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ABSENCE OF EIGENVALUES FOR THE GENERALIZED
TWO-DIMENSIONAL PERIODIC DIRAC OPERATOR

L. I. DANILOV

ABSTRACT. A generalized two-dimensional periodic Dirac operator is considered,
with L°°-matrix-valued coefficients of the first-order derivatives and with complex
matrix-valued potential. It is proved that if the matrix-valued potential has zero
bound relative to the free Dirac operator, then the spectrum of the operator in ques-
tion contains no eigenvalues.

§0. INTRODUCTION

Let M be the space of complex (2 x 2)-matrices, T € My the unit matrix, and

(01 (0 =i\ . (1 0
91=41 0) 27\ o) 27\ o 41

the Pauli matrices. Consider the generalized Dirac operator

2
S ~ ~ e,
D= ;(hﬂﬁ + hj202) (_Zé)—xj)’
acting in L2(R2;C2), with the domain D(D) = H'(R2;C%). The functions hj €
L>(R?;R) are assumed to be periodic with a (common) period lattice A C R?, and
0 < & < hi1(2)hae(z) — hiz(z)hai () for a.e. € R2. We denote by s (R?) the set of
all A-periodic functions W € L% (R?;C) such that Wy € L*(R?) for any ¢ € H'(R?),

and for every ¢ > 0 there exists a number C.(W) > 0 satisfying
[Wollerey < el Vel Lz rzicz) + Ce(W)[loll 2 (r2)
for all p € HY(R?). If VW € Ly (R?),1=0,1,2,3, then

3
(0.1) D+V=D+VOI+Y v
1=1
is a closed operator in L2(R2;C2) with domain D(D + V) = D(D) = H'(R?%;C?) (a
A-periodic matrix-valued potential V has zero bound relative to D if and only if V()
La(R%),1=0,1,2,3).
The following theorem is the main result of this paper.

Theorem 0.1. Let hj; € L>®(R?;R), j,1 = 1,2, be periodic functions with period lattice
A C R2. Suppose that there exists ¢ > 0 such that € < hyy(x)has(x) — hia(z)ho1(x) for
ae.  €R2 IV €Ly (R?), 1 =0,1,2,3, then the operator (0.1) has no eigenvalues.
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If, under the conditions of Theorem 0.1, the operator (0.1) is selfadjoint, then its spec-
trum is absolutely continuous. For the selfadjoint periodic elliptic differential operator,
the absolute continuity of the spectrum is a consequence of the absence of eigenvalues
(of infinite multiplicity); see [I] and also [2]. This fact is of general nature and is also
valid for the generalized Dirac operator D+ V.

The first results about the absence of eigenvalues in the spectrum of the periodic Dirac
operator were obtained in [3]-[5]. For n > 2, consider the n-dimensional periodic (with
period lattice A C R™) Dirac operator

n R . P R N .

(0.2) ;aj(—z(%j—/lj)+v+vo, x € R,

where

(0.3) V=VI, Vo=mdpi1, meR,

the &;, j = 1,...,n+1, are Hermitian (M x M )-matrices satisfying the anticommutation

relations @;a; + &ya; = 2051 (85 is the Kronecker symbol), and T is the unit (M x M)-
matrix (M € 2N). The components A; of the vector-valued (magnetic) potential and the
scalar (electric) potential V' are real-valued periodic functions with period lattice A C R™;
let K be the standard fundamental domain of A. In [5 [6], the absolute continuity of
the spectrum of the operator (0.2), (0.3) was proved for all n > 2 under the conditions
Ve CR"™), Ae L*(R™;R"), and

(0.4) Al e gy < -

max —
yeA\{0} |y

(|| is the length of the vector z € R™). In subsequent papers, the restriction on the
periodic scalar potential V has been relaxed. The spectrum of the operator (0.2), (0.3)
is absolutely continuous if (at least) one of the following conditions is satisfied:

1)n =2,V € LYK), q¢ > 2, and the vector-valued potential A € L°°(R?; R?) satisfies
(0.4) (sec [7);

2)n >3, A=0, and ) |[VN|P < 400, where the Vi are the Fourier coefficients of
V,p€[1,¢:.(q, —1)71), and the g, > n are some numbers, the smallest values of which
were presented for n > 4 in [§] (the numbers ¢, are found as the largest roots of the
algebraic equations

g — (3n% —4n — 1)¢® 4+ 2(4n® — 6n — 3)¢® — (In? — 16n — 4)q — 4n(n — 2) =0,

q3 ~ 11.645, n=2q,, — 3 as n — +o0; for the first time the above condition on the Fourier
coefficients appeared in [4] for n = 3);

3)n=3,V e LK), q> 3, and the vector-valued potential A € L>°(R3;R?) satisfies
(0.4) (see [9);

4)n>2,VeL*K), Ae L®R"R"), there exists a vector v € A\{0} such that
|||A\HLQQ(Rn) < m|y|7t, and the map

R" >z — {[0,1] >t — V(z+ty)} € L*([0,1])

is continuous; see [I0]. (In particular, under an appropriate choice of v € A\{0}, the
latter condition is satisfied if V' is an arbitrary piecewise continuous scalar potential with
piecewise analytic discontinuity surfaces; such potentials were considered in [3].)

Some other conditions on the scalar potential V' and a small vector-valued potential
A can be found in [I0].

The periodic Dirac operator with a nonsmall vector-valued potential A was studied in
[II]-[13]. In [I2], the absolute continuity of the spectrum of the operator (0.2) was proved
under the conditions V = Vf, 170 = VoQni1, where V,Vy € LY(K,R), A € LI(K;R?)
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(¢ > 2) for n = 2, and under the conditions V,Vy € C(R™;R), A € C*"*F3(R";R") for
n > 3. For n = 2, the proof is based on the results of the papers [14] [15], where the
periodic Schrédinger operator

0 2
(0.5) Z(ﬂ%j - Aj) YV, zeR?

j=1

was treated. For the operator (0.5), the absolute continuity of the spectrum was proved
first for V € L (R%R), A € C(R%*R?) in [14], and then in [I5] for the more general

loc

case where V € L (R%R), A € L% (R?R?), ¢ > 1. For the periodic operator (0.2)
with n = 2, a similar result (as in [I2]) was obtained in [I1] (it was assumed, however,
that Vo = m = const, but the proof carries over to functions Vp € L1(K), ¢ > 2, without
essential modifications). The methods used in [I1] were the same as in [7]. More general
conditions on V', Vp, and A (for n = 2) were obtained in [I6]: it suffices to require that
the functions V21In(1 + [V]), V& In(1 + |Vy]), and |A]?> In?(1 + |A|) belong to L'(K) for
some ¢ > 1. For n > 3, the results of [12] were based on Sobolev’s paper [17], where
the absolute continuity of the spectrum was proved for the Schrodinger operator with a
periodic vector-valued potential A € C*"T3(R";R"). The latter condition was relaxed
by Kuchment and Levendorskif in [2] (and also by Sobolev; see the remark at the end of
the survey [18]): it suffices to require that A € Hl (R™;R™), 2¢ > 3n — 2, which makes
it possible to relax accordingly the constraint on the vector-valued potential A also for
the periodic Dirac operator (see [12] [18]).

Let 9y, h > 0, be the set of all even Borel signed measures (charges) p on R (with
finite full variation) for which [ e*du(t) = 1 for every p € (—h,h). In [13], it was
proved that the spectrum of the periodic (with period lattice A) Dirac operator (0.2) is
absolutely continuous for n > 3 if the following conditions are fulfilled:

1) the (M x M)-matrix-valued functions V and V; are Hermitian and continuous, and
V(z)a; = a,V(z), Vo(z)d; = —a;Vo(z) forall z e R?, j =1,...,n;

2) A € C(R™;R™) and there exists a vector v € A\{0} and a measure g € My, h > 0,
such that for every x € R™ and every unit vector e € R™ with (e,y) = 0 we have

1
[ dute) [ ate - gy -teyds - 4o < T
R 0 il
where Ag = v H(K) [, A(z) d"z, v(K) is the volume of the fundamental domain K, and
(.,.) is the scalar product in R™.

