|(§o—2)— (§0—&)| = |So—2|—|&0—¢&| > \fo—z\—%m >
1€ — z|. Hence, (2.11) implies the inequality

241 (14 1)!

’(Cg)(l-‘rl)(z)‘ m”h”Ll(I) for z e T.

Next, we apply (2.3) and the inequality ||A]|z, ;) < \1\175 |Allz,(r)- As aresult, we obtain
A
(2.12) [ J€a™ @ a1 < erlbll oy e = a0

To estimate the integral of the same function over J, we evaluate (Cg)¢+1(z) by
integration by parts. Namely, if £&; and & are the endpoints of I, then (2.11) implies the
identity

-1

(Cy) l+1) Z Z_J (( h(j)(&) __ h(j)(&)_) for z # &1, &s.

G- G-t

Let Ayj(2) (k=1, 2; j=0,1,2,...,1—1) denote the summands on the right in the latter
identity. We have

Ao [C= e E) |dz|
/J\Akj(zﬂ |dz| = [T] /JW

Next, we estimate the factor outside the integral by Lemma 2.5, and we estimate the
integral with the help of (2.5). This leads to

(2.13) /J\(Cg)(“rl)(fc')lA |dz| < callhllZ, 1), c2 = ca(r.q, ).

Adding (2.12) and (2.13), we obtain (2.10) for n = 1. O

83. APPLICATION OF THE EMBEDDING THEOREM AND CARLESON LEMMA

3A. The Hardy space and Blaschke products. A function f analytic in the disk

= {w : |w| < 1} belongs to the Hardy space H,, 0 < p < oo, if the following
quasinorm (a norm for 1 < p < oo and a p-norm for 0 < p < 1) is finite: ||f|n, =
sup,e(0,1) If (")llLpap)- 1t is well known (see [I0} [I1]) that any function f in H), has
nontangential boundary values f(£) at almost all points £ € 9D. Moreover, it turns out
that || fllz, = IflpoD)- o

We shall also consider the Hardy space H, consisting of functions analytic in C\ D.
Specifically, g € H if g(co) = 0 and the function f(w) := g(1/w), w € D, is in Hy. In

this case |[g]l ;- = llgllz,op) = [/l a,-
We introduce the family £ = {Q’} of simple polar dyadic squares Q’:
{w:|w| > 2}

4 1 1 7 +1)
0 .
{7’6 '1+2k‘—2 §T§1+2k‘—37 Qk—l 393%7_1},
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where k = 3,4,5,..., and j = 0,1,2,...,2% — 1. Note that the domain {w : |w| > 2} is
called a square for convenience: its boundary is the circle |w| = 2. The boundary of any
other square consists of four sides: two arcs of concentric circles centered at the origin
and two radial segments between these circles. Any two squares in £’ may intersect at
most in their boundaries, and the union of all these squares is the domain C \ D.

Let wy,wy, ..., w, be some points of C\ D (a point may be repeated several times,
in accordance with its multiplicity). Put

m *
w—w N __
bm(w) = H 17—*]67 Wy, = 1/wk:7
k=1 - WKW
this is the Blaschke product with zeros at wj, w3, ..., w}, (consequently, with poles at

w1, Wa, ... 7wm)'

Lemma 3.1 (the author [16] and Dyn’kin [8,[9]). For every a > 1 the number of squares
Q' in L' that meet the set {w : |by, (w)| > a} does not exceed c(a)m.

This lemma was obtained in [8, 0] [I6] for a = 2. Therefore, it is also true for a > 2.
But if a € (1,2), we arrive at the required statement by replacing b,,(2) with by, (2)",
where k is the smallest positive integer satisfying a* > 2. As a result, we obtain the
assertion for every a > 0 with ¢(a) = ca/(a — 1), where ¢ > 0 is a universal constant.

Lemma 3.1 was applied efficiently in [8] 14} [T6] in order to prove certain Bernstein-type
inequalities for derivatives of rational functions. However, the proof of Theorem 1.1 will
also require the following Carleson lemma.

Lemma 3.2 (Carleson [10| pp. 207-219]). There exist absolute constants 1 < a; < 4
and as > 1 such that some squares Q' of the family L' form a set II' that is a union of at
most m pairwise disjoint simply connected domains satisfying the following conditions:

(i) {wr}pz, C I, and each of the above simply connected domains contains at least
one point wg;

(ii) a1 < b (w)| < 4 for all w € OIT';

(iii) for all 6 € [0,27] and h € (0,1] we have [{re!® € oI : 0 <t < h,1 <r <
14+ h}| < agh, i.e., arc length on OII' is a Carleson measure.

