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CAYLEY–HAMILTON THEOREM FOR QUANTUM MATRIX
ALGEBRAS OF GL(m|n) TYPE
D. I. GUREVICH, P. N. PYATOV, AND P. A. SAPONOV
To L. D. Faddeev with appreciation and respect
Abstract. The classical Cayley–Hamilton identities are generalized to quantum matrix algebras of GL(m|n) type.

§0. Introduction
The well-known Cayley–Hamilton theorem of classical matrix analysis claims that any
square matrix M with entries in a ﬁeld K satisﬁes the identity
∆(M ) ≡ 0,

(0.1)

where ∆(x) = det(M − xI) is the characteristic polynomial of M . Provided K is algebraically closed, the coeﬃcients of this polynomial are the elementary symmetric functions in the eigenvalues of M . Below, for simplicity we assume K to be the ﬁeld C of
complex numbers.
In [NT, PS, GPS, IOPS, IOP1] the Cayley–Hamilton theorem was generalized consecutively to the case of the quantum matrix algebras of GL(m) type. Any such algebra is
constructed via R-matrix representations of GL(m) type Hecke algebras.
In [KT1, KT2], the Cayley–Hamilton identity was established for matrix superalgebras. In the present paper we aim at a further generalization of this result to the case of
quantum matrix superalgebras.
We formulate our main result: the Cayley–Hamilton theorem for the quantum matrix
algebras of GL(m|n) type. All deﬁnitions and notation are explained in the main text
below.
Theorem. Let M = Mij N
i,j=1 be the matrix of the generators of the quantum matrix
algebra M(R, F ) deﬁned by a pair of compatible, strictly skew-invertible R-matrices R
and F , where R is a GL(m|n) type R-matrix (see Subsections 2.1 and 2.2). Then in
M(R, F ) the following matrix identity is fulﬁlled:
(0.2)

n+m


M m+n−i Ci ≡ 0,

i=0

where M ī is the ith power of the quantum matrix (see the deﬁnition (2.27)) and the
coeﬃcients Ci are linear combinations of Schur functions (see the deﬁnition (2.21)).
The Schur functions involved in the expression for Ci are homogeneous polynomials
of order mn + i in the generators Mij . Therefore, any matrix element on the left-hand
side of (0.2) is a homogeneous polynomial in Mij of order mn + m + n.
2000 Mathematics Subject Classiﬁcation. Primary 81R05.
Key words and phrases. Quantum matrix superalgebras, R-matrix, Schur functions.
c
2006
American Mathematical Society

119

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

120

D. I. GUREVICH, P. N. PYATOV, AND P. A. SAPONOV

In terms of Schur functions, the expression for the coeﬃcient Ci can be presented
graphically as follows:



⎧
⎪
⎨

min{i,m}

(0.3)

Ci =

(−1)k q (2k−i)
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where each Young diagram stands for the corresponding Schur function.
If the matrices F and R are transpositions in an (m|n)-dimensional superspace, then
the corresponding algebra M(R, F ) is a matrix superalgebra. In this case identity (0.2)
coincides with the invariant Cayley–Hamilton relations obtained in [KT1, KT2]. Note
that in the supersymmetric case the linear size N of the matrix M is determined by the
parameters m and n: N = m + n. As was shown in [G], in general this relation does not
take place. Our proof of identity (0.2) does not involve such relationships.
The structure of the paper is as follows. §1 contains deﬁnitions and necessary facts
about Hecke algebras. In §2 we deﬁne the quantum matrix algebra of GL(m|n) type, and
the notions of the characteristic subalgebra and of the matrix power space are introduced.
The last section is devoted to the proof of the Cayley–Hamilton identity (0.2).
Acknowledgment. The authors express their appreciation to Alexei Davydov, Dimitry
Leites, Alexander Molev, and Hovhannes Khudaverdian. Special gratitude goes to our
permanent co-authors Alexei Isaev and Oleg Ogievetsky for numerous fruitful discussions
and remarks.
§1. Some facts about Hecke algebras
In this section we give a summary of facts about the structure of the Hecke algebras of
the An−1 series. For their proofs the reader is referred to [DJ1, DJ2, M1, M2]. Detailed
consideration of the material and the list of references on the theme can also be found
in the surveys [OP, R]. When considering quantum matrix algebras, we shall use this
section as a basis for our technical tools.
1.1. Young diagrams and tableaux. First of all, we recall some deﬁnitions from
partition theory. Mainly, we use the terminology and notation of the book [Mac].
A partition λ of a positive integer n (notation: λ  n) is a monotone nonincreasing
sequence of nonnegative integers λi such that their sum is equal to n:

λ = (λ1 , λ2 , . . . ), λi ≥ λi+1 : |λ| ≡
λi = n.
The number |λ| = n is called the weight of λ. A convenient graphical image for a
partition is a Young diagram (see [Mac]), and below we shall identify any partition with
the corresponding Young diagram.
With each node of a Young diagram located at the intersection of the sth column and
the rth row, we associate the number c = s − r, which will be called the content of the
node.
On the set of all the Young diagrams we deﬁne an inclusion relation ⊂ by the agreement
that a diagram µ includes a diagram λ (symbolically, λ ⊂ µ) if after superposition the
diagram λ is entirely contained inside µ. In other words, λ ⊂ µ ⇐⇒ λi ≤ µi for
i = 1, 2, . . . .
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Given a Young diagram λ  n, we can construct n! Young tableaux by writing all
integers from 1 to n (in an arbitrary order) in the nodes of the diagram. The tableau
will be denoted by the symbol
λ
,
α

(1.1)

