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ASYMPTOTIC DIMENSION OF A HYPERBOLIC SPACE AND
CAPACITY DIMENSION OF ITS BOUNDARY AT INFINITY

S. BUYALO

ABSTRACT. A quasisymmetry invariant of a metric space Z (called the capacity di-
mension, cdim Z) is introduced. The main result says that the asymptotic dimension
of a visual Gromov hyperbolic space X is at most the capacity dimension of its
boundary at infinity plus 1, asdim X < cdim 0oo X + 1.

§1. INTRODUCTION

The notion of the asymptotic dimension, which is a quasiisometry invariant of metric
spaces, was introduced in [Gi]. The present paper arose as an attempt to restore the
details of an argument sketched in [Grl 1.E}] to show that the asymptotic dimension of a
negatively pinched Hadamard manifold X is bounded above by dim X, asdim X < dim X.
In this way, the author has come to the notion of the capacity dimension of a metric
space, cdim, which, as I expect, should play an important role in many questions.

Recall that for every Gromov hyperbolic space X there is a canonical class of metrics
on the boundary at infinity 0., X called visual metrics; see 6l The main result of the
paper is the following.

Theorem 1.1. Let X be a visual Gromov hyperbolic space. Then
asdim X < cdim 0,0 X + 1
for any visual metric on 05 X.

The notion of a visual hyperbolic space (see [BoS]) is a rough version of the property
that, given a base point 0 € X, for every z € X there is a geodesic ray in X emanating
from o and passing through z; see §0l

The inequality of Theorem [[.1] is sharp. It is known that asdim H" = n for the real
hyperbolic space H", n > 2. On the other hand, the standard unit sphere metric is a
visual metric on the boundary at infinity 0, H* = S"~!, and cdim S"~! = n — 1; see
Corollary

The capacity dimension is a bi-Lipschitz invariant by definition. A remarkable fact
discovered in |LS] is that a closely related notion of the Assouad-Nagata dimension is a
quasisymmetry invariant. It turns out that the capacity dimension is also a quasisymme-
try invariant (see §4); in particular, the right-hand side of the inequality in Theorem [I]
is independent of the choice of a visual metric on 0., X . This is also compatible with the
fact that every quasiisometry of hyperbolic geodesic spaces induces a quasisymmetry of
their boundaries at infinity.

Now, we briefly describe the structure of the paper. In §2 we collect the notions and
facts of the dimension theory needed in the paper. Here we also recall the definition of the
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asymptotic dimension; see Subsection 2.4l In §3] we give three definitions of the capacity
dimension (each being useful in appropriate situations) and prove their equivalence. Here
we also compare the capacity dimension with the Assouad-Nagata dimension and obtain
the monotonicity of the capacity dimension. In §4] we prove that the capacity dimension
is a quasisymmetry invariant. The proof is based on some ideas of the paper [LS]. The
core of the paper is in §5l where we recall the notion of the hyperbolic cone over a
bounded metric space Z and prove the relevant estimate for the asymptotic dimension
of the cone in terms of the capacity dimension of the base Z. Finally, in 6] we discuss
some facts of the hyperbolic spaces theory and prove Theorem [l

Acknowledgements. The author thanks Urs Lang and Viktor Schroeder for inspiring
discussions.

§2. PRELIMINARIES

Here we collect some (more or less) familiar notions and facts of dimension theory
that are needed in what follows.

Let Z be a metric space. For U, U' C Z we denote by dist(U,U’) the distance
between U and U’, dist(U,U’) = inf{|uv’| : w € U, v’ € U’'}, where |uu'| is the distance
between u and w'. For r > 0, we denote by B,(U) the open r-neighborhood of U,
B.(U) = {z € Z : dist(z,U) < r}, and by B,(U) the closed r-neighborhood of U,
B, (U) = {z € Z : dist(z,U) <r}. We extend this notation to all real r by putting
B.(U) = U for r = 0, and defining B,(U) for » < 0 as the complement of the closed
|r|-neighborhood of Z \ U, B,(U) = Z \ B},|(Z\U).

2.1. Coverings. Given a family U of subsets in a metric space Z, we put mesh(U, z) =
sup{diam U : z € U € U} for every z € Z, and mesh(U) = sup{diam U : U € U}. Clearly,
mesh(U) = sup,c, mesh(U, z). In the case where D = mesh(U) < oo we say that U is
D-bounded.

The multiplicity m(U) of U is the maximal number of the members of & with nonempty
intersection. For r > 0, the r-multiplicity m,(U) of U is the multiplicity of the family
U, obtained by taking open r-neighborhoods of the members of U. So, m,.(U) = m(U,).
We say that a family U is disjoint if m(U) = 1.

A family U is called a covering of Z if | {U : U € U} = Z. A covering U is said to be
colored if it is a union of m > 1 disjoint families, U = J,c, U?, |A| = m. In this case
we also say that U is m-colored. Clearly, the multiplicity of an m-colored covering is at
most m.

Let U be an open covering of a metric space Z. Given z € Z, we put L'(U,z) =
sup{dist(z, Z\U) : U € U} and introduce the Lebesgue number of I at z by the formula

LU, z) = min{L' (U, z), mesh(U, z) }
(the auxiliary quantity L'(U, z) may be larger than mesh(i, z) and even infinite as, e.g.,
in the case where Z = U for some U € U). Next, L(U) = inf,cz L(U, z) is the Lebesque
number of U. We have L(U, z) < mesh(U, z), L(U) < mesh(U), and for every z € Z the

open ball B,.(z) of radius r = L(U) and centered at z is contained in some member of
the covering U.

Lemma 2.1. Let U be an open covering of Z with L({U) > 0. Then for every s €
(0, L(U)) the family U_s = B_4(U) is still an open covering of Z, and its s-multiplicity
mg(U_s) does not exceed m(U).

Proof. For every z € Z, the ball B,.(z), r = L(U), is contained in some U € U. Then

z € B_4(U) because s < r; thus U_; is an open covering of Z. Furthermore, since
By(B_4(U)) C U for every U C Z, we have ms(U—_s) = m(Bs(U—_5)) < m(U). O



ASYMPTOTIC DIMENSION 269

A covering U is said to be locally finite if for every z € Z only finitely many of its
elements intersect some neighborhood of z.

We define the nerve of U as a simplicial polyhedron whose vertex set is U, and a finite
collection of vertices spans a simplex if and only if the corresponding covering elements
have a nonempty intersection. Thus, its (combinatorial) dimension is m(U) — 1.

2.2. Uniform polyhedra. Given an index set J, we let R’ be the Euclidean space
of functions J — R with finite support, i.e., z € R’ precisely when only finitely many
coordinates x; = z(j) are nonzero. The distance |zz’| is well defined by

e’ P =" (x; — ).

jedJ

Let A7 C RY be the standard simplex, i.e., x € A7 if and only if z; > 0 for all j € J
and } . ;x5 = 1.