We emphasize that the Carleson lemma is stated here in the form convenient for our
present purposes. Therefore, when consulting [10], one should address the corresponding
lemma together with its proof. A somewhat different version of this lemma (see [11])
was employed by Dyn’kin [9].

Consider the set I the existence of which was stated in Lemma 3.2. By Lemma 3.1,
the boundary 011’ is formed by at most 4¢(aq)m sides of the squares " that constitute IT'.
Recall also that IT’ is split into at most m simply connected closed domains. Therefore,
OII' can be split into v (v < 2m) arcs T}, T'%, ..., T, consisting of at most [4c(ay)]+1 sides
of squares @’. Indeed, let OII' consist of r (1 < r < m) closed Jordan curves 77, T3, ..., T;.
Each of these curves consists of links (the latter are certain sides of the squares Q). Let
m; be the number of links of 77 (j = 1,...,7). Then m{ +my + -+ m; < de(ar)m.
The curve T (1 < s <r) can be split into [ms/([4c(a1)] + 1)] + 1 arcs so that each arc
is a union of at most [4¢(aq)] + 1 links. For the total number v of these arcs we have

o= S [ 1} < e e mson
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Lemma 3.3. For every function g in H, with 0 < p < co and every point 77§ € F;- (j=
1,2,...,v) the inequality

(3.1) > lgpIPIry] < cllgl, -
j=1

is true with some absolute constant c.

Proof. We introduce a discrete measure by putting

p(K) =Y L]

LAS S

for K ¢ C\ D. By Lemma 3.2(iii), p is a Carleson measure in C \ D. Hence, (3.1) is
fulfilled by the Carleson embedding theorem [I0), [I1]. a

3B. The Smirnov spaces E, and E, . Let GG be a bounded simply connected Jordan
domain with rectifiable boundary 9G. We fix a point zg € G and denote by z = ¢, (w) the
Riemann function that maps the unit disk conformally onto G and satisfies ¢ (0) = 2o,
¢’ (0) > 0. Let w = 14 (z) be the inverse mapping. In accordance with Smirnov’s
definition (see [10, 20]), a function f analytic in G belongs to the space E, = E,(G),
0 < p < oo, if the function g(w) := flp4(w)] /¢, (w) belongs to H, (if p = oo, we agree
that ¢/¢’, (w) = 1). An arbitrary function f € E, has nontangential boundary values
f(€) at almost every £ € dG. Moreover, || f||g, := [|f|lz, o) = llgll#,- This definition of
E, is equivalent to the definition by Keldysh and Lavrent’ev (see the Introduction). The
space E; = E, () in the domain  := C\ G is defined similarly. Namely, let z = ¢_ (w)
be the Riemann function that maps conformally the domain |w| > 1 onto  and satisfies
w_(00) = 00, ¢’ (00) > 0. Denote by w = 9_(z) the inverse mapping. Then a function
[ analytic in  belongs to E, = E, (Q) if g(w) := flo_(w)]¢/¢” (w) € H, . In this case
we also have [[f]l - = I fll1. o0 — 9]l

Let S be a simple rectifiable Jordan curve. The boundary 9 of the domain Q := C\ S
consists of two copies of S passed in opposite directions. By analogy, we can introduce
the space £, also in this situation.

The main constructions will be carried out in domains € of the form C\ G or C\ S.
In what follows, we denote by K the continuum G or S; in place of z = ¢_(w) and
w =1_(z) we write z = p(w) and w = ¥(z), respectively.

We list some properties of ¢ and ¢. Namely, ¢’ € H] +¢'(c0) and ¢’ € E] +¢'(c0).
Therefore, ¢ and ¢ extend to continuous functions in the closed domains C\ D and
Q, respectively. Moreover, the functions ¢|sp and 1|sq are absolutely continuous. The
quantity v(K) := ¢'(c0) coincides with the analytic capacity of the continuum K. The
following inequalities are true (see [12]):

(3.2) p(z, K) <y(K)|p(2)], 2z €8

(3.3) v(K) < diam(K) < 4y(K),

where diam(K) = max{|z; — 22| : 21,22 € K} is the diameter of K.
The following double inequality is a consequence (see [6]) of the Koebe theorem:

lp(go(w), K) (p(w), K)

p
3.4 < |y <4 f 1.
(3.4) 1T < )| < 4P for fu >
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Let z (k = 1,2,...,m) be some points in Q, and let wr = t(zx). Starting with
these points, we construct sets II’ and I'; (j = 1,2,...,v) as in Subsection 3A. Next, we
transfer II" and T} into © by putting IT = ¢(II'), I'; = o(T).

