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SHARP JACKSON-TYPE INEQUALITIES
FOR APPROXIMATIONS OF CLASSES OF CONVOLUTIONS
BY ENTIRE FUNCTIONS OF EXPONENTIAL TYPE

O. L. VINOGRADOV

ABSTRACT. In this paper, a new method is introduced for the proof of sharp Jackson-
type inequalities for approximation of convolution classes of functions defined on
the real line. These classes are approximated by linear operators with values in
sets of entire functions of exponential type. In particular, a sharp Jackson-type
inequality for the even-order derivatives of the conjugate function is proved. For the
uniform and the integral norm, the estimates are sharp even if their left-hand sides
are replaced by the best approximation. Sharp inequalities for approximations of
periodic functions by trigonometric polynomials and of almost-periodic functions by
generalized trigonometric polynomials are special cases of the inequalities mentioned
above.

§1. INTRODUCTION

The problem of finding sharp estimates in terms of norms for approximations of convo-
lutions is well studied, and general methods are developed for its solution. To find sharp
constants in Jackson-type inequalities (i.e., in estimates of approximations in terms of
moduli of continuity) is significantly harder; these problems require an individual ap-
proach. Sharp inequalities involving high-order moduli of continuity are most difficult to
obtain.

In this paper, we consider approximation of convolution classes of functions defined
on the real line by entire functions of exponential type. In this context, we develop a
new method of obtaining Jackson-type inequalities sharp for the uniform and the integral
norm. This method can be applied to a wide class of convolutions, including convolutions
with “classical kernels” such as the Poisson kernel, the heat conduction kernel, the kernels
of some differential operators, and the kernels conjugate to those mentioned above. In
particular, a sharp Jackson-type inequality for the even-order derivatives of the conjugate
function is established. All estimates are realized by linear methods of approximation,
and they remain sharp even if the left-hand side is replaced by the best approximation.
They refine the classical Akhiezer—Krein—Favard type inequalities. We also establish
inequalities where the right-hand side is a linear combination of moduli of continuity with
increasing orders. Estimates for approximations of periodic functions by trigonometric
polynomials and of almost-periodic functions by generalized trigonometric polynomials
are special cases of the inequalities obtained. Before, such inequalities were known only
for classes of differentiable periodic functions.
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In what follows, R, Z, Z,, and N are the sets of reals, integers, nonnegative integers,
and positive integers, respectively; C B(R) is the space of bounded continuous functions
on R and C is the space of continuous 2m-periodic functions, with the uniform norm
-1l =1 lloo; L(R) = L1(R) is the space of functions integrable on R; L = L; is the
space of 2m-periodic functions integrable on the period, with the integral norm || - ||1;

unless implied otherwise by the context, function spaces may be real or complex; f is
the function trigonometrically conjugate to f (see, e.g., [1, §79]); CB)(R), @(T)(R),
C") | and C(") are the classes of functions f belonging to C(R) or C and such that f(")
or f(r) exists and is continuous and bounded, respectively; 07 (f) is the central difference,
wr(f,h) is the rth-order modulus of continuity of a function f with step h, E,(f) is the
uniform best approximation of f in the set 75,1 of trigonometric polynomials of order
at most n—1, A, (f) and A,_o(f) are the uniform best approximations of f in the set E,,
(E,_o) of entire functions of type not exceeding (less than) o > 0; finally,

4 e -1 k(r+1) . 4 e -1 kr
]CT:_Z( ) T KT:_Z - 1
™ (2k + 1)+ ™ (2k+ 1)+
k=0 k=0
Below, we review some known estimates (sharp in the uniform and the integral norm)
for approximation of a function in terms of norms and moduli of continuity for derivatives
of the function and of its conjugate.
In 1937, Favard [2] and Akhiezer and Krein [3] constructed a linear approximation
method X, : L — T2,,—1 (r,n € N) such that

K,
(1.1) I1f = Xaur (£ < 221

for every f € C(") and proved that on the class C(") the constant K, cannot be re-
duced, even if the left-hand side is replaced by E,(f). Moreover, also in [3], a linear
approximation method X, : L — 75,_1 was constructed such that

- K.~
(12) 1] = X (DI < A

for every f € 6(T), and it was proved that on the class C(™) the constant IET cannot
be reduced even if the left-hand side is replaced by F,(f). Later on, analogs of (1.1)
and (1.2) were obtained for various convolution classes of periodic functions (these classes
are generalizations of C(") and C("); we mention the papers [4]-[12] among other publi-
cations on this topic. Dzyadyk’s paper [8] finished a series of papers devoted to relations
of type (1.1) and (1.2) for fractional derivatives. Akhiezer [4], Krein [6], and Nguen Tkhi
Thk’eu Khoa [9, [10] studied similar inequalities for differential operators. Nikol’skii [I1]
established estimates similar to (1.1) and (1.2) for the norm in the space L.

In [I3], Krein obtained analogs of (1.1) and (1.2) for approximation by entire functions
of exponential type in function classes on the real line that are defined with the help of
differential operators P (D) (D is the operator of differentiation) with constant coefficients
and noticed that the previous results for periodic functions follow from his theorems. For
o sufficiently large (namely, for ¢ > 3%~ 1y, where p is the maximal imaginary part for
the roots of the polynomial P, and s is the number of pairs of the nonreal roots of P),
he proved the inequality

(1.3) Aoo(f) < K(o, P)[P(D)S]

with a sharp constant (o, P). In the case where the polynomial P has no pure imaginary
roots and no zero roots, he presented linear operators that realize the constant in (1.3)
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(up to an arbitrary positive €). Moreover, if f is almost-periodic (in particular, periodic),
then so is the approximating function, and, moreover, its exponents belong to f.

In [14], Sz.-Nagy specified some sufficient conditions on the kernel of the convolution
operator (in terms of the Fourier transform of the convolution kernel) under which a
sharp estimate of type (1.3) is valid for approximation of convolutions (see Lemma 6
below). In particular, for all o > 0 he obtained the sharp inequality

K
(1.4) Ago(f) < =17

o
and constructed a linear operator X, with values in E, whose deviation admits the
same estimate. The results of Sz.-Nagy also imply the sharp inequality

(15) Aoo(f) < 220

and a similar estimate for the deviation of the linear operator X’M with values in E,. In-
equalities (1.4) and (1.5) remain sharp even if their left-hand sides are replaced by A, (f).
Results related to approximation of functions with bounded derivatives and of analytic
functions (including inequalities (1.4) and (1.5)) can be found in the book [I], where the
upper estimates were extended to the spaces L,(R) and L,. In Khvostenko’s paper [15],
sharp estimates of the type (1.3) were obtained for convolutions with the kernels that are
even rational fractions of a special type (actually, they are the kernels of some differential
operators).

