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APPROXIMATION OF SUBHARMONIC FUNCTIONS

I. CHYZHYKOV

ABSTRACT. In certain classes of subharmonic functions v on C distinguished in terms
of lower bounds for the Riesz measure of u, a sharp estimate is obtained for the rate
of approximation by functions of the form log |f(z)|, where f is an entire function.
The results complement and generalize those recently obtained by Lyubarskii and
Malinnikova.

§1. INTRODUCTION

We use the standard notions of subharmonic function theory (see [1]). We put D, (t) =
{eC:|(—2 <t}, z€ C,t >0. For a function v subharmonic in C, we write
B(r,u) = max{u(z) : |z| = r}, r > 0, and define the order p[u] by the relation pu] =
limsup,_, ., log B(r,u)/logr. Also, let u, denote Riesz measure associated with the
subharmonic function u, and let m be plane Lebesgue measure. The symbol C with
indices stands for some positive constants. If u = log|f|, where f is an entire function
with zeros {ay}, then ju, = >, nid(z — ar), where ny is the multiplicity of the zero ay,
and 0(z — ag) is the Dirac function concentrated at ax. However, the class of functions
subharmonic in C is broader than that of functions of the form log |f|, where f is an
entire function. Since it is often easier to construct a subharmonic function rather than an
entire one with desired asymptotic properties, a natural problem arises of approximating
subharmonic functions by the logarithms of the moduli of entire functions. Apparently,
Azarin [2] was the first to investigate this problem in the general form in the class of
functions subharmonic in the plane and having finite order of growth. The results cited
below have numerous applications in function theory and potential theory (see, e.g.,
B1-[61).

In 1985 Yulmukhametov [7] obtained the following remarkable result. For any function
u subharmonic in C and of order p € (0,400), and for any o > p, there exists an entire
function f and a set E, C C such that

(1.1) ‘u(z)flog\f(z)H < Culoglz|, z— 00, z¢ E,,
and E, can be covered by a family of disks D, (t;), j € N, satisfying the estimate
Z\zj|>R t; = O(R"~®), R — +4o00. In the special case where the subharmonic function u

is homogeneous, log |z| in (I.T) can be replaced by O(1) (see [3,[8]). Passage to an integral
metric allows us to drop an exceptional set in the case of approximation of subharmonic
functions of finite order. Let || - ||, be the norm in the space L7(0, 27), and let

O(logr), r — 400, plu] < +o0,
Q(r,u) = { O(logr +logn(r,u)), r — +oo,
r ¢ E, meas E < 400, plu| = +o0.
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In [9] Gol'dberg and Girnyk proved that for an arbitrary subharmonic function u there
exists an entire function f such that

Hu(rew) —log |f(rei‘9)|Hq =Q(r,u), >0, ¢>0.

From the recent result of Lyubarskii and Malinnikova [I0] it follows that integration of
the approximation rate over the plane measure makes it possible to lift the assumption
that v is of finite order and leads to sharp estimates.

Theorem A ([10]). Let u(z) be a subharmonic function in C. Then for each q¢ > 1/2
there exists Ry > 0 and an entire function f such that
1

(1.2) -
TR? ). <R

|u(z) —log | f(2)|| dm(z) < qlog R, R > Ry.

An example constructed in [I0] shows that we cannot take ¢ < 1/2 in ([LZ). In con-
nection with Theorem A, the following Sodin’s question is known, which is a refinement
of Question 1 in [IT} p. 315].

Question. Given a subharmonic function v on C, does there exist an entire function f
and a constant « € [0, 1) such that

(1.3) / ) 108 )]~ alog | dm(z) = O(F®), B> Ro?

Remark 1. Question 1 in [11} p. 315] corresponds to the case of & = 0. The example in
[10] mentioned above implies the negative answer to this question.

On the other hand, restrictions on Riesz measure that bound it from below make it
possible to refine estimate (L2).

Theorem B ([I0]). Let u(z) be a subharmonic function in C. If, for some Ry > 0 and
q > 1, we have
(1.4) pu({z: R <|z| <¢R})>1, R> Ry,
then there exists an entire function [ satisfying

sup R™2 lu(z) —log | f(2)|]| dm(z) < oo.

R>0 |z|<R
Moreover, for every € > 0 there exists a set E. C C such that

limsupm({z € E:|z2| < R})R % <¢

R—o0
and
(1.5) u(z) —log|f(2)|=0(1), z¢E., z— oo.

A gap is seen between the statements of Theorems A and B. The following question
arises: how can the estimate of the left-hand side of ([:2) be improved if (4] fails? The
answer to this question is given by Theorem [Il

Let ® be the class of slowly varying functions ¢ : [1,4+00) — (1,400) (in particular,
Y(2r) ~(r) as r — +00).

Theorem 1. Let u be a function subharmonic in C, and let p = p,,. If for some b € ®
there exists a constant Ry such that

(1.6) p{z: R<|z| < RY(R)}) >1 forall R> Ry,

then there exists an entire function f satisfying the condition

(L.7) /| 1) 108 )| dm(z) = OGP g () (R 2 R
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Corollary 1. Under the hypothesis of Theorem[Dl for every € > 0 there exist K(g) > 0
and a set E. C C such that

(1.8) ligsot.}p @ <e
and
(1.9) |u(z) —log |f(2)|] < K:logd(|z]), = ¢ E..

