
Algebra i analiz St. Petersburg Math. J.
Tom. 16 (2004), vyp. 3 Vol. 16 (2005), No. 3, Pages 561–581

S 1061-0022(05)00865-4
Article electronically published on May 2, 2005

ON THE SPECTRUM OF THE WANNIER–STARK OPERATOR

A. A. POZHARSKĬI

Basic results

We consider the one-dimensional Schrödinger equation

(1) −ψ′′ − Fxψ + p(x)ψ = Eψ

on the semiaxis 0 ≤ x < +∞. Here the potential p(x) is a periodic real function,
p(x+ 1) = p(x), satisfying the condition p(x) ∈ L1[0, 1]. We assume that the constant F

is positive and that
∫ 1

0
p(x) dx = 0; the latter condition can always be ensured by a shift

of the spectral parameter E.
We introduce the operator

H = − d2

dx2
− Fx + p(x)

in L2(R+) with the domain

dom(H) =
{

ϕ : ϕ′ is absolutely continuous, ϕ(0) = 0, supp ϕ is
bounded, and −ϕ′′ + pϕ ∈ L2(R+)

}
.

Remark. The function −ϕ′′ + p(x)ϕ belongs to L2(R+) if ϕ ∈ dom(H), but ϕ′′ and pϕ
separately may fail to belong to L2(R+). However, they belong to L1(R+).

The operator H is essentially selfadjoint. This fact is proved in §5. We denote by Hd

the closure of H.
In the case where the potential p(x) is smooth, equation (1) and the operator Hd

have been studied thoroughly; see [AGZ, AZ, Ba, B2, BD1, BD2, NN]. In the case of a
nonsmooth potential p(x), only few results are known (see [B1, DSS, E, P]).

We introduce the notation

(2) r(l) = e−i 3π
4

1√
2F

∫ 1

0

p(t)e−2iπlt dt, ω(l) =
∫ 1

0

∫ t

0

p(y)p(t)e2iπlt dy dt.

In [P], the following Theorem 1 was proved.

Assumption (A).
∑∞

l=1 |r(l)|l−
1
2 < ∞,

∑∞
l=1 |ω(l)|l−1 < ∞.

Assumption (B).
∑∞

l=1 |r(l)|2l−
1
2 < ∞,

∑∞
l=1 |r(l)|l−

3
4 < ∞,

∑∞
l=1 |ω(l)|l−1 < ∞.

Theorem 1. i) If the potential p(x) satisfies Assumption (A), then the spectrum of the
operator Hd is absolutely continuous and fills the real axis.

ii) If the potential p(x) satisfies Assumption (B), then the absolutely continuous spec-
trum of Hd fills the real axis.

In the present paper, we study the absolutely continuous spectrum of Hd and generalize
the results of Theorem 1. Our main result in this paper is Theorem 2 below.
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Assumption (C).
∑∞

l=1 |r(l)|l−1 < ∞,
∑∞

l=1 |ω(l)|l−1 < ∞.

Remark. If on the interval [0, 1] the potential p(x) is given by the equation |p(x)| =
C1|x − x0|−1+ε for ε > 0, then Assumption (C) is valid.

Theorem 2. If p(x) satisfies Assumption (C), then the absolutely continuous spectrum
of Hd fills the real axis.

The proof of this theorem is based on the results obtained in [P]. We state two results
of [P] that we need in the sequel (Theorems 3 and 4).

Theorem 3. Let p(x) be a periodic potential absolutely integrable on the period and
satisfying

∫ 1

0
p(t) dt = 0. Suppose F > 0 and E ∈ R. Then an arbitrary solution of

equation (1) has the following asymptotic expansion as x → +∞:

ψ(x) =
sl

4
√

Fx
ei 2

3F (E+Fx)3/2
+

tl
4
√

Fx
e−i 2

3F (E+Fx)3/2
+ O

(‖sl‖√
x

)
, x ∈ Il.

Here Il = (ñl−1, ñl) \ (̃il−1 ∪ ĩl), ñl = ((πl)2 − E)/F , and ĩl = {n : |n − ñl| = O(l2/3)}.
On the adjacent intervals Il and Il+1, the coefficients sl, tl and sl+1, tl+1 are related by
the transformation

(3) tl+1 = W̃ltl, tl =
(

sl

tl

)
, W̃l = W̃l(E),

where

(4) W̃l = e−iπl E
F σ3Sle

iπl E
F σ3 , σ1Slσ1 = Sl, Sl = Sl(E).

The Pauli matrices σ1 and σ3 are given by σ1 = ( 0 1
1 0 ) and σ3 =

(
1 0
0 −1

)
. For large l, the

matrix Sl has the asymptotics

Sl =

(
1 + q(l)l−1 + O(l−7/6) r(l)l−1/2e

2i
3F (πl)3 + O(l−1d(l))

r̄(l)l−1/2e−
2i
3F (πl)3 + O(l−1d(l)) 1 + q(l)l−1 + O(l−7/6)

)
,

where

q(l) =
1
2
|r(l)|2, d(l) = |r(l)| + |ω(l)| + O(l−1/3),

and r and ω are the functions defined in (2).
Furthermore, we have ∫ ñl+1

ñl

|ψ(x)|2 dx =
2π

F
‖tl‖2(1 + o(1)).

We note that, for the first time, a similar result was proved by Buslaev in [B1] for the
equation

−ψ′′ − Fxψ + V

+∞∑
n=−∞

δ(x − n)ψ = Eψ.

Theorem 3 is a generalization of the results of [B1], and its proof is based on the ideas
developed in [B1].

Definition 1. A solution ψu(x) of equation (1) is said to be subordinate at +∞ if for
each solution ψ(x) linearly independent of ψu(x) we have

lim
x→+∞

(∫ x

0

|ψu(t)|2 dt

/∫ x

0

|ψ(t)|2 dt

)
= 0.
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Definition 2. A solution tu
l of system (3) is said to be subordinate if for each solution

tl linearly independent of tu
l we have

lim
L→∞

( L∑
l=1

‖tu
l ‖2

/ L∑
l=1

‖tl‖2

)
= 0.

Theorem 4. Suppose the assumptions of Theorem 3 are satisfied. Then equation (1)
has a subordinate solution if and only if this is true for system (3).

Now, we state yet another result to be used in the sequel. The following theorem was
proved in [GP].

Theorem 5. If equation (1) has no subordinate solutions for almost any E ∈ R with
respect to Lebesgue measure, then the absolutely continuous spectrum of Hd fills the real
axis.

The change of variables sl = exp (iπlE
F σ3)tl reduces (3) to the system

(5) sl+1 = eiπ E
F σ3Slsl.

Moreover,

(6) ‖sl‖ = ‖tl‖.
In what follows, we study system (5) rather than (3).

Lemma 1. Suppose that the conditions of Theorem 3 are fulfilled, and that, for almost
all E ∈ R with respect to Lebesgue measure, system (5) has no subordinate solutions.
Then the absolutely continuous spectrum of Hd fills the real axis.