Relation (1.1) was refined in the case of odd r by Zhuk [I6] (r = 1) and by Ligun [17]
(r > 1); they established the Jackson inequality with a sharp constant:

K, T
: - i < (rn Z
(1 6) H.f Xn'r(f)“ = 2nrw1 (f 7’I’L)
for every f € C("). In [I8], Gromov proved the sharp inequality
K 7r
. < T (r Z
(1.7) Ao olf) < g (5, 7)

(r is odd, f € CB()(R)) for approximation by entire functions of exponential type,
together with its analog in the integral metric and also inequalities for the deviation of
the operator X,,.. Later, Babenko and Gromov [19] observed that inequality (1.7) is sharp
(even if its left-hand side is replaced by A,(f)) in the integral metric. Estimates (1.6)
and (1.7) are sharp in the uniform and the integral metric because the sharp inequalities
(1.1) and (1.4) follow from them. For r even, Ligun [20] proved that, for the real-valued
functions f € C"), in the uniform metric we have

En(f) < fn’;wl (fm%r).

In [211, 22], Merlina refined inequalities (1.4) and (1.7) in the uniform and the integral
metric:

a . g ICT — v —m || cm s
(18) Ao(h) < () {anol N+ X Anlos N+ (5 = X 2 )21z )
v=1 v=0

for all r € N. If r is odd, then | f(")|| can be replaced by 2w (f,Z). Here m € N,
o > 0, and the A,, are constants constructed explicitly. Inequalities of type (1.8) for
periodic functions were obtained by Zhuk earlier in [23]. Results of type (1.6) and (1.8)
can be found in [24] Chapters 4 and 8], where upper estimates were established for a
wide class of seminorms.
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™

In [25] the quantities sup ;e were found for A = -, where o and r are

En(f)
wi(f(,h)
odd positive integers. As to the Jackson-type inequalities for derivatives of the conjugate
function, Vinogradov and Zhuk [26] proved that, for even r and real-valued functions f,

in the uniform metric we have

If = K] < 22y <J7(T)»277r) '

- 2n"

ILf = Xnr ()l

wi(f0=1,3)
In the present paper we develop a new method of proving sharp Jackson-type in-

equalities for the approximation of convolution classes by linear methods. We consider

convolutions with even or odd kernels G € L(R), whose Fourier transform for y > yo

admits representation in the form

In the same paper the quantity supsccor (n, 5 € N) was evaluated.

+o0 5 +o0 5
a(G,y) = / eV "dd(u) or b(G,y)= / e YV d¥(u),
0 0

where ® and ¥ are functions monotone increasing on (0, +00). Many classical kernels
(those of Poisson, of heat conduction, of differential operators) satisfy these conditions.

For odd kernels, approximations of convolutions are estimated in terms of the modulus
of continuity, and for even kernels in terms of a linear combination of a seminorm and
the modulus of continuity. In particular, we prove a sharp Jackson-type inequality for
the derivative of the conjugate function,

fad /Cr ’V(T) ™
(1.9) 1 = Xor (£ < gven (£, 7)

O-'I”

(r is even), and sharp Jackson-type inequalities for differential operators applied to the
function itself or to its conjugate. Inequalities for approximations of almost-periodic and
periodic functions are special cases of the inequalities mentioned above. In particular,
for periodic functions f € C("), inequality (1.9) takes the form

s

~ K, -
1 = Zar ()] < gzen (£, 2).

In the case where the step is equal to Z (), our results refine the Akhiezer-Krein-Favard
type inequalities (1.1)—(1.5) and admit further refinement, taking the form of an estimate
by linear combinations of moduli of continuity, as in (1.8). These estimates are valid for
a wide class of spaces whose seminorm is shift-invariant and is dominated by the uniform
norm. For the uniform and the integral norm, the inequalities are sharp, and they remain
sharp if the left-hand side is replaced by the best approximation. In the case of an odd
kernel we also establish approximation estimates by moduli of continuity with step -,
where « is an odd positive integer; these estimates are sharp for the uniform norm.

In what follows, in addition to the notation introduced earlier, C'(E), C")(E), and
L(E) are the sets of functions that are continuous, r times continuously differentiable,
and integrable on the set E, respectively; UCB(R) is the space of functions uniformly
continuous and bounded on R; if 1 < p < oo, then L,(R) is the space of measurable
functions f that are integrable on R with exponent p, L, is the space of measurable and
2m-periodic functions f that are integrable on any period with exponent p, the norm in

these spaces is defined by [|f|l, = (/5 \f|”)1/p, where E = R or [—m, 7|, respectively;
Lo (R) and Lo are the spaces of measurable functions f that are essentially bounded
on R, with the norm

[flloc = esssup |f(z)];
z€R
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Wpr)(R) and Wér)(R) are the sets of functions f such that £~ (F"=1) is absolutely
continuous on every segment and f(") (:fv(r)) belongs to L,(R).

Let 9 be a closed subspace of L,(R) (1 <p < o0) or of UCB(R) (p = o0), and let P
be a seminorm defined on 9. We say that the space (90, P) is of class B if the following
conditions are fulfilled:

1) the space is shift-invariant, i.e., for every f € 9 and h € R we have f(- + h) € M
and P(f(-+h)) = P(f);

2) there exists a constant B such that P(f) < B| f||, for every f € 9.

As examples of spaces of class B we mention (UCB(R), |||l ), (Lp(R), [|][;) (1 <p <
00), the spaces of periodic functions (C, Il ||p) (1 < p < 0), and also more general spaces
of uniformly continuous almost-periodic functions (see [27]) with exponents belonging
to a fixed set, with various norms (the uniform norm, the norms of Stepanov, Weyl,
Bezikovich).

The rth-order central differences (r € Z,) and the moduli of continuity of a function f
are defined by

010 = Y (-0rcks (o < k).
k=0
s P(97(1):

0<t<h

wT(fv h)P

next,

Ao(f)p= inf P(f~9)
f—gem

is the best approximation of a function f by entire functions of type not exceeding o with
respect to a seminorm P (inf @ = 400); the quantity A,_o(f)p is defined similarly. The
index p attached to the best approximation, to the modulus of continuity, or to similar
objects means that P(f) = || f||,- We mention that if (9, P) € B, then the set I with
one of the seminorms w,.(+,h)p, As(-)p, As—o(-)p is also a space of class B.

The functions are assumed to be extended to the points of removable break by con-
tinuity; in other cases the symbol % is understood as 0. A prime attached to the sum
symbol means that the initial term is divided by two, and a small circle means that the
term with the zero index is omitted.

