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ABSTRACT. The relative distribution of the embedded eigenvalues of exceptional
Hecke operators and automorphic Laplacians is studied in connection with the Phillips
and Sarnak conjectures concerning the violation of the Weyl law.

INTRODUCTION

The problem we consider here is related to the paper [8] of Ludwig Faddeev, where
he proved a theorem on expansion in automorphic eigenfunctions of the Laplacian L on
the hyperbolic plane H. He studied the most interesting case of automorphic functions
defined for a general discrete cofinite subgroup I' C G of the isometry group of H. He
found an efficient method of analytic continuation of the resolvent of this Laplacian
beyond the continuous spectrum.

It was proved by Selberg that for any congruence subgroup of the modular group I'z
the automorphic Laplacian, which we denote A(T'), has an infinite sequence of eigenvalues
{A\:} embedded in the continuous spectrum and satisfying the Weyl law

NAT) = #{A <A} — ([Fl/dm) - A, A — o

Here |F| is the area of the fundamental domain F' of the group I' in H. The eigenvalues
)i are counted in accordance with their multiplicity. The same is true for the Laplacian
A(T, x), where instead of the usual I'-automorphic functions we consider I'-automorphic
functions twisted by a one-dimensional unitary representation x of I', and we assume
that the kernel of x is a congruence subgroup again.

It is an important but a very difficult question as to whether the Weyl law for the em-
bedded eigenvalues is a characteristic of the congruence subgroups, or it may be fulfilled
also for some more general cofinite groups I'.

To investigate this problem, Phillips and Sarnak introduced and studied perturbation
theory for Laplacians A(T, x), varying the group I' in the Teichmiiller space of a given
congruence subgroup 'y, and varying the representation x in the Jacobi manifold of a
given congruence character yo. Applying Kato’s perturbation theory of isolated eigen-
values, they found a version of the famous Fermi Golden Rule. The disappearance of an
embedded eigenvalue \; (disappearance means that A; becomes a pole of the scattering
matrix) under a perturbation was related to the question as to whether a certain value
of a Dirichlet L-series given by the Phillips and Sarnak integral is different from zero.
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The integral was constructed explicitly in terms of modular forms as the Rankin—Selberg
convolution.

After the results of Colin de Verdiere and Mueller, it must be remembered that on a
general Riemannian manifold with cusps the Laplace-Beltrami operator has no eigenval-
ues embedded in the continuous spectrum. But unlike perturbations in the Teichmiiller
space, for a general metric we always have infinitely many parameters to manipulate with
embedded eigenvalues in order to move all of them away from the spectrum.

To prove that the Phillips—Sarnak integral is not zero for a given embedded eigenvalue
A; and eigenfunction v; is a very difficult problem if we consider regular perturbations
in the Teichmiiller space or in the Jacobi manifold of I'. Regularity means that the
eigenvalue \; remains isolated under a small perturbation. This problem can be handled
by averaging over i. In the remarkable paper [9], Luo indicated that, under certain
multiplicity conjectures for the embedded eigenvalues, the Weyl law is violated for A(T;),
where I'. is a small regular perturbation of a congruence subgroup I'g. In the 1990s
S. Wolpert discovered a special class of singular perturbations of a given congruence
group I'g, approaching it from a bigger Teichmiiller space. In that case he was able to
handle the corresponding Phillips and Sarnak integrals for all embedded eigenvalues and
for all corresponding eigenfunctions that belong to the Hecke basis. But unfortunately,
the singularity of these perturbations made it impossible to apply Kato’s theory, because
each point A € [1/4, 00) of the spectrum was an accumulation point of poles of scattering
matrices for A(T'.) as ¢ — 0 (Selberg’s phenomenon). Still up to now, it is entirely
unclear whether there exists a perturbation theory capable of handling this singularity.

In [I] we introduced and studied character perturbations of the automorphic Lapla-
cian A(Tg, xo) for the Hecke groups I'g(N) with primitive congruence character xo. We
assumed that N = 4Ns or N = 4N3, where N, and N3 are products of distinct primes,
and No =2 mod 4, N3 =3 mod 4. In these cases we found the regular perturbations
of A(Ty, xo) in the Jacobi manifold of xo. This allows for a rigorous analysis of the prob-
lem of stability of embedded eigenvalues. At the same time, the Phillips—Sarnak integral
for given \; and v;, an eigenfunction of A(T'y, x), which is also an element of the Hecke
basis, can be handled by using ideas almost similar to Wolpert’s, when he studied his
singular perturbations. The difference is that we face a new problem, which arises from
the exceptional Hecke operators U(q), ¢|N. Let Agqq denote the projection of A(Ty, xo)
to the subspace of odd (T, xo)-automorphic functions. The operators U(q) are unitary
[1, Theorem 4.1], so the eigenvalues p(q) lie on the unit circle. The basic results on the
Phillips—Sarnak integral follow from [1, (7.23), (7.24)]. We formulate this as a theorem.

Theorem 1.I. Let e, # 0, g|N, g > 2, be the fized parameters of the perturbation (see
[1 Theorem 6.2]), and let ®,, be a common eigenfunction of Acqa with eigenvalue A,
and of U(q) with eigenvalues pp(q), q/N. Then the Phillips—Sarnak integral I(®.,,, \,) is
different from 0 if and only if

T,

pa(2) # 27 and p,(q) # 2

for g > 2.
q

In [I, Theorem 4.3] it was stated that p,(¢) = £1 for all | N. This gives rise only to the
exceptional sequences r, = mn/log2 and r, , = mn/loggq, n € Z, q|N, ¢ > 2. However,
this lemma [I, Theorem 4.3] is not correct. The eigenvalues of U(q) may lie anywhere
on the unit circle. Consequently, [Il Theorem 7.1] should be replaced by Theorem 1.I.
This leaves us with the problem of analyzing the conditions of Theorem 1.I. For ¢ > 2
we can obtain p,,(q) # ¢ /e, by choosing e, # +1. For ¢ = 2 there is no such freedom.
A priori we might have p,,(2) = 2" for all eigenvalues \,, = 1/4 412 or for no such \,,.
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It is a subtle problem to establish that p,(2) # 2 for at least a certain proportion of
the eigenvalues \,. This is the subject of the present paper.

Here we prove the Weyl law for a certain operator T' whose eigenvalues measure
the distance |p,(2) — 2¢""| in the average. From this we deduce that p,(2) # 2i™
asymptotically for at least 1/4 of all eigenvalues \,, counted with their multiplicity.
Together with the Weyl law for A,qq, this implies the following result, which replaces
[1, Theorem 8.5].

Theorem 2.1I. We have

<
A—00 A 32

where the eigenvalues A, are counted with their multiplicity.

Assuming further that the dimensions of all odd eigenspaces are bounded, we obtain
the following result, which replaces [Il Corollary 8.7(c)].

Corollary 1.I. Suppose thai dim N(Aogqa — A\n) < m for alln. Let A be any eigenvalue

of Aoaa such that, for some ®,, € N(Aoaq — S\n), :I;n(a) is a resonance function for small
e #0. Then

L H D <N |F|
>
lim inf A = 327m

)

where A, is not counted with its multiplicity. Thus, asymptotically, at least %m of the
eigenfunctions become resonance functions for e # 0.

Our results remain qualitatively the same as in [I], but the number of eigenvalues that
are shown to be unstable is reduced. Similar results can be obtained for ¢, = £1, but
with reduction by additional factors.

We want to thank Frederik Stroemberg for pointing out the mistake in [I, Theo-
rem 4.3].

§1. THE HECKE EXCEPTIONAL OPERATORS U(2),U(2)* AND THEIR SQUARES
We have

(+) |

Recall our discrete group I' = I'g(N), where N = 4Ny or N = 4N [I]. It can be
seen that U(2)*U(2)f = U(2)U(2)*f = f. We identify linear-fractional maps with the
corresponding elements of PSL(2,R). We denote U = U(2), U* = U(2)*, and we have
the following correspondence, where all matrices are taken mod +1.

For U:
; z
— = >
2 b)

z+1
— >
2

o

(1.1)

ogk =gk
SR
\._/
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For U*:
22 (V20 |
(1.2) ? N <3§ &Z)
ZH_Nz_i_lH’(% %>
For U?:
(7 (-G
1 4 L
(13) (7 %) (7 7)-( 1)
1 1 11 L3
<ff @({f 2)-(3)
(G B -6
For U*?:
(D6
(F 5 4)-G Y
V2 0 (v2 0 9 0
(2 -

The four sets of elements of PSL(2, R) occurring on the right-hand sides of (LII)—(L4)
will be denoted by Py, Ps, Ps, Py.

Lemma 1. For j =1,2,3,4, we have I'P; = I'P;T".

Proof. This follows from the definition of the Hecke operators. But since we start with
the definition of U, U* by (@), we can recall the argument. If ¢ is a continuous function
with compact support in H, then for

fol2) =D x(e(r2)

yel

we have f,(v02) = x(70)fs(2), where 79 € I' and x is a real primitive character on
To(N), x(70) = x(75 ") (see []). If we denote by T} one of the operators U, U*, U?, U*?,
then

T fo(102) = X(0)Tj fo(2) and Tjfo(2) =D x(7) D ¢(p2).

ver PEP;
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It follows that

> x() Y e(pr02) =Y x(w ') Y e(rp2)

r P; r P
(1.5) oS peP; YE peP;
=> x(1) Y v(r07p2).
ver PEP;
Since (A is valid for all functions ¢ of this type, the lemma follows. O

Now we study the sets I'P; and their conjugacy classes by conjugation from I, i.e.,
{wir={nwn'Imell,yel,pe P j=1234
Lemma 2. There are no parabolic classes {yp}r in any T'P;, j =1,2,3,4.
Proof. We must check that tr(yp) # 2 (mod =+ 1). Take

a b
7_<Nc d>€r’

ad — Nbc = 1. Since N is equal to 4Ny or 4N3, a and d are odd integers, and the lemma
follows. 0

The next result is well known.

