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INTEGRAL MEANS SPECTRUM AND
THE MODIFIED BESSEL FUNCTION OF ZERO ORDER

I. R. KAYUMOV

ABSTRACT. A new characteristic B;‘c (t) of a conformal mapping f of the disk D onto a
simply connected domain is introduced and its relationship with the so-called integral
means spectrum (¢ (t) is studied. The Brennan conjecture (saying that 3¢(—2) < 1)
is confirmed in the case where the Taylor series of log f'(z) is Hadamard lacunary
with sufficiently large lacunarity exponent.

INTRODUCTION

Let Q be a proper simply connected domain on the plane, and let f be a conformal
mapping of the disk D = {|z| < 1} onto Q. In the modern theory of the boundary
behavior of conformal mappings, an important part is played by the integral means
spectrum ‘
log J™ |/ (r)|* a8

1
1—r

Bf(t) = limsup
r—1 log

(see [0], 16, 18]). For good domains, the function [f(t) is piecewise linear in ¢. If the

boundary of € is fractal, the behavior of the integral means spectrum is far from trivial.
In this paper, we introduce a new quantity closely related to 8;(t). Suppose f is a

locally univalent and analytic function on D = {|z| < 1}. Then log f’ is also analytic

in D and can be expanded in a series Z;‘;O axz® converging uniformly on the compact

subsets of D. The quantity

Do log To(tak|r¥)

1
1—r

B%(t) = limsup
r—1 log

is called the x-spectrum of integral means. Here
v 1
0w =3 (7) 7m
is the modified Bessel function of zero order. Since log Iy(z) < 22 /4, we see that Bi(t) is

a finite function of ¢ if - ) ok
o lagl?r
lim sup 721“0 |

< 0.
ro1 log

This relation is fulfilled for every function f analytic and univalent in D.
In the study of the function 5;(¢), the modified Bessel function I was first used by
Rohde (see [I8] p. 19] and [I9]). He showed that if log f'(z) = aquk, then Bf(t) >

log Iy(at)/logq.
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In what follows, we study the relationship between §;(¢) and ﬁ}(t). We shall prove
that 37(¢) is a continuous convex function of ¢ (like 3¢(¢)). Next, we shall show that
Bg(t) can be obtained from 8%(t) by “rotation” of the coefficients of log f'(z). Also, we
shall see that if the Taylor coefficients ay, of log f'(2) are positive, then B¢(t) > B}(t).

Moreover, the well-known Brennan conjecture saying that g¢(—2) < 1 will be proved
in the particular case where log f'(z) expands in a Hadamard lacunary series with an
exponent g > 15.

MAIN RESULTS

It is well known (see [I8, p. 176]) that the spectrum of integral means is a convex
function. The *-spectrum of integral means has the same property.

Theorem 1. Suppose f is analytic and univalent in the disk D. Then the x-spectrum
B} (t) of integral means is a continuous convex function of t on the real axis.

Proof. For r € (0,1) and t € (—o0,00), put
_ Yo log Io(t|ax|r")
[ log(1 — )|
We show that g(t,r) is a convex function of ¢ for every fixed » € (0,1). For this, it

suffices to prove that every summand log Iy(t|ax|r*) is a convex function of ¢. To check
the latter, we use the well-known identity

Iy(z) ! / exp(x cos ) dd

:% .

(see [18, p. 191]). Let t1, t2 be arbitrary reals, and let A € [0,1]. Then

g(t,7)

1 T
loglo()\tl + (1 — )\)t2) = log |:2_/ e(At1+(1—)\)t2)C050 d9:|

™

1 ™ A T 1-X
< log {2—< / etlcosf’de) ( / 'z 0059d9> }
a — -

= )\loglo(tl) + (1 — )\) loglo(tg)

(we have used the Holder inequality). Thus, the function log Iy(x) is convex and, with
it, so is g(¢,r) as a function of ¢. Taking again arbitrary reals ¢1,t3 and A € [0, 1], we can
write

Br (M1 + (1 — N)tz) = limsup g(Mty + (1 — A)ta,7)

r—1

< limsup[Ag(t1,7) + (1 — N)g(t2,7)]

r—1
< AMlimsup g(t1,7) + (1 — A) limsup g(t2,7) = A8} (t1) + (1 — A) B3 (t2). O
r—1 r—1 ’

If the Taylor coefficients of log f/(z) are nonnegative, then the *-spectrum of integral
means does not exceed the spectrum of integral means. Here is the precise statement.