Applying the distortion theorem for univalent functions (see, e.g., [21]), we easily see
that there is an absolute constant § € (0,1) such that

62 SEFE

)
for every wi,we € I'; (j =1,2,...,v).

Lemma 3.4. IfTV is an arbitrary curve among '}, T, ..., T and T' = ¢(T"), then

y Ly

(3.6) p(T, K) < 2diam(K),

1
(3.7) 3¢’ ()| < T < Sle"()I[I] - forw e I,
(38> Clp(F’K) < ‘F| < Cgp(F,K),

where 0 is the number occurring in (3.5), and ¢1, co are positive absolute constants.
Proof. If w € T”, then 1 < |w| < 2, and (3.6) is a consequence of (3.2) and (3.3):
plp(w), K) < fwh(K) < 2diam(F).

To obtain (3.7), it suffices to note that || = [i, [¢'(w)||dw| and to use estimates
(3.5). Inequalities (3.8) are consequences of (3.4) and (3.7). O

Lemma 3.5. If f € E;, 0 < p < oo, then for arbitrary points n; € I'; (j=12,...,v)
we have

D Fm)PIT,] < ellfIf,

i=1 ’
where ¢ > 0 is an absolute constant.
Proof. By Smirnov’s definition of £, the function g(w) = flp(w)]{/¢'(w) belongs
to H, and ||fHE5 = ||g||Hp_ We use Lemma 3.3, where we take n; = 1(n;). Since
9P = )P - |/ (n))], ‘nequality (3.1) takes the form

D1 @)l 1T < el £115,-

j=1
It remains to apply the second inequality in (3.7). a
3C. Withdrawal of poles of a meromorphic function from a domain to the

boundary. Here we employ the constructions and notation described in Subsection 3B.
For u € Ly(T), denote by (Cru)(z) the Cauchy-type integral (see Subsection 2C) along T

Lemma 3.6. Suppose 002 is an Ahlfors curve and T is an arbitrary arc among the arcs
T (j=1,2,...,v) constructed above. Letu € Loo(T"), and let 0 < p < 1; we putl = [1/p]
and X\ = p/(p+1). Then there exists a rational function (Nru)(z) of degree at most [,
with poles on 0N), and such that

(3.9) /8 1(Cru— New)(2)P 2| < caull_ gy T

(3.10) /d 1(Cru= Newy () 2] < calful} oy T
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where ¢1 and co depend only on p and k.
Proof. We use the identity

Lt &= (&G onE-m)
n—z &G—z (—2)(k—2 (& —2)(&—2)(E—2)
(G =mE—n)(Er=n) (& —m)E—n) (& —n)

G —2)(—2)(EG—-2)  (Ga—2)(&—2)(G—2)n-2)
Choose £1,&s,...,& € 99 in such a way that
(3.12) 3|l < p(&, T) < eul| for k=1,2,...1,

(3.11)
+

(3.13) cs|T| < €k — &s| < || for I > 2 and k # s.

Here the constants ¢; (j = 3,4,5,6) depend only on [ (in other words, on p) and . The
existence of such points & follows from (3.6) and (3.8).

We denote the sum of the first [ terms on the right in (3.11) by v(z,n) and put
1
(Nr)(z) = g [ wlmote.n) dn.

- 21

Clearly, Nru is a rational function of the required form. Next, we put

w(z) = (&1 —2)(&2—2) - (& — 2).
By (3.11), we have

(3.14) (Cru — Npu)(z) = QM,; o /F “(:)_“S’) dn, z €00

Now, we prove (3.9). We split 92 into two disjoint sets [ and T: I = {z € 9Q :
|z =& < 7T} and T = (0Q) \ I. Here ¢; = 1if I =1 and ¢; = lcg if I > 0, where

ce is the constant occurring in (3.13). For brevity, put a = ||ul|;_(r). From (3.8) and
(3.12)—(3.14) we deduce the existence of a constant cg = cg(p, ) such that
cga|T|! 1

|(Cru — Nru)(z)| < [P

Applying (2.3), we obtain the required estimate for the contribution to (3.9) given by
the integral over T

for z € T.