Proof. By (6), systems (3) and (5) admit subordinate solutions simultaneously. Con-
sequently, for almost all E ∈ R with respect to Lebesgue measure, system (3) has no
subordinate solutions. Now, the claim follows from Theorems 4 and 5. �

Thus, the proof of Theorem 2 reduces to the study of asymptotic properties of system
(5). Observe that this system is similar to the Schrödinger equation with slowly decaying
potential (the matrix Sl tends to the identity matrix as l → ∞). Recently, for the
Schrödinger operator with slowly decaying potential, a simple method of localization of
the absolutely continuous spectrum was proposed in [DK]. This method is based on the
use of certain spectral identities, which have recently received the name of BFZ (Buslaev–
Faddeev–Zakharov) identities; see [BF]. In the case of system (5), we follow the same
idea. Some difficulties in the study of system (5) are due to the fact that the matrix
Sl may depend on the spectral parameter E. It is convenient to begin with a simpler
system. Consider the two-dimensional recurrence system

(7) sl+1 = zσ3Wlsl, l = 0, 1, . . . .

Here sl ∈ C2, z ∈ C \ {0}, and the Wl are complex matrices of size 2× 2 that satisfy the
conditions

(8) σ1Wlσ1 = Wl, detWl = 1

and do not depend on z. Conditions (8) imply that the matrices Wl can be represented
in the form

(9) Wl =
(

wl vl

v̄l w̄l

)
, |wl|2 − |vl|2 = 1.

The following theorem is the main result concerning system (7) (we note that the matri-
ces Sl may depend on the spectral parameter E, while the matrices Wl are independent
of z).
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Theorem 6. Suppose the matrices Wl are representable in the form (9). We assume
that the series

(10)
∞∑

l=0

|vl|2

converges and the limit

(11) lim
l→∞

Wl = I, I =
(

1 0
0 1

)
,

exists. Then, for almost all φ ∈ [0, 2π) with respect to Lebesgue measure, system (7) has
no subordinate solutions for z = eiφ.

Remark. We note that condition (11) can be lifted. To verify this, it suffices to make the
change of variables sl = ei

∑l−1
k=0 arg wlσ3tl in system (7).

The proof of Theorem 6 is based on the study of the Weyl function m(z) (the definition
of it is given in Theorem 7). We consider a specific basis of solutions of (7). Let θ(z)
and ϕ(z) be solutions of (7) such that θ0(z) =

(
1
0

)
and ϕ0(z) =

(
0
1

)
. In what follows, by

a solution θ(z) of system (7) we mean a sequence {θl(z)}∞l=0 satisfying (7).

Theorem 7. If the matrices Wl are representable in the form (9), then there exists a
Weyl function m(z) analytic in |z| < 1 and such that

f(z) = θ(z) + m(z)ϕ(z) ∈ l2(Z+, C2), 0 < |z| < 1.

Furthermore, |m(z)| < 1 for |z| < 1.

Theorem 7 is proved in §1.

Corollary 1. The Weyl function m(z) has radial boundary values1 m(eiφ), where φ ∈
[0, 2π), almost everywhere with respect to Lebesgue measure.

Proof. The inequality |m(z)| < 1 for |z| < 1 shows that m(z) belongs to the Hardy class
H∞(|z| ≤ 1). This implies the required statement (see [Z]). �

The following lemma (to be proved in §2), plays a key role in the proof of Theorem 6.

Lemma 2. If the series (10) converges, then

−
∫ 2π

0

ln
(
1 − |m(eiφ)|2

)
dφ ≤ 4π

∞∑
l=0

ln |wl|.

Remark. The series
∑∞

l=0 ln |wl| and
∑∞

l=0 |vl|2 converge simultaneously.

By this lemma, the Weyl function satisfies the estimate

(12) |m(eiφ)| < 1

for almost all φ. Estimate (12) implies that system (7) has no subordinate solutions at φ
(this fact can be proved by the methods of [GP]), and now the statement of Theorem 6
follows directly. However, the proof of this fact is relatively long, and we prove a simpler
but slightly weaker statement. More precisely, we prove Theorem 6 for a set of φ that is
narrower than the set of all φ for which estimate (12) is valid, but, certainly, is a set of
full measure.

Theorem 6 follows easily from the next two lemmas. The main ideas of their proofs
are borrowed from [LS]. We note that the proof of Lemma 3 is based on the results of
Lemma 2. The proofs of Lemmas 3 and 4 are given in §3.

1The radial boundary values are defined by m(eiφ) = limr→1−0 m(reiφ).
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We represent system (7) in the matrix form:

Fl+1 = eiφσ3WlFl, F0 = I.

Lemma 3. Suppose the series (10) converges and

(13) ‖Wl − I‖ ≤ 1/8, l = 0, 1, . . . .

Let al be a sequence of nonnegative numbers such that the series
∑

l≥0 al is convergent.
Then, for almost all φ ∈ [0, 2π) with respect to Lebesgue measure, there exists a constant
C9(φ) < ∞ such that

lim inf
L→∞

1
L

L∑
l=0

‖Fl‖2 ≤ C9(φ),
∞∑

l=0

al‖Fl‖ ‖Fl+1‖ ≤ C9(φ).

Lemma 4. Let Bl be a matrix solution of the system

(14) Bl+1 = KlBl, B0 = I,

where the matrix Kl satisfies detKl = 1. If

lim inf
L→∞

1
L

L∑
l=0

‖Bl‖2 < ∞,

then system (14) has no subordinate solutions.

We note that the matrices Kl may depend on the spectral parameter.
Now we show how Theorem 6 can be derived from Lemmas 3 and 4. Since the series

(10) converges, there is a constant N such that condition (13) is fulfilled for all l ≥ N .
Consider the auxiliary system obtained from the given system by replacing the first N
matrices Wl by the identity matrix. Obviously, the behavior of a subordinate solution
does not depend on the behavior of the matrices Wl for finite l (e.g., for l ≤ N); therefore,
the two systems in question have subordinate solutions simultaneously. We apply Lemma
3 and then Lemma 4 to the auxiliary system, putting Kl = eiφσ3Wl. As a result, we
obtain the required statement.

Now, we proceed to system (5). The method used in the proof of Theorem 6 cannot
be applied to system (5) because, in general, the matrices Sl may depend on the spectral
parameter E. Therefore, we are forced to perform the construction in two steps. For
this, we represent the matrices Sl in the form Sl = Wl + Vl, where the matrices Wl

satisfy the conditions of Theorem 6 and, in particular, do not depend on the spectral
parameter E, and the matrices Vl decay sufficiently fast (more precisely, we require the
convergence of the series

∑
l≥0 ‖Vl‖), but may depend on E. From Theorem 6 it follows

that the unperturbed system

(15) sl = eiπ E
F σ3Wlsl

has no subordinate solutions for almost all E ∈ R.
Next, using the fact that the perturbation Vl is small, we can compare the solutions

of systems (5) and (15), thus arriving at Theorem 2. More precisely, we prove that,
for almost all φ, the solutions of systems (5) and (15) are related by a bounded matrix
transformation Ul (see Theorem 9). In §4, we give a rigorous proof of Theorem 2. Now,
we outline the proof. We use the following notation: Fl is a matrix solution of the
unperturbed system (15), Bl is a matrix solution of the perturbed system (5) with the
matrices Sl = Wl + Vl, and the matrix solutions Bl and Fl are related to each other by
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the matrix transformation Ul:

Fl+1 = eiφσ3WlFl → the Weyl function m(z) (Theorem 7)

→ |m(eiϕ)| < 1 for a.e. ϕ (Lemma 2) → Lemma 3
Bl+1 = KlBl −→ Lemma 4

Fl+1 = eiφσ3WlFl

� �∑
l≥0 |vl|2<∞

� Lemma 3

∑
l≥0 |vl|2<∞,∑
l≥0 ‖Vl‖<∞

∣∣∣Lemma 3

lim infL→∞ L−1
∑L

l=0 ‖Fl‖2 ≤ C(φ) < ∞
∣∣∣

for a.e. φ ∈ [0, 2π)
�∣∣∣ ∑∞

l=0 ‖Vl‖ ‖Fl‖ ‖Fl+1‖ ≤ C(φ) < ∞∣∣ for a.e. φ ∈ [0, 2π)∣∣∣ � see Theorem 9∣∣ Bl = FlUl, ‖Ul‖ ≤ C(φ) < ∞
↘ ↙

lim infL→∞ L−1
∑L

l=0 ‖Bl‖2 ≤ C(φ) < ∞ for a.e. φ ∈ [0, 2π)
↓ Lemma 4

System (5) has no subordinate solutions for a.e. φ ∈ [0, 2π)
↓ Lemma 1

Theorem 2

We note that the basic constructions are taken from the corresponding parts of the theory
of the one-dimensional Schrödinger equation

(16) −ψ′′ + q(x)ψ = Eψ.