For a periodic vector-valued potential A € C(R™;R™), condition (0.6) is fulfilled (under
an appropriate choice of v € A\{0} and measure y € My, h > 0) whenever A €
He (R™;R™), 2¢ > n — 2, and also in the case where >\ |[An|cn < +00, where the
Ay are the Fourier coefficients of A (see [13| [19]). The results of [I3] were used in [20]
in order to prove the absolute continuity of the spectrum of the periodic Schrodinger

operator

(0.6)

Z(—i— —Aj) 1V, zeR", n>3,
=1 axj
with a vector-valued potential A € C''(R"; R") satisfying condition 2) and with the scalar
potential V' € L (K;R) for which t(meas{z € K : |V(x)| > t})'/? — 0 as t — +oo,
where p = n/2 for 3 < n < 6 and p = n — 3 for n > 7, meas standing for Lebesgue
measure). The multidimensional periodic Schrédinger operator was studied in many
papers; the relevant facts and references can be found in [2] [18] and [21]—[25].

Let G denote the set of all continuously differentiable and monotone nondecreasing

functions g : (0, 4+00) — (0,400) such that fol (rg(r))~tdr < +oo and g(r/2)/g(r) — 1
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as 1 — +0. We write L?{g,A}, g € G, for the Banach space of periodic (with period
lattice A C R?) functions W € L2 (R?;C) such that

loc

IW|Z2,4 = sup / g(lz —yDIW (y)|? d*y < +oc.
z€R? Jy:|z—y|<1

If g € G, then g(r)(Inr)~' — —oco as r — +0; therefore, for any W € L?*{g, A} the
function W? belongs to the Kato class Ky (see [26]), which implies that W € L, (R?).

For n = 2, the operator D + V (see (0.1)) was considered in [27] in the case where
hj € C®(R?), j,1 = 1,2, V) € C®(R%;R) for | = 1,2, and VD, 9V /dz; € L>®(R?)
for | = 0,3 and j = 1,2. In [28], a special case of Theorem 0.1 was proved: under
the same conditions on hj;, it was assumed that Ve LfOC(RQ;Mz), q > 2. The latter
result was improved in [29] (and was announced in [30]): it suffices to require that
VO V) € Ly(R?) and VD, V2 € [2{g, A} C Ls(R?) for some g € G.

The methods employed in the proof of Theorem 0.1 can also be used for the proof
of the absolute continuity of the spectrum of the two-dimensional periodic Schréodinger
operator

(0.7) 2 (—ia%j _ Aj)Gjl<—z'a%l - Al) 1V, zeR?
-

Jil=1

with variable metric; here G = (Gj;);,=1,2 is a real symmetric positive definite matrix-
valued function (a metric) with G, G~ € L®(R?; M5). The functions A, V, and G are
periodic with a common period lattice A C R2. For the first time, the absolute continuity
of the spectrum of the operator (0.7) was proved by Morame in [27] under the conditions
A€ C*(R?%R?),V € L*(R?%;R), and G € C*®°(R?; M3), det G = 1. Later on, in the case
where G € C™T*(R%; My), m € Z, = NU{0}, a € (0,1), Kuchment and Levendorskii
[2] proved the existence of periodic isothermal coordinates y(x) € C™T!1T*(R?; R?) that
reduce the matrix-valued function G to a scalar form; the use of such coordinates allowed
them to relax the restrictions on A, V, and G by reducing the problem to the case of a
constant matrix GG. The periodic isothermal coordinates were applied in a series of papers
by Birman, Suslina, and Shterenberg. In [33], the absolute continuity of the spectrum
of the operator (0.7) was proved for G € VVQQQ’IOC(IW;/\/12)7 A€ L*(K;R?), ¢ > 1, and
V =Vi 4 0ds, where V] € L1(K;R), ¥ is a periodic system of piecewise smooth curves,
dy is the d-function concentrated on X, and o € L{ (3;R). In the subsequent papers
[34]-[37], Shterenberg relaxed the conditions imposed on A, V, and G. The following
conditions were given in [30]:

(0.8) det G € HL (R?), ai det G € Ly (R?), j=1,2,
Ty
(0.9) [APG(|A]) € Lige(R?),

where g(t) = 1(t) = 19,0 T2 L), m € N, ¢ > 1, Li(t) = 14 In(1 + ), l;(t) =
1+ Inl;_1(t), ¢ = 2,...,m, t > 0, and the scalar potential V is defined as the dis-
tribution du/d%x, where p is a periodic Borel signed measure satisfying some addi-
tional conditions (which occur also in [35]); in this situation the closure of the quadratic
form V(p,¢) = [z l¢*dp, ¢ € C5°(R?), may fail to be bounded relative to the form
HV‘PH%%RZ‘;@)a ¢ € HY(R?) C L*(R?). Finally, in [37], the restriction (0.9) on the vector-
valued potential A was relaxed to A; € Lo(R?), j = 1,2. It should be mentioned that in
[36] B7] Shterenberg studied also a generalization of the operator (0.7) obtained by the
incorporation of weight functions. The results pertaining to the absolute continuity of the
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spectrum of the periodic Schrodinger operator were applied to the study of the spectrum
of the Schrédinger operator in periodic waveguides (see [38, B9] and also [40, 41]).

In [30] (without using periodic isothermal coordinates, and with the help of results on
the generalized two-dimensional periodic Dirac operator), it was proved that no eigenval-
ues are present in the spectrum of the periodic operator (0.7) if the following conditions
are fulfilled: G satisfies (0.8), A; € L*{g,A}, j = 1,2, for some g € G, and the scalar
potential V is defined via a quadratic form V(g, ), ¢ € H'(R?); this form has zero
bound relative to the form [[Vel|7ge.czy ¢ € H'(R?) C L*(R?), and is such that
V(. =7),0(-—7)) = V(, ) for all ¢, € H'(R?), 7 € A, and V(e' ")y, e'h7) ) =
V(¢, p) for all ¢, p € H'(R?) and k € R? (if the form V(y, ¢) is Hermitian, then it may
fail to coincide with [, [¢* du for ¢ € C§°(R?), where 4 is a periodic (locally finite)
Borel signed measure [29]). In [30], the functions A;, j = 1,2, can be complex-valued,
and the form V is not assumed to be Hermitian.

If the function [0,+00) > t — g(t) € [0,+00) is monotone nondecreasing and the
function (0,+00) 3 t — g(¢t~1) belongs to G (in particular, this is true if g(.) = I(.)),
then for every periodic vector-valued potential A € L2 _(R?* C?) satisfying (0.9) there
exists g € G such that A; € L?{g,A}, j = 1,2 (see [31]). Therefore, the condition
imposed in [30] on the vector-valued potential A is less restrictive than (0.9) (with g as
indicated). In [32] (as well as in [37]), the constraint on A was relaxed up to 4; € L, (R?),
j=1,2.