α = 1, 2, . . . , n!,

where the index α marks diﬀerent tableaux. The diagram λ will be called the form of a
tableau { αλ }.
The set of all tableaux associated with a diagram λ  n can be supplied naturally with
an action of the nth-order symmetric group Sn . By deﬁnition, an element π ∈ Sn acts
λ } by replacing any number i with π(i) in all the nodes of the tableau.
on a tableau { α


λ
.
The resulting tableau will be denoted by π(α)
In the set of all Young tableaux of the form λ, we distinguish the subset of standard
tableaux that satisfy an additional requirement: the numbers written in a standard
tableau increase in any column from top to bottom and in any row from left to right.
From now on we shall use only standard Young tableaux and retain the notation (1.1)
for them. However, the index α will vary from 1 to the integer dλ equal to the total
number of all standard Young tableaux of the same form λ. Explicit expressions for dλ
are given, e.g., in [Mac].
Though the subset of standard tableaux is not closed with respect to the action of the
symmetric group, it is nevertheless a cyclic set under this action, because an arbitrary
standard Young tableau of the form λ  n can be obtained from any other standard
tableau of the same form by the action of some element π of the group Sn , that is,

λ
α

∀α, β ∃π ∈ Sn :

→

λ
β

≡

λ
.
π(α)

The relation ⊂ deﬁned above for the Young diagrams can be extended to the set of
standard tableaux. Namely, we say that a tableau includes another tableau,
λ
α

⊂

µ
,
β

if λ ⊂ µ and the numbers from 1 to |λ| occupy the same nodes in the tableau
λ }.
they do in { α

µ
β

as

1.2. Hecke algebras: Deﬁnition and the basis of matrix units. The Hecke algebra
Hn (q) of the An−1 series is a unital associative C-algebra generated by the set of elements
{σi }n−1
i=1 subject to the relations
(1.2)
(1.3)
(1.4)

σk σk+1 σk = σk+1 σk σk+1 ,

|k − j| ≥ 2,

σk σj = σj σk ,
σk = 1 + (q − q
2

k = 1, . . . , n − 2,

−1

)σk ,

k = 1, . . . , n − 1,

where 1 is the unit element. The last of these deﬁning relations depends on a parameter
q ∈ C \ {0} and is referred to as the Hecke condition.
Hn (1) coincides with the group algebra C[Sn ] of the symmetric group Sn . If
(1.5)

kq :=

q k − q −k
= 0 for all k = 2, 3, . . . , n,
q − q −1

then the algebra Hn (q) is semisimple and is isomorphic to C[Sn ]. In what follows, we
assume that condition (1.5) is fulﬁlled for all k ∈ N \ {0}. Under this assumption, the
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algebra Hn (q) is isomorphic to the direct sum of matrix algebras

(1.6)
Hn (q) ∼
Matdλ (C).
=
λn

Here Matm (C) stands for the associative C-algebra generated by m2 matrix units Eab ,
1 ≤ a, b ≤ m, that satisfy the following multiplication law:
Eab Ecd = δbc Ead .
λ
The isomorphism (1.6) allows one to construct the set of elements Eαβ
∈ Hn (q), where
λ  n and 1 ≤ α, β ≤ dλ , that are the images of the matrix units generating the term
Matdλ in the direct sum (1.6),

(1.7)

λ
µ
λ
Eαβ
Eγτ
= δ λµ δβγ Eατ
.

λ
≡ Eαλ are the primitive idempotents of the algebra Hn (q)
The diagonal matrix units Eαα
λ
and the set of all Eαβ forms a linear basis in Hn (q).
λ
Obviously, the matrix units Eαβ
can be realized in many diﬀerent ways. The construction presented in [M1, M2, R] (see also [OP]) satisﬁes a number of useful additional
relations. Precisely this basis of matrix units will be used below. Now we brieﬂy outline
its main properties.
First, for this basis, remarkably simple expressions are known for the elements which
transform diﬀerent diagonal matrix units into one another. In order to describe these
elements, we need some deﬁnitions.
With each generator σi of the algebra Hn (q), we associate the element

(1.8)

σi (x) := σi +

q −x
1,
xq

1 ≤ i ≤ n − 1.

Here x is an arbitrary nonnegative integer, and xq is as in (1.5). The elements σi (x)
obey the relations
(1.9)
(1.10)

σi (x)σi+1 (x + y)σi (y) = σi+1 (y)σi (x + y)σi+1 (x),
σi (x)σi (−x) =

(x + 1)q (x − 1)q
1,
x2q

1 ≤ i ≤ n − 2,

1 ≤ i ≤ n − 1.

λ } corresponding to a partition λ  n.
Consider an arbitrary standard Young tableau { α

For each integer 1 ≤ k ≤ n − 1 we deﬁne the number k λα to be equal to the diﬀerence
of the contents of nodes containing the numbers k and (k + 1),

(1.11)
k λα := c(k) − c(k + 1).
 
Suppose a tableau βλ (not necessarily standard) diﬀers from the initial tableau { αλ }
only in the transposition of the nodes with numbers k and k + 1:

(1.12)

β = πk (α),

1 ≤ k ≤ n − 1,

where πk ∈ Sn is the transposition of k and k + 1. If the tableau
then


(1.13)
σk (k λα )Eαλ = Eπλk (α) σk (−k λα ),


Eαλ σk (k λα ) = σk (−k λα )Eπλk (α) .
(1.14)

λ
πk (α)


is standard,

Now we recall the cyclic property of the set of standard Young tableaux under the action
of the symmetric group and the fact that an arbitrary permutation can be (nonuniquely)
expanded in a product of transpositions. This makes it possible to connect any pair Eαλ
and Eβλ by a chain of transformations (1.13), (1.14). Moreover, relations (1.9), (1.10)
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ensure the compatibility of all possible formulas expressing dependencies between Eαλ
and Eβλ .