For basic notions concerning the Weyl function for (16), see [L]. The link between the
boundary values of the Weyl function and the existence of a subordinate solution of (16)
was established in [GP]. The idea to use the BFZ formulas in the study of the spectral
properties of (16) is borrowed from [DK]. In the proofs of Lemmas 3 and 4, we used
some ideas from [LS].

The present paper consists of five sections. In §1, we prove Theorem 7; §2 contains
the proof of Lemma 2. Lemmas 3 and 4 are proved in §3, and in §4 we prove Theorem 2.
Finally, in §5, we prove that the operator H is essentially selfadjoint.

Acknowledgements. The author wants to thank Buslaev for numerous discussions and
information about the literature on the subject under consideration.

§1. The Weyl function

Our goal in the present section is to construct the Weyl function m(z) and to prove
Theorem 7.

Let g(z) be an arbitrary solution of system (7). We have(
z−1αl+1

zβl+1

)
=
(

wlαl + vlβl

w̄lβl + v̄lαl

)
, where

(
αl

βl

)
def= gl.

Consequently,

|z|−2|αl+1|2 − |z|2|βl+1|2 = |wlαl + vlβl|2 − |w̄lβl + v̄lαl|2

= (|wl|2 − |vl|2)|αl|2 − (|wl|2 − |vl|2)|βl|2 = |αl|2 − |βl|2.
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As a result, we obtain the identity

(1.1) |z|−2|αl+1|2 − |z|2|βl+1|2 = |αl|2 − |βl|2.
Lemma 5. For each solution g(z) of system (7), we have

(1 − |z|2)
l∑

k=1

[
|z|−2|αk|2 + |βk|2

]
= |α0|2 − |β0|2 − |αl|2 + |βl|2.

For simplicity, we introduce the notation

Sml(g(z)) def= (1 − |z|2)
l∑

k=1

[
|z|−2|αk|2 + |βk|2

]
, Sm0(g(z)) def= 0.

Proof. Using (1.1), we obtain

|α0|2 − |β0|2 − |αl|2 + |βl|2 = (|α0|2 − |αl|2) − (|β0|2 − |βl|2)

=
l∑

k=1

(|αk−1|2 − |αk|2) −
l∑

k=1

(|βk−1|2 − |βk|2)

=
l∑

k=1

(|αk−1|2 − |βk−1|2) −
l∑

k=1

(|αk|2 − |βk|2)

=
l∑

k=1

(|z|−2|αk|2 − |z|2|βk|2) −
l∑

k=1

(|αk|2 − |βk|2) = Sml(g(z)).

The lemma is proved. �
We denote by ‖ · ‖ the norm of a vector in C2.

Lemma 6. For every solution g(z) of system (7), the following estimate is valid for
0 < |z| < 1:

|z|2
1 − |z|2 Sml(g(z)) ≤

l∑
k=1

‖gk(z)‖2 ≤ 1
1 − |z|2 Sml(g(z)).

Proof. This follows from the obvious inequalities
l∑

k=1

(|αk|2 + |z|2|βk|2) ≤
l∑

k=1

(|αk|2 + |βk|2) ≤
l∑

k=1

(|z|−2|αk|2 + |βk|2). �

Consider the solutions θ(z) and ϕ(z) of system (7) that satisfy the initial conditions
θ0(z) =

(
1
0

)
and ϕ0(z) =

(
0
1

)
(see the preceding section). For the coordinates of θl(z) and

ϕl(z), we use the notation

θl(z) =
(

sl

tl

)
, ϕl(z) =

(
el

hl

)
.

To construct the Weyl function m(z), we consider the sequence of vectors fl(z) = θl(z)+
m(z)ϕl(z). The next step reduces to the search for a function m(z) such that the element
f(z) = {fl(z)}∞l=0 belongs to the space l2(Z+, C2).

Applying Lemma 5 to f(z), we obtain

(1.2) Sml(f(z)) = 1 − |m(z)|2 + |tl + m(z)hl|2 − |sl + m(z)el|2.
Lemma 6 yields the following estimates for 0 < |z| < 1:

(1.3)
|z|2

1 − |z|2 Sml(f(z)) ≤
l∑

k=1

‖fk‖2 ≤ 1
1 − |z|2 Sml(f(z)).
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Thus, the relation f(z) ∈ l2(Z+, C2) is equivalent to the inequality Sml(f(z)) ≤ C1(z) <
∞ for 0 < |z| < 1, with some C1(z) independent of l.

We construct a function m(z) satisfying the condition

(1.4) |tl + m(z)hl|2 − |sl + m(z)el|2 ≤ 0, l = 0, 1, . . . .

It is easily seen that condition (1.4) implies the estimate Sml(f(z)) ≤ 1. Therefore, by
(1.3), f(z) ∈ l2(Z+, C2). We consider the collection of sets

Dl(z) = {ζ : |tl(z) + ζhl(z)|2 − |sl(z) + ζel(z)|2 ≤ 0}, l = 0, 1, . . . ;

obviously, these sets are closed. We shall drop z in the notation Dl(z) if this does not
lead to confusion.

Lemma 7. We have Dl+1 ⊂ Dl ⊂ {ζ : |ζ| < 1} for l = 1, 2, . . . .

Proof. We prove the inclusions Dl+1 ⊂ Dl by contradiction. Assume that there exists l
and a point ζ0 such that ζ0 ∈ Dl+1 \ Dl. Then

Sml+1(f(z)) = 1 − |ζ0|2 + |tl+1 + ζ0hl+1|2 − |sl+1 + ζ0el+1|2 ≤ 1 − |ζ0|2

< 1 − |ζ0|2 + |tl + ζ0hl|2 − |sl + ζ0el|2 = Sml(f(z)).

Thus, Sml+1(f(z)) < Sml(f(z)). However, by definition, the sequence Sml(f(z)) is
strictly monotone increasing. This contradiction proves the required inclusions.

The inclusions Dl ⊂ {ζ : |ζ| < 1} are also proved by contradiction. We assume that
there exists l ≥ 1 and a point ζ0 such that ζ0 ∈ Dl \ {ζ : |ζ| < 1}. Then

0 < Sml(f(z)) = 1 − |ζ0|2 + |tl + ζ0hl|2 − |sl + ζ0el|2 ≤ 1 − |ζ0|2 ≤ 0,

a contradiction. �

Lemma 8. Let f1 and f2 be solutions of system (7) belonging to l2(Z+, C2). Then f1

and f2 are linearly dependent.

Proof. The matrix (f1
l , f2

l ) formed by the vectors f1
l and f2

l satisfies the relation

(f1
l+1, f

2
l+1) = zσ3Wl(f1

l , f2
l ).

