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THE NONEXISTENCE OF CERTAIN TIGHT SPHERICAL DESIGNS

E. BANNAI, A. MUNEMASA, AND B. VENKOV

Abstract. In this paper, the nonexistence of tight spherical designs is shown in
some cases left open to date. Tight spherical 5-designs may exist in dimension n =
(2m + 1)2 − 2, and the existence is known only for m = 1, 2. In the paper, the
existence is ruled out under a certain arithmetic condition on the integer m, satisfied
by infinitely many values of m, including m = 4. Also, nonexistence is shown for
m = 3. Tight spherical 7-designs may exist in dimension n = 3d2 − 4, and the
existence is known only for d = 2, 3. In the paper, the existence is ruled out under a
certain arithmetic condition on d, satisfied by infinitely many values of d, including
d = 4. Also, nonexistence is shown for d = 5. The fact that the arithmetic conditions
on m for 5-designs and on d for 7-designs are satisfied by infinitely many values of
m and d, respectively, is shown in the Appendix written by Y.-F. S. Pétermann.

§1. Introduction

The concept of a spherical t-design is due to Delsarte–Goethals–Seidel [7]. For a
positive integer t, a finite nonempty set X in the unit sphere

Sn−1 = {x = (x1, x2, . . . , xn) ∈ R
n | x2

1 + x2
2 + · · · + x2

n = 1}
is called a spherical t-design in Sn−1 if the following condition is satisfied:

1
|X|

∑
x∈X

f(x) =
1

ωn−1

∫
Sn−1

f(x) dS

for all polynomials f(x) = f(x1, x2, . . . , xn) of degree not exceeding t. Here, the right-
hand side involves integration on the sphere, and ωn−1 denotes the volume of the sphere
Sn−1. The meaning of the notion of a spherical t-design is that it is a finite set of points on
the sphere that replaces the sphere itself with respect to the integration of any polynomial
of degree up to t. So, it is a finite set of points on the sphere that “approximates” the
sphere. It is known [7] that there is a lower bound (Fisher type inequality) for the size
of a spherical t-design in Sn−1. Namely, if X is a spherical t-design in Sn−1, then

|X| ≥
(

n − 1 + [t/2]
[t/2]

)
+

(
n + [t/2] − 2

[t/2] − 1

)
if t is even, and

X ≥ 2
(

n − 1 + [t/2]
[t/2]

)
if t is odd. From the design-theoretical viewpoint, for t and n given, to find a t-design
X with the cardinality |X| as small as possible is the most interesting problem. A
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t-design X for which one of the lower bounds mentioned above is attained, is called a
tight t-design, and such a design enjoys many interesting properties ([1], [6]–[8], etc.).
Unfortunately, tight t-designs rarely exist, and in [2, 3] it was proved that if a tight
t-design in Sn−1 with n ≥ 3 exists, then necessarily either t ≤ 5, or t = 7, 11.

The tight t-designs with t = 1, 2, 3 as well as t = 11 are classified completely, while
classification of tight t-designs for t = 4, 5, 7 is still an open problem. It is known that
the existence of a tight 4-design in Sn−2 is equivalent to the existence of a tight 5-design
in Sn−1. It is also known that if a tight 5-design X exists in Sn−1 (n ≥ 3), then either
n = 3 and X coincides with the 12 vertices of the icosahedron, or n = (2m + 1)2 − 2
for an integer m (see [1]–[3] and [7]). This statement comes from the fact that all the
eigenvalues of the corresponding association scheme are rational (see [2, Theorem 2]).

Note that, as was mentioned in [1, Lemma 8.3.7, p. 175], the case of t = 5 and n = 3
(i.e., the case of the 12 vertices of the icosahedron) was omitted in the original statement
of Theorem 2 in [2], and this omission is the only one. So, Theorem 2 in [2] remains true
with this minor modification. Existence is known only for m = 1, 2, and such designs are
known to be unique [9].

If a tight 7-design exists in Sn−1 (n ≥ 3), then n = 3d2 − 4 (see [1]–[3] and [7]).
Existence is known only for d = 2, 3, and the corresponding designs are known to be
unique [4].

In this paper, we study the existence of tight 5-designs (hence, of tight 4-designs
as well) and tight 7-designs, and prove the following results. No tight 5-designs in
S(2m+1)2−2 exist for the first two open cases where m = 3, 4 (n = 47, 79) as well as
for certain values of m (see Theorem 3.1 for the exact statement). No tight 7-designs in
S3d2−4 exist for the first two open cases where d = 4, 5 (n = 44, 71) as well as for certain
values of d (see Theorem 4.1 for the exact statement).

The proof of nonexistence is based on the study of the Euclidean lattice generated by
our design X, normalized so as to make all scalar products integer-valued. Using the basic
relations (1)–(3), we obtain enough information on the determinant of this lattice. For
the dimensions n = 44 and 71, the lattice is unimodular, and for the dimension n = 47,
a closely related lattice Γ (see Subsection 3.2) happens to be even and of determinant 2
or 6. We exclude the case of determinant 6 by the Milgram–Braun formula. If det Γ = 2,
then we glue Γ with an A1-lattice

√
2Z to obtain an even unimodular lattice of dimension

48. Calculating the theta series of the last-mentioned lattice in two ways (from the design
and by modular forms), we arrive at a contradiction.

We note that our method is essentially the same as that used in [11] by Martinet [11]
whose result leads to the nonexistence proof in the case of n = 71 (see Theorem 4.2).

We have not succeeded in proving the nonexistence of a tight 7-design in dimension
n = 104, so that this case remains to be an interesting problem. We give some results
concerning this case at the end of the paper.

§2. Preliminaries

Let Sn−1(d) denote the (n − 1)-dimensional sphere in R
n of radius

√
d and centered

at the origin. A finite subset D of Sn−1(d) is called a spherical t-design if 1√
d
D is a

spherical t-design in the unit sphere.
It is more convenient to consider spherical designs in a sphere of an appropriate radius

than those in the unit sphere, because then we can make all the scalar products integer-
valued in some cases.
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Let D be a finite subset of Sn−1(d) satisfying D = −D. Then we may write D =
X ∪ −X with X ∩ −X = ∅. If D is a spherical 5-design, then for all α ∈ R

n we have∑
x∈X

(α, x)2 =
d

n
|X|(α, α),(1)

∑
x∈X

(α, x)4 =
3d2

n(n + 2)
|X|(α, α)2.(2)

If, moreover, D is a spherical 7-design, then

(3)
∑
x∈X

(α, x)6 =
15d3

n(n + 2)(n + 4)
|X|(α, α)3.

