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ON MAPS OF A SPHERE TO A SIMPLY CONNECTED SPACE
WITH FINITELY GENERATED HOMOTOPY GROUPS

S. S. PODKORYTOV

ABSTRACT. It is proved that the homotopy class of a map of a sphere to a simply con-
nected CW-complex with finitely generated homotopy groups depends polynomially
on the induced homomorphism of the groups of zero-dimensional singular chains.

INTRODUCTION. MAIN RESULT

Terminology and notation. We denote N = {1,2,...} and Ny = NU{0}; P is the set
of all primes.

A pointed set is a set with a distinguished element; the latter is denoted by *. Any
Abelian group is a pointed set with * = 0. Any pointed space is a pointed set. For a
pointed set T, let (T') denote the (free) Abelian group with generators ‘t’, ¢t € T, and a
single relation ‘x’ = 0.

A map f: T — T’ of pointed sets is said to be bound if f(x) = x. In this case we
introduce the homomorphism

(f):(T) =A(T"), (fH(t)="f(t), teT.
For ¢ € Ny and a pointed space X, let II;X be the pointed set of all continuous bound
maps a: ST — X (%(57) = {x}).
For a map a € II, X, [a] € 7, X is its homotopy class. We put

U, X :=Hom({(S?), (X)).

By an equivalence we mean a weak homotopy equivalence. A space X is admissible if
there exists a CW-complex Y and an equivalence h: X — Y.

1. Theorem. Suppose m € N and X is a simply connected admissible pointed space
with finitely generated homotopy groups. For v € Ny, let Q, C (¥,,X)®" be the subgroup
generated by the elements (a)®", a € 11,,X. Then for any sufficiently large r € Nq there
exists a homomorphism 1: Q, — m, X such that [({a)®") = [a] for each a € 11,,X.

Discussion. The condition that the homotopy groups are finitely generated seems to be
superfluous. We show that the simple connectivity condition is essential (if m > 1).
(Perhaps, homotopy simplicity would suffice.) We use the action of the fundamental
group of a pointed space on its higher homotopy groups.

Let pe II1 X, q € I1,,,X, and let pg = *x € II; X, p1 = p. For r € Ny, we put

T T
B = (\/ Sl) VST Ao, = (\/pes) Vq:B— X, ep,...,e, €{0,1}.
s=0 s=0
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Suppose jo,--.,jr € [I1B and k € II,, B are canonical embeddings. We choose a map
h € 11, B with [h] = [jo] - - - [Jr][K] and put

OheHmX7 607...767«6{0,1}.

Qeg...e,, = Aeo.“er

It is easily seen that there exist homomorphisms

Vo,...,‘/:,-,WZ <B>—><X>

such that

(Acy..e) =eoVo+ -+ eV +W, ep,...,e, €{0,1}.
Put

vs=Vs0(h) €U, X, s=0,...,7, w=Wo(h)eV¥,X.
We have

(Geg...e,) = €0Vo + + -+ + €rUp +w, €q,...,e €{0,1}.
This implies the relation
> DT g, ) = 0,
€o,...,er€{0,1}
If the required homomorphism exists, then
S ) g e, ] = 0.
€o0,...,er€{0,1}

It is easily seen that

[acq...e, ] = [PIF T[], eo,... er €{0, 1}
Suppose that p, ¢ are chosen in such a way that [p][g] = —[¢] and [g] is of infinite order
in 7, X (for example, this is possible if m is even and X = RP™). Then
> DT g e ] =27 g £ 0. O

€o,.-,er€{0,1}

Outline of the proof of Theorem 1. The proof consists of two parts, “primary” and “ra-
tional”, in conformity with the structure of m,,, X (see §14). In the primary part, the
space X is replaced by a space with primary finite homotopy groups (§9) and the Serre
method is used: the homotopy groups below the mth group are killed gradually, and then
the Hurewicz theorem is applied to the mth group (§8). In the rational part, we pass
from the space X to its loop space, in which the rational homotopy class of a spheroid is
determined by its homology class in view of the Cartan—Serre theorem. (More precisely,
instead of the loop space we use a certain model of its multiple suspension, a version of
the cobar construction; see §§12, 13.) (]

§1. PRELIMINARIES
Main maps. Suppose g € Ny and X is a pointed space. The maps
Jox X =¥, X, a—(a), and P, x:I,X — 1, X, ar [a],

are called the main maps. Sometimes, we do not mention ¢ and X and simply write J
and P, or J' and P/, etc.
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Induced maps. Suppose ¢ € Ng and f : X — X’ is a continuous bound map of pointed
spaces. Let

H,f: HX — H, X', m,f: 1, X — m,X';

O, f: X = 1,X", ¥, f: ¥, X — ¥, X'
be the induced maps. (We put (II,f)(a) = foa, a € II, X, and (¥, f)(w) = (f) o w,
we¥,X.)

More functors. Suppose ¢ € Ny, and T is a pointed set. We denote by ®,7" the pointed
set of all bound maps A: S9 — T (%(S7) = {}). If U is an Abelian group, so is ®,U.
For a bound map f: T — T”, we introduce the bound map

Q,f: @, T — ,T', A foA.

Free Abelian groups. For a set T, let (T') be the Abelian group with free generators
‘,teT.
We introduce the homomorphism

Ty -7, z—7T, ‘T:=1 teTl.
A map f: T — T’ induces the homomorphism

(D) = (L), HL):=f1), teT

Reduction modulo ¢. Suppose ¢ € N, U is an Abelian group, and u € U. We put
U/lq:=U®Zy, ulg :=u®1 € U/q. For a homomorphism h: U — V of Abelian groups,
we introduce the homomorphism

h/q:U/q—V/g, (h/q)(ulg) = h(u)lg, ueU.

p-Special Abelian groups. Suppose p € P. We say that an Abelian group is p-special
if it is finite and its order is a power of p.

Increasing maps. By an increasing map we mean a nonstrictly increasing map.

Simplicial objects and morphisms. For ¢ € Ny, we put

[q] :={0,...,q}.

For p € P, a simplicial p-special Abelian group is a simplicial Abelian group U such that
the groups Uy, ¢ € Ny, are p-special.

A simplicial pointed set and a simplicial bound map are a simplicial object and a simpli-
cial morphism (respectively) of the category of pointed sets and bound maps. (Simplicial
pointed set = pointed simplicial set; the geometric realization of a simplicial pointed set
is a pointed space; the same applies to simplicial bound maps.)

A simplicial finite set is a simplicial set T such that the sets Ty, ¢ € Ny, are finite. A
simplicial finite pointed set is understood similarly.

For simplicial pointed sets T and T’, a simplicial bound map f : T — T is called an
embedding if the maps f;, ¢ € Ny, are injective.

Convenient spaces etc. A convenient space is the realization of a simplicial countable
set. A convenient map, a convenient pair, etc. are understood accordingly.

Cubes and simplexes. Suppose r € Ng. We put I = [0,1], I" = I*". We make obvious
identifications: IP x I9 = IPT9 (p,q € Ng), I' = I. Also, we put

Ar:{(zl,...,ZT)EIxrjzlS...Szr}_

For t = (t1,...,t,) € I" we put t* = (21,...,2,) € A", where z, = t,...t,, s =1,...,7.
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Spheres. Suppose r € Ny. Convention: S™ = I"/0I". For the projection I" — S” we
write t — t° (t € I").

Suspension. Suppose r € Ny and X is a pointed space. We put
S'TX =1"x X/(OI" x X UI" x {x}).
For the projection I" x X — S™X we write (t,z) — t°z (t € I", z € X). Let ¢ € N. The
map
Z" X - Uy X, Z"(a)((t,8)°) =t°a(s®), tel", self,
is called the suspension transformation. We recall that the suspension homomorphism is
defined as follows:
2" g X — mgrr X, 27([a]) = [Z27(a)], a€llX.

Path and loop spaces. For a space X, by '’ X we denote the space of all paths u : [ —
X. A continuous map f: X — X' induces the map

rf:TX -TX', (Tf)(u):=fou.
For a pointed space X we have QX C I'X.

Nameless arrows. Suppose X is a pointed space and g € N. We refer to the bijection
D: 1,11 X - 1I,9X, D(a)(s®)(t) :=a((t,s)?), sel tel,
and the isomorphism
d: g1 X - 10X, [a] = [D(a)], a€llj1X,
as to the nameless bijection and the nameless homomorphism.

Weak continuity. A map f: X — Y of spaces is said to be weakly continuous if for any
compact Hausdorff space T' and any continuous map k: T — X the map fok: T —Y
is continuous.

§2. COMPARISON OF MAPS OF A SET TO ABELIAN GROUPS

In this section we introduce polynomial dependence relations between maps of a set
to Abelian groups and study the properties of such relations.

Notation. Suppose T is a set, U is an Abelian group, and e : T'— U is a map. Consider
the homomorphism

et (T) - U, e (‘t):=e(t), teT.
For t € T, we put

For r € Ny, let
[e]- c (D)*"
be the subgroup generated by the elements 2®", x € t¢, t € T..