Theorem 2. Suppose t >0, a, > 0, and > o, axz® = log f'(z). Then Bf(t) > Bi(t).

Proof. We proceed by induction. The inductive hypothesis is formulated as follows: there
exist numbers 601 (r),02(r), ..., 0,(r) such that

us

1 n ) n
(1) Dy exp {t ReZakrkez(kﬂ'ek)} do = H Io(tagr®).
T
- k=1 k=1
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This statement is obvious for n = 1. Suppose it is true for some natural number n.
Consider the continuous 2m-periodic function

1 T n . .
o(z) = 2_/ exp {t Rezakrkez(k9+9k) +tRe (an+1rn+1ez((n+1)9+x)):| de.
™
k=1

The Fubini theorem yields
1 T

1 2m n 4
o o(x) dz = Io(tan1r™ ) — / exp [tRe Z aprfe!F0t0) | qp
2m - 2 0 st

n+1

= H Io(tapr®).
k=1

By the mean value theorem for continuous functions, this implies the existence of a
number 0,11 (r) such that
n+1

@(Ong1) = [ Lo(tr*ar).
k=1

So, we have constructed the numerical sequence 6. Passing to the limit as n — oo in
(1) and using the fact that the series on the left converges, we conclude that there exists
a sequence {0y} of real numbers with

I ok ik6+00) | 10— T k
glﬂexp [tRekz_:lakr e k dekI:[lIO(takr ).

Consider the integral

exp [t Z apr® cos(k@)] ’ dé

[ ireenra- [ >

™ t St
§ : k ik6
= ex = aipr-e
/77'{' P |:2 k=0 g :|

Since the Taylor coefficients of exp(tz/2) are nonnegative, by the Parseval identity we

2
dé.

obtain
1 T L [e%s) ) 2 1 T n o3} . ) 2
o 3 exp [5 Zakrkeme} dé > o [W exp {5 Zakewkrkezke] a6
k=0 k=0
1 o oo oo
_ L k_i(k6+6y) _ k
% ) exp {tReZakr e k } df = Hlo(takr ).
k=1 k=1
This implies the relation
log f% |f/(re®)|t do log [Tr, To(taxr®)
t) = limsu u > limsu k=0 = 3%(1). O
e T L | g s I AL

Theorem 3. Suppose f is analytic and univalent in D. Then the *x-spectrum of integral
means can be calculated with the help of the formula

1 n
t(t) = limsup —— log Iy(t|ak]),
ﬁf() n_)oop logn; g Io(t|akl)

where the ay are the Taylor coefficients of log f'(z).
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Proof. In [1], it was shown that the Taylor coefficients ay, of log f’ satisfy the inequality

> 36
kz 2 2k < .
2 Ml S ey

Putting 72 = 1 — 1/n, we arrive at

2n

(2) D lar? <144, n>2.

Since
2! 1127t —1
Dl =3 > lal,
k=1 j=0 k=27

by (2) we obtain

(3) Z lax|? < 288logyn, n > 2.

k=1

Now, we fix ¢ > 0 and put » = 1 — ¢/n. Consider the difference

Do loglo(tlarl) 3237 glog lo(tlak|r™) 374 loglo(tlak) — 30ilog Io(tlak|r")
logn [log(1 —7)| logn logn —loge

To estimate the right-hand side, first we treat the quantity

n [ee]
> log I(tlax|) — Y log Io(t|ak|r").
k=1

k=0
We show that
log Io() ~ log o(y)| < 7127 ~ 4], zy€R
To this end, it suffices to verify that the function u(z) = exp(—a2/4)Iy(z) is monotone
decreasing on R. Differentiating u, we obtain
X 9py2k—1 ] X0 p2k+1

z2/4 _ z .
e (@) = () = 5Io(@) = 3 “pgE 5 £ gE 12

k=0
e 00
1‘2k+1 1 1‘2k+1

1
- N - __N"_ <o

So,

> log Io(tlaxl) — D log Io(t|ax|r*)
k=1

k=0

(log Iy (t|ax|) — log Io(t|ak|r™)) + > log Io(t|ax|r*)

Ms

k=1 k=n+1
2 ? —
SZZ |ak|2—\ak\27“2k)+z Z |ak|2’f2k
k=1 k=n+1
00
S 1—7‘ Z|ak|2—|—— Z lag|?r2*.

k=n+1
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Putting » = 1 — ¢/n in the last expression, we see that it is asymptotically equivalent to

£ —2e - 2 £ = 2 —2ek/n
(4) S(L-e ) lax] + > Jaxl®e :
k=1 k=n+1
By (3), we arrive at the inequality
t2 725 = 2 2 725
Z lax|® < T2t%( ) log, n.

