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ABSTRACT. A new recursion formula is presented for the correlation functions of the
integrable spin 1/2 XXX chain with inhomogeneity. It links the correlators involving
n consecutive lattice sites to those with n — 1 and n — 2 sites. In a series of papers
by V. Korepin and two of the present authors, it was discovered that the correlators
have a certain specific structure as functions of the inhomogeneity parameters. The
formula mentioned above makes it possible to prove this structure directly, as well as
to obtain an exact description of the rational functions that were left undetermined
in the earlier work.

§1. INTRODUCTION

Consider the XXX antiferromagnet given by the Hamiltonian

Hxxx = % > (050 +ofofiy +o5oi).
J

This model was solved in the famous paper by Bethe [3] already in 1931, by using what
is now called the coordinate Bethe Ansatz. Nevertheless, it took some time before the
physical content of this model in the thermodynamic limit was clarified completely. For
the first time, the spectrum of excitations was described correctly in the paper [10] by
Faddeev and Takhtajan; it was shown that the spectrum contains magnons of spin 1/2.
These authors used the algebraic Bethe Ansatz formulated by Faddeev, Sklyanin, and
Takhtajan (see [9]) on the basis of R-matrices and the Yang-Baxter equation. The origin
of these new techniques goes back to the work of Baxter [I].

Restricting ourselves to our example, we recall the role of R-matrices in solvable
models. The XXX model is related to the rational R-matrix that acts on C? ® C? (see
27 for the explicit formula). We employ the usual notation Ry 2(\), where 1,2 label
the corresponding spaces and A is the spectral parameter. The relationship between the
R-matrix and the XXX Hamiltonian is as follows. Consider the transfer matrix

tN(A) = tr (Ra,-N(A)Ra,—-N+1(A) - Ra,n(N))
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where the trace is taken with respect to the auxiliary space labeled by a. The transfer
matrices commute for different values of spectral parameters, giving rise to a commuting
family of operators. If we expand ¢y (A) in powers of A,

logtn (0) " Mtn(A) = Y IpAF,
k=1

then we see that I coincides with the XXX Hamiltonian for the periodic chain of length
2N + 1. All other I}, are integrals of motion commuting with I;.

We have repeated these well-known facts in order to make clear the following re-
mark due to Baxter. Consider the inhomogeneous chain whose integrals of motion are
generated by the transfer matrix

tr (R(L,N()\) s Ra’o()\)Ra)]_()\ — )\1) . 'Ra,n()\ — )\n)Ra’n+1()\) s RQ’N()\)) 5

where A1, ..., A, are arbitrary parameters. The model is still exactly solvable, although
the interaction is not local anymore. This generalization will be very important for us.

After the calculation of the spectrum, the next important issue is that of the correlation
functions. As in [I2], we consider general correlators of the form

(vac|(Eey e )1 -+ (Ee, e, )n| vac).

These are the averages over the ground state |vac) of products of elementary operators
(Ee; &) (€j,€ = *1) at site j. For n = 2, they can be calculated easily from the vacuum
energy. The first nontrivial result is due to Takahashi [22], who evaluated the correlators
for n = 3 in terms of ((3), where ( is the Riemann (-function.

Results for general n were brought forth fifteen years later by Jimbo, Miki, Miwa,
and Nakayashiki [13], in the framework of the representation theory of quantum affine
algebras. Their results and further developments were presented in the book [12]. Tt
was shown that, in the context of a more general XXZ model, the correlators in both
homogeneous and inhomogeneous cases are given in terms of multiple integrals in which
the number of integrations is equal to the distance n on the lattice. Actually, the in-
homogeneous case plays a very important role. In this case, the correlators depend on
the parameters ); since the vacuum does. As functions of A;, the correlators satisfy the
quantum Knizhnik-Zamolodchikov equation (qKZ) [I1] with level —4. Here an unex-
pected similarity became apparent between the correlators in lattice models and form
factors in integrable relativistic models calculated by Smirnov [20]. The latter also sat-
isfy the qKZ equation but with level 0. The symmetry algebra of the XXX model is the
Yangian, and the qKZ equation in this situation was discussed in [21].

One remark is in order here. The algebraic methods of [I2] work nicely in the presence
of a gap in the spectrum. In the gapless case (such as the XXX model under consider-
ation), formulas for the correlators were obtained by “analytic continuation”. However,
later the same formulas were derived rigorously by Kitanine, Maillet, and Terras [16] on
the basis of the algebraic Bethe Ansatz.

Actually, it is not very simple to obtain the result of Takahashi from the formulas in
[13]. For n = 3, we have three-fold integrals, and the result must be surprisingly simple.
This observation was the starting point of the paper [4] by Boos and Korepin. They
were able to calculate further the cases of n =4 and n = 5 (for some correlators). In all
cases the multiple integrals disappeared mysteriously, and the results were expressed in
terms of products of (-functions at odd positive integers with rational coefficients. This
mystery had to be explained.

The explanation was presented in the series of papers [5l 6] [7] by Boos, Korepin, and
Smirnov. Again, the idea was to use the inhomogeneous model and the qKZ equation.
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In the paper [5], a conjecture was put forward which states that all the correlators are
expressed schematically as follows:

(1.1) (vac|(Ee,e)1 - (B, e, )nlvac) = > [T wi = A)F (A, An).

Here w(A) is a certain transcendental function (a linear combination of logarithmic deriva-
tives of the I'-function), the f(A1,...,\,) are rational functions, and the sum is taken
over partitions (for the precise formula, see ([2:4]) and Theorems and B3). In the
homogeneous limit, the odd integer values of the (-function arise as the coefficients in
the Taylor series of w(\).

It was explained that the real reason for the formula (II)) to be true is the existence
of a formula for solutions of the qKZ equation with level —4 different than those given
in [12]. This follows from a duality between the level 0 and level —4 cases. In the case
of level 0, all solutions in the sly-invariant subspace are known. To get solutions for the
level —4 case, the matrix of solutions for the level 0 case must be inverted. This can be
done efficiently due to the relationship with the symplectic group. Detailed explanations
of this point will bring us too far from the subject of the present paper.

Let us consider (L) as an Ansatz. The question is to calculate the rational functions
f(A1,.. ., An). It turns out that this problem is much more complicated than it appears
at first glance. Despite the efforts made in the papers [5l [6l [7], only partial answers
were gained for small n. All the correlation functions for the homogeneous case of the
XXX model until n = 4 were calculated by Sakai, Shiroishi, Nishiyama, and Takahashi
[19], while the result for these functions in the XXZ case was obtained in the papers
[14} 23} [15]. The entire set of correlation functions for n = 5 both in homogeneous and
inhomogeneous cases has been found recently; see [8].

The main results of the present paper are

(i) the calculation of the functions f(A1,...,\,), and
(ii) the proof of the Ansatz ([LTl).

Surprisingly enough, the result is expressed in terms of transfer matrices over an auxiliary
space of “fractional dimension”. This brings us very close to the theory of the Baxter
Q-operators developed by Bazhanov, Lukyanov, and Zamolodchikov [2]. We hope to
discuss this issue in future publications.

The text is organized as follows.

We begin in Subsection 2.1 with formulation of the problem of computing the cor-
relation functions. We review the Ansatz of [5l, 6 [7]. In Subsection 2.2 we prepare
basic materials from the algebraic Bethe Ansatz. In Subsection 2.3 we summarize the
properties of the solution of the qKZ equation relevant to the correlators.

In Subsection 3.1 we introduce the trace over a space of “fractional dimension”. Us-
ing this notion, in Subsection 3.2 we define the rational functions X["7] that enter the
recursion formula as coefficients. Recursion is stated in Subsection 3.3. Simple examples
are given in Subsection 3.4 for the correlation functions obtained from recursion.

In Subsection 4.1, we discuss several properties of X[%7. Using these properties and
recursion, we prove the Ansatz in Subsection 4.2. The proof of recursion is started in
Subsection 4.3 with calculating the residues of the correlation functions. The proof is
completed in Subsection 4.4 by giving an asymptotic estimate.

In Appendix A we discuss the relationship among various gauges of the Hamiltonian
used here and in the literature. In Appendix B we give a proof of the analytic and
asymptotic properties of the correlators used in the text.
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§2. CORRELATION FUNCTIONS AND REDUCED QKZ EQUATION

2.1. Formulation of the problem. In this subsection, we formulate the problem we
are going to address.
Consider the XXX model with the Hamiltonian
1
(2.1) Hxxx =5 (07051 +0jol iy +0507.1).
J

Its integrability is due to the Yang—Baxter relation. The problem is to calculate the
correlation functions

(vac|(Ee, )1+ (Ee, ., )n| vac).
These are the averages over the ground state |vac) of products of elementary operators
Eej,éj = (6510‘5€j5)a,ﬂ:i’ €5,€5 = +,

acting on the site j. More precisely, we consider the correlation functions of an inhomo-
geneous model, in which each site j carries an independent spectral parameter A;. An
exact integral formula for these quantities was found in [12 [I6].

It is convenient to pass to the quantity

(22)  B(Ady.ey Ag) " E e
J

(=€) {vac|(Ee, )1 - (Ee, e, )n| vac).

n

In Appendix A, we relate this formula to a similar formula for the XXZ model given in
[12].
Denoting by v, v_ the standard basis of
V =C?>=Cvy ®Cv_,
we regard
hn()\17~'~a>\n) _ Z hn()\l,...,)\n)el""7€7L7€7L7”"€1v61®"'®v6n®v€n®"'®vél
€15.03€n €1 ,...,En
as an element of V®2", This function is obtained from a solution
g2n()\1a ey )\Qn) € V®2n
of the qKZ equation with level —4 by specializing the arguments as follows:
(2.3) Ba(A1, o An) = (=D g0 (A, A A+ 1,0 A+ 1)
(see, e.g., [12]). In [5L [6], it was found that the functions h,, have the following structure:
[n/2] m
(2.4) Moo dn) = D0 TTwO, = X)) fars (A, A,
m=0 I,J p=1
Here I = (i1,...,%m), J = (j1,---,Jm), and the sum is taken over all sequences I, J such
that INJ=2,1<i,<jp,<n(1<p<m),and i3 < -+ <ip.
A characteristic feature of formula ([2.4) is that the transcendental functions enter only
through a single function!

(25) W) = OV = 1) logp(N) + 3 = S (-

=
I
—

IThe function w(}) is related to G()) in [5] by w(\) = G(i\) + 1/2.
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where
()T (=3+3)
(2.6) p(N\) = TNTO L)
(-3)T(z+3)
The remaining factors fi, 1 s(A1,...,A,) are rational functions of Aq,..., A, with only

simple poles along the diagonal A; = A;. Subsequently, in [6, [7] it was explained that
this structure of h,, originates from a duality between solutions of the qKZ equations
with level 0 and level —4. On the basis of this relation, (Z4]) was derived under certain
assumptions. In these papers, the rational functions f,, ;. ; were left undetermined. Our
goal in this paper is to obtain a recursion formula for h,,, which enables us to describe
fn,1,5 and to give a direct proof of (2.4]).