The following example and Theorem 2] show that estimate (I7) is sharp in the class
of subharmonic functions satisfying (L]).
For ¢ € @, put

b

1 z
(1.10) u(z) = uy(z) = 3 ];logll o

where rg = 2, 741 = rre(re), ¥ € NU{0}. Then p, satisfies condition (LB) with
P(z) = p*(2).

Theorem 2. Let ¢ € ® be such that ¥(r) — +oo (r — +00). There exists no entire
function f with

/| B [ (2) — log |£(2)]| dm(z) = o(R*log ¥(R)), R — oo,

From the next Theorem 2 it follows that the answer to Sodin’s question formulated
above is in the negative. It was Girnyk who drew the author’s attention to that question,
as well as to the fact that the negative answer follows from the above example.

Theorem 2'. Let o be an arbitrary positive continuous function defined on [1,4+00), and
let o(t) — 0 (t — 00). No entire function f and no constant o € [0,1) can satisfy

R
/ ’u¢(z) —log|f(2)] — alog |zH dm(z) = 0(R2/ a(t) dt), R — oo.

|z|<R 1t
Remark 2. The growth of flR

flR @ dt = o(log R).

@ dt as R — +oo is restricted only by the condition

Remark 3. The author does not know whether it is possible to refine estimate (L.8) of
the exceptional set for ([LJ). In [12], sharp estimates of the exceptional set outside of
which (L9) is true were obtained for a class of subharmonic functions subject to some
additional restriction on Riesz measure.

§2. PROOF OF THEOREM [I]

2.1. Partition of measures. It has turned out that, in order to have a “good” ap-
proximation of a subharmonic function by the logarithm of the modulus of an entire
function, we need a “good” approximation of the corresponding Riesz measure by a dis-
crete measure. The Riesz measure defined on the Borel sets in the plane is subject to the
only requirement that it should be finite on the compact sets. The following theorem on
partition of measures is the principal step in the proofs of Theorems 1, 2, and 2’.

Theorem C. Let p1 be a measure in R? with compact support, and let supp u C II and
w(Il) € N, where II is a square. Suppose, moreover, that for any line L parallel to a side
of the square 11, there is at most one point p € L such that

(2.1) 0 <pu({p}) <1 and p(L\ {p}) =0.
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Then there exists a system of rectangles Iy, C I with sides parallel to the sides of I1, and
a system of measures g with the following properties:

1) supp gy C H;

2) (M) =1, 3 pie = 45

3) the interiors of the convexr hulls of the supports of py are pairwise disjoint;
4) the ratio of the side lengths of rectangles Iy, lies in the interval [1/3, 3];

5) each point of the plane belongs to the interiors of at most 4 rectangles Ily,.

Theorem [C] was proved by Yulmukhametov (see [7, Theorem 1]) for absolutely con-
tinuous measures (i.e., for v such that m(F) =0 = v(E) = 0). In this case condition
(200) is fulfilled automatically. In [4) Theorem 2.1], Drasin showed that Yulmukhame-
tov’s proof works if the condition of continuity is replaced by condition (2I). In its turn,
condition (ZT]) can be met by rotating the initial square (see [4]). Though in [10] it was
noted that Theorem [C] remains valid even without condition (ZII), the author does not
know any proof of this fact. Moreover, in the proof of Theorem 2.1 in [4] (this is a version
of Theorem [(), condition (ZI) was used substantially. In this connection, we mention
the paper [13] by Grishin and Makarenko, where a two-dimensional version of Theorem
[Cl was proved under the condition that the measure loads no line parallel to a coordinate
axis.

Remark 4. In the proof of Theorem [ given in [4], the rectangles II; are obtained by
splitting the given rectangles, starting with II, into smaller rectangles in the following
way. The length of the smaller side of an initial rectangle coincides with that of a side
of the resulting rectangle, and the length of the other side of the resulting rectangle is
between one third and two thirds of the length of the other side of the initial rectangle.
Thus, the following form of Theorem [, which will be used in the sequel, is true.

Theorem 3. Let ;v be a measure in R? with compact support, and let supp p C II and
w(IT) € 2N, where II is a rectangle with the ratio by/ag = ly € [1,+00) of the side lengths
ap,bo (ag < by). If, moreover, condition (210 is fulfilled, then there exists a system of
rectangles I, C I1 with sides parallel to the sides of I1, and a system of measures py with
the following properties:

1) supp pu C Ily;

2) pr(Iy) =2, >4 pr = 3

3) the interiors of the convex hulls of the supports of ui are pairwise disjoint;

4) the ratio by /ay, of the lengths ak, by (ar < br) of the sides of Il lies in the interval
[1,lo], and, moreover, if l;, > 3, then ar = ap;

5) each point of the plane belongs to the interiors of at most four rectangles Ily,.

As was noted in [3], the idea of partition into rectangles of mass 2 is due to Grishin.
In order to apply Theorem Bl we need the following lemma (see also [4, Lemma 2.4]).

Lemma 1. Let v be a locally finite measure in C. Then in any neighborhood of the origin
there exists a point 2’ with the following properties:

a) on each line L, through 2', there is at most one point (, such that v({(,}) > 0,
and, moreover, V(Lo \ {¢a}) = 0;

b) on each circle C, with center 2', there exists at most one point (, such that v({(,}) >
0, and, moreover, v(C, \ {(,}) = 0.