(3.15) / |Cru — Nrul? < cgd?|T|, co = co(p, k).
T

To obtain a similar estimate for the contribution of the integral over I, we observe

that
l

1 1
uwzzwmmra’“c

k=1
Taking (3.12) and (3.13) into account, we deduce the estimate

l
u(n)’ 1

—| < c10(p, 8)|T —— fornel and z € I.
& 09I D 7

Combining this inequality with (3.8) and (3.14), we see that

!
1
|(Cru — Nru)(2)| < ¢11a|T| g & —a forz el
. —
k=1
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with some constant ¢;; = ¢11(p, k). Applying (2.5), we obtain the required estimate for
the contribution of the integral over I to (3.9):

(316) /|Cpu — Nru|p S clgap\ﬂ, C12 = C12(p, K).
I

To finish the proof of (3.9), it remains to add (3.15) and (3.16).
Finally, (3.10) is proved along the same lines as (3.9). O

Lemma 3.7. Let K be the continuum described above. Suppose that 02 is an Ahlfors
curve, r is a rational function of degree m > 1 all poles of which lie in Q, h € E_,
P

O<p<l,u=r+4+h,and A = T Then there exists a rational function ro of degree at

most 2m/p all poles of which lie on I and

(3.17) I = rollp < crllullp,

(3.18) Ir" = r6llx < camullp.

Here the constants ¢1 and co depend on p and k only, and the quasinorms are evaluated
on O0N.

Proof. Starting with the poles 21, 22, ..., 2y, of r, we construct the sets II, OlI, and I,

(j =1,2,...,v) as in Subsection 3B. By the residue calculus, it is easily seen that, under
a proper orientation of 9II, we have
1 d
(3.19) r(z) = _/ u(n) 77, z € 0N.
21t Jon n—%

We show also that
(3.20) Sl 111 < sl
=1

for some c3 = c3(p). Indeed, the function f(n) := u(n)/Y(N)bm[(n)] (see the notation
after formula (3.4)) belongs to £ and |f(n)| = |u(n)| a.e. on Q. Therefore, by Lemma
3.5, we see that for every n; € I'; the following inequality is true:

v

(3.21) D F@)PITS] < callull,  eq = ealp).

j=1
However, by Carleson’s lemma 3.2(ii), for n € 9II we have |¢(n)by,[¥(n)]] < 8. Conse-
quently, (3.20) is implied by (3.21). Identity (3.19) can be written in the form

v

(3.22) r(z) =Y (Cru)(z), =€

j=1

Let (Nr;u)(z) be the rational function whose existence is guaranteed by Lemma 3.6.
We show that

v

(3.23) ro(2) := Y _(Nr,)(2)

j=1

is the required rational function.
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Indeed, the poles of g lie on 91, and degry < 2;21 deg Nr, < vl < 2m/p. We prove
(3.17):

v P
llr —rollb < Z(iju — Nr,u)
j=1 P
14 14
<D NCru— Nejullh < es Y llull} 1051 < csllull}.
i=1 =1

(We have used (3.9), (3.20), (3.22), and (3.23).) A similar argument with (3.10) in place
of (3.9) yields (3.18):

v
A
I =78 < e7 D Null oy IT517 < csm?fully.

j=1
(We have used the Holder inequality at the last step.) O

Remarks. (i) Suppose G is an Ahlfors domain, h € E,(G), 0 < p < 1, r is a rational
function of degree m > 1 with poles in G, and © = r + h. An analog of Lemma 3.7 is
true in this case. Specifically, it is possible to construct a rational function ry of degree
at most 2m/p, with poles on G only, and such that ry satisfies (3.17) and (3.18).

(ii) If G is a Lavrent’ev domain, h € E1(Q), Q = C\ G, 7 is a rational function of
degree m > 1 all poles of which lie in G, and w = r + h, then there exists a rational
function ry of degree at most 2m, with all poles in G, and satisfying (3.17), (3.18) with
p=1.

We indicate the changes to be made in the proof of Lemma 3.6 in order to treat the
setting (ii). After these changes, an analog of Lemma 3.7 is proved much as before.

Here we need to use some results about quasiconformal maps (the necessary references
can be found in [19]). Since JG is a Lavrent’ev curve, it is a quasicircle; consequently,
there exists a quasiconformal involution * of the plane C relative to dG. In our case
I =1, and we must specify the choice of £&;. We put & = n}, where 7, is a fixed point of
I'. The remaining arguments are similar to the case where 1/2 < p < 1.

Naturally, Remark (ii) has an analog in the setting described in Remark (i).