2.2. L-operators and fusion of R-matrices. In this subsection, we introduce our
notation concerning R-matrices and L-operators, and we give several formulas for the
fusion of R-matrices.

The basic R-matrix relevant to the XXX model is
r(A)
A+ 17

where p(A) is given by (Z8), 7(A\) = A + P, and P € End((C?)®?) is the permutation
operator, P(u® v) = v ® u.

We consider also the R-matrices associated with higher-dimensional representations
of sly. Let us fix our convention as follows. We denote by

7®) 2 U(sly) — End(V®), v ~ CFFL

(2.7) R(A) = p(N)

the (k + 1)-dimensional irreducible representation of sly. We choose a basis {vj(-k) ko of
V() on which the standard generators E, F, H act as
k . k k . k k N (K

EUJ(- ) = (k—j+ l)vé_)l, Fv](- ) = (j+ l)vj(q_)l, ij( ) = (k— 2])%( )
with v&kl) = U](le = 0. For k = 1, we also write V = V") and v, = v(()l), v_ = Uil). We
shall use the singlet vectors in V®) @ V*) (k = 1,2) normalized as
(2.8) s =v, @u_ —v_@ug,

1

(2.9) s = v(()2) ® véQ) — §u§2) ® u§2) + véz) ® v(()z).

Let {S.}3_,, {S%}2_, be a dual basis of sly with respect to the invariant bilinear form
(z|y) normalized by the requirement that (H|H) = 2. It is well known that the element

3
1
(2.10) LM = A+ 5+ > S, @nM(8) € U(sly) ® End(VM)

a=1
is a solution of the Yang—Baxter relation
Ri2(\ — X)L (M) LS (A2) = LY () LY (M) Ri2 (M1 — o).

The suffix stands for the tensor components on which the operators act nontrivially.
We also use a suffix of the form (ai,...,a;) to denote the symmetric part V) <
Vo, ® - ®V,,, where the V,,, are copies of V. Denote by P;rl)_”ak the projection

1
Phoon: Vaur® @V — VP i ean (1@ @) = D Vo) @+ Oo k-

(o, )?
gESk
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Identifying V(?) with the subspace v1 ) = Py (Vi @ Va), where P* = (1/2)(1 + P),
we introduce the fused L-operator

11) 13,0 =1 (r- 2) O (r+ )7)1 , € U(sly) @ End(V®).
Explicitly, it is given by

1
LAON) = XA+1) - 5C®@idye

(2.12)
+(A+1) ZS ® 7 (9%) + Z SaSp @ w2 (5°5°).
a=1 a,b=1
On the right-hand side,
3
(2.13) C=> 8,5
a=1

denotes the Casimir operator.
We shall make use of the crossing symmetry

(2.14) LE N8, = L (=X = 1)sy)
and the quantum determinant relation

_ (1 1 1 1 -~
(2.15) PLLV (A= DI O) = (W2 = = JC)Pry.

Taking the images of (ZI0), II) in V¥, we obtain the (numerical) R-matrices?
(2.16) rED ) = (7®) @1d) LB (A) € End(V® @ V).

In what follows, we abbreviate L) (\) to L()).
We prepare several formulas about the fusion of R-matrices (see [I§]). We have

(2.17) r1,0 ()\ — i ; 1)7“2,,1 ()\ - ?) Tk o <>\+ E)”Pfk = cr(N)r éf,l), ),Q(A)a

2
where
k—1
k-1 .
(2.18) () = Hl </\—T+j).
i
Also, for all £ > 1 we have
(k,1) L\ (k1) (k 2)
219) () (A ) s (A )P "ot mmere). (@) (M)
and
k1 — ko k1 —ko\ (kytks2)
(A + ) </\ +14 = )r(lwn)kiJer))(am(/\)
(2.20) . "
_(k1,2) 2 (k2,2) 1
= (1, k1), (aB) (A_?)T(kf+1,.-.,k1+k2),(aﬁ) (AJF )P< Lyoooskr), (ki1 ky ko)
2We have r{!2) (A) = (A + D)rit (V).
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2.3. Properties of h,(A1,...,\,). The function h,, is given by the specialization (2Z3])
of the solution gs,, of the qKZ equation with level —4. In this subsection, we summarize
the properties of h,, implied by those of go,.

In what follows, we deal with various vectors in the tensor product V®2" along
with those obtained by permuting the tensor components. In order to simplify the
presentation, we adopt the following convention. Consider the tensor product

(2.21) W=V® VeV oW

of 2n copies of V labeled by 1,...,n,7,...,1. For a vector
(2.22) f= Z ferrotnEnefly @ QU @V, ® - @ Vg,

in V" we denote by f, 5. 1 the same vector 222) in @2I). The vectors ob-
tained by permuting tensor components will be indicated by permuting suffixes from the
“standard position”. For example, if

f= Z f51,€2,€2,€1 Ve, ® Ve, ® Ve, ® Ve, € V®4,
then fy317 € V1 ® V2 ® V3 ® V7 is given by

_ _ _ €2,€2,€1,€1
fop11=PiaPiafi231= E f Ve @ Vey @ Vg, & Vg, -

By f2,2.1,1 we do not mean a vector in Vo ® V3 ® V1 ® V5. Note that, in this notation,
sgli = —551% € V1 ® V7. Sometimes, we need to construct a vector in V; ® Vo ® V5 ® Vi
starting with one in V3 ®V; and one in V2® V3. Suppose f,g € V@V. Then f, 1 € V1®V7,

and go5 € V2 ® V3. We write f; 195 3 for the vector

D g, ® v, ®vs, OV, €I V20 V30 VA,

Under this convention, the ordering of the tensor product is irrelevant. There is no
preference in writing f; 1922 or g2 3f1,1 to represent the above vector.

We have three more remarks. First, we use “auxiliary” spaces in addition to the “quan-
tum” spaces Vi, V7,...,V,, V. We use a, 3, a1, as, etc., to label these spaces. Second,
we use the index with parenthesis like (a,...,ax) to label the completely symmetric
subspace V(*) ¢ V®F  This was already mentioned in Subsection If f is a vector
in this subspace, we denote by f(a,,... a,) the corresponding vector in Vo, ® --- @ V.
Lastly, we use a similar convention for matrices as well.

The function gs,, has the following properties [12]:

(2.23) gan (A1, ..., A2n) is invariant under the action of sls,

Gon (oo s N, Ajy )

(224) = Rj,j+l(>\j,j+1)g2n(- cey >\ja )‘j+1a e )...,j,j—l—l,...a

Gon (AL, o s don—1, Aan + 2)1,. 2n
(2.25) = (=1)"g2n(A2n, A1, -+ -y Aan—1)2m,1,...,2n—1,
an(Ala ey )\Qn—Qa )‘7 A— 1)1,...,211

2.26
(226) = gon—2(A1,. ., )\2n72)1,..‘,2n728ég,1,2n-

Note that R(—1) = -1+ P = —2P~ and sgll) = —5512). From this, (2:24)), and ([Z.20), we
obtain

_ 1
’P2n71,2n92n(>\13 cee )\Qn—Qa )‘7 A + 1)1,...,211 = 7592n—2(>\17 ) >\2n—2)1,...,2n—25$1)71’2n~
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Here and in the sequel we set \; ; = A\; — A;. For a =1 or 1, set
(2.27) Aa(A1,-- s n) = (=1)"Ra3(M12—1) - Ran(Ain — 1) Ran(A1n) - - Ra2(A12)-
The following proposition is deduced easily from the above formulas.
Proposition 2.1. The function h,(A1, ..., An) possesses the following properties:
(2.28) hn(A1, ..oy An) is invariant under the action of sla,

hn (s Ajs A o) i 5T

(2:29) = Rjj+1(Njj+1) B (N1, )b (o s Ny Njts o) jin T
hn()‘l —1,A2,..., An)l,...,n,ﬁ,“.,i
(230) = Ai(Ah LR /\n)hn()‘la A27 LR An)i,Z,..‘,n,ﬁ,‘..,Q,la

i3]

~ 1
(231)  Prp Ay A1 = Esf%hn,lug,...,An)g,_“’n,ﬁ,_ 5.

In particular, (230) is a reduced form of the qKZ equation. Note that, in contrast
to equation (2.24) for gy, the coeflicients appearing in ([2.29) and (Z30) are rational
functions. This is a consequence of the relations p(A)p(—A) =1 p(A—=1)p(A\)=—=X1/(A—1).

An integral formula for the function h,, was constructed in [I2[17]. Using that formula,
in Appendix [B] we derive the following analytic properties of h,,.

Proposition 2.2. The function h,(A\1,...,An) satisfies the following:

(2.32) hn(A1,. ..y An) is meromorphic in Ay, ..., A\, with at most simple poles
' at \; — )\j S Z\{O, ﬂ:l};
for any 0 < § <7 we have
. 1
(2.33) Alllinoo hon(A1y - An) = 558%”—1()‘2’ e An),
A €S

where Ss ={A € C |0 <|arg\| <7 —d}.
Remark 2.3. Relations [230), (Z31I) and the analyticity of h,, at A\; = Ao imply the
identity

_ 1
(234) P1’2 . hn()\ - 17 )‘7 sy An)l,...,n,ﬁ,...,f = 58525%%}%72(/\3» RN )‘n)37...,n,ﬁ,...,3'

As we shall show in the following sections, properties ([2.28)—(233]) determine the
functions h,, uniquely.
3. RECURSION FORMULA

In this section we state the main result of this paper: a recursion formula for the
correlation functions. The main ingredient of this recursion is a transfer matrix with an
auxiliary space of fractional dimension.

3.1. Trace function. We define the “trace over a space of fractional dimension”. By
this we mean a unique C[z]-linear map

Tr, : U(sly) ® Claz] — Clz]
such that for any nonnegative integer k£ we have
(3.1) Trpy1(A) = tryw 7®(A) (A € U(sly)).

Here tr on the right-hand side stands for the usual trace.
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We list some properties of the trace function Tr,:

(3.2) Tr,(AB) = Tr,(BA), Try(1) = x;
(3.3) Tr,(A) = 0 if A has nonzero weight;
.my _ sinh(zz)
(3.4) Tr,(e*7) = ~hs
H? -1
(3.5) Tr, <(7+H+2FE)A>:$ Tr,(A) (A€ U(sly) ® Cla]).

By the generating series ([3.4), the traces Tr,(H?®) are known, and we can calculate
Tr,(H*EYF¢) inductively for all a,b,c > 0 by using ([(.5). We emphasize that Tr,(A)
is determined by the “dimension” Tr;(1) = z and the value of the Casimir operator; we
have

(3.6) Trp(A) = Tro(A) i w,(A) = wa(A'),

where w,, is the projection
(3.7) wy : U(sly) @ Clz] — Ul(sly) @ Clz]/ I,

and I, denotes the two-sided ideal of U(slz) ® Clx] generated by C — (22 — 1) /2.
The following statements are simple consequences of these rules:

(3.8) Tr_,(A) = — Tr,(A4);

(3.9) Tr,(A) — ze(A) € x(2? — 1)Clx], where € : U(sly) ® C[z] — C[z] stands
’ for the counit;

(3.10) the degree of Tr,(H*EYF¢) is at most m + 1 (m even) or m (m odd)

where m = a + b+ c.