We give a simple example for illustration. Let v(z) = ) yd(z —n). Then v(R) =
+00o. As 2z’ we can take any point of the disk {z : |z| < 1} with nonzero imaginary part.
Proof of Lemma 1. We put B,, = {z:2" < |z| <2"T'}, n € N, and By = {z : |2| < 2},
v, = I/‘B . Since v is a locally finite measure, v,,(C) = v,(B,) < +00. There is
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an at most countable set (,r of points such that v, ({Cnr}) > 0. Therefore, the set
E1 = U, Ui {¢uk} is at most countable. Given a pair of points in E;, we consider the
straight line through these points and the middle perpendicular to the segment connecting
these points. All these lines cover some set A C C with m(A) = 0. Let z; € C\ A. By
construction, an arbitrary straight line through the point z; contains at most one point
with positive mass. The same is true for an arbitrary circle centered at z;. We define
vl = vn — ZV"({C})>O vn({¢})éc, n € Zy, and 6¢(z) = 6(z — ¢). Then, for any z € C,
we have v),({z}) = 0, n € Z,. Since the intersection of two different circles (straight
lines) is either the empty set, or a point, or two points, and v, (C) < 400, the countable
additivity of v, shows that there exists at most countable set of circles and straight lines
with positive v,-measure. The union F,, of all these straight lines and all centers of these
circles has zero area. Now, if 2/ € C\ (AU UnEZ+ F,,), then for any n € Z, the measure
vy, of any circle with center 2z’ as well as that of a straight line through 2’ is equal to zero.
Consequently, their v-measure is also equal to zero. Finally, by the countable additivity
of the plane measure, we have m(A U, ¢z, Fn) = m(A) + 32, m(F,) = 0. Thus, any
point 2’ € (C\ (AU, ez, Fn))NU, where U is an arbitrary neighborhood of the origin,
possesses the required properties. O

Taking the above lemma into account, we may assume that properties a) and b) in
Lemma 1 are fulfilled at the origin. We follow the method of proof used in [10], assuming
that ¥ (z) / 400 as * — +00, because otherwise Theorem 1 is equivalent to Theorem B.
Without loss of generality, we can assume that «(z) is harmonic in a neighborhood of
z = 0. Otherwise, we choose an arbitrary a > 0 such that n(a) < N < n(a+0) for some
N € N and introduce the measure v that is equal to p in Dg(a) and contains the part
so that v(Dg(a)) = N. Then p—v = 0in Dy(a) and, in place of u, we consider

//L| zZi|Z|=a
thé flulllcti}on u(z) = u(z) — [ log|z — (| dv(C). The quantity [.log|z—(|dv(¢)—N log|z|
is bounded as z — 4o00. Therefore, without loss of generality we assume that Ry =
sup{r > 0 : suppu N Dy(r) = @} > 1. Put ¥;(R) = RY(R), ¥,(R) = ¥1(V,_1(R)) for
n € N, ¥g(R) = R, R > 1. By induction, we define measures u,(c]), j€{1,2,3}, and a
sequence (Ry), k € N. Suppose that the Nz(] ) have already been defined for I < k, and
the R; are defined for [ < k. Let

k—1

Qu=1{CeC: R << nRYY, iy = (= 208"+ + )
1

Qk

<.
Il

If p, (Qr) < 2, we put uk (Qk) =0, ,u,(c) = U uf) =0. If p, (Qr) > 2, we write
= u,(cl) + ,u,(C ) 50 that uk (Qk) = 2[p;, (Qr)/2], where [a] denotes the integral part of

a. If uk (Qk) > 1, we put ,uk (Qk) =0 and Rp41 = V1 (Ry). Otherwise, we define
Riy1 = inf{R > Ry : ,U({\Ill(Rk) < |Z| < R}) > 1},

(%) we mean the sum of the restriction of pto {¢: ¥1(Ry) < [¢| < Rig1} and f,

and by p,
where [i is a part of the restriction N|{<:\C\=Rk+1} such that ,u,(f) (C) = 1. By construction,
for all £k € N we have the following:
1) suppuk C Qr, 1y (Qr) € 22
2) Vi(Ry) < Rk+1 < o (Re);
3) supp(u® + 1) € (G Ru < I < R
) 1< (i + i) (¢ B <16 < Riwn)) <2
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Let p() = Zj ; ,u] , p®d = Z;F:Oi’(,u;m + u§.3)). From 3) and 4) it follows that
1®(Dy(R)) = O(log R), R — +00. Therefore, uy(z) = Jolog|1— f| dp® (¢) is a subhar-
monic function in C. Let u;(2) = u(z) — uz(2). Then ju,,, = pu(Y). We shall approximate
w1 and uo separately. It suffices to prove that

29) I, dgf/ o lu(z) — log | £(2)]| dm(z) = O(4" log¥(2")), n — +oo.
2n on+1

Indeed, let R € [27,2"*1). Then from @32) it follows that
iz 1) =Yg () _ Sy o cpaemnos (2) ~ log £ R dm(2) + O()
R2 - qn

n k k
< Cy Zkzojnl()gw(2 ) < 4C log ¥ (2™).