Let ar(f), bk (f), ck(f) be the Fourier coefficients of a function f € L, and let

=1 [ 0 cosyta,

T J—c0

—+o0
b(fy) = - / F(t) sinyt dt,

T J-—

+oo
(foy) = = / F(ye vt di

DY A

be the Fourier transforms of a function f € L(R). We make several simple remarks
concerning the Fourier transforms. Clearly,
a(f) —ib(f .

) = DI gy = et el -0 b = (el ) — el -w)).
Since the parity of the complex Fourier transform of a function coincides with the parity
of the function itself, we have a(f) = 2¢(f) if f is even, and b(f) = 2ic(f) if f is odd.

By analogy, if a function ¢ is defined on a symmetric (with respect to zero) subset
of R, we put

(1.10) a(z) =c(z) + c(—x), b(z) =1i(c(z) —c(—2));
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then c(x) = M. We have a(z) = 2¢(x) if ¢ is even, and b(x) = 2ic(z) if ¢ is odd.
The convolution of two functions f and g is defined by

1 [t
(f*g)(a) = o~ flx—t)g(t) dt,
2m
— 0o
and with such normalization we have c(f * g) = ¢(f)c(g). In the sequel,
Hu(t) _ Z €7k2u€ikt,
k=—o0
I, (t) = Z (—isgn k)e*k%eikt,
k=—o0
+o00 ) .2
Wu(t) = /_OO eV uelty gy — %6_4“,
—~ t+oo 2 .
Wa) = [ (ismye e dy

are the periodic and the nonperiodic kernels of heat conduction and the conjugate kernels
of heat conduction.

§2. AUXILIARY RESULTS

Lemma 1. Suppose the following: 1 < p < co; M is a closed subspace of the space L,(R);
P is a seminorm defined on OM; there exists a constant B such that P(f) < B||fl|, for
every f € M; —co < a < b < 400; F : [a,b] — M is a continuous mapping from [a,b]
to Ly(R); g = f;F Then g € M and

b
Plo) < [ PE@®)

Proof. For n € N, we put h = b*T“, ty = a+kh, g = > 1_; F(tx)h. Clearly, g, € M.
Fix € > 0. By the uniform continuity of F, there exists ¢ > 0 such that if ¢',t" € [a, ]
and [t' —t"| < 6, then ||F(t') — F(t")|l, < e. If n is sufficiently large, then h < ¢, and
the generalized Minkowski inequality yields

(t)) dt

Hg gniip =

tkl 4

<Z/ IF(t) = F(t), dt < <.
te—1

This means that g,, converges to g in L,(R). Then g € 9 by the completeness of 9. By
the triangle inequality,

(2'1) P(gn) < P(F(tk))h

Since
[P(gn) = P(9)] < P(gn = 9) < Bllgn = 9llp,
we have P(gy,) — P(g). The right-hand side in (2.1) is an integral sum for the

integral f P(F )) dt where the integrand is continuous because

[P(F(t1)) = P(F(t2))| < P(F(t1) = F(t2)) < B||F(t1) — F(t2)llp
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and F' is continuous. Therefore, the integral sums converge to the integral. Passage to
the limit in (2.1) finishes the proof. O

Corollary 1. Under the assumptions of Lemma 1, suppose that K € L[a,b] and put
h=[YF(t)K(t)dt. Then h € M and

/P K(1)] dt.

Proof. Let {K,} C Cla,b] be such that |K — K,||1 — 0, and let h,, = f; F(t)K,(t)dt.
Since the mappings F K, satisfy the assumptions of Lemma 1, we have h,, € 9t and

b
(2.2) fmmg/Pw@WMMﬁ
Since
b
|W—%M§/HNK—KMfﬁﬂMW—KNV*Q

the sequence h,, converges to h in L,(R) as n — co. Thus, h € 9. It remains to pass to
the limit in (2.2). O

Corollary 2. Suppose that (I, P) € B, G € L(R), and ¢ € M. Then ¢ * G € M and
P(ex @) < 5 IG11 P(p).

Proof. Since the shift is continuous in L,(R) (1 < p < co0) and in UCB(R) (p = o), the
mapping F(t) = (- — t) acts continuously from R to L,(R) with the corresponding p.
For every a € (0,400) we put hy = [, ¢(- — t)G(t) dt. Since the space (I, P) is shift
invariant, Corollary 1 shows that h, € 21 and

Pha) < [ Plol-— 0)[G(0)]di < |G, P(o).

—a

It remains to pass to the limit as a — 400 and use the relation

|h—@%s(/ |®)Wb~o O
R\[—a,a]

Remark 1. If P(:) = || - |loo and ¢ € L (R), then the inequality of Corollary 2 is valid
without the uniform continuity assumption about (.

Lemma 2. Suppose that {fr}3, is a sequence of functions integrable on a set E with
respect to a measure p, and that the sequence { fi.} is monotone decreasing and converges

to 0 on E. Then
/ P fdi = 3 (1" [ fan
E k=0 0 E

Proof. By the Lebesgue dominated convergence theorem, we have | g Jkdp — 0. Group-
ing the terms (which tend to zero) pairwise, integrating the nonnegative series term by
term (we use the Levi theorem), and regrouping again, we obtain

f.xc

P fiodp = /E (= Fom)

- 3 fm_fm )d,U/:OO(—].)k fdu O
mz_/ 2 2m+1 kZ:o /Ek

k=0
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Lemma 3. For p,v > 0 and g, A > 0, the following identities are true:

_ too 5o % ds
(23) € = 2\/_/ q 3/2’
e~ e Pu
(2.4) du,
f f
A g v—A
p—p —ac / Py 76(1( : dvdu
V(g —p) NG 0o Vu—v
(25> /+OO ( 1 N A qeq(vfx\) J >d
—— dv |du,
\/_ Vu—X 0o Vu—uv
Y Y
\/ﬁe P — \/ae q _ \/a/ e PUd(u=X) go.
q—Dp 0
(2.6)

1 +oo +oo qeq(u v—2XA)
— T/ e P (\/_ / _ dv) du.
™ JX uw— u—

Identities (2.3) and (2.4) are well known (see, e.g., [28] formulas 4.5 ( 8) and 4.3 (5)]).
Identities (2.5) and (2.6) are proved by direct calculation.

We need the following (known) properties of functions related to the heat conduction
kernel.

Lemma 4. 1. For all u > 0, the function 11, is positive, and its derivative is negative
n (0, 7).
2. The functions

7}2 70071@71271@%
g1(w) = 5 5 Ty (m) = ;( DL S
g2(u) = Y _(~1)F(2k + e PHFD

gs(u) =Y (=1)F ke Hn

are positive on (0, 4+00).
3. The function 11, is positive on (0,7) for all u > 0.