A metric in a simplicial polyhedron P is said to be uniform if P is isometric to a
subcomplex of A7 C R’ for some index set J. Every simplex ¢ C P is then isometric
to the standard k-simplex A ¢ R¥*! k = dimo (so, for a finite J we have dim A =
|J| —1). For every simplicial polyhedron P, there is a canonical embedding u : P — A7,
where J is the vertex set of P, namely, the embedding is affine on every simplex. Its
image P’ = u(P) is called the uniformization of P, and w is called the uniformization
map.

For example, the nerve N' = N (U) of a covering U = {U,}je; can always be viewed
as a subcomplex of A7, N C A7, and, therefore, as a uniform polyhedron.

2.3. Barycentric maps. Let i = {U, }c; be a locally finite open covering of a metric
space Z by bounded sets, and let N' = N (U) C A7 be its nerve. We define the barycentric
map

p:Z—N

associated with U as follows. Given j € J, we define ¢; : Z — R by ¢;(2) = min{diam Z,
dist(2, Z \ U;)}. Since U is open, > . ;qj(z) > 0 for every z € Z. Since U is locally
finite and its elements are bounded, ZjeJ gj(z) < oo for every z € Z. Now, the map
p is defined by its coordinate functions p;(z) = ¢;(2)/ > ;c;4i(2), j € J. Clearly, its
image lands at the nerve, p(Z) C N. Assume in addition that L) > d > 0 and that
the multiplicity m(U) = m + 1 is finite. Then it is easy to check (see, for instance, [BD],
[BS]) that p is Lipschitz with Lipschitz constant

(m+2)2.

1 <
Lip(p) < pi

Furthermore, for each vertex v € N the preimage of its open star, p~!(st,) C Z, coincides
with the member of the covering U corresponding to v.

An (open, locally finite) covering U’ is inscribed in U if every one of its elements is
contained in some element of I/. In this case there is a simplicial map p : N/ — A of the
nerves that takes every vertex v’ € N’ to some vertex v € N with v' C v (as covering
elements). It is easily seen that this rule is compatible with the simplicial structures of
N, N’ and, moreover, for every z € Z the point p o p/(z) lies in a face of the minimal
simplex containing p(z) € N.

Note that if mesh(U’) < L(U), then U’ is inscribed in U.
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2.4. Asymptotic dimension. The asymptotic dimension is a quasiisometry invariant
of a metric space; it was introduced in [Gr]. There are several equivalent definitions;
see [Gr], [BD]. We shall use the following one. The asymptotic dimension asdim X of a
metric space X is the minimal n such that for every A > 0 there is a A-Lipschitz map
f: X — P into a uniform simplicial polyhedron P of dimension at most n for which the
preimages f~!(c) C X of all simplexes o C P are uniformly bounded. We say that f is
uniformly cobounded if the last property is satisfied.

§3. CAPACITY DIMENSION

We give three equivalent definitions of the capacity dimension. Each of them is useful
in appropriate situations.

Let U be an open covering of a metric space Z. We define the capacity of U by

L)
mesh(U)
if mesh(U) = 0 or L(U) = mesh(U) = oo, we put cap(U) = 1 by definition.

cap(U) = € [0,1];

3.1. First definition. For 7 > 0, § € (0, 1), and an integer m > 0, we put
c1,7(Z,m, ) = sup cap(Uf),
]

where the supremum is taken over all open (m + 1)-colored coverings U of Z with o7 <
mesh(U) < 7.
Next, we put

c1(Z,m,0) = 1i£nj61f0177(2, m,9).
The function ¢ (Z,m,d) is monotone in 8: ¢1(Z,m,d8") > ¢1(Z,m,d) for § < §. Hence,
there exists a limit ¢1(Z, m) = lims_,g ¢1(Z, m, ). Now, we define the capacity dimension
of Z as

cdimy (Z) = inf{m : ¢;(Z,m) > 0}.

3.2. Second definition. For 7 > 0, 0 € (0,1), and an integer m > 0, we put
CZ,T(Za m, 5) = sup Cap(u)a
u

where the supremum is taken over all open coverings U of Z with multiplicity not ex-
ceeding m + 1 and 7 < mesh(U/) < 7. Now, we proceed as above, putting

co(Z,m,0) = lim iélf c2,+(Z,m,0),

co(Z,m) = lims_,0 c2(Z,m, d), and finally
cdimy(Z) = inf{m : c2(Z,m) > 0}.

3.3. Third definition. Let f : Z — P be a map into an m-dimensional uniform
polyhedron P. We define mesh(f) as the supremum of diam f~!(st,) over open stars
st, C P of vertices v € P. Next, we introduce the capacity of f as

cap(f) = (Lip(f) - mesh(f)) ™",
and for 7 > 0, § € (0,1), and an integer m > 0 we define c3 -(Z,m,d) = sup; cap(f),
where the supremum is taken over all Lipschitz maps f : Z — P into m-dimensional
uniform polyhedra P with 7 < mesh(f) < 7. Then, as above, we define ¢3(Z, m,J),
cs(Z,m), and
cdimz(Z) = inf{m : ¢3(Z, m) > 0}.

The basic motivation for the introduction of the capacity dimension is that sometimes

we need to control the Lebesgue number L(U) of coverings involved in the definition of
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a dimension, e.g., we may need that the capacity cap(U) stay separated from zero for
U'’s chosen appropriately. In general, there is no reason for that. However, if we allow
coverings with larger multiplicity, we can typically gain control over L(I/), and it may
happen that dim Z < cdim Z.

Another feature of the definitions is that they involve the auxiliary variable § and
the functions ¢; (Z,m,d), i = 1,2,3. This is done for a technical reason, to enable
“Cech approximations” U, for which mesh(U1) is not extremely small compared with
mesh(Uy,) for every k.

3.4. Equivalence of the definitions. The proof of the statement that the three ca-
pacity dimensions coincide is standard; cf. [BD| [BS, [LS].

Proposition 3.1. All three capacity dimensions coincide,
cdim; = cdimy = cdims .

Proof. The multiplicity of every (m 4+ 1)-colored covering is at most m + 1. Thus,
c1,-(Z,m,0) < cor(Z,m,d) for all 7 > 0, § € (0,1), and an integer m > 0, and hence

For every integer m > 0, every open covering U of Z with multiplicity at most m + 1
is locally finite. If, moreover, its Lebesgue number is positive, L(U/) > 0, then the
barycentric map p : Z — N (N = N(U) is the nerve, dimN < m) is Lipschitz with
Lip(p) < (m+2)?/L(U). Since p~!(st,) = U for the vertex v € N corresponding to U €
U, we have mesh(p) = mesh(i). Thus, for capacities we have (m + 2)? cap(p) > cap(U),
and co ;- (Z,m,8) < (m + 2)%c3 (Z,m,§) for all 7 > 0, § € (0,1), and an integer m > 0.
Hence, cdims(Z) < cdima(Z2).