2.2. Approximation of uy(z). By construction, pu?(C) = 4o00. We put 7, =
sup{R > 0 : @ (Do(R)) < 5n}, A, = {C : T, < |¢] < Tny1}. Let (An,pn) be a
partition of the measure u(?) such that u(Z) = Zz:i Lk, SUPD tn C Ay, and p,(Ay,) = 5.
We introduce r,, by the identities logr,, = %fAn log|¢] dpn(¢), n € N, and consider the

formal product
—+oo

folz) = H(1 _ %)5

n=1
) implies that
(23) \Ill(Tn) < Tn+1 < \IJG(Tn)-

Since rp41/Tn-1 = Tnt1/Tn > ¥(T,) — 400, n — 400, the function f; is entire. Let

() = [ (1ogft = 2| < togf1 = 2| )

- /Ak<llog‘l - g‘ flog‘l - %’“D dpr(€)-

Here we have used the choice of ri. Fix n € N, and let 2" € [Tn,Tn+1). Then for
k> N +2and ¢ € A, we have || > Ty, > |2|Ti/TN+1, 7k > |2|Tk/Tn+1. Consequently,
|log |1 — §|| < 2z|/[¢], |log |1 — i|| < 2|z|/rg. Therefore,

Property 4) of the measures i

(2.4)

o0 oo

T
/ > ld(2)]dm(z) < / > 20— dm(z)
(2.5) 2n<|z|<entt ) T, nglai<zntt S0, Tk
T
< G Ly — 5(4),  n— oo
N+2
Similarly, |dg(2)] < 20T}4+127™ for k < N — 2. Using ([Z4), we obtain
N-—2
(2.6) / S Jdi(2)| dm(z) < o(4"), - oo,
an<|z|<2nt T

We estimate f2"<|Z|<2"+1 |di(z)| dm(z) for k € {N — 1, N, N + 1}. By definition,
/ 42 (2)] dm)
on <fs|<ant

:/ / (logll— —‘ 1og’
2n§|Z|S2n+1 AN+1

) ) dMN+1(C)‘dm(Z>-
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If |¢| > 2[2| and { € Ay, then [log|1 — §|| < log2. Otherwise, we have T41 < [¢| <

2|z| < 272 < 4Tn 1. Therefore, applying Fubini’s theorem and changing the variables
by the rule Ty111m = ¢, Tn+1£ = 2, we obtain

(2.7)
/2"§z§2n+1 /AN+1 ‘IOg}l - %Hdﬂ]\’“(odm(z)

< 2/ dm(z) +/ /
2n<z|<2ntt 27 <|z]<2n 1 JTn 1 SICIS4AT N 41

— o) + T2, / /
1<|n|<4 J27 /Ty 1 <|€|<2" T /Tn4a

- o) +ou) [ o /w]log\l - %H dm(€) dpir 1 (T 411).

log|1 - EH dpin1(C)dm(z)

togl1 - %H dm(€) dpi 41 (T 417)

However, elementary calculations show that
[ el £ [l amie) < s
l€1<2 N
for 1 <75 < 4. Recalling that un4+1(C) = 2, from (1) we deduce the estimate

(2.8) / /
2n§|z|§2n+1 AN+1

Similarly, if ry11 > 272 > 22|, then ’10g|1 — Z/TN+1H < log2; otherwise, Ty <
rni1 < 272 whence (Ty11€ = 2)

/2n52§2n+1

=04") + O<4” /1/2<|£<1‘10g‘1 — %H dm(§)> =0(4"), n— +oo.

log‘l . EH djn41(C) dm(z) = O(4™), 1 — +oo.

z

log‘l — Hdm(z)

N+1

(2.9)

Now, we estimate the integral of |dy(2)| over the annulus {2" < |z| < 2"F1}. Putting
o(z) = z/¢(x), we have

/AN /zn<|z|<2n+1

z—¢
< +/n . >‘log‘Hdm(z) dpin ()
/2"-1<<|<2”+2 </D<(¢(IC)) SN ¢

z€D¢(e([C])

Tn<[¢]<2mt 2n T2 <(I<TN 1/ J2n <[z <2nH!

=Ini+In2+Ins+ INa.

tog | = dm(2) v ()

log| | am() den (0
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Integrating by parts and using the relation p(z) = o(x), © — +00, we obtain

»(I¢h) <]
Ina =/ (271'/ log—sds> dun(€)
2n—1<|¢|<2nt2 0 S

_ M (<)) >
_%/2“'1<|<|<2n+2< 2 k’gWC')J“/O sds | dun(C)

= (7 + o(1) / (10D log (C]) dun () = 0(4"), 1 — +oo;

2n—1§‘<‘§2n+2

Iq
Ins < / / | log —°L dm/(2) dyin(€)
’ n—1 ni2 2" <22t
2n-rgicisame JLESE T (1<)
<logyp(2" 4™ rpn ({2771 < ¢ < 2"F%}) = O(4" log ¥(2")),

n — —+00.
In the expressions for Iy 3 and Iy 4, the relationships between ¢ and z yield, respectively,
z — C ontl + TN TN+1
log| || < 10g = <log (14251
’ 2 c g Tn 2 Tn
<logy(In)+O(1),

z
§2Hg 1.
<27

z—=C
¢

Therefore, Iy 3 + Ina = O(4"log(2™)), n — +o0. In a similar way we can obtain the

estimate
/2n<z<2"+1

Combining the estimates for Iy ;, j € {1,...,4}, and the latter inequality, we obtain

llog‘

log‘l - %Hdm(z) =0(4"log¥(2")), n — +oo.

(2.10) /2n<| - |[dn (2)|dm(z) = 0(4" logw(Q”)), n — +00.

