Anrebpa u aHau3 St. Petersburg Math. J.
Tom. 16 (2004), Bbim. 4 Vol. 16 (2005), No. 4, Pages 713-718
S 1061-0022(05)00875-7

Article electronically published on June 23, 2005

ASYMPTOTIC DEPENDENCE OF THE EXTREME EIGENVALUES
OF TRUNCATED TOEPLITZ MATRICES ON THE RATE AT WHICH
THE SYMBOL ATTAINS ITS EXTREMUM

A. YU. NOVOSEL/TSEV AND I. B. SIMONENKO

In this paper we investigate the asymptotic behavior of extreme eigenvalues for trun-
cated Toeplitz (N x N)-matrices Ty with real-valued symbol a € Lo (S) such that the
function a(t) — infies a(t) has finitely many zeros on the unit circle S of the complex
plane, and the maximal order of a zero equals v > 0.

Our main results are Theorems 2] and [2:2] saying that, as N — +oo, the lowest
eigenvalues of the matrices Ty tend to infics a(t) with the rate 1/N”.

Our research can be viewed as a response to the paper [I], where a similar result was
obtained only for even v, and in some cases estimates were obtained in terms of the
even numbers neighboring with v. Those results were based on the fundamental results
of [2, B], which can also be found in the monograph [4]. Our method does not employ
those results, and it allows us to obtain upper and lower estimates of sharp order for any
v>0.

§1. NOTATION

We shall use the following notation: N and Z are the sets of all natural numbers and all
integers, respectively; R and C are the fields of real and complex numbers, respectively; i
is the imaginary unit, e is the base of the natural logarithm; [a,b]z = {c € Z : a < ¢ < b}
is a segment of integers; S = {t € C: [t| = 1} is the unit circle on the complex plane; s
is Lebesgue measure on S.

If v € R, then |z| = sup, ¢z ,<, ¥ is the integral part of x, and [z] = infyez y>a y-

For brevity, we write Lo, Lo, and ls instead of Lo(S), Loo(S), and I5(Z), respectively.

By A we denote the Laurent transformation acting from Lo to Iy, which sends a
function f to the sequence of its Laurent—Fourier coefficients; the latter will be denoted
by fn, n € Z:

1

27 Jies

fn f)e " ds.

It is well known that the operator A is invertible and || f||,, = v27 [|[Af]];,
For any measurable set X C S, we introduce the following seminorm for functions

f S L2:
17llx =/ /X #P ds.

The space of polynomials on S with complex coefficients and of degree at most m € N
will be denoted by P,,.
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For k,l € Z, k < [, we introduce the restriction operator P,i g — ClkL P,ia =
“|[k,z]z'

Definition. Suppose X C S, f: X — R. We say that f has a zero of order v > 0 at a
point ty € S if there exists a neighborhood U of ¢y and positive numbers C; and C5 such
that

£ ()]
< 227K
C; < =t = Cy

for every t € U.

§2. MAIN RESULTS

Suppose a: S — R, a € Ly, infiecsa(t) = 0. For an arbitrary N € N, let Ty be the
truncated Toeplitz matrix with elements (T'n);x = aj—k, j, k € [0, N — 1]z. Let A§N),
j € [1,N]z, be the full collection of eigenvalues (with regard to multiplicities) of the
matrix T, written in ascending order.

In this section we formulate our main results. Their proofs will be given in §§ BHol

Theorem 2.1. Suppose that a(t) has a zero of order v >0 at the point tg = 1, and
that for each neighborhood U of ty the inequality inf,cs\p a(t) > 0 is fulfilled. Then for
each j € N there exist positive constants C_ and C4 such that if N > j, then for the
etgenvalue AgN) of the matriz T we have

— <A

Oy o Cx
Nv — 37 - NV’