Now, we estimate the second series in (4). We have

00 0o 29T (n+1)—1
Z ‘ak‘2€72ak/n _ Z Z |ak\26725k/"
k=n+1 J=0 k=2J(n+1)
00 29t (n41)—1
9ei 9 144
< Z e Z lag|® < ——¢
1—e2¢
j=0 k=27 (n+1)

(we have used (2) at the last stage). Thus,

Dheilog To(tar]) D072 log To(t|ax|r™)
logn logn

< 72t%(1 — e=%%) logyn + 144(1 — e=26) 71

logn

Passing to the upper limit as » — 1 (n — 00), we obtain

1
lim sup Togn Zlog[o tlax]) — B7(t )‘ <Al —e %),

n—oo

where A is independent of n. To complete the proof of Theorem 3, it suffices to pass to
the limit as ¢ — 0. O

A similar approximation of Abel means by partial sums is possible also for the spec-
trum of integral means under a certain additional assumption about the Taylor coeffi-
cients ay, for log f'(2).

Lemma 1. Suppose log f'(z) = > o, arz”. If

2n

(5) sup Z lak| < 400,
k=n

then

Br(t) = limsup

27 n
lo / exp Re {t a eikg}de
st lgn g p kZ::l k

Proof. As in the proof of Theorem 3, we fix ¢ > 0 and put » = 1 — ¢/n. Consider the
difference

1 2 n )
10g/ exp Re {t Z ake’k‘g} dé
logn 0 prt
1 o S k ik0
— 7log/ epre{t aprte’ }d6‘
Tog(L— )] o 2
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We have

2 n
log/ exp Re {t Z akeike} de
0 k=1
27 n 00 [e%s}
= log/ exp Re {t Z akeike(l — rk) —t Z aprFe™? 4+t Z akr’“eike} do
0 — k=1

k=n+1
2
< \t|Z|ak| (1 —7F) +|¢| Z \ak|rk+1og/ epre{ Z%?‘k zke}
k=n+1 0
Similarly,
27 n
log/ eXpRe{tZake““"}da
0
i 27 [e%s} '
,|t|z‘ak‘ 1*7’ |t| Z |ak|7’k+10g/ epre {tzakrkezke}da
k=n+1 0 P

It follows that

27 n 27
log/ exp Re {tZakeike} dg — log/ epre{ Zakrk ““9} ’
0 —1 0

logn
RN It <
< 1-— —_ k.
el =)+ e 3 el
k=1 k=n+1

The remaining arguments are much as in the proof of Theorem 3. Indeed, (5) is an
analog of (2), and the following direct consequence of (5) is a counterpart of (3):

sp10 Z|ak|<+oo O

Theorem 4. Suppose log f'(z) = > 7| axz®. If the ay, satisfy (5), then there exists a
sequence {0x} of reals such that B5(t) = B,(t), where logg'(z) = 3232, apetr 2k,

In other words, under condition (5), the coefficients of the logarithm of the derivative
can be “rotated” in such a way that the spectrum of integral means for the resulting
function will coincide with the %-spectrum of integral means for the initial one.

Proof. In the proof of Theorem 2, it was shown that there exist numbers 61,6s,...,6,
with

1 T n ) n

o | exp {t Re;akez(kew’“)] df = I}i[l[o(t|ak|).

After this, the proof is finished by application of Theorem 3 and Lemma 1, and by passage
to the limit as n — oo.
We denote by
0o o 12,2k
O'f = lim sup 7Z’“=1 | I;|
r—1 log 1i—r

the asymptotic variance of the conformal mapping f (see [I8], p. 186]). |

Theorem 5. For every function f univalent and analytic in D, and for every t we have
2

(6) Byt < o3

If a, — 0 as k — oo, then we have equality in (6).
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Proof. The inequality follows from the inequality log Io(x) < /4 (already proved).
Now, suppose ar — 0 as k — oo. We fix ¢ > 0; then there exists N = N(¢g) such that
lax| < € for all k > N. It is easily seen that
22>

212
[tog Io(t) — = < Jtog (14— ) -

< ttxt.