The condition det(zσ3Wl) = 1 implies

(1.5) det(f1
l+1, f

2
l+1) = det(zσ3Wl) det(f1

l , f2
l ) = det(f1

l , f2
l ) = C2 
= C2(l).

Since f j ∈ l2(Z+, C2), j = 1, 2, the limits liml→∞ f j
l exist and are equal to 0. Using

(1.5), we obtain det(f1
l , f2

l ) = 0, which implies that the vectors f1 and f2 are linearly
dependent. �

Lemma 9. The set
⋂

l≥0 Dl is nonempty and consists of a unique point.

Proof. The existence of a point ζ0 ∈
⋂

l≥0 Dl follows from the fact that the sets Dl are
closed and the space of complex numbers is complete. To prove uniqueness, we argue by
contradiction. Let ζj ∈

⋂
l≥0 Dl, j = 0, 1, and let ζ0 
= ζ1. Then f j = θ+ζjϕ ∈ l2(Z+, C2)

for j = 0, 1 and, by Lemma 8, the f j are linearly dependent. Putting l = 0, we see that
ζ0 = ζ1. �

We represent condition (1.4) in the form |tl(z) + m(z)hl(z)|/|sl(z) + m(z)el(z)| ≤ 1
and consider the mapping

w =
tl(z) + m(z)hl(z)
sl(z) + m(z)el(z)

.
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The relation slhl − tlel = det(θl, ϕl) = 1 implies the existence of the inverse mapping,
which is given by

(1.6) m(z, l, w) = − tl(z) − sl(z)w
hl(z) − el(z)w

.

Consequently,
Dl(z) =

⋃
|w|≤1

{m(z, l, w)}.

Therefore, Lemmas 7 and 9 imply that the limit liml→∞ m(z, l, w) exists and is indepen-
dent of w. We denote this limit by m(z).

Lemma 10. For 0 < |z| < 1, the function m(z) is analytic and satisfies |m(z)| < 1.

Proof. First, we prove that for all l the function m(z, l, w) is continuous in two variables
(z, w) in the region {z : 0 < |z| < 1} × {w : |w| ≤ 1} and analytic in z in the region
{z : 0 < |z| < 1}. Indeed, relation (1.1) implies the inequality |hl(z)| > |el(z)|, which, in
turn, implies the estimate

(1.7) |hl(z) − el(z)w| > 0, (z, w) ∈ {z : 0 < |z| < 1} × {w : |w| ≤ 1},
valid for all l. The definition of θl(z) and ϕl(z) shows that the functions tl(z), sl(z),
hl(z), and el(z) are analytic in the region 0 < |z| < 1. Taking (1.6) and (1.7) into
account, we obtain the required statement.

Now, we prove that the function m(z) is continuous in the region 0 < |z| < 1. For
this, we fix a point z0 and an arbitrary ε > 0. By Lemmas 7 and 9, there exists l0 such
that diamDl0(z0) < ε/2. The continuity of m(z, l0, w) in the variables (z, w) implies the
existence of a number δ > 0 such that

(1.8) diam
⋃

|z−z0|<δ

Dl0(z) < ε.

This fact can be proved by contradiction. Indeed, assume that there exist sequences z1
j ,

w1
j and z2

j , w2
j such that limj→∞ z1

j = limj→∞ z2
j = z0 and

(1.9) |m(z1
j , l0, w

1
j ) − m(z2

j , l0, w
2
j )| ≥ ε.

Since the w1
j belong to the compact set {w : |w| ≤ 1}, there exists a subsequence w1

jl

converging to some w1. Similarly, there exists a subsequence w2
jlk

of w2
jl

converging to
some w2. For simplicity, we preserve the notation w1

i and w2
i for the subsequences w1

jli

and w2
jli

. Since m(z, l0, w) is continuous, there exists δ > 0 such that |m(zk
j , l0, w

k
j ) −

m(z0, l0, w
k)| < ε/4 for |zk

j − z0| + |wk
j − wk| < δ, where k = 1, 2. Moreover, since

diamDl0(z0) < ε/2, we have |m(z0, l0, w
1)−m(z0, l0, w

2)| < ε/2. If |zk
j −z0|+|wk

j −wk| <
δ, then

|m(z1
j , l0, w

1
j ) − m(z2

j , l0, w
2
j )|

≤ |m(z1
j , l0, w

1
j ) − m(z0, l0, w

1)|
+ |m(z0, l0, w

1) − m(z0, l0, w
2)| + |m(z0, l0, w

2) − m(z2
j , l0, w

2
j )|

< ε,

which contradicts (1.9).
Lemmas 7 and 9 show that m(z) ∈ Dl0(z). Therefore,

m(z) ∈
⋃

|z−z0|<δ

Dl0(z), z ∈ {z : |z − z0| < δ}.



570 A. A. POZHARSKĬI

Now, recalling (1.8), we see that |m(z) − m(z0)| < ε for |z − z0| < δ. Thus, m(z) is a
continuous function for 0 < |z| < 1.

We fix an arbitrary w (say, w = 0) and prove that the limit m(z) = liml→∞ m(z, l, 0)
is attained uniformly on every compact subset K ⊂ {z : 0 < |z| < 1}. Assume the
contrary. Then there exist ε > 0, a sequence lj → ∞, and points zj in K such that

(1.10) |m(zj) − m(zj , lj , 0)| > ε.

Since K is compact, there is a subsequence zjk
that converges to some z1 ∈ K. Since

m(z) is continuous, for some δ1 > 0 we have

(1.11) |m(z) − m(z1)| < ε/2 for |z − z1| < δ1.

As above, there exists l1 such that diamDl1(z1) < ε/4, and diam
⋃

|z−z1|<δ2
Dl1(z) < ε/2

for some δ2 > 0. Since the sequence zjk
converges to z1, there exists C3 such that

|zjk
− z1| < min(δ1, δ2) for k ≥ C3. Now, let k ≥ C3; then

m(zjk
, ljk

, 0) ∈ Dljk
(zjk

) ⊂
⋃

|z−z1|<δ2

Dljk
(z) ⊂

⋃
|z−z1|<δ2

Dl1(z).

Consequently,

(1.12) |m(z1) − m(zjk
, ljk

, 0)| < ε/2 for k ≥ C3.

Combining (1.11) and (1.12), we obtain

|m(zjk
) − m(zjk

, ljk
, 0)| ≤ |m(zjk

) − m(z1)| + |m(z1) − m(zjk
, ljk

, 0)| ≤ ε,

which contradicts (1.10), thus proving the required uniformity.
Since m(z, l, 0) is analytic and the limit m(z) = liml→∞ m(z, l, 0) is uniform, we

conclude that m(z) is analytic for 0 < |z| < 1. The estimate |m(z)| < 1 follows from
Lemma 7. �

Proof of Theorem 7. Since the function m(z) is analytic and bounded in the annulus
0 < |z| < 1 (see Lemma 10), it has a removable singularity at z = 0. Consequently, m(z)
admits analytic continuation to the region |z| < 1. The maximum principle implies that
|m(z)| < 1 everywhere in the disk |z| < 1. Since m(z) satisfies (1.4) for all l, Lemmas 5
and 6 imply that f(z) ∈ l2(Z+, C2) for 0 < |z| < 1. The theorem is proved. �

§2. A BFZ-type spectral identity

In the present section, we assume that Wl ≡ I for l ≥ l0, with some l0. For such Wl,
there is a solution h of system (7) satisfying the condition hl =

(
zl

0

)
for l ≥ l0. We use

the notation (
a(z)
b(z)

)
= h0(z),

(
αl(z)
βl(z)

)
= hl(z).