Lemma 3.

1) There are at most finitely many elliptic classes {yp}r inTP;, j =1,2,3,4.
2) There are infinitely many hyperbolic classes in I'P;, j =1,2,3,4.

Obviously, the unity e € I' is not in I'P = U?Zl I'P;. We shall study the centralizers
I'yp of yp in I'. By definition,
Lyp={m €' |y =1}
foryel,pe P, j=1,2,3,4.
Clearly, I'y, is a subgroup of I', and it is known that each I'y, is a cyclic group,
possibly trivial, which means that I',, = {e} for some ~p.

Lemma 4. A hyperbolic element of PSL(2,R) only commutes with the identity and with
hyperbolic elements.

Proof. To check this, we use the language of linear fractional transformations. Any
hyperbolic transformation is conjugated in PSL(2,R) to a transformation of the type
2+ A2z, A > 1, z € H. Assume that

az+b
cz+d’
corresponding to (¢ %) € PSL(2,R), commutes with the above transformation, so that
aN’z+b  jaz+b
eXz+d T ez+d

This implies that a # 0, b = ¢ = 0, d = a~'. Thus, the transformation defined by (g Z)
is either hyperbolic or coincides with the identity. O

VA

z € H.

Similarly, we have the following statement.

Lemma 5. A parabolic element of PSL(2,R) only commutes with the identity and with
parabolic elements.

Also, a simple check shows that the following is true.

Lemma 6. There are no elliptic classes in T'.
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Theorem 1 below is a consequence of Lemmas [BH5l

Theorem 1.

1) Any elliptic class {yp}r, v € T, p € Pj, j = 1,2,3,4, has only trivial centralizer

Iyp = {e}.
2) For a hyperbolic class {yp}, yp € I'P;, we have the following alternative:

(a) I'yp = {e},
(b) 'y, is generated by a hyperbolic element in T

We shall study the hyperbolic classes in I'P; in more detail and characterize their
centralizers.
The proof of Lemma [ implies the following statement.

Lemma 7. Two hyperbolic elements of PSL(2,R) commute if and only if they have the
same fized points as linear fractional transformations.

Let

o ai by
91 = (NCl d1> el

alz+b1 —

z has two solutions:
c1z+dq

be a hyperbolic element. Then ¢; # 0. The equation

a; —d; £ (a1—|—d1)2—4
2NCl '
Since N = 4Ny or N = 4Nj3, the numbers a; and d; are odd integers (recall that
ard; — Nbie; = 1), a; +dy is an even integer, and (a; + d;)? is divisible by 4. It follows
that for any hyperbolic element v of T' the integer (tr+)? — 4 cannot be the square of an
integer.
Now consider a hyperbolic element

_ (a2 bg
g2 = <Cg dg) eI'P.

It has two fixed points as a transformation of H:

(1.6) 21,2 =

)

as —do £ (a2—|—d2)2—4
262 '

(1.7) lig =

)

The problem is how for given g to find g; with the same fixed points z; 2 = t1 2. Since
(a1 + dy)? — 4 is always irrational, we have

ap—dy  az —dy

(1 8) 2NC1 262 ’
’ (a1+d1)2—4 o (a2+d2)2—4
4N2¢3 B 4c3 '

This will work, of course, if (az + d2)? — 4 is an integer and not a square, which is
not necessarily true for all hyperbolic elements of I'P. We try to solve the system of
equations (L8)). From (LX) we deduce the relations

aldl—liagdg—l

N2¢2 2
b by
NC]__CQ.

(1.9)
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From (L8) and (T3] it follows that

—d
a1:d1—|—N61a2 2,
(1.10) ) 2
by = Nej—.
C2
If
a b
- <Nc d) ch,
_ (> B 4
p= (7 5) € p,
then
(1.11) az b\ [(a b\ [a B\ [ ax+by af + bd
' ca dy) \Nc d)\v &) \Nca+dy NcB+di)’
Since the ratios a2c_2d2, z—z occur in (CI0), we can multiply the matrix (ILII)) by v/2 for

i =1,2 or by 2 for i = 3,4, not changing these ratios but getting ratios of integers.
In the first case (i = 1,2) we have

2o —
a1 = dl + NqM,
V2e,
(1.12)
V2bs
b1 = NCl
\/562
and v2(as — da), v/2by, V/2¢o € Z. In the second case (i = 3,4),
2(ay — d
a1 = dl + qu’
(1.13) o 2
by =Ney——,
202

and 2(ag — dg), 2bg, 2¢o € Z. In the first case we assume that
(1.14) Ney = 2k1V2¢, ki € Z,

and we see that

(1.15) g1 = ( a1 bl) _ <d1 + 2k1v2(az — do) 2k1\/§b2>

N61 d1 le ﬂCQ d1

is an integral matrix with the left lower entry divisible by N. Now we need to prove that
there exist di, k1 € Z with the property det gy = 1. This means we need to prove the
existence of integral solutions of the equation

(1.16) d? 4 2k1dyV/2(ag — da) — 4K? - 2byey = 1,
or the equation
(1.17) mi — ki 2[(az +d2)? — 4] =1,

where m; = di + k1v2(ap — do). This is Pell’s equation, which has infinitely many
integral solutions in my, k; € Z for given ag,ds if 2[(az + da)? — 4] is not the square
of an integer (recall that V2a2,v/2ds are integers). Notice that this is a square if and
only if |v2(ag + d2)| = 3. If |[v/2(az + da)| # 3, we can always find a matrix g; with
21,2 = t1,2 that belongs to the centralizer I'y, of a given hyperbolic yp. On the other
hand, if [v/2(az + d2)| = 3, so that 2[(az + d2)? — 4] = 1, there is no such matrix g, and
the centralizer of vyp is {e}.
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For i = 3,4 we obtain a similar result by using ([LI3]). This leads to the equation
m3 — 4k3[(ag +d2)* —4] =1
for the integers mo, ko. Recall that 2a4,2ds are given integers in that case. This equation
has integral solutions if and only if 4[(az + d2)? — 4] is not the square of an integer, i.e.,
if 2|as + da| # 5. In this case the centralizer T'y, of yp is nontrivial and is generated by

a hyperbolic element of I'. If 2|ag + d2| = 5, then T, = {e}.
We have proved the following.

Theorem 2. For a hyperbolic class {yp}r in T'P from statement 2) of Theorem [I
alternative (a) occurs when /2|tryp| = 3 for p € Py, i = 1,2, and when 2|tryp| =5 for
p € Py, i = 3,4. In those cases, the fized points of yp in H are rational points. The
norms of the classes {yp}r are 2 in case 1 and 4 in case 2. For the other values of tr(yp),
alternative (b) occurs.

Later we shall see that there are only finitely many classes {yp}r as in Theorem 21

§2. THE INVOLUTION J: z — —Z AND THE EXCEPTIONAL HECKE OPERATORS

Let g € PSL(2,R),

g= (Z Z) (mod =+ 1).

It is easily seen that JgJ acts on H as the matrix

= (_“c db> (mod +1).

It is convenient to introduce an isomorphic model of H. This model is well known. We
consider the set of positive definite symmetric matrices
1

y+ay” fcy‘1>
2.1 z(z,y) = _ _ )
@) = (VL
where y > 0, 2 € R. We define the action of g € PSL(2,R) on such matrices by
(2-2) 92(z,y) = glz(z,9)lg",
where g' is the transpose of g and the product on the right in ([232) is the usual product
of matrices. It is easily seen that the set H = {z(z,y)} with the action ([Z2]) has the

structure of a symmetric space and is isomorphic to H. The isomorphism is given by the
map

z(z,y) — z=x + 1y.

This model H of the hyperbolic plane has the following useful property, which cannot
be seen in the case of H. The reflection J in the model H is given by

(2.3) J= (é _01) (mod + 1),

i.e., it is an element in GL(2,R)/(+£FE), where E is the identity matrix. Therefore, it
makes sense to consider the products Jg, gJ in PGL(2,R) for g € PSL(2,R).

Now we study the relative conjugacy classes {gJ}¢ under conjugation by elements of
PSL(2,R) = G. Since, obviously, GJ = GJG, we can consider the conjugation g;nggfl7
g1 € G, for fixed g € G. From the trace formula point of view, for the relative conjugacy
classes there is an important alternative:

(1) te(g]) #0,

(2) tr(gJ) =0 (see [2] §6.5]).
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The fixed points of gJ : H — H are determined by the equation
—az+b

—cz+d

b—az=—c|z|* + dz.

2,

For z = x + iy we have
b—ax =dx —clz|?, dy=ay.
In case (1), where tr(gJ) =d —a (mod =+ 1) # 0, we have

y=0, b—azx=dr—cz’

Thus, for ¢ = 0 we obtain x = #d.
For ¢ # 0, the fixed points are

2 —d2+4
a+d:|: (a+d) _ézaﬁLdi (a—d)? +

2¢c 4c? c 2c 2c ’

where we have used the relation detg = 1.
In case (2), where tr(¢gJ) = d — a = 0, we have a one-parameter family of fixed points
z given by the equation

(24) 2172 = tl,g =

(2.5) cz)* —a(z4+2) +b=0,

where z =z +1iy, Z=2 —iy,y >0,z € R.
Now, we consider gJ,g € G, where J is given by ([23) and tr(gJ) # 0. There exists
g1 € G such that

(2.6) a(gNgrt = <3 _g_1> (mod £1), A>1.

By definition, the norm N(gJ) is equal to A\2.
The next lemma is similar to Lemma 4l

Lemma 8. An element gJ occurring in (Z6) with tr(gJ) # 0 commutes in PSL(2,R)
only with the identity and with hyperbolic elements.