3.2. The functions X[, Now we are going to introduce our main object X %],
For 1 < j < n (respectively, 1 <i < j <n), we set

J J
(3.11) whll=vig .- - @V, @Va®-:-- Vi,
y i i
(3.12) whil=vig... ... ... QV,0Va®:-- ® V.
Define the monodromy matrices
, 1
T[J]()\):Li()\_)\l_l)... LA =Ap = 1)
(3.13) j
X LA =Xp) -+ - Li(A = A1),
iJ
TEIN) = Li(A =M —1) - - v La(A =X, — 1)
(3.14) i
X Lp(A—=Ap) -+ oo - Li(A = \q).

These are elements of U(sly) ® End(WU1) and U(sly) ® End(WH1), respectively.
Using the trace function Tr,, we define the functions

XEI(, . A) €V @ ViV @V @ End(WH)  (1<i<j<n)
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by the formula
XBI )
1
)\ i Hp;éz j AipAjp
(3.15) X R i—1(A z,z—l) e Ri,l()\i,l)Rﬁj(Ai—l,i) < Ryz(Mi) Tra,
X (T[ ! (T]))Rj,j—l(kj,j—l) e Rj,z‘(Aj,i) e Rii(Ajn)

5 (Nij) - Ry ]()\I,J) (i, z) (4.9)°

X Re=g5(A\j—15) - R

One can think of Try, | (T (M;AJ )) as a transfer matrix with “); j-dimensional auxiliary
space”.

The functions X! are not independent. By (3.15) and BI8), the X[/ with general
1,7 can be expressed in terms of one of them, e.g.,

1 A+ A
[1,2] _ (AL EARAE) _
(316) X0 ) = 5 T, T (" . )52

as follows:
XEI (N, )
=Riic1(Niji—1)  Rin(Ni) Ry j—1(Nj—1) - Rji(Aga) -+ Rja(Aj)

X Rig;(Ni14) - R(Ai) Ry=g 5 (Nj—1,5) - Rij(Nij) - Rij (M)
X X200 A A A A ),

LI/ F SYPRI FOPRTY FRPPYY (25 T SOPNRY FOPPR PP Y Y

(3.17)

Nonetheless, for the description of the results, it is convenient to use all of X [#+J],
We list the main properties of X %],

Transformation law. For an element o of the symmetric group &,,, we use the abbre-
viation

(Xl = X[M](/\o(l)v R )\‘7("))0(1),.4.,a(n),m,...,m'

Then the functions X1 = (X11)id ghey the transformation law

Rk o) Bz g e ) X9

(X ERD Ry iy Mkopr) Bgr g Okrnn) - (B #4,0— 1,5, — 1),
(X[%J+1])(J,J+1) (k=j),
(6,1 —1,5) —
(3.18) _ ) (i<k=j—1),
(X[z 1])1 1,7) (k )
(X [+ 1.1) (i1 (k=i<j—1),
(X[zz+1])(zz+1 (Z—k ]—Z+1)~

Zero and pole structure. The function

Woip odio iy

is a polynomial in Ay, ..., Ay.
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Regularity at co. For each 1 < k < n and an sls-invariant vector v € (W[i’j])s[Z, we
have

1 o
(3.19) 3z 1XM(Al, oA =0(1) (A — 00).
iy
Difference equation. X[l’Q]()\l, ..., Ap) satisfies the difference equation
(3.20) XA =1, 0) = —A1 (O, M) P X (0 Ag, ),

where Aj is defined in (2Z27]).
These properties will be proved in §4 (see Lemmas [L.2HLT] and [£9)).

3.3. Main result. Now we are in a position to state the recursion formula that deter-

mines the functions h,, (A1, ..., \,) starting with the initial condition
1
(3.21) ho=1, h(\) =g s\,

The proofs of the statements in this subsection will be given in §4.
In this subsection we write X,[f 7] for X[ to indicate the relevant number of sites .

Theorem 3.1. We have the following recursion formula:

hn()\lv .. -7)‘71)1, M7, 1

1
(322) - 5 51) P — 1(>‘27 sy >\n)2,...,n,ﬁ,...,i
- Z ZE ) ooy A An)y s
Here
: do w(o — \;) 1 ;
ZLA A, :7{_ J Xl g Xy A
n ( 15 ) ) C27Ti 0_7)\1 (0—)\])2—1 n (U; 25 3 )
A
(3.23) A( I’J)X[l’]](Al,)\g,...7)\ )
+ Z ( 1) reso—x, X1 (a0, Moy 0y M),
p(?éLj) p’l P.J
where C is a simple closed curve encircling A1, ..., \, counterclockwise, w(X) is given by

23, and X,[}’j]()\l, ooy An) s defined in (BIH).

In the last line of ([B:23]), we used the fact that pd (0, A2, ..., An) has no poles at
g = )\j.

Theorem 3.2. The function h,(A1,..., An) has the structure

[n/2] m
(324) h ()\1,..., ZZH zp_ ]p fn[J()\la"'7)\n)v
I,J p=1
where fo1.7(M1,.., ) € VO are rational functions, and I = (i1,...,im), J =
(J1,---,Jm) Tun over the sequences satisfying INJ =@, i1 < -+ <ip, 1 <ip, <jp <n

(1 <p<m). A representation of hy, in the above form is unique.
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Theorem 3.3. In the notation of Theorem B2 the rational functions fu.1.7(A,-.., An)
are uniquely determined by the recursion relation

fnvijl,jj/(Al, ey >\n)
(3.25) 1

— — X A a2t A e Ay ey Mgy s An)s
1- A2,

1
(3.26) FrooAs o An) = Q—nsﬁ st

In addition, they enjoy the following properties:

(3.27) frna,0A1,. ., An) is invariant under the action of sla;
Jrr g A Ay An) g G
= Rjj+1(Njj+1) B 7(Njr1,5)
X Fo 7 7O e A AL M)t T
where T = o(I) and J = o(J)(c = (4,5 + 1)) except for the following
(3.28) cases: if iy = j € I, jmu = j+ 1 € J for some m, we have I = I,

J = J, and if iy, = Jyimy1 = J + 1 for some m, we have I = I and J
Ji ifl £m,m+1,

is given by j; = Jmy1 ifl=m,
Jm ifl=m+1;

(3.29) frr,0(A1s ..o, An) is regular at 0o in each Aj;
(3.30) frr,0(A1, ..., An) has at most simple poles at \; — A\; = 0, where 1 <
' Z<]§7’L,Z€IOT‘]€J,(Z,j)?é(’bp,jp)(lgpgm)
In general, f, ;s is expressed as follows. Suppose I = (i1,...,im), J = (J1,---,Jm)

and {1,...,n]\TUJ = {ky,..., ki }, where k1 < --- < k;, n = 2m + . We denote the
corresponding permutation by

o 1 2 i i el el ooop cs
ioJ1 o im Jm ko Ky "
and let 0 = 04, 0+ -+ 00,4, be areduced decomposition into transpositions o, = (a,a+1).
With o we associate the R-matrices

R7 = Ry b, (Aoy 01) *+ R o (At o )
=0

R = Ry grNoy ) -~ By Qo )
where b; = 04, - 04,_,(a;), b, = 04, -+ 0a,_, (a; +1). Then
R
fn,I,J(Al, ey An) = BR R T1T2 " TmS,

where

— 9l S VRS VR W . .
D=2 H Aza;]bA]aﬂb)\za;'Lb)\]a;]b H )\'L(mkc)\]avkc’

a<b a,c
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1 2 3 4 5 5 4 3 2 1

R R’
1
T2
. Ll .
2 4 3 5 1 1 5 3 4 2
FIGURE 1. The case where n =5, I = (23), J = (45).
_ @ e (N ¢ :
S = S T St T Sk Sk 1S the product of singlet vectors, and
the 7, are the transfer matrices
1 i, A
Ta = Tr)\,', i <Tn—2a+2 <a7]a>)’
)\iamja(l - )\Zga,ja) ara 2

Tn20t2(N) = Lo = Aozay — 1) -+ Ly (A = Aoy — 1)
X La(n) ()\ — Ao(n)) v Lg(ga)(A — >‘a(2a))~

3.4. Examples. We write out the recursion relation in simple cases.
First, let n = 2. Observing that

1
Tr.(AB) = gx(xg —1)(A|B) (A, B e€sly)
and using the initial condition ([B21l), we find

A, —1
12 53

XA, A) = 3 Can.e2

Along with the initial condition ([B2I]), the recursion formula gives

L 1 @)
. 53— gw()\1,2>3(1,1),(27§)'

Next, consider the case of n = 3. We have

ha(A1, A2) = 1%

1%

Tr,(ABC) = %x(aﬂ —1)([A, B)|C) (A,B,C € sb).
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Take a basis of the sly-invariants (V®6)*'2 as follows:

uy = s{H (1) (1)

1,192,253 3
2 . -
u; = sz( Z) E])J) (kF) (i,7,k = 1,2, 3 are distinct),
Ug = U,

where v is a unique sly-invariant vector in V((z) 2V V2 with coefficient 1 in the

1,1 (2,2) (3,3)
component v( ) ® (2) ® vg).
After some calculation, we obtain

1 1 A
X[12](>\17)\27)\3) ) = (M )( u3+3/\13>\23 2 6>\1;)2\23 )

which gives

1 1 1 A
h3(A1, A2, A3) = guo—w()\l,2)(—u3+ Uy — L2 )

6 613023 121323
1 1 A2 — A23
—w( (— (1 - ) ’ ’ )
w(A1,3) G A2A2s Uz + 12X1 223 U4

1 1 >\23
— wi\ (— ) )
w(A2,3) g1 T 6A12M13 s 12X 12213 “

84. DERIVATION FROM THE QKZ EQUATION

Our purpose in this section is to prove Theorems B.IH3.3l

4.1. Properties of X[i-J] (M,...,An). In this subsection, we study the properties of the
rational function X7I(\,... \,).
We begin with an identity for L-operators.

Lemma 4.1. We have
(4.1)

AN (A (2) LRNCED @ (AT1V) @
= (L2(3)22(5 ~1))stinen = 332760 D200+ 5)=a (280 (57)) s o
Proof. We prove identity (@J]) by projecting it to the symmetric and skew-symmetric

subspaces of V5 ® V5 separately. To simplify the notation, in what follows we shall write
A ~ B to indicate that wy(A) = wy(B). Note that

A2 -1
(4.2) C~ 5
By (2I1]), we have
A A A—1
+ Ny (2 (2) _ 7@ (AT ) .2
P27§L2(2)L2(2 ) S(11),(23) — L(22)( 9 ) S(11),(22)"

Hence, on the symmetric subspace, [I]) reduces to

( 5 )%a0),2)
1 . 2 (A1 @
/\+2(A+1+ Z o) (5 )(m)L(zz)( 5 ) S(11),(22)°

To simplify the right-hand side, observe the relation

(4.3)

1
(4.4) 3 Z,S’a ® 8% =pR? _3K3
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where P(?) € End,, (V® @ V®) is the permutation operator and K(?) € End,, (V® @
V(Q)) is the projection onto the singlet subspace. More explicitly, we have

K@ _ %3(2) 2 5@ € (VO @ V)82~ Bnd(V® g V),

where we have made identification through the invariant bilinear form (-,-) : V@@V ®) —
; (2) (2 _
C normalized as (v, vy ) = 1.