Lemma 11. The function a(z) is analytic and does not vanish in the region 0 < |z| ≤ 1.

Proof. The analyticity of a(z) follows from that of the matrix (zσ3Wl)−1.
Assume that there is z0 such that a(z0) = 0 and 0 < |z0| ≤ 1. Then, by (1.1), we have

|αl(z0)| < |βl(z0)| for all l. Putting l = l0 in this inequality, we arrive at a contradiction:
|z0|l0 < 0. �

Lemma 12. The function a(z) admits analytic continuation to the disk {z : |z| ≤ 1},
a(0) =

∏
l≥0 w̄l.
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Proof. We prove the following estimates by induction:

(2.1) αl(z) = zl

(∏
k≥l

w̄k + O(z2)
)

, βl(z) = O(zl), l ≥ 0.

For l = l0, the claim follows from the relations αl(z) = zl and βl = 0, l ≥ l0. Now,
suppose (2.1) is fulfilled for l ≥ p. We prove that (2.1) is valid for l = p − 1. Indeed,(

αp−1(z)
βp−1(z)

)
= W−1

p−1z
−σ3

(
αp(z)
βp(z)

)
=
(

z−1w̄p−1 −zvp−1

−z−1v̄p−1 zwp−1

)(
αp(z)
βp(z)

)
=
(

zp−1w̄p−1

(∏
k≥p w̄k + O(z2)

)
− zvp−1O(zp)

−z−1v̄p−1O(zp) + zwp−1O(zp)

)
=
(

zp−1
(∏

k≥p w̄k + O(z2)
)

O(zp−1)

)
.

Thus, estimates (2.1) are proved.
Putting l = 0 in the first relation in (2.1), we obtain

a(z) =
∏
l≥0

w̄l + O(z2),

which implies the lemma. �

Lemma 13. The function a(z) satisfies the identity∫ 2π

0

ln |a(reiφ)|2 dφ = 4π
∑
l≥0

ln |wl|

for all r ≤ 1.

Proof. By Lemmas 11 and 12, the function ln a(z) is analytic in the disk {z : |z| ≤ 1}.
The function ln |a(z)| is harmonic in the same region, being the real part of an analytic
function. Applying the mean value theorem, we obtain∫ 2π

0

ln |a(reiφ)|2 dφ = 2π ln |a(0)|2 = 4π
∑
l≥0

ln |wl|. �

Lemma 14. Suppose that there exists l0 such that Wl ≡ I for l ≥ l0. Then the Weyl
function of system (7) satisfies the inequality

−
∫ 2π

0

ln
(
1 − |m(reiφ)|2

)
dφ ≤ 4π

∑
l≥0

ln |wl|

for all r ≤ 1.

Proof. By Lemma 8, the solutions f(z) and h(z) are linearly dependent. Putting l = 0,
we see that the vectors

(
1

m(z)

)
and

(a(z)
b(z)

)
are also linearly dependent. This implies that

a(z), b(z), and m(z) are related by the formula

m(z) = b(z)/a(z).

Applying (1.1) to hl(z), we obtain

|a(z)|2 − |b(z)|2 = |z|−2(|α1|2 − |z|4|β1|2)
≥ |z|−2(|α1|2 − |β1|2) ≥ |z|−2l0(|αl0 |2 − |βl0 |2) = 1

for 0 < |z| ≤ 1. Thus,

(2.2) |a(z)|2 − |b(z)|2 ≥ 1, 0 < |z| ≤ 1.
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By continuity, inequality (2.2) extends to the entire disk |z| ≤ 1. Hence,(
1 − |m(z)|2

)−1 ≤ |a(z)|2.

To conclude the proof, it remains to use Lemma 13. �

In l2(Z+, C2) we consider the operator

(2.3) Mgl = gl+1 − zσ3Wlgl, 0 < |z| < 1, l = 0, 1, . . . ,

with domain

dom(M) =
{
g : g0 =

(
0
·

)
, g ∈ l2(Z+, C2)

}
.

We recall that θ(z), ϕ(z), and f(z) are the vector-valued functions defined in Theorem
7. The kernel of the operator M is trivial. Indeed, let g be a nonzero solution of the
equation Mg = 0. Since g ∈ dom(M), we have g = C4ϕ on one hand, and g = C5f on the
other. As a result, we see that the vectors ϕ and f are proportional, which contradicts
the definition of f . Since the kernel of M is trivial, the operator M is invertible. The
inverse is given by the formula

(2.4) {M−1q}l ≡ M−1ql =
∑
k≥0

G(l, k)qk, l = 0, 1, . . . ,

where

(2.5) G(l, k) =

{
flϕ

t
k+1J if l ≥ k + 1,

ϕlf
t
k+1J if l ≤ k,

J =
(

0 −1
1 0

)
.

Here ·t stands for transposition. The domain of dom(M−1) is l2(Z+, C2).
Consider the set of matrices Wl satisfying (9) and assume that the series (10) con-

verges. Let m(z) be the Weyl function for (7), and let M be the operator constructed
starting with Wl. Now, for k ≥ 1, we consider the system (7) determined by the following
set of matrices: {

W k
l = Wl if l ≤ k − 1,

W k
l = I if l ≥ k.

Let mk(z) and Mk denote the Weyl function and the operator of the resulting system,
respectively.

Lemma 15. Suppose the limit (11) exists. Then, as k → ∞, the Weyl function mk(z)
tends to m(z) uniformly on every compact subset of {z : 0 < |z| < 1}.

Proof. We have the resolvent identity

(2.6) M−1 − M−1
k = M−1(Mk − M)M−1

k .

For k ≥ 1, we have the well-defined vector-valued function

θ1(z) = zσ3W k
0 θ0 = zσ3W0

(
1
0

)
.

Consider the following element q of the space dom(M−1) = dom(M−1
k ):

q = {ql}∞l=0, ql =

{
θ1(z) if l = 0,

0 if l ≥ 1.
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The following relations are valid:

{M−1
k q}l = G(l, 0), θ1(z) =

{
mk(z)

(
0
1

)
if l = 0,

fk
l (z) if l ≥ 1,

{M−1q}0 = m(z)
(

0
1

)
,

{M−1(Mk − M)M−1
k q}0 =

(
0
1

)∑
l≥k

(fl+1(z))tJzσ3(I − Wl)fk
l (z).

Now, we calculate the values of both sides of (2.6) at q. We have

m(z) − mk(z) =
∑
l≥k

(fl+1(z))tJzσ3(I − Wl)fk
l (z),

whence

(2.7)

|m(z) − mk(z)| ≤
∑
l≥k

‖zσ3‖ ‖Wl − I‖‖fl+1(z)‖ ‖fk
l (z)‖

≤ ‖zσ3‖
(∑

l≥1

‖fl(z)‖2

)1/2(∑
l≥1

‖fk
l (z)‖2

)1/2

sup
l≥k

‖Wl − I‖.

We fix an arbitrary compact set K ⊂ {z : 0 < |z| < 1} and put r = minz∈K |z| > 0 and
R = maxz∈K |z| < 1. Lemma 3 and relations (1.2)–(1.4) imply the inequalities∑

l≥1

‖fl(z)‖2 ≤ 1
1 − R2

,
∑
l≥1

‖fk
l (z)‖2 ≤ 1

1 − R2
.