Definition. Supposee: T — U and f : T — V are maps to Abelian groups. For r € Ny,
we write

e > f
if there exists a homomorphism k: [e], — V such that k(z®") = f(¢) for any t € T and
x € t°. We write

e —f
if e > f for some r € Np.

2.1. Lemma. Suppose e : T — U and f: T — V are maps to Abelian groups, r € Ny,
and e 2> f. Then e 2= f.
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Proof. Since e > f, there exists a homomorphism k : [e],, — V such that k(z®") = f(t)
for any t € T and x € t°. We introduce the homomorphism
L:(TY®[e]r =V, L(z®z):=Tk(z).
We have
(1) @ [e]r € (T) @ (T)®" = (D)*C+D.
If t € T and z € t¢, then L(z®*Y) = Th(z®") = f(t), because T = 1, k(x®") = f(t).
Therefore, e T f. ]

2.2. Lemma. Suppose U andV are Abelian groups, e: T — U is a map, and h: U — V
is a homomorphism. Then a) e Lo hoe; b) if h is a monomorphism, then hoe - e.

Proof. We have [e]; C (T)®! = (T). Let k : [e]; — U be the restriction of the homo-
morphism et. For t € T and x € t¢ we have k(2®1) = e*(z) = e(t). (Thus, e 2o e.)
The homomorphism h o k: [e]; — V yields e L& hoe. If h is a monomorphism, then
[hoe]i = [e]: (this is easy to check) and the homomorphism k: [k o €]y — U yields
hoe Lloe. g

2.3. Lemma. Suppose e:T — U, f: T — V, and g: T — W are maps to Abelian
groups, and r,s € Ng. Suppose e = f and f 2> g. Then e “5> g.

Proof. Consider the homomorphism
c:{(T)—Z, clz):=T.

We have a homomorphism ¢®": (IV®" — Z®" = Z. Since e L f, there exists a
homomorphism k: [e], — V such that k(z®") = f(t) for every t € T and = € t°. We
introduce the homomorphisms

hile]lr = ZaV, h(z):=(c(2),k(2))
and
FT) = ZeV, F()=( /@)
For t € T and x € t¢, we have h(z®") = (1, f(t)) = F(‘’). Therefore, imh C im F. Since
the Abelian group [e], is free (this is a subgroup of the free Abelian group (I')®"), there

exists a homomorphism b: [e], — (I') such that Fob = h. For t € T and z € t° we have
b(z®7) € tf, because F(b(z®7)) = h(z®") = (1, f(t)).

Note that
[e]2* € (T)=r)®* = (D)=,
We have a homomorphism
9% [e] P — (D)®".
Clearly, [e],s C [e]2. We have b®*([e],s) C [f]s; indeed, if ¢ € T and x € t°, then
bOs (2®@75) = b(x®7)®5 € [f]s because b(x®") € /. Since f > g, there exists a homo-
morphism 1: [f]s — W such that I(y®*) = g(t) for any t € T and y € tf. Consider the
homomorphism
m: [e]rs — W, m(Z)=101%(Z)).
Fort € T and x € t° we have
m(a®7%) = 157 (w7)) = [6)>) = g(0)
because b(z®") € tf. Thus, e 255 f. O

2.4. Lemma. Suppose g : Z — T is a map, e : T — U and f : T — V are maps to
Abelian groups, and r € Ng. Ife T f, theneog = fog.
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Proof. Note that (g)(y) € g(2)¢ for z € Z and y € 2°°9. We have a homomorphism
(@ (2)°" — (D"

Next, (¢)®"([e o g]») C [€]r; indeed, for z € Z and y € 2°°9 we have (g)®"(y®") =
(9)()®" € [e], because (g)(y) € g(2)°. Since e L f, there is a homomorphism
k: [e], — V such that k(z®") = f(t) for each t € T and = € t°. Consider the ho-
momorphism

l:feoglr =V, w k(@) (w)).

For z € Z and y € 2°°9 we can write

(y®") = k((9)®"(¥™") = k({g)(1)®") = f(g(2))
because (g)(y) € g(2)¢. Thus, eog = fog. O

2.5. Lemma. Suppose e : T — U and f : T — V are maps to Abelian groups and
r € Ng. If e|p £ f|p for each finite set D C T, then e L f.

Proof. We must show that there exists a homomorphism k: [e], — V such that k(z®") =
f(t) for each t € T and = € t°. Take an arbitrary number n € Ny and elements t; € T,
r; €t6,i=1,...,n. Let P C (I)®" be the subgroup generated by the elements z}",

79

i =1,...,n. It suffices to show that there exists a homomorphism &’: P — V such that
K (2P") = f(t:), i =1,...,n. There is a finite set D C T such that t; € D and z; € (D)
(C (I)) for each i = 1,...,n. We have P C (D)®" C (I)®". Since e|p =& f|p, the
desired homomorphism k' exists. |

2.6. Lemma. Supposee:T — U and f; : T — V;, j € J, are maps to Abelian groups

and r € Ng. Put
f=1lr:r-1]v
jeJ jeJ
Ife *> f;, j € J, thene T f.
2.7. Lemma. Suppose e; : T; — U; and f; : T; — V;, j € J, are maps to Abelian
groups and r € Ny. Put

E=(ej)jes: [T =10 F=idies: [IT — [T Vi
i€t jes JjeJ jeJ
Ifej = fj, j € J, then E “ F.

Proof. We take an arbitrary ¢ € J and consider the commutative diagram
E F
HjeJ Uj — HjeJ Tj — HjeJVj

/| g /|

fi

U; o T; B Vi

where p, p’, and p” are projections. By Lemma 2.6, it suffices to show that F > p”' o F.
By assertion a) of Lemma 2.2, E L& p’ o E = ¢; op. Since e; > f;, Lemma 2.4 implies
the relation e; op > f; op = p”’ o F. Therefore, E > p” o F by Lemma 2.3. O

2.8. Lemma. Suppose U is an Abelian group and r € Ngy. If
R:U—-U®, wuw— u®,

then id = idy > R.
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Proof. Consider the homomorphism (id™)®": (U)®" — U®". For u € U and z € u'd C
(U), we have

(1d)®"(2®7) = id T (2)®" = u®" = R(u).
Thus, id &> R. O
2.9. Claim. Suppose e : T — U and f : T — V are maps to Abelian groups, and
r € Ng. Suppose TorsU =0 and e = f. Let Q C (Z ® U)®" be the subgroup generated

by the elements (1,e(t))®", t € T. Then there exists a homomorphism 1: Q — V such
that 1((1,e(t)®") = f(t) for each t € T.

Proof. Consider the homomorphism
E:(T)—ZaoU ¢~ (1e(), teT.
We have a homomorphism
E®T . (T)®" — (Za U)®".
Not that E®"([e],) = @, because for t € T and = € t¢ (in particular, for z = ‘¢’) we have
E®(287) = BE(2)®" = E(t)®" = (1,e(t))®".
Since e > f, there exists a homomorphism k: [e¢], — V such that k(z®") = f(t) for

each t € T and x € t°. It suffices to show that there exists a homomorphism [: Q — V
such that I[(E®"(z)) = k(z) for each z € [e],. Indeed, in this case for ¢t € T' we have

1(L,e(t)®7) = UB(L)®) = (E®T (L) = k(®") = f(#),

as required.

It suffices to show that [e], Nker E®" C ker k. We take an arbitrary z € [e], Nker E®"
and show that z € ker k. Since z € [e],, there exist numbers n € Ny, a; € Z and elements
t,eT,x; €tf,i=1,...,n, such that

n
z = E aix;@r.
i=1

Let B C Z@®U be the subgroup generated by the elements E(‘t;"), i = 1,...,n. It is free
because Tors U = 0. Consequently, there exists a homomorphism

d: B—{(T)
such that E(d(b)) = b for any b € B. Put y; = d(E(‘t;")), i = 1,...,n. Then y; € t§,
i=1,...,n. Note that B®" C (Z&U)®". We have a homomorphism d®" : B®" — (T)®".
Since
yi =d(E(‘t,) =d(E(z;), i=1,...,n,

it follows that

Y2 = d(E(2:))®" = d®"(E®"(2P7)), i=1,...,n.
Thus,

Do e = 3 ad® (B (@) = 47 (B¥7(2) = 0

i=1 i=1
because z € ker E®". Since

k(@) = f(t) = k(y?"), i=1,...,n,

we see that

k(z) = aik(z{") =Y ak(yP") =0. 0
i=1 i=1
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2.10. Lemma. Suppose e : T — U and f : T — V are maps to Abelian groups and
r € Ng. Suppose TorsU =0 and e > f. Let

PcC égU@’S
s=0

be the subgroup generated by the elements (e(t)®%)"_,, t € T. Then there exists a homo-
morphism k: P — V such that k((e(t)®%)_,) = f(t) for any t € T.

Proof. Let Q C (Z@® U)®" be the subgroup generated by the elements (1,¢e(t))®", t € T.
Since TorsU = 0 and e = f, Claim 2.9 yield the existence of a homomorphism l: Q — V
such that I((1,e(t))®") = f(¢) for any t € T.

