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PRODUCTS OF CONJUGACY CLASSES
IN CHEVALLEY GROUPS OVER LOCAL RINGS

N. GORDEEV AND J. SAXL

ABSTRACT. Estimates of extended covering numbers are obtained for Chevalley
groups over local rings.

§1. INTRODUCTION

In this paper we continue the investigation of products of conjugacy classes in finite
groups and in algebraic groups; see [GS1], [GS2].

Here we consider a different type of perfect groups: Chevalley groups over rings.
Namely, let G be a simple and simply connected algebraic group over C. Then, for every
commutative ring A, the group G(A) ([AD, Sf]) can be defined — this is the Chevalley
group over A. We treat the case where A is a local ring. We prove (Theorem 1) that if

A is a complete local ring and é(K ) is a quasisimple group over the residue field K of
A, then

ecn(G(A)) < 6ecn(G(K)).

This fact was announced in [GS1]. (For a group G, the symbol ecn(G) denotes the
extended covering number of G,

ecn(G) = min{n € N |C1Cs---C,, = G for any n conjugacy classes
Cy,...,C, of G such that (Cy) = (Co) =--- = (C),) = G}

see [GSI].)
This inequality implies
ecn(G(A)) < d - rank G,

where d is a general constant that does not depend on Gor A (Corollary 1). For a
general local ring A, in Theorem 2 we prove that if the residue field K is large, then

ecn(G(A)) < 8ecn(G(K)).

In the final part of the paper we consider problems similar to those treated by
J. Thompson and O. Ore for a group G(A) over a local ring A (see [EG2]). In the case
of a large residue field K, we show the existence of a real conjugacy class C' C G (A) such
that the set C? contains all generating conjugacy classes of é(A) In particular, every
element in a generating conjugacy class of é(A) is a single commutator (Theorem 3).
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§2. NOTATION, TERMINOLOGY, CONVENTIONS

2.1. Let G be a group. Then:
(a) Z(G) is the center of the group G;
(b) a generating conjugacy class C of the group T is a class such that (C') =T
(¢) the union of all generating conjugacy classes is denoted by GN(T).

2.2. Let A be a commutative ring, and let V' be an A[G]-module.

Let Tagg = {a1(91 — 1) +a2(g2 — 1) +--- + an(gn — 1) | a; € A, g; € G} be the
augmentation ideal of A[G]. If A = 7, we shall write I instead of Izjg). An A[G]-module
V' is said to be augmentative if 4V = V. Obviously, T4V = IgV; therefore, an
A[G]-module V is augmentative if and only if it is augmentative as a Z[G]-module.

2.3. All algebraic groups treated here are linear algebraic groups defined over a field K
(see [Bo]). We omit the field of definition K if it is assumed to be algebraically closed.

§3. CHEVALLEY GROUPS OVER COMPLETE LOCAL RINGS

Let G be a simple simply connected algebraic group over C corresponding to a root
system R, and let G be the corresponding group scheme over Z (see [AD, [St]). Then
for every commutative ring A the group G z(A) will be denoted by é(A)

Next, let A be a local ring, M its maximal ideal, and K = A/M its residue field.
Consider the groups G(A/M™). Then

(3.1) G(A) = (z4(a) | a € R,a € A),

where z,(a) is an element of the corresponding root subgroup (see [AD]).
Denote by
G(M"™) = Ker(G(A) — G(A/M™))
the corresponding congruence subgroup. Then (see [Ab])

(3.2) G(M™) = (ha(t),za(m) |t € A, t =1n(mod M™), me M", o« € R)
(here hy(t),t € A* = A\ M, is a root semisimple element defined in [St]).
The following result was formulated (without proof) in [GSI].

Theorem 1. Let A be a complete local ring, and let é(K) be a quasisimple group. Then

ecn(G(A)) < 6ecn(G(K)).