Finally, we can assume that m = cdims(Z) < oo. Then ¢y = gc3(Z,m) > 0 and
c3(Z,m,d) > 4cg for all sufficiently small & > 0, ¢3,(Z,m,d) > 2¢q for all sufficiently
small 7 > 0. Thus, there is a Lipschitz map f : Z — P into an m-dimensional uniform
polyhedron P with 67 < mesh(f) < 7 and cap(f) > ¢o. Every a-dimensional simplex o C
P is labeled by its barycenter, which is the vertex v, in the first barycentric subdivision
baP of P. We view A = {0,...,m} as the color set, and for a € A we let P* be
the family of the open stars st, in ba P for all vertices v, with dimo = a, P* =
{sty : 0 C P,dimo = a}. The family P is disjoint, st, Nst,y = & for o # o', and
P =U,ca P® is a covering of the polyhedron P. Thus, the open covering P is (m + 1)-
colored.

Now, U = p~!(P) is an (m + 1)-colored open covering of Z, U = |J,c, U", where
U* = p~1(P%). Since the stars st, of ba P are contained in appropriate open stars of P,
we have mesh(U/) < mesh(f) < 7. Since the polyhedron P is uniform, there is a lower
bound [,, > 0 for the Lebesgue number of the covering P. Therefore, for the Lebesgue
number of U we have L(U) > I,,,/ Lip(f). This implies cap(U) > I, cap(f) > lnco and

mesh(U) > L(U) > l,, cap(f) mesh(f) > l,,codT.

Putting everything together, we obtain ¢1 ,(Z, m,l,,c00) > co > 0 for every sufficiently
small positive 7, §. Thus, cdim;(Z) < m = cdims(Z). O

From now on, we denote by cdim Z the common value of the capacity dimensions of Z.
Clearly, the capacity dimension dominates the topological dimension, dim Z < cdim Z.
The condition for coverings to be open in the first and second definitions is inessential,
and one can define cdim Z using coverings by arbitrary sets.

The following characterization of the capacity dimension allows us to compare it with
the Assouad—Nagata dimension; see [Ag], [LS].
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Proposition 3.2. The capacity dimension of a metric space Z is the infimum of all
integers m with the following property: there exists a constant ¢ > 0 such that, for all
sufficiently small s > 0, Z has a cs-bounded covering with s-multiplicity at most m + 1.

Proof. We must prove that cdim Z = cdim’ Z, where cdim’ Z is defined in accordance
with the proposition,
cdim’ Z +1 = lin(;Lo lim sup inf{ms(U) : mesh(U) < cs}.
c— s—0
Let m’ = cdim’ Z. Then there are positive numbers ¢ and sg such that for every s € (0, s
there is a covering U of Z with ms(U) < m' 4+ 1 and mesh(U) < cs. Given a covering U
of Z with mesh(U) < ¢s, note that the covering Us = B,(U) is open, m(U;) = ms(U),
and
s < L(Us) < mesh(Us) < mesh(U) + 2s < (¢ +2)s.
Thus, for the capacity of Us we have cap(Us) > 1/(c+2). It follows that co - (Z,m/, ) >
1/(c+2) for 7= (c+2)s and § € (0,1/(c+ 2)). Hence, c2(Z,m’') > 1/(c+ 2) > 0 and,
therefore, cdim Z < m/.

Conversely, put m = cdim Z. Then ¢y = %CQ(Z, m) > 0, ca(Z,m,d) > 4cy for all
sufficiently small § > 0, and ¢z ,(Z,m,d) > 2¢q for all 7, 0 < 7 < 7. This means
that there is an open covering U of Z with 67 < mesh(U) < 7 and L(U) > comesh(U),
and with multiplicity at most m 4+ 1. Then s = ¢od7/2 < L(U). By Lemma 2] the
family U_, = B_,(U) is a covering of Z with mesh(U_;) < mesh(U) < Co%s, and for its
s-multiplicity we have mg(U_s) < m(U) < m + 1. Fixing a sufficiently small § as above
and letting 7 — 0, we obtain cdim’ Z < m. O

This characterization immediately implies the following.

Corollary 3.3. The capacity dimension is monotone: cdimY < cdim Z for every Y C
Z. O

If we omit “sufficiently small” from the statement of Proposition [3.2] then we come
up with the Assouad—Nagata dimension of Z, ANdim Z. Thus we obtain the following
corollary.

Corollary 3.4. For every metric space Z we have cdim Z < ANdim Z. O
The next corollary is a consequence of [LS].
Corollary 3.5. Every compact Riemannian manifold M satisfies cdim M = dim M .
Conversely, the Assouad—Nagata dimension can be characterized by the formula
ANdim Z = inf{m > 0: c4,(Z, m) > 0},

where
/ 1 .
co(Z,m) = }13(1) ir;% c2,+(Z,m,0).

Loosely speaking, the Assouad—Nagata dimension takes into account all scales, while the
capacity dimension only all sufficiently small scales, like the topological dimension does.

§4. QUASISYMMETRY INVARIANCE

The capacity dimension (as well as the Assouad—Nagata dimension) is obviously a
bi-Lipschitz invariant. The striking fact discovered in [LS] is that the Assouad-Nagata
dimension is a quasisymmetry invariant.

A map f: X — Y between metric spaces is said to be quasisymmetric if it is not
constant and there is a homeomorphism 7 : [0,00) — [0,00) such that from |za| <
t|xb| it follows that |f(x)f(a)| < n(t)|f(x)f(b)| for any a, b, x € X and all ¢ > 0. In
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this case, we say that f is n-quasisymmetric. It is easily seen that f is injective and
continuous, and f~1: f(X) — X is n/-quasisymmetric with /(t) = 1/~ (¢t~ 1) for t > 0.
Furthermore, if f : X — Y and g: Y — Z are ny- and 74-quasisymmetric, respectively,
then go f : X — Z is (ng o ny)-quasisymmetric. A quasisymmetric homeomorphism is
called a quasisymmetry. For more details on quasisymmetric maps, see [He].

For example, the transformation d +— dP of a metric d, where 0 < p < 1, is a qua-
sisymmetry called a snow-flake transformation (see, e.g., [BoS|). Such a transformation
can be far from being bi-Lipschitz because the nontrivial rectifiable paths with respect
to the metric d are nonrectifiable with respect to the metric dP.

Theorem 4.1. The capacity dimension is a quasisymmetry invariant of metric spaces.
Combining this with Corollary B3], we obtain the following.

Corollary 4.2. Assume that there is a quasisymmetric f : X — Y. Then cdim X <
cdimY. ]

Using Proposition 3.2, we can refer to [LS, Theorem 1.2] for the proof of Theorem [£1]
because, actually, the same argument works in our case. However, we give a different
proof of Theorem 1] based on ideas from [LS], as an attempt to understand very nice
and concise arguments in [LS].