If the tableau πkλ(α) is nonstandard, then


(1.15)
σk (k λα )Eαλ = Eαλ σk (k λα ) = 0.
The expressions for the nondiagonal matrix
units follow from (1.13), (1.14). Assuming

λ
λ
that the two tableaux { α } and πk (α) are standard, we get


λ
Eαπ
(1.16)
:= ω(k λα )Eαλ σk (k λα ),
k (α)


Eπλk (α)α := ω(k λα )σk (k λα )Eαλ ,
(1.17)
where the normalizing coeﬃcient ω() satisﬁes the relation
(1.18)

ω()ω(−) =

2q
.
( + 1)q ( − 1)q


In particular, we can set ω() := q /(q +1). Note that if the tableau πkλ(α) is standard,

we have k λα = ±1. Therefore, the above expression for the normalizing coeﬃcient is
always well deﬁned.
To formulate the second property of matrix units to be used below, we consider the
chain of Hecke algebra embeddings
(1.19)

H2 (q) → · · · → Hk (q) → Hk+1 (q) → · · ·

that are deﬁned on generators by the formula
(1.20)

Hk (q)  σi → σi+1 ∈ Hk+1 (q),

i = 1, . . . , k − 1.

λ
In each subalgebra Hk (q), a basis of matrix units Eαβ
can be chosen in such a way that
λ
the diagonal matrix units Eα ∈ Hk (q) are decomposable into sums of diagonal matrix
units belonging to any enveloping algebra Hm (q) ⊃ Hk (q),

Eβµm , m ≥ k.
(1.21)
Eαλk =
no
λ
α

⊂{β}
µ

Here summation is over all the standard Young tableaux
standard tableau { αλ }.

µ
β

, µ  m, containing the

§2. Quantum matrix algebra M(R, F )
2.1. R-matrix representations of the Hecke algebra. Let V be a ﬁnite-dimensional
vector space over the ﬁeld of complex numbers, and let dim V = N . With any element
X ∈ End(V ⊗p ), p = 1, 2, . . . , we associate a sequence of endomorphisms Xi ∈ End(V ⊗k ),
k = p, p + 1, . . . :
(2.1)

⊗X ⊗ Idk−p−i+1
,
Xi = Idi−1
V
V

1 ≤ i ≤ k − p + 1,

where IdV is the identical automorphism of V .
An operator R ∈ Aut(V ⊗2 ) satisfying the Yang–Baxter equation
(2.2)

R1 R2 R1 = R2 R1 R2

will be called an R-matrix. It is easily seen that any R-matrix such that
(2.3)

(R − q IdV ⊗2 )(R + q −1 IdV ⊗2 ) = 0,

q ∈ C \ {0},
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generates representations ρR for the series of the Hecke algebras Hk (q), k = 2, 3, . . . :
(2.4)

ρR : Hk (q) → End(V ⊗k ), σi → ρR (σi ) = Ri , 1 ≤ i ≤ k − 1,

where the σi are the generators of Hk (q); see (1.2)–(1.4). Such R-matrices will be called
the Hecke type (or simply Hecke) R-matrices, and the corresponding representations ρR
are the R-matrix representations.
Let R be a Hecke R-matrix. Suppose that the corresponding representations ρR :
Hk (q) → End(V ⊗k ) are faithful for all 2 ≤ k < (m + 1)(n + 1) while the representation
ρR : H(m+1)(n+1) (q) → End(V ⊗(m+1)(n+1) ) possesses a kernel generated by any matrix
unit corresponding to the rectangular Young diagram ((n + 1)(m+1) ); that is,
(2.5)

ρR (Eα((n+1)

(m+1)

)

) = 0,

ρR (Eαµ ) = 0 for any µ  (m + 1)(n + 1), µ = ((n + 1)(m+1) ).

Such an R-matrix will be referred to as an R-matrix of GL(m|n) type.
2.2. R-trace and pairs of compatible R-matrices. Let {vi }N
i=1 be a ﬁxed basis in
⊗2
the space V . In the basis {vi ⊗ vj }N
) is determined by
i,j=1 , any operator X ∈ End(V

N
kl
kl
its matrix Xij : X(vi ⊗ vj ) :=
k,l=1 Xij vk ⊗ vl .
We say that an operator X ∈ End(V ⊗2 ) is skew-invertible if there exists a matrix
kl
ΨX ij such that
N


(2.6)

al

kb X
Xia
Ψ bj = δil δjk .

a,b=1

It is easily seen that skew-invertibility is invariant with respect to the change of the basis
kl
{vi }, so that there is an operator ΨX ∈ End(V ⊗2 ) corresponding to the matrix ΨX ij .
We denote
(2.7)

DX := Tr(2) ΨX ∈ End(V ),

where the symbol Tr(2) means taking the trace over the second space in the product
V ⊗ V . A skew-invertible operator X is said to be strictly skew-invertible if the operator
DX is invertible.
Consider the set MatN (W ) of (N × N )-matrices whose entries are vectors of a linear
space W over C. The set MatN (W ) is endowed with the structure of a linear space over
C in a standard way.
Let R be a skew-invertible R-matrix. The linear map
TrR : MatN (W ) → W
deﬁned by
(2.8)

TrR (M ) =

N


j

DR i Mji ,

M ∈ MatN (W ),

i,j=1

will be called the operation of taking the R-trace.
Remark 2.1. If R is the transposition operator on the (m|n)-dimensional superspace (see
(2.32)), then the operation TrR evaluates the supertrace of the argument.
An ordered pair {R, F } of two R-matrices R and F will be called a compatible pair if
the following relations are satisﬁed:
(2.9)

R1 F2 F1 = F2 F1 R2 ,

R2 F1 F2 = F1 F2 R1 .