§4. APPLICATION OF A GENERAL HARDY-LITTLEWOOD EMBEDDING THEOREM

4A. Piecewise polynomial approximation in E ;. We split D into m > 2 arcs
with endpoints at wy, = e, t] <ty < -+ <ty < tm41 = t1 + 2m. Next, we introduce
the domains

;c:{pe”:tk<t<tk+1,1<p<1+tk+1—tk}, k=1,2,...,m.

Lemma 4.1. Suppose g € H,, 0 < p < 0o, and m > 2. Then the points {we it can
be chosen in such a way that

(4.1) [ latw)pldul < Slglt, fork=12.....m,

oAy, m T Hy
where ¢ > 0 is an absolute constant. Moreover, any two points among {wy} 7, can be
fixed arbitrarily.

Proof. For every w € 0D, we denote by I'(w) the set of points 1 satisfying at least one
of the following two conditions: |n| > 2; n is inside the right angle formed by the rays
{tw £i(1 — t)w : t > 1}. We introduce the Hardy-Littlewood maximal function

(Mg)(w) = sup{lg(n)| : g € T(w)}, w € OD.
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It is well known [10} 11] that Mg € L,(0D) and

2
(42) | gyt <l
0 P
We show that for every t1 < to < -+ <ty < timy1 :=t1 + 27 we have
tht1 )
(4.3) / |g(w)|? |dw| < 10/ (Mg)P(e)dt, k=1,2,...,m.
OA], ty

For instance, let kK = 1. The curve A} consists of four parts: two arcs T3 = {e :
th <t < ty}and Tp = {(1+ty —t1)e : t; < t < ta}, and two radial segments
I, = {pets :1 < p<1+ty—t1}, where sis 1 or 2. The definition of Mg readily yields

to
[ lawP el < @+t -t) [ O1gr(et)ae
T UT, ty
We estimate the contributions of integration over I; and I to the right-hand side of (4.3).
For definiteness, consider the segment ;. It is easily seen that pe’! € T'lexp (i(t; +251))]
for p > 1, and therefore, |g(pe®)| < (Mg)[exp(i(t1 + 25*))]. This readily implies the
inequality

(t1+t2)/2 ”
lg(w)[? d] < 2 / (Mg)P(e) dt.

Il ty
Similarly,

2
/ lg(w)P? |dw| < 2 / (Mg)P(e") dt.
I (t1+t2)/2

In order to obtain (4.3), it remains to add the estimates for the contributions of integra-
tion over T7 U 15, Iy, and Is.

We show how to choose the points wy = e'®* so as to ensure (4.1). Let v’ = e’
w’ = et (' < ¢ < t' + 2m) be two arbitrary points of 9D. If m = 2, put t; = t/,
to = t”. In this case, (4.2) and (4.3) imply (4.1) with ¢ = 20¢;.

Now, let m > 3. Putting ¢t; = t, we define to,t3,...,t,,_1 by induction in such a way

that
trt1 ) 1 27 )
/ (Mg)P (i) dt = —/ (Mg)P(c)dt, k=1,2,....m—1,
th m—1J

and put t,, := t; + 2w. If £ is not among to,t3,...,t,_1, we add t” to the collection
{tx}; and renumber the resulting collection. But if ¢ is among t2,%3,...,tm_1, We
may take, e.g., (t; +t2)/2 as an additional point. In any case, (4.2) and (4.3) again imply
(4.1) with ¢ = 20c¢;. O

Let S be a simple rectifiable Jordan curve, and let Q = C\ S. In this case Jf2 consists
of two copies S; and S5 of S passed in opposite directions. We agree that () remains
to the right when we go around 0. Suppose z1, 22, .. ., z;, are pairwise distinct points
of 90 enumerated in accordance with the direction fixed on Q. Putting wi = ¢(zx),
k=1,2,...,m, we construct a domain A} starting with these points, and denote by Ay
the image of A} under the mapping z = ¢(w). The change of variables z = ¢(w) allows
us to readily deduce the next Lemma 4.2 from Lemma 4.1.

Lemma 4.2. Suppose f € E;(Q), 0 < p < oo, and m > 2. Then there exist points
{zk} on OQ satisfying the following conditions:

(1) the endpoints of the arc S belong to the collection {z} 7 1;

() Sy, |FPNd2] < ENFIE for k=1.2....m.
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The next Lemma 4.3 is well known for the disk, in which case it is called the Hardy—
Littlewood embedding theorem [II [10].