These three identities are called the basic relations. For the proof of these, we refer the
reader to [16]. We mention a consequence of these relations, which we shall need later:

(4)
∑
x∈X

(x, α)((x, α)2 − 1)((x, α)2 − 4)x = (scalar)α.

Suppose that the scalar products of arbitrary elements of X are integers. Let Λ be
the lattice generated by X. For α ∈ Λ∗, we define

(5) nk(α) = |{x ∈ X | (α, x) = ±k}| (k = 0, 1, 2, . . . ).

Then, obviously,

(6)
∞∑

k=0

nk(α) = |X|.

Now the basic relations (1)–(3) can be written as
∞∑

k=1

k2nk(α) =
d

n
|X|(α, α),(7)

∞∑
k=1

k4nk(α) =
3d2

n(n + 2)
|X|(α, α)2,(8)

∞∑
k=1

k6nk(α) =
15d3

n(n + 2)(n + 4)
|X|(α, α)3,(9)

respectively.
We shall also need the Milgram–Braun formula for an even integral lattice Γ (see

[12, 15]):

(10)
∑

α+Γ∈Γ∗/Γ

eπi(α,α) =
√

det Γeπi dim Γ/4.

A consequence of this formula is that an even unimodular lattice exists only if the di-
mension is a multiple of 8. This fact will be needed to rule out the existence of a tight
7-design in dimension 44.

If an integral lattice Γ is odd, then we denote by Γ+ the sublattice consisting of
elements of even norm. For an odd unimodular integral lattice Γ, it is known that there
exists an element α ∈ Γ, unique up to modulo 2Γ, such that

(11) (α, α) ≡ dim Γ (mod 8)

and, for x ∈ Γ,

(12) (α, x) is even if and only if x ∈ Γ+.
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Such an element α is called a characteristic vector, and 1
2α belongs to the shadow of Γ.

Let p be a prime. The p-adic valuation νp(x) of a nonzero rational number x is
defined to be the integer k such that x = pka/b, where a, b are relatively prime integers
and (a, p) = (b, p) = 1.

§3. Tight 5-designs

3.1. Basic results. It is known that a tight 5-design D in the unit sphere Sn−1(1) ⊂ R
n

is of cardinality n(n + 1)/2 and is antipodal, i.e., D = −D. The values of the scalar
products of elements of D are

A(D) = {(x, y) | x, y ∈ X, x 	= y} = {±α,−1}
with α = 1/

√
n + 2 for n > 3. First we note that if D is a tight 5-design in Sn−1(1),

then for an arbitrary fixed x0 ∈ X, the set

D′ =
1√

1 − α2
D0 ⊂ Sn−2(1),

where
D0 = {x ∈ D | (x, x0) = α},

is a tight 4-design in Sn−2(1). Conversely, a tight 4-design in Sn−2(1) yields a tight
5-design in Sn−1(1).

In Theorem 2 of [2] it was claimed that, for a tight t-design D in Sn−1(1), all the
elements of A(D) must be rational. An obvious exception exists for this claim, namely,
the icosahedron in the case where (t, n) = (5, 3). As was shown in [1, Lemma 8.3.7], this
case is the only exception, and the original statement of Theorem 2 in [2] becomes true
with this modification. So, with the assumption that n > 3, we conclude that n + 2 is a
square. Moreover, we can easily see that n must be odd, since otherwise the parameters
of the strongly regular graph associated with the tight 4-design become nonintegral.

Suppose that D = X ∪ −X ⊂ Sn−1(d) ⊂ R
n is a tight spherical 5-design, where

X ∩ −X = ∅ and

n = d2 − 2 (d ∈ N),(13)

d = 2m + 1 (m ∈ N).(14)

Then

|X| =
n(n + 1)

2
,(15)

(x, y) = ±1 for all x, y ∈ X, x 	= y.(16)

Now the basic relations (7) and (8) can be written as
∞∑

k=1

k2nk(α) = 2m(m + 1)(2m + 1)(α, α),(17)

∞∑
k=1

k4nk(α) = 6m(m + 1)(α, α)2,(18)

respectively. We also mention another relation, which can easily be derived from (2):∑
x∈X

(α, x)(β, x)(γ, x)(δ, x)(19)

= 2m(m + 1)((α, β)(γ, δ) + (α, γ)(β, δ) + (α, δ)(β, γ)),

where α, β, γ, δ ∈ R
n.
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Let Λ be the lattice generated by X. Since (x, y) is odd for all x, y ∈ X, we see that
the even sublattice Λ+ of Λ is given by

(20) Λ+ =
{ ∑

x∈X

cxx | cx ∈ Z,
∑
x∈X

cx ≡ 0 (mod 2)
}

.

Put Λ− = Λ \ Λ+. Then (20) implies

(λ, x) ≡ 0 (mod 2) (λ ∈ Λ+, x ∈ X),(21)

(λ, x) ≡ 1 (mod 2) (λ ∈ Λ−, x ∈ X).(22)

Consequently,

(23)
1
2
Λ+ ⊂ Λ∗.

3.2. The lattice Γ. In this subsection, we assume that there exists a tight spherical
design D = X ∪ −X, X ∩ −X = ∅, and keep the notation of the preceding subsection.
We consider the lattice Γ defined by

(24) Γ =
1√
2
Λ+.

Note that Γ is integral by (21). Our goal in this subsection is to study the structure of
Γ∗/Γ. In certain cases, Γ is shown to be even, so we can use the Milgram–Braun formula
to derive some consequences.

Lemma 3.1. For each x ∈ X, 1√
2
x + Γ is an element of order 2 in Γ∗/Γ.

Proof. For any λ ∈ Λ+, ( 1√
2
λ, 1√

2
x) ∈ Z by (21). This implies 1√

2
x ∈ ( 1√

2
Λ+)∗ = Γ∗.

Since x /∈ Λ+, we have 1√
2
x /∈ Γ. Also, since 2x ∈ Λ+, we have 2 · 1√

2
x ∈ Γ. Therefore,

1√
2
x + Γ 	= Γ and 2 · ( 1√

2
x + Γ) = Γ. �

In particular, we see that det Γ is even.
Let D2 be the Sylow 2-subgroup of Λ∗/Λ, and let T be the preimage of D2 in Λ∗.