Proof. Consider the group L(n) = G(M™)/G(M™*'). The Chevalley commutator for-
mula and (3.2) show that L(n) is an Abelian group isomorphic to a vector space over K.
Let {m;}:icr be a basis of the K-vector space M"™/M"™*! and let

Li = (xo(m), hs(1 +m) | m = dm; (mod M) for some d € K).
Then
(3.3) L(n) =Y " L;.

iel
The action of G(A) on G(M™) by conjugation gives the structure of a G(K)-module on
L(n).
Lemma 1. The decomposition (3.3) is a decomposition into a sum of G(K)-modules,

where each L; is isomorphic as a é(K)-module to the corresponding Lie algebra L(K)
with adjoint action of G(K) on it.
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Proof. Let L = L(K) = > cpKua © Y 5c0 Kbs be a Lie algebra corresponding to
the Chevalley group é(K ), where A is a simple root subsystem of R and {u,,bs} is a
Chevalley basis of L. Note that the construction of the group G (A) presupposes that this
group is acting as an automorphism group on a free module A® for some s (see [AD [St]).
Moreover, the Lie ring L(A) = > cr Al © > 5ca Abs is embedded in Ends A®, and
Zo(a) = exp(au,), a € A.

We view the group G(M™)/G(M™+1) as a subgroup of Auta(A/M™1)s. Let m €
M, m = dm; (mod M™1), d € K. Then the operator z(m) (mod G(M"1)) in
Aut(A/M™1)8 is equal to 1 + mu, = 1+ dm,u, (in spite of the fact that the residue
field K is not necessarily contained in A, we can identify multiplication by m with
multiplication by dm;, because the operator we consider is in (A/M"+1)%). Next,
hs(1 +m) (mod G(M™*1)) = 1 + dmybs (this can be checked by considering (Aus+
Au_s 4+ Ab;) (mod M"1)). Now we have a G(K)-isomorphism of G(K )-modules

exp-m; : L — L;

(here exp - m; (1) = exp(m;l)). O

Lemma 2. L(n) is an augmentative K[G(K)]-module.

Proof. This follows from Lemma 1 and the fact that the adjoint action of a Chevalley
group is augmentative (see [GS2, Theorem 3.C]). O

Lemma 3. If A is a complete local ring, then
G(A) = lim G(A/M™).

Proof. Let

0:G(A) — limG(A/M™)
be the homomorphism induced by the natural homomorphisms

0, : G(A) — G(A/M™).
From (3.2) we see that [, G(M™) = {1}. Therefore, 6 is a monomorphism.

We prove that 6 is an epimorphism. Every element
g € lim G(A/M")
is a sequence {g, }», such that g, € G(A/M™) and On,m(gn) = gm for every n > m, where
O : G(A/M™) — G(A/M™)

is the natural epimorphism. Let g; be a preimage of g; in CN;'(A) Then there exists a
sequence {hp}n, n > 2, of elements of G(M) such that

(3.4) In = G1hn (mod G(M™))

for every n > 2. Let R™, R, A be (respectively) the sets of negative, positive, and
simple roots that correspond to G. Then

(3.5) b= ( TT #at@an)) ( TT Assn)) ( TT @alcam)):
a€ER~ dEA a€ER*

where aon,Can € M, bs, =1 (mod M) (see [Ab]). Since 6,,.,(gn) = gm for every
n > m, the congruences (3.4) imply that 6, ,,(0,(hy,)) = 05 (hsy) for every n > m.
Consequently,

(3.6) Aon = Qom (mod M™),  bsp = bsm (mod M™),  con = Com (mod M™)
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for every n > m. Since A is a complete local ring, (3.6) implies the existence of elements
G, Co € M and bs € 1 + M such that

(3.7) Qo = Qo,pn (mod M™),  bs =bs, (mod M™),  cq = ca,p (mod M™)

for every n (see [B2]). Putting

(3:5) h=( TI #alaa)) (TT hs(00)) ( TT #alea)):

a€ER- seA a€R*
from (3.4)—(3.8) we obtain
e(glh) = {gn}n

Thus, 6 is a surjection and, therefore, an isomorphism. O

Now we can finish the proof of Theorem 1. Let G be a group containing a normal
subgroup N < G such that

(i) there exists a sequence {N; }!=$° of subgroups of N with the following properties:
N; < @G for every ¢, [N;, N| < N;4; for every i, and N;;1/N; is an augmentative
Z|G/N]-module for every i;
(i) N =lim N/N;.
Then ecn(G) < 3kecn(G/N), where k < gen(G/N) (see [GS1l, Proposition 3]). Now
the claim follows from this inequality, Lemmas 1, 2, 3, and the fact that gen(G(K)) =
2. (I

In [GS1] it was proved that there exists a constant ¢ such that ecn(G) < ¢ - rank(G)
for every Chevalley group GG. Theorem 1 shows that this result extends to all Chevalley
groups over complete local rings.