1222
-
It follows that

t\ak\g ‘<t4|a |4 ak < 4, 2|a |2 2% >N

| 10g Io(tlaxlr*) -
Summing over k from N to inﬁmty7 dividing by log[1/(1 — )], and passing to the limit
as r — 1, we obtain

12
‘,B;E(t) - O’?Z‘ < the?o?
Passage to the limit as e — 0 finishes the proof. (]

In [I7], Pommerenke showed that if the radial limits lim,_; log f/(re?’) exist almost
everywhere (by the Fatou theorem, this is the case if the boundary of f(D) is rectifiable),
then 07 = 0. Thus, Theorem 5 readily implies that if f(D) has rectifiable boundary, then
ﬂ;; (t) = 0 for every real t. Thus, the x-spectrum of integral means may have nontrivial
behavior only for domains with fractal boundary.

If the logarithm of the derivative is representable by a Hadamard lacunary series, the
x-spectrum can be estimated in the following way.

Theorem 6. If f is analytic and univalent on D, and log f'(z) = > agz"*, klim Thtl —

nk
q > 1, then
log Ip(a™t log In(a™t
Pelo@™t)  gey) < loBTle0),
log q log q
where
a” = likrninf lag|, at =limsup|ax|.
—0o0 k—o0

Proof. We verify the upper estimate. For simplicity, we assume that |a;| < a™, because
the general case can be reduced to this by elementary techniques. We have

1
ﬁf()—hmsupF Z 1og10(\ak|t)<hmbupﬁ Z log Ip(a™t)

n—oo knp<n knp<n

max{k : n; < n}

= log Ip(a™t) limsup
n—oo logn

Now, we show that
lim max{k : n < n} _ 1
n—oo logn log q

(this will imply the upper estimate). For this, it suffices to prove the relation (%) log ng, —
log q as k — oo. But this is a consequence of the relation

k
1 1 ; 1
ognk = Z " 08;:1 —loggqg, k — oo.

’I’Lj 1
We have used the fact that a convergent series is Cesaro convergent, and that n;/n;_; —

q as j — 0.
The lower estimate is proved similarly. (Il
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We note yet another link between (¢ (t) and ﬁ}(t). The following statement was proved
in [I1].
Let q be a natural number exceeding 1. Suppose that log f/(2)=>" akzqk. Then
By(t) = B;(t) + O(t?) ast—0.
Let Q be a proper simply connected domain on the plane, and let ¢ be a conformal
mapping of Q onto D. In [5], Brennan conjectured that ¢’ € L,(Q2) for 4/3 < p < 4, i.e.,

/ | [P dzdy < 400, 4/3 <p<4.
Q
If Q is the plane cut along some ray, then, for p & (4/3,4),

/ |’ [P dzdy = +o0.
Q

Let f: D — Q be a conformal mapping of D onto Q. In [I8] it was shown that the
Brennan conjecture is equivalent to the relation

T 1 1
| e =0 =) o

which is equivalent to the inequality
(7) Brt) <t -1, t<-2,

for the spectrum of integral means. Carleson and Makarov [7] proved (7) for sufficiently
large |t].

In his thesis [4], Bertilsson studied a local version of the Brennan conjecture for func-
tions close to the Koebe function.

The conception of integral means [6}, [7, [16] implies that it suffices to verify the Brennan
conjecture for domains with fractal boundary. (Heuristically, this is explained as follows:
if the boundary is sufficiently “good”, then integration over the circle reduces the order
of growth of the derivative by 1.) The first step in this direction was made by Baraiiski,
Volberg, and Zdunik [3]: they proved the conjecture in the case where ) is the attraction
domain of co for an arbitrary quadratic polynomial p and 2 is simply connected.

Another important class of fractals is provided by the conformal mappings f for which
log f’ is representable by a Hadamard lacunary series, i.e.,

o0
n
log ' = Zakz"’“, Z:l >q> 1
k=0

Such mappings have turned out to be quite useful in the proofs of lower estimates for the
integral means spectrum; see [8, [0} 12} 14], [I8, p. 188], and [19]. On the other hand, it
can easily be proved that the existence of a universal constant C' such that every function
in this class satisfies the inequality

B 1 C
/ ———df <
e |f'(re)? L—r
implies Brennan’s conjecture in the general case.

We prove the conjecture under the assumption that ¢ > 15. For this, we need several
useful lemmas.