Observe that

(25) T ∩ T ∗ = Λ.

Indeed, if α ∈ T ∩ T ∗ and β ∈ Λ∗, then |T : Λ|α ∈ Λ and |Λ∗ : T |β ∈ T , whence

(|T : Λ|α, β) ∈ Z and (α, |Λ∗ : T |β) ∈ Z.

Since |T : Λ| and |Λ∗ : T | are relatively prime, we obtain (α, β) ∈ Z. This proves that
α ∈ Λ∗∗ = Λ, whence T ∩ T ∗ = Λ. An easy consequence of this is the following:

(26) T + T ∗ = Λ∗.

Lemma 3.2. Suppose that there exists an odd integer r such that (α, α) ∈ 1
r Z for all

α ∈ Λ∗. Then Γ∗/Γ ∼= Z/2Z ⊕ A, where A is an Abelian group satisfying rA = 0.

Proof. By assumption, we have (2rα, β) ∈ Z for all α, β ∈ Λ∗. This implies

(27) 2r(Λ∗/Λ) = 0.

Thus, D2 is elementary Abelian, so that D2 has order at most 2n. Also, (27) implies
that (2α, β) ∈ Z for all α, β ∈ T . Therefore,

√
2T is integral and, consequently,

√
2T ⊂

(
√

2T )∗ = 1√
2
T ∗. Thus, 2T ⊂ T ∗ ∩ T = Λ by (25). We see that D2 = T/Λ is a

quotient of T/2T ∼= (Z/2Z)n. Since 2T is even and Λ is odd, we have 2T 	= Λ. Thus,
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D2 is an elementary Abelian group of order at most 2n−1. Since det Γ/2 is an integer by
Lemma 3.1, and

(28)
1
2

det Γ =
1
2
· 1
√

2
2n detΛ+ =

1
2n+1

|Λ : Λ+|2 det Λ =
1

2n−1
|Λ∗ : Λ|,

we conclude that det Γ/2 is odd. Therefore, Γ∗/Γ ∼= Z/2Z ⊕ A for some Abelian group
A of odd order. Now (27) implies 2rA = 0, whence rA = 0. �
Lemma 3.3. If α ∈ Λ∗, then

m(m + 1)(α, α)(3(α, α)− (2m + 1))
6

is a nonnegative integer.

Proof. The difference of (18) and (17) is a nonnegative integer divisible by 12, because
k4 − k2 ≡ 0 (mod 12) for all k ∈ Z. �
Lemma 3.4. Suppose that m(m+1) is not divisible by the square of an odd prime. Then

(α, α) ∈ 1
3

Z for all α ∈ T ∗.

If, moreover, m ≡ 1 (mod 3), then

(α, α) ∈ Z for all α ∈ T ∗.

Proof. Pick α ∈ T ∗ and put (α, α) = p
q , where p, q ∈ Z are relatively prime. Since

|T ∗ : Λ| is odd, we see that q is odd. By Lemma 3.3, we have

m(m + 1)p(3p − (2m + 1)q)
3q2

∈ Z.

By assumption, it follows that q is a power of 3. Write q = 3t. Since m(m+1) 	≡ 0 (mod 9)
by assumption, we obtain

p − (2m + 1)3t−1 ≡ 0 (mod 32t−1)

if t ≥ 1. But this forces t = 1 and m 	≡ 1 (mod 3). This completes the proof. �
Lemma 3.5. Suppose that m(m + 1) = 2ra, where a is odd. Then

2[ r−1
2 ](α, α) ∈ Z for all α ∈ T.

Proof. Pick α ∈ T . Since |T : Λ| is a power of 2, we can write (α, α) = p
2t , where p is

odd and t is a nonnegative integer. By Lemma 3.3,
2rap(3p − (2m + 1)2t)

22t+1
∈ Z.

Thus, 2t + 1 ≤ r, or equivalently, t ≤ [ r−1
2 ]. �

Lemma 3.6. Suppose that m(m + 1) is not divisible by the square of an odd prime, and
that m(m + 1) 	≡ 0 (mod 8). Then

(29) Γ∗/Γ ∼= Z/2Z ⊕ (Z/3Z)t

for some nonnegative integer t. If, moreover, m ≡ 1 (mod 3), then t = 0.

Proof. By Lemmas 3.4 and 3.5 and relation (26), we have (α, α) ∈ 1
3Z for all α ∈ Λ∗.

Then, by Lemma 3.2, we obtain (29). If, moreover, m ≡ 1 (mod 3), then Lemma 3.4
implies that (α, α) ∈ Z for all α ∈ Λ∗, so that t = 0 by Lemma 3.2. �
Lemma 3.7. If m(m + 1) 	≡ 0 (mod 8), then (λ, λ) ≡ 0 (mod 4) for all λ ∈ Λ+, and
(λ, λ) ≡ 2m + 1 (mod 4) for all λ ∈ Λ−. In particular, Γ is even.
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Proof. First, suppose λ ∈ Λ+. By (23), 1
2λ ∈ Λ∗, and in fact 1

2λ ∈ T . Then Lemma 3.5
implies ( 1

2λ, 1
2λ) ∈ Z, whence (λ, λ) ≡ 0 (mod 4). Next, suppose λ ∈ Λ−. Pick an

arbitrary x ∈ X. Then λ + x ∈ Λ+, so that (λ + x, λ + x) ≡ 0 (mod 4). By (21), we
obtain (λ, λ) ≡ (x, x) ≡ 2m + 1 (mod 4). �

Finally, we give some consequences of the Milgram–Braun formula.

Lemma 3.8. If Γ is even and m is even, then det Γ 	= 2.

Proof. If det Γ = 2, then, by Lemma 3.1, we have Γ∗/Γ = {Γ, 1√
2
x + Γ}, where x ∈ X is

an arbitrary element. Since Γ is even, we can apply the Milgram–Braun formula (10) to
obtain 1 + eπi(2m+1)/2 =

√
2enπi/4. Since n ≡ −1 (mod 8) and m is even, we arrive at a

contradiction. �

Lemma 3.9. If det Γ = 6 and Γ is even, then m is even, and (α, α) ≡ 2
3 (mod Z)

whenever α + Λ is an element of order 3 in Λ∗/Λ.