§1. NOTATION AND THE MAIN STATEMENTS

Since the change V(© — X — V(© reduces the operator D + V — AI, where I is the
identity operator on L?(R?;C?) and \ € C, to the operator D+ ‘7, it follows that in the
proof of Theorem 0.1 it suffices to check the absence of the eigenvalue 0. Also, we may
assume that A = Z? (an appropriate linear change of variables can be made, preserving
the form of the operator D + V). Denote L(R2) = Lz2(R2), K = [0,1)2. Let 0 < ¢ <
p < 400, let F >0, and let T'(p, g, F') denote the set of ordered collections {F,G, H} of
Z2-periodic functions F, G, H in L*(R?;R) such that ¢ < G(x) < p, ¢ < H(z) < p, and
|F(x)| < F for a.e. * € R2. We put I' = Up,q,F ['(p,q, F). Multiplying the generalized
Dirac operator (0.1) from the left by the (unitary) matrix-valued function

(h31(x) + h3y(x)) /2 (hao(2)] — ihay (2)53), @ € R?,
we obtain the operator

~ o~ =N R 0
(1.1) D4V = (g01+.7-"02)<—za—xl

) +H82(7i8i$2

)+X7

for which {F,G,H} € T and the (new) periodic matrix-valued potential V satisfies the
assumptions of Theorem 0.1. Therefore, Theorem 0.1 is a direct consequence of the next
Theorem 1.1.

Theorem 1.1. Suppose {F,G,H} €T and

3
V=vOr+> vig
1=1
with VW € L(R?), I = 0,1,2,3. Then the generalized Dirac operator (1.1), acting in
L?(R?;C?) and defined on the Sobolev class H'(R?;C?), is invertible (i.e., A = 0 is not
an eigenvalue of this operator).

For the proof of Theorem 1.1, we apply Thomas’ method (originating from [42] and
used for checking the absence of eigenvalues in the spectrum of periodic elliptic differential
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operators). With the help of this method, in this section we reduce Theorem 1.1 to
Theorem 1.2.

As a preliminary, we introduce some notation and several definitions. The Fourier
coefficients of a function ¢ € L'(K;C%), d = 1,2, will be denoted by

ON :/ o(x)e 2™ N2 @25 N e 72
K

Let C(K), CY(K), and H*(K) be the spaces of functions ¢ : K — C, the Z?-periodic ex-
tensions of which belong to C(R?), C'(R?), and the Sobolev class HIOC(]Rz) respectively;
by Co(K), CA(K), and H}(K) we denote the corresponding subspaces of functions ¢
such that g = [ (z) d*z = 0; HY(K;C?) = (H'(K))2. In what follows, we identify
functions defined on K with their Z2-periodic extensions to R2. The norms and scalar
products in C?, L?(R?;CY), and L?(K;C%), d = 1,2, are standard (as a rule, we do not
indicate a particular space in the notation for its norm and scalar product). The scalar
products are assumed to be linear in the second argument; V = (9/0x1,9/0x5), and
meas is the Lebesgue measure.

Let {F,G,H} € T(p,q, F). For all k = (k1,ko) € R? and all 5 = (3¢, 300) € R?, we
introduce the operators

0 0
D(k + i) = (Goy —|—}"02)<k1 + i3 — z%) + Ho (kg + i20 — Zﬁ—ajg)

acting in L2(K;C2?), with D(D(k 4 is)) = H*(K;C?). Put
~ ) , B d
di(k +ix) = (GEiF) (k1 +is — Z@T) + zH(kg + iy — Za—xg)’
D(d(k+1i3)) = HY(K) C L2(K);
S 0 d_(k+ix)
1.2 D(k =~ ,
(12 (k- is) <d+(k+i%) 0 )

There exist numbers ¢; = ¢1(p,q, F) > 0 and ¢o = ca(p,q, F) > ¢1 such that for all
k € R? and all ¢ € H*(K) we have

(13) cliH(k —ige)e| < Wtkal? <CQZH(k ~ig )l

(see, e.g., [29)]).

Relations (1.2) and (1.3) imply that the operators D(k), k € R2, are closed, and if
k & 272, then their range R(D(k)) coincides with the space L2(K;C2), ker D(k) = {0},
and the inverse operators D1 (k) are compact (see (1.2), (1.3), and the properties of
d+ (k) presented in §2).

The generalized Dirac operator D + V of the form (1.1) is unitarily equivalent to the
direct integral

& ~  d%k
1.4 / Dk)+V ,
(14) [ (DE) V) 5
acting in
@ A2k
L*(K;C?
/27TK ( ) (271-)2

(the vector k = (ki,k2) € 2nK C R? is called the quasimomentum). The unitary
equivalence mentioned above is established via the Gelfand transformation [43], 44] (for
periodic Dirac operators, see also [J, [12]). The matrix-valued potential V', viewed as
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acting in L?(K;C?), has zero bound relative to the operators ﬁ(k), k € R?; therefore,
the operators VD~1(k) are compact for all k& € R?\27Z2. Fix a vector kK € R?\27Z2.
Since R L SR
(D(k) +V)D Y (k) =T+ S(k), kecR?
where T is the identity operator in L2(K;C2), and the operator
S(k) = (51 + F&2) (k1 — kY) + HGo (ko — k3) + V)D 1 (k")

is compact, the representation of the operator (1.1) in the form of a direct integral (1.4)
and the analytic Fredholm theorem imply that if A = 0 is an eigenvalue of D+ V,
then A = 0 is an eigenvalue of each of the operators D(k + i) + V (with the domain
D(D(k +ix) + V) = HY(K;C?) C L*(K;C?)) for all k + i3 € C? (see [1] and [44
XII1.16]). Consequently, for the proof of Theorem 1.1 it suffices to find a complex vector

k + i € C2 such that ker(D(k + i) + V) = {0}. Thus, Theorem 1.1 is implied by the
following statement.

Theorem 1.2. Suppose {F,G, H} € T'(p,q, F),

VO € L(R?), | = 0,1,2,3. Then there are vectors k',' € R2, and a unit vector
e = (e1,e3) € R? with e; > 0 such that for some numbers ji > 0 as large as we wish
the following is true: for all k € R? with ky = m and all vector-valued functions ¢ €
HY(K;C?) we have

I(D(k + & +i(fie + ) + V)l = e Fgll,
where ¢ = ¢(p,q, F') > 0.

The proof of Theorem 1.2 is presented in §5. It is based on Theorems 3.1 and 5.1.
proved in §3 and §6, respectively. In §2, for the operators Ei(k) we list the properties
needed for what follows. In §3 we prove that the Dirac operator D(0) 4 V with a matrix-
valued potential of a special form is similar to the Dirac operator ﬁ(k + i3¢) for some
vectors k,» € R%. In §4 we collect the auxiliary statements to be used either in the
proof of Theorem 1.2, or (mainly) in the proof of Theorem 5.1. The estimates proved in

Theorem 5.1 for the Dirac operator D(k) + V with a matrix-valued potential of a special
form are used in the proof of Theorem 1.2. In §6, Theorem 5.1 is deduced from Theorem
6.1, which is proved in the same section.

§2. PROPERTIES OF THE OPERATORS d (k)

In this section we present the properties of c?i(k‘) k € R?, which were considered
in detail in [29] and the proofs of which can be found in [28, 29]. In the case where
k = 0, we use the abbreviation di = di( ). The results of this section will be employed
substantially in what follows.

Estimates (1.3) imply that the operators dw(k), k € R2, are closed. If k ¢ 2rZ2,
then kerdy (k) = {0} and R(ds(k)) = L*(K); kerd, = kerd_ is the one-dimensional
subspace of constant functions in L?(K), and the subspaces R(di) are closed subspaces
in L?(K) for which dim coker de=1. Forall p € HY(K) we have

~

(2.1) drp=—d-7

(the bar stands for complex conjugation).
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On the set I" we consider the metric
poe({F,G. H} {F,G" " H'})
= max{||[F = F'|l ) |G = G'll o (x)s [H = Hll oo (1) }-
Let P(L) denote the orthogonal projection in L2(K) onto the subspace £; the set of

orthogonal projections is endowed with the operator topology (induced by the operator
norm).