Now, let ¢(G) be a constant such that

ecn(G) < ¢(G) - rank(G)
for every field K.

Corollary 1. Let A =[],.; A: be a direct product of complete local rings. Then

iel
ecn(G(A)) < 6¢(G) - rank(G).
Proof. We have G(A) = [Licr G(A;). Obviously, we have ecn(A) < max{ecn(G(A4;)},

and the claim follows from Theorem 1. O

Corollary 2. If
Z =limZ/nZ,
then
een(G(Z/nZ)) < een(G(Z)) < 6¢(@G) - rank(G)

for every n.

Proof. This follows from Corollary 1. O
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§4. CHEVALLEY GROUPS OVER LOCAL RINGS WITH A LARGE RESIDUE FIELD

For general local rings, we can give an estimate if the residue field is large (below we
keep the previous notation). Let 7' be a maximal split torus of G, and let T = T((A). An
element ¢t € T is said to be regular if tx,(a)t=t # x,(a) for every a € R (where R is the
root system for é) and every a € A, a # 0. Let U (respectively, U- ) be the subgroup of
G generated by all positive (respectively, negative) root subgroups, and let U = U (4),
U-=U"(A).

We need the following proposition, which is an analog of the main result in [EGI] for
fields.

Proposition 1. Lett € T be a regular element such thatt =t (mod G(M)) is a regular

element of C:'(K) Then every generating conjugacy class C of C:'(A) has a representative
g of the form
g=vtu, velU , uel.

Proof. Let C be the image of C' in é(K) Then there exists an element g’ € C such that
(4.1) g =t

for some v eU andu €U, Where~U_ and U are the images of the groups U~ and U
in G(K), and ¢ is the image of t in G(K) (see [EGI]). Let ¢ € C,v' € U™, and v/ € U
be preimages of g, v, and @, respectively. From (4.1) we obtain

(4.2) g =v'tu'm, meGM).
On the other hand,
(4.3) m=u"t, v eUNGM), v eU NGM), t eT(A)NGM).

Putting g; = v”¢'v" ™!, from (4.2) and (4.3) we see that
(4.4) g1 =vitt'u for some v €V, ueU.

We shall show that ¢’ in (4.4) can be replaced by ¢. This is done by conjugating ¢’ by
an appropriate element of G(A).

Lemma 4. Let o be a diagonal automorphism of G(A), i.e., 0(xq(a)) = Ta(waa),
o(r_o(a)) = v_o(wyta) for some w, € A* = A\ M. Let 7 € G(A) be an element
of the form T = vhh'u for some v € U~ ,u € U and some h € T(A), h' € T(A)NG(M).

Suppose ~
o((hh')za(a)(hh') ™) # za(a) (mod G(M))

for every a € R and every a € A, a # 0. Then there exists an element g € C:'(A) such

that

gorg t =v'ohu

for some v’ € U=, u' € U. (We view o7 as an element of the group E = (5, G(A)).)

Proof. If the rank of R is one, then the proof is almost the same as in the case where A
is a field; see [EGIL Part I, Lemma 1].

We assume that the statement of the lemma is valid for every Chevalley group of rank
less than r and consider the case where the rank of R is r.

Let

(4.5) h= ] hs(ss), h =] hs(sh),

dEA dEA
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where s5,85 € A*, s5 =1 (mod M), and A = {d1,...,4,} is a simple root system for
G. Put
(4.6) h =] ha. (ss,55,)-

i>2

The element o7 can be written in the form

(4.7) o = viocha_s, (c)hs, (ss, 85, )ws, (b)ui,

where v (respectively, u;) is a product of elements of the form z,(d), d € A, « € R~
(respectively, & € R") and a # —d; (respectively, o # §1), and where ¢,b € A (this
follows from Chevalley’s commutator formula). We put 7 = x_s, (c)hs, (85,55, )vs, (b).
Then the element o h hs, (ss,85,) = ohh' satisfies the condition of the lemma for the root

81. Applying this lemma to the rank one group (z+s, (a) | a € A) and to o h instead of
o, we get an element f € (z4y,(a) | @ € A) such that