Now we list some properties of compatible pairs of R-matrices.
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1) If R is a skew-invertible R-matrix and {R, F } is a compatible pair, then for all
M ∈ MatN (W ) we have
(2.10)

TrR(2) (F1±1 M1 F1∓1 ) = IdV TrR M,

where M1 = M ⊗ IdV .

2) If R is skew-invertible, then
[R1 , D1R D2R ] = 0.

(2.11)

A direct consequence of this formula is the cyclic property of the R-trace:
(2.12)

TrR(12) (R1 U ) = TrR(12) (U R1 ),

U ∈ MatN (W )⊗2 .

3) If {R, F } is a compatible pair, then Rf := F −1 R−1 F is an R-matrix and the pair
{Rf , F } is compatible.
4) Suppose {R, F } is a compatible pair, the R-matrix Rf is skew-invertible, and the
matrices R and F are strictly skew-invertible. Then the map φ : MatN (W ) →
MatN (W ) deﬁned by
(2.13)

φ(M ) := TrR(12) (F1 M1 F1−1 R1 ),

M ∈ MatN (W ),

is invertible. An explicit form for its inverse φ−1 is as follows (see [OP2 ]):
φ−1 (M ) = Tr R

(2.14)

f

(2)

(F1−1 M1 R1−1 F1 ).

2.3. Quantum matrix algebras: Deﬁnition. We consider the linear space MatN (W )
and deﬁne a series of linear mappings MatN (W )⊗k → MatN (W )⊗(k+1) , k ≥ 1, by the
following recurrence relations:
(2.15)

M1 := M,

Mk → Mk+1 := Fk Mk Fk−1 ,

Mk ∈ MatN (W )⊗k ,

where M is an arbitrary matrix in MatN (W ) and F is a ﬁxed element of Aut(V ⊗ V ).
In the role of linear space W we choose an associative algebra A over C freely generated
by the unit element and the N 2 generators Mij :
A = CMij ,

1 ≤ i, j ≤ N.

Deﬁnition 2.2. Let {R, F } be a compatible pair of strictly skew-invertible R-matrices,
and let the R-matrix Rf = F −1 R−1 F be skew-invertible. By deﬁnition, the quantum matrix algebra M(R, F ) is the quotient of the algebra A over the two-sided ideal generated
by the entries of the matrix relation
(2.16)

R1 M1 M2 − M1 M2 R1 = 0,

where M = Mij  ∈ MatN (A) and the matrices Mk are constructed as in (2.15) with
the R-matrix F .
Remark 2.3. The deﬁnition of the quantum matrix algebra presented here diﬀers from
that given in [IOP1]. Nevertheless, under the additional assumptions on R and F
made above, both deﬁnitions are equivalent. As was shown in [IOP2], the matrix
 = (DF )−1 M DR obeys the relations imposed on the generators of the quantum matrix
M
algebra in [IOP1].
Lemma 2.4. The matrix M composed of the generators of the quantum matrix algebra
M(R, F ) satisﬁes the relations
(2.17)

Rk Mk Mk+1 = Mk Mk+1 Rk ,

where the matrices Mk , Mk+1 are deﬁned by the rules (2.15) with the R-matrix F .
The proof of this lemma is presented in [IOP1].
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2.4. The characteristic subalgebra and Schur functions. Further in this section
we consider the quantum matrix algebras M(R, F ) determined by a Hecke R-matrix R.
We shall refer to them as the matrix algebras of Hecke type.
Consider the linear span Char(R, F ) ⊂ M(R, F ) of the unit and the elements
(2.18)

y(x(k) ) = TrR(1···k) (M1 · · · Mk ρR (x(k) )),

k = 1, 2, . . . ,

where x(k) runs over all elements of Hk (q). The symbol TrR(1···k) stands for the calculation
of the R-trace over the spaces from the ﬁrst to the kth.
Proposition 2.5. Let M(R, F ) be a Hecke type quantum matrix algebra. The subspace
Char(R, F ) is a commutative subalgebra of M(R, F ). The subalgebra Char(R, F ) will be
called the characteristic subalgebra.
The detailed proof is given in [IOP1]. It is based, in particular, on the following
technical result.
Lemma 2.6. Consider an arbitrary element x(k) of the algebra Hk (q). Let x(k)↑i denote
the image of x(k) in the algebra Hk+i (q) under the embedding Hk (q) → Hk+i (q) deﬁned
by (1.20). Let {R, F } be a compatible pair of R-matrices, the Hecke R-matrix R being
skew-invertible. Then the following relation is fulﬁlled:
(2.19)

TrR(i+1,...,i+k) (Mi+1 · · · Mi+k ρR (x(k)↑i )) = IdV ⊗i y(x(k) ).

Formula (2.19) will be used repeatedly in the sequel. It is an immediate consequence
of property (2.10) of the compatible pairs {R, F }; the proof of (2.18) is also presented
in [IOP1].
We consider two sets {pk (M )} and {sλ (M )} of elements of the characteristic subalgebra. The elements of these sets will be referred to as the power sums and the Schur
functions, respectively. For an arbitrary integer k ≥ 1, the power sums are deﬁned by
(2.20)

pk (M ) := TrR(1···k) (M1 · · · Mk Rk−1 · · · R1 ).

Given a Hecke type R-matrix R and an arbitrary partition λ  k, k = 1, 2, . . . , we deﬁne
the Schur functions as follows:
(2.21)

s0 (M ) := 1,

sλ (M ) := TrR(1···k) (M1 · · · Mk ρR (Eαλ )).

