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NONLINEAR HYPERBOLIC EQUATIONS IN SURFACE THEORY:
INTEGRABLE DISCRETIZATIONS
AND APPROXIMATION RESULTS
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Dedicated to L. D. Faddeev on the occasion of his 70th birthday

Abstract. A discretization of the Goursat problem for a class of nonlinear hyper-
bolic systems is proposed. Local C∞-convergence of the discrete solutions is proved,
and the approximation error is estimated. The results hold in arbitrary dimensions,
and for an arbitrary number of dependent variables. The sine-Gordon equation serves
as a guiding example for applications of the approximation theory. As the main ap-
plication, a geometric Goursat problem for surfaces of constant negative Gaussian
curvature (K-surfaces) is formulated, and approximation by discrete K-surfaces is
proved. The result extends to the simultaneous approximation of Bäcklund trans-

formations. This rigorously justifies the generally accepted belief that the theory
of integrable surfaces and their transformations may be obtained as the continuum
limit of a unifying multidimensional discrete theory.

§1. Introduction

The development of classical differential geometry has led to the introduction and in-
vestigation of various classes of surfaces that are of interest both for internal differential-
geometric reasons and for applications in other sciences. Well-known examples are mini-
mal surfaces, constant curvature surfaces, isothermic surfaces, etc. To a large extent, the
rich theory of such surface classes is a classical heritage. On the other hand, the theory
of discrete differential geometry is more recent and is nowadays a flourishing area which
parallels substantially its classical (continuous) counterpart (see the early book [S] and
the recent review [BP2]). Many important classes of surfaces have been discretized up
to now. The properties of discrete surfaces are well understood, and they are employed
widely for visualization needs and for numerical approximation. Certain convergence
theorems are available for problems described by elliptic partial differential equations,
such as the Plateau problem in the theory of minimal surfaces (see, e.g., [PP, Hin, DH]).

The characteristic property of various special classes of surfaces studied in classical
differential geometry is their integrability. One of its manifestations is the existence of a
rich theory of transformations, unified under the name of “Bäcklund–Darboux” transfor-
mations. Classically, the theory of surfaces and that of their transformations were dealt
with separately in great part. In recent times, it became clear that both theories can
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Figure 1. Surfaces and their transformations as a limit of multidimen-
sional lattices.

be unified in the framework of discrete differential geometry. In this framework, mul-
tidimensional lattices with certain geometric properties become the basic mathematical
structures. Passage to the continuum limit in some of the coordinate directions (mesh
size ε → 0) yields the respective smooth surface. The directions where the mesh size
remains constant correspond to the transformations of smooth surfaces (see Figure 1).

However, this general picture has not been supported up to now by rigorous conver-
gence results. In this paper, we provide such results for surfaces of constant negative
Gaussian curvature (K-surfaces). They are described analytically by the sine-Gordon
equation, which is a hyperbolic PDE. Analogously, discrete K-surfaces are described by
the hyperbolic difference Hirota equation [BP1]. We develop an approximation theory
for equations of this type, which applies to much more general situations than the sine-
Gordon equation. As the main geometric application, a rigorous proof of the convergence
of discrete K-surfaces to smooth K-surfaces is provided, along with their Bäcklund trans-
formations. Other examples where the general theory has been applied, include conjugate
nets and orthogonal coordinate systems, along with their transformations [BMS].

The structure of the paper is as follows. In §2 we recall the well-known geometry of
smooth and discrete K-surfaces, along with its analytic description via the sine-Gordon
and Hirota equations. In §3 it is pointed out that the notions of discrete K-surfaces, their
Bäcklund transformations, and superposition principles for the latter, are all put on an
equal footing if they are viewed as multidimensional lattices. Thus, the notion of three-
dimensional consistency of discrete two-dimensional equations starts to play a key role;
we recall the recent finding that this notion can be put at the very base of the whole theory
of integrability. Then, in §4, we formulate our basic Theorem 4.1 on the convergence of
discrete K-surfaces, which, in this case, provides a rigorous justification of the general
scheme encoded in Figure 1. This theorem is based upon general approximation results
for Goursat problems for multidimensional hyperbolic systems of difference equations,
which are formulated in §§5 and 6 for two- and m-dimensional systems, respectively.
§7 contains technical proofs of the approximation theorems for general discrete Goursat
problems. The last §8 is devoted to the proof of Theorem 4.1.
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§2. Continuous and discrete sine-Gordon equations

2.1. Sine-Gordon equation and differential geometry. The celebrated sine-
Gordon equation reads:

(1) ∂x∂yφ = sin φ.

We consider local solutions φ : B(r) = [0, r]× [0, r] → R, for some r > 0. The integrabil-
ity of the sine-Gordon equation has many manifestations, two of which will be of special
importance for us: the zero-curvature representation and the existence of Bäcklund trans-
formations.

To formulate the zero-curvature representation of the sine-Gordon equation [FT], con-
sider the matrices U, V : B(r) → g[λ] defined by the formulas

U(x, y; λ) =
i

2

(
∂xφ −λ
−λ −∂xφ

)
,(2)

V (x, y; λ) =
i

2

(
0 λ−1 exp(iφ)

λ−1 exp(−iφ) 0

)
,(3)

which take values in the twisted loop algebra

g[λ] = {ξ : R∗ → su(2) : ξ(−λ) = σ3ξ(λ)σ3}, σ3 =
(

1 0
0 −1

)
.

Then the zero curvature condition

(4) ∂yU − ∂xV + [U, V ] = 0

is satisfied identically in λ if and only if φ is a solution of (1). This condition assures the
solvability of the following system of linear differential equations:

(5) ∂xΨ = UΨ, ∂yΨ = V Ψ,

for a function Ψ : B(r) → G[λ] with values in the twisted loop group

G[λ] = {Ξ : R∗ → SU(2) : Ξ(−λ) = σ3Ξ(λ)σ3}.
A geometric interpretation of the sine-Gordon equation is as follows. Let F : B(r) →

R
3 be a surface parametrized along its asymptotic lines. This means that the vectors

∂xF , ∂yF , ∂2
xF , ∂2

yF are orthogonal to the normal vector N : B(r) → S2. Surfaces of
constant negative Gaussian curvature K = −1 (K-surfaces, for short) in the asymptotic
lines parametrization are characterized by the additional requirement that |∂xF | should
not depend on y, and |∂yF | should not depend on x. Reparametrizing the asymptotic
lines of a K-surface, if necessary, we can (and shall) assume that |∂xF | = |∂yF | = 1.
Then the angle φ = φ(x, y) between the vectors ∂xF and ∂yF satisfies the sine-Gordon
equation (1).

The zero-curvature representation allows us to reconstruct a K-surface corresponding
to a solution φ of the sine-Gordon equation. Given a solution φ : B(r) → R, we introduce
the matrices (2), (3) satisfying (4) and define a function Ψ : B(r) → G[λ] as the solution
of equations (5) with initial condition Ψ(0, 0; λ) = 1. Then the immersion F : B(r) → R

3

obtained by the Sym formula

(6) F (x, y) =
(
2λΨ−1(x, y; λ)∂λΨ(x, y; λ)

)
|λ=1,

under the canonical identification of su(2) with R
3, is a K-surface parametrized along

asymptotic lines, with the angle φ between the asymptotic directions. The function Ψ is
known as the extended frame of F .

Moreover, for λ �= 1 the right-hand side of (6) delivers an entire family of immersions
Fλ : B(r) → R

3, all of which turn out to be K-surfaces parametrized along asymptotic
lines. These surfaces Fλ constitute the so-called associated family of F .
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The classical Bäcklund transformation is given by the following construction. For a
fixed solution φ of equation (1), a new solution φ(1) can be constructed by solving the
following system of differential equations:

(7) ∂xφ(1) + ∂xφ =
2
α

sin
φ(1) − φ

2
, ∂yφ(1) − ∂yφ = 2α sin

φ(1) + φ

2
.

This system is compatible, ∂y(∂xφ(1)) = ∂x(∂yφ(1)), provided φ is a solution of the sine-
Gordon equation, and then φ(1) is also a solution. It is determined by the parameter α

and the value φ
(1)
0 = φ(1)(0, 0) at one point.