Later, we shall specify precisely which hyperbolic elements commute with gJ as in
Lemma Rl Lemma [l implies the following statement.

Lemma 9. I'P,I' =T'P;JI' for j =1,2,3,4.

Lemma 10. For any v € I and any p € P}, j = 1,2, 3,4, we have tr(ypJ) # 0, where J

is given by (2.3).
Proof. This follows directly from (II)-(T4) and the fact that for any
a b
(Nc d) €L,
where a and d are odd integers, we have N = 4N or N = 4Nj3. O

The next lemma is similar to Lemma [7]

Lemma 11. An element gJ as in Lemma B commutes with a hyperbolic element g1 if
and only if they have the same fized points.
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Now we modify the proof of Theorem 2] for the case where

_ (a2 —ba
(2.7) go = <02 —d2> eT'PJ.
The fixed points of gy are
Clz-l-dzi (ag —d2)? +4

2.8 t19 =
( ) 1.2 202 202

(see (24). For given g, we must find a hyperbolic g; € I' with the same fixed points
x1,2 = t12. Since /(a1 + d1)? — 4 is always irrational, we have (see (LJ))

a;—d;  ax+ds

(2 9) 2NCl o 202 ’
’ (a1+d1)2—4_ (ag—d2)2+4
4N2e2 4c3 ’
and, as in (L9),
a1d1 -1 o 1-— agdz
N2z 2 7
2.10 ! 2
21 o h
NCl 02.
This gives the matrix
as+d —Nc1b
(2.11) g1 = ( o b1> = <d1 + Ne B ) .
NCl dl Ncl dl
Let go € I'P;J, where j =1,2. As in (I.12)), we have
2 d
oy = dy 1 Ney Y2la2td2)
(2.12) Ve
V2bs
b1 = NCl (71),
\/502
and v2(az + ds), v/2¢2,v/2by € Z. In the same way as in (L14),
(213) Ncy = 2/’%1\/502, K1 € Z,
where

(2.14) _ (it 261V 2(az +da)  —2K1v/2by
' o 2k1V/2¢o dy

is an integral matrix with 2;1/2cy divisible by N. In parallel to (LI6) and (LI7), we
obtain

(2.15) d? + 2k1d1V2(ag + do) + 4k2 - 2bycy = 1
or
(2.16) m3 — 23 ((ag — d2)* +4) =1,

where my = dy + k1v2(az + dy).
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If gp € I'P;J and j = 3,4, then

2 d

a1 = dl + qu’
(2.17) 2 €2

by = —Ncy —27

262
(218) Nep = 2k9 - 262, Ko € Z,
where
o dl + 2/€2 . 2(0,2 + dg) 72&2 . 2b2

(2'19) 91 = ( 2%2 . 202 d1

is an integral matrix with 2k - 2¢o divisible by N. Since det g1 = 1, we have

(2.20) d% + 2Kad; - 2(@2 + dg) + 4/‘@% ~4bocy =1
or
(2.21) m3 — 4r3((ag — d2)? +4) =1,

where mao = dy + k2 - 2(ag + da).

We can always solve equations ([Z.16), 221)) if 2((ag —d2)?+4) (or 4((ag —d2)?+4) in
the second case) is not an integer squared. The latter is true if and only if v/2tr(yp) # +1
forpe Pj, j=1,2, and 2tr(yp) # £3,p € P;, j = 3,4.

We have proved the following statement.

Theorem 3. For a relative conjugacy class {ypJ}r, v € T', we have
(a) If V2|tr(yp)| = 1 for j = 1,2 and 2|tr(yp)| = 3 for j = 3,4, then the centralizer
Lyps of ypJ in T is {e}.

b) If V2|tr(yp 1 for j = 1,2 and 2|tr(vyp)| # 3 for j = 3,4, then I, is a cyclic
P
group generated by a hyperbolic element.

§3. THE TRACE FORMULA FOR ODD FUNCTIONS AND THE WEYL LAW

We recall the definition of the Eisenstein series (nonholomorphic) for I' = T'g(N),
N = 4N; or N = 4Nj3, that correspond to open cusps for the real primitive character y
(see [T, (2.1)]). For the definitions, we have introduced elements g; of PSL(2,R). Now
we parametrize these elements by the divisors d | N, d > 0. We have

_ (VM 0 —1_
gd<d\/m—d Jma L) 9dS0c9q " = Sa,

where S is the stabilizer of the cusp at oco.
For each open cusp %, we define the Eisenstein series

(3.1) Ea(z,5) = Ea(z,5,T,x) = Y v (g5 v2)x(7),
YETG\T

where Re s > 1, x(7) = x(v). We calculate y*(g; 'vz). Let
a b
V= <Nc h) er.

"= ()

We have
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z=x+1iy € H. With N = dmg we obtain

907 = (d\/m_dai JmaNe fd\/m_db*Jr mh) !
(3:2) y*(92'72) = v’ l{(—dv/maa + ymaNe)x — dy/mab + /mah}?
+(=dymga + /maNe)*y*] =
= y*|ma| " [{(Nc — ad)x — db + h}* 4+ (Nc — ad)*y?]~*.

Observe that (B2)) is unchanged if (d, z,b, ¢) is replaced by (—d, —z, —b, —c). It follows
that

(3.3) E_q4(—Zz,s) = Eq4(z, s).
Lemma 12. The cusps é and %1 are equivalent, d | N, and
(3.4) Ei(z,8) = E_q(z,s) = Eq(Jz,s).

Proof. We want to find a matrix

a
<N'Y 5) S Fo(N),
where N = 4Ny or N = 4N3, with ad — N3~y =1 and such that

a fy(ZLl)_1
N~y b d ) d
This yields the equation

(3.5) 62 — (Bd +yma)d + Bydmg +1 =0

with the solutions

d d— 24

56 s Bd+yma (A= ma? =1
2 2

Here (8d — ymg)? — 4 is the square of an integer if and only if
(3.7 Bd —ymg = £2.

It follows that a = §, because « is a solution of the same equation [B3). Since N =
dmg = 4p; - - - pr, where the p; are distinct primes, the following cases are possible:

(1) d =2d', mq =2m/, (d',m};) = 1. Then B7) yields
(3.8) Bd — ym!, = +1.
Equation (3.8) has integral solutions 3,~, and 6 = 8d’' + ym/, by [B.0).
(2) d=2d',2|d, (d,mg) =1. Then, by B7), v must be even, v = 2/, and
(3.9) Bd —y'mg = +1.
Equation ([B.9) has integral solutions 3,v’, and 6 = 8d’ + v'my4 by (B.6).
(3) mq =2ml, 2| m}, (d,m};) =1. This is similar to (2), upon interchanging d with
mg and 3 with ~.
Hence, é and ’71 are equivalent, and it follows that E4(z,s) = E_4(z, s). Together with
B3, this proves the lemma. O

We recall that the involution J: z — —Z acts on the space of all continuous (T, x)-
automorphic functions and splits this space into the sum of even and odd functions given
by

(3.10) fJz)=[f(2), [f(Jz)=—[(2).
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The operator J commutes with the automorphic Laplacian A(T', x) and with all Hecke
operators. In accordance with ([3I0]), the Hilbert space H = H(T, x) decomposes into the
orthogonal sum of two subspaces: H = Hodad ® Heven. Lemma implies the following
statement.

Lemma 13. Let D(A) be the domain of A(T', x) in'H, and let Aoaa = AL, X)|D(A)Howa-
Then the operator Aosqq has discrete spectrum as a selfadjoint operator in Hoaq -

Let Noqa(A) be the distribution function of the eigenvalues of A,qq. Now, we prove
the Weyl law
n(F)
8t
where p(F) is the area (du-area) of the fundamental domain F of T'. The proof is an

extension of the proof presented in [2] and [7]. We have a preliminary trace formula on
the space of odd functions

312 ShOy) = tim g[Sk (u(:092) — ka7 2) di(o)

A — 00,

(3.11) Noaa(A) ~

where {);} is the set of all eigenvalues of Ayqq, and Fy is the cut-off fundamental domain
of T'in H (see 332)), Fy — F as Y — oo. Here u is the distance function

u(z,2') = =P
’ yy'
The test function h.(\) is given by
(3.13) heQ\) = he(X+12) =" >0,

and k. (u) is the corresponding Selberg transform of h.()), given by

1 > —iru
ge(u) = o / e " he (L + ) dr,

)= [ Mg dn A=t
(3.14) Qu(e" 1 e~ 2) = gu(u)
= [ 2L,
%= [ T

We have

(3.15) ./;Y

where {v}r is the conjugacy class in T" with representative ~,

(3.16) = +F,

S xkelu(e2)) dil) = 3 x0) [ e(u(z02) du(o),

,
Ser {7} Fy

I, is the centralizer of v in ', and T’y \ T is the left coset. Next, Fy. SV F7, where
F7 is a fundamental domain of I'y in H.
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By analogy, we have

) [ S kAT A = 3 x0) [ a2 duto)
YWGF

.
{vJ}r By

where {yJ}r is the relative conjugacy class in I'J by conjugation of T,

yJ A/J
(3.18) = U v ——F
v €L\

I,y is the centralizer of vJ in I', and F77 is a fundamental domain of I'yyin H. First,
we consider the sum given by BIH). It is well known that the sum over all conjugacy
classes {v}r in (BI3) splits into {e}r, {h}r, and {p}r, i.e., into the identity, hyperbolic,
and parabolic classes (I" has no elliptic classes). Also, the sum over all parabolic classes
splits into two sums according to the character x (x = 1, x = —1) [I]. The contribution
from {e}r is equal to

(3.19) /Fy ke(u(z, 2)) du(z) = N(%ﬂy) /_O:O r- (tanhwr)he(i +r2) dr,
(3.20) W(Ey) ——— u(F).