Lemma 2.1 ([28]). The functions (I'(p,q, F), pss) 3 {F,G, H} — P(coker Ei) are uni-
formly continuous.

This lemma and the convexity of the sets I'(p, ¢, F') imply that the following functions
exist and are continuous:

(T, poo) 2 {F, G, H} — xx € {x € L*(K) : ||x|| = 1} Ncokerdy. C L*(K),
and we may assume that y_ = X7 (see (2.1)).
Lemma 2.2 ([29]). For any {F,G,H} €T for a.e. x € K we have x4(x) # 0.

Lemma 2.3 ([29]). Let {F,G,H} € T'(p,q, F), and let g(.) be a positive, monotone
nondecreasing, and continuously differentiable function on (0, 1] such that g(r/2)/g(r) —
1 asr — +0. Then for all z € R? and all ® € H'(K) we have

[ ae-uDVe@EPy<e [ glle-yDldiew)? dy
yilz—y|<1 yilz—y|<1

where c3 = c3(p, q, F'; g) > 0 (the integrals may take the value +00).
We denote by Hi{g,Z?}, g € G, the Banach space of functions ® € HZ(K) such that
”(I)Hﬁé{gﬁzﬂ = H‘V(I)(')‘||L2{g,z2} < +o00.

By Lemma 2.3, H}{g,Z%} = {® € H}(K) : d.® € L?{g,Z2}}. Since r°g(r) — 0 as
r — +0 for any € > 0, the space C}(K) is embedded continuously in H{{g,Z*}. On the
other hand, H{{g,Z*} C Cy(K), and for all ® € H}{g,Z*} we have

(2.2) 1| zoe (i) < Call®ll g1 (9,223

with ¢4 = c4(g) > 0 (see [29]). The following Lemma 2.4 is an immediate consequence of

Lemma 2.3 and estimate (2.2).

Lemma 2.4 ([29])). If {F,G,H} € I'(p,q,F) and g € G, then there is a number cs =

cs(p,q, F;g) > 0 such that for any ® € HL(K) with d,.® € L*{g, Z2} we have ® € Co(K)
and

9] Lo (k) < c5l|d4 Pl L2qg,223-
The next lemma follows from the definition of the set L(R?) (see, e.g., [22] [36]).

Lemma 2.5. Suppose W € L(R?). Then for any e > 0 there exists a number C-(W) > 0
such that for all k € R? and all ¢ € H'(K) we have Wy € L*(K) and

IWellLex) < ell(k = iV)ellakie2) + CeW)llell 2 x)-

Theorem 2.1 ([29]). Suppose {F,G,H} € I', g € G. Then for any ® € f[&(l{) with
dy® € L*{g,Z%}, and for any ¢ € H'(K), we have ® € Cy(K), ey € HY(K),
(09/0z;)¢ € L*(K), j = 1,2, and

(2.3) dy (') = e (i(dy )i + dyp).
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Theorem 2.1 is a consequence of Lemmas 2.3, 2.4, and 2.5. For the proof of identity
(2.3), we use the fact that the operator d; is closed. First, identity (2.3) is established
for 1 € C1(K), and then, with the use of Lemma 2.5, in the general case, for ¢ € H'(K).

Theorem 2.2 ([28]). Suppose {F,G,H} € I'. Then there exist unique real-valued func-
tions ®, ¥ € H}(K) and a vector 3 € R? such that

(2.4) idy (® — iV) = —(G +iF)3 — iH(Gz + ).
Moreover, (2.4) implies that ®, ¥ € Co(K) and 52 > 0.

Lemma 2.6 ([29]). Suppose {F,G,H} € I'. Then x4 = c6(GH) "N (dy ¥ — H), where
U € H}(K)NC(K) is the function defined in Theorem 2.2, and cs = c(F,G, H) € C\{0}.

Lemma 2.7 [29). Suppose {F,G,H} € T and ¥ € H&(K) is the function defined in

Theorem 2.2. Then
(a_q,)g+ (a—qj - 1)2 >0
6$1 3332
for ae e K.
Lemma 2.7 is a consequence of Lemmas 2.2 and 2.6.

Lemma 2.8 [29]. Under the conditions of Lemma 2.7, for all A € R we have
meas{z € K : ¥(z) —xo = A} =0.

Lemma 2.8 follows from Lemma 2.7, because ¥ € H} (R?) and if ¥(z) — 22 = A (=
const) on some set M C K with meas M > 0, then 0¥ /Jz1 = 0 and 0¥ /dzy = 1 for a.e.
x € M, which contradicts Lemma 2.7. Lemma 2.8 will be used in the proof of Theorem
1.2. Instead of Lemma 2.8, we could apply Theorem 2.3 stated below (this method of
argument was chosen in [28] for the proof of the absence of eigenvalues in the spectrum
of the generalized two-dimensional periodic Dirac operator D + V with a matrix-valued
potential V € LI (R?* Ms), ¢ > 2).

loc
Theorem 2.3 [28]. Suppose {F,G,H} € T and identity (2.4) is fulfilled for real-valued
functions &, U € ﬁé(K) NC(K) and a vector 5 = (521,5%) € R Then R? 5 z —
Z(x) = ®(x) —i¥(x) + 3021 + G2 + i)xe € C is a continuous bijective map (with
continuous inverse).

Under the conditions of Theorem 2.3, Z(.) is a periodic map: for any € R? and
n € 72, we have Z(z +n) = Z(z) + 31n1 + (522 + i)na, and 35 > 0.

§3. SIMILARITY BETWEEN THE DIRAC OPERATOR D(0) + V WITH A SPECIAL
MATRIX-VALUED POTENTIAL AND THE DIRAC OPERATOR D(k + ix)
We put
{6} = |J Hidg, 2%}
9€G
Lemma 2.3 and Theorem 2.1 imply that for any ® € H}{G} the operators of multiplica-
tion by e® and by €?*® act within the space H'(K;C?).

Theorem 3.1. Suppose {F,G,H} € TI'(p,q,F) and g € G. For any two functions
C1,Cy € L*{g,Z*} there exist unique vectors k, 3 € R? and functions ®,¥ € H{G} C
H}(K)NC(K) such that for some p € C\{0} (consequently, for all u € C) we have

(3.1) HT3Y D (1K + isc)) e eV = D(0) + pu(C151 + Coo).
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Moreover, ®, % € H}{g, 22} and
(3-2) max{||®| k), [/l r)} < A IC1IL21g,22) + [Callz2(g,22));
(3.3) (K1 + |5¢* < 3 ([ICLIZ2 a0y + IC2 0122 ()

where ¢, = &\ (p,q, F;9) > 0, ¢y = cy(p,q, F) > 0. IfCy £iCy € R(dy), then k = » = 0.
If C1 and Cs are real-valued, then 2 =0 and ® and ¥ are also real-valued.

Proof. By Theorem 2.1 and relations (1.2) and (2.1), vectors k, s € R? and functions
®, ¥ € HHG} c HY(K)N C(K) satisfy (3.1) for some p € C\{0} (and hence, for all
u € C) if and only if, for both signs + and —,

(3.4) ide®y =Cl =Cs — (G £ iF)ky + iHky) — i((G £ iF)se1 + iHse),

where &y = & F iU, CL = C; +iCy € L*{g,Z2%} C L*(K) (multiplication by e**®
and by e*V, u € C, acts within the space H!'(K)). We denote (x+,G + iF) = uﬁj),
(Xx, TiH) = 2 . Since the functions y+ (with ||x+|| = 1) are chosen so that x_ = X7,

we have u( ) ( ), u( ) = (2) . Also, |u(1)| <p+ F and |u(j)| < p. Since the subspaces
R(di) are Closed in LQ(K) and dim cokerdy = 1, equations (3.4) can be solved for
O, € HY(K) and k, > € R? if and only if

(3:5) (xt Ca) = D (k1 + isa0) + u) (kr + i22).
Lemma 3.1. We have |Im,uJr u+)| >co=co(p,q, F) > 0.