Proof. Let α + Λ be an element of order 3 in Λ∗/Λ. Since (3α, α) ∈ Z, we can write
(α, α) = k

3 for some positive integer k. Now
√

2α ∈
√

2Λ∗ ⊂
√

2Λ∗
+ = ( 1√

2
Λ+)∗ = Γ∗. If

√
2α ∈ Γ = 1√

2
Λ+ ⊂ 1√

2
Λ, then 2α ∈ Λ. Also, by assumption, 3α ∈ Λ. Thus, α ∈ Λ, a

contradiction. Therefore,
√

2α /∈ Γ. Also, 3
√

2α ∈
√

2Λ = 1√
2
2Λ ⊂ 1√

2
Λ+ = Γ, which

implies that
√

2α + Γ is an element of order 3 in Γ∗/Γ. Together with Lemma 3.1, this
yields a set of representatives for Γ∗/Γ:

0,
1√
2
x,

√
2α,

1√
2
x +

√
2α, 2

√
2α,

1√
2
x + 2

√
2α,

where x is an arbitrary element of X. Reduced modulo 2Z, the norms of these elements
are

0,
2m + 1

2
,

2k

3
,

2m + 1
2

+
2k

3
,

2k

3
,

2m + 1
2

+
2k

3
,

respectively. Since Γ is even, we can apply the Milgram–Braun formula (10) to get

(1 + e(2m+1)πi/2)(1 + 2e2kπi/3) =
√

6e−πi/4.

Since

1 + e(2m+1)πi/2 =

{√
2eπi/4 if m is even,√
2e−πi/4 if m is odd,

and

1 + 2e2kπi/3 =




3 if k ≡ 0 (mod 3),√
3eπi/2 if k ≡ 1 (mod 3),√
3e−πi/2 if k ≡ 2 (mod 3),

we conclude that m is even and k ≡ 2 (mod 3). �

3.3. The general case. The following theorem rules out the existence of tight spherical
5-designs in R

n for some values of n. In the appendix it is shown that the number of
such n is infinite.

Theorem 3.1. Suppose that m = 2k is even, k ≡ 2 (mod 3), and that both k and 2k + 1
are square-free. Then no tight spherical 5-design exists in R

n with n = (2m + 1)2 − 2.

Proof. If there exists a tight spherical 5-design in R
n, then the lattice Γ is even by

Lemma 3.7. But Lemma 3.6 implies det Γ = 2, which contradicts Lemma 3.8 because m
is even. �
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The above theorem rules out the existence of a tight spherical 5-design for m =
4, 10, 22, 28, 34, 46, 52, 58, . . . .

However, it does not rule out the existence of a tight spherical 5-design for the smallest
open case, that is, the case of m = 3. In order to deal with this case, we need to know
elements of small norm in the lattice Λ generated by a tight spherical 5-design. In the
remaining part of this subsection, we give some general results, assuming the existence
of a tight spherical 5-design in R

n as in Subsections 3.1 and 3.2.

Lemma 3.10. We have min(Λ∗) ≥ (2m + 1)/3. For α ∈ Λ∗, (α, α) = (2m + 1)/3 if and
only if (α, x) ∈ {0,±1} for all x ∈ X.

Proof. The assertions are easy consequences of Lemma 3.3. �

Lemma 3.11. min(Λ+) ≥ 4(2m + 1)/3.

Proof. This is immediate from (23) and Lemma 3.10. �

Lemma 3.12. min(Λ) = 2m + 1.

Proof. By Lemma 3.11, it suffices to show that (λ, λ) ≥ 2m + 1 for all λ ∈ Λ−. By (6)
and (22), we have n0(λ) = 0, so that |X| =

∑∞
k=1 nk(λ). Thus, by (17), we have

(λ, λ) =
1

2m(m + 1)(2m + 1)

∞∑
k=1

k2nk(λ)

≥ |X|
2m(m + 1)(2m + 1)

= 2m + 1 − 2
2m + 1

> 2m.

Therefore, (λ, λ) ≥ 2m + 1. �

Lemma 3.13. Suppose α ∈ Λ∗ and (α, α) = min(α+Λ). Then (α, x) ∈ {0,±1, . . . ,±m}
for all x ∈ X.

Proof. For all x ∈ X we have (α, α) ≤ (α±x, α±x). This implies |(α, x)| ≤ (2m+1)/2.
Since α ∈ Λ∗, we have |(α, x)| ∈ Z, and the result follows. �

Lemma 3.14. Suppose m 	≡ 1 (mod 3). If λ ∈ Λ+, then there exists an element x ∈
X ∪ −X such that (λ, x) ≥ 4.

Proof. Suppose |(λ, x)| < 4 for all x ∈ X. Observe that 1
2λ ∈ Λ∗ by (23). By (21), we

find nk( 1
2λ) = 0 except k = 0, 1. Then, by Lemma 3.10, we have(1

2
λ,

1
2
λ
)

=
2m + 1

3
,

whence

(λ, λ) =
4(2m + 1)

3
/∈ Z.

This is a contradiction. �

Lemma 3.15. Suppose m ≥ 3. There is no element α ∈ Λ∗ such that (α, x) ∈ {±1,±3}
for all x ∈ X.

Proof. Suppose |(α, x)| is 1 or 3 for all x ∈ X. Then (6), (17), and (18) read like this:

n1(α) + n3(α) = 2m(m + 1)(4m2 + 4m − 1),

n1(α) + 9n3(α) = 2m(m + 1)(2m + 1)(α, α),

n1(α) + 81n3(α) = 6m(m + 1)(α, α)2.
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Eliminating n1(α) and n3(α), we find

3(α, α)2 − 10(2m + 1)(α, α) + 9(4m2 + 4m − 1) = 0.

This quadratic equation in (α, α) has discriminant 52 − 8m(m + 1) < 0 if m ≥ 3. This
is a contradiction. �

Let Λk denote the set of elements of norm k in Λ, where k ∈ Z.

Lemma 3.16. If m < 7, then Λ2m+1 = X ∪ −X.

Proof. Let λ ∈ Λ2m+1. Then, by Lemma 3.15, there exists an element x ∈ X such that
|(λ, x)| ≥ 5. Replacing x by −x if necessary, we may assume that (λ, x) ≥ 5 for some
x ∈ X ∪ −X. Then (λ − x, λ − x) ∈ Λ+ and

(λ − x, λ − x) = 2(2m + 1) − 2(λ, x)

≤ 4m − 8 =
4(2m + 1)

3
+

4(m − 7)
3

<
4(2m + 1)

3
.