The contribution from all hyperbolic classes to (3.13) is equal to

(3.21) > Z m logjz;f)h)k/2g€(k’10gzv(h>) + o(1),
{(h}r b= 1N Yoo

where v = h* is a positive integral power of a primitive hyperbolic element h, N(h) is
the norm of h, and

o[~
(3.22) gs(u):%/ e " he(L + 1) dr.

Let a(T, x) be the number of open cusps for F relative to x, and b(T', x) the number of
closed cusps of F. Then the contribution to (B3] from all parabolic conjugacy classes
is equal to

he(%) I
o0 [0 bogY — . Otog2+ 2 - L [Tk Tk i ar
(3.23) 4 r
Y —oo
where I'(s) is the Euler function and o(1)y_,o means o(1) P 0.
— 00

Now we consider the sum given by (BI7). In order to calculate the right-hand side
of (BI1), we need to separate two different cases for the conjugacy classes {yJ}r, v €T

(as in §2)):
(3.24) o= >+ >

{vJ}r {vJ}r {vJ}r
tr(yJ)#0  tr(yJ)=0

There is a significant difference between the classes {yJ}r and {ypJ}r, v €T, p € P},
7 =1,2,3,4. We shall use the following results about these classes.
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Lemma 14.

1) For any {yJ}r with the property tr(yJ) # 0, the centralizer I'yy of vJ in T is
generated by a hyperbolic element h = h(yJ).
2) There are classes {yJ}r, v € ', with tr(yJ) = 0.

Proof. 1) It suffices to show that I',; contains a hyperbolic element. Then from the
discreteness of I' it follows that I', s is a cyclic group generated by a hyperbolic element.
We have vJvJ € T if vy € T'. Clearly, (vJvJ)yJ = ~vJ(vJvJ). As in (Z6]), we have

_ A 0
a(y gt = (0 _)\_1> (mod +1), X>1.

Then
- A0
g1(vJy))gy = <O )\_2> (mod +1)

is a hyperbolic element.
Statement 2) follows from the definition of T'. O

Remark. Later we shall see that there are at most finitely many classes {~J}r falling
into case 2) of Lemma [[4]
The proof of statement 1) in Lemma [[4] implies the following.

Lemma 15. For any {vJ}r with tr(yJ) # 0 we have N(h(vJ)) < N?(vJ).

The next lemma is a consequence of the definition of the group I' = T'g(N), N = 4N,
or N = 4Nj3, and relation (Z.8]).

Lemma 16. Let v € T’ and {yJ}r be such that tr(yJ) # 0. Then v is a hyperbolic
element and N(vJ) = N(v).

The following is well known.
Lemma 17. The series
= 1
Z Z W with v hyperbolic primitive
k=1{v}r
converges absolutely for Res > 1, where the sum is taken over all hyperbolic conjugacy
classes in T

Now we calculate the contribution to ([B:24) from the classes with tr(yJ) = 0.

Lemma 18. If v € T' and tr(yJ) = 0, then the centralizer Iy of vJ in T either is
trivial, T'y; = {e}, or is a cyclic hyperbolic group.

Proof. The element ~J is conjugated by g € G to ((1) Pl) (mod +1). Let g1 = (‘; g) eq.
We consider the commutation condition

—az+b  az+b

—cz+d  cz+d’

(3.25)

which is assumed to be valid for all z € H. This implies that either g; is a hyperbolic
element, or g; = e, or g; is elliptic with tr(g;) = 0. Since I is discrete, the result follows
from Lemma O
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We calculate the sum in (BI7) in a little more detail since it is less known as compared
to the sum ([BI3). We start with the sum in (324) with tr(yJ) # 0. Any +'J in T'J
is an odd positive integral power of a primitive element vJ. Let h(vJ) € T' denote the

generator of I', 7, and let F,; be a fundamental domain of ',y in H. If g(yJ) € G brings
h(vyJ) to the diagonal form (6\ )\91 ) as in (2.0), then as F,; we take the domain

(3.26) gy NEyy={z=re¥ € H|1<r < N(h(vJ)),0< ¢ < 7}.

The part of (B.I7) with the condition tr(yJ) # 0 looks like the following:

> a0 [ kelu(2) ducz)

{vJ}r Fy!
tr(yJ)#0
’ o0
= Z ZX(’Y)%A/F ke(u(z, (’yJ)%’lz))du(z)Jr}?(l)
Jir k=1 v J — 00
tr{&ﬁ#o
— Z/ io:x(,y)%q /N(h)ﬁ/7T de i <|Z+N(7J)2k_12|2)+ o(1)
[y Jir k=1 1 r Jo Sin2<p N Y2 N (yJ)?k-1 vl
tr(vJ)#0
’ o0
= > > [xw)%llogN(h(w))
Jir k=1
w0
><2/77/2 dy i (‘6w+N(,yJ)2k—1e—w|2> + o)
(3.27) 0 sin2<p © sin2(p.N(f}/J)2k—1 v
’ oo
= > > [x(v)g‘”“llogfv<hw>>
{vJ}r k=1
tr(yJ)#0
°° dt el 1402
X —k (t(Ny )72 + N(vJ)2
[ k(v E v
1 1
HNW®“§*NWﬂTﬂﬁ + o(1)
Yﬁoo
R 2%k—1 Qe(N(vJ)* 14N (yJ) 2 -2)
{%F ;X(’Y) g ( (7 )) N(’yJ)k_l/2+N(’YJ>1/2_k }9(_}20
tr(y.J)#0

_ 'l 2k—1 g:((2k — 1)log N(vJ))
{vJir k=1
tr(yJ)#0

where the summation in Z/ is only taken over the primitive relative classes and NV is the
norm.
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Now we consider the situation where tr(y.J) = 0 and I'; s is a hyperbolic cyclic group.
Let h(+J) be the generator of ', ;. Then

Yo x| ke(u(zvJ2)) dp(z)
{+7}r fy

tr(yJ)=0

I', sy nontrivial

= Y 0 [ kT du) + o)

{7/}r Frs Yoo
tr(vJ)=0
I', sy nontrivial

NROD) gr ™ d

S o[ T Sk + o)
(3.28) (e 1 r Jo sin”e Yoo
tr(vJ)=0
'y s nontrivial

> x@weNGG) [ (A5 4 o)

sin® ¢ sin® ¢

{vJ}r —00
tr(vJ)=0
I', s nontrivial
log N (h(~yJ
=Y MO )4 o).
Y —oo
{vJ}r

tr(vJ)=0
'y s nontrivial
The calculation is similar to [8.27). Later we shall see that the sum in ([B.28) contains
only finitely many terms.
Finally, we calculate the contribution to [B:24) from the classes with tr(yJ) = 0 and
with trivial centralizer Iy ; = {e}. We need to find the asymptotics of

(3.20) > a0 [ kel du), ¥ -,
(v} Fy
tr(yJ)=0
ryo={e}
where
(3.30) =] YFv.
“//GF—y,]\F

Recall that ' = Tg(N), N = 4Ny or N = 4N3, and F = Fy(N), a fundamental domain
of ' in H. We introduce I'(1) to be the modular group and F(1) to be a fundamental
domain of I'(1) in H. For the purpose of calculation, we take

Fl)={z€Hz=x+iy|2a*+y*>1,0<z<lora?+y’>1, 3 <z <0}
Then we take
(3.31) Fy(l)={z€eF|y<Y}, Y>L1
We have
RN = |J  F),
Y€ET(1)/To(N)
and now we define Fy by

(3.32) Fy = Fp(N) = U B
YET(1)/To(N)
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Thus, (330) can be continued:

(3.33) U = U Q.

y'el’ ~el'(1)

In the sum (B:29)), first we consider the term with v = e,

(3.34) ko(u(z, J2)) du(z).

24
We define two sets Q; C H, j = 1,2. By definition,
WMW=HY)={z€eHz=zx+iy|ly>Y},
-1
0 = (V) = {2 = — ‘ dem)}
=ferin |+ (- 57) < 2
=qzx+iy|x Y=oy eIk
Formulas (330)-B33) imply
(3.35) FlCcH\Q U <,
We shall not calculate the integral (3:34)) explicitly, but we shall calculate the divergent

term and estimate the remainder term in order to prove the Weyl law.
Define

1
(3.36) 94:94(Y):{z6H,z:x+iy ?SySY}.
We can see that

(3.37) Q(Y) C Fy.

This follows from F30)—(333) and the fact that

1 ,
maxIm(yz) < =, z=uz+1y,
(3.38) o Y
v = (c d) eF(l), C#O.

We shall prove that the only part of (334]) divergent as Y — oo is given by
(3:39) [ ketuleg2) duco),
Qu(Y)
which is equal to
Y Y 0o
Ll 320
(3.40) /Y R yy ¥ Joo Vi
-2logY - g=(0) = g=(0) log Y.

Now we estimate the remaining part of the integral (8.34), given by

(3.41) /F oy FUE TN ),
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From [B14), 3:22), and B13) it follows that

1 o —&( +l) 1 2/4 4
ge(u):_/ e—zru e(r'+7 d7“=2 ﬂ_se_U/E'e_E/’

du
(3.42) ke(e”+e ¥ — / (u)
( \/eu + e—U — eV — p— v’

ge(u) = @gs( u).
This implies that k.(t) > 0, ¢t > 0. Therefore, by ([B33),

(3.43) / ke (u(z, J2)) dpi(z) < / ke (u(z, J2)) dp(z) = Ty
FI\NQ,(Y) Q3(Y)\Qa(Y)

for all Y > 1, £ > 0. For the right-hand side of (343)), we have

1/Y o
T, = 2/ d—g/ ke (422) da
0 Yy yy/1/yY —1 Y
1YY ay ke (t
_ _/ _y/ Udt
(3.44) 4(1/yY y Vit

_ / dT/4(T ) t
ke (t)

=—g€(0)10g2+2/0001 g(t+4) i

For estimation of integrals, ([3.44]) is sufficiently good, but we can also transform (3.44])
to integrals with the function h.. This was done in [2, §6.5]. We have

o ke(t) 1 [ " “ log(t + 4)
/0 log(t +4) N dt = 77/0 dQ.(w) 7\[\/_dt

dt.

