Anrebpa u aHau3 St. Petersburg Math. J.
Tom. 16 (2004), Bbim. 3 Vol. 16 (2005), No. 3, Pages 583-589
S 1061-0022(05)00866-6

Article electronically published on May 2, 2005

ABSOLUTE CONTINUITY OF THE “EVEN” PERIODIC
SCHRODINGER OPERATOR WITH NONSMOOTH COEFFICIENTS

M. TIKHOMIROV AND N. FILONOV

§1. INTRODUCTION

The question about the absolute continuity of the spectrum of the Schrodinger opera-
tor is actively studied (see [2, 3] 6] 8, 13, 10]). The operator in question can be described
in detail as follows. For any set = C R%, let hz[u, v] denote the integral

(1) hzlu,v] = /: (g(iV + A)u, (iV + A)v) + Vuv) dz, u,v € H(Z),

where (-, -) is the scalar product in C?. In Ly(R%), consider the bilinear form hga defined
on the Sobolev space Dom hga = H*(RY). We assume that the coefficients satisfy the
following conditions.

Condition 1. The functions g, A, and V are real-valued and 27-periodic in all variables.
Condition 2. a) The matriz-valued function g (metric) is positive and bounded,
cl <g(x)<erl, 0<cy<eg <oo.
b) The magnetic potential A and the electric potential V' belong to the following classes:
A€ Lgloc; V € Lyjaloc;, where q=d ifd>3, and q>2ifd=2.

Under Conditions 1 and 2, hga is a semibounded closed form. The selfadjoint operator
H corresponding to hre will be called the Schrédinger operator.

At present, the absolute continuity of the spectrum of H is known under the following
assumptions. For d = 2, it suffices to assume that detg € Wq{loc, q > 2 (see [13]). For
d > 3, absolute continuity was proved if g(z) = a(x)1, where a is a scalar function,
a€ClAe Hy,, s> (3d—2)/2,and V € Ly oc, p = max{d/2,d — 2} (see [9]).

In [12], Friedlander considered the situation under an additional condition of “even-
ness”.

Condition 3. The operator H is invariant under the inversion x1 — —x1. In terms of
its coefficients, this means that

911(—$179«"/) = 911($179«"/)7 gaﬁ(—l"l, 33/) = 9aﬁ($17$'),

Ag(—z1,2") = Ay(1,2"), V(—z1,2") = V(z1,2),
gla(*ﬂfl,f/) = *gla(xlafc’)a Al(*flaw/) = *Al(fvhiﬂl),
a,f=2,...,d.
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Friedlander showed that the absolute continuity of H follows from Conditions 1, 2a),
and 3 if g, A, and V are infinitely smooth. Our goal in this paper is to generalize his
result to the case of nonsmooth coefficients. For this, we only need to require that H
satisfy the unique continuation property.

Condition 4. For any E C RY, if u € H'(E), hz[u,v] = 0 for all v € H*(Z), and
u|p=0, where B C Z is a ball, then u=0 in =.

§2. FORMULATION OF THE RESULT

Let T4"! be a (d — 1)-dimensional torus, = (—m,m) x T¢"! a toroidal cylinder,
Iy = {#7} x T9"! the left and right edges of 2, Q2 = T'_ UT';. For the set 2, we omit
the index in the form (@), hlu, v] := hqlu,v].

Theorem 2.1. Suppose the coefficients g, A, V' of the form () satisfy Conditions 1-4.
Then the set of points ¢ € C satisfying the following properties is finite:

1) ¢ £0, [¢] £ 1;
2) there exists uc € H*(Q) \ {0} such that u¢ |r, = Cuc |r_ and

hluc,v] =0 for all v € H'(Q) with {vlr, =v|r_.

This theorem implies by standard methods (see [3| [7]) that the number A = 0 cannot
be an eigenvalue of the operator H.

The unique continuation property for the solutions of elliptic equations is well inves-
tigated.

Theorem 2.2 (see [14]). Let d =2, and let g,V € Loo, A =0. Then H has the unique
continuation property.