By Lemma 3.11, we conclude that λ = x ∈ X ∪ −X. �
3.4. The case of n = 47. Now we restrict our attention to the case where n = 47.
Suppose that there exists a tight spherical 5-design X∪−X in R

47. We keep the notation
of the preceding subsections.

Lemma 3.17. Λk = ∅ for k = 8, 9, 10, 11, 13, 14.

Proof. If λ ∈ Λ+, then, by Lemma 3.11, we have (λ, λ) ≥ 28/3. This implies Λ8 = ∅.
Also, Λ9 = Λ10 = Λ13 = Λ14 = ∅ by Lemma 3.7. Let λ ∈ Λ11. By Lemma 3.15, there
exists an element x ∈ X ∪ −X such that (λ, x) ≥ 5. Then (λ − x, λ − x) ≤ 8. We have
already shown that Λ8 = ∅, while λ − x ∈ Λ+, so that (λ − x, λ − x) ≤ 6. Therefore,
λ = x by Lemma 3.11, a contradiction. �
Lemma 3.18. Every element of Λ12 is uniquely expressible as the sum of two elements
x, y ∈ X ∪ −X satisfying (x, y) = −1. In particular, |Λ12| = |X|(|X| − 1).

Proof. Let λ ∈ Λ12. By Lemma 3.14, there exists an element x ∈ X ∪ −X such that
(λ, x) ≥ 4. If (λ, x) = 4, then (λ − x, λ − x) = 11, contradicting Lemma 3.17. If
(λ, x) ≥ 8, then (λ − x, λ − x) ≤ 3, a contradiction. Thus, we conclude that (λ, x) = 6.
Then (λ − x, λ − x) = 7, whence λ − x ∈ X ∪ −X by Lemma 3.16.

It remains to show the uniqueness of an expression λ = x + y, x, y ∈ X, with (x, y) =
−1. Suppose λ = x′ + y′, x′, y′ ∈ X ∪ −X, (x′, y′) = −1. If x 	= x′, y′, then (x, λ) =
(x, x′+y′) = ±1±1 ≤ 2, while (x, λ) = (x, x+y) = 6. This is a contradiction. Therefore,
x = x′ or x = y′, and uniqueness follows. �
Lemma 3.19. Suppose that α + Λ ∈ Λ∗/Λ has an odd order r > 1. Then min(α + Λ) =
28/3.

Proof. Without loss of generality we may assume that min(α + Λ) = (α, α). Then, by
Lemma 3.13, we have

(30) (α, x) ∈ {0,±1,±2,±3} for all x ∈ X.

Since rα ∈ Λ = Λ+∪Λ−, first we consider the case where rα ∈ Λ−. Then (rα, x) = r(α, x)
is odd for all x ∈ X by (22). Since r is odd and (α, x) ∈ Z, we see that (α, x) is odd
for all x ∈ X. Now (30) contradicts Lemma 3.15. Therefore, rα ∈ Λ+. Then (rα, x) is
even, and (α, x) is also even. This implies ( 1

2α, x) ∈ {0,±1} by (30), whence we obtain
( 1
2α, 1

2α) = 7
3 by Lemma 3.10. This proves that min(α + Λ) = 28/3. �
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Lemma 3.20. If α, β ∈ Λ∗, then 24((α, α)β + 2(α, β)α) ∈ Λ.

Proof. By (19), we have

24((α, β)γ + (α, γ)β + (β, γ)α) =
∑
x∈X

(α, x)(β, x)(γ, x)x ∈ Λ.

Putting γ = α, we obtain the desired result. �
Lemma 3.21. det Γ = 2.

Proof. By Lemma 3.6, we have Γ∗/Γ ∼= Z/2Z ⊕ (Z/3Z)t. First, we show that t ≤ 1. By
(28), it suffices to check that there are at most two elements of order 3 in Λ∗/Λ. Let
α + Λ, β + Λ ∈ Λ∗/Λ be elements of order 3. We want to show that β + Λ = ±(α + Λ).
By Lemma 3.19, we may assume

(31) (α, α) = (β, β) =
28
3

.

If α + β ∈ Λ, then β + Λ = −α + Λ and we are done. So, suppose α + β /∈ Λ. Then
α + β + Λ is also an element of order 3. By Lemma 3.19,

(32) (α + β, α + β) ≡ 28
3

(mod Z).

Now (31) and (32) imply

(33) (α, β) ≡ 1
3

(mod Z).

We have
β + Λ = −24 · 28

3
β + Λ = −24(α, α)β + Λ = 48(α, β)α + Λ

by Lemma 3.20. By (33), β + Λ = 16α + Λ = α + Λ. Therefore, we have shown that
t ≤ 1, whence det Γ = 2 or 6. The latter case cannot occur. Indeed, by Lemma 3.7, Γ is
even, so that Lemma 3.9 yields a contradiction because m = 3 is odd. �

Starting with Γ, we can construct an even unimodular lattice Γ̃ of rank 48 from Γ as
follows. Consider the lattice

√
2Z ⊕ Γ ⊂ R

48. We define Γ̃ by

Γ̃ = (
√

2Z ⊕ Γ) ∪
(( 1√

2
,

1√
2
x0

)
+ (

√
2Z ⊕ Γ)

)
,

where x0 ∈ X. Note that the definition of Γ̃ is independent of the choice of x0 ∈ X by
Lemmas 3.1 and 3.6. Since Γ is even by Lemma 3.7,

√
2Z ⊕ Γ is also even. The norm

of the element ( 1√
2
, 1√

2
x0) is 1

2 + 7
2 = 4. Therefore, we conclude that Γ̃ is even. Observe

that det(
√

2Z ⊕ Γ) = det
√

2Z det Γ = 4. Thus,

det Γ̃ =
1

|Γ̃ :
√

2Z ⊕ Γ|2
det(

√
2Z ⊕ Γ) = 1.

Now we compute the theta series of Γ̃. In order to do this, we compute the number of
elements of norm 2, 4, 6 in Γ̃.