(3.45) :%96(0)1%2/ | Vi iﬁ / ol d‘”/o (w+4/T;lTﬁm
= 2log 2¢.(0 / Qe (w

w4+ 2\/0.) +4
= 2log 2¢.(0) + / g (u) tanh(u/4) du.
0
In a similar way (cf. Lemma [A.3] in the Appendix), we obtain the main term of the

asymptotics of ([3:29):
[ ketulzg2) du(z) = g.(0) gy
Qu(Y)
and the remaining terms:

/ ke(u(z, Jz)) du(z) = Th
=M Q3 (Y)\Qu(Y))

1/Y
/ y ke(u(z, Jz)) du(z);
<y

and

ce (.34), [@.30).

Lemma 19. The number of classes {~vJ}r such that tr(yJ) = 0 and I'y; is nontrivial
is finite.
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Proof. We can derive a formula similar to (812) for a trivial character x. Then we can
repeat the calculation of the contributions from all classes to (812). In place of [B28)
we get

(3.46) gegm S logN(h(vJ)) + o(1).
tr{("yy:gi() e

I', s nontrivial

For any fixed Y > 1 and any trivial character y, the integral in (B12) is finite. It follows
that the sum in (340) is finite, which can happen only if there are finitely many terms
in the sum. (]

Let a(T', 1) = a(T") denote the number of pairwise inequivalent open cusps of F' relative
to x, and let m(I") = #{vJ}r, tr(vJ) =0, I'y; = {e}.
Lemma 20. We have

1) a(l') = m(I),

2) a(lsX) = X33 (v =00, = X(7)-
Proof. As in the proof of Lemma [[9] we compare the coefficients of the logY terms in

BI2) (1) for trivial x to prove 1), and for the primitive nontrivial character coming from
the classes {y}r and {yJ}r to prove 2). O

Theorem 4. The Weyl law (see BI1)) is valid.

Proof. To prove the theorem, we establish the asymptotics of each term in BI2) as
e — 40 and then apply a Tauberian theorem. As in [2], we have

@ /Oo T(tanhﬂ"r’)hs<i +r2) dr = @ . E + 0(1),

47 — 00 47 e e—+0

Z Z k/2 logfszi)h)km ge(klog N(h)) = o(1),

(347) {h}p k= 1 e——+0
9:(0) = O(L),
e—+0
T (Y e\ iy dr = O llesel
e—+0
Also,
e u
(3.48) /0 ge(u) tanh (Z) du = g(jg.
Applying Lemmas [[5] M6, and 7, we obtain (see ([B.27]))
- _ ((2k — 1) log N(vJ))
4 2~ log N (h 9:(( = o(1).
o) {'g} kZﬂX(A/) il (A/J))N(’YJ)IC*U2 + N(’YJ)I/Q*Ic 50£+)0
tr(vJ)#0
Finally, using (3.43]) and Lemmas [I9 20 from (B3I2]) we deduce
0 F) 1
| U BV N S
(3.50) ;h () /O o) = B -2+ 013,

which implies (BI1]) and Theorem @l d
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§4. A MORE ADVANCED TRACE FORMULA
We introduce three functions
ha(A) = hy(2 4+ 12) = e+,
) () = i} + ) = dcon(rlog e+,
h3(A) = hs(} + 1) = 2 cos(2rlog 2)6*5(%“2).

All these depend on a parameter ¢ > 0, as in (B.I3). For each h;(\) we denote by k;
the corresponding Selberg transform (see (BjZl)) j=1,2,3. Also, we introduce

(4.2) Ki(z,2,T',x) = ZX u(z,v2")),
yel
where v runs over the entire group I' = T'g(N), N = 4N, N = 4Nj3, and x is our real
72
primitive character, u(z,2') = %

Let K;(T',x) = K be the corresponding integral operator with kernel given by (42
on the Hilbert space H(T') = Lo(F, du). We shall study the operator

(4.3) T=(4+U%2)+U?2)K, — (UQ2)+U*(2)Ks + K3

on the space Hoqq of odd functions (see Lemma [I3] above). We have K; = h;(A(T, x)),
.j = 172,3, and U(Z)K] = KJU(2)7 U*(2)Kj — KJU*(Q), KjHodd - Hodd, U(Q)Hodd c
Hodd, U*(2)Hodad C Hodd, whence

(4.4) THodd C Hodd-

Lemma [[2 shows that A(T', x) has only discrete spectrum in Hoqqg ND(A(T, x)). From
Theorem 4.2 [I] it follows that there exists a common basis of eigenfunctions of A(T, x),
U(2), and U*(2) in Hoda. Let {v;(z, T, x)}32; denote the orthonormal basis of common
eigenfunctions in Heqq. If

AT, x)vi(2) = Njvi(2),  Aj=XN(T,x), v(z) =v;(2,T,x)
and
U(Q)UJ(Z):VJUJ(Z)v Vj :Vj(FvX>7

)\j eR, Vv € C, |Uj‘ =1, vj = einj, n; € R,

then U*(2)v; = e "iv;, and we have
Tvj = [(4+ €™ + e 2M)hi (X)) — (€™ + e~ )ha(N;) + ha(A))]v;

(4.5) = [(4+ € 4 e 2)

— (€' 4 e~ "37) - 4 cos(r; log 2) + 2 cos(2r; log 2)| e~ M,

where \j = § +77. We can continue (@L.3):
(4 6) T’Uj = (eiﬁj 4 e~ _ 9irj _ 9— zr1)2 75)\”)]’
. = (2cosn; — 2cos(rjlog2))2e ;.

Let w; = cosn; — cos(rjlog2). It is not difficult to see that the operator T is of trace
class on Hoqq, and its spectral trace is equal to

(4.7) trT =4 wie ™.
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Using the trace formula, we can calculate the matrix trace of T" and obtain the asymp-
totics as € — +0. Then we apply the Tauberian theorem to get information on a bound
for w;.

From (I4), (X2), and {3) it follows that the kernel T'(z, z') of the operator T viewed
as an integral operator on the space of odd functions Hyqq is given by

T(z,2) = %(T(z, 2 = T(z,Jz2"))
=23 Xk (u(z 7)) — ka (u(z7T))]

~el

5 30 S i (u(z9p) — Fa(u(z 99T )]

~yeTl' pePs
43) +5 %p;4 (z,9p2") — ka(u(z,vpJ2"))]

- Z > x( (z:9p2")) = ka(u(z,7pJ2))]
76Fp€P1

- Z > x( (2:79p2")) = ko (u(z,7pJ2))]
7€Fp€P2

S ksl 7)) — Ka(u(z 1)
weF

Using ([@71) and (48], we can construct a trace formula similar to (B12]):

(4.9) 4Zw e N = lim T(z, 2) du(2),

Y~>oo Fy

where the \; are as in (Im) In accordance with the decomposition (£3), the right-
hand side of (8] is the sum of six automorphic kernels. We denote them by T;(z, 2'),
7 =1,2,...,6, starting with

T1 (2,2) = QZX (z,72")) = k1(u(z,vJ2"))]
yel

and finishing with

Zx (2,72") = ka(ulz,7J2))].
'yGI‘
It is easily seen that for each j = 1,...,6 there exists a finite limit
(4.10) Jim [ Tedn) = [ T2 du) = 1)
—0o0 J By F

for any fixed € > 0. We must find an asymptotics (or bound) for all I;(¢), e — +0. We
did that in §3lfor I; (see (B50)). We have

_ /L(F) . 1 [loge|
(4.11) ne) =12 +O£H—“fo )

The next integral we consider is Ig(e), because it is close to the previous case. The
contribution from the identity (see B.12) and [BI3) is equal to

(4.12) uiF) /OO r(tanh wr)hg(i + r2) dr.

81 J_o
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We estimate this integral as ¢ — +0. We have

e 1
/ r(tanh 7r)hs <Z + 7°2> dr
(4.13) e 1
= 4/ r(tanh 77) (21082 4 ¢~ 2" logQ)e_(Z*"Q)E dr.
0

Since

o 1
r(1 —tanh7r)hs (= + %) dr = O(1),
A s (3 +72) dr = O(1)

e——+0

we evaluate
o0 1 o0
/ (2 cos(2rlog 2))€_T26 dr = = / t(2 COS(Z% log 2))6_t2 dt
0 €Jo

2 (% ey Ve
=z . L 2]og?2
(4.14) 6/0 t-e”" d(sin(_z2log ))210g2

1 /°° d 2

=—— —(t-e ") sin(-L=2log 2)dt = O(-L).
Velog2 Jo  dt Ve 5—>\-{-g()

From ([{I4) it follows that (LI2) is O(ﬁ)aﬂw, which is smaller than the leading term

in (@II). To see the contribution from hyperbolic elements similar to (321 and (B:47),
we need to find

1 & . 1
g3(u) = — eilmhg(— + 7"2) dr
27 J_ o 4
(4.15)
1 [ 7(u—2410g2)2 +ei(u+24}og2)2:|€_%
= —|e £ €
2\/me

The worst that could happen is the existence of {h}r (see the second line in (3.47]))
with the property

(4.16) klog N(h) = 2log2,

which gives us the estimate O(ﬁ)sﬁﬂ) coming from the g3(2log2) term instead of
0(1)c— 10 (we know that at most finitely many {h}r may have the same norm). Then
we see that the contribution from hyperbolic classes to the integral I is bounded by
O(%)EHH), which again is smaller than the leading term in ([@IIl). The contribution
from parabolic classes to Ig is estimated much as in the case of I; and is O(%)EHM.