Theorem 2.3 (see [5]). Suppose d > 3, g € Lip, A € Lgioc, ¢ > d, and V € Ly 0c-
Then H has the unique continuation property.

Under these assumptions about the coefficients, we shall see that A = 0 is not an
eigenvalue of H. Since the conditions on the potential V' are invariant with respect to
the shift by a constant, the point spectrum of H is empty. So, the following statement
is true.

Theorem 2.4. Suppose that the coefficients of the operator H satisfy Conditions 1, 2a),
and 3, and that

a) VeLy, A=0ifd=2;

b) g€ Lipa Ae Lq,locaq > da Ve Ld/2,loc Zfd > 3.

Then the spectrum of H corresponding to the form (d) with = = R is absolutely
continuous.

Remark 2.1. From the unique continuation theorem (see [5]) it follows that in the two-
dimensional case with g € Lip and A € Lgoc, V' € Lg/2,10¢; ¢ > 2, the spectrum of
the “even” operator H is absolutely continuous. But this result has already been known
without the assumption of “evenness” (see [13]).

Remark 2.2. The assumptions in b) are close to optimal. If d > 3, then there exists a
Schrédinger operator H with g € (., C%, A =0, and V' = 0 that does not possess the
unique continuation property and has an eigenvalue of infinite multiplicity (see [I1]).

Remark 2.3. In the same way, a similar statement for a waveguide can be proved. Let
U be a bounded domain in R*, k < d, with Lipschitz boundary. Suppose that g, A, V
satisfy the assumptions of Theorem 24 in = = R4* x U (g, A, V are periodic in the
first (d — k) variables). Then the spectrum of the operator H corresponding to the form
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(@ and defined on Dom hz = H'(Z) (the Dirichlet problem) or Dom hz = H'(Z) (the
Neumann problem) is absolutely continuous.

The remaining part of the paper is devoted to the proof of Theorem 211 Mostly, we
use the method of [12], where the Dirichlet-to-Neumann operators play a crucial role.
We do not use the pseudodifferential technique, working with Dirichlet—Neumann forms
(defined on the trace space H 1/2 (T'+)) instead of operators; this approach permits us to
handle nonsmooth coefficients.

In §3, the solvability of various boundary value problems in the cell € is discussed. In
84, we prove an auxiliary estimate. In §5 we define the Dirichlet—-Neumann forms and
investigate their properties. The proof of Theorem 2.I] will be completed in §6.

§3. BOUNDARY-VALUE PROBLEMS IN THE CELL

Consider the kernel of the Dirichlet problem

kerp == {w € HY(Q) : h[w,v] = 0,v € Hl(Q)}

It is easily seen that dimkerp < co.
Let B : HY?(T4 1) — H'(Q) be a bounded linear extension operator such that
(Be) [r_= ¢, (By) |r, = 0. By definition, we put

Dom := {¢ € H'/*(T*"!) : h[Byp,w] = 0,w € kerp }.

Remark 3.1. 1) The definition of Dom does not depend on the choice of the operator B.
2) The codimension of Dom in H'/? is finite.

Lemma 3.1. The problem

hlu, 0] =0 for all v € H'(),
(2) _ _
uh—*@a U‘F-f-io)

has a solution in H*(Q) if and only if p € Dom. If ¢ € Dom, then there exists a unique
solution u of (@) such that u L kerp.

Proof. Obviously, if (@) is solvable, then ¢ € Dom. Conversely, let ¢ € Dom. The
Fredholm theory shows that there exists ug € H'(Q) such that

hlug,v] = h[Bep,v] for all v € H'(Q).
Then u = By —uy is a solution of (). The final statement of the lemma is obvious. O

Definition 1. By the Poisson operator P we shall mean the operator P : Dom — H!(Q)
that takes ¢ € Dom to the solution u of (2) orthogonal to kerp.

Remark 3.2. The two-sided estimate
3) collelle < 1Pellar < esll@ll e
is true.
Also, we introduce the inversion operator
(Ju)(z1,2") == u(—x1,2")
and the operators B := JB, P := JP. By Condition 3, we have
h[Ju, Jv] = hlu,v], wu,v € H(Q),

and J kerp = kerp.