Proof. 1. We set ¢ = e~ %, H = [[4—,(1 — ¢**). The representations of theta-functions
in the form of infinite products (see [29, formulas 6.181.1 and 6.181.3]) show that

(2.7) IL,(t) = H H(l +2¢%* L cost + ¢*F2),
k=1
> 2
@8 a1 @k = Hgsine TL0 - 2¢% cos 20+ %),
k=0 k=1

Statement 1 is a consequence of (2.7).
2. To prove that g; is positive, it suffices to put ¢t = 7 in (2.7),
o0
Hu(ﬂ') — H((l _ q2k)(1 _ 2q2k71 + q4k72))’
k=1
and to observe that for ¢ € (0,1) all factors are positive and their derivatives with respect
to g are negative. To check the positivity of g, it suffices to differentiate identity (2.8)
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with respect to t at the point ¢t = 0. The positivity of g3 follows from that of g; and
formula (2.4):

- \k—17. —k%u _ i MR 1\k—17.2 —k%uﬂ)ﬂ
> (1) ke = D (1) ke > 0.
k=1 v Jo k=1 Vv

Termwise integration is justified by the Lebesgue dominated convergence theorem, be-

cause
+oo

1 2 dv > 2
§ k2 —k“(u+tv) — 2 k —k*u )
ﬁ/o b1 ‘ \/5 k=1 ‘ =

3. By (2.4) with p = k? and statement 1, we have

1~ 0 = 2, coskt 0 = 1 teo dy
S () = — e ko =—_ —/ e R Wry) 27 cos ket
27" ot > k ot kz::l VT Jo NG

k=1
g 1 [T dy
-2 Moy () 2L
atﬁ 0 +y()\/y
for all t € (0, ). O

>0

§3. THE KREIN KERNELS

Let 0 > 0. We consider the approximation of classes of convolutions with real kernel
G € L(R),

(3.1 f=T+¢xG,

by entire functions of type not exceeding (less than) o. The function ¢ belongs to a
certain fixed space: CB(R), L(R), a space of periodic functions, etc.; we may also require
that ¢ be orthogonal to the space E,, (01 < o or 01 < ¢). T is an arbitrary function
belonging to E,, (02 < o0 or 02 < o). The results of the paper do not depend on the
parameters o1 and o9, i.e., if we change the class under consideration by adding an entire
function T" and by imposing the orthogonality condition on ¢, then the inequalities for
the functions in this class will not change. Therefore, in what follows we do not mention
the parameters o1 and o9 in the notation and statements.

In particular, the classes C B (R) and CA’E(T)(R) have the form (3.1) (see [II, pp. 238
241)).

Suppose that the kernel G is even or odd, G € L(R) N C(R\ {0}), and G(t) = O(t~?)
as t — oo. Let s be the parity of the kernel G, i.e., s =0 if G is even and » =1 if G is
odd. We denote (see [II, pp. 199-203])

50 (2k+1—30)7
_ sin (02— (1 - x)) kG(T)
Lo (G.2) = > > - PR
k=—c0 20
Then L,(G) is an even or odd function that belongs to E, N L(R) and interpolates the
function G at the points W (k € Z), i.e., at the zeros of the functions sinot or

cos ot in accordance with its parity. (The value of an odd function G at the point zero
is equal to zero, and if G is even, then its value at the point zero is irrelevant.) The
function L, (G) is expressed in terms of its Fourier transform as follows:

(3.2) LU(G,t):/ c(Lg,y)e™ dy,
(3.3) c(Loyy) = > e 079)(G,y+ 2ko), |yl <o

k=—o0
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For these formulas to be valid, it suffices to require that the series on the right-hand side
of (3.3) converges uniformly on [0, 0] and that, after multiplying by eir(lz—;%)y, its sum
admits expansion in a Fourier series (see [1]).

We denote

Xoa(f) =T+ ¢* Ls(G),
where f and ¢ are functions related to each other as in (3.1),

L[ . 2 S b(G, (20 + 1)0)
Koc = o . G(t)sgnsinotdt = - DEZ:O T P
if G is odd, and
1 oo 2 (71)1/
Koa =5 - G(t)sgncosotdt = — Vz::O o La(G, (20 + 1)o)

if G is even.

Remark 2. Clearly, X, ¢(f) € E,. In some cases (e.g., if T'= 0 and ¢(G) never vanishes)
it is possible to represent X, ¢ as a convolution operator:

(Lo (G),y)

(G, y)
By this formula, X, ¢(f) extends to some function classes wider than those allowed by
formula (3.1).

Let T' = 0. If the function ¢ has period 27” (p > 0), then X, ¢(f) is a trigonometric

polynomial of order less than %

Xoa(=2 ", (%) dt.

:% -

XO',G(f) = f * QoyGa C(QU,G; y) =

In particular, if p > o, then X, ¢(f) is a constant:

If the function ¢ is almost-periodic, then X, ¢(f) is also an almost-periodic function
whose exponents belong to .

Lemma 5. Suppose that a function G is even or odd, G € L(R) N C(R\ {0}), G(¢t) =
Ot™2) ast — o0o. If o >0 and

(G(t) — Ly(G,t))cosat >0 or (G(t) — Ly(G,t))sinot >0

(respectively) for almost every t € R, then

2 :%

If, moreover, (M, P) € B, ¢ € M, and the functions f and ¢ are related as in (3.1), then

1 1 [tee
Ko = - 4,(G); / G~ L (G)].

— 00

(3.4) P(f = Xo.a(f)) < KocP(p),
(3.5) As(f)p < KogAs(p)p,
(3.6) As—o(f)p £ KscAs—o(®)p,
(3.7) As—o(f)p < Ko, P(p),
(3.8) Ay (f)p < Ko P(y)

(in (3.6) and (3.7) it is assumed that T € Ey,_q). In the case of the spaces (CB(R),||*|loo)
and (L(R), || |l1), the constant Ko, in (3.4)-(3.8) cannot be reduced. In the case of 2Z-
periodic functions with the uniform or the integral norm, the constant in (3.4), (3.6), and
(3.7) also cannot be reduced.
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The identities for K, ¢ and inequalities (3.4) and (3.7) for the spaces L, (R) and CB(R)
are contained in [I, §§87, 100]. (The general statements in [I] involve the condition

G € C(R), but this condition can be lifted; in [I, §101], where the class C,'\E(l)(R) was
considered, the statement under discussion is applied, without any reservations, to a
kernel discontinuous at the point zero.) Inequality (3.5) (for uniform approximations in
classes of differentiable functions) can be found in [30]. No inequalities for the spaces of
class B were formulated earlier in an explicit form, but their proofs do not require new
ideas. Inequality (3.4) follows from the identity

f=Xo6(f) =¢* (G = Lo(G))

and the possibility of moving the seminorm under the integral sign (Corollary 2). Inequal-
ity (3.5) follows straightforwardly from (3.1) or (3.4) if we take A,(-)p as a seminorm
and use the identity A,(f — Xo.c(f))p = Ao(f)p. Inequality (3.6) follows by passing
to the limit as p — o — 0 from inequalities of the form (3.5) for A, (p € (0,0)), because
Ayr—0(G)1 = As(G)1 (see [1]). Relations (3.7) and (3.8) are consequences of (3.6).