Geometrically, a Bäcklund transformation F (1) : B(r) → R
3 of a given K-surface

F : B(r) → R
3 is characterized as follows: the straight line segments [F (x, y), F (1)(x, y)]

are tangent to both surfaces F and F (1), and their length is independent of (x, y).
It is not difficult to see that equations (7) are equivalent to the following matrix

differential equations:

(8) ∂xW = U (1)W −WU, ∂yW = V (1)W −WV,

where the matrix W is given by the formula

(9) W(x, y; λ) =
(

exp(i(φ(1) − φ)/2) −iαλ
−iαλ exp(−i(φ(1) − φ)/2)

)
.

On the other hand, equations (8) constitute a solvability condition for the system con-
sisting of (5) and similar equations for the matrix function

(10) Ψ(1) = WΨ.

It can be shown that Ψ(1) serves as the extended frame of the Bäcklund transformed
surface F (1).

A remarkable property of Bäcklund transformations is given by Bianchi’s permutability
theorem: if φ(1) is a Bäcklund transformation of φ with parameter α and φ(2) is a
Bäcklund transformation of φ with parameter β, then there exists a unique solution
φ(12) of the sine-Gordon equation that is simultaneously a Bäcklund transformation of
φ(1) with parameter β and a Bäcklund transformation of φ(2) with parameter α; this
solution is given by the formula

(11) sin
1
4
(
φ(12) + φ(2) − φ(1) − φ

)
=

β

α
sin

1
4
(
φ(12) − φ(2) + φ(1) − φ

)
.

2.2. Hirota equation and discrete differential geometry. Many different discreti-
zations of the sine-Gordon equation can be imagined. A naive one is obtained by replacing
the partial derivatives by their difference quotients,

(12) δε
xδε

yφ = sin φ.

Here, of course, the difference operators δε
x and δε

y act on functions defined on Bε(r) =
B(r) ∩ (εZ)2 in accordance with

δε
xφ =

1
ε
(φ(x + ε, y) − φ(x, y)), δε

yφ =
1
ε
(φ(x, y + ε) − φ(x, y)).

However, the discretization (12) turns out to be nonintegrable (in particular, it does not
possess Bäcklund transformations), nor does it yield interesting geometry. An integrable
one is due to Hirota [H]:

(13)
sin

1
4
(
φ(x + ε, y + ε) − φ(x + ε, y) − φ(x, y + ε) + φ(x, y)

)

=
ε2

4
sin

1
4
(
φ(x + ε, y + ε) + φ(x + ε, y) + φ(x, y + ε) + φ(x, y)

)
.
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The discrete zero-curvature representation of equation (13) is formulated in terms of the
matrices U ,V : Bε(r) → G[λ] defined by the formulas

U(x, y; λ) = (1 + ε2λ2/4)−1/2

(
exp(iεa/2) −iελ/2
−iελ/2 exp(−iεa/2)

)
,(14)

V(x, y; λ) = (1 + ε2λ−2/4)−1/2

(
1 (iελ−1/2) exp(ib)

(iελ−1/2) exp(−ib) 1

)
,(15)

where the following abbreviations are used:

(16) a =
1
ε

(
φ(x + ε, y) − φ(x, y)

)
, b =

1
2
(
φ(x, y + ε) + φ(x, y)

)
.

Then the matrix equation

(17) U(x, y + ε; λ)V(x, y; λ) = V(x + ε, y; λ)U(x, y; λ)

is equivalent to (13). Formula (17) is the compatibility condition of the following system
of linear difference equations:

(18)
Ψ(x + ε, y; λ) = U(x, y; λ)Ψ(x, y; λ),

Ψ(x, y + ε; λ) = V(x, y; λ)Ψ(x, y; λ)

for a function Ψ : Bε(r) → G[λ].
A geometric interpretation of the Hirota equation (13) was discovered in [BP1]. An

immersion F ε : Bε(r) → R
3 is called a discrete surface parametrized along asymptotic

lines if for each (x, y) ∈ Bε(r) the five points F ε(x, y), F ε(x ± ε, y), and F ε(x, y ± ε) lie
in a single plane P(x, y) (called the tangent plane to F ε at the point F ε(x, y)). Discrete
K-surfaces [W] are characterized as discrete surfaces parametrized along asymptotic lines
with an additional requirement that all edges have the same length ε
, that is |δε

xF ε| =
|δε

yF ε| = 
. For discrete K-surfaces, a certain function φ related to the angle between
δε
xF ε and δε

yF ε satisfies equation (13); see [BP1] for details.
Conversely, given a solution φ of (13), we can introduce the matrices U , V by equations

(14), (15). Define a function Ψ = Ψε : Bε(r) → G[λ] as the solution of equations (18)
with initial condition Ψ(0, 0; λ) = 1. Then the Sym formula (6) determines an immersion
F = F ε : Bε → R

3, which is a discrete K-surface with the characteristic angle function
φ and with the edge length 
 = (1 + ε2/4)−1. Again, the right-hand side of (6) at λ �= 1
delivers an associated family F ε

λ of discrete K-surfaces.
The Bäcklund transformation for equation (13) is given by the following difference

analogs of (7):

sin
1
4
(
φ(1)(x + ε, y) − φ(1)(x, y) + φ(x + ε, y) − φ(x, y)

)
(19)

=
ε

2α
sin

1
4
(
φ(1)(x + ε, y) + φ(1)(x, y) − φ(x + ε, y) − φ(x, y)

)
,

sin
1
4
(
φ(1)(x, y + ε) − φ(1)(x, y) − φ(x, y + ε) + φ(x, y)

)
(20)

=
εα

2
sin

1
4
(
φ(1)(x, y + ε) + φ(1)(x, y) + φ(x, y + ε) + φ(x, y)

)
.

There are statements similar to those for the sine-Gordon equation. Difference equations
(19), (20) are compatible, provided φ is a solution of (13), and then φ(1) is also a solution
(determined by the parameter α and the value φ

(1)
0 = φ(1)(0, 0) at one point).

Also, the geometric meaning of the Bäcklund transformation is similar to the contin-
uous case: the straight line segments connecting the corresponding points of a discrete
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K-surface and its Bäcklund transformation lie in the planes tangent to both surfaces,
and their length is independent of (x, y) ∈ Bε(r).

Equations (19), (20) are equivalent to the matrix equations

(21)
W(x + ε, y; λ)U(x, y; λ) = U (1)(x, y; λ)W(x, y; λ),

W(x, y + ε; λ)V(x, y; λ) = V(1)(x, y; λ)W(x, y; λ),

with the same matrix W as in (9). At the same time, these equations assure the solvability
of the system consisting of (18) and similar equations for the matrix (10). It can be shown
that Ψ(1) is none other than the extended frame of the transformed surface.

Bianchi’s permutability theorem is formulated exactly as in the continuous case, and
is expressed by the same formula (11).

§3. Three-dimensional consistency

Quite a remarkable feature shows up at the discrete level. It can be observed that the
characterization of the discrete K-surfaces does not differ essentially from the character-
ization of their Bäcklund transformations. This can be seen both at the geometric level
and at the level of equations. The following definition reflects the geometric similarities.

Definition 3.1.
1) An m-dimensional asymptotic lattice is a function F : Z

m → R
3 with the property

that, for any n ∈ Z
m, the point F (n) and all its neighbors F (n ± ei) are coplanar.

2) An m-dimensional K-lattice is an asymptotic lattice satisfying the additional re-
quirement that for any i ∈ {1, . . . , m} the length of the edges [F (n), F (n + ei)] be one
and the same for all n.

Asymptotic lattices are described by an essentially three-dimensional system, while
an additional condition that singles out the K-lattices reduces the dimension of the
corresponding system to two. The key observation is that the definitions of asymptotic
lattices and of K-lattices are consistent, i.e., they can be imposed on multidimensional
lattices without internal contradictions.

It was first observed by Wunderlich [W] that three-dimensional K-lattices can be
interpreted as Bäcklund transformations for K-surfaces. Actually, K-lattices allow us
to put all the notions related to discrete K-surfaces on the same footing: the discrete
K-surfaces are K-lattices with m = 2, the iterated Bäcklund transformations of discrete
K-surfaces form K-lattices with m = 3, Bianchi’s permutability theorem for discrete
K-surfaces refers to K-lattices with m = 4.