Lemma 4.3 (the author [19]). Suppose A is a Lavrentev domain, ¢ € (0,00], | € N,
and 1/p =14 1/q. If f is analytic in A and fO € E,, then f € E; and there exists a
polynomial h of degree at most |l — 1 such that

If = hlle, < clfOlls,. c=c.q.0).
Here 0 is the constant in the Lavrentev condition (1.2).

In Lemma 4.4 we shall use the piecewise polynomial functions P!, (S;) introduced in
Subsection 2C. Recall also that by S; (j = 1,2) we denote two shores of the boundary of
Q=C\S. For ¢ € S, let f;(¢) denote the nontangential boundary value of f(z),z € Q,
evaluated as z tends to S from the side of 5.

Lemma 4.4. Suppose S is a simple Lavrentev curve, ¢ € (0,00],1 € N, and 1/p =1+1/q.
If f is analytic in Q, f(c0) =0, and fU) € E;, then

(i) fe By and || fllm, < allfO g

(ii) for every m > 2 there exist g; € Pr(,il.(Sj) (7 =1,2; my + mg < m) such that

Co 1
Ifi —gille,s;) < WHf( )HEq_v
where ¢1 and co depend only on 0, q, and 1.

Proof. We apply Lemma 4.2 with f) in place of f. Consider the domains Ay, k =
1,2,...,m, arising in that lemma. It turns out that all of them are Lavrent’ev domains.
Moreover [13], Proposition 1.5], there exists 6 > 1 depending only on 6 in condition (1.2)
and such that for every ¢’, (" € 0/ we have |I({’, ()] < 6|¢' —¢"|, where I(¢',¢") is the
shortest among the two arcs of Ay that join ¢’ and ¢”. It should be emphasized that ]
depends neither on m, nor on the choice of the points z;. Therefore, f|a, € Eq(Ag) by
Lemma 4.3, and for every k = 1,2, ..., m there exists a polynomial hj, € P;_1 satisfying

- e
(4.4) If hk”Eq(Ak) < mit1/d I HEP_(Q)’
where c3 = ¢3(6, ¢,1).

The parts of the boundaries of all domains Ay adjacent to S; will be denoted by I;
(s=1,2,...,m;); let hjs be the corresponding polynomials. We show that the function

m;
= E leshjs
s=1

has the required properties. Indeed, for 0 < ¢ < co formula (4.4) implies

q
C
15— aill% s, anj sl < sl fONL < SO

)

This yields (ii) for 0 < ¢ < co. If ¢ = o0, it suffices to modify the latter calculation in
an obvious way.

We turn to statement (i). The arguments given above for m = 2 show that f €
E;(Q). It remains to verify the inequality in (i). By (ii) with m = 2, it suffices to show
that |lg;llz,(s,) < C4Hf(l)||E5. This is easy if we observe (see [19]) that g; is a Taylor

polynomial of f. The details are left to the reader. |
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4B. Proof of Theorem 1.1. We need also Lemmas 4.5-4.7 below. Recall (see Subsec-
tion 2C) that (Cg)(z), z € £, stands for the Cauchy-type integral over S. We agree that
S in this integral is oriented as S7.

Lemma 4.5. Suppose S is a simple Lavrentev curve, 1 < g <oo,l €N, 1/p=1+1/q,
and g € L1(S). If (Cg)® € E., then

(i) g € Ly(S) and ||g]lL,(s) < a1l (Ce) Pl g

(ii) for every m > 1 there exists a function u € P (S) such that

© )
lg —ullL,s) < WH(OQ) ll -
Here the constants ¢1 and co depend only on 6,q, and I.

Proof. We use Lemma 4.4 with f = Cg. Then (see [3}[7,[13]) ¢ = fo — f1 a.e. on S.
Thus, (i) and (ii) for m = 1 are implied by Lemma 4.4(i). If m > 2, we use Lemma
4.4(ii). Clearly, the function u = g2 — g1 satisfies condition 4.5(ii). O

Lemma 4.6. Suppose S is an Ahlfors curve, f € L,(S), 0 <p <1, k € N. Then there
exists a monic algebraic polynomial a of degree k, with zeros only on S, and such that
P kp
421 < gy [P .
»kJs

/ f(z)
s |S|*P(1 —

a(z)
Proof. Let n = (n1,m2,...,mx) € S*, let a(z,n) = (z —m)(z —m2)--- (2 — nx), and let
|dn| = |dm| - - - |dng|. By the Fubini theorem and (2.5), we have

[l |22

K

" k(1—p)
| Ve SIS0 G [ b

Arguing by contradiction, from this inequality we deduce that for some 7y € S* the
polynomial a(z) := a(z,n) satisfies the claim of the lemma. O

Lemma 4.7. Suppose S is a simple Lavrentev curve, 0 < p < 1, 1/p ¢ N, and 1/X =
14+ 1/p. Ifr € R, N Ly(S) and all poles of v lie on S, then

(4.5) I7lIx < ernllrllp, e = (6, p).