A statement about sharpness on subclasses of Lo (R) (under slightly different condi-
tions) is contained in [T, §100], where the kernels satisfying the assumptions of Lemma 5
were called the M. G. Krein kernels. The sharpness of inequality (3.8) (and, consequently,
of all preceding inequalities) can be proved with the help of the 2%-periodic functions

o
@, (t) = sgnsin (pt + M) (p > o), by passing to the limit as p — ¢ + 0 and using

the fact that ¢, * G — ¢, * G by the Lebesgue dominated convergence theorem. For
the 2Z-periodic functions ¢, equality occurs in inequalities (3.4), (3.6) and (3.7). The
inability to improve upon the inequalities on the set of continuous functions is deduced
in a standard way from that on L. (R) (for instance, with the help of approximation of
the functions ¢, by their Fejér integrals). The sharpness of the inequalities in the case
of the integral norm follows from Remark 3 below and the duality relations
+oo
sup A, (p*G)1 = sup sup / (pxG)g

<1 <1 gLlE —
lella < lplla<t oo J—oo

= sup [|g*G|e =Ko
1E

91lEq
llglloo <1

(see [31), §1.4]).

Remark 3. If T'=0 and ¢ L E,, then X, ¢(f) =0. Thus, for this class of functions the
left-hand side in (3.8) can be replaced by P(f). For the norm in L (R), sharpness is
proved with the help of the same functions ¢,.

In what follows we only formulate inequalities of the form (3.4).

Lemma 6 (see [14] and [I, Section 88]). Suppose G € L(R), o > 0.
1. If G is even, a(G)eC®)(R), and a(Q) is three times monotone (i.e., (—1)"a" (G, y)
>0 for0<r<3andy>o), then

o

L,(G,t) = /;( Z (—1)"a(G, 2vo + y)) cos ty dy,

V=—00

G(t) — L,(G,t) = 2cosot Cyp (),

where
o0

Coc(t) = /O+°° (Z

(-1)"a(G, (2v+ 1)o + y)) costy dy > 0.
v=0
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2. If G is odd, b(G) €
(—1)"0")(G,y) >0 for 0 <r <

LG(G,t)/OU< > b(G,2ua+y)> sin ty dt,

V=—00

G(t) — Lo (G, t) = 2sinot S, 6(t),

C@(R), and b(G) is two times monotone (that is,
2 and y > o), then

where

So,c(t) = lim <Z b(G, 2v+1)o + y)) costydy > 0.

J—00 0
In both cases the conclusion of Lemma 5 is true.

In the periodic case, analogs of Lemma 6 and estimates (3.4) and (3.7), together with
a statement about sharpness, were established by Sz.-Nagy (see [7] and [29] 2.11.5 and
2.13.32]); analogs of (3.6) were obtained by Sun Yung-sheng [I2] and analogs of (3.4)
and (3.7) in the case of the integral norm by Nikol’skii [I1]. Analogs of spaces of class B
for the periodic case were introduced by Zhuk and Natanson [32]; analogs of inequalities
(3.4), (3.6), and (3.7) for the classes C") can be found in [24, formulas (168)-(170)].

Remark 4. In a standard way (for instance, with the help of approximation of the func-
tion ¢ by its Fejér integral), inequalities of type (3.4)—(3.8) can be carried over from
sets of continuous functions to Lo (R) and L, (1 < p < oo) with the seminorms || - ||,
Wi (-3 1) p, Ac(-)p, and A,_o(-),. Moreover, for the convolution classes of the form

1 [t

f= T+§ G(z —t)dg(t)

(g has bounded variation on R and satisfies g(O) =0, g(z+) + g(x—) = 2g(x)), we have
the sharp estimate

Aa(f)l S ICU,G||g||V7

where ||g||y is the variation of g on R. An inequality similar to (3.4), with the operator
X, suitably modified, is also valid. These statements are analogs of the results of [I1]
for the periodic case.

In what follows, we shall not dwell on the possibility of extending our estimates to
wider function classes, restricting ourselves to statements for spaces of class B.

§4 ABSOLUTELY MONOTONE FUNCTIONS AND FOURIER TRANSFORMS
Suppose yo > 0, r € {1,2}. We denote by AM (yo) and AM? (yo) the sets of even
and odd (respectively) functions ¢ defined at least on R\ (—yo, o) and such that, for all
Y Z Yo,

+oo

(4.1) aly) = /0 ey d®(u),
o0 §

(4.2) by) = /0 =" 4 (1)

respectively (see the agreement (1.10)); here ® and ¥ are monotone increasing functions

n (0,4o00) such that the integrals +°oe Yo dd(u) and f0+oo e Yo" dW(u) are finite.
We also write AM" (yo) = AM (yo) U AM;(yO). The notation AM is explained by the
fact that the functions belonging to AM?' are absolutely monotone, i.e., their consecutive
derivatives have alternating signs:

(—1)”a(") (y) >0 (n€Zy,y>yo).
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Formula (4.1) gives the general form of an absolutely monotone function (not equal to a
nonzero constant) of the argument y” on the ray (yo,+00) [33, §14].

We denote by Z]\\JZ(yO) and Z]\\J:(yo) (yo > 0, r € {1,2}) the sets of even and odd
(respectively) functions G belonging to L(R) and such that the Fourier transform c¢(Q)

belongs to AM] (yo) or to AMT (yo); we put mr(yo) = X]\\f;(yo) U 711\7:(;,0) Thus, for

y > yo the Fourier transforms a(G) or b(G) of the functions G belonging to AM T(yo) are
expressed by formulas (4.1) or (4.2). In what follows, formulas (4.1) and (4.2) for r =1
and r = 2 will be referred to as formulas (4.1.1), (4.1.2), (4.2.1), and (4.2.2).