(4.8) forift=x_s5(p)o h hs, (ss,)xs, (q)

for some p,q € A. Observe that the elements fvf~! and fuf~! are also products of
negative (positive) root elements except for those corresponding to +4; (because f €
(zys5,(a) | a € A)). Now (4.5)—(4.8) imply

(49) fUTfil = U/Uh51 (851) H h5z‘ (551' Sgi)ul

i>2

for some v/ € U™, u’ € U. We rewrite (4.9) as

(4.10) forf~t =wviohs, (ss,) (vz H hs, (55is:;1)uQ>u1,
i>2

where vy, uy are products of negative (respectively, positive) root subgroup elements
corresponding to roots in the root system Rp generated by ds,...,0,., and vy, u; are
products of negative (respectively, positive) root subgroup elements corresponding to
the roots that do not belong to Ry. Now we put 2 = v2 [[;~, hgi(saisg%)ug. Since the
element ohs, (s5,) [[;50 hs: (ss,85,) differs from ohh' only by ‘the factor hs, (s5,), which
belongs to the group G(M), the condition of the lemma is still true for the element
ohs, (85,) [1;>2 he. (ss,85,) and the root subgroup elements corresponding to R2. Applying
the statement of the lemma to the element 75 and to ohg, (ss,) instead of o, and using
the induction hypothesis, from (4.10) we get

Iforf~ ™' =v"ohs, (s5,) H hs, (ss,)u”" = v"ohu”
i>2

for some element [ in the Chevalley group generated by the root subgroup elements
corresponding to the root system Ry and for some v” € U~ and w”’ € U (note that
lvyl=t € U™ and luyl~t € U).

The lemma is proved. O

Now, Proposition 1 follows from (4.4) and Lemma 4 if we put ¢ = 1, h = ¢, and
h=t. O

We turn to estimating ecn(G(A)).
Theorem 2. Suppose A is a local commutative ring and |K| > 8|R| 4+ 1. Then

ecn(G(A)) < 8ecn(G(K)).

Proof. We shall need the following two lemmas.
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Lemma 5. Under the conditions of Theorem 2 there exists an element t € T(A) such
that t* (mod G(M)) is a regular semisimple element of G(K).

Proof. We shall show that there is an element ¢ € T(K ) such that

(4.11) th ¢ U Ker a.

a€ER
For an infinite field K this is obvious. Let K be a finite field; then \T(K)| = |K*|".
We have K*? C Ima. Consequently, K*® C Ima®*, whence |Kera?| < 8|K*|"~1. If
|R| < |K*|/8, then ||J,cpKera®| < |[K*|", and we have (4.11). Any element ¢ € T(K)
satisfying (4.11) is a regular element of the group G (K). Now we can take any preimage
of t in f(A) O

Lemma 6. Suppose t € T(A) is an element as in Lemma 5. Then
2, U=, =U, U7 ]=U",¢*]=U".

Proof. Let U = Uy > Uy = [Uy,Uy] > Us = [Uy,Us] > - -+ be the natural filtration. We
may view U;/U;11 as a free A-module and write the operation t?ut=2u~! on U;/U;11
additively, as an A-module homomorphism

¢ Ui JUiy1 — Ui/Uir,  ¢i(u) =2 (u) — u,

where ¢2(u) = t2ut~2. Since t2 (mod G(M)) is a regular element of G(K), the operator
¢+ is invertible on U;/U;;1. This gives us the statement for U (by induction on %), and
in the same way for U~. O

Now we prove Theorem 2. Put e = ecn(G(K)). In the product of any e generating
conjugacy classes of G(A) we can find elements of the form
(412) tlwoml, mg’LﬁotQ,
where t1,t2 € T(A) are elements satisfying the condition of Lemma 5,

(4.13) t1 = t5 (mod G(M)),

the elements o, wo are preimages in Ng4)(T'(A)) of the longest element wy of the Weyl
group of R, satisfying the condition oo € T(A) N G(M), and my,my € G(M). The
elements m1, my can be written in the form

(414) my = wglvlwohlul, mo = UQthOUQ/Ibal,

where vy, va,u1,u3 € UNG(M) and hy, hy € T(A) N G(M) (see [AD]). Now (4.12) and
(4.14) imply that, conjugating (4.12) by appropriate elements, we can get elements of
the form

(415) U/ltll’li)o, ’ll.)()tlz’U,/Q,
where ), ul, € UNG(M), t),t, € T(A), and
(4.16) t =t1 (mod G(M)), t, =t (mod G(M)).