Let i = (1,0) e Z® U, and let j: U — Z ® U be the canonical embedding. For each
s =0,...,r we introduce the homomorphism

gs: U®* — (ZaU)®,
gs(u1 ® - @ug) := Z i @ j(u1) @1 @ -+ @ j(uy) @i

to,...,tsENg:
to+-+ts=r—s

Put , .
Gz@gs: @U®S—>(Z@U)®T.
s=0 s=0

It is easily seen that G((u®®)’_,) = (1,u)®" for u € U. In particular, G((e(t)®*)’_,) =
(1,e(t))®" for any t € T. Thus, G(P) = Q. If k(z) = I(G(z)), z € P, then for t € T we

have
k((e(t)®*)5—0) = UG((e(t)®*)s=0)) = U((1,e(t))®") = f(1). O

2.11. Corollary. Suppose T is a pointed set, e : T — U and f : T — V are bound maps
to Abelian groups, and r € Ng. Suppose TorsU =0 and e > f. Let

PcC éU@’S
s=1

be the subgroup generated by the elements (e(t)®%)"_,, t € T. Then there exists a homo-
morphism k: P — V such that k((e(t)®%)"_,) = f(t) for any t € T.

Proof. Let
P cpuer
s=0

be the subgroup generated by the elements (e(¢)®%)"_,, ¢t € T. Since TorsU = 0 and e -~
f, by Lemma 2.10 there exists a homomorphism k' : P’ — V such that &'((e(t)®*)"_,) =

f(t) for any t € T. Let
- -

s=0 s=1

be the projection. Clearly, ¢(P') = P. Put
T
i=(1,0,...,0) EBU®S.
s=0

Then i = (09%)7_, = (e(x)®*)"_,. Therefore, k¥'(i) = f(x) = 0. Since i generates ker g,

there exists a homomorphism k: P — V such that k(g(z)) = k/(2) for any z € P’. For
t € T' we have

k((e(t)®*)5=1) = k(a((e(t)¥*)i=0)) = K ((e(t)**)i=o) = F(2)- a
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§3. COMPARISON OF MAPS TO p-SPECIAL ABELIAN GROUPS
Our aim in this section is to prove Lemma 3.5.
Notation. Suppose ¢ € Z, U is an Abelian group, and u € U. Put
Lo = { et
For ¢,z € Z we denote 1(4)(2) = 14z(2).
3.1. Lemma. Suppose p € P, m € N, and z € Z. Then

z—1
(pm _ 1) = 1(pm)(Z) (mod p).
Proof. If z 2 0 (mod p™), the claim follows from Kummer’s theorem on binomial coef-
ficients (see |2, Appendix 3]). Otherwise, we use the identity

prn_l

)= 2 )

(Z) =0 (modp), k=1,...,p"—1

(by Kummer’s theorem), which gives what we need. O

If z=0 (mod p™), then

3.2. Lemma. Suppose pe P, k€ N, and x,y € Z. Then
r=y (modp®) = 2P =9y (mod p" ).
Proof. Indeed,
a? —yP = (z—y)(@ 2P Py + o yP ) =0 (mod ptHY)
because the first factor is divisible by p* and the second is divisible by p. O
3.3. Corollary. Suppose p e P, n €N, and x,y € Z. Then
z=y (modp) = 2#" =y (mod p").

3.4. Lemma. Suppose p € P, m,n € N, and z € Z. Then

n—1

z—1\" n
(pm B 1> =1pmy(2) (mod p™).
Proof. This follows from Lemma 3.1 and Corollary 3.3. ]

3.5. Lemma. Suppose p € P, T is a finite set, ande: T — U and f : T — V are maps
to p-special Abelian groups. If e is injective, then e —> f.
Proof. For some m and n, we have pU = 0 and p"V = 0. Put q :=p™ — 1, r := p" !,
and s := card T. We assume that T'={1,...,s}. Put
E={zec ) :T=1}.
For k € N we introduce the homomorphism
bp: ZDZ — Q, bi(v,2):=2z/k—w.
Let .
b=QQbr: (Z&Z)® — Q% = Q.

k=1
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For z € Z we have

(o= =TI (Z-1)= (Z;1>.

k=1
Put
=0 (Zo L) = (Z&Z)®)* — Q¥ =Q.

For z € Z, Lemma 3.4 implies
z—1\"

B((1,2)®9) = ( . ) =14my(2) (mod p").
For t € T, consider the homomorphism

(T —7Z, w1, ‘22—0, zcT\{t}

For a € E and t € T we introduce the homomorphism
LAT) - Z®Z, =z~ (T,c(z)—-c(a)7)
and put
D! = Bo (IL)®7 . (T)® — Q.
Ifae E,teT, and x € F, then
DL ™) = B((IL)® 7(27)) = B(lL(2)® ™)
— B((1,¢(2) - Ha)®T) € L) (c'(2) — ¢'(a)) + P

For a € F, let

S

Dy =@ Di: (L) = (D)° ") - Q™ = Q
t=1

For a,z € E we have

Dy (z®m%) = HDt (@) € 1ym(py(z — a) + p"Z.
t=1
Let P C (T')®97% be the subgroup generated by the elements x99, z € E. For a € £
we denote
dy :=Dy|: P—Z
(Do(P) C Z). f a,x € E, then
do(2®9%) = 1pm(y(z — a) (mod p").

There is a set A C E such that for any « € E there exists a unique a € A such that
x —a € p™(T). The set A is finite.
We introduce the homomorphism

K:P—V, KZ)= Y  dd2)f(t),
teT,ac ANte
and take an arbitrary tg € T'. Let xg € t§. Since p™V =0, it follows that
K@g™) = Y da@g ™)) = Y Ly (wo—a)f(t).
teT,ac ANte teT,ac ANte

There is ag € A such that g — ag € p™(T).

Since ag € A C FE, we see that ag = 1. Next, we have p™U = 0; consequently,
et (ap) = e (xg) = e(to). Therefore, ag € ANtS. In the last-written sum the term with
t =tp and a = ap is equal to f(tg), because xg — ag € p™(I). There are no other terms
with a = ag, because if t # tg, then ag ¢ t¢ (recall that e (ag) = e(tg) # e(t) since e
is injective). The terms with a # ag are zero because zg — ag € p™(T); consequently,



ON MAPS OF A SPHERE TO A SIMPLY CONNECTED SPACE 729

xo —a ¢ p™(T) (since ag,a € A and a # ag). Therefore, K (x5 ) = f(t). It follows
that e 154> f. O

84. THE MAP zp

Notation. Suppose T is a simplicial set,

o0
c: [TA?x Ty — [T
q=0
is the natural projection, ¢ € Ny, and z € A?. Consider the map
zr: Ty — |T|, t 2z :=c(z,t).

Notation. For ¢ € Ny and i € [g], we put 7/ = (0,...,0,1,...,1) € A7 (i zeroes). For
g, € Ng and an increasing map d: [r] — [g], we introduce the following affine map:

de: A" = AT Tl T, JE]

4.1. Lemma. Suppose z € Int AY. Then zr is injective.

Proof. We take arbitrary ¢, € T, with 2z, = 2z and show that ¢ = ¢/. There exist
r € Ng, w € A", and increasing maps d,d': [r] — [q] such that T(d)(t) = T(d')(t') and
do(w) = d (w) = z (see [1} 1.2.13]). Put E = {j € [r] : d(j) = d'(j)}. It is not difficult
to realize that the relation d,(w) = d. (w) implies that w belongs to the convex hull of
the vertices 77, j € E. Since d.(w) = z € Int A?, d|g is surjective. Thus, there exists an
increasing map c: [q] — [r] such that c([q]) C E, doc = id[g); consequently, d’' o ¢ = idy.
We have

£ = T()(T(d)(1)) = T(e)(T(d) () = ¢ 0

4.2. Lemma. Suppose T is a simplicial set and D C |T| is a finite set. Then there
exist ¢ € Ng and z € Int A7 such that D C zp(Ty).

Proof. For m € Ng and u = (u1,...,uUn) € A™, we put |Jul = {0,u1,...,up,1} C I. If
[lw]l € |Jv| for some u € A™, v € A™ (m,n € Np), then there exists an increasing map
d: [n] — [m] such that u = d.(v), and us = vp(gys) € vr(Ty) for any t € Ty,. Thus, it
suffices to choose z with ||z|| sufficiently large. Namely, each point of D is y; for some
ye€ AP and t € T, (p € Ny), and we require that ||y|| C ||z||. O

§5. SIMPLICIAL ABELIAN GROUPS

Commonplaces. Suppose U is a simplicial Abelian group. Then |U| is an Abelian
group with weakly continuous addition and subtraction. For ¢ € Ny and z € A9, the
map 2y : Uy — |U] is a homomorphism. For ¢ € Ny, the set II,|U| is an Abelian group.