Now we list several properties of functions of classes AM"(yo) and AM T(yo).
AM1. Formula (2.3) implies that AMX(yo) C AMZ(yo), AMX(yo) C AM2(yo), and
similarly for the classes AM.
AMZ2. The derivative of a function of class AM?Z(yo) (or of a function of class AM?Z(yo),

multiplied by 1) is nonpositive on (yo,+00), tends to zero at infinity, and is integrable on
[y07 +OO) .

Proof. For definiteness, we prove the statement in the case where the function a is even.
Obviously, formula (4.1.2) implies that a is monotone decreasing. Therefore,

+ oo
/ |a'] = a(yo) < +oo.
Yo

We check that o/(y) ——— 0. For all y > yo, by the inequality xze™7* < % (z,v > 0),

y——+o00
we have
li
0<— (€7y2u> = 2yue7y2“ < %efygu7
v e(y> —y5)
2y
0<—d(y) < a 0
> (y) = €(y2 _ y%) (yO) y—to0 )
which completes the proof. O

AMS3. The second derivative of a function of class AM?(yo) is integrable on [y;,+0o0)
for all y1 > yo.

Proof. The improper integral fyj+°° a” = —a'(yy) converges by property AM2 (because
a'(y) P 0). Next, we have a(y) = a(y?) with o € AM*(y2). Then
y—+o0
a'(y) =2ya/(y*),  d"(y) = 2/ (y%) + 497" ().
We write

f1(y) = 20" (5?) = ;y) faly) = 420" ().

By AM2, the function f; is positive and integrable on [y;,+00). The function fy is
nonnegative on (yg, +00). Moreover, fa € L[y1,+00) because

— 400 — 400 +oo
/ f2=/ a”—/ J1 < +oc.
Y1 Y1 Y1

Then a” is also integrable as the sum of two integrable functions. (Il

AM4. If G € AM (y) and ¢(G) € CO(R), then

—+o0
(4.3) G(t) = / c(G,y)e'™ dy,

——00

G € C(R\ {0}), and G(t) = O(t™2) as t — oc.
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Proof. The Fourier formula (4.3) is valid for G, because the function a(G), respectively
b(G), tends to zero monotonically. Since the integral on the right-hand side of (4.3)
converges uniformly on every closed ray not containing zero, we have G € C'(R \ {0}).
Integrating by parts twice and using AM2 and AM3, we see that G(t) = O(t™2) as
t — oo. (]

Remark 5. An absolutely monotone function b can tend to zero slowly, so that the
function

— 400
G(t) = / b(y) sinty dy
0

may fail to be integrable in the vicinity of the point zero.

AMS. If G e ZJ\\JZ(yO), c(G) € CA(R), and o > 0, then formulas (3.2) and (3.3) are
valid for L, (G).

Proof. For brevity, we shall write a, b, and ¢ in place of a(G), b(G), and ¢(G).
Suppose the function G is odd. Then the right-hand side of (3.3) is equal to

(4.4) Hi(y) =Y cy+2ko)= 2% (b(y) — 3 (b(2ko — y) — b(2ko + y))) .

k=—o00 k=1
The inequality
(2k+1)0
bzko —y) — bk 4yl < [ b,
(2k—1)o

which is true for all y € [—0, 0], and the integrability of ¥’ (property AM2) show that
the series on the right-hand side of (4.4) converges uniformly. Therefore, the function
H, is continuous on [—o, o]. For k sufficiently large, the terms of the series are monotone
decreasing in y € [0, 0]. Consequently, H; has bounded variation on [—o, o], which allows
us to expand it in a Fourier series.

Suppose the function G is even. Then the right-hand side of (3.3) is equal to

Hy(y) = > (—=1)e(y + 2ko)
(4.5) AP
=3 (a(y) =Y (-1 (a(2ko — y) + a(2ko + y))>~

k=1
By the Leibniz test, the series on the right-hand side of (4.5) converges uniformly in y €
[0, 0]; therefore, Hy is continuous. Grouping the terms of the series,

(4.6) - Z(—l)k_la(%a ty) = Z(a(4na +y) —a((4n —2)o £ y)),
k=1 n=1
and using the inequality
(4n+1)o
|/ (4no £ y) — a/((4n — 2)o £ y)| < / la”|,
(4n—3)o

which is true for all y € [—0, o], and the integrability of o (property AM3), we conclude
that the differentiated series on the right in (4.6) converges uniformly on [—o,c]. This
shows that the function e’2¥ Hy(y) can be expanded in a Fourier series. ]

—2 —2
Lemma 7. Suppose that yo > 0, G is a function in AM  (yo) or AM (yo), its Fourier
transform is expressed by (4.1.2) or (4.2.2), ¢(G) € CP(R), and o > yo. Then,

G(t) — Lo (G,t) = 2cos ot Cp (1)



SHARP JACKSON-TYPE INEQUALITIES 607

or
G(t) — Lo (G, t) = 2sinot Sp.6(1),

respectively, where the functions

+oo  ptoo oo 2
/ / e (2vADTt0) N cos by dydd(N),

+oo  ptoo ©
So.a(t / / Zef((z”ﬂ)”” cos ty dydU(\)

are positive if ® and ¥ are nonconstant. Also, the conclusion of Lemma 5 is valid.

Proof. We note that, by property AM4, L,(G) is well defined under the assumptions
of the lemma, and that, by property AM4, we can use the expressions (3.2) and (3.3)

for L,(G). First, let a(G,y) = e’ b(G,y) = e’ Ay > 0), ie, G = W, or
G = %WA. We denote

+oo 00
/ 1/ —((2V+1)0+y) ACOSty dy,
+oo
/ Z e~ (v HDo+0)X gy dy.
Multiplying these integrals by 2 cos ot and 2sin ot and using (3.2) and (3.3), we get
+o0 °<> 5
2cosat Cyp(t / VWe (FDIH N (cost (o + y) 4 cost(o — y)) dy

+oo 00 5
/ 1/ 7(2ua+y) A costy dy

+o0 00 5
(4.7) / Ve~ Yoty A cos ty dy
+oo 5
= / A costy dy — / ) e~ vty A costy dy
e g v= 1
1 1

+oo
2sin ot Syx(t / Z e~ (@vtloty)? Msint(o +y) +sint(o —y)) dy
+oo0 ©© +o00 ©©
Z e~ vty Agiy tydy — / Z e~ (roty)*Agin ty dy

+oo
= / A sinty dy — / Z e~ (roty)*Agin ty dy
(e (e v=1

1 — _
- 1 :
2WA(t) 5 (Wi, t)
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By formula (2.3) with ¢ =y and v = 2(2v 4 1) Ao, we have

O’)\ Foo +oo 2
Coa(t) = —= (/ eV (5N cos ty dy>
VT Jo 0

(4'9) > 2 202202 | 2y ds
. <Z%(—1)V(2y+ D@12 1 >> -
oA Foo 2
Soa(t) = (/ eV (5N cos ty dy)
VT Jo 0
(4.10)

i —(2v 22252 o2 ds
X (Z(Qy—i—l)e @v+1)7(==+ )\))m'

v=0

Termwise integration is justified by the Fubini theorem, because

oA +oo Foo 2 > 22252 | 2 ds
il =y~ (s+A) —(Qv+1)7 (2407 N) | 22
Fh () (S pe oo 5

v=0

Formulas (4.9) and (4.10) and Lemma 4 show that the functions C, and S, are positive.