First, observe that Γ∗ = 1√
2
Λ. Indeed, clearly we have 1√

2
Λ ⊂ Γ∗. But

|Γ∗ : Γ| = 2 = |Λ : Λ+| =
∣∣∣∣ 1√

2
Λ : Γ

∣∣∣∣,
so that we must have 1√

2
Λ = Γ∗. Now, by Lemma 3.17, if α ∈ Γ∗ \ Γ and (α, α) ≤ 6,

then (α, α) = 7/2, whence
√

2α ∈ X ∪ −X by Lemma 3.16. Thus, the only elements of
Γ̃ \ (

√
2Z ⊕ Γ) having norm at most 6 are of the form (± 1√

2
, 1√

2
x), where x ∈ X ∪ −X.

There are 4|X| such elements.



THE NONEXISTENCE OF CERTAIN TIGHT SPHERICAL DESIGNS 619

The elements of norm at most 6 in
√

2Z ⊕ Γ are

(±
√

2, 0), (0,
√

2λ) (λ ∈ Λ12).

By Lemma 3.18, there are |X|(|X| − 1) elements of norm 6 in
√

2Z ⊕ Γ. Therefore, the
theta series ϑΓ̃(q) =

∑
λ∈Γ̃ q(λ,λ)/2, q = e2πiτ , of Γ̃ is

1 + 2q + 4|X|q2 + |X|(|X| − 1)q3 + · · · = 1 + 2q + 4512q2 + 1271256q3 + · · · .

It is known that the theta series of an even unimodular lattice of rank 48 is a linear
combination of ∆2, ∆Q3, Q6, where

∆ = q − 24q2 + 252q3 + · · ·
Q = 1 + 240q + 2160q2 + 6720q3 + · · · .

Comparing the coefficients, we get a contradiction.

§4. Tight 7-designs

4.1. Basic results. Suppose D = X∪−X ⊂ Sn−1(d) ⊂ R
n is a tight spherical 7-design,

where X ∩ −X = ∅ and

(34) n = 3d2 − 4 (d ∈ N).

Then

|X| =
n(n + 1)(n + 2)

6
,(35)

(x, y) = 0,±1 for all x, y ∈ X, x 	= y.(36)

Now the basic relations (7)–(9) can be written as
∞∑

k=1

k2nk(α) =
1
2
(3d2 − 2)(d2 − 1)d(α, α),(37)

∞∑
k=1

k4nk(α) =
3
2
(d2 − 1)d2(α, α)2,(38)

∞∑
k=1

k6nk(α) =
5
2
(d2 − 1)d(α, α)3.(39)

Let Λ be the lattice generated by X. Then Λ is even if and only if d is even.

Lemma 4.1. If α ∈ Λ∗ and α 	= 0, then

d(d2 − 1)(α, α)(5(α, α)2 − 15d(α, α) + 4(3d2 − 2))
48

,(40)

d(d2 − 1)(α, α)(3d(α, α)− (3d2 − 2))
24

,(41)

and

(42)
d(d2 − 1)(α, α)(5(α, α)2 − (3d2 − 2))

120
are positive integers.

Proof. Observe that k2(k2 − 1)(k2 − 4) ≡ 0 (mod 24), k2(k2 − 1) ≡ 0 (mod 12), and
k2(k4 − 1) ≡ 0 (mod 60). The assertions follow by appropriately combining the basic
relations (37)–(39). �
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Lemma 4.2. (i) Let p ≥ 5 be a prime. If νp(d(d2 − 1)) < 3, then νp((α, α)) ≥ 0 for all
α ∈ Λ∗.

(ii) If ν3(d(d2 − 1)) < 4, then ν3((α, α)) ≥ 0 for all α ∈ Λ∗.
(iii) If ν2(d(d2 − 1)) < 7, then ν2((α, α)) ≥ 0 for all α ∈ Λ∗. If d is even but not

divisible by 8, then ν2((α, α)) ≥ 1 for all α ∈ Λ∗.

Proof. Taking α ∈ Λ∗, we put (α, α) = a
b , where a, b ∈ Z are relatively prime. Since

(40)–(42) are integers, we have

νp

(
d(d2 − 1)a2(5a2 − 15ab + 4b2(3d2 − 2))

48b3

)
≥ 0,(43)

νp

(
d(d2 − 1)a(3ad − b(3d2 − 2))

24b2

)
≥ 0,(44)

νp

(
d(d2 − 1)a(5a2 − b2(3d2 − 2))

120b3

)
≥ 0(45)

for every prime p. If p > 5 and νp((α, α)) < 0, then p divides b, and from (45) we obtain
νp(d(d2 − 1)) ≥ 3.

If ν5((α, α)) < 0, then 5 divides b, and ν5(5a2 − b2(3d2 − 2)) = 1. Thus, from (45) we
obtain ν5(d(d2 − 1)) ≥ 3.

If ν3((α, α)) < 0, then 3 divides b, and from (45) we obtain ν3(d(d2 − 1)) ≥ 4.
If ν2((α, α)) < 0, then 2 divides b, and from (43) we obtain ν3(d(d2 − 1)) ≥ 7.
Finally, suppose that d is even but not divisible by 8; we have already shown that b is

odd. By (44) and (45), we find

ν2

(
d(d2 − 1)a2(5a − 3bd)

8

)
≥ 0.

This forces a to be even. �
Theorem 4.1. Let d > 1 be a positive integer, and suppose that ν2(d) = 2, ν3(d(d2−1)) <
4, and νp(d(d2 − 1)) < 3 for every prime p ≥ 5. Then a tight spherical 7-design in
dimension n = 3d2 − 4 does not exist.

Proof. By Lemma 4.2, we see that Λ∗ is even, and, consequently, Λ is an even unimodular
lattice. But the dimension of Λ is n ≡ 4 (mod 8), which is impossible. �

In particular, now the first open case d = 4 is settled by the above theorem. Also, the
above theorem rules out the existence of a tight spherical 7-design for the cases where
d = 12, 20, 28, 36, . . . .

The next case of d = 5 is due essentially to Martinet [11], since we can easily show
that Λ5 = D, as follows.

Lemma 4.3. There is no element α ∈ Λ∗ such that (α, x) ∈ {0,±1,±2} for all x ∈ X.

Proof. We have

n1(α) + 4n2(α) =
1
2
(3d2 − 2)(d2 − 1)d(α, α),

n1(α) + 16n2(α) =
3
2
(d2 − 1)d2(α, α)2,

n1(α) + 64n2(α) =
5
2
(d2 − 1)d(α, α)3.