From the definition (24) it follows that
/ -1 (2)] dm(2)
2n <z <an

S/ / ‘logll—g‘—logll—ﬁv*l
n<|z|<2ntl JAN z z

Much as in the treatment of the integral of dyy1(2), for |¢| < |2]/2, ¢ € An_1, we
observe that ’ log |1 — z/CH < log 2, whence

/ / o1 — & du—1 (¢ dm(2)
2n<|z|<2n 1 J ANy z
< / / o1 — & du—1 (¢ dm(z) + O(4")
2n<|z|<2n 1 J2n =1 <|(| < TN z

Tn /2<[CI<STy J 27 <[z <2nH!

<12 / / [10g[1 = 2| dm(T¢) dun—+(Twm) + 0(4")
1<ini<1 Jan /Ty <fe|<anti /Ty §

=O(T%)+0(4") = 0(4™), n — +oo.

| dran—1() dm(2).

tog1 — | dm(z) dux-1(0) + O(™)
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Finally, from (Z8)—(21I0) and the latter relation we get
(2.11) / lus(z) — log | fa(2)|| dm(z) = O™ log H(2")), 1 — +oo.
2“'S‘Z‘§2"+1

2.3. Approximation of wu;(z). We recall that Qr = {¢ : Rx < |¢] < Rpt¥o(Rgr)},
supp ) € Qr, 1t (Qr) € 22 Let
P, =logQr={s=o0+it:logR; <o <log Ry +logy(Ry),0 <t <27},

and let [, denote the ratio of the larger side of the rectangle Py to the smaller. For k > kg
we have I, = logy(Ry)/(2m) > 1. Consider the measure ug). If pg)({p}) > 2 at some

point p, from this measure we subtract the measure ﬁ,(cl) equal to 2[,u,(cl) ({p})/2] at every

such p. The measure gV = ok [L,(Cl) is discrete, integer-valued, and finite on the compact
sets in C. By the Weierstrass theorem, there exists an entire function f; with zeros of the
corresponding multiplicity on the support of the measure (1) (this support is an at most
countable set of isolated points). We have piogs,| = 4. For every k € N, the measure
puk = ,ugcl) - ,11(1)|Qk satisfies the condition p*({p}) < 2 at every point p € Q. By the
choice of the origin, on the rays emanating from it and on the circles centered at it there
is at most one point p such that 0 < u*({p}) < 2, and at the same time the p*-measure
of the remaining part of either a ray or a circle is equal to zero. Under these conditions,
the measures v* defined by dv*(s) = du®(e®), s € Py, (i.e., v*(S) = p*(exp S) for every
Borel set S), satisfy the hypothesis of Theorem [3 with I = Py, k € N. Applying that
theorem, we obtain a system of rectangles Py, and of measures vg,, 1 < m < N,. We
have Vgm (Pem) = 2, and every point s with |Im s| < 27 belongs to the interiors of at
most four rectangles Py,,,. We enumerate (P, Vim) by natural numbers, in an arbitrary
way. As a result, we obtain (P*) v(*)) with v*)(P*) = 2 and suppv*) ¢ P®*); then
also the remaining properties listed in Theorem [l are fulfilled.
Let wl(l), wl(Z) be the solutions of the system of equations

wl(l) + wl@) = / wdv®(w),
j20)

(2.12)
(wl(l))2 + (wl(Q))2 — / w2 dl/(l)(w),
jZ0)
and let
(2.13) wp = 1/ wdv® (w)
2 /pw

be the center of mass of P(), [ € N. From (ZI2) we see that wl(l) + wl(Q) = 2wy,
/ wW? dv D (w) = (V) + 2w —wf)? = 2w — w)? + 257,
20}
Therefore, by (ZI3)), for j € {1,2} we obtain

i 1
|wl(J) —w| = ’7/ w? dvV(w) — w?
2 Jpw

1
2

1 1
= ‘5/ (w—wy)? du(l)(w)‘ *< diam P = q;.
j20

Since w; € PY | we have

(2.14) sup |w —wl(j)| <2d;, je{1,2}, sup |w—w|<d.
weP® weP®)
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Put Cl(j) = exp{wl(j)} and
(2.15)

V(z) = / 1og‘1—f‘—flog‘l——‘—flog‘l_ ‘ d,u(l) ¢
() zl: Q(z)( cro2 Cl(l) 2 Cl(Q) ) (©)
1
= E :/ (10g |1 —ze | — 3 log‘l - Ze_wl(l) ‘—— 10g’1 - ze_“’l@) D dl/(l)(w)
T Jpw 2 2

= ZAl(z).
l

Under the assumption that the series (2.15) converges absolutely, we need to prove that
/ V(2)]dm(z) = 04" log w(2").
2n<|z|<2ntt

Let £ be the set of Is such that Q) ¢ Dy(2"72), let £~ consist of all I with QWY ¢
{z ¢ |z] > 27"}, and let £° = N\ (L~ U LF). We denote L(w) = log(1 — ze~*). For
le L~ULt,we PW, and 2" < |z| < 2", the function L(w) is analytic. We shall use
the following identities:

L(w)—L(wl(l)):/w L/(s)ds

(1)
1

= L(w)(w —w® ) "(s)(w —s)ds
- = v —ef) 4 [ 26 - 0

=L (w)(w— wl(l))

+ %L”(wl)(w —wM)2 4 %/ L"(s)(w — )2 ds.