By using ([4.4)), the right-hand side of (£3)) can be rewritten as
1 (2 (A+1 @ (_A+3 @ (A1V) @
o (A 0LE (F5) + 26 (- =57) — o (263 (F57)) o6l o
In the second term, we have used the crossing symmetry [2I4). The trace is evaluated
as follows:

(4.5) tr(az) (L

@ (ﬂ

—)) ~ O+ 10 +2).

Now, [3) can be checked directly by using (212)).
Next, let us project to the singlet subspace. The right-hand side becomes

- 1 a ayy 7@ (AN @)
(16)  Ppy(RHS) = 5o 3 (Sa)am (52 = (502) Ly (T )iy oy
a
Using the matrix representation
(H+)\+1L(H+>\+3) (H+A+3)F 2
@ A+1 E(H+X+3) (A+1)2—H? _ F(H=\=3)
(22) T ~ 2 2 2 )
H-A—1)(H-\—3
E? —(H - )—3)p HAZNHZATS)
we obtain

)

_ 1
Py 5 (RHS) ~ (— Fi)an + §H(U§2))(1i) + B 1) 55
The left-hand side becomes
_ _ A—2 A _ A A—2 9
Poa(LHS) = (Pyaka (=) La(3) + PaalLa(3) £ (7)) s oo

The first term is zero because of (ZIH]). Therefore, we have

(47) Pya(LHS) ~ Pyy > (S0, $](5)2(8")253 (a9
a,b
Now, the relation P, 5(LHS) ~ P, ;(RHS) is easily seen. O

We have the following symmetry of X2,
Lemma 4.2. The function X1 (A1,..., An) possesses the symmetry property
R2,1(Az,l)Ri,é(Mg)X[l’ﬂ(>\2, Ao A2, 12
= X2 (A, A, .., An)1,2, nd,. 20
Proof. Recall the definition

1 AL+ A
[1,2] _ (AL A2V (2)
(49) X ()\1’ Y )\n) /\172 Hp;él,2 )\14,)\271, Tr)\l’Q (T ( 2 ))8(1’1),(2’2)’

(4.8)

where

(4.10) THN) =LA =Ag = 1) - La(A = Ay = 1) Lp(A = Ay) -+~ Lo(A — Ag).
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This formula shows that (48] will be proved if we verify the relation
A A (2)
T <R2,1(_)‘)Ri,§()‘)[’1 < - §>Li( 9T 1)5(11%(2@))

(1313 1))

where )\ o is denoted by A. As before, we write A ~ B to mean wy(A4) = wy(B). By
Lemma LTl (1)) can be rewritten as

(4.11)

(—)\—l—l)s(g)

1 @ N @
Ry 1(=A)Ri3(}) 2 *(_)‘JF_)L 2 (11),(22)

N9 (22).1 5 )

1 2 I\ @ (A+1N (9
N_A+2r<1i)»?(’\+§)L ( 2 )5(11),(25)7

which is further equivalent to

(2,2) @ (A+1\ @ @ (“AF+1N @
(4.12) ruhxﬁ%A)L@é)( . )sunxﬁ)N(A—%ZXA—%lﬂ%LD< > )sunxﬁy

by 2I1) and (ZI9)). The proof of [@I2]) is similar to that of [@3]). We use the spectral
expansion

(4.13) D) = AN+ DI+ 2\ +1)P? — 6AK®),

which follows from ([£4]) and the formula (1/2) Za’b (Sa5b>(1j) ® (S“Sb)@j) =2-6K®,

Here P, K®) have the same meaning as in (&34).
Substituting ([4.I3) in the left-hand side of (4.12]), we obtain

(2,2) @2 (A+1N (2
7"(11),(22)()‘) (2,5)( 9 )(11),(25)

- ()\(A + 1LY, ( 1 %)
(%) =2+ DA+2)) s -

Now, relation ([{I2]) can be verified by a straightforward calculation. O

(2)
+2(+ 1LY,

Lemma 4.3. The X711 obey the transformation rules (3I8).

Proof. Except for the case where k =i = j — 1, the claim is an immediate consequence
of the definition and the Yang—Baxter relation. The nontrivial case of k =1 = j — 1
follows from Lemma and the Yang—Baxter relation. d

The next lemma concerns the pole structure of X %3],
Lemma 4.4. The function

Ipzig) Aiw i

XN, )
A7 —1

is a polynomial.

Proof. First, we consider X2 given by (#3Q). We prove that the pole at Ay = Ay is
spurious and that X[*2! has zeros at A\; = Ay + 1. Because of property B9 of Tr,, it
suffices to show that e (TI((A; + A2)/2)) is divisible by Afy — 1. This is indeed the
case, because ¢ (LQ ()\1,2/2 — 1)) =(A12—-1)/2and ¢ (L2 ()\1’2/2)) =(A12+1)/2.



A RECURSION FORMULA FOR THE CORRELATION FUNCTIONS 101

Next, consider the case where ¢ = 1 and j is general. We use the relationship between
X3l and X2
XM, )
(4.14) =Rjj-1(Njj-1) Rj2(Nj2) Ri=g ;(A\j—15) - Ra5(A2 )
P CLIPVIDVD FRUD RS W S

RO SR RO N A S
We need to show that the poles A\; = A\; £1 (2 <@ < j) contained in the R-matrices are

in fact spurious. Taking the residue of X'l at \; = \; +1 (j > i), we find the following
fragment:

Try, (Tm ()\1 ;— A ))Rj,j—1 (Njj—1) Rji1(Njit1) Py -

We move the R-matrices to the left by using the Yang—Baxter relation, which permutes
the L-operators in T, This will bring the L; next to L;. Thus,

AL AL -
Lj( 2 )L( 2 )P’?j =0
where we have used the equation for the quantum determinant (ZI5]) and the fact that
the “dimension” of the auxiliary space is equal to A1 ;. The pole at A\; = X\; —1 (5 > 9)
can be treated similarly.
For general X[7] we use the symmetry (@8] to obtain two representations
XP(Ag )
= Ri,i—l s Ri,lRﬁj LR RiﬁX[l’j]()\i, Al, Ceey Xi, ceey )‘”)z P -
=Rjj-1 RjaRis1i Rj_1iR ;-
XX[I’j]()\j,)\l,. . .,)/\;‘,. D VI
As Ajt s s An).

Golyeeasiyeesd—= 1,054 1 Ry, JF 1480 d — Lyennyiyeney 1,57

@
3
3
g

where R; ; = R; j(\i ;) and R;; = R;3(\;;). From these expressions, it is clear that the
poles arising from the R-matrices are spurious. ]

The following lemma shows that the function X(\;,...,\,) is regular at Ay = oo
when it is applied to a singlet vector.

Lemma 4.5. For any vector v € (W[i’j])SIQ and k=1,...,n, we have

1

X0 A e =0(1) (A — o).
i,jil

Proof. Since R; (A j)R;;();:) is holomorphic and invertible at \; ; = oo, it suffices to
consider the case where (4,7) = (1,2). For k > 3, the statement follows readily from the
definition (3I5]). We shall treat the case of k = 1. The case where k = 2 reduces to this
case by the symmetry ([4.8]).

As before, we write A ~ B for w,(A) = w,(B). We show the following: for any
Uiy oy € Cand u € (V®2N)5[2, there exist cpqrs € C such that

(4.15) Ly(py +2/2) - Loy (tan + 2/2)u ~ ( 3 cpqrsHquFsz)u.
p+g+r+s<N
Then, the claim follows from property (BI0) of Tr, by taking N =n — 2.
We may assume that the p; are mutually distinct. It suffices to prove (LI5]) for

D@1 1 . .
U = U, = ouy, where uy; = sg %sé i . Sé]\);,l oy and o € Gyy. We use induction on the
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length ¢(0). First, let o = id. Set @ = 22_ S, ® 7(1)(5%). Since Qps{') = —Qys{') and
Q?+Q=1C®id ~ (z? — 1)/4, we have

Ly(p1 + 2/2) Loz + 2/2)s')

)

($+1)2 B x271> (1)

z+1
~ (Mlﬂz + 5 (1 + p2) + (p2 — pa + 1)1 + 12

2 4 4

We see that the term 2 cancels. Hence, we have ([EI5) for u = u;.
Suppose ([£15) is true for u = u,, and consider 7 = (i,7 + 1)o with £(7) = £(0) + 1.
Using the Yang-Baxter relation, we obtain

X X
Piivariivr(pi — piv1) L (M1 + 5) < Loy (MzN + 5) “Ug

X X
:L< +*)"'Li<i +*)
BGE it Ty

T X
X Ljy1 (Mi + 5) - Loy (MzN + 5) (i = pig1)ur + uo).

By the induction hypothesis, the left-hand side and the second term on the right-hand

side have degree at most N when they are projected by w,. Therefore, the statement is
true also for u = u.,. O

Using the properties of X["7] we check that the pole structure of the recursion B2
agrees with that of h,, stated in ([232]). Namely, the following statement is true.

Proposition 4.6. Assume that h,,_1 and h,_o satisfy the analyticity property as stated
in 232). Then the same is true for hy, given by (3.22]).

Proof. In Lemma 4] we showed that, on the right-hand side of ([3:22]), the only possible
poles other than \; ; € Z\{0,£1} are A; = \;. We rewrite the recursion as follows:

hn()‘la ceey )‘n)l,...,n,ﬁw.‘,i
1 @
= 5851)1) ' hn—l(A% s 7/\7L)2 My, 2

n

— —
j=2 Hp;él,j Ajp H?=2 (1- Azzj)

i dU w(o — )‘j) [1] U+)\j
o j’i TENCEDS I WEES (r(*5))

X 1ji-1(Njj-1)  rie(Ni2)ri=r ;(Nj—1,5) - 125 (A25)

9 —~
X Sél)i),(jj)h”_Q()\Q""7>\j""7>\")2 s 2 5.

Here the contour C goes around Aq,...,A,. This expression shows that the poles at
A1p = 0 are spurious.
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Consider the pole at A\, = A; with k£ > j > 1. We have
resy, =x; hn(A, ..., An)
N
Hp;él,j,k Ajp

L do w(o — Aj) nfo+ Aj
" omi ?{ T (c—X) (G-X) -1 Tro—s; (T ( 2 ))

X {Rj,jfl(kj,j—l) c Ry (Nj2) Ry=7 5(Aj—1,5) - - - Raj(A2;)

(2 3
X S(li),(j})h"72()\27 PN )\j, PN >\n)2

eesT ey Uy Ty Fyeeny2 >\k:>\j

= Ry o1 (Njk—1) - Riejy1(Njjr1) Rpg g (Mk—1,5) - Bypg g (Aj1,5)
X PjuPj pRej—1(Njj—1) - Ri2(Nj2) B5= g (Nj—1.5) - Rar(A2))

J

@) "
x5 phna(on A, ia)

s kyeomang Lk, 2

In the second term inside the braces, we move P;xP; j to the right, and then we apply
the symmetry (2:29). After that, the second term cancels the first. O

4.2. Proof of the Ansatz. In this subsection we prove the Ansatz ([24).

Proof of Theorem B2l The claim is clear for n = 0,1. By induction, assume that it is
true for h,s with n’ < n. We use the recursion formula in the form

(4.16)
hn()‘lﬁ"'7)‘n)1,...,n7ﬁ,...7i
1
= 5s§f%hn71<Az, ceAn)2 w2
n
wWAL5) 11,41
+;1—A?,jx T A hn—2Oas o Agyeesha)y s

th—2(>\27'-'73\;7'-'7>\n)2 A .