Obviously, ‖zσ3‖ = 1/r. Substituting this in (2.7), we obtain

|m(z) − mk(z)| ≤ 1
r(1 − R2)

sup
l≥k

‖Wl − I‖, z ∈ K,

which implies the lemma. �
Proof of Lemma 2. By Lemma 15 and Theorem 7, we can pass to the limit under the
integral sign,

(2.8) − lim
k→∞

∫ 2π

0

ln
(
1 − |mk(reiφ)|2

)
dφ = −

∫ 2π

0

ln
(
1 − |m(reiφ)|2

)
dφ

for 0 < r < 1. Applying Lemma 14 to the left-hand side of (2.8), we obtain

(2.9) −
∫ 2π

0

ln
(
1 − |m(reiφ)|2

)
dφ ≤ 4π

∑
l≥0

ln |wl|.

It remains to observe that, by Corollary 1, we can apply the Fatou lemma to inequality
(2.9) when passing to the limit as r → 1 − 0. This yields the required estimate. �

§3. Some estimates

In the present section, we prove Lemmas 3 and 4, which are needed in the proof of
Theorem 2. These results are not really new; their analogs can be found in [LS].

Proof of Lemma 3. We consider the operator M given by formula (2.3), together with
the operator M0 given by (2.3) with Wl ≡ I. These operators are boundedly invertible
(see (2.4)). We use the resolvent identity

M−1 − M−1
0 = M−1

0 (M0 − M)M−1.

Consequently,
(3.1)

(
I + M−1

0 zσ3(I − Ŵ )
)
M−1 = M−1

0 ,

where Ŵ is the operator of multiplication by Wl.
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Let G0(l, k) be the Green function for M0 (see (2.5)), and let ϕ0 and f0 be the
corresponding solutions of system (7) with Wl ≡ I (see §1). For 0 < |z| < 1, simple
calculations show that

G0(l, k) =
(

1 0
0 0

)
zl−k−1 if l ≥ k + 1,

G0(l, k) =
(

0 0
0 −1

)
zk−l+1 if l ≤ k.

In particular,
‖G0(l, k)‖ ≤ |z||l−k−1|, ‖G0(l, k)zσ3‖ ≤ |z||l−k|.

Invoking Schur’s criterion, we obtain

(3.2) ‖M−1
0 zσ3‖ ≤ sup

l≥0

∞∑
k=0

|z||l−k| ≤
∑
k∈Z

|z||k| ≤ 2
1 − |z| , ‖M−1

0 ‖ ≤ 2
1 − |z| .

Estimates (13) and (3.2) imply that

‖M−1
0 zσ3(I − Ŵ )‖ ≤ ‖M−1

0 zσ3‖ ‖(I − Ŵ )‖

≤ 1
4(1 − |z|) ≤ 1

2
for 0 < |z| ≤ 1

2
.

Consequently, for 0 < |z| ≤ 1/2 the operator I +M−1
0 zσ3(I−Ŵ ) is boundedly invertible.

By (3.1) and (3.2),

‖M−1‖ ≤
∥∥(I + M−1

0 zσ3(I − Ŵ )
)−1∥∥‖M−1

0 ‖ ≤ 2‖M−1
0 ‖

≤ 4
1 − |z| ≤ 8 for 0 < |z| ≤ 1

2
.

The norm of the matrix G(l, l−1, z) can be estimated in terms of the norm of the operator
M−1. Indeed,

‖G(l, l − 1)‖2 ≤
∞∑

k=0

‖G(k, l − 1)‖2 =
∞∑

k=0

∥∥∥∥ ∞∑
n=0

G(k, n)δn
l−1

∥∥∥∥2

≤ sup
‖q‖=1

∞∑
k=0

∥∥∥∥ ∞∑
n=0

G(k, n)q
∥∥∥∥2

= sup
‖q‖=1

‖M−1q‖2 = ‖M−1‖2.

Consequently,

(3.3) ‖G(l, l − 1, z)‖ ≤ ‖M−1‖ ≤ 8 for 0 < |z| ≤ 1
2
.

The functions f(z) and ϕ(z) are analytic in the annulus 0 < |z| < 1. Therefore,
representation (2.5) for the matrix G(l, l − 1, z) implies that this matrix is analytic in
the same region. By (3.3), the matrix G(l, l − 1, z) admits analytic continuation to the
disk |z| < 1. By the mean-value theorem,

(3.4)
∫ 2π

0

G(l, l − 1, reiφ) dφ = 2πG(l, l − 1, 0), r < 1.

By Corollary 1 and Fatou’s lemma, in (3.4) we can pass to the limit as r → 1, which
yields

(3.5)
∥∥∥∥∫ 2π

0

G(l, l − 1, reiφ) dφ

∥∥∥∥ ≤ 16π.



ON THE SPECTRUM OF THE WANNIER–STARK OPERATOR 575

From property (8) it follows that θ = σ1ϕ̄ for z = eiφ. We denote by ϕ1
l and ϕ2

l the
components of the vector ϕl. Applying (2.5), we obtain

(3.6)

G(l, l − 1, eiφ) = (σ1ϕ̄l + m(eiφ)ϕl)ϕt
lJ

=

((
ϕ1

l ϕ̄
2
l |ϕ2

l |2
|ϕ1

l |2 ϕ2
l ϕ̄

1
l

)
+ m(eiφ)

(
(ϕ1

l )
2 ϕ1

l ϕ
2
l

ϕ1
l ϕ

2
l (ϕ2

l )
2

))
J

=
(
|ϕ2

l |2 + m(eiφ)ϕ1
l ϕ

2
l −ϕ1

l ϕ̄
2
l − m(eiφ)(ϕ1

l )
2

ϕ2
l ϕ̄

1
l + m(eiφ)(ϕ2

l )
2 −|ϕ1

l |2 − m(eiφ)ϕ1
l ϕ

2
l

)
.

We subtract the diagonal entries in (3.6) and use estimate (3.5). As a result, we see that

(3.7)
∫ 2π

0

(
1 − |m(eiφ)|

)
‖ϕl(eiφ)‖2 dφ ≤ 32π.

For z = eiφ we have Fl = (σ1ϕ̄l, ϕl). Now, estimate (3.7) can be transformed to

(3.8)
∫ 2π

0

(
1 − |m(eiφ)|

)
‖Fl(eiφ)‖2 dφ ≤ 64π,

which allows us to write∫ 2π

0

(
1 − |m(eiφ)|

) L∑
l=0

al‖Fl‖ ‖Fl+1‖ dφ

≤ 1
2

∫ 2π

0

(
1 − |m(eiφ)|

) L∑
l=0

al‖Fl‖2 dφ +
1
2

∫ 2π

0

(
1 − |m(eiφ)|

) L∑
l=0

al‖Fl+1‖2 dφ

≤ 64π
∞∑

l=0

al.

Applying Beppo Levi’s theorem and recalling that |m(eiφ)| < 1 for almost all φ ∈ [0, 2π)
(see Lemma 2), we conclude that the series

∑∞
l=0 al‖Fl‖ ‖Fl+1‖ converges almost every-

where with respect to Lebesgue measure.
The second estimate in Lemma 3 follows from the inequalities∫ 2π

0

(
1 − |m(eiφ)|

)
lim inf
L→∞

1
L

L∑
l=0

‖Fl‖2 dφ

≤ lim inf
L→∞

1
L

L∑
l=0

∫ 2π

0

(
1 − |m(eiφ)|

)
‖Fl‖2 dφ ≤ 64π

and the estimate |m(eiφ)| < 1, which is valid for almost all φ ∈ [0, 2π) (see Lemma 2). �

Proof of Lemma 4. Let u and v be two linearly independent solutions of system (14).
To simplify calculation, we assume that det(u0, v0) = 1. This can always be ensured by
multiplying one of the solutions by an appropriate constant. Since detKl = 1, we have

det(ul, vl) = det(u0, v0) = 1,

whence
1 ≤ ‖ul‖ ‖vl‖.