Proof. Suppose first that r(z) = O(z7!71) as 2 — oo, where | = [1/p]. In other words,
r € RL(S). By Lemma 2.6, there exists a function g € P, ,(S) such that r(z) =
(Cg)D(z) for z € C\S. Next, by Lemma 4.5, for every j = 0,1,..., s := [logy(n + 1)]
there exists a function u; € PL;(S) satisfying

C2

(4.6) lg = ujlle < 5 lirllp, 1/a=1/p—1L.
Moreover, ug = 0. Almost everywhere on S we have g = (u; —ug) + (u2 —ug) + -+ +
(us —us—1)+ (g —us). For short, we put v1 = u; —ug, Vo = us —Uq, ..., Vs = Us — Us_1,
and vsy1 = g — us. Clearly, v; € PéjH and

C3 .
(4.7) lvjlle < S5llrllps 7= 12,008+ 1,
by (4.6).

Now we apply Lemma 2.7. In our case, 1/g+14+1=1/p+1 = 1/A. Therefore, (2.10)
and (4.7) imply
I(CoNTIN < callrllp, 5 =1,2,..0,5+ 1.
This enables us to verify (4.5) in the case in question:
s+1 s+1

1713 = 1CHHINN <D N(Co) IR <D (a2l |rllp) < e
j=1 j=1
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The general case reduces to the above with the help of Lemma 4.6. In that lemma,
we take k =1+ 1, f(z) = r(z) and define the corresponding polynomial a(z). Then the
function r1(z) := r(z)/a(z) belongs to R, (5) and

(4.8) Ir1llp < ol SI7 Il
By the case already proved, we can write
(4.9) Irillx < erlSI7 4+ 1+ D)l

Since r = ary, we have 1’ = a’r1+ar}, whence [|r'||3 < |la’r1]|3+][|ar}||3. We estimate the
summands separately. For this we observe that ||allo < |S|'*! and |la’||; < (1+1)[S|'F1.

Here we have used the fact that a is a monic polynomial with zeros on S. Taking these
inequalities into account, we obtain

(4.10) la"rillx < Nla'llllrally < e+ Dlirll,
(4.11) lart|x < ez(n + 1+ 1)r,.

Here we have used (4.8) and the Hélder inequality to verify (4.10). Inequality (4.11) is a
consequence of (4.9).
Collecting the estimates, we obtain (4.5) in the general case. ]

Proof of Theorem 1.1. Tt suffices to prove (1.3) for s = 1 (then the general case follows
by iteration). Also, we may assume that S is a simple curve. (If S is closed, we split it
into two simple curves of equal length and apply the inequality already proved to each
of the halves.) Since (1.3) is obvious for n = 0, we assume that n > 1.

Let w € R, N Ly(S). We must prove that, under the above assumptions about S, n,
and p, we have

(4.12) vy < enlull,, 1/A=1+1/p, ¢1 =c1(6,p).

If all poles of u lie on S, then (4.12) is true by Lemma 4.7. Suppose now that « hasm > 1
poles in © = C\S. Then u has a unique representation in the form u = h + r;, where h
and 7 are rational functions with poles only on S and €, respectively, and h(co) = 0.

By Lemma 3.7, there exists a rational function ¢ of degree at most 2m/p and with
poles only on S that satisfies (3.17) and (3.18). By (3.17), we have ||h+7o[[} = [|(h+71) —
(r1—r0) 15 = lu—(ri—ro) |5 < [[ulB-+irs —rollp < (L) ulf. Thus, [[A-+rol, < clul,
Furthermore, h + rg is a rational function with poles only on S and of degree at most
(n—m) + 2m/p < 2n/p. Therefore, by Lemma 4.7, we have

(4.13) |R + rolln < can||h + 1o,
From (3.18) and (4.13) we deduce (4.12):
'3 = 1A+ 713
= [[(h +10) + (1} = 1o)X < B+ rollR + 75 = 6113 < esn[fully- O
4C. Other applications of Lemmas 3.5 and 3.7. It was mentioned in the Introduc-
tion that for 1 < p < oo inequality (1.3) had been obtained earlier (and, moreover, for

the Ahlfors curves). Here we give yet another proof of this result. As a matter of fact,
we verify a more general statement (which can also be found in [15], 4]).