A key ingredient of the proof of Theorem [4.1]is the existence of a sequence of coverings
established in Proposition 4] below.

We say that a family U of sets in a space X is separated if different members U, U’ € U
are either disjoint, U N U’ = @&, or one of them is contained in the other. Note that if U/
is separated, then B_,(Uf) is separated for every s > 0.

Let U, U" be families of sets in X. We denote by U * U’ the family obtained by
taking for every U € U the union V of U and all members U’ € U’ that intersect U,
UxU ={V :U eU}. Tt is straightforward to check that the following is true.

Lemma 4.3. Let U, U be separated families in X such that no member ofa intersects
disjoint members of U. Then the family V = U xU UU 1is separated; moreover, if U is
disjoint, then U xU is also disjoint. (]

Proposition 4.4. Suppose that X is a metric space with finite capacity dimension,
cdim X < n. Then there are positive constants cg, & such that for every sufficiently
small v > 0 there exists a sequence of open coverings U; of X, j € N, with the following
properties:

(1) for every j € N, the covering U; is (n+ 1)-colored by one and the same color set
A Uy =UgeaUss [Al =n+1;
(ii) for every j € N, we have

617 <mesh(U;) <17 and L(U;) > comesh(U;);

(ili) for every i > j, the covering U; is inscribed in the covering Us;

(iv) for every a € A, the union U* = ;o US is separated.
Proof. The most important property is (iv). The existence of a sequence of coverings ﬁj,
j € N, of X satisfying (i)—(iii) is an easy consequence of the condition cdim X < n and the
definition of cdim. Namely, as in the proof of Proposition[3:2, we have ¢f; = %cl (X,n) >0,
c1(X,n,d8") > 4cp for all sufficiently small §' > 0. We fix such a number §’, and note
that ¢1 (X, n,0") > 2¢) for all 7, 0 < 7 < 79. This means that for every 7 € (0, 79] there
is an open (n + 1)-colored covering U, of X with ¢’ < mesh(U,;) < 7 and the capacity
arbitrarily close to ¢ (X, n,d"), in particular, L(U,) > ¢ mesh(U;).
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We take a positive » < min{c,é’/4,70}, and for every j € N consider the covering
U U;;, where 7; = r7. Then the sequence UJ, j € N, of open coverlngs of X satisfies
conditions (i) and (ii) (Wlth 0 = ¢ and ¢g = ¢f,). Since L(L{~) > cpd'rd > ritl >
mesh(LA{jH) the covering UJH is inscribed in Z/lJ, so that (iii) is also satisfied.

Now, we modify the sequence {L{j} so as to keep properties (i)—(iii) preserved and to
obtain (iv). This can be done, e.g., as in [LS| Proposition 4.1]. We take another track
to show a different possibility.

For k € N, we put s, = ¢;0'r*/4. Fix a color a € A and define V{f = U, := ue.
Assume that for £ > 1 the family V} is already defined, it is separated, and V; =
U;C:l U\, where each family U7, is disjoint. Now, we define

Vi1 = Bos, (V) * Uy VU

Then Vi, = UkJrl ¢y, Where U = B (Ufy) >|<Z:l\,‘c‘+1 for 1 < j < k and

Ui k1 = Ugyq- Since mesh(ﬁg+1) < mesh(Uy11) < r*+! < 55, no member of z]g+1
intersects disjoint members of B_,, (Vi!). Then, by Lemma 3] the family V} , is sepa-
rated and the family U7, ., is disjoint for every 1 < j <k +1.

From the definition of U¢,,, = B, (Uf;) Ug,, and the fact that r5+1 < s it
follows that, for every k > 1 1 <5 <k, every member U € U? k1 is contained in a
unique member U’ € U7\ In this sense, for every j € N the sequence of families U,
k > j, is monotone, U}, S U1, and the intersection (), - ;U7 is defined in an obv1ous
sense.

We put 55 = > 45,86 = cyd'r7/4(1 — r). Then §; < cpd'ri < L(Z/{) for every
j > 1. By Lemma 21l the family Z;{\J’ = B 3 (Z;{}) is still an open covering of X, and
B_g, (Z/AIJ“) C N> U5y for every a € A, j € N. Now, for the interior U = Int(ﬂkzjgﬁk),
the family U; = U, U} is an open (n + 1)-colored covering of X inscribed in U; for
every j € N. Then mesh(l;) < mesh(L{ ) <71,

Since 7 < 1/2, we have 5; = ¢(6'r7/4(1 —r) < ¢{d'r7/2 for every j € N. The
covering U} is inscribed in Uj; thus L(Uy) > L(U)) > cpd'r! — 55 > ¢4d'r? /2. We put
§ := ¢(¢'/2 =: ¢y. Then mesh(U;) > L(U;) > dr? and L(U;) > comesh(U;). Since
L(U;) > ri*1 > mesh(U;41), the covering U4 is inscribed in U; for every j € N.
Therefore, the sequence of open coverings U, j € N, satisfies (i)—(iii). For every a € A,
k > 1, the family V; is separated. It follows that the family U® = UjEN Uj is also
separated, so that (iv) is also true. O

~

We define the local capacity of an open covering U of a metric space Z by

LU, z)

capioc(U) = inf mesh(U, z)

Clearly, 1 > cap,,.(U4) > cap(Ud). The advantage of the local capacity over the capacity
is that its positivity is preserved under quasisymmetries quantitatively; see Lemma
This implies that a dimension defined exactly as the capacity dimension but with re-
placement of the capacity of coverings by the local capacity is a quasisymmetry invari-
ant. However, that invariant is not as good as the capacity dimension for applications.
We use the local capacity of coverings only as an auxiliary tool to prove quasisymmetry
invariance for the capacity dimension.

Lemma 4.5. Let U be an open covering of a metric space Z, f : Z — Z' an n-
quasisymmetry, U' = f(U) the image of U. Then for the local capacities of U and
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U’ we have

2
— < 16| ——= | .
apiocU) ”(caploc(w)
Proof. We may assume that cap),.(U) > 0. We fix z € Z and consider U € U for which
z € U and dist(z,Z\U) > L(U, z)/2. For 2’ = f(z) and U’ = f(U), thereis a’ € Z'\ U’
with |2/a’| < 2dist(2/, 2’ \ U’). Then |2'a’| < 2L(U',%"), and for a = f~1(a’) we have
|za| > dist(z, Z\ U) > LU, z)/2.
Similarly, consider V' € U’ with 2/ € V' and diam V' > mesh(U’, 2’)/2. There is
V € V' with |2/b/| > diam V'/4. Then [2'0'| > mesh(U’,2')/8, and for b := f~1(V') we
have |zb| < mesh(U, z). Therefore,
LU, =) < 2|zal
mesh(U, z) — |zb]
with ¢ = 2/ cap,.(U). Tt follows that |2'b'| < n(t)|z'a’| and

L',z |2'd’] -1
> > (16n(t
mesh(U’, z') — 16|2'V| = (16n(1))

for every z’ € Z'. Then cap,,,(U") > (1617(%))_1. O

CaplOC

capy,(U) < and  |20] < t|2aq

A covering U of Z is said to be c-balanced, ¢ > 0, if inf{diam(U) : U € U} > c-mesh(Uf).
The notion of a balanced covering combined with the local capacity allows us to estimate
the capacity of a covering from below as follows.