An important step in understanding multidimensional lattices with similar geometric
properties was made by Doliwa and Santini, who studied quadrilateral lattices and their
reductions (see, e.g., [DS, D]).

To investigate multidimensional consistency at the level of equations, observe that the
following equations are essentially of the same structure: equation (13) which describes
discrete K-surfaces, equations (19), (20) for Bäcklund transformations of discrete K-
surfaces, and equation (11) for the superposition principle for the latter. Their common
structure is captured in the following system for a function φ : Z

m → R on an m-
dimensional lattice:

(22) sin
1
4
(
φjk + φk − φj − φ

)
=

αk

αj
sin

1
4
(
φjk − φk + φj − φ

)
.

Here the subscript j stands for the shift in the jth lattice direction, and the parameters
αj are assigned to all edges parallel to the jth lattice direction.

In our context, we are dealing with the case where m = 4. We assume that the
subscripts 1, 2 label the x-, respectively, y-direction, while the subscripts 3, 4 are used as
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Figure 3. 3D consistency.

replacements of the Bäcklund superscripts (1), (2). The relevant values of the parameters
are: α1 = ε/2, α2 = 2/ε, α3 = α, and α4 = β. Indeed, equations (19), (11) are exactly
of the form (22), and equations (13), (20) are brought into this form upon changing the
sign of φ on every second hyperplane complementary to the y-direction, i.e., upon the
change of variables φ(n) → (−1)n2φ(n).

The variable transformation u = exp(iφ/2) reshapes (22) to the form

(23)
ujk

u
=

αjuj − αkuk

αjuk − αkuj
,

which is known as the Hirota system. Historically, this system played an important role
in understanding quantum integrability in discrete space-time [FV1, FV2].

The Hirota equation (23) is a two-dimensional discrete equation, because it relates
the variables u at the vertices of any elementary two-dimensional cell (square) of the
m-dimensional lattice. The possibility of imposing this equation everywhere on the m-
dimensional lattice hinges on the case of m = 3. The corresponding property of three-
dimensional consistency should be understood as follows: suppose that four values u, ui,
uj , uk are given (we refer to the notation of Figure 3). Then equation (23) determines
uij , ujk, and uik, and further application of this equation gives three a priori different
values of uijk. The 3D consistency of the Hirota equation means that these three values
coincide automatically for arbitrary initial data. As a consequence, the Hirota equation
can be imposed consistently on all elementary squares of a multidimensional lattice.

It was found in [BS1], and independently in [N], that this property is fundamental for
integrability, because it yields both the zero-curvature representation and the existence
of Bäcklund transformations. This was extended to equations with noncommuting vari-
ables (including a noncommutative Hirota equation) in [BS2]. A classification of discrete
integrable systems based on the notion of 3D consistency was given in [ABS].

§4. Approximation theorem for K-surfaces

Thus, at the formal level it would be fair to say that the theory of K-surfaces and
their Bäcklund transformations is a consequence of the single Hirota equation (22) and
its three-dimensional consistency. Moreover, it is easily seen that equations describing
the continuous surfaces and their transformations are limit versions (as ε → 0) of the
corresponding discrete equations. The remaining part of the paper is devoted to the proof
that this is true also for the solutions of suitably posed problems for these equations.
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Theorem 4.1. Let φ1, φ2 : [0, r] → R be smooth functions with φ1(0) = φ2(0).
• There exists a unique, up to Euclidean motions, smooth K-surface F : B(r) → R

3

parametrized along asymptotic lines such that, on the coordinate axes, the angle φ :
B(r) → R between the asymptotic lines attains the values

(24) φ(x, 0) = φ1(x), φ(0, y) = φ2(y).

• For each ε > 0 there exists a unique discrete K-surface F ε : Bε(r) → R
3 such that

on the coordinate axes its characteristic angle φε : Bε(r) → R attains the values

(25) φε(x, 0) = φ1(x), φε(0, y) = φ2(y).

• The discrete surfaces converge to the smooth one uniformly in C∞ with rate O(ε):
for each pair (m, n) of nonnegative integers, we have

(26) sup
Bε(r−(m+n)ε)

|(δε
x)m(δε

y)nF ε − ∂m
x ∂n

y F | ≤ Cmnε,

where the numbers Cmn > 0 are independent of ε. For (m, n) = (0, 0) this estimate can
be improved to O(ε2):

(27) sup
Bε(r)

|F ε − F | ≤ Cε2.

• Estimates (26) and (27) are valid also for the associated families Fλ, F ε
λ in place of

F , F ε uniformly in λ ∈ [Λ−1, Λ] for a suitable Λ > 1.
• Estimates (26) and (27) are valid also for the Bäcklund transformations F (1), (F ε)(1)

in place of F , F ε if all Bäcklund transformations are determined by the same parameter
α and the same initial value φ

(1)
0 .

With Theorem 4.1 at hand, Bianchi’s permutability theorem for smooth K-surfaces
becomes a simple consequence of a similar statement for discrete K-surfaces, which, in its
turn, is a consequence of the consistency of the Hirota equation on the four-dimensional
lattice.

We illustrate the convergence of discrete K-surfaces by Figure 4 (produced by T. Hoff-
mann), which presents a continuous Amsler K-surface and an approximating discrete
one. Recall that the defining property of the Amsler surfaces (continuous and discrete)
is that they contain two straight asymptotic lines [BP1, Hof].

§5. Two-dimensional hyperbolic systems

In this section we formulate an approximation theorem for a certain class of hyperbolic
differential and difference equations in two dimensions. More general m-dimensional
systems are considered in §6.

The following notation will be used. The dependent variables of differential and dif-
ference equations under consideration belong to a Banach space X with norm | · |. The
independent variables in the two-dimensional situation belong to B(r) = [0, r]×[0, r] ⊂ R

2

in the case of differential equations, and to Bε(r) = [0, r]ε × [0, r]ε ⊂ (εZ)2 in the case of
difference equations; here [0, r]ε = [0, r] ∩ (εZ). Each Bε(r) contains O(ε−2) grid points.
It is convenient to assume that ε only takes values of the form 2−k with k ∈ Z+. Then
ε1 < ε2 implies that ε2 is an integer multiple of ε1, so that Bε2(r) ⊂ Bε1(r). The limiting
domains

(28) B0(r) =
⋃

ε=2−k

Bε(r)

lie densely in B(r). Each point x ∈ B0(r) belongs to Bε(r) with ε = 2−k for all k
sufficiently large. Hence, we can talk about convergence of functions aε : Bε(r) → X as
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Figure 4. A continuous and a discrete Amsler surfaces.

ε → 0: the limiting function a0 is defined naturally on B0(r). If a0 : B0(r) → X is a
Lipschitz function, then it extends to a Lipschitz function a0 : B(r) → X .

In all our approximation results, we are dealing with systems of first-order equations
only. This suggests the following definitions.

Definition 5.1. A continuous 2D hyperbolic system is a system of partial differential
equations for functions a, b : B(r) → X of the form

(29) ∂xa = f(a, b), ∂yb = g(a, b),

with smooth functions f, g : X ×X → X . A Goursat problem consists in prescribing the
initial values

(30) a(x, 0) = a0(x), b(0, y) = b0(y)

for x ∈ [0, r] and y ∈ [0, r], respectively. The functions a0, b0 : [0, r] → X are assumed to
belong to some Ck.

Definition 5.2. A discrete 2D hyperbolic system is formed by two partial difference
equations for a, b : Bε(r) → X of the form

(31) δε
xa = f ε(a, b), δε

yb = gε(a, b),

with smooth functions f ε, gε : X × X → X . A Goursat problem for this system consists
in prescribing the initial values

(32) a(x, 0) = aε
0(x), b(0, y) = bε

0(y)

for x ∈ [0, r]ε and y ∈ [0, r]ε, respectively.