Actually, the right-hand side of (2.21) does not depend on the index α of the matrix
unit. Indeed, for all x(k) ∈ Hk (q) the matrices ρR (x(k) ) and (M1 · · · Mk ) commute in
(2.18) due to (2.17). Then, taking the cyclic property of the R-trace into account, we get




(2.22)
y σk ()Eαλ σk−1 () = y(Eαλ ), y(Eπλk (α)α ) = w()y Eπλk (α) σk ()Eαλ = 0,

where  := k λα . Next, using (1.8), (1.10), (1.17), and (1.18), we can rewrite relations
(1.13) in the form
(2.23)

Eπλk (α) = σk ()Eαλ σk−1 () − (q − q −1 )w(−)Eπλk (α)α .

This leads to y(Eπλk (α) ) = y(Eαλ ). Finally, the fact that the set of standard Young
tableaux is cyclic with respect to the action of the symmetric group guarantees that the
deﬁnition (2.21) is consistent.
Proposition 2.7. Let M(R, F ) be any quantum matrix algebra of Hecke type.
i) Its characteristic subalgebra Char(R, F ) is generated by the unit and the power
sums pk (M ), k = 1, 2, . . . .
ii) The set of Schur functions sλ (M ), λ  k, k = 0, 1, . . . , forms a linear basis in
Char(R, F ).
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Proof. The ﬁrst part of this proposition was proved in [IOP1]. To prove the second part,
we note that the arguments given above to justify relations (2.21) lead to the following
identities:
(2.24)

λ
) = δαβ y(Eαλ ), y(Eαλ ) = y(Eβλ )
y(Eαβ

for all α, β.

Now, the second part of the proposition follows from the fact that the matrix units
λ
{Eαβ
| λ  k} form a linear basis in the algebra Hk (q).

2.5. Powers of quantum matrices. Consider the linear span
Pow(R, F ) ⊂ MatN (M(R, F ))
of the scalar matrices IdV y, y ∈ Char(R, F ), and the matrices
(2.25)

(k)

M (x

)

:= TrR(2···k) (M1 · · · Mk ρR (x(k) )),

k = 1, 2, . . . ,
(k)

where x(k) runs over all elements of Hk (q). The matrix M (x ) will be called the x(k) th
power of the matrix M , and the space Pow(R, F ) will be referred to as the space of
matrix powers.
Proposition 2.8. The space Pow(R, F ) is a right module over the characteristic subalgebra Char(R, F ).
The proof employs (2.19) and is similar to the proof of the commutativity of Char(R, F )
(see [IOP1]).
In the space Pow(R, F ), we choose a special set of matrices constructed by the following
rule. Having ﬁxed a standard Young tableau { αλ } of the form λ  k, k = 1, 2, . . . , we
introduce the matrices
(2.26)

M ((1);1) := M,

M (λ;i) := TrR(2···k) (M1 · · · Mk ρR (Eαλ )),

k = 2, 3, . . . ,

where the index i in M (λ;i) is the number of the row of the tableau { αλ } (counting from
the top) that contains k—the largest integer among those ﬁlling the tableau. As an
example, take the standard tableau
1

3

2

7

4

6

5

Since the largest integer k = 7 is contained in the second row, we have i = 2 for the
diagram involved.
The matrix M (λ;i) deﬁned in (2.26) does not depend on the positions of the other
integers that are less than k. The proof is similar to the arguments presented in favor of
the unambiguity of the Schur function deﬁnition (see the text following formula (2.21)),
but an additional circumstance should be taken into account. If two matrix units Eαλ
and Eβλ , λ  k, have the number k standing at the same nodes of the corresponding
tableaux, then the chain of transformations linking these matrix units contains only
the elements x(k−1) of the subalgebra Hk−1 (q). Precisely with respect to the images
ρR (x(k−1) ) ∈ IdV ⊗ Aut(V ⊗(k−1) ), the operation TrR(2···k) possesses the cyclic property.
Besides M (λ;i) , we also consider a series of matrices M k :
(2.27)

M 1 := M,

M k := TrR(2···k) (M1 · · · Mk Rk−1 · · · R1 ),

k = 2, 3, . . . .

The matrices M (λ;i) and M k will be called (respectively) the (λ; i)th and the kth powers
of the matrix M .
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Proposition 2.9. The following is true for any quantum matrix algebra M(R, F ) of
Hecke type:
i) The unit matrix and the family of matrices M k , k = 1, 2, . . . , is a generating set
of the right Char(R, F )-module Pow(R, F ).
ii) The scalar matrices IdV sλ(M ) and the matrices M (λ;i) , λ  k, k = 1, 2, . . . , where
i runs over all possible values for each partition λ  k, form a basis of the linear
space Pow(R, F ).
The proof of items i) and ii) of the above proposition can be given by a quite obvious
generalization of the proof of the corresponding items of Proposition 2.7.
To end this subsection, we present another expression for the kth power of the matrix
M . By using property (2.10) of compatible pairs, it can be shown that the deﬁnition
(2.27) is equivalent to the following iterative formulas:
(2.28)

M 0 = IdV ,

M k = M · φ(M k−1 ),

where the map φ is given by (2.13) and the dot stands for the usual matrix product.
Relations (2.28) can be interpreted as the result of the consecutive application of the
operator M : MatN (M(R, F )) → MatN (M(R, F )),
M(X) := M · φ(X),

X ∈ MatN (M(R, F )),

to the unit matrix IdV . Indeed, since φ(IdV ) = IdV , we have
M(IdV ) = M,

M k = M(M k−1 ) = · · · = Mk (IdV ).