586 M. TIKHOMIROV AND N. FILONOV

Lemma 3.2. Let ( # +1. The problem

hlu,v] =0 for allv e HY(Q),
(4) _ _
U |1—L_ ®, U |F+_ C(pv

has a solution in H' if and only if ¢ € Dom. In this case
(5) u="Po+(Po+w, wherew €kerp.

Proof. Let u be a solution of (#). Then (1 — ()~ (u — (Ju) is a solution of (2)), whence
¢ € Dom. Conversely, let ¢ € Dom. Then the function u = Py 4+ (P is a solution
of #). The final statement of the lemma is obvious. ]

84. THE SPACE R(P)

The image of the Poisson operator can be described explicitly:
R(P)={ue H'(Q) :ul|r,=0, hlu,v] =0 Vv € H'Y(Q), u L kerp}.
Thus, R(P) is a closed subspace of H'(€2), and R(P) N H(Q) = {0}.

Lemma 4.1. Let W be a closed subspace of H () with W 0 H*(Q) = {0}. Let ¢ €
L.(Q), where r > 1 ifd =2 and r = d/2 if d > 3. Then for any € > 0 there exists c(g)
such that

/ || dmgs/ \Vu|2d$+c(€)/ |ul>dS, weW.
Q Q o9

Remark 4.1. Of course, this statement is valid for any bounded domain with Lipschitz
boundary.

Proof. Suppose that for some € > 0 there exists a sequence {u,} C W such that
[ 0l do =13 eVl oy + e on 100

Without loss of generality we may assume that w, ;w? u. It is well known that the
embedding
HY(Q) C La(€, [¢|dx)

is compact (for d = 2 this is a consequence of the fact that the embedding H' C Lo /(r—1)
is compact; for d > 3 we refer the reader to [I]). Thus, [, |1/)u2| dx = 1. On the other
hand, since |[u, |sq ||z, — 0 and the embedding H!(Q) C L2 (99) is also compact, we
have u |po= 0. Therefore,

wue H(Q)NW = u=0,

a contradiction. O

Corollary 1. Suppose g, A, and V satisfy Condition 2. Then for any € > 0 there exists
C(e) such that

/((gA,A)+|V|)|u|2dx+2/ (g Au, Vu)| do
Q Q

ge/ |vu\2dm+0(5)/ w2dS, ue R(P).
Q Ir_
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§5. DIRICHLET-NEUMANN FORMS

In Lo(T?1), consider the subspace H := Dom™ (if kerp = {0}, then H coincides
with L2)

Definition 2. The forms ng,n; in the Hilbert space H that are defined on the domain
Domng = Domn; = Dom

by the formulas )
nO[SDaQM = h[,PQD,,PﬂJ}, 711[%1/)] = h[lpcp’lpw]a

will be called the Dirichlet—Neumann forms.

It is easily seen that ng is Hermitian. The form n; is also Hermitian, which follows
from Condition 3:

nilp, 9] = h[Pp, Py] = h[Po, Py] = m[9, ¢o].
Lemma 5.1. The form ng is semibounded and closed.

Proof. Let ¢ € Dom, Py = u. By the corollary to Lemma E.T], we get

nolp, ¢] = /Q ((g9(iV + A)u, (iV + A)u) + V|u|2) dx

> C—O/ |Vu\2dx—04/ || dS.
2 Ja r

Thus, the form ng is semibounded. Combining (Bl) and (B]), we obtain

(6)

csllollFe < noles o] + callelli, < csllellze

so that ng is closed. O

To prove that kerny = {0}, we need the following facts.

Lemma 5.2 (see, e.g., [@]). Let I,1,...,l, be bounded linear functionals on a Hilbert
space. If ﬂZZl kerly, C kerl, then l is a linear combination of ly,...,1l,, i.e, | =
ZZ:l Oék-lk..

Lemma 5.3. Suppose the coefficients of the form h satisfy Condition 4. If the function
w € HY(Q) is such that

1) U)‘F+ = 0,
2) hv,w] =
then w = 0.