ST RYPRIE O CFPRRNY IO

By the induction hypothesis, the right-hand side becomes a linear combination of ele-
ments of the form

H w()\ip - )\jp)fn,I,J()\la B )‘n)a
p=1

with some rational function f, 7 5(A1,...,A,) and 1 < 43 < -+ < 4, < n, 1 <
ip < jp < m. Since the products of w(A)’s are linearly independent over the field
C(A1,...,A,) of rational functions, this representation is unique. If there is a term for
which 41, ..., %m, 41, .., jm are not distinct, then the symmetry (Z29) of h,, implies that
there is also a term such that the index 1 appears more than once in 41, ..., %y, j1,-- -, jm-
However, the terms with 4 = 1 only arise from the first term of ([I6]), and the corre-
sponding indices are distinct. Therefore, we have (B:24)). O

Proof of Theorem B3l From the above proof, the recursion relations (3.25) and (B.20)
for fy, 1. are clear. Since the rational coefficients in ([3.24) are unique, the slp-invariance
B2D) of fn, 1,5 follows from that of h,. Similarly, the exchange symmetry (B.28) follows
from the symmetry (229) of h,, by comparing the coefficients of the w’s. The regularity
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B29)) at oo is a consequence of Lemma [ 5land the slp-invariance (3:27)). Finally, the pole
structure ([B.30]) follows from the recursion relations (325), (B:26) and Lemma @4 O

4.3. Calculation of the residues. In this subsection, we compute the residues of
hn(A1, ..., A\n) with respect to A\;. Our goal is Propositions and [£17] Since the
calculation is long, we outline the proof before starting.

We calculate the residues of the meromorphic function h,(A1,...,A,) at its poles.
The poles are located at the points of the form A\, ; = k € Z\{0,£1}. Then we show
that the right-hand side of [3:22]) has the same residues at these poles:

(4.17)
resy, =k hn (AL, An) 1o d
w(A1,; - —~
= TeS)\, =k {%XUJ]()\L RN An)}hn,Q(Ag, ey )\j7 ey )\n)27.__’3’__'711,&)_”37_”15-
1,5

A remarkable fact is that the residues at infinitely many points can be described recur-
sively by using a single analytic function w(A; ;) X17)(Ay,...,),). Thus, we show that
the difference between the left- and right-hand sides is an entire function of A\;. Showing
that it vanishes at A\; — oo, we obtain equality.

The calculation of residues goes as follows. Suppose j = 2. Using (230) repeatedly,
we can express h,(A1 — k — 1,A2,...,A,) in terms of several A; and A; with shifted
arguments acting on h,(A; — 1, A2,...,A,). This expression allows us to calculate the
residue of h,, (A1, Ag, ..., \,) at the pole Ay = Ay — k — 1. If k = 2, for instance, then we
have

TeS\;=X,—3 hn()q, )\2, ey /\.,L)
=r1esx, =x, An(A1 — 3, A2, ..., A\p)
= resAl:M{Ai(Al — 2, N )Al()\l — ]., . )hn()\l — ]., N )}

Because of (Z32]), the pole at A\; = Ay in the last expression comes only from one of
the R-matrices in A;(A —1,...), Le., from Ry 2(A12 —1). Its residue at A\ o = 0 is
proportional to the projection Py ,, so that we can use ([2.34). In this way, for any k
we get an expression for resy,—x,—k—1hn(A1,...,An); a bunch of R-matrices acting on
s%)s%)hn_g()\g, ..oy An), where v = 1 (k is even) or 1 (k is odd).

Next, we rewrite the product of R-matrices by using the Yang—Baxter relation. They
act on the spaces V, indexed by « = 1,...,n,7,...,1. Three groups of indexes, {1, 1},
{2,2}, and {3,3,...,n,7}, play separate roles in the product. An R-matrix R; ; acts on
two components V; and V. The first component V; will be called the auziliary space and
the second component Vj, the quantum space. For any R-matrix contained in A,, the
auxiliary space is indexed by 1 or 1, and the quantum space, by the other two groups.
The second and the third groups are distinct when the residue at A; 2 = 0 is calculated
and the vector s%) s%) hpn—2(As, ..., \n) is created.

Our goal is to rewrite the product of R-matrices with the help of the transfer matrix
tB(A) = trya 7® (TRI(X)) € End(W), where THI(N) is given by (BI3), and W by
(BII). We compare the product of transfer matrices t™)(A\; — k +1)---t()()\;) and the
product A;(A —k,...) A1 (M —k+1,...)---Ay(A —1,...). In the former, the matrix
product is taken only on the quantum spaces indexed by 2,...,n,7,...,2; in the latter,
not only on the quantum spaces but also on the auxiliary spaces indexed by 1 and 1.

In a graphical representation of the product, we draw vertical lines for quantum spaces
and horizontal lines for auxiliary spaces. In the former product we have k horizontal lines,
and they form closed circles reflecting the trace; in the latter product we have only two
horizontal lines corresponding to 1 and 1. They form spirals. We can rewrite the latter
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as a trace by introducing k auxiliary spaces indexed by aj,...,a,. We do the following
procedure. We cut the horizontal lines in front of the vertical line corresponding to 3,
obtaining k separate horizontal lines. We rename these lines by ajq, ..., ax. Specifically,
we replace the spaces V7 and Vi on these lines by V,,,, ..., V,,. We recover the original
product by taking the traces on these new auxiliary spaces.

After some manipulation involving the Yang—Baxter relation, the entire expression
splits into two parts: the fused monodromy operator

¥ (TM (o — (k+1) /2))

ai,...,ar)

€]
72

ot (= )1 (= 557)) el

Combining these two expressions inside the trace tra, .. a,, we obtain (£I1) for j = 2
and k < —3. The calculation of the residues at the rest of the poles can be done by using
symmetries.

We set

(4.18) ta(A2) =7,53(Aaz — 1) - - - Tom(A2n — D)Tan(A2n) - - - Tas(Aa3),
and recall that
TN = Ls(A = Az = 1) -+ La(A = Ay = DLa(A = An) -+ Ly(A = Ag),
THO) = Ls(A = dg — DTN Ly (X — A9).
Using (ZTI7), we obtain
tag(A2 — k) - ta, (A2 = 1)PL

(4.19) I T - 2 = 1) (021 (3, - k+ 1))

H?:s >‘2j()\2j —k-1) (e on) 5

and the rest. The latter acts on the vector s s%) This action can be rewritten as

Here P}, stands for the projection onto the completely symmetric tensors.
Now we start the calculation. We rewrite A, given by (221):

-1
[T, - 1)

In this form it is easy to show that

(420) Aa()\la )\2, ey )\n) = ’I”ag()\lg — 1)ta()\1)7"a2()\12)~

-1
T3 A2 (A2 = 2)
Using (2.30), @21)), and ([2.34)), we obtain

(4.21) TS\ o=—1 Aa()\la ceey )\n) = Tai(_2>t0t()‘2 — 1)7);2.

TeS),;,=—2 hn()\l, )\27 ey /\n)12-~»nﬁ»--ﬁ
1 M (1)
= =(—2)t-(Ao — 1)s=/8 T hp_o(A3, ..., Ap)a .~ 3.
21—[?23 )‘2,j()‘2,j — 2)T12( ) 1( 2 >312 312 2( 3 )3 nm---3
Now we consider the residue at \j3 = —k — 1, where k > 2. We set
(4.92) Y= 1 %f k ?s even,
1 if k is odd.

The only poles in ([@20) are \;; = £1. Applying (230) repeatedly, we obtain
(423) TS\ ,=—k—1 hn(Alv >\27 sy >\n)12..4nﬁ4..ﬁ = thn72(/\37 ey )\n)g...nﬁ.“g



106 H. BOOS, M. JIMBO, T. MIWA, F. SMIRNOV, AND Y. TAKEYAMA

for k > 1, where

1
Xp=
(4.24) 2[[j=5 A2 (X2 — 2)

X oo Ag(g = 2,22, 0o, AT 5 (=2t (A — 1)s$2>s%>.
If k > 2, we use (£20) to rewrite [@24) as
(=1)k+

(k= D!k + DT TToa((ey = D2 = 1)

A7(de — Kk, Agy o A) A1 (A —k+ 1, Aa, .0 )

(4.25) X =

’Fﬁ(—k — 1)7”15(—]6) ° Yk,

where
( ) Y, = tT()\Q — k‘)’I“TQ(—]C)Tﬁ(—k + 1)t1()\2 —k+ 1)7‘12(—]{1 + 1)7‘15(—]{1 + 2)
4.26
X Xty (0 = ) (=3)r5(=2)t5 00 = 2)rea(=2)t, O = D)siysy
We use the following simple identity, which follows from (2I5):
(4.27) ri2(=1)r13(=2)r23(—1) = 0.
Lemma 4.7. We can insert 77;% at the position e in ([E25).
Proof. Since PE +P; = idy7 and —2P; = r17(—1), it suffices to show that if we insert
r17(—1) at the position e, then (Z2Z5) vanishes. Note that s() = —Lr(-1)sV. If y =1,

we can find r;7(—1)r7a(—2)r12(—1) therein by using the Yang—Baxter relation, and if
v =1, we find ri7(—1)r13(=2)ri2(—1) instead. O

Then, using (Z19)), we obtain

—1)kk 1
U
(k= DUk + DT TTi=s (e =02 = 1) 07
Now we use the identity
(4.29) ti(A —j) =try, (ta(A—J)Pan).
We can rewrite ([€20]) as
Y = tra, oy (t%(A2 k) ta (Ao —1)e
(4.30) X Taya(=k) - Taga(=3)rg,a(=k +1) - 145(=2)
x Ta22(72)PakTPak—11 e PazWPOH’Y‘) 5212)5(715)’

where try, .. o, stands for the trace over Vo, ® --- ® Vg, .
Lemma 4.8. We can insert P}, ., at the position e in [@30) in both places.
Proof. We prove the claim for the first . Then, the assertion for the second e follows
from the cyclicity of the trace.
We define an element of End(W) by

(4.31) Vi = trag,ar ((()ap,onTap...c0:2.5 Py Pag 117+ PagaPaysy ) »

where

(4.32) (tk)ag,....0r = tay(A2 — k) -ta, (A2 — 1),

(4.33) Togan:23 = Tap2(=k) - ra2(=1)7q,3(=k + 1) - - 14,5(—1).
Let t;”™ be the symmetrization of t,

sym 1 T T
(434) H(0n @ ®un) =4 D e — k)t — DR vy @ @ vy
ceSy
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sym)'r,c

By definition, the matrix element (t Tl depends on T7y,...,7; only through 7 +

i

-+ 71 = i. We write it (£;7™)*7". We have the following symmetry of ;"™

(4.35) (tZym);’;"'Tl/ - (ti‘ym>zé(k).“7-clf(l) .