Theorem 2.2. Suppose that a(t) has zeros of order vy > 0 at points t; € S, 1 € [1,n]z,
and that for each collection of neighborhoods Uy of the points t; we have infc x a(t) > 0,
where X = S\ U, Ui. Denote vmax = maxjei n), vi. Then for each j € N there exist

positive constants C_ and Cy such that if N > j, then for the eigenvalue )\E-N) of the
matriz T we have

o <\ < &
Nl/max — - Numax

In §§[3 and @it is assumed that a(t) satisfies the hypothesis of Theorem 211

63. THE UPPER BOUND

For any pair of numbers m, o € N, we define a polynomial p,, o € Ppy(a—1) as follows:

Cm(@)

1
am— 3

(3.1) pnalt) = SO (gt a2 gy,

where Cp, () > 0 is a number such that |[pm,al/,, = V2.

Lemma 3.1. For any m € N there exist numbers C1 >0 and Cy > 0 such that C; <
Cm(a) < Cy for all « € N.



EXTREME EIGENVALUES OF TRUNCATED TOEPLITZ MATRICES 715

Proof. Observing that p,, . = C—ml)(ta—_l)m and that 20| /7 < |sin@] < |0] on the

-3 Vi1
segment [—m /2, 7/2], we obtain

T ™ sin?m 9@
tes| t—1 —r SIS
/2 i..2m /2 L:..2m
—9 / n oY) 27&“9) o < 2 / S ) (QO‘W?) df
—7r/2 Sl 0 —m/2 (%9)
2m 2m—1 pam/2 . 2m 2m 2m—1 p+oo ;. 2m
o 20571 / st 9d9§ T 20571 / sm2 9d9;
22m —anj2 7™ 22m f2m
T o1 [©™/? sin®™ 0
/ 1 ds > 2« / p2m do
tesS —am/2
> 9q2m—1 /ﬂ/2 sinjme "
—n/2 fzm
This yields the estimates
w/2 :..2m 2 (e 2m
9 sin“™ 6 Ci (@) t* —1 B 2
2Om(a) /7\'/2 g2m 0 < a;nm71 tes t—1 ds = ||pm,a||L2 =27

w2mC2 () [T sin®™ g
< 9om—1 /_0O g2 de.
Thus,
22m T gin?™m 9 -t /2 sin®™ ¢ -t
—_— —df < Cpla) < —— db .
\/,/TZml </—o<> 92777, ) - (a) - Tr(/_ﬂ_/g 92m )
The lemma is proved. (Il

Lemma 3.2. There exists a constant C > 0 such that for all N € N the lowest eigen-
value )\EN) of the matrix Ty satisfies the estimate

AN <
1 = Nv

Proof. Let C > 0 be a number such that a(t) < C [t — 1|" for any ¢ € S. Let m = [4F],

NeN a= {%] We set p = pp,q, where the polynomial p,, o is defined by (8I). Then
m(a—1) < N —1and p € Py_1. Therefore,

(Tn Py~ Ap, Py~ Ap)

Nf(N_lan_kmp)k)(Ap)n 3 ( 3 an_kmp)k)m

n=0 k=0 n=—oo “k=—o0
1 cC? e — 1™
=5 [ abof as < 22 [ ey ds.
2 tes 2mwat™m— tes t—1
In the same way as in the proof of Lemma [31], we obtain

002 y e 1 2m 002 2m—1—v +oo Li.2m 0
CCn(a) / it | gy < Clmlm / ST .
2ra2m—1 tes t—1 22(m—v) v B p2m—v
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Using Lemma 3] this estimate, and the choice of «, we see that there exists a constant
C4 > 0 independent of N and such that

C
(TP~ Ap, PY T Ap) < N—j
Since ||Pg "t Ap|| = [[Apll;, = 1, the lowest eigenvalue of the matrix Ty does not exceed
Ci/Nv. O

Lemma 3.3. For any j € N there exists a constant C > 0 such that if N > j, then the
eigenvalue /\E»N) of the matrix Ty satisfies the estimate

A o G

J - Nv'