Estimations of the contributions from the {vJ}r classes also proceed by analogy with
the previous case with obvious modifications. For instance, in ([B.43]) we estimate the
numerical value

@ [ k() dee) < [ (2, J2))] dia(2),
FI\Qu(Y) Q3(Y)\Qa(Y)
and, instead of o(1)c—4o, in (B49) we will get the estimate O(%)EHM by using an
argument similar to that in the proof of ([@IH]). Finally, we obtain
(4.18) Ig(e) = O(lloesly,

NG
e—+0

Now we are going to evaluate the remaining four integrals Is, I3, I4, I5s. From the
point of view of the trace formula, these cases do not differ much from one another. We
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consider the case of Is in more detail and then explain the changes needed in the other
cases. For a fixed € > 0, we have

IQ = IQ(
= ylznoo XO) [k (w2, vp2)) — b (ulz,¥pJ 2))] dpa(2)
Py 2 wel“pep3
= = hm w(z,yp2)) du(2)
{ZX p; /F ,Ypz)) dps
(4.19) S Z o) d,u(z)}
el pEP;
1 .
- 2 Ylgnoo { {%F x(7) /F;,p k1 (u(z,vpz)) du(2)
- ke (u(z,vpJ2)) dp(z) ¢,
{v%f:} /FW : }

where {yp}r, {ypJ}r are relative conjugacy classes with I' conjugation (see §{Il [2). As

in (316), (3I8), we have
(4.20) Fr= U R, B = | AR

v E€Tp\T v €Lyps\I

where I, and T’y are the centralizers of yp and ypJ in I'. We have Fy/¥ Pl

— 00

FJP 7 F"w/ where F'P and F'P/ are fundamental domains of I, and Ty

Y —oo

in H. We want to find the contribution to [@I9) from different conjugacy classes. From
Lemma [2] we know that each I'P; contains no parabolic classes {yp}, j = 1,2,3,4. By
Lemma [3] there are at most finitely many elliptic classes {yp}r in I'P}, j = 1,2,3,4. If
an elliptic class {yp}r has order d, then it is not difficult to see that the contrlbutlon to
the trace is

x() [ exp(=2mr/d) (1
4.21 -
(421) 2sin 7 /oo 1 +exp(f27rr)h(4 tr )dr,

where h = hy for Ir and I3, and h = hy for Iy and I5. From (4I) it follows that
in all cases the contribution from all elliptic classes is O(1)._4o. In the first sum in
(#I9) we must only evaluate the contributions from hyperbolic classes, since there is no
contribution from the identity in all these cases. In accordance with Theorem 2, we have
hyperbolic classes of two different types. First we consider the case where I',, is the
nontrivial cyclic group generated by a hyperbolic element h(yp) € I'. We have infinitely
many such classes, and the total contribution can be calculated as in (B.21)):

1
(4.22) {%F x(1) 108 N(h()) iy - 9(los N (ip) + o),

{~vp} hyperbolic

T'7P nontrivial
where again g = gy for Is, I3 and g = go for I, I5. It is known that the series (£22)
is absolutely convergent. We can take the limit as ¥ — oo and then evaluate ([Z22])
by 0(1)e— 4o for I, I3 and by O(\/—)Eé+0 for I4, Is. To complete the study of the first
sum in (£I9), it remains to consider the hyperbolic classes with trivial I';,. We have
FJP = 'Y (see the Appendix), and we shall consider a more general situation, assuming
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that p € P;, j =1,2,3,4. Then
(4.23) / k(u(z,vpz)) dp(z) = / k(u(z, az)) du(z),
ry g’y

where g € PSL(2,R), a = gypg™* = (())‘/\91), A > 1, and u(z,az) = \z?;/;ﬂ_ As in

B40), the leading term of the asymptotics of (£23) as Y — oo is given by

|z A2z|?
4.24 / d:v/ =A
(4.24) G )y2

(see Lemma[Adlin the Appendix). We have

ama o [ 1+ 5)) 8

(4.25) = 2(log(Y) — log(1/Y)) /w dtk(a(1 + 1))
0

e 2logY
=4logY 14+1%))dt = 21
gV [ Kall+1%)) i = B sg(210n ),

where a = (A — })? and g(u) is the Selberg transform of k(t) (see (314)). For k equal to
k1 or ko we have

(4.26) 9(2log \) = O(Z2).
e—0

If héj )(F) is the number of classes {yp}r, p € P;, with trivial centralizer I, = {e}, we

can argue as in Lemma 20 to prove that each h(()j ) is finite, and the total divergent term
in the first sum in ([@I9) is equal to

1
(4.27) ( Z x(w)m)Zlong@log)\),
{vp}r
ra=e}
PEP;

where the sum consists of héj ) terms, A = A(yp). Theorem [2 shows that
(a) tr(yp) = A+ A1 = % if pe Py or Py;
(b) tr(yp) = A+ A"t =35 ifpe P or Py

It follows that A = v/2 in case (a) and A\ = 2 in case (b), so that X is independent of ~.
We can rewrite (£.21) as

1
(4.28) (2logY)g(2l0g \) y—7x S {z}: ), A=V2or =2
YPsT

Lyp={e}
PEP;

Now we find the divergent terms in the second sum in (@I9). By Lemma [I0] in this
sum there is no term with tr(ypJ) = 0. We split this sum as follows:

(4.29) oo+ >
{rpJ}r {rpJ}r
I'yps nontrivial T'ypy trivial
The first sum in [@29) transforms as in [B.27) with g = g(¢), where g = g1 or g = go.

It is absolutely convergent, has a finite limit as Y — oo, and is estimated by O(ﬁ)gﬁo.
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We need to calculate the asymptotics as Y — oo of the second sum in (£29). We have
FyP) =19 and

(4.30) k(u(z,vpJz)) du(z) = k(u(z, Bz)) du(z),

Fg, gF?,

where g* € PSL(2,R),
ok x—1 _ A 0
B=gwlg = <0 _/\_1)7
A>1,pe P
The leading term of the asymptotics of (£30) as Y — oo is given by
|z + A2z dy e
(4.31) / / o EEATN Y~ a(tos(y) ~log(1/Y)) [ k(B4® + &) da
/Yy Y 0
with v? = 1)2, d? = (A = })*. From Theorem [ it follows that A — A~! = % if
j=1,2 and A—A"! =2 if j = 3,4. That means that A = V2 in cases (1) and (2), and
A =2 in cases (3) and (4). The integral [@3T]) is equal to

(4.32) 4logY/ k(bx? + d?) dx = -2logYg(2log \),
0

A
1+ A2
where g is the Selberg transform of k (see (814))). Again, for k = k; or ks we have (£.20).
If hg])(l") is the number of classes {ypJ}r, p € P;, with trivial centralizer I, ; = {e},

then, as in Lemma 20} we can prove that each hgj ) s finite, and in a more general
situation where p € P; the total divergent term in the second sum in (£I9) is equal to

Z X(7), A=v2or A=2,

{vpJ}r
Typs={e}
pEP;

A

where the sum in (33)) consists of h(lj ) terms. Since the limit (#I0) exists and is finite,
we see that the divergent terms ([@28) and (433 coincide (not only for a primitive
character x but also for x = 1). We have proved the following statement.

Lemma 21. In the notation of [E2T7) and {E33)), we have

D) hy (1) = 30y (T),

2) Z{'pr}r X(V) =3 Z{vp}r X('Y)f

PEP; pEP;
3) 3hi (1) = 51 (T),
4) 33 paye X(V) = 522 fppe X(7)-
PEP; PEP;

Cases 1) and 2) apply when j = 1,2, and cases 3) and 4) apply when j = 3, 4.

Now, to complete the evaluation of the terms in ([@I9) (for p € P;), first we need to
evaluate the second terms on the right-hand sides of (£.25]) and (£32) as ¢ — 0, and this
is done with the help of [@26). Second, we must evaluate the differences between (23]

and ([@24]), and between ([@30) and [@31]). In both cases, for the integration domain (see
Lemmas [A4] and in the Appendix) we have

1
gF%C{zGH,z:x+iy|c—Y<y<Y}

4.34
o U{0<y<i,\x|>y,li—l}
cY yYe
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for some ¢ > 1. It follows that we need to evaluate the following integrals:

(4.35) / :/: Cyly / drk(a ))

(4.36) /OI/CYZZQ’ y 1/yyfldazk(a<1+ zz))

where ¢ > 1 is a constant (independent of Y and ¢, but in general different for vp and
ypJ) and a = (A — A71)? (see ([@.25))), and the integrals

l/Y d 2
(4.37) / y/ dok d2 2b2),
1/cY y
1/cY
(4.38) / d—é’ dzk (d2 + %zﬁ)
0 Y* Jy/1/yy —1 Y

with b= XA+ A"1, d=X— A" (see ([@3).

It is easy to check (by a calculation similar to (28], ([£32))) that the integrals (£3H)),
31) are independent of Y, and up to a multiplicative constant they are equal to
g(2log A), which was estimated in (£26). Now, consider the integral (£36). By an
obvious change of variables we reduce it (up to a multiplicative constant) to

/aoo%/y T—adT_/ dlogy/ \/kT(TT)a

(4.39) k)
Y
—log(a)g(2log \) + /a logy\/yTady.
We are left with the estimation of
o k
/ k’gym%dy
/ —1 [* dQw ))
\/— Vw—y

_ _/ s ‘“dy Q’(W) logy

s a a VY —a\/wWw —Y
=2 e [ e
e ! log((w — a)y +a)

(4.40) =— /a dQ(w)/O NN d
i} Jidy
= (loga)g(2log A\) + / Qw / \/t (R dw
= (loga)g(2log \) + / Qw w+\/_
et —e ¥
= (loga)g(2log A) + /2]OgAg(U) e e—u— a1 (A1 /N (e —e—u/z) 1
o u/2 +67u/2

= (loga)g(2log ) +/2]Og/\g(u)eu/2 P - 1/)\
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We have g = g7 or go, and
_ 1 1 —u?/4e —c/4
@ =57 7 e

6—8/4 1 (e—(u—log2)2/4a+e—(u+log2)2/4e).