5.1. Lemma. Suppose m € Ny, and U is a simplicial Abelian group. Then
J = Jm,|U\ LD ide\U\ .

Proof. Let j : I1,,|U| — ®,,|U| be the inclusion homomorphism. Consider the homo-
morphisms
r: (U) = U], “@’ v, ve|U,
and
h: U, |Ul — @,,|U|, h(w)(z):=rw(2)), =ze€S™.
We have h o J = j because
h(J(a))(z) = h({a))(2) = r({a)('2")) = r(‘a(2)’) = a(z) = j(a)(z)
for any a € II,,|U| and z € S™. By assertion a) of Lemma 2.2, J 1> hoJ = j. By
assertion b) of Lemma 2.2, j L& id. Therefore, J -1+ id by Lemma 2.3. (]
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5.2. Lemma. Suppose m € N and U is a simplicial Abelian group. Then the main map
P:11,,|U| — 7, |U| is a homomorphism.

See [3, Lecture 4, Supplement, Proposition 5].

§6. COMPARISON OF SIMPLICIAL MAPS

Definition. Suppose T is a simplicial set, U and V are simplicial Abelian groups, and
e:T—Uandf: T — V are simplicial maps. For » € Ny we write e = f if e, T
for every ¢ € Ny. We write e —> f if there exists r € Ny such that e = f.

6.1. Lemma. Ife *>f, then |e| = |f].

Proof. Let D C |T| be an arbitrary finite set, and let j : D — |T| be the inclusion. By
Lemma 4.2, there exist ¢ € Ny and z € Int AY such that D C zp(T,). There exists a
map s : D — T, such that zt o s = j. Consider the commutative diagram

€q £y

Uq Tq Vq
) - ~]
ul L vy,

The maps zy and zy are homomorphisms. We have
le|ozr =z2uoe, T e,

by assertion b) of Lemma 2.2, because zy is a monomorphism by Lemma 4.1. By
assumption, e, &> f,. By assertion a) of Lemma 2.2, £, L& 2y of, = [f|o 2p. Therefore,
le| o zx "> |f| 0 zr by Lemma 2.3. Lemma 2.4 shows that

leloj=lelozros L |f|ozros=|f|loj.

Therefore, |e| = |f| by Lemma 2.5. O

6.2. Corollary. Under the assumptions of Lemma 6.1, I,,|e| = II,,|f| for every
m € Np.
Proof. Consider the commutative diagram

10,.|U| < 1p I, |V|

/| i| o

U] 22l g ) 22 v,

o |£]
e

where 7, 7/, and j” are inclusions. Clearly, j/ and j” are homomorphisms. By assertion
a) of Lemma 2.2,

Hm|e| i[>]/ © Hm|e| = (I)m‘e| °J.
By Lemma 6.1, we have |e| = |f|. Thus, ®,,|e| L> ®,,|f| by Lemma 2.7. Consequently,
D, le|oj "> D,|f] oj = ;" oI,|f]

by Lemma 2.4. Assertion b) of Lemma 2.2 yields j” o II,,|f| L& II,,|f|. Therefore,
1L, |e| = II,,,|f] by Lemma 2.3. |
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§7. THE EILENBERG—-MAC LANE CONSTRUCTION

Generalities. Suppose n € N, and V is an Abelian group. The following objects are well

defined (see [10, §23]): the simplicial Abelian groups K(V,n) = K and L(V,n) = L, and

a simplicial homomorphism ¢(V,n) = c: L — K. For ¢ € Ny, K, is the group of classical

n-cocycles of A? with coefficients in V, L, is the group of classical (n — 1)-cochains of

A? with coefficients in V', and ¢, is the restriction of the coboundary homomorphism.
For q,r € Ny and an increasing map d : [r] — [q],

K(d): K, — K,

is the homomorphism induced by d, : A" — A9%. The same applies to L. We have
74/K| = 0, ¢ € N\ {n}. There is a canonical isomorphism V — 7,|K|. Composing it
with the Hurewicz homomorphism, we get an isomorphism i: V — H,|K]|, called the
standard isomorphism. The space |L| is contractible. Since the ¢, are epimorphisms for
q € Ny, c is a Kan fibration by [8, Lemma III.2.8]; consequently, |c| is a Serre fibration
by the Quillen theorem (see [8, Theorem 1.10.10]).

7.1. Lemma. Suppose n € N, T is a simplicial pointed set, V is an Abelian group,
and g : H,|T| — V is a homomorphism. Put K = K(V,n). Leti:V — H,|K| be the
standard isomorphism. Then there exists a simplicial bound map f : T — K such that
Hylf|=iog.

This follows from the universal coefficient theorem and “the universal cohomology
class theorem” (see [10] Theorem 24.4]).

7.2. Lemma. Suppose p € P, T is a simplicial finite pointed set, U is a simplicial p-
special Abelian group, V is a p-special Abelian group, n € N, e : T — U is an embedding,
and £: T — K(V,n) is a simplicial bound map. Then e —> f.

Proof. Put K = K(V,n). By Lemma 3.5, there exists r € Ny such that e,, = f,,. For
an arbitrary ¢ € Ny, we consider the commutative diagram

| /| g
E=(en) F=(f,)
[laep Un — [laep Tn — [laep Kn,
where D is the set of all increasing maps d : [n] — [g] and
g=[]TW@, ¢=]J]U@, nr=]]K@.
deD deD deD

By assertion a) of Lemma 2.2, e, 2> ¢’ oe, = Fog. By Lemma 2.7, E &> F. Thus,
Eog "> Fog = hof, by Lemma 2.4. It is not difficult to check that h is a monomorphism.
Thus, hof, + f, by assertion b) of Lemma 2.2. Therefore, e, > f, by Lemma 2.3. O

§8. APPLYING SERRE’S METHOD

Definition. Let m € Ny. Suppose we have a commutative diagram

=

e
-

ch

(1) s

—
=
—

c
H
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where T and T are simplicial pointed sets, r is a simplicial bound map, U and U are
simplicial Abelian groups, s is a simplicial homomorphism, and e and & are embeddings.
Consider the commutative diagram

1,10 L=, 1)

HmISIl Hmlr\l

11,,|e
I1,,[U] 5 11, T,
By a gear for diagram (1) we mean a bound map G : II,,,|T| — II,,,|T| such that IT,,|r| o
G =idp,, 1| and 1L, |e] —> I1,,|€] o G.

8.1. Claim. Suppose p € P, m,n € N, and we are given a commutative diagram

U—— T 2> 1L

(2) l ' l
U——T K
where T is a simplicial finite pointed set, U is a simplicial p-special Abelian group, e is an
embedding, f is a simplicial bound map, K = K(Zp,n), L = L(Z,,n), ¢ = c(Zy, n), T is
a simplicial pointed set, v and g are simplicial bound maps, the right square is Cartesian,
U=UxL,s is the projection, and & = (eor) X g. Suppose m # n. Then there exists
a gear G : 11, |T| — I, |T| for the left square of diagram (2).

f

3

Proof. Consider the commutative diagram

II,, |s| X I1,, | t] I,, |é|
—

I1,,|U| x I, |L| II,,|U| <= IL,|T| I1,,|L|

(3) Hm|s\l th e | el |

H'Iﬂlel H'Inlfl

I [U] —— TIn|T| ——— IIn[K],

I, gl
—

where t: U — L is the projection.

We have pK, = 0 for every ¢ € Ny. Therefore, p|K| = 0, whence pll,,,|K| = 0.
Similarly, pIl,,|L| = 0. Thus, we can view IL,|K| and II,,|L| as vector spaces over
the field Z,, and IL,,|c| as a linear map. Since m,,|K| = 0 and |c| is a Serre fibration,
IL,,|c| is surjective. Hence, there exists a linear map F': I1,,|K| — IL,|L| such that
Hm\c| oF = ide\K\-

Since the right square of diagram (2) is Cartesian, so is the right square of diagram
(3). We define the required map

G: 11, |T| — 11, | T|
by the conditions IL,|r| o G = idp,, 7| and II,|g| o G = F o IL,|f| (compatibility:
I |f] = Iy [c| o F o 1L, [£]).
By assertion a) of Lemma 2.2, we see that
,,le| L& I0,,|e| = II,,|e| o L, |r| o G = 11, |s| o I1,,, || © G-
Lemma 7.2 and Corollary 6.2 imply II,,|e| —> IL,,|f]. Assertion a) of Lemma 2.2 shows
that I1,,|f| L& F o I1,,|f|. Thus, by Lemma 2.3,
IL,,le| —> F oIlL,|f| =1IL,|g| c G = I, |t| o II,,,|€| 0 G.

Therefore,
II,,|e] —> (ILy,|s| x I, [t]) o IL,,|€| o G
by Lemmas 2.1 and 2.6. Since II,,|s| x II,, |t] is an isomorphism, II,,|e| —> II,,|é|cG. O
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8.2. Claim. Supposep € P, m € N, T is a simply connected simplicial finite pointed set,
U is a simplicial p-special Abelian group, and e : T — U is an embedding. Suppose the
groups mq|T|, ¢ € N, are p-special. Then there exists a commutative diagram of the form

(1), where T is an (m — 1)-connected simplicial finite pointed set and U is a simplicial
p-special Abelian group, and a gear G : IL,,|T| — IL,,,|T| for that diagram.