The notation suggests that the variables (a, b) in (31) are attached to the points of the
two-dimensional lattice Bε(r). But it is more natural to associate them with the edges
of this lattice: aε(x, y) with the horizontal edge [(x, y), (x + ε, y)], and bε(x, y) with the
vertical edge [(x, y), (x, y + ε)]; see Figure 5. Equations (31) give the fields on the right
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(x, y) (x + ε, y)

(x + ε, y + ε)(x, y + ε)

a(x, y)

a(x, y + ε)

b(x, y) b(x + ε, y)

Figure 5. An elementary lattice square.

and on the top edges of an elementary square, provided the fields on the left and on the
bottom edges are known. Therefore:

A Goursat problem for a discrete 2D hyperbolic system (31) has a unique solution
(aε, bε) on Bε(r).

Example 1. We illustrate the above definitions for the sine-Gordon equation (1). The
canonical way to put (1) into the first-order form (29) is to introduce the dependent
variables

(33) a = ∂xφ, b = φ,

so that equation (1) becomes equivalent to

(34) ∂ya = sin b, ∂xb = a.

To put the naive discretization (12) of the sine-Gordon equation into the first-order
form, we introduce the dependent variables

(35) a = δε
xφ, b = φ,

which satisfy a discrete 2D hyperbolic system,

(36) δε
ya = sin b, δε

xb = a.

Similarly, to put the Hirota discretization (13) into the first-order form, introduce the
dependent variables a, b as in (16). Then (13) is equivalent to

b(x + ε, y) − b(x, y) =
ε

2
(
a(x, y + ε) + a(x, y)

)
,

eiεa(x,y+ε)/2 − eiεa(x,y)/2 =
ε2

4
(
eib(x+ε,y) − e−ib(x,y)

)
.

After solving for a(x, y + ε) and b(x + ε, y), we are left with

(37) δε
ya = Sε2/4(b + ε

2a), δε
xb = a + ε

2δε
ya,

where the following abbreviation is used:

(38) Sδ(ϕ) =
1

2iδ
log

1 − δ exp(−iϕ)
1 − δ exp(iϕ)

= sin ϕ + O(δ).

The two discrete 2D hyperbolic systems (36), (37) approximate the continuous system
(34) in the sense of the next definition.

Definition 5.3. A discrete 2D hyperbolic system (31) approximates the continuous
system (29) with rate O(ε) if the functions f ε, gε satisfy

(39) f ε(a, b) = f(a, b) + O(ε), gε(a, b) = g(a, b) + O(ε),

uniformly on compact subsets of X × X . If (39) is fulfilled for all partial derivatives of
the functions f ε, gε up to order s, we talk of O(ε)-approximation in Cs.
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The basic convergence result is the following statement, which admits various gener-
alizations.

Theorem 5.4. Let a discrete 2D hyperbolic system (31) approximate the continuous 2D
hyperbolic system (29) with rate O(ε) in C1. Also, let the discrete Goursat data (32)
approximate the continuous data (30):

(40) aε
0(x) = a0(x) + O(ε), bε

0(y) = b0(y) + O(ε),

uniformly for x ∈ [0, r]ε and y ∈ [0, r]ε, respectively. Then the solutions (aε, bε) of the
Goursat problems for equation (31) converge uniformly in B(r̄), with a suitable r̄ ∈ (0, r],
to a pair of Lipschitz functions (a, b),

(41) aε(x, y) = a(x, y) + O(ε), bε(x, y) = b(x, y) + O(ε).

The functions a, b solve the Goursat problem for (29) on B(r̄).

One improvement of Theorem 5.4 deals with a higher-order approximation in ε.

Definition 5.5. A 2D hyperbolic system (31) approximates the continuous system (29)
with rate O(ε2) if

f ε = f + ε
2 (∂af · f + ∂bf · g) + O(ε2),

gε = g + ε
2 (∂ag · f + ∂bg · g) + O(ε2)

uniformly on compact subsets of X × X .

Theorem 5.6. Suppose that, in addition to the conditions of Theorem 5.4, the dis-
crete hyperbolic system (31) approximate the continuous hyperbolic system (29) with rate
O(ε2). Let the corresponding Goursat data (32) and (30) satisfy

(42) aε
0(x) = a0(x + ε

2 ) + O(ε2), bε
0(y) = b0(y + ε

2 ) + O(ε2).

Then, in addition to the conclusions of Theorem 5.4, we have the estimates

(43) aε(x, y) = a(x + ε
2 , y) + O(ε2), bε(x, y) = b(x, y + ε

2 ) + O(ε2)

uniformly on B(r̄).

Estimate (43) indicates that it is more natural to think of aε(x, y) and bε(x, y) as
associated with (the midpoints of) the edges [(x, y), (x + ε, y)] and [(x, y), (x, y + ε)],
respectively.

Another improvement of Theorem 5.4 deals with some additional smoothness assump-
tions (and conclusions).

Theorem 5.7. Additionally to the conditions of Theorem 5.4, assume that the func-
tions f ε, gε approximate f , g with rate O(ε) in Cs+1, s > 1. Assume further that
the continuous Goursat data a0, b0 are Cs,1-functions (i.e., their sth derivatives are
Lipschitz-continuous), and that the discrete Goursat data aε

0, bε
0 satisfy

(44) (δε
x)�aε

0(x) = ∂�
xa0(x) + O(ε), (δε

y)�bε
0(y) = ∂�

yb0(y) + O(ε)

for all 
 ≤ s. Then the continuous solutions a, b belong to Cs,1(Bε(r̄)) with the same
r̄ > 0 as in Theorem 5.4. Moreover, estimates similar to (41) are valid for the higher
derivatives,

(45) (δε
x)m(δε

y)naε = ∂m
x ∂n

y a + O(ε), (δε
x)m(δε

y)nbε = ∂m
x ∂n

y b + O(ε)

for all m, n with m + n ≤ s.
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Note that the assumption (44) is fulfilled, for instance, if the functions aε
0, bε

0 are the
restrictions of a0, b0 to the lattice εZ.

All results of this section, contained in Theorems 5.4, 5.6 and 5.7, are applicable to
both the naive discretization (36) and the Hirota discretization (37) of the sine-Gordon
equation (34), provided the Goursat data are chosen in a proper way. The continuous
Goursat data corresponding to (24) are

(46) a(x, 0) = ∂xφ1(x), b(0, y) = φ2(y).

The discrete Goursat data for equation (36) can be chosen as

(47) aε(x, 0) = δε
xφ1(x), bε(0, y) = φ2(y),

while the proper choice of the discrete Goursat data for equation (37) is

(48) aε(x, 0) = δε
xφ1(x), bε(0, y) =

1
2
(φ2(y + ε) + φ2(y)).

It will be possible to obtain the approximation results for both discretizations of the
sine-Gordon equation. However, these results can be extended to an approximation of
the geometric objects (K-surfaces) for the Hirota discretization only.

§6. Multidimensional hyperbolic systems

The approximation theory developed generalizes to higher dimensions without diffi-
culties. We start with notation. Let r = (r1, . . . , rm) consist of positive numbers ri > 0;
then the domain of the independent variables for differential equations will be

B(r) = [0, r1] × · · · × [0, rm] ⊂ R
m.

For discrete equations, we use parts of rectangular lattices inside B(r), with possibly
different grid sizes along different coordinate axes, ε = (ε1, . . . , εm):

Bε(r) = [0, r1]ε1 × · · · × [0, rm]εm ⊂
m∏

i=1

(εiZ).

We use the following notation for lower-dimensional subsets of Bε(r) determined by
indices S ⊂ {1, . . . , m}:

Bε
S(r) = {x ∈ Bε(r) : xi = 0 if i /∈ S}.

Definition 6.1. A hyperbolic m-dimensional system of first-order partial difference equa-
tions is a system of the form

(49) δεi

i uk = fk,i(u), i ∈ Ek,

for functions uk : Bε(r) → Xk, where the Xk are Banach spaces. For each component
uk of u, equations (49) are given for i ∈ Ek ⊂ {1, . . . , m}, the nonempty set of evolution
directions of uk. Its complement Sk = {1, . . . , m}\Ek is called the set of static directions
of uk.

A Goursat problem for the hyperbolic system (49) consists in finding its solution
subject to the following initial data:

(50) uk

∣∣
Bε

Sk
(r)

= uk0,

where the Goursat data uk0 : Bε
Sk

(r) → Xk are given smooth functions.