In the general case, we integrate identities (4.7) and (4.8) over ®(\) and W(\), re-
spectively. For definiteness, while justifying the interchange of the order of operations,
we restrict ourselves to the case where GG is odd; if G is even, the proof is similar. The
second mean value theorem shows that, for all N > ¢ and ¢ # 0, we have

N —o2 )\
2e77

’/ e~v'A sintydy‘ < —

o t]

The right-hand side of this inequality is integrable over W(\). Substituting the expression
for b(G,y) from (4.2.2) and using the Lebesgue dominated convergence theorem, we
obtain

+oco +oo +oo 5
(4.11) / b(G,y)sinty dy = / / e Y Msinty dydT(\).
o 0 o

For ¢t = 0 identity (4.11) is trivial. We may apply the Fubini theorem to the second term
in the next to the last line in (4.8), because

/ Ze (2vo+u)*A g 1y dy
/ Z —(2V0+y) A _(2”‘7_3’)%‘) sinty dy,
+o0 2
/ / Z! S e Gre ™ gyaw ()

< a/ e 7N dT(N) < +oo.
0

Therefore,

+o0 5
/ b(G,2vo + y) sinty dy = / / Z e@votu) Ngin ty dyd W ().
g 1 T y=1

v=
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Consequently,

G(t) — Lo (G.t) = % /0 = (Wa(t) ~ Lo (Wh.1)) aw ().

Substituting the expression (4.8) for the integrand, we get the desired formula for S, ¢(¢).
The positivity of S, ¢ follows from that of S, .
Thus, the assumptions of Lemma 5 are fulfilled, and so is its conclusion. (]

Remark 6. The condition that the Fourier transform should be three (two) times mono-
—1 —2
tone is fulfilled for the functions of class AM , but may fail for functions of class AM .

Remark 7. In Lemma 7, if the Fourier transforms a(G) and b(G) of the function G of
—1
class AM (yo) are expressed by formulas (4.1.1) and (4.2.1), then for G even we have

’ ™

Too gy U
CG',G(t) — 1/0 7&()

2 2 + u? coshou’

2 [tee
Koc = —/ arctane” 7" d®(u),
0

and if G is odd, then

1 +oo 1 —ou
/cggz—/ (),
0

’ T 1 —eou

1 /0+°° u  d¥(u)

Sya(t) == -
a(t) 2 t2 + u? sinh ou

To prove this, it suffices to substitute the expressions for the Fourier transforms in
(4.1.1) and (4.2.1) in Lemma 6 and integrate termwise.
Obviously, these formulas imply that of the functions C, ¢ and S, ¢ are positive.

Lemma 8. 1. If F € L, F is even, and
+o0 5
ax(F) :/ e~Fu ad(u) (k€ N),
0

where @ is a monotone increasing function on (0,+00), then F is nonnegative and mono-
tone decreasing on (0,7, and

1 ™
2r J_»

2. If F € L, F is odd, and
+o0 5
b (F) :/ e M UAw(u) (keN),
0

where ¥ is a function monotone increasing on (0, +00), then F is nonnegative on (0, ),
and

1 [7 2 = boy1(F)
— Fl=2Y" 20/
271'/_,r| | Wz 2k +1
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Proof. 1. The fact that F' is monotone decreasing follows from the similar property of
the heat conduction kernel and the formula

F) &[T e
F(t) - % = Z/o e U dd(u) cos kt
k=1

+oo +o0 _
= / Z e F" v cos kt d®(u) = / () =1 d®(u).
C— 0 2

Termwise integration is justified by the Lebesgue dominated convergence theorem, be-
cause

N 2 e
—k%u
kt| < ————

];e cos ‘ = §in (/2)
for all N € N, w > 0 and ¢ € (0,7], which can be proved with the help of the Abel
transformation.

The identity for the integral, claimed in the lemma, obviously follows from the fact
that F' is monotone decreasing.

2. The nonnegativity of F on (0,7) follows from statement 3 of Lemma 4 and the
relation

L[
F(t) = 5/ I, (t) d¥(u).
0
Now it remains to integrate the Fourier series termwise. (I

Remark 8. 1t can be proved that under the assumptions of statement 2 of Lemma 8, for
the odd trigonometric polynomial £, (F') of order at most n — 1 that interpolates F at
the nodes 2% (k € Z) we have

sinnt(F(t) — £,(F,t)) > 0.

Statement 2 is obtained by putting n = 1. This remark can be used for direct inspection
of the approximation for periodic functions.

Remark 9. By applying the Abel transformation four times, we can prove that in state-
ment 1 of Lemma 8 the function F' will be monotone decreasing if the sequence of the
Fourier coefficients is four times monotone.

§5. DECOMPOSITION OF KERNELS AND THE CONSTRUCTION
OF APPROXIMATING OPERATORS

Let h,yo > 0. We want to represent the kernel G in the form
(5.1) G:Kh—l—(s}lL(Hh)—l—Mh,

where the functions on the right-hand side are integrable on R, the kernel K}, is compactly
supported, Kj(t) = 0 if [t| > &, and M), € E,,. Then the convolution is written as

@*G:@*Kh—i—di(@)*Hh—i—(p*Mh.

The third term belongs to E,, and can be included for o > ¥ in the approximating
aggregate. The approximation of the second term can be estimated by the modulus of
continuity (even by the seminorm of the difference) of the function ¢ with step h (for
instance, as in Lemmas 5 or 7). In general, the first term can be estimated by the
seminorm of ¢, but if the kernel K} is odd, then this term can be estimated by the
modulus of continuity of . We also require that K} be continuous at the points i% (in
the sequel, this condition will ensure the preservation of the sign of K} and the sharpness
of the estimate for convolutions with such a kernel).
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First, we try to guess the functions occurring in (5.1), without taking care of justifying
the operations to be made. Later, we shall specify a class of kernels for which these
operations are legal.