Proof. We proceed in a finite number of steps. At the ith (i € Ny) step we shall construct
a commutative diagram

=1

U & i
U —— T,

where T? is a simply connected simplicial finite pointed set such that the groups 7rq|’i"'|7
q € N, are p-special, r’ is a simplicial bound map, U’ is a simplicial p-special Abelian
group, s’ is a simplicial homomorphism, and &’ is an embedding, together with a gear
G': 11,,,|T| — II,,,|T? for that diagram.

The 0th step: we put

T™=T, °=id, U’°=U, s=id, &’ =e, G"=id.

Suppose that the ith (i € Ny) step is finished. If the simplicial set T? is (m — 1)-
connected, we put

T=T!, r=r', U=U!) s=s', é=¢é&, G=G,
and we are done. Otherwise, we pass to the (i + 1)st step. Put
n =inf{q € N: m|T| # 0}.
Then n < m. Let
K=K(Z,,n), L=L(Z,n), c=c(V,n):L—K.

Since wn\'i”| is a nonzero p-special Abelian group, there exists an epimorphism h :
7n|T?| — Z,. By the Hurewicz theorem and Lemma 7.1, there exists a simplicial bound
map f : T? — K such that m,|f| is an epimorphism. There is a commutative diagram

~i+1

Uit & pitl 8
(4) s'l r’ l Cl
U o K,

where Tt is a simplicial pointed set, r' and g are simplicial bound maps, the right
square is Cartesian, U*t! = U’ x L, s’ is the projection, and &*! = (& or’) x g. Putting
r'tl =rior and s'T! = s’ o', we get the required commutative diagram

~ . aitl ~ .
UH—l e TH—l

(5) e | o |
U

—c T
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By Claim 8.1, there exists a gear G": Hm|i‘i| — I1,,,| T*| for the left square of diagram
(4). Put G = G’ o G. Clearly, IL,,|r**!| o G* = id. Consider the diagram

~ . attl ~ .
Hm|Uz+1| e Hm|TZ+1‘
|
L
GLW
Hmrlel
0,U % I0L,|T).

We have
I, |e| —> II,,|&| o G%, TI,|&| —>II,,|e" T} o G'.
Consequently, by Lemma 2.4,
Hm|éz| o Gi > Hm|éi+1‘ o G/ ° Gz _ Hm|éi+1‘ ° GiJrl'

Thus, IL,,|e| —> I1,,,[€"] o G by Lemma 2.3. Therefore, G*! is a gear for diagram
(5). Since the right square of diagram (4) is Cartesian and |c| is a Serre fibration, |r’| is
also a Serre fibration, and |g| maps the fibers of |r'| homeomorphically to those of |c|.
Comparing the homotopy sequences of the fibrations |r’| and |c|, we see that 7 |r’| is an
isomorphism for ¢ # n and a monomorphism with cokernel of order p for ¢ = n. Since
the groups m,|T?|, ¢ € N, are p-special, so are the groups 7,|T**!|, ¢ € N. The step is
completed.

We see that the order of the direct sum of the groups 7rq|’i‘i|, q < m, strictly decreases
at each step. Thus, we shall stop at some step. O

8.3. Claim. Supposep € P, m € N, T is a simplicial finite pointed set, U is a simplicial
p-special Abelian group, e : T — U is an embedding, V is a p-special Abelian group, and
g: Hy|T| — V is a homomorphism. Then Il,,|e| —> g o Hur,, || 0Py, 1)

Proof. Put K =K(V,m). Let i : V — H,,,|K| be the standard isomorphism. By Lemma
7.1, there exists a simplicial bound map f : T — K such that H,,|f| = i o g. Consider
the commutative diagram

.U <0 1) — 2 | T| —"— B |T)|

nmml wm\f\l Hm|f\l

I, K| —— m, K| —— H,,[K| —— V,

where h = Hur,, r| and A’ = Hur,, k). From Lemma 7.2 and Corollary 6.2 it follows

that II,,|e| —> IL,,|f|. By Lemma 5.2, P’ is a homomorphism. Assertion a) of Lemma
2.2 shows that

IL,,|f| 1> h o P oll,,|f| = H,|floho P=i0ogohoP.

Since i is an isomorphism, II,,|f| L& goho P. Therefore, I1,,|e| —> goho P by Lemma
2.3. (]

8.4. Claim. Under the assumptions of Claim 8.2, Il,,|e| —> P, |1
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Proof. We apply Claim 8.2 and consider the commutative diagram

1,0 <2l T —2 7T —2 T

H’”'S'l nm\r\l “’”“"‘l

,,[U] <=L, 2 T,

where h = Hur,, |- By the Hurewicz theorem, h is an isomorphism. We have II,,,|e| —>
II,,|é| o G. By Claim 8.3,
|8 —> Tm|r| oA oho P =mylr|o P = Poll,lr|.
Thus, by Lemma 2.4,
I,,|é|] oG —> P oIl |r| o G = P.
Therefore, I1,,,|€] —> P by Lemma 2.3. |

8.5. Claim. Suppose p € P, m € N, and T is a simply connected simplicial finite
pointed set. If the groups my|T|, ¢ € N, are p-special, then Jy, x| —> P 7)-

Proof. Let U be the simplicial Abelian group with U, = (T)/p, ¢ € Np, and U(d) =
(T(d))/p for an increasing map d : [r] — [q] (¢, € Np). We introduce the embedding

e:T—U, e, t):=t],, teT, qeNy,

and consider the commutative diagram

V| T| —L— 10,|T| —— 7,,|T|

\P,,,L\e\l nm|e|l

v,,|U| L 11,,[U].

By assertion a) of Lemma 2.2, J 2 ¥, |e|oJ = J oIl,,|e|. By Lemma 5.1, J" 1 id.
Thus, J' o I,,|e| L& I1,,,|e| by Lemma 2.4. Claim 8.4 implies II,,|e| —> P. Therefore,
J —> P by Lemma 2.3. O

§9. THE MOST NONCONSTRUCTIVE SITE

9.1. Lemma. Suppose p € P, m € N, T is a simply connected simplicial pointed set, W
is a p-special Abelian group, and r: 7, |T| — W is a homomorphism. If the groups my|T|,
q € N, are finitely generated, then there exists a simply connected simplicial finite pointed
set T, a homomorphism 1’ : 7w, |T'| — W, and a simplicial bound map h: T — T such
that r' o mp|h| = r and the groups 4| T'|, ¢ € N, are p-special.

This follows from the results of [7] (see §15 below).
9.2. Claim. Under the assumptions of Lemma 9.1, Jp, | —> 10 Py |-

Proof. By Lemma 9.1, there exists a simply connected finite pointed set T/, a homomor-
phism 7’ : 7,,|T'| — W, and a simplicial bound map h : T — T’ such that ' o7, |h| = 7
and the groups my|T’|, ¢ € N, are p-special. Consider the commutative diagram

V| T| " I|T| —"— [T

wml nmml mh\l

T L T 2 T - W
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By assertion a) of Lemma 2.2, J 2 ¥,,|h| o J = J' o II,,|h|. By Claim 8.5, J' —> P’.
Thus, J' —> 1’ o P’ by assertion a) of Lemma 2.2 and Lemma 2.3. Thus, by Lemma 2.4,
J ollyh| —>r o P oll,lh| =7"omy|hloP=roP.

Therefore, J —> r o P by Lemma 2.3. ]

§10. THE HUREWICZ INVARIANT
10.1. Lemma. If m € N and T is a simplicial pointed set, then
i, | = Huty, 1) 0P .

Proof. Put K = K(H,,|T|,m). By Lemma 7.1, there exists a simplicial bound map
f: T — K such that H,,|f| is the standard isomorphism. Consider the commutative

diagram

Uy | T| T T |T| —"— 7| T| —— Hp|T|

\I,m‘f‘J, Hm\f|l ﬂ'mlﬂl Hmlf‘J,

U |K| —— T [K| —— 7K —— H[K],
where h = Hur,, || and b’ = Hur,, |k|. By assertion a) of Lemma 2.2,
J Lo W, |f|oJ =J oI, f|.

By Lemma 5.1, J' 1 idyr,, k|- Thus, J' oIl |f] 15 11, |f| by Lemma 2.4. Now, Lemma
5.2 shows that P’ is a homomorphism. Assertion a) of Lemma 2.2 implies the relation

IL,|f| 2> h' o P' oll,,|f| = H,,|f| o ho P.
Since H,,|f| is an isomorphism, II,,|f| 2 h o P. Therefore, J 2> h o P by Lemma
2.3. O
§11. r-POINT TRANSFORMATIONS

Definition. Suppose r,m,n € Ny, and X and Y are pointed spaces. A map F : II,,X —
I1,,Y is said to be r-point if for every point z € S™ there exists a set T' C S™ of at most r
points such that for any a,a’ € I1,,, X the relation a|r = o’|7 implies F(a)(z) = F(a’)(z)
(in other words, if the value of F(a) at each point is determined by the values of a at
some r points).

Our aim in this section is to prove Lemma 11.3.