92() = NS
From (£40) and (A7) it follows that the integral (£39)) is estimated by O(%) e — +0.
og(

The last integral (E38]) reduces easily to the sum of g(2log A) and [’ log(t+4) \/% dt

t
(up to multiplication by constant coefficients), which is estimated by 0(7), e — 40, as

(4.41)

before.
We arrive at the following.

Lemma 22. We have I; = I;(¢) = O(ﬁ), e — +0, 7 =2,3,4,5 (see (@), (I0).
The next theorem is a consequence of ({I1]), (4I8), and Lemma 22

Theorem 5. Ase — +0, for the trace of the operator T (see [ET)) we have the following
asymptotics:

en, _ H(F) 1 |log |
trT = 4Zwe = —" ngO( )

27 NG
By B350) and Theorem [B] with w; = cos(n;) — cos(r; log2), we have
o~ ey, _ M(F) 1 log |
4.42 R e O( )
(442) ;6 8r ¢ + NG
- Cens F) 1 [log €|
4.43 2o-en = ME) 1 o(!eehy.
(4.43) ;w]e o ot N

The smallest number of terms with w; # 0 is obtained if |w;| = 2 for all j with w; # 0.
Assume this, and also assume that
#11<j< X wi=4} 1

(4.44) < — 7

Then we shall see that [@43]) is valid.
By a Tauberian theorem, ([£42]) implies that
(F )

(4.45) #{\ <At ——Xas A —

(see Theorem M), where Ay < Ay < --- < A, S ---, and )\; is repeated in accordance with
its multiplicity. Let ji, < jg, < -+ < jk, < --- be the values of j such that wj?k = 4.
Relation ([{Z4]) implies

#{)\jk < )‘} 1
#{)\J S)\} Ao 4]
whence, by (€45,
1 p(F)
#{j S AR - 1 '™
Then

‘\_/
m | =

> _ ].U,(F)]. w(F
2 ENj
w* Aj B Ik~ - =
Z; e Ze kslo 4 87 ¢ 8w
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in agreement with (£42]). The same proof shows that we cannot have

#ill<j<Xwi=4} 1
1. . f J -
gt X ST
and we see that the minimal number of j with w; # 0 is given by (£.44]).

We have proved the following statement.

Theorem 6. We have

.. #{)\]k <A ‘ Wi, 7& 0} 1
. > =
(4.46) i S, < A s

where each \; is repeated in accordance with its multiplicity.

Thus, for at least § of the eigenvalues \; = § + 77 of the automorphic Laplacian
with odd eigenfunction ®;, the corresponding eigenvalue e*" of the exceptional Hecke
operator U(2) satisfies w; # 0 or e # 273,

Now we consider the other exceptional Hecke operators U(q) for ¢ > 2, ¢ | N, N = 4Ny
or N = 4N3;. Here we must establish the condition p;(q) # %:j, where p;(g) is the
eigenvalue of U(q) corresponding to the eigenvector ®;. The parameters ¢, are arbitrary
real numbers. We assume that £, # £1 for all ¢ | N, ¢ > 2. Then from [1I, (7.23), (7.24)]

and Theorem [6] we obtain the following.

Theorem 7. Let the forms w(z) be defined as in [1I, Theorem 6.2] and assume that
g1 # £1 forl=2,...,k. Then for at least  of the eigenvalues \; of Agaa(T,x) (in the
sense of Theorem [Bl) with eigenfunctions ®;, the Phillips—Sarnak integral I;(®;) is not
zero, where 1;(®;) is given by [I, (7.2)].

Therefore, for each \; in the sequence of Theorem [7 at least one eigenvector ® in
the eigenspace N(Aoaa(T, x)) — A; turns into a resonance function under perturbation
by the form w(z), and the total dimension of this eigenspace is reduced at least by one
(cf. [l Theorem 5.8]).

For each eigenvalue \;, with w;, # 0 there is at least one eigenfunction $ with
cigenvalue \j, such that @ turns into a resonance function under perturbation. Let

{&)Z}fil be an orthonormal sequence of all such eigenfunctions with increasing eigenvalues
Ai-

Theorem 8. Assume that dim{N(Agaqa — Aj)} < m for all eigenvalues A;. Then

1 f o
Aihe #H{D; [N <A T dm

Proof. The minimal number of eigenfunctions ®; with eigenvalues \; < X occurs if all
eigenfunctions ®;, with w;, # 0 are distributed with m in each m-dimensional eigenspace

of Apaa(T, x). Then each of such eigenspaces contributes at least one ®;, and the result
follows from Theorem [ O

APPENDIX A. TRANSFORMATION OF THE INTEGRATION DOMAIN
OF k.(u(z,Jz)) BY g € PSL(2,Q)

In B29)-(B.34) it was shown that Fy} = FQ = U, er, 7Fy (1), where I'y is the modular
group with fundamental domain F'(1) and Fy (1) ={z € F(1) |y <Y}. Then

(A1) ke (u(z, J2)) dpz) = / e (u(z, J2)) du().

Py Fy
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c1 72Yz: )
, with interior

Let HY ):{z€H|y>Y},1et7=(gigi)eFl,andforclyéOIetC(

1
cy ’2Yc

¢l1

be the circle centered at (- >) and of radius touching R at

00(2«117 2ch )

If ¢; =0, we have y(H(Y))=H(Y'). We prove that v(H(Y))= CO(‘“
We have

1
2Y 2

,2Y2)f0r017§0

(a1z +by)(c1r +dy) + a1 Y2 +iY
(c1x +dp)? + 3Y?

Yz +iY) = =2 +iy.

Since y(o0) = 2, y(H(Y)) is a circle C’O(‘Z—i, R) with radius R to be determined by the
equation

2
(3:’ — ﬂ) +9? - 2Ry =0,
C1

implying

(_x_ﬁ)2+y2:2RYc1[(a:+d ) +v?,

1
which gives
1
2Y 2

Lemma A.1.

1
H\FY = H(Y (%, )
\Fy vye e 2Yc?
yel
61#0
Proof. No point in Fy (1) is mapped by v € I‘1 to a point in F(1) \ Fy(1), whence
H(Y) C H\TY. Therefore, y(Hy) = C°(% >) C H\TY for vy € I'y, ¢1 # 0, and the

c1’ 2Yc
lemma follows. O

In order to estimate the integrals in (3.29), we also need to calculate

(A.2) ko(u(z,vJz)) du(z)

~J
FY

for v € T'o(N) in the case where tr(yJ) = 0 and the centralizer I',; coincides with {e}.
Again we have Fy” = FQ, and if g € PSL(2,Q) is such that g(y.J)g~" = J, then

[ blulen 7 du) = [ kolutoz. 392 dut2)

(A.3) Y ’
- ke (u(z, J2)) dp(z).
9Ty
By Lemma [AT]
H\gTy =g(H\TY) =g(H(Y))u (CO( Z;C ))
yels
c17#0

Therefore, in order to estimate the integral (A2]), we need to calculate g(H(Y)) and
g(Co(= >)) for ¢; # 0. The proof of Lemma [AJ] shows that the set g(H(Y)) is

C1 ) 2YC

CO(C,ZYCQ)lfc;éO where g = (¢ 4), and it is H(Ya?) if ¢ = 0.
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Let v = (% %) €Ty, ¢1 #0; we set 11 = 2. The equation of o, 2Yc 7) is

(&3] d]
1 \2 1 \2
— 2 — —
(@ =) +(y 2Yc1) <2Yc1)

or
(A.4) a® + —2r1x+Y2y—7“f-
Two cases are possible:

1) & = —%. Then g(£+) = oo, so that g(CO(% ,2},16 )) = H(Yp) with Y; to be

determined.
2) & # —4 Then g(£) = g(r) = 2245, and

o (G ava)) = (e )

with R to be determined.

We have
oy st d) Yot riy
A5 - ) |
(A.5) g(z +iy) (cz + d)2 + 2y T +y
1) & = —2. Then, by (&3),
Y
v _y
(Cl’+d)2+62y2 0
or
A\ 1
. 2 2 _ _ = —F.
(x—7r1)"+y (x—l—c) Yoc2

Therefore, by (A,

1

2) & # —4_ We determine the radius R of the circle
(rra®) =o((n 7))
C (CT1+d7R =g c T1’2Yc§ )
where C(r1, 55z) is given by (A4). In terms of 2’ and y' given by (AF), the
1

equation of CO(%, R) is

/ ary +b)2 2 ’
— =2R
(m cr1 +d +y Y

or
ar1 +b
cr1 +d
= 2Ry{(cz +d)* + Sy }.

2
{(am—i—b)(cx—l—d) + acy® — [(cz + d)? +02y2]} + 3
Application of ([(A4) reduces this to

c a2 o c? ad + be
{QJ—FW?J—FE} +y :2Ry{2 $+W +T}
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Squaring and using ([A.4) once again, we get

2 9 2c 1 d—cr

(Yc2)2(ery + d)2y * Yci(ery +d) T+ Y ery + a”
2

= 2Ry{c—2y +2¢(ery + d)x + d* — 027’%}.
Yei

(A.6)

Equating the coefficients of y2, 2y, and y, we see that (A6) is fulfilled if and only
if

1 1 _ i 1

S 2YeE (ery +d)2 2Y (cay +dey)?’

This proves the following fact.