We think of the variable uk(x) as attached to the elementary cell Ck of dimension #Sk

adjacent to the point x ∈ Bε(r) and parallel to Bε
S(r):

Ck = {x + µiei : µi ∈ [0, εi], i ∈ Sk}.
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To a large extent, the solvability of a Goursat problem is a local phenomenon. Namely,
it only makes sense to consider consistent hyperbolic systems (49), i.e., those for which
the Goursat problem for one elementary m-dimensional cube is uniquely solvable for
arbitrary initial data. The following obvious but extremely important statement is true.

Proposition 6.2. A Goursat problem for a consistent hyperbolic system (49) has a
unique solution uε on Bε(r).

Consistency conditions read: δ
εj

j δεi
i uk = δεi

i δ
εj

j uk for all i �= j. Substituting equations
(49) herein, we get the equations

(51) δ
εj

j fk,i(u) = δεi
i fk,j(u), i �= j,

which are further rewritten as

(52) ε−1
j

(
fk,i

(
u + εjfj(u)

)
− fk,i(u)

)
= ε−1

i

(
fk,j

(
u + εifi(u)

)
− fk,j(u)

)
.

Here fi(u) is a vector-valued function whose 
th component is equal to f�,i(u) if i ∈ E�

and is undefined otherwise.

Lemma 6.3. For a consistent system of hyperbolic equations (49), the function fk,i only
depends on those components u� for which S� ⊂ Sk ∪ {i}.

Proof. Equations (51) must be fulfilled identically in u. This implies that the function
fk,i can only depend on those components u� for which δ

εj

j u� is defined, i.e., for which
j ∈ E�. Since (51) must be satisfied for all j ∈ Ek, j �= i, we see that Ek \ {i} ⊂ E� for
these 
. �

Lemma 6.3 implies that for any subset S ⊂ {1, . . . , m}, equations (49) for k with
Sk ⊂ S and for i ∈ S form a closed subsystem, in the sense that the fk,i only depend on
u� with S� ⊂ S.

Definition 6.4. The essential dimension d of system (49) is given by

(53) d = 1 + max
k

(
#Sk

)
.

If d < m, then the d-dimensional subsystems corresponding to S with #S = d are
hyperbolic. In this case, the consistency of system (49) is a manifestation of a very
special property of its d-dimensional subsystems. We suggest treating this property
as the discrete integrability (at least under some further conditions, excluding certain
noninteresting situations, like trivial evolution in some of the directions). If d = m,
system (49) has no lower-dimensional hyperbolic subsystems.

Typically, discrete hyperbolic systems appear as discretizations of continuous hyper-
bolic systems with n independent variables, possibly with Bäcklund transformations. In
this situation, εi = ε for i = 1, . . . , n, and εi = 1 for i = n + 1, . . . , m, so that the
continuum limit is performed in the first n ≤ m lattice directions, while the remaining
n′ = m − n lattice directions are kept discrete and correspond to Bäcklund transforma-
tions. For simplicity, it may be assumed that ri = r for i = 1, . . . , n, and ri = 1 for
i = n + 1, . . . , m. Thus, for fixed m and n, we can still adopt the notation Bε(r) for
Bε(r). The limiting domain is then B0(r) = [0, r]n × {0, 1}m−n.

Example 2. To write the Bäcklund transformation (7) in the first-order form, we inter-
pret the Bäcklund superscript (1) as the shift in the z-direction. Along with the variables
a, b (see (33)), we introduce the auxiliary function θ = (φ(1) − φ)/2, which satisfies the
following system of ordinary differential equations:

(54) ∂xθ = −a +
1
α

sin θ, ∂yθ = α sin(b + θ).
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(x, y, z) (x + ε, y, z)

(x, y, z + 1)

(x + ε, y + ε, z)

(x, y + ε, z + 1) (x + ε, y + ε, z + 1)

a

a2

a3

a23

θ

θ2

θ1

θ12

b
b1

b3

b13

Figure 6. Elementary lattice cube.

The consistency condition ∂y(∂xθ) = ∂x(∂yθ) is fulfilled provided (a, b) solves system
(34), and the initial value θ(0, 0) = θ0 determines a unique solution. Then the formulas

(55) δza = 2∂xθ = −2a +
2
α

sin θ, δzb = 2θ

give a new solution (a(1), b(1)) of the 2D hyperbolic system (34) equivalent to the sine-
Gordon equation.

Similarly, upon introducing the quantity θ, we can rewrite (19), (20) in the form of
the system of first-order equations approximating (54), (55):

(56) δε
xθ = −a +

1
α

Sε/2α(θ − ε
2a), δε

yθ = αSεα/2(b + θ),

and

(57) δza = 2δε
xθ, δzb = 2θ + εδε

yθ.

Clearly, equations (56), (57) approximate equations (54), (55) with rate O(ε).
The variables a, b, and θ live on the edges of the three-dimensional lattice Bε(r) =

[0, r]ε × [0, r]ε ×{0, 1} that are parallel to the axes x, y, and z, respectively. The Goursat
data for the system (37), (56), (57) consist of the functions a(x, 0, 0) = aε

0(x), b(0, y, 0) =
bε
0(y) for x ∈ [0, r]ε, y ∈ [0, r]ε, and of the number θ(0, 0, 0) = θ0.

The essential dimension of the system (37), (56), (57) is equal to 2, and its two-
dimensional subsystems for the xy-, xz-, and yz-plaquettes are for the variable pairs
(a, b), (a, θ), and (b, θ), respectively. Consistency for this system with variables defined
on edges is illustrated in Figure 6.

We denote the shifts of the edge variables in the directions of the x-, y-, and z-axes
by the subscripts 1, 2, and 3, respectively. Then (a2, b1) are determined by (37), (θ1, θ2)
are determined by (56), and (a3, b3) are determined by (57). Now a23 is calculated either
from a3, b3 by (37), or from a2, θ2 by the first equations in (57) and (56); consistency
guarantees that the two results are identical. The same holds true for b13 and θ12.

Example 3. Consider a differential equation with m = 3 independent variables:

(58) ∂x∂y∂zu = F (u, ∂xu, ∂yu, ∂zu, ∂x∂yu, ∂x∂zu, ∂y∂zu).

A Goursat problem can be posed by prescribing the values of u on the xy-, yz-, and xz-
coordinate planes. Equation (58) can be rewritten as a hyperbolic system of first-order
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equations: ⎧⎪⎪⎨
⎪⎪⎩

∂xu = a, ∂yu = b, ∂zu = c,
∂ya = h, ∂zb = f, ∂xc = g,
∂za = g, ∂xb = h, ∂yc = f,
∂xf = ∂yg = ∂zh = F (u, a, b, c, f, g, h).

Its naive discretization would be obtained by replacing all partial derivatives ∂x etc. by
the corresponding difference quotients δε

x etc. In the resulting difference system it is
natural to assume that the variable u lives at the points of the cubic lattice (εZ)3; the
variables a, b, c live on the edges of the lattice adjacent to the point (x, y, z) in the x-, y-
and z-direction, respectively; and the variables f , g, h are associated with the two-cells
(elementary squares) adjacent to the point (x, y, z) and parallel to the yz- , xz- , and
xy-planes, respectively. The essential dimension of this discrete system is d = 3. A
Goursat problem for this system would be posed by prescribing the values of u at the
point (0, 0, 0), the values of a, b, and c on the x-, y-, and z-axes, respectively, and the
values of f , g, and h on the yz-, xz-, and xy-planes, respectively.

Theorem 6.5. Consider a consistent discrete hyperbolic system (49) on Bε(r). Suppose
that its right-hand sides fk,i = f ε

k,i have smooth C1-limits as ε → 0:

(59) f ε
k,i(u) = f0

k,i(u) + O(ε)

uniformly on any compact subset of X =
∏

Xk. Suppose also that the discrete Goursat
data uε

k0 have Lipschitz-continuous limits u0
k0:

(60) uε
k0 = u0

k0 + O(ε)

uniformly on BSk
(r). Then there exists r̄ ∈ (0, r] such that the solutions uε

k : Bε(r̄) → Xk

of the discrete Goursat problem converge uniformly on B0(r̄) to Lipschitz-continuous
functions u0

k : B0(r̄) → Xk,

(61) uε
k = u0

k + O(ε).