Notation and a convention. Suppose m € Ny and X is a pointed space. Put ¥, X =
Hom({S™), (X)). The map

Spx X — ¥, X, aw (a),
is also called the main map (and is denoted by .J, .J', etc. if this does not cause ambiguity).
11.1. Claim. Suppose F': 11,,X — I1,Y is an r-point map. Then J,, x = J,, y o F.
Proof. There are (possibly, discontinuous) maps
ki,...,k.: S"—= S d,: X*" =Y, zecS"

such that
F(a)(z) = d.(a(k1(2)),...,a(k.(2))), z€S8", aell,X.
Consider the usual isomorphism

i (X)FT — (X7, @@ wy = (T, 1)
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We have homomorphisms (d) : (X*") — (Y), z € S™. We introduce the homomorphism
he (L, X)%" — 2,7,
h(wy @ -+ @ wr)(2)) = (d2) (((wi (k1 (2)) @ - @ w,(Rr(2)'))), 2 €57,

and consider the commutative diagram
I, X r I,Y
ll Il
R h

where R(w) = w®", w € ¥,, X. By Lemmas 2.8 and 2.4, J "> RoJ. Assertion a) of
Lemma 2.2 shows that
RoJXshoRoJ=JoF.

Therefore, J “> J' o F by Lemma 2.3. O
11.2. Claim. If m € No and X is a pointed space, then J = J,, x N JIm,x and
J L J.
Proof. Consider the homomorphisms
p(X) = (X), w2, zelX
and
h:¥, X —-9,X, hW)(‘2):=pW(72)), =ze€S8™\{x}

It is easy to check that h o J = J. By assertion a) of Lemma 2.2, J L& J.

If

K: I, X -Z& 9V, X, K(a):=(1,J(a)),
then J 1> K by Lemmas 2.8, 2.4, 2.1, and 2.6. We introduce the homomorphisms
st (X)) —=(X), @—2—-%, =zeX,
and
f: oY, X — ngv f(tvw)(‘éy) =+ s(w(‘z’)), zeS™.

It is easy to check that f o K = .J. By assertion a) of Lemma 2.2, K L& J. Therefore,
J 15 J by Lemma 2.3. O
11.3. Lemma. Under the assumptions of Claim 11.1, Jy, x > Jmy o F.

This follows from Claims 11.1, 11.2 and Lemmas 2.4, 2.3.

§12. COBAR CONSTRUCTION

The construction M" and convolution. Suppose r € Ny, and X is a pointed space.
Let

T
W = U{(xl,...,xr) eX iy =ao1) C X,
s=0

where g = z,41 = *. We put M"X = X*"/W (cf. [12]). This construction preserves
the convenience of spaces.
We introduce the map

K:A"x QX - X*", (z,u) — (u(z1),-..,u(z))
(as in iterated integrals; see [A]). It is easily seen that
K(OA" x QX UA” x {x}) C W.
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Consider the following continuous bound map:
k:S™TQX — M"X, t°urs c(K(t>,u) (= c(u(z),...,u(z))),
tel”, ueQX, (z1,...,2,)=t>¢cA",
where ¢: X*" — M"X is the projection. The map k is called convolution.

12.1. Lemma. Suppose r € Ny and X is a simply connected convenient pointed space.
Then the convolution k: STQX — M"™X is (2r + 1)-connected.

The proof follows the lines of [6] (see §§16 and 17 below).

§13. APPLYING THE CARTAN—SERRE THEOREM

Definition. Suppose r € Ny, ¢ € N, and X is a pointed space. Let k: S"QX — M"X
be the convolution. Consider the commutative diagram

My X —2— M0X —Z— 1,87 0X —=5 1, MTX

l l l !

d " Tg+ k
g1 X —— QX —— 1 STOX 5w MTX,

where the vertical arrows are the main maps. The development transformation
F:Ig1 X - gy M™X

and the development homomorphism
frimgX — mgp M™X

are the compositions in the upper and the lower (respectively) lines of the diagram.

13.1. Claim. The development transformation F: 111 X — Iy, M"X is r-point.

Proof. Let ¢ : X*" — M"X be the projection. For a € lIg11X, s € I, and t € I" we
have

Fa)((t,5)°) = c(a((21,8)°), .., al(zr, 8)%)),

where (z1,...,2,) =t> € A", O
13.2. Lemma. Suppose ¢ € N and X is a pointed space. Then ker Hur, ox = Tors.
This follows from the Cartan—Serre theorem; see [I1, Appendix].

13.3. Claim. Suppose r € Ny, ¢ € N, and X is a simply connected convenient pointed
space. Let f: mq11 X — Tgr M"X be the development homomorphism. Suppose r > q.
Then ker(Hury4, ap-x of ) = Tors.

Proof. Let k: STQX — M"X be the convolution. Consider the commutative diagram

d T Tgtrk
M1 X —— T QX —— 7, .STOX ik wl TgprM™ X

h,l h/IJ/ hl
s Hq+7‘k
HOQX —— Hy QX —— Hy  M"X,
where s” is the suspension isomorphism and h, h/, and h” are the Hurewicz homomor-
phisms. We have
hof=homykoz od=Hykos oh'od.

By Lemma 12.1, Hy -k is an isomorphism. By Lemma 13.2, ker A’ = Tors. Therefore,
ker h o f = Tors. |
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13.4. Claim. Suppose m € N, and X is a simply connected convenient pointed space.
Let q: 1y X — mn X/ Tors be the projection. Then Jp, x m=ly goP.
Proof. Put r =m — 1, n = 2m — 2 (we assume that m > 1). Consider the diagram

U,X L m,x X X —L 7,X/Tors

v /|

oM X L m,mrx —2 . n oMrx tl

|
H,M"X —2— H,M"X/ Tors,
where t is a homomorphism such that t o g = po h o f. This diagram is commutative.
By Claim 13.1, F' is an r-point transformation. Thus, J -4 J' o F by Lemma 11.3. By

Lemma 10.1, J' 15 ho P'. Therefore, J' o F 2> ho P’ o F by Lemma 2.4. Assertion a)
of Lemma 2.2 implies that

hoP'oF ‘opohoP oF =togqgoP.

Since ¢ is a monomorphism (by Claim 13.3), we have t o go P - g o P by assertion b)
of Lemma 2.2. Therefore, J > g o P by Lemma 2.3. O

§14. COMPLETION OF THE PROOF

14.1. Claim. Suppose m € N, and X is a simply connected convenient pointed space.
If the groups mq X, q € N, are finitely generated, then Jy, x —> P, x.

Proof. There is an isomorphism

s=qX Hrp:me—wrmX/Torsx HWP,
peT peT

where ¢ : 1, X — 7, X/ Tors is the projection, T is the set of prime divisors of the
order of the group Torsm,, X, and, for each p € T, W, is a p-special Abelian group
and r,: T, X — W, is a homomorphism. By Claim 13.4, J —> go P. By Claim 9.2,
J —> rp o P for each p € T. By Lemmas 2.1 and 2.6, J —> so P. Since s is an
isomorphism, J —> P. O

14.2. Claim. Suppose m € N, and X is a simply connected admissible pointed space. If
the groups m, X, q € N, are finitely generated, then J,,, x —> P, x.

Proof. We have a minimal fibrant simplicial pointed set T and a bound equivalence
h: X — |T| (see [10, §8]). Since T is a connected minimal fibrant simplicial set and
the groups m,|T|, ¢ € N, are countable, T is a simplicial countable set. Thus, |T| is a
convenient pointed space. Consider the commutative diagram

U, X ' 1, X —2— 5.X

T Y |

| T| L — ILn|T| —2— 7| T

By assertion a) of Lemma 2.2,

J Lo W, hod=J oll,h.
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By Claim 14.1, J' —> P’. Thus, by Lemma 2.4,
J oll,,h —> P oIl,,h = m,,h o P.
Therefore, J —> m,,h o P by Lemma 2.3. Since 7,/ is an isomorphism, J —> P. (]

14.3. Claim. Suppose r,m € Ny, X is a pointed space, V is an Abelian group, and
F :1,,X — V is a bound map. Let Q C (V,,X)®" be the subgroup generated by the
elements (a)®", a € 11, X. Suppose J = Jp, x = F. Then there exists a homomorphism
l: Q —V such that I({a)®") = F(a) for any a € I1,, X .

Proof. For each t € N, consider the homomorphisms

‘21217 ifﬂ?l:"':ZIIt,

b (X)®' = (X)), ‘)@@ ‘T )
0 otherwise,

and
By (\I/mX)®t —-v,.X,

Bi(w1 @ @wy)(‘2)) =b(w1(‘2)) @ - - @we(°27)), z€ 8™

For t € N and a € I1,, X, we have B;((a)®") = (a), because

By({a)®")(2) = be({a)(*2))®") = be(‘al2)®") = ‘a(2)’ = {a) (‘%))
for z € S™. For each s =1,...,r, we introduce the homomorphism

Gst (U X)®" — (U X)®7,

W R @y =W ® - Q@Ws—1 @ Br_ g1 (ws @+ @ wy).
For a € 11,, X, we have
Gs(()®) = ()¢ 7D @ B 1 (@) ) = ()¢ @ (a) = (a) .
Let

T
Pc P, x)®
s=1

be the subgroup generated by the elements ({(a)®*)"_,, a € I1,,X. Since Tors ¥,,, X = 0
and J T F, Corollary 2.11 implies the existence of a homomorphism &k : P — V such
that k(((a)®*)"_,) = F(a) for any a € I, X.