Summing from 0 to L, we obtain

1 ≤
(

1
L

L∑
l=0

‖ul‖ ‖vl‖
)2

≤
(

1
L

L∑
l=0

‖ul‖2

)(
1
L

L∑
l=0

‖vl‖2

)
.
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Since ul = Blu0, we have

(3.9)
∑L

l=0 ‖ul‖2∑L
l=0 ‖vl‖2

=
1
L

∑L
l=0 ‖ul‖2

1
L

∑L
l=0 ‖vl‖2

≤
(

1
L

L∑
l=0

‖ul‖2

)2

≤ ‖u0‖4

(
1
L

L∑
l=0

‖Bl‖2

)2

.

Now, let vl be a subordinate solution. By the assumptions of the lemma,

lim inf
L→∞

1
L

L∑
l=0

‖Bl‖2 < ∞.

Therefore, by (3.9), there exists a subsequence Lj such that∑Lj

l=0 ‖ul‖2∑Lj

l=0 ‖vl‖2
≤ C10 < ∞, j = 1, 2, . . . ,

which contradicts the definition of a subordinate solution. �

§4. Proof of Theorem 2

The main difficulty arising in the proof of Theorem 2 is that the matrices Sl occurring
in system (5) may depend on the spectral parameter E, and Theorem 6 cannot be
applied to system (5) directly. Nevertheless, we know that, for large l, the matrices Sl

are independent of E. Therefore, from (5) we can extract a new, unperturbed system
(15) satisfying the assumptions of Theorem 6. Moreover, the unperturbed system (15)
differs from (5) by a small correction, which may depend on E. Since this correction is
small, we can prove that the solutions of the two systems are close to each other, and
this will allow us to apply the results of Theorem 6 to system (5).

First, we choose Wl in (7) so as to be able to apply Theorem 6 and Lemma 3 to
system (7). Since the Fourier coefficients r(l) are bounded, we have liml→∞ r(l)l−1/2 = 0.
Therefore, there exists a constant L1 such that

|r(l)|l−1/2 ≤ 1/16, l ≥ L1.

Now, we consider system (5) with matrices

(4.1)
Wl = I for 0 ≤ l < L1,

Wl =

( √
1 + |r(l)|2l−1 r(l)l−1/2e

2i
3F (πl)3

r̄(l)l−1/2e−
2i
3F (πl)3

√
1 + |r(l)|2l−1

)
, where l ≥ L1.

It is easily seen that
‖Wl − I‖ ≤ 1/8 for l = 0, 1, . . . .

We rewrite systems (5) and (15) in the matrix form:

(4.2) Bl+1 = eiφσ3(Wl + Vl)Bl, B0 = I, φ = π
E

F
,

(4.3) Fl+1 = eiφσ3WlFl, F0 = I.

Here the matrices Sl are represented as Sl = Wl + Vl, where the Wl are defined in (4.1).

Theorem 9. If Assumption (C) is fulfilled, then system (4.2) has no subordinate solu-
tions for almost any φ ∈ [0, 2π) with respect to Lebesgue measure.

Proof. By Assumption (C), the series
∞∑

l=0

‖Vl‖ =
∞∑

l=0

‖Sl − Wl‖
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converges. The matrices Wl satisfy det Wl = 1. Therefore, detFl = 1 for all l ≥ 0. It
follows that the Fl are invertible, and ‖Fl‖ = ‖F−1

l ‖ for all l ≥ 0. Using the substitution

Bl = FlUl, U0 = I,

we reshape (4.2) to
Ul+1 =

(
I + F−1

l+1e
iφσ3VlFl

)
Ul.

To system (4.3), we can apply Lemma 3 with al = ‖Vl‖. By that lemma, for almost all
φ ∈ [0, 2π) we have

‖Ul‖ ≤
l−1∏
k=0

(
I + ‖F−1

l+1‖ ‖Vl‖ ‖Fl‖
)
≤ exp

3
2
(
I + ‖Vl‖ ‖Fl+1‖ ‖Fl‖

)
≤ e

3
2 C9(φ).

Again by Lemma 3,

lim inf
L→∞

1
L

L∑
l=0

‖Bl‖2 ≤ lim inf
L→∞

1
L

L∑
l=0

‖Fl‖2‖Ul‖2

≤ e3C9(φ) lim inf
L→∞

1
L

L∑
l=0

‖Fl‖2 ≤ C9(φ)e3C9(φ) < ∞

for almost all φ ∈ [0, 2π). Now, we apply Lemma 4 to system (4.2), putting Kl =
eiπ E

F σ3Sl. As a result, we arrive at the required statement. �
Proof of Theorem 2. Theorem 9 implies that system (5) has no subordinate solutions for
almost any E ∈ R with respect to Lebesgue measure. Now, Theorem 2 is a consequence
of Lemma 1. �

§5. Application

This section is devoted to the proof of the fact that the operator

H = − d2

dx2
− Fx + p(x) in L2(R+)

with domain

dom(H) =
{

ϕ : ϕ′ is absolutely continuous, ϕ(0) = 0, supp(ϕ) is
bounded, and −ϕ′′ + pϕ ∈ L2(R+)

}
is essentially selfadjoint. The fact that the domain dom(H) is dense in L2(R+) follows
from [K, Chapter VI, §4, Theorem 4.2]. It can easily be checked that the operator H is
symmetric. Therefore, to prove that H is essentially selfadjoint, it suffices to verify that
H∗ is symmetric.

We introduce the operator h = − d2

dx2 − Fx + p(x) with domain dom(h) = {ϕ :
ϕ′ is absolutely continuous} and with values in L1,loc(R+).

Lemma 16. Let v ∈ dom(H∗). Then v′ is absolutely continuous, hv ∈ L2(R+), and
v(0) = 0.

Proof. The definition of H∗ implies that for some w ∈ L2(R+) we have

(5.1)
∫ ∞

0

hu(x)v̄(x) dx =
∫ ∞

0

u(x)w̄(x) dx

for all u ∈ dom(H). Consider the equation hψ = w with initial conditions ψ(0) = 0 and
ψ′(0) = 0. Reducing this equation to an integral one and applying Picard’s method, it is
not hard to show that it is uniquely solvable. Moreover, from the integral representation
it follows that ψ′ is absolutely continuous. We note that, in general, the function ψ does
not belong to L2(R+).
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Let supp(u) ⊂ [0, l]. Using (5.1), we obtain∫ ∞

0

hu(x)v̄(x) dx =
∫ l

0

u(x)hψ̄(x) dx

=
∫ l

0

u(x)
(
−ψ̄′′(x) − Fxψ̄(x) + p(x)ψ̄(x)

)
dx

= −u(0)ψ̄′(0) + u′(0)ψ̄(0) +
∫ l

0

hu(x)ψ̄(x) dx =
∫ ∞

0

hu(x)ψ̄(x) dx.

Thus, for all u ∈ dom(H) we have

(5.2)
∫ ∞

0

hu(x)(v̄(x) − ψ̄(x)) dx = 0.