Proof. Let C, m be the same as in the proof of Lemma[3.2l We take N € N, N > mj,
a = L%J For I € [1,4]z we set p) = t[m(a*1)+1](l*1)pm7a, where the polynomial
DPm,o is defined by BI). It is easily seen that all p belong to Py_;. Observe that
for different ! the polynomials p) have no terms of equal degree; consequently, they
form an orthogonal basis of a j-dimensional subspace of L. Let 7vi,72,...,7; € C,
p=>7_,vpY, and ||]p| = v27. Omitting the steps made in the proof of Lemma
we can write

(TNPéV_lAp, Pév_lAp)

@O ds= 5= Sl [ at[p00)] " ds
= tes

27 Jies

1 2 CC? (a)m?m—1-v [+ gn2m g
= — t) [pm.a(t)]” ds < m

o tes a( ) |p ) ( )| $> 22(m—v) v / g2m—v

Using Lemma [3:1] this estimate, and the choice of o, we see that there exists a constant
C+ > 0 independent of N and of the coefficients v1,72,...,7; and such that

(TNPéV_lAp, Pév_lAp) < %

We choose C'y > 5+ so that this inequality is fulfilled also for all N € [j, mj — 1]z. Since
[PY—tAp| = |Apll,, = 1, we have proved the following statement: for any normalized
vector v in some j-dimensional subspace of CV we have (Tyv,v) < C;/N”. This implies

that the matrix Ty has at least j eigenvalues on the segment [0, Cy /N*]. In other words,
the jth eigenvalue satisfies the desired estimate. O
84. THE LOWER BOUND

We start with some auxiliary statements needed in the sequel.

Proposition 4.1. If m e N, p € P,,_1, then

P < /= |1p]
ma. — .
teSXp - 2w PllL,

Proof. Let p(t) = pm_1t™ 1+ -+ + po, t €S. We have

m—1 m—1
> pat™| <D Ipal.
n=0 n=0

lp()] =
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The Cauchy—Bunyakovskil inequality yields

m—1
1
2
t) <+vm =Vm——= .
lp(t)] < vVm HZ:% [Pnl \F\/ﬂ Py,
The proposition is proved. O
Proposition 4.2. Suppose m € N, X C S, X is measurable, and s(X) < I-. Then for
each polynomial p € Py,—1 we have
1
ﬁ Iplly, < ”pHS\X'
Proof. By Proposition [41]
2 2 2 2 m 2
o1, = 1ol s+ [ 10l ds < Dol + 500 2 Il
X v
m 2 2 1 2 2
(1= s ) I, < Wpldc. 5 el < Il 0

Lemma 4.1. There ezists a constant C_ > 0 such that, for all N € N, each eigenvalue
A of the matrix Ty satisfies the estimate

C_
— <A\
Nv —

Proof. Let C' > 0 be such that a(t) > C |t — 1|” for any ¢t € S. Suppose N € N, p € Py_1,
llpll = V27, § = %, X = {e':60€[-6,0]}. Using Proposition [£.2, we obtain the
estimate

B _ 1
(B . Y ) = 5 [ o) (ol ds
te

C v C /. . 0\
> < E= 1 p(0) ds > - (2sin ) / ()2 ds
27 teS\ X 27 2 teS\ X
C r26\" 2 Cc 1 2 C_
> 2 (2 > = - =
> () Wllx = 4= IPlE, = 5
where C_ = C'/2. Since ||P) "' Ap|| = 1, the lowest eigenvalue of Ty is at least C_ /N,
but then the same is true for all other eigenvalues. O

§5. PROOF OF THEOREMS 11 AND

Theorem T follows immediately from Lemmas and BT

The proof of Theorem [ZZ] differs from that of Theorem 1 by technical details only.
For obtaining the upper estimate (an analog of Lemma B33), it suffices to choose any
point where the function a(t) has zero of order vpax, and shift the polynomials p(l)(t)
so that they attain their maximum at this point. For the lower estimate (an analog of
Lemma [£Tl), as X we can take the union of sufficiently small neighborhoods of all zeros
of the function a(t).
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