Eliminating n1(α), n2(α) from these equations, we find a quadratic equation in (α, α)
that has only imaginary solutions. This is a contradiction. �
Theorem 4.2. A tight spherical 7-design in dimension n = 71 does not exist.
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Proof. From Lemma 4.3 it follows easily that min Λ = 5 and Λ5 = D. Martinet [11]
showed that Λ5 cannot be a 7-design. This is a contradiction. �
4.2. The case of n = 104. Now, we consider the next case: d = 6, n = 104. Here we
give some properties of a possible lattice Λ. Since d is even, Λ is even. However, we have
not been able to prove the nonexistence of a tight 7-design in dimension n = 104; the
existence remains an interesting open problem.

Theorem 4.3. If a tight spherical 7-design D in dimension 104 exists, then the lattice
Λ generated by D has the following properties:

(i) Λ is an even unimodular lattice.
(ii) Λ has minimum 6, and Λ6 = D.
(iii) Λ8 = ∅.
(iv) The theta series of Λ is uniquely determined as

1 + 385840q3 + 153139896000q5 + 1021417687180800q6 + · · · .

(v) Λk is a spherical 7-design for all k = 6, 10, 12, 14, . . . .

Proof. (i) Lemma 4.2 shows that Λ∗ is even, whence Λ is an even unimodular lattice.
(ii) We can show that there is no element α ∈ Λ∗ such that (α, x) ∈ {0,±1,±2,±3}

for all x ∈ X. In fact, solving the basic relations for four unknowns nk(α) (k = 0, 1, 2, 3),
we find a unique solution containing a negative number. Then it follows easily that the
minimum of Λ is 6. If α ∈ Λ6 \ D, then, again, (α, x) ∈ {0,±1,±2,±3} for all x ∈ X,
which is impossible.

(iii) Suppose α ∈ Λ8. Since min Λ = 6, we see that |(α, x)| ≤ 4 for all x ∈ X. If
(α, x) = ±4 for some x ∈ X, then α±x ∈ Λ6. By (ii), y := α±x ∈ D. Then |(x, y)| = 2,
which is impossible. Therefore, |(α, x)| < 4 for all x ∈ X. Solving the basic equations,
we obtain n3(α) = 56. Put

N3 = {x ∈ D | (α, x) = 3}.
Then |N3| = 56. We claim that

∑
x∈N3

x = 21α. Without loss of generality we may
assume that (α, x) ≥ 0 for all x ∈ X. Then, by (4),

∑
x∈N3

x is a scalar multiple of α.
The scalar is determined to be 21, because (α, α) = 8 and∑

x∈N3

(α, x) = 3|N3| = 168 = 21 · 8.

Pick an element x0 ∈ N3. Then

63 = (x0, 21α) =
(
x0,

∑
x∈N3

x
)

= 6 +
∑

x∈N3\{x0}
(x0, x) ≤ 6 +

∑
x∈N3\{x0}

|(x0, x)|

≤ 6 + 55 = 61.

This is a contradiction.
(iv) Since the space of modular forms of weight 52 has dimension 5, the theta series

is uniquely determined by (ii), (iii).
(v) Let f be a homogeneous harmonic polynomial of degree 2, 4, or 6. Since Λ6 is a

spherical 6-design, by (ii) we have
∑

x∈Λ6
f(x) = 0. The harmonic theta series

ϑΛ,f (q) =
∑
x∈Λ

f(x)q(x,x)/2

is a modular form of weight 52 + deg f . Statements (ii) and (iii) imply that ϑΛ,f has no
terms of degree less than 5. The spaces of modular forms of weight 54, 56, and 58 all
have dimension 5, so that ϑΛ,f = 0. This implies that Λk is a spherical 6-design, hence
a 7-design, for k = 10, 12, 14, . . . . �
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Appendix

by Y.-F. S. Pétermann

Tight spherical 5-designs can possibly exist in dimension n if n ∈ N5 := {n ∈ N |
n = (2m + 1)2 − 2}, and tight spherical 7-designs can possibly exist in dimension n if
n ∈ N7 := {n ∈ N | n = 3d2 − 4}. In this Appendix we deduce from Theorem 3.19
that the set of integers for which no tight spherical 5-design exists in R

n has a positive
density in N5, and from Theorem 4.3 we deduce that the set of integers for which no
tight spherical 7-design exists in R

n has a positive density in N7. More precisely, if we
denote by N5(x) (respectively, N7(x)), the number of integers n ≤ x in N5 (respectively,
in N7) for which there are no tight spherical 5-design (respectively, 7-design) in R

n, then
we have the following.

Corollary (to Theorems 3.10 and 4.3). We have (p denoting prime numbers)

(46) N5(x) ≥ 1
16

∏
p>3

(
1 − 2

p2

)√
x + O(x1/3 log3 x) =: K5

√
x + O(x1/3 log3 x)

and

(47) N7(x) ≥ 1
8
√

3

∏
p≥3

(
1 − 3

p2

)√
x + O(x3/8+ε) =: K7

√
x + O(x3/8+ε).

These lower bounds are obtained by computing the density of certain couples or triples
of squarefree integers. This type of estimates is not new, and very similar problems have
been considered since long ago (see [5, 13, 14]), the main difficulty being in general to
obtain a good estimate for the remainder term. However, here, since the constants of
the main terms on the right in (46) and (47) are very likely to be far from optimal, there
seemed to be no point in this context to fight for better estimates of the remainder terms.
So I chose the simplest proof I could have a hold on, and for this purpose I borrowed
some ideas from D. R. Heath-Brown’s elementary argument in [10] for a very similar
problem. Note that even the much older elementary estimate obtained in [13] by Mirsky
would yield (slightly) better estimates; on the other hand, Heath-Brown’s sieve method
in [10] would yield even better estimates.

Notation. In the sequel, µ denotes the Möbius function, d the number of divisors func-
tion d(n) =

∑
n1n2=n 1, d3 the function d3(n) =

∑
n1n2n3=n 1, and ω the number of

distinct prime factors function ω(n) =
∑

p|n 1. The symbol (i; j; 	; m) = 1 will mean that
any two of the integers i, j, 	, m have no prime factor in common.

I shall use the classical estimates∑
n≤x

d(n) ∼ x log x,
∑
n≤x

d3(n) ∼ 1
2
x log2 x, d(x) � xε,

and ∑
n≤x

2ω(n) ∼ Ax log x (for some constant A), as x → ∞.