Let Yk denote the matrix Yj, in which # is replaced with ¢”™. We must show that
Yy, = Yk We use the following equivalent definition of Yy (and a similar one for Yk)

- e /
Yk’(val ® UEi) = Z Z ((tk?)akfuwal)f—,lcii‘l_-kl;i_;—.l.q—l

(4.36) Lo Th_ g
\TkTk—1Tk—2"""T1
x (Tak1‘~~’al;272)7'];72~-T{E=y€’y (UE/I ® ,Uali)'
We shall show the following identity for each i:
17 ’ ’
E1€1TR—2"""T1 N\ThkTh—1Tk—2"""T1
E ((tk)akguwal)Tkrk717k72-~~7'1 (roék7-~»70¢1;2>2)7-)/c_2-~~r{s:,57
s

N ’
_ § 2 : (tsym>51517k72“‘7'1 (T 7)7'k7'k—17'k—2"'7'1
- k 7 Qe sy 0132,2 7'1/@72'“7'{5’75'\( :

TLoeens TR ! !
S T
Tt TR =i k—2

We prove this by induction on k. The cases of kK = 2,3 are immediate: by using the
relations

(4.38) Taz,ar (—1)Tas,2(=2)7a;y 2(=1) =0,

(439) rOé3Ot2(_l)ra32(_3)ra22(_2)Ta35(_2)ra22( 1) 0,

TkTk—1Tk—2"""T1

) , is totally symmetric in 7,...,7x. For k > 4 the
Th—2"""T1€7Ey

we see that (rakv__vm;gé)

last expression is not totally symmetric.

The identity in question is clear if i = k or ¢ = —k, because there is only one term for
the summation of 7, ...,7, and t; and ¢;”™ are the same in this sector. Now, assume
that ¢ # +k.

Using the Yang—Baxter equation and ([38), [@39), we see that the summand {---}
on the right-hand side of (£31) is independent of 71, 7,..., 7. Since i # +k, we can