The functions u0
k constitute a unique solution of the Goursat problem on B0(r̄) for the

difference-differential hyperbolic system

(62)
∂iuk = f0

k,i(u), i ∈ Ek, 1 ≤ i ≤ n,

δiuk = f0
k,i(u), i ∈ Ek, n < i ≤ m,

with the Goursat data u0
k0.

Assume, moreover, that estimate (59) is valid locally uniformly in Cs+1, and that the
continuous Goursat data u0

k0 are Cs-smooth and are Cs-approximated by the discrete
data uε

k0:

(63) δε
i1 · · · δ

ε
is

uε
k0 = ∂i1 · · · ∂is

u0
k0 + O(ε),

where i1, . . . , is ∈ Sk and i1, . . . , is ≤ n. Then the convergence (61) is in Cs:

(64) δε
i1 · · · δ

ε
is

uε = ∂i1 · · · ∂is
u0 + O(ε)

for arbitrary i1, . . . , is ≤ n.

The proof of this theorem is a multidimensional extension of the proofs given in two
dimensions. Technical care is needed, but no essentially new ideas enter. A detailed
proof can be found in [M].
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§7. Proofs of approximation results for m = 2

Proof of Theorem 5.4. In general, we cannot expect that r̄ = r because the solutions
of the limiting equations may develop blow-ups that are absent in the discretization.
Consequently, an essential prerequisite for the proof of Theorem 5.4 is ε-independent a
priori bounds on aε and bε.

Lemma 7.1 (Uniform bound). Suppose the norms of the initial data aε
0, bε

0 are bounded
by ε-independent constants. Then there exists some r̄ ∈ (0, r] such that the norms of the
solutions (aε, bε) of the Goursat problem (31), (32) are bounded on Bε(r̄) independently
of ε.

Proof. Let M0 > 0 be such that |aε
0|, |bε

0| ≤ M0, and choose M1 > M0 arbitrarily. Define

r̄ = (M1 − M0)/ sup
ε

sup
|a|,|b|<M1

{|f ε(a, b)| + |gε(a, b)|}.

We show that |aε|, |bε| < M1 on Bε(r̄). Rewriting (31) as

aε(x, y) = aε(x, y − ε) + εf ε(aε(x, y − ε), bε(x, y − ε)),(65)

bε(x, y) = bε(x − ε, y) + εgε(aε(x − ε, y), bε(x − ε, y)),(66)

we then conclude by induction that

|aε(x, y)| ≤ M0 + (M1 − M0)
y

r̄
< M1,

|bε(x, y)| ≤ M0 + (M1 − M0)
x

r̄
< M1

for (x, y) ∈ Bε(r̄). �

Remark 1. If f and g possess a global Lipschitz constant, then we can take r̄ = r in
Lemma 7.1 and also in Theorem 5.4.

Lemma 7.2 (Discrete Gronwall estimate). Assume that a nonnegative function ∆ :
Z+ → R satisfies

(67) ∆(n + 1) ≤ (1 + εK)∆(n) + κ

with nonnegative constants K and κ, for all n ≥ 0. Then

(68) ∆(n) ≤ (∆(0) + nκ) exp(Knε).

Proof. Iterate (67) to confirm (68) by induction on n > 0, observing that exp(εK) ≤
(1 + εK) for K ≥ 0. �

Lemma 7.3 (Lipschitz bound). Assume that the continuous Goursat data a0, b0 are C1

functions, and that the discrete Goursat data aε
0, b

ε
0 satisfy

(69) |aε
0(x) − a0(x)| ≤ Mε, |bε

0(y) − b0(y)| ≤ Mε

with an ε-independent constant M . Then the difference quotients

δxaε, δyaε, δxbε, δybε

are bounded uniformly in ε on the respective Bε(r̄), where r̄ ∈ (0, r] is chosen in accordance
with Lemma 7.1.

Proof. By (31) and Lemma 7.1, the difference quotients δε
yaε and δε

xbε are uniformly
bounded. Let the solutions (aε, bε) of the discrete Goursat problems be bounded by M1,
and set

M2 = sup
ε

sup
|a|,|b|≤M1

{
|f ε(a, b)|, |gε(a, b)|, |∂af ε(a, b)|, . . . , |∂bg

ε(a, b)|
}
,
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which is finite because f ε → f and gε → g locally uniformly in C1. Without loss of
generality, M > M1 and M > M2. By the mean value theorem,

|δε
xaε

0(x)| ≤ |δε
xa0(x)| + ε−1|aε

0(x + ε) − a0(x + ε)| + ε−1|a0(x) − aε
0(x)| ≤ 3M.

Proceeding from y to y + ε, we have

|δε
xaε(x, y + ε)| ≤ |δε

xaε(x, y)| + ε|δε
xf ε(aε(x, y), bε(x, y))|

≤ |δε
xaε(x, y)| + εM(|δε

xaε(x, y)| + |δε
xbε(x, y)|)

≤ (1 + εM)|δε
xaε(x, y)| + εM2.

Now Lemma 7.2 yields the desired estimate:

|δε
xaε(x, y)| ≤ 4M exp(Mr̄).

The same argument applies to δε
ybε. �

Proof of Theorem 5.4, continued. Consider the family {(ãε, b̃ε)}ε=2−k of functions ãε, b̃ε :
B(r̄) → X obtained from aε and bε by linear interpolation. By Lemma 7.3, there is a
Lipschitz constant L > 0 such that

|ãε(x′, y′) − ãε(x, y)| + |b̃ε(x′, y′) − b̃ε(x, y)| ≤ L(|x′ − x| + |y′ − y|).
In combination with Lemma 7.1, this shows that the family is equicontinuous, i.e., it
satisfies the hypotheses of the Arzelà–Ascoli theorem. Consequently, there exist contin-
uous functions a, b : B(r̄) → X such that ãε′ → a and b̃ε′ → b uniformly for an infinite
subsequence ε′ = 2−k′

. Moreover, a and b are Lipschitz functions with Lipschitz constant
L.

To show that (a, b) solve the differential equations (29), observe that relation (65) and
the Lipschitz-continuity of ãε imply

(70) ãε′(x, y) = ãε′

0 (x) + ε

[y/ε′]−1∑
k=0

f ε′ [ãε′ , b̃ε′ ](x, kε′) + O(ε′)

for (x, y) ∈ B(r̄). Since the convergence of ãε′ and b̃ε′ is uniform, and f ε → f in C1, we
can pass to the limit as ε′ → 0 on both sides of (70), obtaining

(71) a(x, y) = a0(x) +
∫ y

0

f [a, b](x, η) dη.

It follows that a is everywhere differentiable with respect to y, and ∂ya = f(a, b). The
function b is treated in the same way.

Now, the convergence (41) can be proved. For arbitrary ε = 2−k we introduce the
approximation error

(72) ∆ε(n) = max{|aε(x, y) − a(x, y)| + |bε(x, y) − b(x, y)|, (x, y) ∈ Bε(r̄), x + y = nε}.
Combining formula (65) with the integral representation (71) yields

∆ε(n + 1)

≤ ∆ε(n) + ε max
x+y=nε

(
|δε

x(aε − a)|(x, y) + |δε
y(bε − b)|(x, y)

)
+ |aε

0 − a0|(nε + ε) + |bε
0 − b0|(nε + ε)

≤ ∆ε(n)+ε max
x+y=nε

(
|f ε[aε, bε] − f [a, b]|(x, y)+|gε[aε, bε] − g[a, b]|(x, y)

)
+O(ε)

≤ (1 + O(ε))∆ε(n) + O(ε).

By the Gronwall estimate of Lemma 7.2, ∆ε(n) = O(ε) for nε ≤ r̄. This implies (41). �
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Corollary 7.4. The two-dimensional hyperbolic Goursat problem (29), (30) possesses a
unique classical solution.