Proofs. We prove (46). Put E(k) = 1 if k is square-free and E(k) = 0 otherwise. If we
show that

(48)
∑

k≤x,k≡2 (mod 3)

E(k)E(2k + 1) = 4K5x + O(x2/3 log3 x),

then (46) will follow from Theorem 3.10.
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We have E(k) =
∑

j2|k µ(j), whence

∑
k≤x,k≡2 (mod 3)

E(k)E(2k + 1) =
∑
i,j

µ(i)µ(j)N(x, i, j) = Σ1 + Σ2,

where N(x, i, j) = |{k ≤ x | k ≡ 2 (mod 3), i2|k, j2|2k + 1}|; summation in Σ1 is over
ij ≤ y, and that in Σ2 is over the remaining i, j, where y with

√
x < y < x is to be

defined later.
Since, by the Chinese Remainder Theorem, N(x, i, j) = x/(3i2j2) + O(1) if (6i, j) =

(3, i) = 1 and N(x, i, j) = 0 otherwise, we have

Σ1 =
x

3

∑
ij≤y,(6i,j)=(3,i)=1

µ(ij)
(ij)2

+ O
( ∑

m=ij≤y

1
)

=
x

3

∑
(6i,j)=(3,i)=1

µ(ij)
(ij)2

+ O
(
x

∑
m>y

d(m)m−2
)

+ O
( ∑

m≤y

d(m)
)

=
1
3

(
1 − 1

22

) ∏
p>3

(
1 − 2

p2

)
x + O(xy−1 log y) + O(y log y)

= 4K5x + O(y log y).

Now if N = N(I, J) := |{(i, j, u, v), I < i ≤ 2I, J < j ≤ 2J, µ(j) 	= 0, 2i2u + 1 =
j2v ≤ x}|, then there is some (I, J) with IJ � y and I, J � x1/2 such that N = N(I, J)
is maximal (so that Σ2 � N log2 x). Any such N satisfies

N �
∑

J<j≤2J
µ(j) 	=0

∑
u≤x/I2

∑
I<i≤2I

2i2u≡−1 (mod j2)

1.

If p is any prime number, then the number of solutions i modulo p2 of 2ui2 ≡ −1 (mod p2)
is at most 2. Therefore, if µ(j) 	= 0, then the number of solutions i modulo j2 of
2ui2 ≡ −1 (mod j2) is at most 2ω(j), and

N �
∑

J<j≤2J

∑
u≤x/I2

(1 + IJ−2)2ω(j) = xI−2(1 + IJ−2)
∑

J<j≤2J

2ω(j)

� x log x(JI−2 + I−1J−1) � xy−1/2 log x,

where for the last estimate we consider the cases I ≥ J and J ≥ I separately. By setting
y = x2/3, we obtain (48).

We prove (47). The set of positive integers d ≤ 4x with ν2(d) = 2, ν3(d(d2 − 1)) < 4,
and νp(d(d2 − 1)) < 3 (p ≥ 5) contains the set of positive integers d = 4k ≤ 4x with k
odd and such that k, 4k − 1, and 4k + 1 are all square-free. As before, the number of
elements in the latter set is∑

k≤x,k≡1 (mod 2)

E(k)E(4k − 1)E(4k + 1) =
∑
i,j,�

µ(i)µ(j)µ(	)N(x, i, j, 	) = Σ1 + Σ2,

where N(x, i, j, 	) = |{k ≤ x, k ≡ 1 (mod 2), i2|k, j2|4k − 1, 	2|4k + 1}|; summation in Σ1

is over ij	 ≤ y, and that in Σ2 is over the remaining i, j, 	, where y with
√

x < y < x
is to be defined later. As before, from the Chinese Remainder Theorem it follows that
N(x, i, j, 	) = x/(2(ij	)2) + O(1) if (i; j; 	; 2) = 1, and N(x, i, j, 	) = 0 otherwise. As



624 E. BANNAI, A. MUNEMASA, AND B. VENKOV

before, we have

Σ1 =
x

2

∑
ij�≤y,(i;j;�;2)=1

µ(ij	)
(ij	)2

+ O
( ∑

m=ij�≤y

1
)

=
x

2

∑
(i;j;�;2)=1

µ(ij	)
(ij	)2

+ O
(
x

∑
m>y

d3(m)m−2
)

+ O
( ∑

m≤y

d3(m)
)

= 4
√

3K7x + O(y log2 y),

and if N = N(I, J, L) := |{(i, j, 	, u, v, w), I < i ≤ 2I, J < j ≤ 2J, µ(j) 	= 0, L < 	 ≤
2L, 4i2u = j2v + 1 = 	2w − 1 ≤ x}|, then there is some (I, J, L) with IJL � y and
I, J, L � x1/2 such that N = N(I, J, L) is maximal, so that Σ2 � N log3 x.

Now for each j with J < j ≤ 2J and µ(j) 	= 0, the number of solutions i modulo j2 of
4ui2 ≡ 1 (mod j2) is at most 2ω(j). Since for every such solution i the number of 	 with
L < 	 ≤ 2L for which i is also a solution of 4ui2 ≡ −1 (mod 	2) is at most d(4ui2 + 1),
that is, since 4ui2 ≤ x, at most xε, we have

NI,L :=
∑
i,�

I<i≤2I
L<�≤2L

4ui2≡1 (mod j2)

4ui2≡−1 (mod �2)

1 � xε2ω(j)(1 + IJ−2).

Thus, as before, we obtain

N �
∑

J<j≤2J
µ(j) 	=0

∑
u≤x/I2

NI,L � x1+ε(JI−2 + I−1J−1).

Now by exchanging the roles of I, J, L, we also compute NI,J , NJ,I , NJ,L, NL,J , NL,I ; for
instance,

NJ,I :=
∑
j,i

J<j≤2J
I<i≤2I

vj2≡−2 (mod �2)

vj2≡−1 (mod i2)

1 � xε2ω(�)(1 + JL−2),

whence
N �

∑
L<�≤2L
µ(�) 	=0

∑
v≤x/J2

NJ,I � x1+ε(LJ−2 + J−1L−1).

Hence,

N � x1+ε min(JI−2 + I−1J−1, IJ−2 + J−1I−1, JL−2 + L−1J−1,

LJ−2 + J−1L−1, IL−2 + L−1I−1, LI−2 + I−1L−1)

� x1+ε min(I−1, J−1, L−1) � x1+εy−1/3 � x3/4+ε

if we set y = x3/4. This yields (47).
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