From the first identity in (2.16) we obtain

Au2)| = [Re [

(20 = 26) - @) - L)) O w)

2
(2)

§/ /w ,Z ds| dvV (w) + 1/ /wz © ds dvV (w)
(2.17) P |Jom € =z 2 Jpo|Jom e —z
<l sup ot ([ o=l 3l - of?h )
sepo €% = 2| \Jpw 2
3dl|Z|

~inf,cpwy |e5 — 2|’

Let | € £~. The rectangle PU) is of the form {s = o +it : 0; <0 < 0,7,0 <t; <
t < tl+ < 2w}, i.e., the lengths of its sides are equal to O'lJr — o0, and tlJr — 1, . Let N
be the ratio of the maximal of these numbers to the minimal ()\; > 1). By condition 4)
in Theorem Bl for A\; > 3 we have tl+ —t;, = 2m, O'lJr — o0, = 2m);. First, we estimate
the quantities |A;(z)| with A, > 3. Then d; = 2m/1+ A7 < 2logt(et ), because
log Ry, < 0, < o} <log Ry + log(Ry,) for some k € N. From (ZI7) it follows that

) s ) eRes 601—
inf |e®—z| > inf >
seP® seP® 2 2

, leLl™.
But

% _ _ _
/ e fds=e"7 (1— g0l o ) > e % /2.
g

1
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Therefore,

o
(2.18) |[A(2)] < % < 24\z|/ e 7 logy(e”) do
el o,

Since 1 (z) varies slowly, so does log¥(x); consequently,
log (22F11) < (14 €)logh(22%) < (1 4+ &)* M log (), €>0, = > z..

Applying the above estimates and the fact that every point s belongs to the interiors of
at most 4 of the rectangles P(!), from ([2I8) we deduce the inequality

—+oo
D 1A(2)] < 24z e 7 log1(e?) do
lec~ log 2n1
A>3
log on+2+k

< 24|Z|Z/ e 7 log(e”) do

(2.19) fog 2

10g w 2n+k+2)
= 24' | Z on+k+2

+oo k42 n

n (I1+¢) log ¥ (2™)

< 24|z|log ¢ (2™) E IR <96 T
k=0

Using the first equation in (2:12), it is not difficult to obtain the following representation
for Ay:

(220)  Ay(2) = /Pm (log’1 - %}—% : )dy(”(w).

We use (2.20) in order to estimate A; for [ € LT with \; > 3. For the analytic function
Ly(w) = log (1 — %) and z € PW | € LT, identities (ZI6) are true with L = Lo.
Therefore, as in (217), we obtain the estimate

3d 12¢77 d
Au(2)] < - L <= 9 gect
inf,cpw |1 — ze™9] 2|
Since d; <log (2" 1), 1 € LT, it follows that
log (21 o
> ai) < EE S [T e
+ +7o
(2.21) Nis N

1 27’L 1 lOg omn 1
< 4C3M/ e’ do < Cylog w(Q”_l).
|Z| log R1

For I € L1 U L™, it remains to estimate the A; with 1 < )\; < 3. Then de = m(P(l)),
in particular, d; < 67. In this case, arguing as in [I0] and using the second identity in
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([Z14), we get
1
A =Re [ (0= ef ) - LG - o)
PO
w 1 wl(2)
+ /(1) L"(s)(w—s)ds — 3 /(1) L”(s)(wl(z) —8) ds) vV (w)
{ / / ds dv®(w / / ) ds dv®(w )}

P Juwf PW Ju® 68 -
whence
2.22 Ay(2)] € 6d7|z| su L.
(222) Auz)] < 6] sup ||

If [ € LT, then |e® — z| > |z|/2, and from (@D we deduce the inequality

(2.23) 1A(2)] < 24d2€ < // e do dt.
2] |Z| PO

Applying ([223)), we obtain

4 27 plog2n 2
S 85 [ o L[
PO L 1

R
lect og Ry
(2.24) <3 ,\l<3

Now, let I € L7; then |e® — z| > €7 /2, and therefore, [2222)) implies that

1A (2)| < 24dP|zle™ < Cslz| // e % dodt,
PO

o0

S |A(z)] < 8nKsle ¢~ do = 82|27 < G
leL— 2\ <3 log 2n+1
Combining (219), (Z2T), (2:24)), and the latter estimate, we see that
(2.25) Z |A;(2)] < C7logap(2nT1h).

leLtuL-

Now, let I € £°,i.e., QVNG,, # @, where G,, = {z: 272 < |z| < 2"}, Amongl € L°,
at most eight are such that \; > 3. Indeed, for such I we have Q) = {z : e%1 < || < e"l+}
and 0;" — o, > 6, so that el — % >27=1(1 — ¢=67). Since the interiors of these Q)
form an at most 4-fold cover, for all I except for at most four of them we have et > 271,
and, except for at most eight of them, e > e6727~1 > 27*1 je. the intersection with
G, is empty.

We denote this exceptional set of indices [ by £2. We must estimate | o, |1Au(z)]dm(z)
for e £9. If [¢(| > 3-2" (€ QW, 2 € Gy), then |log|1 — %|| < 2|2|/|¢] < 3. Otherwise,
we have |(] < 3-2", and

(2.26)
log‘l — %H dm(z) < /D o

/DC(Z“')

on
2n
§27r/ log —7dr + sup |10g|§2 ”||7r22" < 724" 4 Cglogp(2n) - 4™.