Theorem 4.1 (the author [I5]; Danchenko [4]). Let K be a continuum of the form
indicated above, and let Q = C\K. Suppose 02 is an Ahlfors curve. Ifh € E (1 <p<
o0) and r are rational functions of degree m and with poles only in Q, u=h+r, s €N,
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and 1/o = s+ 1/p, then
(4.14) Il < em®|Jull,,
where ¢ = ¢(k, p, s), and the quasinorms are evaluated on OS).

Proof. First, consider the case where 1 < p < co. We employ relations (3.19) and (3.20)
already used in the proof of Lemma 3.7. From (3.19) we deduce that

©)(5) = 5L / u(n) diy ~
% (2) 371 Jo G = 2) T z € 0fL.

We find n; € I'; such that |u(n;)| = max{|u(n)| : n € T';}. Together with (3.8), this
identity implies

s) CL]|F |
)l <clz e 2 €00
Here we have put a; = |u(n;)| for brev1ty. Now, we use (2.4):
v |dZ| v /
(4.15) / 1) (2)]7 |dz| < ] aef|r-|f’/ — < adlny|orr.
0 1; P Jaq Iny — 2ot 2; Y

Applying the Holder inequality and (3.20) to the last sum, we obtain

v 1-2 v o/p
Zafwr s (1) (Sl inl) < me o
j=1 j=1
This proves (4.14) for 1 < p < oc.
In the case of p = oo, the last calculation is superfluous, and the result follows directly
from (4.16). O

In the Introduction we defined the quantity R, (f)p, i.e., the best approximation
of a function f € E,(G). For f € L,(0G) we introduce the quantity R, (f,L,) :=
inf{||f —r|, : 7 € R, N L,(0G)}, i.e., the best Ly-approximation on 0G. In the case
of Ly-approximation, the poles of approximants may lie in C\G@ and in G. Therefore,
R,.(f,Ly,) < R,(f), for f € E,(G). David’s theorem (see [3| [7]) implies that if G is an
Ahlfors domain and 1 < p < oo, then the reverse inequality is true: R, (f)p < cR.(f, Lp),
¢ = ¢(k,p). In the next Theorems 4.2 and 4.3 this inequality is extended to p € (0, 1].

Theorem 4.2. If G is an Ahlfors domain and f € E,(G), 0 < p < 1, then for every
n > 0 we have

Ronyp(f)p < cRu(f, Ly), ¢ =c(k,p).

Proof. An analog of Lemma 3.7 for G (see Remark (i) after the proof of that lemma)
allows us to expel the possible poles of the approximants from G to dG. The required
inequality is a consequence of (3.17). O

Similar arguments and Remark (ii) yield the following theorem.
Theorem 4.3. If G is a Lavrentev domain and f € FE1(G), then
Ron(f)1 < cRu(f,L1), c¢=c(6),
forn > 0.

We note that, for the disk, Theorems 4.2 and 4.3 were obtained in [I8] by less involved
means.

Suppose G is a Jordan domain with rectifiable boundary G, 2 = C\G, and 0 < p < 1.
We denote by E,NE, (see [1}[2]) the set of functions f € L,(9G) satisfying the following
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condition: there exist g € E,(G) and w € £ () such that g = w = f a.e. on dG. For
f € L,(0G), 0 <p <1, we denote by R (f), the best L,-approximation of f by rational
functions r of degree at most n and such that all poles of r lie on G and r(c0) = 0.

The following statement is proved by analogy with Theorem 4.2.

Theorem 4.4. If G is an Ahlfors domain, 0 <p <1, and f € E, N E,, then

R;n/p(f)p < cR,(f, Ly), c¢= c(k,p),

for every n > 0.

Corollary (Aleksandrov [2]). If G is an Ahlfors domain and 0 < p < 1, then E, N

E-

coincides with the Ly-closure on 0G of the linear combinations of Cauchy kernels

(1/(z = ) knesa-

(1]

2]

3

(4]

(5]

(8]

(9]
(10]
(11]
(12]
(13]
(14]

(15]

[16]

Counterparts of Theorem 4.4 and its corollary hold for simple Ahlfors curves.
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