If z € Q, then (Gs(2))i_; € P because (G5((a)®"))'_; = ((a)®%)7_, € P for a €
IL, X. Put l(2) = k((Gs(2))5-1), z € Q. For a € 11, X, we have

1((@)®") = k((Gs({a)®"))s=1) = k(((a)**)s=1) = F(a).
|
14.4. Theorem 1: the proof itself. By Claim 14.2, J,, x —> P, x. By Lemma 2.1,

for any sufficiently large r € Ny we have J,, x = P, x. Applying Claim 14.3 concludes
the proof.

§15. PROOF OF LEMMA 9.1

15.1. Lemma. Suppose m € N, U and V are finite Abelian groups, and e : U — V is a
homomorphism. If mU =0 and e/d : U/d — V/d is a monomorphism for every divisor
d € N of m, then there exists a homomorphism h : V. — U such that hoe =idy.
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Proof. The homomorphism e (= e/m) is a monomorphism. Take an arbitrary ¢ € N. By
[4, Corollary 28.3], it suffices to show that e/q is a monomorphism. Put d = G.C.D.(g, m).
Consider the commutative diagram

Ujqg —L2s Vg

d 4
U/d —4 vy,

where p and p’ are the homomorphisms of “reduction modulo d”. It is easily seen
that p is an isomorphism. By assumption, e/d is a monomorphism. Thus, e/q is a

monomorphism. O
Systems. Put o = {1,2,...,00}. A system of objects and morphisms of a category is a
collection

(Ass f5)

of objects Ay, s € o, and morphisms
fli Ay — A, steo, s<t,
such that

ff=id, s€o, and fiofi=fl rstco r<s<t

I

A system (Vj, ) of Abelian groups and homomorphisms is regular if V,, is the projective
limit of the groups V;, s < oo (more precisely, if for any sequence (vs € Vi)s<oo such that
It(vy) = vs, s < t < 00, there exists a unique element vy, € Vu such that I2°(ve) = vs
for every s < 00).

15.2. Lemma. Suppose q € N, and (Vy,1%) is a regqular system of Abelian groups and
homomorphisms. Suppose the groups Vs, s < oo, are finite. Then the system (Vs/q,1%/q)
is also regular.

This is easy to check by using the fact that the projective limit of a sequence of
nonempty finite sets is nonempty.

15.3. Lemma. Suppose (Vi,It) is a reqular system of finite Abelian groups and ho-
momorphisms. Then for any sufficiently large s < oo there exists a homomorphism
h: Vs — Vo such that h ol =id.

Proof. For any q € N, the system (Vs/q,l%/q) is regular (by Lemma 15.2), and conse-
quently {2°/q is a monomorphism for all sufficiently large s < oo (because Vi /q is finite).
If s < oo is sufficiently large, then [2°/d is a monomorphism for all divisors d € N of the
order of V., and Lemma 15.1 gives the required homomorphism. ]

Definition. Suppose p € P, and U, V are Abelian groups. Let U be the p-completion
(= p-profinite completion) of U, and let ¢ : U — U be the canonical homomorphism.
A homomorphism k : U — V is said to be p-completing if there exists an isomorphism
i:U — V such that ioc = k.

15.4. Claim. Suppose p € P, U is a finitely generated Abelian group, (Vs,1.) is a
reqular system of Abelian groups and homomorphisms, the groups Vs, s < oo, are p-
special, k : U — Vi is a p-completing homomorphism, W is a p-special Abelian group,
and r : U — W is a homomorphism. Then there exists s < oo and a homomorphism
g: Vs — W such that gol ok =r.
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Proof. Let g be a power of p such that ¢WW = 0. By Lemma 15.2, the system (Vs /q,%/q)
is regular. Since V. is isomorphic to the p-completion of a finitely generated Abelian
group, Vo, /q is finite (see [7, Chapter VI, 5.2]). By Lemma 15.3, there exist s < oo and
a homomorphism h: Vi/q — Vi /q such that ho (I2°/q) = id. Since k is p-completing,
there exists a homomorphism G : V,, — W such that G o k = r. Since ¢WW = 0, there
exists a homomorphism G’ : Vo /¢ — W such that G'(X|,;) = G(X) for any X € V.
Put ¢ = G' oh: Vi/q — W. We define the required homomorphism g by the formula
g(z) = ¢'(z]y). For uw € U, we have

(1 (k(w) = g' (15 (k(u))lq) = G' (A (k(w))lq))
= G'(h((1 /) (k(w)lg))) = G (k(u)lq) = G(k(u)) = r(u).

15.5. Claim. Suppose p € P, m € N, T is a simply connected simplicial finite pointed
set, W is a p-special Abelian group, and r : 7,,|T| — W is a homomorphism. Then there
exists a simply connected finite pointed set T', a homomorphism v’ : 7, |T/| — W, and a
simplicial bound map h: T — T such that v’ o wp|h| = r and the groups w,|T’|, ¢ € N,
are p-special.

Proof. We put R = Z, and consider the system (RsT,f!) of simplicial pointed sets
and simplicial bound maps (see [7, Chapter I, §4]). By construction, for s < oo the
R,T are simplicial finite sets. By [7, Chapter I, 6.2 (i)], they are simply connected.
Thus, the groups my|RsT|, ¢ € N, are finitely generated by the Serre theorem. By
[1, Chapter III, 5.6], they are R-nilpotent. Therefore, they are p-special. Consider
the system (| RsT|, 7m|£!]) of Abelian groups and homomorphisms. Since the groups
Tm+1|RsT|, 8 < 00, are finite, the system is regular by [7| Chapter I, 4.3]. Let ¢: T —
R T be the canonical simplicial bound map (see [7, Chapter I, §4]). Since T is simply
connected and the groups my|T|, ¢ € N, are finitely generated (by the Serre theorem),
Tm|c| is p-completing (this is implied by [7] Chapter VI, §5]). By Claim 15.4, there exist
s < oo and a homomorphism g : 7, |RsT| — W such that g o 7, [f2°| o mp|c] = 7. It
remains to put TV = R,T, 7’ =g, and h=f>* o c. O

15.6. Lemma 9.1: the proof itself. Since the simplicial set T is simply connected
and the groups H,|T|, ¢ € N, are finitely generated (by the Serre theorem), there exists
a simplicial finite pointed set T and an (m + 1)-connected simplicial map f : T - T
(it is not difficult to construct them by induction on m, applying the relative Hurewicz
theorem at each step; cf. [9, Proposition 4C.1]). Put

F=ro (mpulf]) " | T| — W.

By Claim 15.5, there exists a simply connected simplicial pointed set T’, a homomor-
phism # : m,,,|T’| — W, and a simplicial bound map h : T — T’ such that # o7, |h| = 7
and the groups 7rq|T l, ¢ € N, are p-special. We have a minimal fibrant simplicial pointed
set T/ with 7m¢|T’| = 0 for all ¢ > m and an (m + 1)-connected simplicial bound map
f/: T — T’ (see [10] §88, 9]). Put

v =7 o (mpulf]) 7t | T — WL

Since the simplicial bound map f is (m + 1)-connected, 7,|T’| = 0 for all ¢ > m, and T
is fibrant, it follows that there exists a simplicial bound map h : T — T’ such that the
simplicial bound maps ho f,f' o h: T — T’ are homotopic (“obstruction theory”). It is
easy to check that 7’/ o m,,|h| = r. T’ is a simplicial finite set because T’ is a connected
minimal fibrant simplicial set and the groups 7,|T’|, ¢ € N, are finite.
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§16. PROOF OF LEMMA 12.1: AUXILIARY LEMMAS

16.0. Fiberwise contraction. Suppose B is a space, (F,E’) is a topological pair,
p: E — B is a continuous map, and p’ : B/ — B is the restriction of p.

Let E” be the space obtained from EU B by identifying each point X € E’ with p’(X).
Let p”: E"” — B be covered by pUid : EUB — B. We put (E,p)/(E',p') = (E",p").

16.1. Lemma. Suppose B is a Hausdorff space, (Eg, E1) is a closed Borsuk pair,
po: By — B and p1: E1 — B are Hurewicz fibrations, and py is the restriction of pg.
Put (E2,p2) = (Eo,po)/(E1,p1). Then py is a Serre fibration.

Proof. Let i : By — Ej be the inclusion, and let ¢ : Ey — F» be the projection. Consider
the map
f:TB— B, uw— u(0),
which is a Hurewicz fibration. Putting
Qk:{(X,u)EEkXFB:pk(X):f(u)}, kZO,I,Q,
we have Q1 C QQp. We introduce the map
d: Qo — Qq, (X,U)H(C(X),u),
and, for k£ = 0,1,2, the map
hi: TE, — Qr, U (U(0),pgoU).

We have a commutative diagram

re, - TE, —“ . TR,

hlJ/ hol hzl
j d
Q1 —— Qo —— Qo
where j is an inclusion. Let

g: Qo — Ey, (X,u)— X.