Proof. The existence of a classical solution is already part of the conclusions of Theorem
5.4. Uniqueness follows from the proof above: the estimates for ∆ε introduced in (72)
are independent of the specific solution (a, b) of (29), (30). In fact, only the integral
representation (71) has been used. Hence, every solution of the continuous Goursat
problem appears as a uniform limit of discrete solutions (aε, bε) as ε → 0. On the other
hand, the discrete solutions are unique, and so is their limit. �

Proof of Theorem 5.6. Since the initial data a0, b0 are Lipschitz-continuous, it is clear
that the hypothesis (42) implies (40), and therefore the conclusions of Theorem 5.4 are
valid.

To obtain (43), we modify the proof of estimate (41). By an obvious analogy with ∆ε

defined in (72), let

∆ε(n) = sup{|aε(x, y)− a(x + ε
2 , y)|+ |bε(x, y)− b(x, y + ε

2 )| : (x, y) ∈ Bε(r̄), x + y = nε}.
As before,

∆ε(n + 1) ≤ ∆ε(n) + ε max
x+y=nε

(
|δx(aε − a)|(x, y) + |δy(bε − b)|(x, y)

)
+ |aε

0((n + 1)ε) − a0((n + 3
2 )ε)| + |bε

0((n + 1)ε) − b0((n + 3
2 )ε)|.

The quantity δεa(x + ε
2 , y) is now analyzed up to O(ε3). For short, set ā = a(x + ε

2 , y)
and b̄ = b(x, y + ε

2 ). We have

a(x + ε
2 , y + ε) − a(x + ε

2 , y)

=
∫ ε

0

f [a, b](x + ε
2 , y + η) dη

= εf [a, b](x + ε
2 , y + ε

2 ) + O(ε3)

= ε
(
f(ā, b̄) + ∂af(ā, b̄) · (a(x + ε

2 , y + ε
2 ) − ā)

+∂bf(ā, b̄) · (b(x + ε
2 , y + ε

2 ) − b̄)
)

+ O(ε3)

= ε
(
f(ā, b̄) + ε

2∂af(ā, b̄) · f(ā, b̄) + ε
2∂bf(ā, b̄) · g(ā, b̄)

)
+ O(ε3).

Using the condition that discrete equations approximate continuous ones with rate O(ε2),
we find:

|δxaε(x, y) − δxa(x + ε
2 , y)| ≤ Cε∆ε(n) + O(ε3),

where the constant C depends on the functions f , g and their first-order derivatives only.
The same argument applies to b. Therefore,

∆ε(n) ≤ (1 + O(ε))∆ε(n) + O(ε3).

Finally, ∆ε(n) = O(ε2) by Lemma 7.2. �

Proof of Theorem 5.7. First, we deduce a priori estimates for higher-order difference
quotients of aε, bε. As a discrete analog of the Cs-norm, for u : Bε(r) → X we define

(73) ‖u‖s = max
k+�≤s

sup
Bε(r−sε)

|(δε
x)k(δε

y)�u|.

Recall that aε and bε are bounded on Bε(r̄): |aε|, |bε| ≤ M1 independently of ε > 0. For
a smooth function h : X × X → X , we introduce

‖h‖s = max
m≤s

sup
|a|,|b|<M1

|Dmh(a, b)|,
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which is the Cs-norm of f on the ball of radius M1. The following is essential to estimate
the norm of compositions with smooth functions. �

Lemma 7.5. Let h : X × X → X be a smooth function, and let a, b : Bε(r) → X be
bounded by M1. Then for any pair (m, n) of nonnegative integers we have

|(δε
x)m(δε

y)nh[a, b](x, y)|

≤
(
|(δε

x)m(δε
y)na(x, y)| + |(δε

x)m(δε
y)nb(x, y)| + Qmn

)
‖h‖m+n+1,

(74)

where Qmn is a continuous, monotone nondecreasing function of ‖a‖m+n−1, ‖b‖m+n−1.

A technical proof of this lemma, based on a discrete generalization of the chain rule,
can be found in [M].

Lemma 7.6. Under the conditions of Theorem 5.7,

(75) sup
ε

‖aε‖s+1 < ∞, sup
ε

‖bε‖s+1 < ∞.

Proof. We proceed by induction on s. So, assume that (75) is already proved with s in
place of s + 1. Let m, n ≥ 0 be such that m + n = s + 1. If n > 0, then

|(δε
x)m(δε

y)naε(x, y)| = |(δε
x)m(δε

y)n−1f ε[aε, bε](x, y)| ≤ Qmn < ∞
by Lemma 7.5, and similarly for (δε

x)m(δε
y)nbε if m > 0. To estimate (δε

x)maε, observe
that

(δε
x)maε(x, y) = (δε

x)maε(x, y − ε) + ε(δε
x)mf ε[aε, bε](x, y − ε),

so that, by Lemma 7.5,

|(δε
x)maε(x, y)| ≤ (1 + ε‖f ε‖m+1)|(δε

x)maε(x, y − ε)| + ε‖f ε‖m+1

(
|(δε

x)mbε(x, y)| + Qmn

)
.

By (44), we have
|(δε

x)maε(x, 0)| ≤ M < ∞.

Since we know already that the norm of (δε
y)mbε is bounded uniformly in ε, the Gronwall

Lemma 7.2 yields an ε-independent bound for (δε
x)maε. The same argument applies to

(δε
y)nbε. �

Proof of the smoothness of a and b. Recall that the continuous function a was obtained
as the uniform limit of a suitable subsequence of aε as ε → 0. Under the assumptions
of Theorem 5.7, this subsequence can be chosen so that also (δε

x)m(δε
y)naε converges for

m + n ≤ s uniformly on Bε(r̄) to some Lipschitz functions a(m,n). This follows directly
from the Arzelà–Ascoli theorem: by estimate (75), each family {(δε

x)m(δε
y)naε} possesses

an ε-independent Lipschitz constant as long as m + n ≤ s. It is then easily seen that
a(mn) = ∂xa(m−1,n) = ∂ya(m,n−1). We can conclude that a is s times differentiable with
∂m

x ∂n
y a = a(m,n), which are Lipschitz functions. The same argument is true with b in

place of a. �

To prove estimates (45), another technical lemma is needed.

Lemma 7.7. Let hε, h : X × X → X be smooth functions, and let the functions uε, u :
Bε(r) → X be bounded by M1. For any pair (m, n) of nonnegative integers and for all
(x, y) ∈ Bε(r) we have∣∣(δε

x)m(δε
y)n(hε(uε) − h(u))(x, y)

∣∣
≤ CsQs‖hε − h‖s +

(∣∣(δε
x)m(δε

y)n(uε − u)(x, y)
∣∣ + Cs‖uε − u‖s−1Qs

)
‖h‖s+1

with s = m + n, with some constant Cs, where Qs is a continuous and monotone nonde-
creasing function of ‖uε‖s and ‖u‖s.
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As in Lemma 7.5, the proof follows from the chain rule for difference operators on
lattices.

Proof of estimate (45). Again, we proceed by induction on s. Convergence in C0, i.e.,
the case where s = 0, was already settled by Theorem 5.4. Assume that (45) is fulfilled
for s − 1 in place of s. To estimate the quantity

Aε
mn(x, y) = (δε

x)m(δε
y)naε(x, y) − ∂m

x ∂n
y a(x, y),

three cases will be considered.
Case (i): y = 0 and n = 0. Then Aε

m0(x, 0) = O(ε) by the assumption (44).
Case (ii): n ≥ 1. Since a, b are Cs,1-smooth and f is C∞, we have

∂m
x ∂n−1

y f [a, b](x, y) = (δε
x)m(δε

y)n−1f [a, b](x, y) + O(ε)

uniformly on B(r̄). Consequently:

(76) Aε
mn(x, y) = (δε

x)m(δε
y)n−1(f ε[aε, bε] − f [a, b])(x, y) + O(ε).

Recall that f ε O(ε)-approximates f in Cs+1, and that, by the induction hypothesis,
‖aε − a‖s−1 = O(ε), ‖bε − b‖s−1 = O(ε). Application of Lemma 7.7 to (76) now yields
Aε

mn(x, y) = O(ε).
Case (iii): y > 0 but n = 0. Again, the smoothness of f(a) is used to deduce the

relation

Aε
m0(x, y) = Aε

m0(x, y − ε) + ε(δε
x)m(f ε[aε, bε] − f [a, b])(x, y − ε) + O(ε2).