Lemma 4.6. If an open covering U of a metric space Z is ci-balanced and its local
capacity satisfies cap,.(U) > co, then cap(U) > co - c1.

Proof. Since U is cq-balanced, we have mesh(U, z) > c¢; - mesh(U) for every z € Z.
Since capy,.(U) > co, we have L(U,z) > co - mesh(U, z) for every z € Z. Therefore,
L(U) > cocq - mesh(U). O

Let f: X — Y be a quasisymmetry. To prove Theorem 1] it suffices to show that
cdimY < cdim X. The idea is that, starting with a sequence U;, j € N, of coverings of X
as in Proposition [£4] we shall construct a covering V of X with local capacity uniformly
separated from 0 (see Lemma [L9]) and such that its image f(V) has an arbitrarily small
mesh and is balanced (see Lemma[I0). Then, by Lemmad6] combined with Lemma ]
the capacity of the covering f(V) of Y is bounded away from zero, which implies cdim Y <
cdim X .

Fix a sufficiently small » > 0 and consider the sequence of open coverings U; of X as
in Proposition 24l We can assume additionally that diam U > L(U;) for every U € U,
because if diam U < L(U;), then U is contained in another member U’ € U; and, thus,
it can be deleted from U; without destroying any property among (i)-(iv).

As in [LS], we put U = J;enU; and for s > 0 consider the family U(s) = {U € U :
diam f(U) < s}.

Lemma 4.7. For every s > 0 the family U(s) is a covering of X.

Proof. We fix € X, consider 2’ € X different from z, and put y = f(z), vy = f(z').
For every j € N there is U; € U; containing z. Take y; € f(U;) with diam f(U;) < 4|yy,|

and consider x; = f~'(y;). Then |zz;| < tj|lza’| with t; — 0 as j — oo, because
diam U; < 7/ — 0. Therefore, diam f(U;) < 4lyy;| < 4n(t;)|yy’| < s for sufficiently large
j. Hence, U; € U(s). O

A family V C U(s) is minimal if every U € U(s) is contained in some V' € V and no
two different V, V/ € V are contained one in the other.
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Lemma 4.8. For every s > 0 there is a minimal family V C U(s). Every minimal family
V CU(s) is an (n + 1)-colored covering of X .

Proof. Given s > 0, we construct a family V C U(s) by deleting every U € U(s) that is
contained in some other U’ € U(s). Now, V is what remains. We only need to check that
for every U € U(s) there is a maximal U’ € U(s) with U C U’. From Proposition [44]i) it
follows that for every j € N there are only finitely many U’ € U; containing U (because
all of them must have different colors). Since mesh(U;) — 0 as j — oo, there are only
finitely many U’ € U(s) containing U and hence there is a maximal U’ € U(s) among
them.

Let V C U(s) be a minimal family. By Lemma [£7] the family U(s) is a covering
of X, and the definition of a minimal family implies that V is also a covering of X.
Proposition £4)(iv) shows that different V, V' € V having one and the same color are
disjoint. Thus, V is (n + 1)-colored. O

Lemma 4.9. There is a constant v > 0 depending only on cg, d, r, and n and such that
for every s > 0 every minimal covering V C U(s) satisfies cap,,.(V) > v.

Proof. Let V C U(s) be a minimal family. Given z € X, we put j = j(z) = min{i € N :
z €V €VNU;}. Then mesh(V,z) < /. We fix V € VNU; containing z, v € V with
4|zv| > diam V and note that diam V > L(U;) > codr? by our assumptions.

Furthermore, we fix p > 0 with 4n(4p/cod) < 1. Now we check that for i € N
with =9 < u every U € U; containing x is a member of U(s). There is u € U with
4f(x)f(uw)] > diam f(U). We have |zu| < t|zv| for some ¢ < 4diamU/diamV <
4r'=7 [cod < 4p/cod. Then diam f(U) < 4]f(x)f(u)| < 4n(dp/cod)|f(z)f(v)| < diam V
<s; thus U € U(s).

Therefore, L(V,z) > L(U;) > codr’. Assuming that i is taken to be minimal with
r*=9 < p, we obtain L(V,x) > coduri*t. Thus, % > v = coopr for every x € X,
and cap,.(V) > v. O

Lemma 4.10. If V C U(s) is a minimal family, then the (n + 1)-colored covering W =
fV) of Y satisfies diam W > s/4n(t) for every W € W, where t = 4/codr. In particular,
mesh(W) > s/4n(t), and W is c-balanced with ¢ > 1/4n(t).

Proof. Note that mesh(W) < s by the definition of (s). Take any W € W and consider
V = f~1(W). We may assume that V € U; for some j € N. Then diamV > L(U;) >
codr’ by our assumption on the sequence {Uf;}.

For any U € U with V C U, we have diam f(U) > s because the family V is minimal.
Since the covering U; is inscribed in U;_, there is U € U;_; containing V; in particular,
diam f(U) > s.

Take y € W C f(U). There is y' € f(U) with |yy'| > diam f(U)/4 > s/4. For
r = f"Hy), 2’ = f71(y) we have |z2’| < diamU < mesh(U;—1) < r/=!. There is
v € V with |zv| > diam V/4 > cqér? /4. Thus, |z2'| < r7=1 < tjzv| for t = 4/codr. For
w = f(v) € W we obtain |yy’| < n(t)|yw| < n(t) diam W. Hence, diam W > s/4n(t). O

Proof of Theorem 1l Let f: X — Y be an n-quasisymmetry. We show that cdimY <
n for every n > cdim X. Fix a sufficiently small » > 0 and consider a sequence U, j € N,
of coverings of X as in Proposition 4] with positive ¢y, 6. Then, by Lemmas 48 and
[AI0, for every s > 0 we have an open (n + 1)-colored covering W of Y with s/4n(t) <
mesh(W) < s, which is c¢-balanced, ¢ > 1/4n(t), where t = 4/codr. Moreover, by
Lemmas and 9] its local capacity cap,,.(W) is at least d, where the constant d > 0
depends only on 7, ¢g, ¢, and r. Then by LemmalZ.6lwe have cap(WW) > ¢-d independently
of s.
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This shows that ¢1 4(Y,n,0") > c-d for every s > 0, where ¢’ = 1/4n(t). Hence,

c1(Y,n) >c-d>0and cdimY < n. O

85. ASYMPTOTIC DIMENSION OF A HYPERBOLIC CONE

Let Z be a bounded metric space. Assuming that diam Z > 0, we put p = 7/ diam Z
and note that p|zz'| € [0, 7] for every z, 2/ € Z. Recall that the hyperbolic cone Co(Z)
over Z is the space Z x [0,00)/Z x {0} with metric defined as follows. Given x = (z,t),
x' = (,t') € Co(Z), we consider a triangle 5T % C H? with [6Z| = t, [67'| = ' and with
the angle Z5(Z,T’) = u|z2'|. Now, we put |zz’| := |[TZ'|. In the degenerate case Z = {pt}
we define Co(Z) = {pt} x [0, 00) as the metric product. The point 0 = Z x {0} € Co(Z)
is called the vertez of Co(Z).