Proof. Let K(x) = (G(x)H(z))"'/2, € K. For any vector 7 = (71,72) € R? and any
function Q4 € HY(K), we can write

1K (idy Q. + (G + iF) 71 + iHT)|?

=lpes G+ (7 o) (et ZEDI

)

whence
lid Q4 + (G + iF)ry + iHT|?

2
>COZHTJ | =l + N5
j=1

where ¢g = co(p,q, F) > 0. Since the function Q, € H'(K) in (3.6) is arbitrary, we
obtain

(3.6)

co|r? < min  ||idyQy + (G + iF) 7 + iHT|?
Q+€H1(K

= [(X+:G +iF)r1 + (xar M) = [0y + pP o
+ +
(in particular, this implies that | wy | > \/co, j = 1,2). Consequently,

1 2),\ (2) 1) (2
COS\/%“L )|<mm|(l‘5r)+ﬂ( )t) +‘ |Imu() ()"

Lemma 3.1 is proved. O

Since

A VA W ¢t 7}
det Ma) /AEE) =2iImpl py”,
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Lemma 3.1 shows that there exist unique vectors k, » € R? satisfying (3.5):

. . (21
(3.7) ki + iz = (20T Y ) 7 (0P (g, €) — P (e, €0)),

(3.8) by +isey = (20 Tm V@) (= (4, C4) + 0 (0, €0)).

Relations (3.7) and (3.8) imply (3.3). For the vectors k, > € R? chosen as above, we
have C} € R(Ei); therefore, we can find (unique) functions @+ € HE(K) such that
ic/l\i@i = C/.. On the other hand, C/. € L*{g,Z?}, so that, by Lemmas 2.3 and 2.4,
®. € Hi{g,72} c Cy(K) and

(3.9) 1@ 4[| (x) < 5lICL (129,22

Also, we have ®, W € H}{g,Z2} c H}(K)NC(K), and (3.2) is implied by (3.3), (3.4), and
(3.9). If Cy € R(é\i), then (x+,C+) = 0, whence k = 5 = 0. If C; and Cs are real-valued,
then C_ = C; and (x_,C_) = (x4,C4), and from (3.7), (3.8) it follows that » = 0 and
ide®y = Cy — (G +iF)ky + iHks) (see (3.4)). By complex conjugation and (2.1), we
obtain idi®+ = Cx — ((G + iF)ky + iHky) = id+®, whence d; (Im® — iIm W) = 0,
Consequently, ® and ¥ are real-valued. This proves Theorem 3.1. O

If under the assumptions of Theorem 3.1 we put C; = iH, Co = 0, then C1,Cs €
L>®(K) C L*{g,7%} for any g € G. Therefore, the next theorem, which we need for
what follows, is a consequence of Theorem 3.1.

Theorem 3.2. Suppose {F,G,H} € T'(p,q,F). The following objects exist and are
unique: a vector 3 € R? and real-valued functions ®,V € H}{G} C H}(K)NC(K) such
that for all k,c € R? and all ;1 € R we have

(3.10) O3V D (k4 ise + ipz)e PP eV = D(k + iz) + ipHo.

Moreover, ®,¥ € I}(}{g,ZQ} for every g € G, and max{[|®|| p(x),||[¥| L)} < cf,
|7 < ¢, where ¢f = i (p,q, F) >0 and c5 = c5(p,q, F) > 0.

The functions ®, ¥ and the vector > defined in Theorem 3.2 coincide with the corre-
sponding objects in Theorem 2.2, because they satisfy condition (2.4), which is implied
by (3.10).

Lemma 3.2. For the vector 3 = (321, 32) € R? defined in Theorem 3.2 we have 321 >
s =c(p,q, F) > 0.

Proof. Identity (2.4) yields
(3.11) p Vo + 1P G+ i) = 0.

Since \u(j)\ < p+ F and |uf)| > /co (see the proof of Lemma 3.1), from (3.11) we
deduce that

(1)
) 2 YO i M | = VO =
p+F Mf) p+F

and >; > 0 by Theorem 2.2. O
§4. AUXILIARY STATEMENTS
Let k € R?, € R. For every N € Z?, we denote
GE (ks ) = ((kr + 27N1)2 + (s + 27Ny + 1)%) '/,
G (ks p) = min{G g (; ), G (k; 1)}
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(here and in the sequel, we agree that the statements and formulas involving + and F are
understood independently for the upper and the lower combination of signs). If ky = m,
then G (k;u) > m. For ¢ € HY(K), put

/
lell. = (2 Gatkmlent?) ",

Ne72

e = (X (GHks)enl?)

Nez?

1/2

For a > 2m, we introduce the finite sets
T*(a) = {N € 2% : GL(k; ) < a}.

In the above notation, the dependence on the vector k € R? and the number ;. € R, which
will be specified in advance, is not indicated explicitly. Let #O denote the number of
elements of a finite set O. We have

(4.1) 1 < #T*%(a) < 6ma.

Lemma 4.1. Suppose {F,G,H} € T'(p,q, F). Then for all vectors k € R?, all numbers
p € R, and all functions ¢ € H'(K) we have

alel? s < I(ds(k) +inH)e)? < calloll? 1,
where ¢1 = ¢1(p,q, F) >0 and ca = ca(p,q, F) > ¢1.
This lemma is a consequence of estimates (1.3) (with the same constants ¢; and cg).
For a set O C Z?2, denote L(0) = {¢p € L*(K) : ¢y = 0 for N € Z>\O}, L(Z?) =
L2(K), £(2) = {0}. Let P® = P(L(O)) be the orthogonal projection in L2(K) that
takes a function ¢ € L?(K) to the function

ﬁO(p _ Z gONeZTri(N,at).

NeO
Lemma 4.2. If W € L*(K), then for any finite set O C Z?* the operator WP is
bounded on L*(K), and
IWP|| < fw(#0),
where fw : Zy — [0,+00) is a monotone nondecreasing function satisfying fw (N) =
o(v/N) as N — +oo.
Proof. For b > 0, we introduce the following functions:

W(z) if [W(z)| > b,

(4.2) K5 @ Wyz) = { 0 otherwise,

Wiy(z) = W(z) —Wy(z), z € K. If p € LQ(K) and O C Z? is a finite set, then

W POl| = ( > ‘ > (Wo)u N—Mr)l/z
NeZ? MeZ?
< ( ( \(Wb)M|2)( Z \WNfMP))l/Q
Nezz M:N—Meo M:N—Meo
(X2 D) el

MeZ? N:N— MGO
= (#0) 2| Woll 20yl e,
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whence
[W PO < [Wy POl + [[Wo POl < (b+ (FHO)2([ Wl 20 2.
Put
fw(N) = inf b+ VN|Woll2(x), N € Zy = NU{0}.

Then ||Wﬁ0|| < fw (#0), the function fy is monotone nondecreasing, and for any & > 0
we can find a number b(e) > 0 such that ||[Wy || z2(x) < €, so that fu (N)/VN — 0 as
N — +oo0. O

Let W € L(R?); we put

hw (t) = inf (e + t 1O (W), t>0,

where C.(W) is as in Lemma 2.5. The function hy is monotone nondecreasing, and
hw (t) — 0 as t — 4o0.