R

Lemma A.2. Let

a b
o= (2 §) ersie..
(a1 bl
Y= <Cl d1> S Fla

H\QFO :00(2’23}02)U U CO(Z:iiZ’Qif(cal—l}qu)UH<YZ;)7

¢ # 0. Then with

where

In particular,

9(00(‘2%03)) = (o, ﬁ)

for a # 0, ‘Z—ll :—g, and

a0 - (0.1

for a = 0.
In order to estimate (A.3)), we apply Lemma [A2] to

where g(v0J)g~! = J,

ag b 1 0
= (0 ) eram, wtwn =0 a=(5 °).

Co

We solve the equation g(voJ)g~* = J, which can be written as

apa + Ncgb  —boa —apb\ [ a b
aoc+ Ncod —bopc—apd) ™ \—c —d)’
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or as two pairs of dependent equations

(ap — 1)a+ Ncgb =10, —boa — (ag+1)b =0,
(ap+1)c+ Negd =0, —boc— (ag—1)d=0.
Case 1: by # 0, co # 0, so that ag # +1. We find

1—a§C—1 ag—1 -1
o= 7,1, cea\ o
c

(A7)

c —

a[)—l
Let eg = (1 — ag,by) and choose ¢ = ¢* = % Then d = d* = z—g, whence
we see that ¢* and d* are integers with (¢*,d*) = 1.
Case 2: bg =0, co #0, a9 =—1. Wefind ¢* =1, d* =0.
Case 3: by #0, ¢co =0, ag = —1. Then:
=2, d*=0by if bgisodd, a* =0;
=1, d'= %0 if by is even, a* = 0.
Case 4: by =0, ¢y #0, ag = 1. We find ¢* :—%,d* =1,b=0.
Case 5: by #0, co =0, ag = 1. We find ¢ = 0, and choose d* = 1,

1 =bo
* D)
7= 7).

*

Applying Lemma[A2 to g* = (% b. ), we obtain the following statement.

o*

Lemma A.3. Let

[ ay by
"o = <Nco d0> € To(NV),

and let g*(y0J)g* ™" = J, where
. (o b
c* and d* are integers, and (c¢*,d*) =1. Then

/ Fe(u(z, 707 2)) dpz) = / Fe(u(z, J2)) dp(),
FoJ

g°T%
where
1
Wl <y<Y}cgThc{ylo<y<y\c'(0.5-) e>1,
and
* * 2 a1 b* *
c=(c*a;+d*c1)”, —=—-—, (a1,c1)=1 fora®#0, and
C1 a
c=1 for by even and ¢ =4 for by odd if a* = 0.

Proof. Suppose that v € I't, c1 # 0, 11 = ¢ # —4° . Since (c*,d*) = 1, we have

c*

min(c*(h + d*C1)2 =1 and max%m = % AlSO, % = —% in cases 1, 3, and

4, whence ¢y = +¢* and H(YCC;Q) = H(Y). Clearly, ¢ = (c*a; + d*c1)? with o= .

a*

for a* # 0. In case 3 we have a* =0 and ¢ = ¢** = 1,4.
In case 2 we obtain ¢* =1, d* = 0. If 3 # —(Cl—* = 0, then a; # 0. For a; = 0 we

have ¢ = c*a; + d*c; = 1. Now c5 is determined by ﬁ—j = —Ccl—: =0, so that as = 0. Then

2
co =1, by = —1, whence ¢; = ¢* =1 and H(Y CCEQ) = H(Y). In case 5 ¢g* is translation
by %%, and the lemma is proved. ([l
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In order to estimate the similar integrals from §4 we consider yop with v9 € T'o(N),
P = P1,DP2,P3,P4, F’YOP = {6} For

[ ay by
o = <Nco d0> € To(N),
we shall find
a b
g = <c d> € PSL(2,Q)
such that
_ A0
9(vop)g~" = (0 /\1>
(I) yop1 with

1 qi
pl:(\()§ \/5>7 qzoal

V2

By Theorem 2 I',,,, = {e} if and only if v2tr(yop1) = 3. Then A + A\~ =
)\:\/5,)\:%. We have

&)

\/§ J\/vc()%""dO\/§

3
V2
4o ao-% + b2

Yop1 = ( ﬁ v2 :

With A = v/2, we get the following dependent equations for ¢ and d
(A.9)

(ag — 1)e+ Nepd = 0,
(aoq + 2bg)c+ (Necog + 2dy — 1)d = 0,

ag + Ncoq + 2dg = 3.
(1I)
1 1
Yop2 = \/iao * T%qbo ?bo ) q= 07 —-N
V2Neo + 7529 5do
By Theorem [ I'y,,, = {e} if and only if tr(yop2) = % For the solution
A=V2of A+ A1 = % we get the following dependent equations for ¢ and d:
boC + (do - l)d = 0,
(A].O) (2 — do)C + (2NC() + qdo)d = O,
(I11)

q:OafN,
2ag + gby + dg = 3.

1 1
_ §a0 §qa() + 2b0
YoP3 <%N
-3

Co %qNCO+2d0> » 9=0,1,2,3.
of A\ + A1 =

By Theorem [, tr(yops) = 2 if and only if I'y,,,, = {e}. For the solution A = 2
5 we obtain the dependent equations:

(ap — 1)e+ Neod =0,
(A.ll) (C]ao + 4b0)c + (4 — ao)d =0,

¢=0,1,2,3,
ag + qNcy + 4dy = 5.
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2a0 +qbo b N 3N
Toba = <2N20 +qu10 §d2> 4= 0 N
By Theorem [, tr(yops) = 2 if and only if I',,, = {e}. For the solution A = 2
of A\ + A= % we obtain the dependent equations
boc+ (do — 1)d = 0,
(A.12) (2a0 + gbo — 3)c+ (2Ncg + qdo)d = 0,
dag + 2gbg + dg = 5.

In all cases [-IV we solve equations (A9)-(AI2) in the same way as we solved the
second set of equations (AL7). Arguing as in Lemma [A3 from Lemma [A2] we deduce
the following statement.

Lemma A.4. Suppose 7o € To(N), V2tr(yops) = 3 fori = 1,2, and 2tr(yop;) = 5 for
i=3,4. Then T, = {e} and FJ°" = FQ. Let g* be defined as in I-1V in such a way
that

*( ) *—1 _ /\z 0
g \"oPi)g ~\o )\;1 )
where \j = /2 fori=1,2 and \; = 2 for i = 3,4. Then
[ Bewaom) = [ k(a3 duco),
BT 9" Fy

where
1 X 1
{ZGH‘?<ImZ<Y}CgF{}C{ZEH\O<y<Y}\CO(O,E>, c>1,
and
b*
c=(c*a; +d*c1)?, “_ —— ifa" #0,
C1 a
c>1 if a* = 0.

Finally, we consider vop;J, where v9 € T'o(N), p = p1,p2,p3, pa, and J = ((IJ ,01) with
[.op;s = {€}. By Theorem [ this is fulfilled if and only if v2tr(yop;J) = 1 for i = 1,2
and 2 tr(yop;J) = 3 for i = 3,4. We find

= 3

_ A0
g(yopiJ)gt = (0 )\_1>-

such that

(D)

a0, —(aoi +bOQ)
J = \/g V2 ) = 07 L.
YoP1 <N\/§o —(—NC()% —l—do\/i) q

With the solution A\ = v/2 of A — A7 = % we get the following dependent

equations for ¢ and d:
(ag + 1)c+ Nepd = 0,
(A.13) —(apg + 2by + 1)c — apd = 0,
ag — (Ncog + 2dp) = 1.
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(1)

V2ao + Z=v0by  —==bo 1
’YOP2J = ( V2 V2 ) q= Oa 7Na tr(ﬂYOpQJ) = =

V2Nc¢o + %qdo —%do V2
With the solution A = v2 of A — A\~ ! = % we get equations for ¢ and d:
—bgc — (do + ].)d =0,
(A.14) (do +2)c+ (2N¢o + qdp)d = 0,

2ag +’)/0b —dp=1.
(I11)

1 1
2a —(5qa +j3b0>
Y 3J = 270 (2 0 s —0,1,2,3, tr 3J) =
opP3 (éNCO (éqNCO 2d0) q (’Yopd )

3
5
With the solution A=2of A — A7l = % we get equations for ¢ and d:

(ap +1)e+ Necod = 0,

(A.15) —(gag + 4bg)c — (ag — 2)d = 0,

ag — (¢Nco + 4dp) = 3.

(Iv)

2a0 + gbo —lb()) N 3N

= = - —-N. ——
70P4J (2NCO+qd0 _;do q 07 27 ) 2 )

3
tr(vyopad) = 3"

With the solution A =2 of A= A"! = % we get the following equations for ¢ and
d:
boc + (—do +1)d = 0,
(A].G) (d() + 4)6 + (4NCO + 2qd0)d = 0,
4ag + 2gbg — do = 3.

In all cases I-IV we solve equations (A13)-(AI6) in the same way as equations (A7)
and (A9)-([A12) were solved. Thus, Lemma [A2] implies the following.

Lemma A.5. Suppose o € To(N), V2tr(yopiJ) = 1 for i = 1,2, and 2tr(yop;J) = 3
fori=3,4. Then Ty, ;7 = {e} and FJ'P"' = FQ. Let g* € PSL(2,Q) be defined as in
-1V in such a way that

* . *—1 _ )\7, 0
g (vopiJ)g* = (0 )\i—l) :
where \j = /2 fori=1,2 and \; = 2 for i = 3,4. Then

[ o bz du(e) = [ elue, ) duo)
FyOP'L

* 170
g Fy

where
1 * 120 0 1
— — >
{z‘Y<y<Y}Cngc{z|O<y<Y}\C(O,QYC), c>1,
and
b*
c=(c*a; +d*c1)?, “u_ —— fora® #0,
C1 a

c>1 fora®* = 0.



(1]
2]

(3]

(4]
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