0 T ceQW

—¢

el
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Thus,
LS| e 2 an @) amee
Gn1eg=17QW ¢
<y (] - ) [ fogft = & amerancc)
S \Jownqigzsany  Jowngg<sery/ Ja, ¢
<> <3 -2m(G,)
leL*
(2.27) +/ (/ log‘l— EHdm(z)
QWn{icl<a27} \ /D (2m) ¢

o).
Gn\Dc(27)

2] + I¢]

+/ / log
QUN{|¢I<3:27} J G\ D (2m) 1q
< Kgd" log ¥(2™).

g1 - % dm(2)>du(”(<)>

dm(z) dp(Q)

For I € £°\ £° we have \; < 3, i.e., all the corresponding rectangles P() are “almost
squares”; this allows us to apply the arguments used in [10, e-g]. Let D; = diam Q).
Under the condition dist{z, Q)} > 4D;, we can use the last identity in (ZI6) and argue
as in (Z22)) to obtain

S
s Z2te

1 ©o
|A(2)| = bRe/P(l)z/wlme o

(2)
1 “i

+ = Rez/ e
2 w®

(2.28)

@l Dp

TG = TG =2
It follows that
(2.29)
[ SRNCTZEEND SE e
Gn 1ero\co 1econ<3” Gn

E (w — )% ds dv (w)
Rl — o) as
) dm(2)

< (/ «f )Ia]dm(e
ZGE%:ZQ Gun{le=¢V1>3D1}  J]z=¢V|<3D;

< >

D3
< / i+ / 1 |Al(z)dm(z)>.
lefo <z W Gun{lz=¢(V>8D1} [z — (2 l2—¢ P |<3D,
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For the first sum in ([2:29) we have

1
Dlg’/ o s dm(z)
1eL£0, )\ <3 {lz=¢; 7/ 1>3D1}NG, |Z - Cl |

271.+1

1
(2.30) < > Dlzw/ st

1€L0, N\ <3 3Dy

< Y 2Df< Y m@Y)

1eLO X <3 leL£O N <3

It remains to estimate f\zfc(l)|<3Dz |A;(z)| dm(z). The definition of A(z) and the relation
1 =
2 :
log [¢1V| +1og || = [ log[¢| du® (¢) imply

|AI(Z)|:/Q<U(I C3Dl‘ CBDl ‘ ’C ) an® ).

Thus,

[ @)
lz—¢ 7 |<3Dy

¢V
s el 3| 55
/Q(l) (/|Z_Cl(1)§3Dl 3Dl 3Dl

C3Dl Hdm )d“(l)(o

= + o ‘ % | drm(z) dp®
/Qm(/u—csm /‘Z i ) ®"3D, we)

la—¢ V<3

3D
==¢Ml<D |G — 2]

l

el
+(/|z—<;2>gwf/z—@%wl)‘ 3|4

|=—¢V|<3D;

< / </ log &7’ dr + (3D;)?*r log 3> du® ()
QW \Jo T

br 3D
+2/ log —leT+7r(3Dl)21og3
0 T

,1‘
+2‘og

< 9(3rlog3 + 1)D? < C1ym(QW).
The latter inequality and ([2.29) yield
/ ST A)dm(z) < > Kim(QW) < K1p27"
G 1eLo\ o lecO\cD
Applying this inequality and (Z25]) completes the proof of Theorem 1. Using Chebyshev’s
inequality, from (2.2)) we can easily deduce Corollary 1.
83. PROOF OF THEOREM 2

Suppose that o satisfies the hypothesis of the theorem. Without loss of generality,
we may assume that ¢(r) = exp{ T U(t dt} is unbounded. Obviously, ¥ € ®. Let uy
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be defined by formula ([LI0) with ¢ = v, ¢ € ®. Suppose that there exists an entire
function f and a constant « € [0,1) satisfying

[ Juste) = 1og ()] - alog | dm2)
|z|<R

<eR’log¥(R), R2 R,

(3.1)

for arbitrary € > 0. There is no loss of generality in assuming that f(0) # 0. By
separating the term 1 log|l — z/r1| from wuy, we reduce the case of a € [1/2,1) to the
case where a € [0,1/2). Therefore, we consider the latter case in detail. We introduce
the counting Nevanlinna characteristics of the Riesz masses u,, and f:

N(r,uy) = /O Lt’tuw) dt,

N(ﬂf):/(:@dta

where n(r, f) is the number of zeros of f in Dy(r). By Jensen’s formula (see [T, Chapter
3.9], we have

1 27

— (uw(rew) —log \f(rei9)| —alogr)df
27T 0

= N(r,uy) — N(r, f) — alogr —log |f(0)].

If R > R. then, since the function log(R) varies slowly, we obtain

2R
/R ’N(r,uw)—N(r,f)—alogr—log|f(0)Hrdr

IN

R 27

2R | g2 _ '
/ / }uw(rew) —log | f(re')| — alogr|dor dr
0
1

< |ug(2) —log | f(2)] — alog|z|| dm(z)

21 Jyzj<om
= 2
< 271'(2R) log ¥ (2R)

< @PF log ¥ (R).