2.6. Quantum matrix algebras: Examples. Let P : V ⊗2 → V ⊗2 be the transposition operator,
P (v1 ⊗ v2 ) = v2 ⊗ v1 ,
and let the R-matrix R be strictly skew-invertible. The pair {R, P } is compatible and determines a quantum matrix algebra M(R, P ). Let T denote the matrix of its generators.
In the case in question we have Tk = Tk (see (2.1) and (2.15)), and the commutation
relations (2.16) take the form
(2.29)

R1 T1 T2 − T1 T2 R1 = 0.

Suppose additionally that R is of GL(m) type. The standard example of such an Rmatrix is the Drinfeld–Jimbo R-matrix obtained by quantization of classical groups of
the Am series. The corresponding algebra M(R, P ) = Funq (GL(m)) is the quantization
of the algebra of functions on the general linear group of (m × m)-matrices (N = m in
this case) [FRT]. Note that m = N in general. Examples of GL(m) type R-matrices
acting in spaces V of dimension N = m were constructed in [G].
If R is an R-matrix of GL(m) type (including the Drinfeld–Jimbo R-matrix), the
matrix T of generators of M(R, P ) obeys a polynomial Cayley–Hamilton identity of
order m [IOPS, IOP1]. The coeﬃcients of the polynomial are proportional to the Schur
functions s(1k ) (T ), 0 ≤ k ≤ m. In the classical limit as q → 1, the Drinfeld–Jimbo Rmatrix tends to the transposition matrix limq→1 R = P , and the algebra (2.29) becomes
the commutative matrix algebra M(P, P ). The corresponding Cayley–Hamilton identity
coincides with (0.1). In particular, the Schur functions s(1k ) (T ) turn into the elementary
symmetric functions in the eigenvalues of the matrix T .
Another example of a compatible pair is given by {R, R}, where R is a strictly skewinvertible R-matrix. The commutation relations (2.16) for the generators of the quantum
matrix algebra M(R, R) look like this:
(2.30)

R1 L1 R1 L1 − L1 R1 L1 R1 = 0,
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where by L = Lji  we denote the matrix composed of the algebra generators. The algebra M(R, R) is called the reﬂection equation algebra [KS]. Having appeared ﬁrst in the
theory of integrable systems with boundaries, this algebra has since found applications
in the diﬀerential geometry of quantum groups (see, e.g., [IP, FP, GS, GS2]).
In this case the power of the quantum matrix coincides with the usual matrix power
Lk = Lk . The characteristic subalgebra Char(R, R) belongs to the center of M(R, R).
The Cayley–Hamilton identity for the reﬂection equation algebra with Drinfeld–Jimbo Rmatrix was obtained in [NT, PS]. Its generalization to the case of an arbitrary R-matrix
of GL(m) type can be found in [GPS].
Assuming that R is a strictly skew-invertible R-matrix of Hecke type, we make a linear
shift of generators of M(R, R):
L→ L= L+

1
IdV .
q − q −1

After this change, relations (2.30) take the quadratic-linear form
(2.31)

R1 L1 R1 L1 − L1 R1 L1 R1 = R1 L1 − L1 R1 .

The above basis of generators is convenient in constructing quantum analogs of orbits of
the coadjoint action of a Lie group on the space dual to its Lie algebra. The Cayley–
Hamilton identity for this basis was obtained in [GS]. If R is the Drinfeld–Jimbo Rmatrix, then, in the limit as q → 1, relations (2.31) turn into commutation relations
for the generators of the universal enveloping algebra U (glN ), and the Cayley–Hamilton
identity transforms into the well-known identity for the matrix composed of the U (glN )
generators (see, e.g., [Gou]).
Let Pm|n be the transposition operator on the (m|n)-dimensional superspace
(2.32)

Pm|n (v1 ⊗ v2 ) = (−1)|v1 ||v2 | v2 ⊗ v1 ,

where vi is a homogeneous element of the superspace and |vi | denotes the corresponding
parity. The algebra M(R, R) with R = Pm|n was considered in [KT1, KT2]. Note that
the matrix superalgebra M(Pm|n , Pm|n ) is a limit case of the algebra M(Rm|n , Rm|n )
(2.30) as q → 1, where Rm|n is the Drinfeld–Jimbo R-matrix obtained by the quantization
of the classical supergroup GL(m|n) (an explicit form of this R-matrix can be found
in [DKS, Isa]). The so-called invariant Cayley–Hamilton identity established in [KT1,
KT2] is a limit case of the Cayley–Hamilton identity for the quantum matrix algebras of
GL(m|n) type. The latter is proved in the next section.
§3. Proof of the Cayley–Hamilton identities
In this section we give an outline of the proof and then formulate the Cayley–Hamilton
identity for the quantum matrix algebras M(R, F ) determined by an R-matrix R of
GL(m|n) type. Below, these algebras will be referred to as the GL(m|n) type matrix
algebras.
We ﬁx a pair of integers m ≥ 1, n ≥ 1 and denote A := (m + 1)(n + 1). We also
introduce special notation for the following partitions:


(3.1)
r = 0, . . . , m, s = 0, . . . , n,
Λ(r, s) := (n + 1)r , n(m−r) , s ,


Λ+ (r, s) := n + 2, (n + 1)(r−1) , n(m−r) , s , r = 1, . . . , m, s = 0, . . . , n,
(3.2)


Λ+ (r, s) := (n + 1)r , n(m−r) , s, 1 ,
(3.3)
r = 0, . . . , m, s = 1, . . . , n.
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The corresponding Young diagrams are

n nodes

⎧
⎪
⎨
m

Λ(r, s) =

..
⎪
⎩ .