From (4.13), (4.15), and (4.16) we see that in the product of 2e generating conjugacy
classes we can find an element of the form witus, where uy,us € U, t € T(A), and
t2 (mod G(M)) is a regular semisimple element of G(K). Thus, by Lemma 6, in this
product we can also find every element of the form tu, where t is our fixed element and
u runs through all elements of U. In the same way, in another product of 2e generating
conjugacy classes we can find all the elements of the form vt’, where ' is a fixed element
of T(A) such that ¢ = ¢ (mod G(M)) and v runs through all elements of U~. Now
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in the product of 4e generating conjugacy classes we can find all elements of the form
4 = {vt”u}, where t” is fixed, ¢’ (mod G(M)) is a regular element of G(K), and v and
u run through the elements of U~ and U, respectively. By Proposition 1, in the product
of 4e generating conjugacy classes we can find every element of G (A) such that its image
in G(K) is not in the center of that group. Since every element of G(A) can be written
as the product of two such elements, our statement is proved. O

Remark. We have ecn(G(A)) < ¢ - rank(G) with some general constant ¢ for every com-
mutative local ring A with a large residue field. Presumably, the latter condition is not
necessary.

§5. ANALOGS OF THE CONJECTURES OF ORE AND THOMPSON

Using Proposition 1, we can get results about products of conjugacy classes in Cheval-
ley groups over commutative local rings, which are analogs of the results of [EG2] on the
conjectures of Ore and Thompson for finite simple groups.

Theorem 3. Let GN(G(A)) be the set of all elements in all generating conjugacy classes
of é(A) Assume that |K| > 4|R|+1. Then there exists a real generating conjugacy class
C of G(A) such that

GN(G(A)) c C2.
Moreover, every element of GN(G(A)) is a single commutator-.

Proof. We shall need the following lemma.

Lemma 7. Under the condition of Theorem 3, there exists a real element t T(A) such
that t? (mod G(M)) is a regular element of G(K).

Proof. If R is not one of A, D, (r = 2k + 1), and FEg, then the corresponding Weyl
group has an element —1, so that the condition of reality is fulfilled automatically. We
get the regularity condition in the same way as in Lemma 5.

Consider the case where R = A,. Here G(A) = SLy1(A). Put s = [(r + 1)/2].
The condition of the lemma implies that we can find elements {¢;}!=5 C K* such that
€2 £ 6;2, e;tz, +1 for every i # j. (Indeed, this is obvious if rank G = 1. If rank(é) > 2,
then

|K*2| > 2|R| >r+3=2%+2223+2,

and we can find s pairs of elements €2, ¢; 2 that are different from each other and from
+1.) Now we fix preimages wi,wjl of ¢;, 6;1 in the group A* for every ¢ and put

t = diag(wy,w; Hwa,wy by ).
Obviously, ¢ satisfies the requirement of the lemma.

We pass to the case where R = D,, r = 2k + 1. Let R = (a1,..., ), let Ry =
(ag,...,ap) = Dp_q, and let Tl < T be the subtorus corresponding to R;. Since in R
there are no roots orthogonal to all roots of Ry, in the subtorus Tl we can find a regular
element of G. Now all elements in 7} are real. Thus, we can find an appropriate element
in Ty (A).

Finally, let R = Eg. Consider the group of T (K),

H= {h62*63 (vl)h€2+63 (UQ)h€4765 (U3)h64+€5 (U4) | V1, V2,V3,V4 € K*}

(here the notation for roots corresponds to [B1]). It can be checked that K* C a(H) for
every root @ € R = Es. Consequently, we can argue as above to find a regular element
in H? and then take an appropriate preimage that is a real element of G(A). ]
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Now we can prove Theorem 3. Let t € T(A) be a real element satisfying the condition
of Lemma 7, and let C be its conjugacy class. By Lemma 6,

U~t2U = [U, ttt]t ™1, U]

(5.1) . L )
={vtv™ " |veU Hutu " |ueU}CC-C=C".

By Proposition 1 and (5.1), we have GN G(A) C C2. Since C is real, every element
of C? is a commutator. O
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