Theorem 5.1. For every bounded metric space Z we have
asdim Co(Z) < ¢dim Z + 1.

The proof occupies Subsections B.IH5.5l In Subsections £.3H5.5] our arguments are
close to those in [BD), §2].

5.1. Some estimates from hyperbolic geometry. We denote by Z; the metric
sphere of radius ¢ > 0 around o in Co(Z). There are natural polar coordinates x = (z,t),
z€ Z,t>0,in Co(Z). Then Z; = {(z,t) : z € Z} is the copy of Z at the level ¢. For
t > 0, we denote by m; : Z; — Z the canonical homeomorphism, m(z,t) = z.

Let U be an open covering of Z with multiplicity m + 1 and positive Lebesgue number
L(U). Let N = N(U) be the nerve of U, p : Z — N the barycentric map. Then

Lip(p) < (7222{2)) : (see Subsection[23]). For every t > 0 consider the induced covering U; =

7y H(U) of Z; whose nerve is canonically isomorphic to A/, and consider the corresponding
barycentric map p; : Uy — N.

Given A\ > 0, we want to find ¢ > 0 and conditions on U ensuring that Lip(p;) < A
and that p, is still uniformly cobounded with respect to the metric induced from Co(Z).
To this end, first we recall the hyperbolic cosine law. For ¢ > 0 and « € [0, 7], we define
a = a(t,a) by

cosh a = cosh?(t) — sinh?(¢) cos v,
i.e., a is the length of the base opposite to the vertex o with angle a of an isosceles
triangle in H? with sides ¢t. Then for « sufficiently small, we have

1
cosha =1+ 5 sinh?(t)a? 4 sinh?(t) - o(a®).

Assume that small A\, ¢ > 0 are fixed so that d := M —Inl— (mi2)?

> o and
or < puL(U) < pmesh(U) < T

for sufficiently small 7. We put

2 2 2
t =In— + (m+2)
A
Then tT—2d:1n%,and for t; —2d <t < t, we have

1 1 2)2
sinh?(t)(o7)? ~ Ze%(aT)Q > — =exp <(m+)> > 1,

~ o2 A

while

m 2
sinh?(t) - o(73) < o(7) - exp <4(:\r2)> < 1.
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Observing that L(U;) = a(t, uL(U)), we obtain
A

cosh(L(Uy)) > 1+ %Sinh2(t)(07)2 >1+ %exp (M)

up to a negligibl H L(Uy) (m+2) d Lip(p;) < (m+2)? A
p gligible error. Hence 1) > =5 and Lip(p:) < Ty < A

Similarly, mesh(i;) = a(t, pmesh(U)), and, as above, for ¢, —2d <t < ¢, we obtain

4(m + 2)2> ’

1 1 1
cosh(mesh(Uy)) <1+ 3 sinh?(t)72 ~ 1+ §€2t7'2 <1+ 5 ©XP ( 3

which gives an upper bound for mesh(l;) depending only on .

5.2. Cech approximation. Here we construct a sequence {Ux} of coverings and asso-
ciated barycentric maps to be used in the proof of Theorem (Il We may assume that
the capacity dimension of Z is finite, m = cdim Z < co. Then ¢y = %CQ(Z, m) > 0, and
c2(Z, m,§) > 4cg for all sufficiently small § > 0 (see §3). Given A > 0, we take § > 0 so
that o2 o2
d:= Ll—; ) + In(cpd) = Ll;;\ ) ,
assuming that \ is sufficiently small to satisfy c2(Z, m, §) > 4cg. Then co - (Z,m, ) > 2¢q
for all 7, 0 < 7 < 19. Consider the sequence 7, k > 0, defined recursively by 7,41 =
e~247;. Recall that y = m/diam Z. Then the second definition of cdim Z shows that for

every k > 0 there is an open covering Z:ik of Z with
(i) mh) <m+1;
(i) 01, < pmesh(Uy) < 7 and L(Uy) > co mesh(Uy,).
Since ,uL(Z/A{k) > 0T > Tyl > ,umesh(]jlkﬂ), we additionally have
(iii) z],m is inscribed in Z:ik for every k
(cf. Proposition [4]). We put
2 2 2)2
tp =In— + M’
Tk A
Zy = Zy, C Co(Z), and for every ¢t > 0 and every integer £ > 0 consider the covering
U = wgl(uk) of Z;. Note that its nerve is independent of ¢ > 0 and can be identified
with My, = N(Ug). Then ¢, — tx,—1 = 2d, and, using the estimates from Subsection [5.1]
with 7 = 75, and 0 = ¢y, for the barycentric map p;j : Zy — N}, associated with the
covering Uy, we see that Lip(p, ) < A for all 1 < ¢ <ty and all k£ > 1. We put
Uy, = Uy, and py = py i @ Zi, — Ni. Then Lip(pg) < A. Furthermore, mesh(U)
is bounded above by a constant depending only on A, mesh(Uy) < const()\), for all k.
Hence, the preimages of all simplexes in N} under p; have uniformly bounded diameter
not exceeding const(A) independently of k.

5.3. Homotopy between p; and py o pry1. By (iii), for every k there is a simplicial
map pi : N1 — Ny such that py o pri1(z, tky1) lies in a face of the minimal simplex
containing py(z,t;) € Ny for every z € Z.

Lemma 5.2. For every k, the map pr : Nxy1 — Ny is c1-Lipschitz with ¢; = c¢1(m)
depending only on m.

Proof. Recall that the nerve N} is a uniform polyhedron, and that p is affine on every
simplex, sending it either to an isometric copy in N or to a face of it. In either case,
pi is c1-Lipschitz on every simplex. If z, 2’ € Njyy1 are in disjoint simplexes, then
|z —2'| > Cif for some ¢; = ¢;(m) > 0, and |pg(x) — pr.(2')| < v/2. The remaining case,
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when z, 2’ are sitting in different simplexes in N1 with a common face, is left to the
reader as an exercise. a

Consider the annulus Ay C Co(Z) between Zy, and Zt, 14, Ay = Z X [tx, tx, +d] in polar
coordinates. We put s = si(t) = é(t —ty) for tx, <t <t + d and define a homotopy
hi + A — Nj x [0, 1] between py and py o pgt1 by

hi(z,t) = (1 — 8)pr(2, tr) + $pk © Prr1 (2, tey1), 5).