Lemma 4.3. Suppose W € L(R?), p > 4x. Then for all k € R? with ky = m and all
¢ € L(T*(1/2)) we have

(4.3) Wl < erllel

ot = 7l

where ¢z = c; (W) > 0. If 2 < a < /2, then

(4.4) IWell < hw(a)lle]«

for all k € R? and all p € L(T*(u/2)\T*(a)).

Proof. By Lemma 2.5 (with ¢ = 1), for all z € R, all k € R2, and all ¢ € H'(K) we have
(4.5) IWell < llellx + CLW)|lol].

On the other hand, if p € L(T*(u/2)), p > 4, then ||¢]l«+ = ||+, and [|¢]l« > 7[lo||
whenever k; = 7. Therefore, (4.5) implies (4.3) with c; = 1 +7-1C;(W). Now, suppose
that 2r < a < p/2 and ¢ € L(T*(u/2)\T*(a)). Then, for any k& € R? we have
l¢ll«,+ > all¢|l, and by Lemma 2.5 we obtain

IWell < (e +a™" Ce(W)llell«
for any € > 0, which yields (4.4). O

Lemma 4.4. Suppose W € L(R?), u > 4r. Then for all k € R? and all ¢ € f[l(K) N
L(ZA\(TH(p/2) UT~ (11/2))) we have
[Well < 3hw (1)«

This lemma follows from Lemma 2.5, since, under the assumptions of Lemma 4.4, we
have |||l < 2u~|¢ll+ and [[(k — V)@l L2(xic2) < 3]l

Lemma 4.5. Suppose W € L?(K), p > 4w, and 27 < a < a’ < p/2. Then for all
o € L(Z2\T*(a')) and all 1 € L(T*(a)) we have

1/2
ewwl<vora( > IWal) lellaao el

NeZ?:2rw|N|>a’—a
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Proof. Indeed,
(e, W)[ < D leml Y IWnthar—n]

Mez? NezZ?

< HSOHL?(K)( Z ( Z |WN¢M—N\>2)1/2

MeZ2\T*(a’) Nez?

< (Y > )W) lello el

NeZ? M:M¢T*(a'),M—NET*(a)
1/2
<Vora( Y WNB) il e
Ne€Z2:2w|N|>a'—a
(we have used estimate (4.1)). O
Lemma 4.6. For W € L(R?), let W;, b > 0, be the functions defined in (4;2), There
exists a monotone nondecreasing function hw : [0, +00) — [0, +00) such that hw (t) — 0

ast — +oo and for all p € R, all k € R? with ky = 7, all ¢ € HY(K), and all b > 0 we
have

(4.6) Waell < Fow (B) || -
Proof. By Lemma 2.5, for any € > 0 there exists a number C.(W) > 0 such that
(4.7) Wl < ellgpllx + CcW)I¥

for all € R, k € R2, and ¢ € H'(K). We define

6
hw (b) = inf min (\/;a||Wb||L2(K) +e+ aflcE(W)), b>0.

e>0a>2m

Since the function [0, +-00) > b+ ||[W}|| 12 (k) is monotone nondecreasing, and ||[W|| 12 (k)

— 0 as b — +oo, the function hy possesses the same properties. On the other hand,
using (4.1) and (4.7), we see that if u € R, k € R%, ky = 7, ¢ € H'(K) (in which case
7ol < llll«,+), b>0, >0 and a > 27, then

Wil < [WoPT @ + W, PX\T* @y
< IWallzz) |P7 el ey + [WPHNT g
< Vo al| Wyll 2 (1) | BT @
+ 5||1322\Ti(a)90\|*,i + C’E(W)H]gZQ\Ti(a)@”

6 _
< (\E Al Wil 2y + & + a1 C (W) o]l
These inequalities and the definition of hy imply (4.6). |

85. PROOF OF THEOREM 1.2

For an arbitrary set M’ C N we put

— #{neM :n<N}
M)= 1 .
M) = lim N
In this and the next sections we use the symbol » . _ to denote the sum of two terms
obtained from expressions with indices + and F when fixing the upper or the lower
combination of signs.
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Theorem 5.1. Suppose {F,G,H} € T(p,q, F), v ¢ L(R?), I = 0,3, and ¥ is a
real-valued function of class C(K) such that

(5.1) meas{z € K : ¥(x) —xo =2} =0

for any A € R. Then there exists a number ag = ao(p,q,F;\N/(O),j/(B))NZ 27 such that
for any a > aq there is a set M C N, depending also on F, G, H, VO V) and U, for
which Q(N\M) = 0 and for all u € M, all k € R? with ky = 7, and all

(52) o= (jjj) € H'(K;C?),
we have the estimate
[(D(k) + ipH5, + 272 (VO T + VE53))p 2
(5:3) > B3 NPT @2 g I @2,
+,— +,—
where cg = cs(p, q, F VO, 17(3)) € (0, %cl].

The proof of this theorem is postponed until §6.
We pass to the proof of Theorem 1.2, in which Theorems 3.1, 3.2, and 5.1 will play
an important part. For [ = 1,2 and b > 0 (as in (4.2)), we introduce the functions

VO(z) if |[VO(z)] > b,

2 () _
RS 2=V, (@) = { 0 otherwise.

Since V() € L(R?), I = 1,2, Lemma 4.6 allows us to choose a number b = b(cq; V1), V()
> 0 so that for all u € R, all k € R? with k; = 7, and all » € H!(K) we have the
inequalities

Op12 <« L 2 _
(5.4) VOl < 2wl ,, 1=1,2,

for both signs 4 and —. For [ = 1,2 we have ||V —VE,(Z)HLOO(W) < b < +o00; therefore, by
Theorem 3.1, there exist vectors &, »' € R? and functions @', ¥’ € ﬁé (K) N C(K) with
the following properties: the operators of multiplication by the functions eF1®" and by
the matrix-valued functions e*:¥" act within the space H'(K;C2); for every k, s € R2
we have

O3V g—i®’ (ﬁ(kz + K +i(x+5)) + ?)ei‘b/eaﬂ'/
5.5 N 2 -
(5:5) =Dk +is) + VOT+ > V%, + V®5;,
=1
where
VO = v cosh 20’ + V@ ginh 20', VO = V(O ginh 20" + V) cosh 20,
and

(5.6) max{[|®"[| Lo sy, ¥’ Lo () } < €D,

where ¢/ = ¢/(p,q, F) > 0. Inequality (5.6) shows that V(© V3 e L(R?). Let ®, ¥ €
H}(K)N C(K) and 3 € R? be the vector-valued functions and the vector defined in
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Theorem 3.2 (for the functions F, G, H). Multiplications by e#® and by e*73¥ 1 € R,
also act within the space H!(K;C?). From (3.10) we obtain

e““’sqle“q)( (k+iu3x) + vOT 4 ZV o+ V(3)03)e He inds ¥

(5.7) =1

2
=D(k) +iuHor + 3 VG, + 24V (VOT + V)

1=1
for all g € R and all k& € R?. By Lemma 2.8, ¥ satisfies (5.1). Let ap and cg be
the numberb defined in Theorem 5.1 (for the functions VO, VB and ¥). We put
e = £-1/2cs and choose a number a > ag so that ca > C. (V(l)) I =1,2, where C,(.) is
as in (4.7). By Theorem 5.1, there exists a set M C N, depending on F, G, H, on the
matrix-valued potential V', and also on the choice of b and a, such that Q(N\M) = 0
and estimate (5.3) is valid for all u € 7M, all k € R? with k; = 7, and all vector-valued
functions (5.2). Using (4.7), (5.4), and the estimates

~o2\ kg I N 1
|PEAT @y || < a||pZ D0 s

we obtain the inequalities

2 5 2
|>-v0se] <23 0l
=1 =1
2 + 2 2 +
<AY S IVEIPT @eu 2 443 N T VORI @12

=1 +,— I=1 +,—

2

c ~7E(q ~o2\pE (g o2\ k(g

< D IPT Wps2a 4830 ST (SIPTNT W 2s + CEVO) P Wi ?)
+,— =1 +,—

C1 fax a
g D LN ZIIPZ V|2
+17

Therefore, (5.3) implies that, again for all u € 7M., all k € R? with k; = 7, and all ¢ as
n (5.2),

2 - 2
H(D(k) +ipHor + Y VG + 2ot (VOT 4 V(3>83))<pH
=1

2
—~ o~ ~ —~ ~ . 2
> SI(BWH) + e, + o (TOT 4+ VO55))0)? — | S v

N =

>

gl“

ST cs ~o2\
|PT*@p |2, + 237 BT
+7_

2
8 s
> lexll?e > D7 GRlkimlonl* > resloll”.