The operator Hal in L2[0, l] given by the formula Halϕ = hϕ on the domain

dom(Hal) =
{

ϕ : ϕ′ is absolutely continuous, and hϕ ∈
L2[0, l], ϕ(0) = ϕ′(l) = 0

}
is selfadjoint (see [K, Chapter VI, §4, Theorem 4.2]). Therefore, the kernel of H∗

al − i
is zero. Consequently, there exists ψa ∈ dom(h) such that hψ = iψ, ψa(0) = 0, and
ψ′

a(l) = 1.
We consider the family of operators Hl in L2[0, l] with domain

dom(Hl) =
{

ϕ : ϕ′ is absolutely continuous, hϕ ∈ L2[0, l],
and ϕ(0) = ϕ(l) = ϕ′(l) = 0

}
that are given by the rule Hlϕ = hϕ for ϕ ∈ dom(Hl). It is clear that dom(Hal) =
dom(Hl)+̇{Cψa}. Since Hl ⊂ Hal = H∗

al ⊂ H∗
l , we see that the operator Hl is closed

and that the kernel of H∗
l − i is one-dimensional. Moreover, it is easy to show that

ψa ∈ ker(H∗
l − i), whence ker(H∗

l − i) = {Cψa}. The domain of the adjoint operator
looks like this:

dom(H∗
l ) = dom(Hl)+̇ ker(H∗

l − i)+̇ ker(H∗
l + i) = dom(Hl)+̇{Cψa}+̇{Cψ̄a}

(see [BS]). Consequently,

(5.3) dom(H∗
l ) ⊂

{
ϕ : ϕ′ is absolutely continuous, hϕ ∈ L2[0, l]

}
≡ Ωl.

Identity (5.2) is valid for the functions u in dom(Hl) extended by zero to the region
x ≥ l. Therefore, v − ψ ∈ dom(H∗

l ) ⊂ Ωl. It follows that v ∈ Ωl. Since this is true for
all l > 0, v′ is absolutely continuous on the semiaxis.

Since v ∈ Ωl, from (5.1) we deduce that∫ ∞

0

u(x)
(
hv̄(x) − w̄(x)

)
dx = u′(0)v̄(0), u ∈ dom(H).

Consequently, hv(x) = w(x) ∈ L2[0,∞) and v(0) = 0. �

Lemma 17. For every ε > 0, there exists N > 0 such that p(x) = pε(x) + p0(x),∫ 1

0

|pε(x)| dx ≤ ε, |p0| ≤ N.

Proof. This follows from the fact that p(x) is absolutely integrable. �

Lemma 18. If u is a continuously differentiable function, then∫ ζ

0

|pε(x)||u(x)|2 dx ≤ 4ε

∫ ζ

0

|u′(x)|2 + |u(x)|2 dx, ζ > 0.
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Proof. For each α ∈ [1, 2], we have∫ n+α

n

|pε(x)||u(x)|2 dx

≤ max
n≤x≤n+α

|u(x)|2
∫ n+α

n

|pε(x)| dx ≤ 2ε max
n≤x≤n+α

|u(x)|2

≤ 4ε

∫ n+α

n

|u′(x)|2 + |u(x)|2 dx

(the latter estimate is based on the fact that the embedding H1[0, 1] ⊂ C[0, 1] is contin-
uous). Next,∫ ζ

0

|pε(x)||u(x)|2 dx =
[ζ]−2∑
n=0

∫ n+1

n

|pε(x)||u(x)|2 dx +
∫ ζ

[ζ]−1

|pε(x)||u(x)|2 dx

≤
[ζ]−2∑
n=0

4ε

∫ n+1

n

|u′(x)|2 + |u(x)|2 dx + 4ε

∫ ζ

[ζ]−1

|u′(x)|2 + |u(x)|2 dx

= 4ε

∫ ζ

0

|u′(x)|2 + |u(x)|2 dx. �

Lemma 19. Let u ∈ dom(H∗). Then for all but finitely many n ∈ N there exists
ζn ∈ [n, n + 1) such that |Re(ū(ζn)u′(ζn))| ≤ 1.

Proof. Assume the contrary. Then for infinitely many intervals we have

|Re(u(x)ū′(x))| > 1, x ∈ [n, n + 1).

For definiteness, assume that Re(u(x)ū′(x)) > 1 (the case of Re(u(x)ū′(x)) < −1 is
analyzed similarly). Then

|u(y)|2 − |u(n)|2 =
∫ y

n

(|u(x)|2)′ dx =
∫ y

n

u(x)ū′(x) + ū(x)u′(x) dx

=
∫ y

n

2 Re(ū(x)u′(x)) dx ≥ 2(y − n),

whence

|u(y)|2 ≥ 2(y − n),
∫ n+1

n

|u(y)|2 dy ≥ 1.

Since u ∈ L2(R+), the latter inequality cannot be true for infinitely many n. �

Lemma 20. If u ∈ dom(H∗), then∫ R

0

|u′(x)|2 dx ≤ A(u)R + B(u).

Proof. By Lemma 16, we have∫ ζn

0

ū(x)hu(x) dx =
∫ ζn

0

ū(x)
(
−u′′(x) − Fxu(x) + p(x)u(x)

)
dx

=
∫ ζn

0

|u′(x)|2 dx +
∫ ζn

0

p(x)|u(x)|2 dx −
∫ ζn

0

Fx|u(x)|2 dx − ū(ζn)u′(ζn).
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Let ‖u‖ denote the norm of u in L2(R+). By Lemmas 16–19, we have the estimate∫ ζn

0

|u′(x)|2 dx

≤
∫ ζn

0

Fx|u(x)|2 dx +
∫ ζn

0

|p(x)||u(x)|2 dx + Re(ū(ζn)u′(ζn))

+
∫ ζn

0

|u(x)| |hu(x)| dx

≤ Fζn‖u‖2 +
∫ ζn

0

|p(x)||u(x)|2 dx + 1 + C

≤ Fζn‖u‖2 + 1 + C +
∫ ζn

0

|pε(x)||u(x)|2 dx +
∫ ζn

0

|p0(x)||u(x)|2 dx

≤ (Fζn + N)‖u‖2 + 1 + C + 4ε

∫ ζn

0

|u′(x)|2 + |u(x)|2 dx.

Choosing ε = 1/8, we obtain∫ ζn

0

|u′(x)|2 dx ≤ (2Fζn + 2N + 1)‖u‖2 + 2 + 2C,

and the claim follows. �

Lemma 21. The operator H∗ is symmetric.

Proof. Let u, v ∈ dom(H∗). Then∫ R

0

huv̄ dx −
∫ R

0

uhv̄ dx = −u′(R)v̄(R) + u(R)v̄′(R).

By Lemma 16, the left-hand side has a finite limit as R → ∞; we denote this limit by
Cuv. To prove the lemma, it suffices to show that Cuv = 0. Using Lemma 20, we can
write

(5.4)
∫ R

0

(
−u′(x)v̄(x) + u(x)v̄′(x)

)
dx = CuvR + o(R),

and ∣∣∣∣∫ R

0

(
−u′(x)v̄(x) + u(x)v̄′(x)

)
dx

∣∣∣∣ ≤ ∫ R

0

|u′(x)||v(x)| + |u(x)||v′(x)| dx

≤
(∫ R

0

|u′(x)|2 dx

)1/2

‖v‖ +
(∫ R

0

|v′(x)|2 dx

)1/2

‖u‖

≤ ‖v‖
√

AuR + Bu + ‖u‖
√

AvR + Bv ≤ Auv

√
R + Buv

for some Auv > 0 and Buv > 0. Comparing the latter inequality with (5.4), we see that
Cuv = 0. The lemma is proved. �
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