This is well defined because the points px(z,tx) and pg © pr11(2,tkt1), 2 € Z, can be
joined by a segment in an appropriate simplex.

Lemma 5.3. The map hy, is coA-Lipschitz with respect to the product metric on Ny x [0, 1]
for some constant ca = co(m) > 0 depending only on m.

Proof. By the convexity of the distance function in Euclidean space, the distance between
hi(z,t), hi(2',t) € Ng x {s} is bounded above by the maximum of the distances between
the endpoints of the vertical segments z x [0, 1], 2’ x [0, 1]; therefore,

() = Pue(ay)| < max{[pr(2x) — pr(@i)|s [pr © Prt1 (@rs1) = pr 0 Pry1 (g1}
where ty <t <ty +d, v, = (2,1), vy = (2',t), 2 = 21,, ), = 2}, . On the other hand,

(k) — pr(a),)| < Lip(py)zray] < Az,
and by Lemma we have

|k 0 Py 1 (Th1) = pr 0 Pry1 (Th1) = ok 0 Prky1 (@) — pr 0 Pe g ()]
< 1 Lip(py, 1) |wewy| < x|z

for t;, <t < tx + d. Furthermore, since every edge of any standard simplex has length
V2, we have
3
\hi(2',t) — by (2, 8)| < V3]s — §'| = %\( L )],
where s’ = s, (t'). Since

|(z, 1) (2", )| = max{|z,af], [(z',1) (2, 1) [}
(ift/ >t) and d = %, we see that Lip(hg) < ca. O

5.4. Simplicial mapping cylinder of p;. We consider the annulus By, C Co(Z) be-
tween Zy, 44 and Zy11, B = Z X [t;, +d, ti11] in polar coordinates, and define gy, : By, —
Ni41 % [0,1] as follows: gi(2,tx +d) = (Prt1(2, tht1),0), g (2, tet1) = (Prg1(2, thg1), 1),
and gy, is affine on every segment z X [ty + d, tx41] C B, 2z € Z.

Since é < A, the estimates in Subsection show immediately that gj is A-Lipschitz
(with respect to the product metric on N1 x [0,1]).

Next, we recall the notion of the simplicial mapping cylinder for a simplicial map
p : K — L of simplicial complexes (see, e.g., [Sp]). Assuming that the vertices of K
are linearly ordered, we introduce the mapping cylinder C, of p as a simplicial complex
whose vertex set is the union of the vertex sets of K and L, and whose simplexes are
the simplexes of K and L and all subsets of the sets {vo, ..., v, p(vk), ..., p(vp)}, where
{vo <--- < wp} is a simplex in K.

Now, assuming that a linear order on N is fixed, we triangulate Njy1 x [0,1]
as the mapping cylinder of the identity map and introduce the canonical simplicial map
¢k : N1 %x[0,1] — Cy, = C,, that sends Ny41 x{0} onto the subcomplex pi(Ni41) C Ci
by pr, and Nyi1 x {1} onto Nyy1 C Cy identically.

By [BD!. Proposition 3], ¢y is c¢(m)-Lipschitz for some constant ¢(m) > 0 depending
only on m > dim N 1, where the cylinder C}, is endowed with the uniform metric (there
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is & minor inaccuracy in an argument in [BD], namely, it is claimed that a simplicial
map between uniform complexes is always 1-Lipschitz, which is not true as is easily seen
for A™ — Al with m > 2: this map is only c(m)-Lipschitz; see Lemma [(.2). Finally,
the composition ¢y o gx : By, — Cj is cgA-Lipschitz with ¢35 = c¢3(m). Note that hy and
¢k © g coincide on Zy, +q = A N B C Co(Z) if we identify pg(Nit1) C Ck with a
subcomplex in A}, x {1}.

5.5. Proof of Theorem 5.1l For every sufficiently small A > 0, we must find a uniform
polyhedron P with dim P < cdim Z + 1 and a uniformly cobounded A-Lipschitz map
f:Co(Z)— P.

Given A > 0, we take 6 > 0 as in Subsection Then we generate the sequence {7x}
of positive reals, the sequence {Uy} of open coverings of Z, k > 0, and all the machinery
around them from Subsections

With this at hand, we define P as the uniformization of the union

P' =P ] P,
k>0

where Py is constructed out of the uniformization of Ny x [0,1] (triangulated by fixing
a linear order on N}) and the simplicial mapping cylinder Cj by attaching them along
the common subcomplex pg(Ngi1) C (N X {1}) N Ck. Furthermore, Py is attached
to Py along the common subcomplex N1 for every k > 0. The polyhedron P_; is the
cone over Ny attached to Py along the base. Then dim P < m + 1 for m = cdim Z.

The map f : Co(Z) — P is obtained by composing the map f’: Co(Z) — P’ with the
uniformization of P’, where f’ coincides with hj on Ay and with ¢y o g, on By, for every
k > 0. Finally, f’ is affine on every segment z x [0,tg], 2 € Z, and sends o = Z x {0} to
the vertex of P_;. Lemma [5.3] and Subsection [5.4] imply that f is ¢A-Lipschitz for some
¢ =c(m) >0 on every Ay, By, k>0, and on Z x [0,t] C Co(2).

Since diam P < v/2 and é < A, the cA-Lipschitz condition is certainly satisfied for the
points (z,t), (2/,¢') € Co(Z) separated by some annulus Ay or By. Thus, we assume that
(z,t) and (2/,t') are sitting in adjacent annuli. Unfortunately, we cannot directly apply
the argument in [BDl Proposition 4], which would be well adapted to our situation if
Co(Z) is geodesic. In general, this is not the case, and we slightly modify the argument
as follows.

Assume that t' > ¢. We take t” € (¢,1') for which (2/,t") is common for the annuli,
and note that

|(Z7t)(2/7t/)| > max{|(27t)(217t)|7 |t _tll = |t - t//| + ‘t// - t/‘}

by the geometry of Co(Z). Now, the required Lipschitz condition for the pair (z,t) and
(2, ") follows in an obvious way from the conditions for the three pairs: (z,t) and (2/,¢);
(#/,t) and (2/,t"); (#/,¢") and (2/,t'), each belonging to one annulus.

It remains to check that f is uniformly cobounded. For every simplex o C Py, k >
0, the preimage f'~'(0) C Ay U By is contained in Z, X [tg,try1] C Co(Z), where
diam(Z, x {t;x}) < const(\) by estimates of Subsection Thus, diam f'~1(o) <
4d + diam(Z, x {tx}) < const(A), and f is uniformly cobounded. This completes the
proof of Theorem [E.11

§6. HYPERBOLIC SPACES

6.1. Basics on hyperbolic spaces. We briefly recall necessary facts of the hyperbolic
spaces theory. For more details, the reader may consult, e.g., [BoS]|.