@
4
NeZ2

s
-

Now we use (5.5) with s = p3¢ and also (5.6)—(5.8) and the estimate ||®||p~(x) < c] (see
Theorem 3.2) to obtain the inequality

-~ ~ -~ v —4c! _9c*
(D + K + iz + ) + V)l = 5 ves e 1be 0o,

which is valid for all 4 € 7M, all k € R? with k; = =, and all ¢ € H'(K;C2). To
complete the proof of Theorem 1.2 it remains to put e = 3/|>| and ¢ = 3¢}/ch (see
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Lemma 3.2), and it suffices to choose numbers i = |3|u € 7w|3|M for which
™ Y
4c'1' — ln(a\/§> < 01@.
Theorem 1.2 is proved. (]

Remark. Under the conditions of Theorem 1.2, if VW € L2{g,Z?}, | = 1,2, for some
g € G, then the proof of Theorem 1.2 simplifies, because Theorem 3.1 provides an identity

similar to (5.5) but without the term Zle V;)(l)?il on the right-hand side (see also [29]).
§6. PROOF OF THEOREM 5.1
Under the conditions of Theorem 5.1, denote V(&) = V(© £ V®) Since
. o 200y (1) (k) + ipH
D(k i HE 2iucs W V(O)I V(3)A — ,\e —\h 1 ,
(k) +ipHo, +e ( + 03) dy (k) +ipH e~ 2in¥ (=)
Theorem 5.1 is equivalent to the following statement.

Theorem 6.1. Suppose {F,G,H} € T'(p,q,F), V) € L(R?), and ¥ is a real-valued
function of class 5(K) satisfying (5.1) for all X € R. Then there exists a number aj =
afy(p, q, F; V) V)Y > 21 with the following property: for every ay > aly we can find a
set M C N, depending also on F, G, H, VF), V) and U, such that Q(N\M) = 0 and
for all p € ™, all k € R? with ky = 7, and all o4 € ﬁl(K) we have

(- (k) + ipH)py + e 210V |2
+ (A= (k) + ipH)p + eV P |2
> S (1P |2+ BT p_|12)
+ (PPN @ |2 | 4 [ PRV @12 ),
where ¢ = cg(p,q, F; VT, V) € (0, Ley].

The next lemma is a version of the Wiener theorem (see, e.g., [45, Theorem XI.114
and the remark after it]).

Lemma 6.1. Suppose W € LY(K), and ¥ is a real-valued function of class 5(K) satis-
fying (5.1) for all A € R. Then

N
1 .
li ‘ 27rzu(\117x2)Wd2
N=oo N szl /K ‘ ’

Corollary. Under the conditions of Lemma 6.1, denote

Mi(VV,\I/;Q):{I/EN: ’/K

Then QM (W, U;0)) =0 (for any 6 > 0).

Proof of Theorem 6.1. Let fi t), hy ), and ¢7(V*)) be as in Lemmas 4.2 and 4.3. We
denote

2
‘:0.

ej:ZﬂiV(‘I/—x2)Wd2_'L‘} > 9}, 6> 0.

1
¢y = max{c; (V) e;(VIN)}, ¢ = EC%(Cl +4(ch)*)

(then ¢§ € (0, 2¢1]). Suppose p > o > 0, where y is a sufficiently large number to be
chosen later. To start with, we assume that ug > 4. Let o1 € HY(K), and let k € R2.
For a € [2m, 1u/2], we denote

@ St (0 (a So2\ Tt (g
) = PT @y, ¥ = PENT @y
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where T#(a) = {N € Z? : G%(k; 1) < a} (the functions G5, (k; p) and Gy (k; p), N € 72,
and also the norms ||.||. and |.||«+, were defined at the beginning of §4). Lemma 4.1
yields the estimates

6.1)  allet@)? = calle)? 2 < 1(de(k) + inH)eD |2 < calll@ )12 1 = eallt)12,

(6.2) all )2 2 < 1(da(k) +ipH) PO |12 < eal| §)12 4

We choose a number aj > 27 for which

1
(6.3) max{h, ) (ap), hy) (ap)} < 5%

(this can be done because hy ) (t) — 0 as t — +00). Let a1 > aj, and let § =
min{g5c1, Sck}. We denote by J the smallest integer with ¢3 < J§% and choose numbers
ag,...,a541 so that aj41 > a; (j = 1,...,J) and each of the (four) functions P =
G2+ F2, P = (G+iF)H, and P = H? in the space L>®(K) C L?*(K) satisfies the
inequalities

> Te

(6.4 o Pe?) < e

NeZ?:2n|N|>aj41—a; 46

where the Py are the Fourier coefficients of P (the numbers ay), 4, and J depend on p,

¢, F, V) and V()| and the numbers as, . .. ,ay+1 depend on a; and the functions F,

G, H, V), and V(’)). Now we specify the choice of pug. We assume that pg > 2a541,
1

(6.5) max{h%,m(,uo) hv< ) (ko) } < 5408»

and, for all u > po (and all k € R?),

(6.6) 2 mas{ S (T (/2)), Foer BT (0/2)} < 526k

By Lemma 4.2 and the estimate #7'% (11/2) < 3% 1i% (see (4.1) witha = /2 > po/2 > 2m),
condition (6.6) can indeed be ensured if pg is chosen sufficiently large. Since

! (ajz) (
S - L2, = |1ptey) ~
j=1

it follows that, depending on the functions ¢y € H! (K), we can find indices ji €
{1,...,J} such that

"'(aJ+1)||2

2 =gl — gt < o<,

(a5s)  (asy41) _
162 =@ V12 L < T el
(

Then, by Lemma 4.1 and (6.2), we have

7 ajy) ~(ajy+1)
(e (k) + iH) (Fes) — 35)))
(6.7) .
2

~(a; ~(a; )
< valEes — g s < (2) P esl.

The above choice of the indices j4 is important for the proof of the next lemma.