choose it as 7, = + and 7,1 = —. Then, the right-hand side becomes
4k(k — 1) k+i Tl gt
4.40) —r—— { ( (g — k) E(E) L
( ) (k—Z)(k+Z) TIZTIC ] /Z/ 2k ( 2 ) (k 1)z 1
~~~~~ Ty Tho

T+ +Tr—2=1

k— oy i el symn\E1Th o T] N\ T Tk—2T1
ok ( 2 )7(tk71)i+1 )(rak,»--,m;z?) h_oTIEREy }

Ti—2

Consider the first half,
(4.41)

2(k —1 symAEL T T ot
% Z { Z t(A2 — k) (t Y )zfllC ’ (Takwn,al;?ﬁ):—;;-:1’57;,}'

T1seees Tk

’ ’
TqyeeesT,
. 10 Tp—2
T1+ - +Tr—2=1

By the same argument as before, we show that the summand {---} is invariant under

permutation of the indices —, 7o, ...,71. Therefore, we can rewrite ([@41]) as
’ ’ ’ ’
E § €1 (4Sym\€1Tp 2" Ty N\ FTh—1Tk—2"T1
(4'42) { t()‘2 - k>+ (tkfl)ifl (rak,..‘,a1;2,2)7-/ vtlese .
k—2 1=7=7
TLooTR=1 T Th
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Now, by the induction hypothesis, this is equal to

! / ’
§ § E1€1Tk—2"""T1 N\ FTTh—1Tk—2"T1
(443) { ) : (tk)Jr‘rk,—r“ﬁ (Takw-70‘1%212)7-,;_2---7'15;157 }
T1sThk—1 Ty yeeesT
T =ie1 VTR

In order to rewrite the second half in a similar way, first we should rewrite the indices +—
. +—Tk—2T
n (Toék,-<~70¢1;2»i) R

that, the argument is similar, and we obtain an expression similar to (£43). Adding
these two expressions, we obtain the left-hand side of (£37]). O

, f as —+. This is possible by the same argument again. After
Te—2'""T1E5Ey

Using ([£19), we obtain

Xp = 3y (= k- 1)

(11,2 2
(k) [1,2] k41

X tray .oy {”<a1~-ak> (T ()\2 — ))

(44 KT (~8) + Taga (=) (—h -+ 1)+ 1 (-2
XPaﬁPawagk»--al}

X 7"72(—2)5%)5%),

where
—1)¥k

(4.45) dp = (=1

(k= D)k + DI 3 Aoj(hoy —k— 1)

We insert P . and P2+§ at the position e in ([£44) and use [2.I7) and (2.19) to obtain

(k=2 k- Dl o) 1
X = 2 T(ﬁ)é( k- 5)

A k+1 k—2,2 k+2
X ATy {ﬂ-((a)r-ock) (T[LQ] (/\2 2 ))TEO‘S"'O‘?C)’(ﬁ) ( 2 )

+
X Pa27P041’YPOz1~~ak}

(4.46)

(1
X 7";2(72)5;2)5%).

Now we rewrite the last part. First we note that

1) (1 2
(4.47) rm(—2)s‘72>s(ﬁ> - —2551)1)7 23"
Then we apply the relation
+ @ _1 ey @ _Lley 0)
(448) Pao3 Pory Pay s 311, 22) = 3" (ar00.0D) 0501),22) = 5" (@raa).(29) (71311 22y
where we have used the crossing symmetry (2.14)).
. . (k—2,2) k2 (2,2) .
Finally, applying (220)) to "o ~-ak),(2§)(_T) and 7“(%0(2)’(25)(—1)7 we obtain
-1 k+1
Xk = 773 n( )
(B = 1) [Tj=s A2j(Aej —k = 1)
4.49 (k) 12 k+1Y\ e
( ) X Aoy {T((al_“ak) (T[ ]()\2 - )T(I,I),
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This expression can be further simplified by using Lemma [£.Il The cyclicity of the trace
allows us to arrive at the final result:

(71)k+1
(k+ D) T—5A2i(Aej —k — 1)

X oy oy {7722)1__,%) (Tm ()\2 - %)) }Sg?i),(zé)'

We summarize the results, using the function w and X121,

X, =
(4.50)

Lemma 4.9. X2 satisfies the following difference equation:

(4.51) XA =1, 00,0, 00) = A1, - ) P X (O Ag, A,
Proof. Equation ([@50) shows that

(4.52) X = (—1DFXE2A0 —k—1,20,...,\)

for all integers k£ > 2. On the other hand, the definition of X} implies that

(4.53) Xk =A7(Aa — Kk, A2y oo, M) PigXi—1.

Therefore, (A.5]]) is valid if A\; o = —k for all integers k > 2. Since both sides of (£.5]))
are rational, it is valid identically. a

Proposition 4.10. For any positive integer k > 1 we have

resxn,=xo—k—1 M0 (A1s s A1, nm, o T
4.54 w(A
(4.54) = TSy, —As_k_1 {1(77;’22))(“»21@1, . .An)}hn,g(xg, AR5
1,2

Proof. Note that X[1>2]()\1, A2,...,An) has no pole at A\; = Ao —k — 1 with k£ > 1. Since
(#E3) uniquely determines Xy 1 from Xy, for k > 2, the difference equation (@5]I]) implies
that [@52)) is valid also for k¥ = 1. Then, ([@54) is an immediate consequence of ([E52])
and

(4.55) resy—_p_1w(\) = (=1 k(k + 2). O

It remains to find residues at the poles \y = Ao +k + 1 for k > 1. The result is
formulated in the following proposition.

Proposition 4.11. For any positive integer k > 1 we have

TESX =Xa+k+1 hn(A1, - An)l,...,n,ﬁ,...i
4.56 w(A
( ) = TeS)\,=Ao+k+1 {%X“Q] (A, )\n)}hn_g()\g, B N W T B
1,2

Proof. Observing that w(\) is even, we have

resy, =xg+h+1 (A, A2y s An) 12, o, 20
=1esy, —xo+k+1 R2,1(A21) R 3(A12) (A2, A1y oo s An)2 nm 12
=Roa(—k—1)Riz(k+1)
w(A1,2)
1- A},
X a(Ags -3 An)s

X TS\, =\p+k+1 ( )X[m](/\% Atk+1.0 )2, nm, 12

ey, 30

Hence, the claim follows from the symmetry (£3). d
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Corollary 4.12. For any k € Z\{0,£1} and 2 < j < n, we have

(4.57)
TeSx;=X\;—k hn(>‘13 R )\n)l,“.,n,ﬁ,.“,i
w(A1,; . —
=Tesy =x;—k {_1(_;’27) X[lﬂ]()\l’ ce )\n)}hn72(>\27 ceey >‘j7 ey A")2,...,j,...,n,ﬁ,.“,;,..‘,i'
/L’J

Proof. This is an immediate consequence of Propositions [£10] and [TI1], the symmetry

@29), and relation ([@I4]).

4.4. Asymptotics. In this subsection we finish the proof of Theorem Bl Let &1 (A1) =
hn(M1, ..., A\n), let @r(A1) be the right-hand side of [3.22), and set ®(A;) = Pr(N\1) —
®Rr(A1). We are going to show that ®(A;) = 0.

By Corollary [£12] we have

O

resy,=x;, —k Pr (A1) = resy, =x;—k Pr(A1)

for all k € Z\{0,+1} and j = 2,...,n. By ([Z32) and the definition of ZIL71(\y,...,\,),
there are no other poles in \;. Hence ®(A;) is an entire function.
Consider the asymptotic behavior as A\; — oo. By [233), we know that

. no1l
lim ®p(\) = (-1) 1551,1%,1@2, coAn)
\1€S5

for any 0 < § < w, where S5 = {A € C| § < |arg 1| < m — ¢}. On the other hand, the
function w(\) satisfies

lim w(A) =0.
A1 —o00
A E€Ss

Since the coefficients of w(A; ;) are regular at A; = co (LemmaldH]), the terms in @ (A1)
except the last vanish in this limit. The last term of ® (A1) is chosen so that

(4.58) lim_@(A) =0.
\1€55

We show that the condition A1 € Ss can be lifted.

Lemma 4.13. There exist constants M,c > 0 such that
|B(A)| < Mec™l (A, € Q).

Proof. Recall that ®1(\;) satisfies the difference equation @1 (A; + 1) = B(A1)®r(M1),
where B(\1) is a matrix of rational functions, holomorphic and invertible at A\ = oc.
We take a small neighborhood U of the set of poles of B(A1)*! and choose K’ > 0 such
that supy, e\ [B(A1)*!| < K’. Choose A} € C so that AY +Z+ iR C P'\ U. Then for
n > 0 we have

(4.59) |\ 4t +n)| < |[BO\Y +it +n —1)]--- [BO\Y +it)||@ (N +it)| < M'K'",

where M’ = sup,cg |®1,(\) +it)|. Clearly, a similar estimate is valid for |®1,(\) + it —n)|
also.
On the other hand, the function w(\) satisfies the difference equation

()= (5 =) ()

Consequently, by the same argument as above, we obtain an estimate of the form (Z53])
for w(A1;) and, therefore, for ®r(A1).
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In summary, there exist M, K > 0 such that
sup |®(\ + it +n)| < MK (ne2Z).
teR
The lemma follows from this and the maximum principle.

Now fix § < 7/2. By ([@358)), there exists M’ > M such that
(4.60) |[P(A)| <M (M €C, §<|arg\]| <7 —9).

111

By the lemma above and the Phragmen-Lindel6f theorem, ([60) is also fulfilled for
larg \1| < dor m—d < |arg A\1| < 7. Therefore, ®(A;) is bounded in the full neighborhood
of \; = oo. Hence, A1 = oo is a regular point of ®(\1), and we conclude that ®(A\;) = 0.

This completes the proof of Theorem [3.11

APPENDIX A. RELATIONSHIP WITH THE CORRELATORS OF THE XXZ MODEL

We give a relationship between two different gauges, the one used in the XXZ model
in the massive regime [12], and the one used in the present paper, which gives the

Hamiltonian (21).
In [12], the following Hamiltonian was considered:

L
1 z 4+t
= —_ gt Yoy 7 5757
Hxxz = 5 E (0J0J+1—|—0Jcrj+1 5 O']CT]_H).
j=1

Here ¢ = —x, and the XXX limit is # — 1. The gauge transformation by I =[]
brings Hx xz to
L
~ _ 1 4+t
Fxxs = KHxak™ = 13" (5 + b+ 1 o).
j=1
The ground states and the correlators are related as follows:
€2) = KI92),

QB et (Be,e)nl® = [T €& - (B e (Be,e,)nl,

1<j<n
j:even

GZn(Cla .. '7<n7x<n7 cee 71(1)_61’“.7_67“%” ..... = <Q‘(E61,€1)1 e (Een,En)n|Q>7
92n (G Con) = ()" [ 07 GanlGrs -1 Con)-

1<j<2n
jieven

Therefore,

9o (Cly oy G @Gy ooy () T T
= ()" T](=&) - QB e)1 - (Be, 2)nl Q).
j=1
The Hamiltonian Hx xz and the ground state |Q) are related to those in §2] by
alclgll Hxxz = Hxxx, il_{nl ) = | vac).

Therefore, we have (2.2)).

jieven CTj

z
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APPENDIX B. ANALYTICITY AND THE ASYMPTOTIC PROPERTIES OF h,,

Here we prove Proposition We start with the integral formula for the function
Bn (A1, -« ooy Ap ) Sl Emlno €l given in [12].
Set
A={jle=+}, B={jlg=+}

We write A = {a1,...,a,},B = {b1,...,bs} with a; < -+ < ap,b1 < --- < bs. Note
that 7+ s = n. For all a € A and b € B, we prepare integration variables ¢, and ¢,
respectively. Arrange the variables as follows:

Uty tn) = (tays s taysth sty
Then the formula mentioned above is given by

hn()\h . ,/\ )Elanwen’fnw“afl

_ H/ H/ dt,
4B C+ta_)‘ o =N

a€A
(B.l) ty — )\ b — /\j +1
SISty (L
a€A beB
ji<a i<b
sinh i(u; — ug) sinh wi(A; — Ag) Uj — Ak
x ( )
j[[k uj —up — 1 Aj— A g sinh 7i(uj — \g)

Here 054"33 is a constant depending on A, B, and n. The integration contour C™" is parallel

to the imaginary axis for |Imt¢,| > 0 and separates the sequences of the poles of the
integrand into the two sets A\j+Z<o and Aj+Zq. Similarly, C~ is the contour separating
the poles into A\j + Z<o and A; 4 Z>¢.

Now we check the analyticity property (2:32). The singularity of the integral (Bl
comes from the pinch of the integration contour by some poles of the integrand. Hence,
the function h, is meromorphic with at most poles at A; — \; € Z\ {0}. We prove
that h, is analytic at A; = A\; £1. By (229), it suffices to show that h,, is analytic at
A1 = Ay £ 1. The function h,, satisfies (230), and A7(A1, Ag,...) and h, (A1, Ag,...) are
regular at Ay = Ao. Thus, h, is analytic at Ay = Ao — 1. Similarly, the regularity at
A1 = A2 + 1 can be checked by using the relation

hn()\l + 1a )\2; EERE An)l,...,n,ﬁ,...,i
= H?_Q(/éj_l)ru(AlQ = 1) rin(=A1n — Dria(=A1n) - m12(=A12)

X hn()‘la“w)‘n)i,Q,...,nn 2,15

yTlyeees sy

which is derived from ([230). By using (230) repeatedly, it is easy to check that the
poles at A; — \; € Z \ {0, %1} are simple.

Next, we show the asymptotic property ([2.33). We consider the asymptotics in the
angular domain

(B.2) A — o0, O0<|argh|<m—94,
where 0 < § < 7. Setting A\ = k + ip with s, u € R, in this domain we have
] < [A1] < K|l

for a positive constant K. We shall only consider the case where yu — +o00; the other
case is similar.
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First, we deform the contours C* suitably and assume that the contours C*, C+ +1,
and C* — 1 do not cross one another. Taking x> 0, we also assume that |Im \;| < u/6
for j = 2,...,n and that C* contains the segment

4
u§y<*u}

2
Fi:{i "f
KxITe+y 3 S 3

for small € > 0.
Let P4 p denote the rational part of the integrand, that is,

PA,B(ul,...,un;)\l,...,)\n)
B 1 ta—A;—1 1 1 Ht;—Aj+1
=11 11 , — -
aeA(ta)\aKa ta — N; )beB<tb L )
y IL (s = Ax)
[T <x(uy — e = 1)(A; = M)
We use the relation

H sinh i (u; — ug)

i<k

s n—1

— 2—( > )é‘ri(n—l))l Skew < H eﬂ'i(n—Qj)uj sinh 7T’i(1Lj _ )\1) . eﬂi(—n+1)u">’
j=1

where Skew denotes skew-symmetrization with respect to u,...,u,. Then we find
hn(>\17 o )\n)el,.“,e"fn,...,él

= 2_(n52)c$)36ﬂ(”71))‘1 H sinh wi(A; — Ag)
i<k
(B3) X Z (sgna)H/ dujPA,B(uU(l),...,ug(n);)\l,...,)\n)
cEG, j=17Co.j

n—1 < eﬂi(n—Qj)uj ) eﬂi(—n+1)un
X

[Th_gsinhmi(u; — A) ) [Ti_, sinhwi(u, — Ag)

j=1
Here the contour C, ; looks like this:
o ct if1<ot(j)<r,
7T CT ifr+1<o071(j) <n.

Note that the factor e =D [T, sinhi(); — A) converges as ju — +o00. Below, we
prove that each integral in the sum on the right-hand side of (B.3) converges as y — +o0.

We decompose the contour for w, into two parts: C,, = I' + C’, where T is the
segment I'" or I'™ contained in C, ,,, and C' = C,,, \ I'. Simultaneously, we decompose
the integral:

n n—1 n—1
H/ duj = H/ du /dun—i—H/ duj/ du,.
j=17Co j=17Co; r j=17Co; ’

Next, we decompose the integration in the first term over Cy 1 X - -+ x Cy 1 into the
following parts:

Dy ={(u1,...,up-1) €Co1 X -+ X Cpp_1| —p/3 <Imu; < p/3},
D2 = (le X - X Cg’nfl) \D1