The second term in the sum can be estimated by Lemma 7.7. After trivial manipulations,
we obtain

|Aε
m0(x, y)| ≤ (1 + ε‖f‖s−1)|Aε

m0(x, y − ε)| + ε‖f‖s−1|(δε
x)m(bε − b)|(x, y − ε) + O(ε2).

But (δε
x)m(bε − b) can be estimated along the same lines as (δε

y)naε − ∂n
y a = O(ε) in case

(ii). Hence,
|Aε

m0(x, y)| ≤ (1 + ε‖f‖s−1)|Aε
m0(x, y − ε)| + O(ε2),

and application of the Gronwall Lemma 7.2 gives Aε
m0(x, y) = O(ε) for all (x, y) ∈ Bε(r̄).

This proves the estimates for aε, and the same argument applies to bε. �

§8. Proof of Theorem 4.1

Asymptotic expansion as ε → 0 of the right-hand sides of equation (37) gives

δε
ya = sin b + ε

2a cos b + O(ε2),(77)

δε
xb = a + ε

2 sin b + O(ε2),(78)

so that the discrete equations approximate the hyperbolic system (34) with rate O(ε) in
C∞, and also with rate O(ε2) in the sense of Definition 5.5. Translation of the Goursat
data (25) into the language of the variables a, b of equation (37) is as follows:

aε
0(x) = 1

ε

(
φ1(x + ε) − φ1(x)

)
= ∂xφ1(x + ε

2 ) + O(ε2),

bε
0(y) = 1

2

(
φ2(y + ε) + φ2(y)

)
= φ2(y + ε

2 ) + O(ε2).

Thus, Theorems 5.4, 5.6, and 5.7 yield the existence and uniqueness of discrete solutions
(aε, bε), and their convergence to a unique smooth solution (a, b) of system (34) with the
Goursat data a(x, 0) = ∂xφ1(x) and b(0, y) = φ2(y) on a suitable domain B(r̄). The
convergence is of order O(ε) in C∞, and of order O(ε2) in C0.

It remains to prove that a similar approximation holds also for the immersions F ε,
F . The strategy is to approximate the frame Ψ of the smooth K-surface by the frame
Ψε of the discrete K-surface, and then use the Sym formula. Recall that the frames
are solutions of the Cauchy problems for the systems of linear differential and difference
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equations (5) and (18), respectively. Since the zero curvature conditions (4) and (17) are
satisfied, the existence of Ψ, Ψε is guaranteed by standard ODE theory. Furthermore,
at any point (x, y) of their domains, Ψ(λ) and Ψε(λ) are analytic functions of λ ∈ D,
where D is an arbitrary closed disk in the complex plane that contains 1 in its interior,
but does not contain 0. The matrices U , V and U = Uε, V = Vε are bounded uniformly
with respect to λ ∈ D and (x, y) ∈ B(r̄).

A natural norm | · |D on the space of λ-dependent (2× 2)-matrices A = A(λ) is given
by

|A|D = sup
λ∈D

|A(λ)|,

and | · | is the usual matrix norm. The discrete Cs-norms ‖·‖D
s are introduced by obvious

analogy with (73). Now define

U ε = (Uε − 1)/ε, V ε = (Vε − 1)/ε.

Then U ε(a; λ) = U(a; λ) +O(ε) and V ε(b; λ) = V (b; λ) +O(ε) uniformly in λ and in any
Cs-norm with respect to (a, b). As a consequence of the O(ε)-approximation of (a, b) by
(aε, bε), for any s ≥ 0 we have:

(79) ‖U ε − U‖D
s = O(ε), ‖V ε − V ‖D

s = O(ε).

By the definition of Ψ0 and Ψε,

Ψ(x + ε, y) = Ψ(x, y) + εU(x, y)Ψ(x, y) + O(ε2),(80)

Ψε(x + ε, y) = Ψε(x, y) + εU ε(x, y)Ψε(x, y).(81)

It follows that

(82) |Ψε − Ψ|(x + ε, y) = (1 + ε‖U ε − U‖D
0 )|Ψε − Ψ|(x, y) + O(ε2);

a similar formula is valid with V , V ε for the shift in the y-direction. The Gronwall
estimate yields

(83) ‖Ψ − Ψε‖D
0 = O(ε).

Choose Λ > 1 so that IΛ = [Λ−1, Λ] lies in the interior of D and has a positive
distance µ > 0 from ∂D. Since Ψ(λ) and Ψε(λ) are analytic functions of λ ∈ D, the
Cauchy formula implies that

sup
λ∈IΛ

|∂λΨε(x, y; λ) − ∂λΨ(x, y; λ)| ≤ µ−1 sup
λ∈D

|Ψε(x, y; λ) − Ψ(x, y; λ)|,

which is O(ε) uniformly on Bε(r) by (83). The Sym formula (6) yields

F ε
λ − Fλ = 2λ(Ψε(λ))−1∂λΨε(λ) − 2λ(Ψ(λ))−1∂λΨ(λ) = O(ε)(84)

for all λ ∈ IΛ uniformly on Bε(r).
Next, we show O(ε)-approximation of the higher-order partial derivatives of F . As

before, an induction argument is used. Assume that the estimate ‖Ψε − Ψ‖D
s−1 = O(ε)

has already been obtained. Let (m, n) be a pair of nonnegative integers with m + n = s.
If m > 0 (say), then, by the smoothness of U and Ψ,

(85)
|(δε

x)m(δε
y)n(Ψε − Ψ)|(x, y)

= |(δε
x)m−1(δε

y)n(U εΨε − UΨ)|(x, y) + O(ε) ≤ ‖U εΨε − UΨ‖D
s−1.

Observe that, by iteration of the discrete product rule, namely,

δε
x(u · v)(x) = δxu(x) · v(x) + u(x + ε) · δε

xv(x),

the following estimate can be obtained:

‖u · v‖s ≤ Cs‖u‖s · ‖v‖s.
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This is applied to (85) in the following way:

‖U εΨε − UΨ‖D
s−1 ≤ Cs−1

(
‖U ε − U‖D

s−1‖Ψ‖D
s−1 + ‖U ε‖D

s−1‖Ψε − Ψ‖D
s−1

)
.

The right-hand side is of order O(ε) because of (79) and the induction hypothesis. A
similar argument applies if m = 0 and n > 0, with replacement of U by V . As in the
proof of (84), the Sym formulas imply (26), also uniformly in λ ∈ Iλ.

Finally, we prove the O(ε2)-approximation in (27). Observe that

(86)
δε
xΨ(x, y) = U(x + ε

2 , y)Ψ(x + ε
2 , y) + O(ε2)

=
(
U(x + ε

2 , y) + ε
2U2(x + ε

2 , y)
)
Ψ(x, y) + O(ε2),

and similarly for the y-shifts. On the other hand, an ε-expansion of U ε and V ε as
functions of a, b gives:

U ε =
(

ia/2 − ε(a2 + λ2)/8 −iλ/2
−iλ/2 −ia/2 − ε(a2 + λ2)/8

)
+ O(ε2)

= U + ε
2U2 + O(ε2),

V ε =
(

−ελ−2/8 iλ−1 exp(ib)/2
iλ−1 exp(−ib)/2 −ελ−2/8

)
+ O(ε2)

= V + ε
2V 2 + O(ε2).

Recall that aε(x, y) = a(x + ε
2 , y) +O(ε2) and bε(x, y) = b(x, y + ε

2 ) +O(ε2) by Theorem
5.6. Therefore,

U ε(x, y) = U(x + ε
2 , y) + ε

2U2(x + ε
2 , y) + O(ε2),

V ε(x, y) = V (x, y + ε
2 ) + ε

2V 2(x, y + ε
2 ) + O(ε2).

Thus,

(87) δε
xΨε(x, y) = U ε(x, y)Ψε(x, y) =

(
U(x + ε

2 , y) + ε
2U2(x + ε

2 , y)
)
Ψε(x, y) + O(ε2).

Compare this with (86). The Gronwall estimate yields ‖Ψε − Ψ‖0 = O(ε2), and, by the
same argument as above, we eventually arrive at (27).

The statement concerning the approximation of Bäcklund transformed surfaces follows
in a completely similar way with a reference to Theorem 6.5. �
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