This implies that on [R,2R] there exists r* such that

2e(1+¢)
3

(3.2) IN(r*,uy) — N(r*, f) — alogr™| < log(r*) < elog(r*)

for € € (0,1/2). From (3:2)) we shall derive the relation
1
(3.3) [n(r,uy) —n(r, f) —a] < g0 T oo

Assume the contrary. If (3.3) fails, then there exists a sequence (7%), Tx — 400 as k —
+00, such that either i) n (7, uy) —n(7g, f)—a > 1/2, or ii) n(7g, f)—n(7k, uy)+a > 1/2,
k — 4o0. Consider case i). For arbitrary ¢t € [7x, %], where T4t (7x) = 7%, we have
n(t, uy) — (g, uy) > —1/2; therefore,

n(t, uy) —n(t, f) — a > n(t, uy) — n(te, f) — o+ n(t, uy) — n(1g, uy) > 0.
Since the values of n(t, uy) — n(t, f) are integral multiples of 1/2, we have

(3.4) n(t,uy) —n(t, f)—a>1/2—a>0, te 7.
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Choose t € [Tk, 27%] and T € [1/2,7%] so that (B2) be fulfilled for r* € {tr, T}
Then, using the definition of the function N(r,-) and applying (3:2)) and (34), for ¢ €
(0,1/4 — a/2) we obtain

610g7ﬁ(Tk) > |N(Tk,U¢) — N(Tk,f) — along|

Ty _ _
. / n(t, uy) tn(t,f) L dt — |N(tr,ug) — N(t, f) — alog )|
t

k

1 Tk
> _ v
(2 a) log T e log ¢(tk)

(b Josot» e s

Thus, case 1) is impossible. Similarly, in case ii) we have n(t, f) — n(t,uy) + @ > 0
for t € [1x, Tp¥(Tk)], whence n(t, f) — n(t,uy) + @ > 3, where ( is a positive constant.
Choosing tx € [Tk, 27%] and Ty, € [Tt (%) /2, 0 (11)] satistying B2) instead of r*, and
assuming that ¢ € (0,3/2), in the same way as before we obtain

|N(Tkaf) 7N(Tkau1/1) +Othng|

Tk _
2/ n(t, f) “t(t’“¢)+adt_ |N(tg, f) — N(tg, up) + o log ty]
t

k

> (B =€) log ¢(tk)-

Therefore, case ii) is also impossible. Thus, relation (33]) is proved.

Let pg be the modulus of the kth zero of f (the zeros are enumerated in nondecreasing
order of their moduli). Since the jumps of n(t, f) take natural values, and the jumps of
n(t,uy) take the value 3, relation (Z3) is possible only in the case when, starting with
some kg € N, between every two neighboring jump points pr < pr41 of the function
n(t, f) there are points r,, 7m41, in particular, pr < pg41. First, we consider the case
where a = 0. If py < rop_1, then for r € (pg, rog—1) we have n(r, f) — n(r,uy) > k —
(2k—2)/2 = 1. But if pg > 7o, then n(r,uy) —n(r, f) > 1 for r € (max{rox, pr—1}, Px)-
Therefore, rop_1 < pr < rof starting with some k > k1. Thus,

lf t e [r2k—17 pk)a

: k> k.
ift € [pg,ron),

n(t,uy) —n(t, f) = {

N[ D=

If pr € [rog—1,+/T2k—172k], then, choosing r} € [pg,2px] and t; € [ra/2,rox] such that
B-2) is satisfied with 7* € {r},t;}, we obtain

N(th )~ N(t.uy)
B / n(s. ) — (s, uy)

ds+ N(r, f) — N(r, uy)

. s

k
> 1lo z—Elo W(ry) > <1+0(1)) lo L—EIO »(rE)
T2 g?“?é B =2 & VT2k—1T2k 8Tk

\%

(% —c+ 0(1)) log(ty), k — +oo,

which contradicts B2). If pp € [\/Tox—_172k,T2x], We choose 7} € [rog—1,2r2r-1], t} €
[0k /2, pi] satistying ([B2). Since n(t,uy) — n(t, f) = 1/2 for ¢t € [r},t}], again we arrive
at a contradiction with (2. Consequently, for o« = 0 the theorem is proved.

Now, let a € (0,1/2). Relation (33) is possible only if the expression under the
modulus sign takes the values —« and % — a. Since the numbers ry, strictly increase, and
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the jump of n(r,uy) equals % for r = ry, and the jump n(r, f) equals 1 for r = pg, we see
that pg = rox, k > ko. Also, we have

(3.5) n(tyug) —n(t, ) = {0 HTE R
5 ifte [T2k+1, T2k+2),

Choosing t; € [rog—1,2rok—1] and rj € [ror/2,r2x] that satisfy ([B:F), using (B3), and
arguing as above, we arrive at a contradiction with (3:2)). Therefore, for any a € [0,1/2]
there exists no entire function f with property (B:I); consequently, the same is true for
a € [0,1). Theorem 2’ is proved.

The proof of Theorem 2 is a word-for-word repetition of that of Theorem 2’ for o = 0,
with the difference that ¢ € ® is given by the hypothesis of the theorem.

I would like to thank Professor O. Skaskiv, who read the paper and made valuable
suggestions, as well as other participants of the Lviv Seminar on the theory of analytic
functions, for valuable comments, which contributed to the improvement of the initial
version of the paper. Also, I am indebted to the Institute of Mathematics at the Jagel-
lonian University for hospitality during my stay in Krakéw in April 2002, where a part
of this paper was written.

k > ks.
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