0 for any v € HY(Q) with v [p_= 0,

Proof. Consider the cylinder = = (—7,4) x T9~! and the function w(x) € H'(Z) such
that w(z) = w(z) if 21 < 7 and @w(x) = 0 if z; > 7. Then w € H(Z) and

h=[w,v] = hlw,v |o] =0, ve HY(2).
Now, the identity w = 0 follows from Condition 4. (]
Theorem 5.1. The kernel of the form ny is trivial, kern; = {0}.
Proof. Let ¢ € kerny, Py = u. Then
hlv,u] =0 for all v € R(P).

Let {ux} be a basis in kerp. Consider the linear functionals

() = h[By,u], () = h[By, uy)
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on H'/2(T4-1). By definition, (), kerl;, = Dom. If ¢» € Dom, then h[Bt), u] = h[Pt, u] =
0, whence Dom C ker!. By Lemma[5.2] there exists ug € kerp such that
h[BY,u —uo) =0 for all ¢ € HY/2(T41),
If w = u — ug, then hlv,w] =0, v € Hl(Q) Consequently,
hlv,w] =0 forallve HY(Q):v|r_=0.

Lemma 5.2 yields w = 0, so that u = ug € HY(Q) < u =0. O

§6. PROOF OF THEOREM 211
We shall use the following abstract statement.

Lemma 6.1. Let H be a Hilbert space, let F be a dense linear set in H, and let
ng, n1 be Hermitian bilinear forms such that Domng = Domn; = F. Assume that
ng is semibounded from below and closed, kerny = {0}. If the embedding of F with
norm || f|% = nolf, f]1 + Y| fll3, in H is compact, then the set of nonreal z such that
ker(ng + zn1) # {0} is finite.

Proof. Without loss of generality we can assume that Im 2z > 0. Consider the set
M ={2z€C:Imz > 0,ker(ng + zn1) # {0}},

and let
M= Z ker(ng + znq)
zeM
be the linear span of such kernels. For z1,29 € M (including the case where z1 = z3)
and ¢ € ker(ng + zxn1), k = 1,2, we have
nolp1, p2] + 2111, 2] =0, noler, 2] +Zanap1, 2] = 0.

Therefore, no[cpl, 502] = nl[‘ph 302] - 07 whence TLO[‘P, ¢] = nl[(pa ¢] = 07 2 ¢ € M.
Combining this and the compactness of the embedding F C H, we see that dim M < co.
Next, there exist operators Ny, N1 : M — F such that

(Nko, ) F = nilp, ], @eM, YpeF.

Obviously, ker Ny = {0}. If ¢ € ker(ng + zn1), then Ny = —zNj¢, whence R(Ny) =
R(N7), and we can define the operator N; ' Ny acting in M. Then the cardinality of M
does not exceed the dimension of M, because M C o(—N; " Np). O

Proof of Theorem 2.1. Suppose that ¢ € C, Im¢ # 0, |[¢| # 1 and there exists u¢ €
H'(Q), u¢ # 0, such that u¢ |, = Cu¢ [r_ and

hlue,v] =0 for all v € H'(Q) with (v |, =v [r_ .

By Lemma[32 (formula (5)), we have u; = P 4 (Py +w, where w € kerp, ¢ = u¢ |r_.
First, suppose ¢ = 0. Then u¢ € kerp. If f € H'(Q2) and f |[r_= 0, then

h[¢Tu¢ + uc, f] = hlue, (T f + f] = 0.

By Lemma B3 Juc = —('u¢. Since the spectrum of J consists of two numbers 1 and
—1, we have u¢ = 0, a contradiction.
Now, let ¢ # 0. Then, for any 1) € Dom, choosing v = Pt + (P, we get

0 = hluc,v] = h[Pp + Py +w, Py + CPP] = (1 + (H)nafp, 1] + 2¢nop, 9]
- no [‘va] + Zn][@,'(/}] = Oa
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ere 2 = (1 +¢?)/(2¢). Recall that 2 ¢ R by assumption. The compactness of the
bedding F = Dom C H follows from the compactness of the embedding H'/2(T?~1)

Ly(T971), which allows us to apply Lemma So, the number of such ( is finite. O
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