Lemma 6.2. We have

> aj) (aji) (ajy)
(6.8) |((de (k) + ipH) G (e (k) + ipH) o *0)| < 20] st o -
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Proof. From (6.7) we deduce that
(e (k) + ipH)BL ™, (de(k) + inH)pl )]
< [((da (k) + i) B =) (de (k) + inH) )|
(6.9) (e (k) + i) @es) = ) (de(k) + i)l )
)

< [((de () + i) (A (k) + ipH) @)

C /2 (a; )
+(2) el ll(de (k) + i)

Also, we have [[¢4|l« < |lox]++ and
n (a (ajy)
(k) + iH)o ™ | < el
by (6.1). Since

dy (k) +ipH = (gii}')<k1 —zai> —HH(ui (k2 - za%z)),

we can write (see Lemma 4.5 and inequalities (6.4))

() + i), (@ () + i) o)
1/2
S \/@aji( Z |(g2 +f2)N2>

NeZ2:2m|N|>aj, +1—a;
0 (aj.)
i)
( a$1 *

+ Vo ay, ( > (G F z'F)H>N|2>1/2

NeZ?:2m|N|>a;, +1—a;,

H(kl 8il> (ajp+1) H( (k2 _1822))@55&)
1/2
IR (6=l

NEZQ:2ﬂ|N|>aji+1—aji
0 ~(aji+1) . 0 (ajy)
£ (e = i) )2 (b =i ol
H(,u 2 Z@xg e ! Z@xl e

Vora ) |<H2>N2)U2

NezZ2:2m|N[>a;, 41—a;,
(1 (ke - 1822))“Z$H+1) Gt (- Za;;))wgfji)

(a (aj,) )
< 813w e It < Slls el

Now, estimate (6.8) for all u > ug and all k& € R? follows from (6.9) and the choice of
J € N. Lemma 6.2 is proved. a

Now we define a set M C N (for which Q(N\M) = 0). We have #{N € Z? : n|N| <
as} <7 =4r'a%. Put 6 = 127 (madr*)"'. The corollary to Lemma 6.1 implies
that for all functions P, = (G + iF)VHF)e2™iN:2) and P = HVH)e2m(N:2)  wwhere
N € Z? and 7|N| < ay, we have Q(M (P, ¥;0)) = 0. Let M’ be the union of the sets
M. (P, U;6) for both signs + and — and for all functions P/ as above. Since there are

(aj2)
k= Veallox ™ |

Y[R

X
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at most 47* such sets, we have Q(M') = 0. We put M = N\(M' U{m € N: 7mm < po}).
Then Q(N\M) = 0, and p > pp whenever g € 7M. In what follows, we assume that
w € M.

Lemma 6.3. For all p € 7™M (and all k € R?) we have

(6.10) ‘((C/i\i(k> 4 ZNH) (ajy) e$2w\IIV($) (aji)

RS

o)) < Bl

Proof. If € 7M., then p/m € N\My (P, ¥;0) for all functions P indicated above.
Therefore, the definition of the set My (P, , ¥;0) implies the inequalities

2
6mal g
NeZ?:w|N|<ay

6ma? Z / e T2V —22) 41/ (F) 2mi(Now) 2, ‘ < 6raitr 0 = 3—2
NeZ2?:w|N|<ay

eF2Y=2) (G 1  F )y (F) 2milNo2) d2$‘ < 6maiTi 0 = o

‘ K 327

Since #T% (a1) < 6ma?, we deduce the estimate

(e (k) + ipH) e F2imry () o))
<[ (020, i) o)

o (g o)

<| X rrN)eanen)n

NeT*(a;,),

MEeT¥ (a1)

x/ F2ipT+2mi(M— N:n)(g:FZ}-)V ) 22 ‘
K

n ‘ S (uk (k27 N2) () w (05) M

NETi(aji)v

M€T¥(a1)

></ eF2inV+2mi(M—=N,2) 31/ (F) d2x‘
K

(a;
< 6ma2p ||

(X / P 2) (G )V (P2 |

N’€Z2:w|N'|<ay

T Z ’ T2V —22) 41 (F) 2mi (N’ 2) dsz
N'ez2:z|N'|<ay * K

(ajy) (a1)
flﬁllw <l I

This proves Lemma 6.3. (]

We pass to the proof of the main estimates. In the sequel it is assumed that k € R?
is such that k; = 7. Taking into account the inequalities

1 (aj _ a a
leP ] < 1) < 70l < e,
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and using (6.8) and (6.10), we obtain

(@ (k) + ipH) s + eF2RTYF) 002
”(di ) + ZHH)QOiJi) (Ji(k) +ipH) Py ~(aj) n e”i“‘l’v(ﬂ@(gl)”?
> |[(dx (k) + inH)g aJi)HQ + |[(ds (k) + ipH) Py 5ais) | e¥2iw1fv(¥)<p$1)”2

(k
(

— 9| (e () + i H)PL= ) (e () + ipH) o))
(d

= 2Y((d (k) + i) FHY (R
(ajy) gt ) i a
> crllpl 12 + (e (k) + inH)PL ) + T2y (D)2
(a; (a; a
S P e R P Il

(aj,) -~ ) i a
> [l 2 + (|(de () + inH) L +e¥2 Py @ plan)|2

(aj1 )2 (ajy )2 (aj,) a
= 20(102"* 112 & + 2l 112 +) — (H<P 24 o5 12).

For any € € (0,1), we have (see Lemma 4.3)

I(de () + ipH) P + eF2mvy () plan) 2
> (1= &)|(de (k) + )L+ |2 = (1 e)e [V o2
> (1 - )erllpe™ |2 1 — (1 - ) er (V)22
> (1= arllp |2 4 — (- ) ()20 2.

Therefore,

SO (@ (k) + ipH)pa + eF2EVY ) plan) |2
(ajy)
2(01—(1—5) l(c 45__)2” + ”2
+ ((1—€)er — 20) Z 1302

If ¢ > 0, we put € = 4(c%)?(c1 + 4(c5)?)~1. Since (1 —e)e 1 (ch)? = ¢1/4, 46 < ¢1/8 and
26 < 1(1 — &)cy = 3¢k, we have

ST (e () + ipH) o + T2y )2

+.-
(6.11) o
(aj,) ~ajy) 2
> G S 0k IR
+,—

which is true even if ¢, = 0. Estimate (6.11) is a key point in the proof of Theorem 6.1,
and now it is not too hard to complete the proof. For ¢4+ € H'(K), we have

Bl = PrEw/ 2T @), 4 PPN (u/2UT (/) 4 PTT (/2
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Using Lemmas 4.2, 4.3, and 4.4 and conditions (6.3), (6.5), and (6.6), we obtain

~F F(a ST+ F(a
[VEBTTRNTT @ o |2 < By (ar) | BTN o 2

1 F( F (a1)
< L PTTERTenp2

|V BEATH /20T /) 12 < g, Y| B2\ (/207 (1/2)

vm( LPﬂF”i

1 2\ (- -
< ECgHPZ \(T™ (p/2)UT (M/2))‘P3FH§¢

A~ ST*
[VEPTZW/D |12 < f2 0 (#TF (1/2))]| PT “‘”M;IIQ

_ ~pk
< 4p”2 f2 o (BT (/2)IPT WD |2 L < 0’8IIPT /D or|l2 2
Therefore,

Y I(d (k) + ipH) e + 77V F |2
+7_

1 ~ ] . o
= > lI(dx (k) + ipH)px + FHII Y (F) plen) |2

STF T (ay
_3Z||V(3F)pT (/2\TF( ) ||?
+7_
-3 Z ||V(:F)]322\(T+(#/2)UT_(M/Q))
+’7
A~
,3Z||V(3F)pT W/ |2

(6.12) o=

1 ~ ‘ . .
> 5 E ”(d:i:(k) + Z;LH)QDi + T2 /“I’V(:F)(p(¥ )H2
- lc’ § 1780 |12
28 Px
+-

Finally, from (6.11), (6.12), and the condition c§ <
in Theorem 6.1:

%cl we deduce the estimate claimed

37 (di (k) + ipH) oo + FHTV P2
(aj ) a ) 1 ~(a
> Zn e+ cSZnso . *ifgc’sZnso;“ui,;
(a; ) (a; ) 1
> L Zn 2L e SZH 2L 4 chHsoi)n
+,—

> = Z o= |2 + ¢ Z ||~(‘”i
>4 ZHsO(‘“)HZ +c82 [

2
*,

Theorem 6.1 is proved. O
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