Lemma 2. Suppose 0 <z < 3w/2 and q¢ > 15. Then

q—1
(8) x cosf — log <Io(x) + 27;[”(@ cosn@)‘ < g(g)‘a C = 370,

where I,(x) is the modified Bessel function.
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Proof. We recall the well-known formula

exp(x cosf) = Ip(x) + 2 Z I, (x) cos(nh),

whence
‘exp(:vcos@ 7221 ) cos n9‘<221
n=1 n=q
1 x\n ||
<23 5(5) e ()
<2> i(3) e A(n+1)
n=q

= %(g)qem (4(qur 1))/(1 N 2(qi 1))‘

By using the Lagrange formula, we obtain

’x cosf — log <Io(x) +2 qil I, (x) cos nG) ’
n=1

= ‘ log exp(z cos 0) — log (Io(x) +2 qz I, () cos n@) ‘

1
Aexp(z cosf) + (1 — A) (I ()+2Z In(2))

‘ exp(x cos ) Z

IN

where A is some number in [0, 1].
Clearly, (8) is fulfilled if

2exp (4(‘;—f1)>
[)\ exp(zcos8) + (1 — N)(Io(z) + 23971 L. (z) cosnf))] (1 - ﬁ)

for x = 3w /2, ¢ = 15. The last inequality is easily verified numerically. ]

<370

Lemma 3. Let {0} be a sequence of reals. Then

/ H [Io(t|ak|r”’“ + 22] (t|lag|r™) cos(snif + 591@)} do =27 H Iy (tlag|r™),

T k=0 k=0

and, consequently, the value of this integral does not depend on the sequence {0y }.

Proof. We expand the product under the integral sign and integrate the summands sep-
arately. Since cosacos 8 =271 [cos(a + ﬁ) + cos(a — )], we have

9) Hcos (sjnp,0 + 550,,) ZCOS {GZ (£sjny,) —1—6}
3=0

There is no loss of generality in assuming that the sequence {n,, } is monotone increasing.
Clearly, integration of (9) in 6 gives 0 because

m—1 m—1
Z sinp, < (g —1) Z Np, < Np,,,- O
3=0

=0
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Theorem 7. Suppose f is univalent and analytic in D, and
o0
log f' = Zakz”‘"'7 Ngt1/M > q > 1.
k=0

If ¢ > 15, then
Br(—2) < 1.
Proof. First, we show that
2Cal
10 -2) < Br(2) + ——
(10) 87(=2) < (D) + o

where C' is the same as in (8) and a = 37 /4.
Consider the integral

(11) / \f’\_QdQ:/ Hexp [2|ak|r"™* cos(ngb + 6;)] d6.

=)

By Lemma 2, this integral does not exceed the quantity

T OO q—1
/ H [10(2|ak.|7"”’“) + 2213(2‘ak|7‘nk) cos(snif + sﬂk)} exp (%|ak|qrq"") dé.

T k=0 s=1

It is well known (see [I8] p. 189]) that

© log 11T
Sorme< +O(1), r—1.
= log ¢

From this and Lemma 3 we deduce that
log [Treo Zo(2]ak|r™) N Cal

—2) < limsu .
ﬂf( ) - r—1 P log 1i7~ q' 1qu

For the same reason,

1 o To(2 Tk a
34(2) > limsup og [Ir—o 0(1 lag|r™) B Ca '
r—1 log q'log q

Together with Lemma 3, these inequalities imply (10).
To complete the proof, we use a result by Carleson and Jones [6]. They showed that
if f is analytic and univalent on D, and |f/(2)| < const(1 — |2])7~!, then

,\/3

12 2)<1— —.
(12) sy s1-L1
In [I3] it was shown that if f is analytic and univalent on D, and log f’(z) has an
Hadamard lacunary Taylor series with lacunarity exponent greater than 2, then, asymp-
totically, the Taylor coefficients of log f'(z) do not exceed 37 /4 in absolute value. There-
fore, v < 1—3n/(4logq). So,
2C  /3m\4
—2) < By(2) + ——— (—)
Br(=2) < Br(2) + Jlogg\ 1

1 3 \3 2C /3m\4
<1- —(1— ) + (—) .
81 4logq q'logg \ 4

Direct calculations show that the latter quantity does not exceed 1 if ¢ > 15. (]
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It is interesting that (12) can be improved. Specifically, Jones and Makarov showed
in [9] that
Bp(2—e) <1—¢c+ Ae?
for all bounded univalent functions, where A > 0 is a certain universal constant. Conse-

quently,
2

o~
2)<1——
Br2) <1- 4
which is stronger asymptotically than (12). Unfortunately, we cannot use this estimate
because no numerical upper bound for A is known presently.
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