(Qo, Q1) is a closed Borsuk pair by [3| Lecture 2, Proposition 5], because (Ey, E1) is
a closed Borsuk pair, g is a Hurewicz fibration (induced by the fibration f by means
of po), and Q; = g~ (E). Since p; is a Hurewicz fibration, there exists a continuous
map $1: Q1 — ['E; such that h; o s; = id. Applying the covering homotopy extension
theorem (see [B] Lecture 2, Theorem 2]) to the pair (Qg, Q1) and the fibration pg, we get
a continuous map sg : Qo — I'Ey such that hg o sg = id and sg o j = I'i 0 s7. Obviously
(7), there exists a unique map ss : Q2 — I'Ey such that ssod = T'cosg. It is not difficult
to check that s, is weakly continuous. Clearly, hy o so = id. This implies that ps is a
Serre fibration. |

16.2. Lemma. Suppose X is a convenient space. Let D C X*? be the diagonal, let
A=X2x{0}UuDxIcCX*?xI,
and let p : X*2 x I — X be the first projection. Then there exists a retraction R :
X*2 x I — A such that p|s o R =p.
Proof. By the Borsuk theorem, there exists a retraction 7: X*2 x I — A. Let
F,0: X%*xT—-X, k:X?xI—1
be the maps for which 7(2) = (f(2),9(Z),k(Z)), Z € X*? x I. We construct continuous

maps
G: X*?xI—-X and K: X*2xI->1.
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For Z = (x,y,t) € X*2 x I, let

g9(x,y,3k(Z)) if 3k(Z2) <t,
G(Z) = f(z,y,2t — 3k(Z)) ift < 3k(Z) < 2t and f(Z) = g(Z),
x if 3k(Z) > 2t and f(Z) = g(Z),

K(Z) = m(3k(Z) - 2t),

where m : R — I is the increasing retraction. We put R(Z) = (p(Z),G(Z),K(2)),
ZeX*?xI. O

16.3. Lemma. Suppose n € N, (B, A) is an n-connected convenient pointed pair of
simply connected spaces, F is a simply connected convenient pointed space, and g: B — F
is a convenient bound map. Let G C B x F be the graph of g. Then the pair (B X F,
(Ax F)UG) is (n+ 2)-connected.

Proof. All the spaces considered below are simply connected. Therefore, all the homotopy
sets (including the relative ones) are Abelian groups. We take an arbitrary ¢ € N and
put F ={x} x F C B x F. Let

k: F' - (BxF,G), j:F - (AxF,AxFNG)

be the inclusions.

We show that 7w,k and m,j are isomorphisms. Let p : B x F' — B be the projection.
Then p|¢ is a homeomorphism and (p|g)~'op: Bx F — G is a retraction. Consider the
commutative diagram

0 TG Tg(BX F) —— my(Bx F,G) —— 0
wq(p\cﬂ H quT
0 B —2L— 7 (BXF) ——  m,F  ——— 0

where the unlabeled arrows are induced by inclusions. The rows are exact. Since m,(p|c)
is an isomorphism, so is m,k. Similarly, 7, is an isomorphism.
Consider the commutative diagram

/ id /
T i mo

ﬂqur TquJ(
To(AX F(Ax F)NG) —“% . (Ax F)UG,G) —“ (B x F,G),

where e and ¢ are inclusions. The pair (A x F, (A x F)NG) is simply connected. The pair
(G, (A x F)N@G) is homeomorphic to the pair (B, A) and, consequently, is n-connected.
By the homotopy excision theorem, m4e is an epimorphism if ¢ < n + 1. By the above
diagram, m,¢ is an epimorphism for any ¢ and an isomorphism if ¢ <n + 1. Comparing
the homotopy sequences of the pairs (A x FUG, G) and (B x F,G), we see that the pair
(Bx F,Ax FUG) is (n + 2)-connected. O

§17. THE PROOF ITSELF OF LEMMA 12.1

Let Vo = A" x X**+1D "and let fy : Vy — X be the last projection. Put
T
Vl = U{((zh . '7Z7")7x17' .- 7377“—&-1) € VO P Rs = Rs+1yLs = ms—i—l} C VO)
s=0

where zg =0, 2,41 = 1, and z¢o = *. We denote

fi=fol: 1 — X.
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Below we show that f; is a Hurewicz fibration. Put (V, f) = (W, fo)/(V1, f1). By Lemma
16.1, f is a Serre fibration. Let

Ve =Ffo '), V=, V=V

and let ¢ : V* — V be the embedding covered by the inclusion Vg — V5.
We put
P={ueclX :u0)=+}, Wy=A"xP,
and introduce the map
go: Wo — X, (z,u) — u(1).

If

W1:8A7"><PCW0, glI:go‘:VVl—>)(7
then, clearly, go and ¢; are Hurewicz fibrations. Put (W, g) = (W, g0)/(W1,91). By
Lemma 16.1, g is a Serre fibration. Let W§ = gy () and Wy = gy (%), and let

j: W* — W be the embedding covered by the inclusion W§ — Wj.
For the map

ho: Wo — Vo, ho(Z,U) = (Z,U(Zl), .- .,U(ZT),U(].)),
z=(21,...,2r) EA", u€P,

we have fy o hg = go and ho(W7) C V4. Next, let h: W — V be the map covered by hy,
and let h§ := ho| : W5 — V. Next, let h*: W* — V* be the map covered by hj.
We put

K=A"x{x}cVy,, V=V/(ViUK), V*=V;/(V}UK).

Let c: V — V and ¢*: V* — V* be the maps covered by id : Vj — Vg and id : Vi — V'
(respectively).

If

L=A"x{x}Cc Wy, W=Wy/(WiUL), W*=W;/(W;yUL),

then W is homeomorphic to S™P and, consequently, contractible. Let d: W — W and
d*: W* — W* be the maps covered by id : Wy — Wy and id : W — W (respectively).

We have ho(W7 UL) C V3 UK. Let h: W — V be the map covered by hg. We have
hiy(W# U L) C Vi UK. Let h*: W* — V* be the map covered by hj.

We put Yy = X *(r+1),

r
Y1 = U{(xl,...,m,«_,_l) (S YO X :$s+1} C }/0,
s=0

where g = *. Let Z = Yy/Y7, and let po: Vo — Yo be the projection. Clearly, pg is
an equivalence. Put p; := po|: V1 U K — Y;. The preimage of each point under the
map p; is contractible, because it is either the simplex A", or the union of at most r
(r — 1)-dimensional faces of that simplex. Therefore, p; is also an equivalence.

Let ¢: V — Z be the map covered by pg. We have a commutative diagram

ViuUK Vo Vv
pll Pol ql
Y1 Yo Z

with cofibration rows. Since py and p; are equivalences, so is q. Put
Yy =X""x{x}CYy, Y=YynY, Z*=Y]/Y],
po=pol: Vo = Y5, pii=mpol: Vi = YT,
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and let ¢*: V* — Z* be the map covered by p§. Like po, p1, and ¢, the maps p§, pj, and
q* are equivalences.

Let [ = 2r + 1. Using Lemma 16.3 and induction on r, we see that the pair (Yp,Y7)
is l-connected. Therefore, Z is [-connected. Consequently, V is l-connected. Since W is
contractible, h is I-connected. We have the commutative diagram

STV X w %W
o ]
STV X Vv —< 5V

with cofibration rows. Thus, h is I-connected (because V' and W are simply connected).
We have the commutative diagram

wr — w2 . x

|l

[ T x
with fibration rows. Thus, h* is [-connected. We have the commutative diagram
I wr ¥
idJr h*l fz*l
ST V= c’ ‘7*

with cofibration rows. Thus, h* is l-connected.
Consider the map

E:I"x QX - W§, (t,u)— (t°,u).

Let e: S"QX — W* be the map covered by E. It is easily seen that e is a homeomor-
phism. We have a commutative diagram

STQX k M"X
e A g L

where the second vertical arrow is the evident homeomorphism. Since ¢* is an equiva-
lence, k is l-connected.
Why is fi a Hurewicz fibration? Let D C X*? be the diagonal, let

A=X2x{0lUuDxTICX*?xI,
and let p: X*2x I — X be the first projection. By Lemma 16.2, there exists a retraction
R: X*2 x I — A such that p|4 o R =p. For x € X, we put

Ay =X x{0}U{z} xITCX xI
and introduce the retraction
R,: X xI— A,
defined by the condition
R(x?y7t):(x?Rm(y’t))’ yGX? te['

Given any point B = (2%,29,...,2% ) € Vi, where 2° = (2{,...,2") € A", we put
b= fi(B) = 22,,. Suppose u € I'X is a path with u(0) = b. We construct a path
U € I'V; such that U(0) = B and f; oU = u. We define a map g: A, — X by putting
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g(y,0) =y for y € X and g(b,t) = u(t) fort € I. Let h=goRp: X xI — X. Fort € I,
put U(t) = (2%, 21,...,2,41), where z, = h(29,¢20), s=1,...,r+1, and 2!, = 1. The
path U depends on b and u continuously.
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