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Thus, the integral in (B.3) takes the form

(B.4) /DHdu]/dun /Hduj/dunJrH/ duj/,dun

1 j= 1 2 ji= 1
We treat the limit of these three parts separately.
Consider the first integral in (B4]). After the change w, — w, + A1, the integral
becomes

n—1 +et ki
/ Hduj/ dunPap(-.  tn + A1 5 A 5 )
D 3‘

n—1 wi(n—2j)u;
(B.5) H( ‘ )

[1;_ssinhwi(u; — A\g) / sinh wiu,

effrz(unJr)\l)
x H smhm(un +A1— M)’

where the sign +e is + or — in accordance with whether I' = ' or I'™, respectively.
Note that

PA’B(...,un-l-)\l,...;)\1,...7)\n)20(1) ()\1—>OO)

Consequently, the integrand converges as pu — +oo for fixed wuq,...,u,. To apply
Lebesgue’s convergence theorem, we need to check that the integrand is bounded from
above by an integrable function. First, we consider the rational part P4 p. Recall that
the contours C*,C* — 1, and C* + 1 do not cross one another. Hence, there exists a
positive constant d such that

(B.6) luj —up £1| >d

for j,k=1,...,n—1. For (u1,...,upn—1) € D1 and u,, = e+ 1y (—p/3 <y < p/3), we
have

luj —up — A £ 1 > | Im(uj —up — A1) > /3 (j=1,...,n—1).
Thus, the rational part P4 g is upper bounded:
|Pas(c st + A, A A S a7 200Q (Juals o Jun; [Nl - (Al K ),

where @1 is a polynomial such that deg,, @1 = 2(n —1). Next, we consider the trigono-
metric part. Note that the function e™*/sinh iz is bounded in C\ U, where U is the
union of small open disks with a fixed radius around integers. Consequently,

- i(n—2j)u; 1 n —7i(un+A1)
ey (Hk o sinh wi(u; — )\k)> sinh miw,, 191;[2 sinh 7é(u, + A\ — M)

(B.7)

n—1 1

1
j];[l sinh wi(u; — A2) sinh wiu,

<M

for some positive constant M. The right-hand side decays exponentially as Imu; — Fo0.
Therefore we can apply Lebesgue’s convergence theorem to (B.5]).

Now we consider the second integral in (B4]). After the change u, — u, + A1, the
integral becomes equal to (BA) with D; replaced by Dy. We prove that the integral
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vanishes in the limit 4 — +o0o. For this, we decompose D as follows. Set
Uik) ={tImu; > p/3} N Dy

for k=1,...,n—1. Then Dy = Uk(Ug_k) U UEk)). We prove that the integral over each

set Uik) x {+e+iy| — p/3 <y < p/3} vanishes in the limit. Here we consider the case
of k = 1; for the other cases the argument is similar. To prove the claim, we bound the
integrand by a certain integrable function of the form

n—1
(B.8) e M Z PER(ur, - U Ay An),s
k=—(n—1)

where c is a positive constant. First, consider the rational part P4 g. We have inequality

B8, and
|u; —up — A1 1| >d
for j=1,...,n — 1. Hence, we have an upper estimate of the form
1Pag(cytin + A, A M) <m0 Qo(fualy - Junl N2l [Anls K ),
where ()2 is a polynomial such that deg, Q2 = 2(n — 1). Next, consider the trigono-

metric part. We have inequality (B77). Apply the following inequality to the factor
1/sinhwi(ug — Ag):

(B.9)

1 ) —7| Im u| ) —mp/12 | ,—7|Imu|/3
’ < < < (£Imwu > p/6 > 0).

<
sinhmiul = 1 —e~m/3 = 1—emu/3
Thus, we get an upper bound of the form (B.g)).
Finally, we consider the third integral in (B:4]). We show that it also vanishes in the
limit g — +o00. The integrand is given in (B.3)). By the same argument as above, for the
rational part P4 g we have an upper bound of the form

M_(n_l)QS(‘UIL ey |’U,n|, |>\2|7 ey |>\n‘a K7/1')7

where (03 is a polynomial such that deg, @3 = n—1. The trigonometric part is estimated
as follows:

n—1 e‘n’i(n72j)u3- e (—n+1)u,
jI;[l <HZ_2 sinh 7é(u; — )\k)> [T sinhwi(u, — A\g)

n—1

<M

1 1
I_Il sinh 7i(u; — X2) sinh wi(u, — A1)

Applying (B9) to the factor 1/sinhmi(u, — A1), we can see the required vanishing in
the limit y — +o0.

The consideration above shows that h, converges in the limit (B:2]). It remains to
check that the limit is equal to the right-hand side of ([Z33]). We denote this limit by
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hn(A2, ..., A\n). From equation (230) and the fact that
lim A7, ... A) = —1

A1 —00
we obtain

hTL()‘Qa e )‘TL)I,Q,.H,n,'FL,..‘,Q,i = - ]A’LTL(A% L) An)i 2,000, My1,..0,2,1 0

IR

Namely, the limit &, is a singlet in the space V; ® V4. From this and Z31)), we get (2.33).

Acknowledgments. H. Boos and F. Smirnov are grateful to V. E. Korepin for pre-
vious collaboration and many useful discussions. H. Boos would also like to thank
F. Goehmann, A. Klumper, M. Shiroishi, and M. Takahashi for useful discussions, as
well as ISSP of Tokyo University, where work on this paper was partially done.

REFERENCES

[1] R. Baxter, FEzactly solved models in statistical mechanics, Acad. Press, Inc., London, 1982.
MRO0690578|/(861:82002a)

[2] V. Bazhanov, S. Lukyanov, and A. Zamolodchikov, Integrable structure of conformal field theory. IL.
Q-operator and DDV equation, Comm. Math. Phys. 190 (1997), 247-278. MR1489571(99h:81191)

[3] H. Bethe, Zur Theorie der Metalle. 1. Eigenwerte und Eigenfunktionen der linearen Atomkette, Z.
Phys. 71 (1931), 205.

[4] H. Boos and V. Korepin, Quantum spin chains and Riemann zeta functions with odd arguments,
hep-th/0104008; J. Phys. A 34 (2001), 5311-5316. MR1855758(20021:82009)

[5] H. Boos, V. Korepin, and F. Smirnov, Emptiness formation probability and quantum Knizhnik—
Zamolodchikov equation, hep-th/0209246; Nuclear Phys. B 658 (2003), no. 3, 417-439. MR1976325
(2004m:82028)

[6] , New formulae for solutions of quantum Knizhnik—Zamolodchikov equations on level —4,
hep-th/0304077; J. Phys. A 37 (2004), 323-335. MR2046886/ (2005¢:82024)
(7] , New formulae for solutions of quantum Knizhnik—Zamolodchikov equations on level —4

and correlation functions, hep-th/0305135.

[8] H. Boos, M. Shiroishi, and M. Takahashi, First principle approach to correlation functions of spin-
1/2 Heisenberg chain: fourth-neighbor correlators (work in progress).

[9] L. Faddeev, How algebraic Bethe ansatz works for integrable models, Symétries Quantiques (Les
Houches, 1995) (A. Connes, K. Gawedzki, J. Zinn-Justin, eds.), North-Holland, Amsterdam, 1998,
pp. 149-219. MR1616371/(2000b:82010)

[10] L. Faddeev and L. Takhtajan, The spectrum and scattering of excitations in the one-dimensional
isotropic Heisenberg model, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 109
(1981), 134-178; English transl., J. Soviet Math. 24 (1984), no. 2, 241-267. MR0629119 (83b:82022)

[11] I. Frenkel and N. Reshetikhin, Quantum affine algebras and holonomic difference equations, Comm.
Math. Phys. 146 (1992), 1-60. MR 1163666 (94c:17024)

[12] M. Jimbo and T. Miwa, Algebraic analysis of solvable lattice models, CBMS Regional Conf. Ser. in
Math., vol. 85, Amer. Math. Soc., Providence, RI, 1995. MR1308712//(96e:82037)

[13] M. Jimbo, T. Miwa, K. Miki, and A. Nakayashiki, Correlation functions of the XXZ model for
A < —1, Phys. Lett. A 168 (1992), 256-263. MR1178036|(93m:82007)

[14] G. Kato, M. Shiroishi, M. Takahashi, and K. Sakai, Third-neighbor and other four-point correlation
functions of spin-1/2 XXZ chain, J. Phys. A 37 (2004), 5097-5123. MR2066956 (2005{:82017)

, Next-nearest-neighbor correlation functions of the spin-1/2 XXZ chain at the critical re-
gion, J. Phys. A 36 (2003), L337-L344. MR 1986946

[16] N. Kitanine, J.-M. Maillet, and V. Terras, Correlation functions of the XXZ Heisenberg spin—%—
chain in a magnetic field, Nuclear Phys. B 567 (2000), 554-582. MR1741654//(2001k:82022)

[17] V. Korepin, A. Izergin, F. Essler, and D. Uglov, Correlation function of the spin-1/2 XXX antifer-
romagnet, cond-mat/9403066; Phys. Lett. A 190 (1994), 182-184. MR1283785|/(95{:82013)

[18] P. Kulish, N. Reshetikhin, and E. Sklyanin, Yang-Bazter equations and representation theory. 1,
Lett. Math. Phys. 5 (1981), 393-403. MR0649704 (83g:81099)

[19] K. Sakai, M. Shiroishi, Y. Nishiyama, and M. Takahashi, Third neighbor correlators of a one-
dimensional spin-1/2 Heisenberg antiferromagnet, Phys. Rev. E 67 (2003), 065101.

[20] F. Smirnov, Form factors in completely integrable models of quantum field theory, Adv. Ser. Math.
Phys., vol. 14, World Sci. Publ. Co., Inc., River Edge, NJ, 1992. MR1253319 |(95a:81254)

(15]



http://www.ams.org/mathscinet-getitem?mr=0690578
http://www.ams.org/mathscinet-getitem?mr=0690578
http://www.ams.org/mathscinet-getitem?mr=1489571
http://www.ams.org/mathscinet-getitem?mr=1489571
http://www.ams.org/mathscinet-getitem?mr=1855758
http://www.ams.org/mathscinet-getitem?mr=1855758
http://www.ams.org/mathscinet-getitem?mr=1976325
http://www.ams.org/mathscinet-getitem?mr=1976325
http://www.ams.org/mathscinet-getitem?mr=2046886
http://www.ams.org/mathscinet-getitem?mr=2046886
http://www.ams.org/mathscinet-getitem?mr=1616371
http://www.ams.org/mathscinet-getitem?mr=1616371
http://www.ams.org/mathscinet-getitem?mr=0629119
http://www.ams.org/mathscinet-getitem?mr=0629119
http://www.ams.org/mathscinet-getitem?mr=1163666
http://www.ams.org/mathscinet-getitem?mr=1163666
http://www.ams.org/mathscinet-getitem?mr=1308712
http://www.ams.org/mathscinet-getitem?mr=1308712
http://www.ams.org/mathscinet-getitem?mr=1178036
http://www.ams.org/mathscinet-getitem?mr=1178036
http://www.ams.org/mathscinet-getitem?mr=2066956
http://www.ams.org/mathscinet-getitem?mr=2066956
http://www.ams.org/mathscinet-getitem?mr=1986946
http://www.ams.org/mathscinet-getitem?mr=1741654
http://www.ams.org/mathscinet-getitem?mr=1741654
http://www.ams.org/mathscinet-getitem?mr=1283785
http://www.ams.org/mathscinet-getitem?mr=1283785
http://www.ams.org/mathscinet-getitem?mr=0649704
http://www.ams.org/mathscinet-getitem?mr=0649704
http://www.ams.org/mathscinet-getitem?mr=1253319
http://www.ams.org/mathscinet-getitem?mr=1253319

A RECURSION FORMULA FOR THE CORRELATION FUNCTIONS 117

[21] , Dynamical symmetries of massive integrable models, Infinite Analysis, Part A, B (Ky-
oto, 1991), Adv. Ser. Math. Phys., vol. 16, World Sci. Publ., River Edge, NJ, 1992, pp. 813-858.
MR1187577(94b:81118); MR1187578|/(94b:81119)

[22] M. Takahashi, Half-filled Hubbard model at low temperature, J. Phys. C 10 (1977), 1298.

[23] M. Takahashi, G. Kato, and M. Shiroishi, Nexzt nearest-neighbor correlation functions of the spin-

1/2 XXZ chain at massive region, J. Phys. Soc. Japan. 73 (2004), 245.

Paysics DEPARTMENT, UNIVERSITY OF WUPPERTAL, D-42097, WUPPERTAL, GERMANY, AND INSTI-
TUTE FOR HIGH ENERGY PHYSICS, PROTVINO 142284, RUSSIA
E-mail address: boos@physik.uni-wuppertal.de

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO, TOKYO 153-8914, JAPAN
E-mail address: jimbomic@ms.u-tokyo.ac.jp

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, KyOoTO UNIVERSITY, KYOTO 606-
8502, JAPAN
E-mail address: tetsuji@math.kyoto-u.ac.jp

(MEMBRE DU CNRS): LABORATOIRE DE PHYSIQUE THEORIQUE ET HAUTES ENERGIES, UNIVERSITE
PIERRE ET MARIE CURIE, TOUR 16 1°" ETAGE, 4 PLACE JUSSIEU, 75252 PARIS CEDEX 05, FRANCE
E-mail address: smirnov@lpthe. jussieu.fr

GRADUATE SCHOOL OF PURE AND APPLIED SCIENCES, UNIVERSITY OF TSUKUBA, TSUKUBA 305-8571,
JAPAN
E-mail address: takeyama@math.tsukuba.ac.jp

Received 9/0CT/2004
Originally published in English


http://www.ams.org/mathscinet-getitem?mr=1187577
http://www.ams.org/mathscinet-getitem?mr=1187577
http://www.ams.org/mathscinet-getitem?mr=1187578
http://www.ams.org/mathscinet-getitem?mr=1187578

	1. Introduction
	2. Correlation functions and reduced qKZ equation
	2.1. Formulation of the problem
	2.2. L-operators and fusion of R-matrices
	2.3. Properties of hn(1 ,…,n)

	3. Recursion formula
	3.1. Trace function
	3.2. The functions X[i,j]
	Transformation law.
	Zero and pole structure.
	Regularity at .
	Difference equation
	3.3. Main result
	3.4. Examples

	4. Derivation from the qKZ equation
	4.1. Properties of X[i,j](1 ,…,n)
	4.2. Proof of the Ansatz
	4.3. Calculation of the residues
	4.4. Asymptotics

	Appendix A. Relationship with the correlators of the XXZ model
	Appendix B. Analyticity and the asymptotic properties of hn
	Acknowledgments

	References