 
...
..
..
.
.

r

...
  
s nodes

⎧
⎪
⎨
..
m
Λ+ (r, s) =
⎪
⎩ .

n nodes


...
..
.


..
.


(r−1)

...
  
s nodes

⎧
⎪
⎨
m

Λ+ (r, s) =

..
⎪
⎩ .

n nodes

 
...
..
..
.
.

r

...
  
(s−1)
nodes

Λ(r,s)

+

Λ(r,s)

Let the symbol Erow , s ≥ 1 (respectively, Ecol , r ≥ 1, E Λ (r,s) , E Λ+ (r,s) ) denote
a diagonal matrix unit that corresponds to a standard tableau of the form Λ(r, s) (respectively, Λ(r, s), Λ+ (r, s), Λ+ (r, s)) containing a standard Young tableau of the form
Λ(r, s − 1) (respectively, Λ(r − 1, s), Λ(r, s), Λ(r, s)). In other words, in the diagonal
+
Λ(r,s)
Λ(r,s)
matrix units Erow , Ecol , E Λ (r,s) , and E Λ+ (r,s) the position of the largest number
S (S is equal to mn + r + s, mn + r + s, mn + r + s + 1, or mn + r + s + 1, respectively)
is ﬁxed as shown below:

..

Λ(r,s)
Erow
=

...

..
.
Λ(r,s)

.

Ecol

=

..

..
.
.

S

...

S

(3.4)
EΛ

+

(r,s)

=

..
...

.

..
.

S

..
E Λ+ (r,s) =

.

..
.

...
S

We emphasize that the further calculations do not depend on the positions of the other
numbers in the nodes of the matrix units (3.4). Finally, we introduce special notation
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for the following elements of the space MatN (M(R, F )):


Λ(r,s)
Prow (r, s) := TrR(2···A) M2 · · · MA ρR (Erow
(3.5)
)Rt Rt−1 · · · R1 ,


Λ(r,s)
Pcol (r, s) := TrR(2···A) M2 · · · MA ρR (Ecol )Rt Rt−1 · · · R1 ,
(3.6)


+
(3.7)
P + (r, s) := TrR(2···A) M2 · · · MA ρR (E Λ (r,s) )Rt−1 Rt−2 · · · R1 ,


P+ (r, s) := TrR(2···A) M2 · · · MA ρR (E Λ+ (r,s) )Rt−1 Rt−2 · · · R1 ,
(3.8)
where t := (m − r) + (n − s) + 1.
We take the following linear combinations of the above matrices:


min{i−1,m}

Φi :=

(−1)k

k=max{0,i−n}

(3.9)



(i − k)q (m + n − i + k + 2)q
Prow (k, i − k)
(m + n − i + 2)q

min{i,m}

−

k=max{1,i−n}

(−1)k

kq (m + n − k + 2)q
Pcol (k, i − k),
(m + n − i + 2)q

where the index i runs from 1 to m + n. Our immediate task is to prove the relations
(3.10)
min{i,m}

Φi+1 − Φi = φ(M m+n−i )
(−1)k q 2k−i sΛ(k,i−k) (M ), i = 1, 2, . . . , m + n − 1.
k=max{0,i−n}

For this, we reshape the expression for Φi to the form
(3.11)


min{i−1,m}

Φi =

(−1)k

k=max{0,i−n}

(i − k)q (m + n − i + k + 2)q
(m + n − i + 2)q

q (m+n+k−i+2)
P + (k, i − k)
(m + n + k − i + 2)q

×

−



q −(i−k)
P+ (k, i − k) + qProw (k, i − k + 1)
(i − k)q

q (m+n−i+1)
Pcol (k + 1, i − k)
+
(m + n − i + 1)q

min{i,m}

−

(−1)k

k=max{1,i−n}

×

kq (m + n − k + 2)q
(m + n − i + 2)q

qk +
q −(m+n−k+2)
P (k, i − k) −
P+ (k, i − k)
kq
(m + n − k + 2)q
−


q −(m+n−i+1)
Prow (k, i − k + 1) − q −1 Pcol (k + 1, i − k) .
(m + n − i + 1)q

Here we extend the deﬁnition of the elements (3.5)–(3.8) to the boundary values of its
indices, that is, to the cases where the matrix units used in (3.5)–(3.8) are not deﬁned:
Prow (k, n + 1) = Pcol (m + 1, k) = P + (k, 0) = P+ (0, k) = 0,

k = 0, 1, . . . .

When deriving (3.11), we apply formulas (1.21) to the matrix units (3.4),
(3.12)

Λ(r,s)

Λ(r+1,s)

Λ(r,s+1)
Erow/col = Erow
+ Ecol

+ EΛ

+

(r,s)

+ E Λ+ (r,s) ,
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and then use (1.14) in the form
(3.13)

λ
)−
ρR (Eαλ )Rk = ω −1 (k )ρR (Eα,π
k (α)

q −k
ρR (Eαλ ),
(k )q


λ  (k + 1), k ≡ k λα ,

Λ(r,s)

in order to transform the terms ρR (Erow/col )Rt in the expressions for Prow/col (k, i−k). By
using calculations similar to (2.24), it can be shown that the term with the nondiagonal
matrix unit involved in the right-hand side of (3.13) does not contribute to (3.11).
Λ(r,s)
Λ(r,s)
Note that the expressions (3.12) for Erow and Ecol
are formally the same, since
our notation (3.4) only takes into account the position of the largest integer among those
Λ(r,s)
ﬁlling the Young tableau. One should keep in mind that the matrix units Erow and
Λ(r,s)
Ecol
on the right-hand side of (3.12) diﬀer in the position of the number preceding
the largest one. This diﬀerence manifests itself in the application of relation (3.13).
Next we simplify (3.11):
(3.14)


min{i,m}

Φi = −



(−1)k q 2k−i P + (k, i − k) + P+ (k, i − k)

k=max{0,i−n}



min{i,m}

+

k=max{0,i+1−n}

(−1)k
(m + n − i + 2)q


kq (m + n − k + 2)q
+ q(i − k)q (m + n − i + k + 2)q
(m + n − i + 1)q
× Prow (k, i − k + 1)

× q −(m+n−i+1)



min{i,m−1}

+

k=max{0,i−n}

(−1)k
(m + n − i + 2)q


(i − k)q (m + n − i + k + 2)q
+ q −1 kq (m + n − k + 2)q
(m + n − i + 1)q
× Pcol (k + 1, i − k).