Let X be a metric space. Fix a base point 0o € X and for z, ' € X put (z]z'), =
1(Jzo|+|2’o|—|z2’|). The number (z|2’),, which is nonnegative by the triangle inequality,
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is called the Gromov product of x, ' with respect to 0. A §-triple is a triple of three
real numbers a, b, ¢ with the property that the two smallest of these numbers differ at
most by 9.

A metric space X is (Gromov) hyperbolic if for some § > 0, some base point 0 € X,
and all z, 2/, 2” € X the numbers (z|z'),, (z'|2"),, and (z|z"), form a J-triple. This
condition is equivalent to the d-inequality

(z]2")o > min{(z|2'),, (z'|2")o} — 4.
Let X be a hyperbolic space, and let 0 € X be a base point. A sequence of points
{z;} C X converges to infinity if
im (25]25)0 = o00.
i,j—00
Two sequences {z;}, {}} that converge to infinity are equivalent if

lim (z;]|2}), = o0o.
11— 00

The boundary at infinity 0-,X of X is defined as the set of equivalence classes of
sequences converging to infinity. The Gromov product extends to X U 0o, X as follows.
For points &, £ € 05X, the Gromov product is defined by

(€1€")o = inf lim inf (a;|27),

where the infimum is taken over all sequences {z;} € &, {z}} € ¢. Note that (£[¢'),
takes values in [0, o], and that (£|¢'), = oo if and only if £ = £’. Furthermore, for &, &',
€" € Do X the following is true; see [BoS| §3]:

(1) for sequences {y;} € &, {y;} € & we have
(€1¢)0 < limin (5]51)o < limsup (s]51)o < (€1€)o -+ 255

11— 00

(2) (5‘5/)07 (§/|§H)o; (£/|£N)o is a (5—triple.

Similarly, the Gromov product
(x]€), = inf liminf(z|z;),

is defined for any x € X, £ € 05X, where the infimum is taken over all sequences
{z;} € £, and the d-inequality holds for any three points in X U 95, X.

A metric d on the boundary at infinity 0., X of X is said to be visual if there is 0 € X,
a > 1, and positive constants ¢y, cg such that

Cla*(i\ﬁ')o <d(£, &) < C2a*(§|£')o

for all £, &' € 05X . In this case we say that d is a visual metric with respect to the base
point o and the parameter a.

6.2. The hyperbolic cone.

Proposition 6.1. Let Z be a bounded metric space. Then the hyperbolic coneY = Co(Z)
is a d-hyperbolic space with § = 5(H2), there is a canonical inclusion Z C 05Y, and the
metric of Z is visual. If, moreover, Z is complete, then 0xY = Z.

Proof. We may assume that (y|v")o < (ylv")o < (¥'|y)o for vy, v/, ¥y’ € Y. We show
that (yly”)e < (y|y')o + 6. For this, consider triangles 77" and 37”7 in H? with
common side 07" separating them such that [67| = |oyl|, 07| = |o¥'|, [07"| = |oy"|,
and [77”| = lyy”|, [¥" V| = |v"y'|- Then |yy’| < [y7’| by the triangle inequality in Z.
It follows that (Fy")s = (Wl|y")e, @'¥)s = ¥'1y)o and @Y )5 < (y|y')o. Therefore,
(415" )0 — (ly')o < (15")s — (T Yo < 6 because HZ is 5-hyperbolic
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For every z € Z the ray {z} x [0,00) C Y represents a point in do Y, which we identify
with z. This yields an inclusion Z C 0,Y. The last assertion of the proposition can
easily be checked.

It remains to show that the metric of Z is visual. Given z, 2z’ € Z, consider the
geodesic rays y(t) = (z,t), 7'(t) = (#/,¢t) in Co(Z). Then v € z, 7' € 2’ viewed as points
at infinity, and for (v|7), = lim—eo(7(¢)|Y(t))o (it is easily seen that the Gromov
product (v(¢)|7'(t)), is monotone) we have

(212)0 < (717)o < (2]2')0 + 26
For the comparison geodesic rays 7,5’ € H? with common vertex o and Z5(%,7') = p|22
(recall that p = 7/ diam Z) we have (Y7 )s = (7]7")o and (7|7')s < d < (7]7)5+9, where
d = dist(9,Z7') and ZZ C H? is the infinite geodesic with the endpoints at infinity,

Z =7(c0), Z =7'(00). By the angle of parallelism formula from the geometry of H?, we
plzz'| _
=l =

'

have tan e~ therefore, we conclude that

plz'|
4

6—356—(Z|2,)o < tan < e—(z|2/)o

for every z, 2’ € Z. The function s — %tan 2 is uniformly bounded and bounded away

from zero on [0, diam Z]. It follows that the metric of Z C 05Y is visual with respect to
the vertex o € Y and the parameter a = e. ([l

Let X be a hyperbolic space, £y € X a base point. For € X we denote |z| = |zxo].
Also, we omit the subscript z( in the notation for Gromov products with respect to zo.
The space X is said to be wvisual if for some base point 2y € X there is a positive constant
D such that for every z € X there is £ € 0o X with |z| < (z|§) + D (it is easily seen that
this property is independent of the choice of xp). This definition is due to Schroeder;
cf. [BoS| §5].

Proposition 6.2. FEvery visual hyperbolic space X is roughly similar to a subspace of
the hyperbolic cone Co(0xoX) over the boundary at infinity, where s X is taken with a
visual metric.

Proof. We fix a visual metric on 0., X with respect to g € X and a parameter a > 1.
Replacing X by AX with A = 1/Ilna, we can assume that a = e. Since X is visual,
there is a constant D > 0 such that for every z € X there is £ = £(z) € 00X with
|z] < (z|€) + D. We define F: X — Y, Y = Co(0X) by F(z) = (£(x),|z]) € Y. Note
that F(xg) = o.

From Proposition it follows that the Gromov product (£]¢') in X coincides with
the Gromov product (£|€'), in Y up to a uniformly bounded error for every &, £ € 050 X.
Since |F(z)| = |z| for every « € X, by [BoS, Lemma 5.1] we have

|22’ = | + [2'| — 2min{(£(2)[€(2")), |z], [2]} = |F(2) F(2)]

up to a uniformly bounded error for every z, 2’ € X. Hence, F' is roughly isometric, and
X is roughly similar to a subspace of Y. O

6.3. Proof of Theorem [I.Il Since the asymptotic dimension is a quasiisometry in-
variant, we have asdim X < asdim Co(0»X) by Proposition By Theorem (.11 we
obtain asdim X < cdim(0ooX) + 1. O

Remark 6.3. We come back to Gromov’s proof (see the Introduction) of the fact that
asdim X < n for every negatively pinched Hadamard manifold X of dimension n. In
my opinion, to complete the proof, one must show that cdimd,, X = n — 1, where
05X = S™ ! is taken with a visual metric. However, for the time being this is only
known for X = H".
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