× q (m+n−i+1)

In the calculation of the coeﬃcients of P + (·, ·) and P+ (·, ·), the following relation has
been useful:
(3.15)

q x yq + q −y xq = (x + y)q ,

x, y ∈ Z.

Next, we transform the ﬁrst summand on the right-hand side of (3.14) with the help
of the relation

(3.16)

(3.17)

P + (k, i − k) + P+ (k, i − k) + Prow (k, i − k + 1) + Pcol (k + 1, i − k)


= TrR(2···A) M2 · · · MA ρR (EαΛ(r,s) )Rm+n−i · · · R1


= TrR(2···(m+n−i+1)) M2 · · · Mm+n−i+1 Rm+n−i · · · R1 sΛ(k,i−k) (M )
= φ(M m+n−i )sΛ(k,i−k) (M ).

In the above computation, ﬁrst we used (3.12), which yields (3.16). Expression (3.16)
turns out to be independent of a particular choice of the index α of the matrix unit.
Then we split (3.16) into two factors with the use of (2.19). Finally, the ﬁrst factor
is transformed in the same way that was used to derive relation (2.28) for the matrix
powers from the deﬁnition (2.27).
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Substituting (3.17) in (3.14), we get


min{i,m}

Φi = −φ(M m+n−i )

(−1)k q 2k−i sΛ(k,i−k) (M )

k=max{0,i−n}



min{i,m}

(3.18)

+

(−1)k

k=max{0,i+1−n}



min{i,m−1}

+

(−1)k

k=max{0,i−n}

(i + 1 − k)q (m + n − i + k + 1)q
Prow (k, i + 1 − k)
(m + n − i + 1)q

(k + 1)q (m + n − k + 1)q
Pcol (k + 1, i − k).
(m + n − i + 1)q

Here, to simplify the coeﬃcients at Prow (·, ·) and Pcol (·, ·), we have used the formula
(3.19) q −x

(x + y + 1)q zq
(x + 1)q (y + 1)q (x + z)q
+ qyq (x + z + 1)q + q z−y (x + 1)q =
,
xq
xq

which can easily be veriﬁed with the help of (3.15).
Finally, shifting the summation index k → k + 1 in the last summand in (3.18), we
arrive at (3.10).
Now it only remains to construct analogs of (3.10) for the boundary values i = 0 and
i = m + n.
For i = 0 we have
(3.20)

Φ1 = Prow (1, 0) + Pcol (0, 1) = φ(M m+n )sΛ(0,0) (M ),

which coincides with (3.10) if we set Φ0 = 0.
For i = m + n, the transformation of Φm+n is performed in the same way as we
did when deriving (3.10). A peculiarity of this case consists of two points. First, when
we carry out the computations, an additional term associated with the Young diagram
((n + 1)m+1 ) arises, and second, Φm+n+1 = 0. Thus,
(3.21)

Φm+n = (−1)m+1 q m−n IdV sΛ(m,n) (M )


 ((n+1)m+1 ) 
+ (−1)m (m + 1)q (n + 1)q TrR(2···A) M2 · · · MA ρR Em+1
,

 ((n+1)m+1 ) 
= 0, which is valid
which also has the same form as (3.10) provided that ρR Em+1
(by deﬁnition) in the GL(m|n) case.
Next, we add together the left- and the right-hand sides of all relations (3.10) and
(3.20), and then from the sum we subtract the corresponding parts of (3.21). Finally,
applying the map φ−1 (see (2.13), (2.14)) to the result, we arrive at the following theorem.
Theorem 3.1 (The Cayley–Hamilton identity). Let M be the matrix of generators of a
GL(m|n) type quantum matrix algebra M(R, F ). Then the following matrix identity is
true:
(3.22)

n+m

i=0



min{i,m}

M m+n−i

(−1)k q 2k−i sΛ(k,i−k) (M ) ≡ 0.

k=max{0,i−n}

If we multiply both sides of each of the matrix identities (3.10), (3.20), and (3.21) by
the matrix M from the left, these identities will turn into relations among the elements
of the space Pow(R, F ). Adding these relations together as in the proof of the Cayley–
Hamilton theorem, we establish a relationship among the elements of two basis sets of
the space Pow(R, F ) that were described in Proposition 2.9.
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Proposition 3.2. Let M be the matrix of generators of a quantum matrix algebra
M(R, F ) of Hecke
 the λ-powers of M corresponding to the rectangular Young
 type. Then
diagrams λ = (r + 1)s+1 , r, s = 0, 1, . . . , are expressed in terms of its kth powers as
follows:
(−1)s (s + 1)q (r + 1)q M (((r+1)
(3.23)
=

s+r

i=0



s+1

);s+1)

min{i,s}

M s+r+1−i

(−1)k q 2k−i sΛ(k,i−k) (M ).

k=max{0,i−r}
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