We write the Fourier expansion of K}, on the segment [—h/2, h/2]:

= j2ns h
2 et <5
Then the Fourier transform of K} looks like the following:
1 & M2 e,
c(Kh’y) = % Z Ash /h/2 e R te— Wt gt
s=—00
h = sin ((%= —y) L h —1)s~lgin 2y
DI P
2 (% -v) 5 2 = TS =

(for ms = h—zy the fraction is assumed to be equal to 1, which corresponds to its continuity
with respect to y). By (5.1) and the well-known expansion of the cosecant into partial
fractions

oo
- Z
sin am T g—a
— 00

(5.2)

for |y| > yo we have

o)) = (G.p) — eln) = _ioo (<600 - g H;_h“
If 2;:5 =1, |yl = yo, we must put 5 )\sh = ¢(G,y). Let ¢o(y) = (G, y) for |y| > yo, and
let
e — 27s
¢o(0) :S;m<—1>s I (G, T) |
%)‘sh = Cp (2—28) , SEZ.
Then Ao = io(fl)kl)‘shv and Kj, (:t%) = 0. Now the Fourier transform of the

function Hj, can be recovered by (5.1):

> (—1)*~tsin hy

2ms
c(Kn,y) = Z Co (T) —hyga y €R,

s=—00 TS
1 « 27s —1)5-1
=5 3 (G -a (37)) S iz
S=—00 2

(for ws = % the value of the sth term is defined by continuity). The values ¢(G,y) and
¢(Hp,y) for |y| < yo do not matter here; they will contribute to the term Mj.

The decomposition process of type (5.1) can be applied to the kernel Hy, and continued
further.

Now we pass to formal considerations.
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Suppose yo > 0, cg € AM?(yo), and 0 < h < 2Z. We put cpo(y) = co(y) (lyl > o)

and
R 2s (—1)51
= - =) 2 >
Chl/(y) 2% S;OO (Ch,v—l(y) Ch,l/—l ( h )) 5 — hy/Qv |y‘ = Yo, V S Na
o o1 2ms
cn(0) = > (=1)*tep, =) vels,
s=—00

2 2
m <7TS), sel, veEly,

)\shu = FC}W h
> 27s\ (—1)*"1sin h2y
s (y) S;m% <h> s iz YER vels
Zoi, )\shl/ei2;r”5ta |t| S hv
Kp,(t) = { s=T }2L vELy.

We introduce the functions ap,, and by, in accordance with the general agreement (1.10)

If the function c¢q is odd,

then the function ¢ is even, and for |y| > yo we have
o 2av\\ (=1 | bo(y)
_ - _9 - _
an1(y) cni(y) =) (50( ) —bo ( . )) 2mr —Ty T hy

o0 y . ybO ) 27Tub (271'1/) bO(y)
Z 2y 2 + h ’
et (%37) —y? y

h

(5.3)

3‘\1\9

If the function c¢q is even,
1
coly) = a0v)

then the function ¢ is odd, and for |y| > yo we have
bn1(y) = 2icn1(y)
= o\ \ (—1)7!
71/;00 <a0(y) T (h)) 2rv — hy
(5.4) i b1 ot 1
) 1 27 =
+ | ao(y) VZ:l( )’ ao h Iy

- () a0 () | a0l

> l, 1y2a0
"R (( mt o)

D‘IM

Lemma 9. Suppose yg >0, 0 < h < -
1. If co € AM2(yo) and ag(y) is expressed by formula (4.1.2) for y > yo, then cp €

AM?2(yo), and for y > yo we have

() = | Wy (we v d
hl y) = 1(U)€ U,
0
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where
1 +oo
Uy (u) = E/o Y1 (u, X) dP(A),

2 min{u,A\} o /o 2 22, d
mlwn) = 2= [T S () e

v=1

2. If co € AM2(yo) and by(y) is expressed by formula (4.2.2) for y > yo, then —cp1 €
AMZ2(yo), and for y > yo we have

o) = [ @i(werd
n(y) = 1(u)e u,
0

where

+oo
=5 [ e nar)

27

(u) = 225‘31( )”*12;;”@%)(“ A, 0<u<A,
U, A) = f 0% (1) (27}7)2 (’“”) (u—v— A)% u> A

Proof. The parity of the function cp; has already been discussed. First, let

ao(y) = e, boly) = (sgny)e N’

(A > 0). We deduce formulas for ap1(y) and by (y) with y > yo. By (5.3) and (5.4),

[e’e) e_Ayz - Qﬂe_k(%y 7)\y2
(5.5) ~hap(y) =23 (-1 + &,
b= (37)" — v y
00 2 —xy? _ (2mw)2 _A(%Tuf a2
v—1Y€ e e
(5.6) B (y) =23 (~1)" Gy, ;
v=1 v ()" -v)

Denoting p = 42, ¢ = (%T”)Q and substituting (2.4)—(2.6) in (5.5) and (5.6), we obtain

— Vmhan (y)
oo A
= 22:(—1)”71 (\/71'_(]/ e Puet N gy
v=1 0
+o00 +o0 qg(u—v—2X) +oo —pu
—pu qge e
— 761 d d
/(wr Vo )“)/m“

Vmhbni (y)
_ 2203(— ( / / qeq@ ? — dvdu

—p 1 qe‘I(” A o eTPu
u l l .
/A ¢ ( \/u—)\ o Vu—v ) u) ~/A \/U—A “
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We are going to interchange the order of summation and integration and justify this. We
have

Vhbp (y)

(o)
= lim 2 (—1)”—1e—q0‘

a—0+
(/ s qu v

1 qeq(v >\) too  o—pu
+/ e P + )—i—/ du.
A Vu- 0o Vu—v v Vu— A\

Since limg—04+ 2> o0, (—1)""te™9® = 1, we can write

qe?(=>)

400 min{u,\}
\/_hbhl = hm 22 V 1 N / efpu/ ﬁdvdu
0 0 -

For all positive a, summation and integration can be interchanged by the Lebesgue
dominated convergence theorem, because

N qedv= ged(=>)
Z( 1)v1 *qo‘efp“ NoED Ze qeeTpu N = F1(u,v),
v=1
400 pmin{u,\}
/ / Fy (u,v) dvdu < 400.
0 0
Consequently,
400 min{u,A\} X g(v—A—a)
. _ —19€
hb =1 pu 2 (-1 ' —— dvdu.
Vhbp (y) L ) e /0 Z( ) T

v=1
It remains to pass to the limit with respect to a under the symbols of integrals and the
sum. By statement 2 of Lemma 4, the function

) =2 (-1)"lge "
v=1

is positive on (0,400). Moreover, it is continuous and has finite limits at zero (see
[34]) and at +oo; therefore, on (0, +00) it is bounded by some constant M. Since for
all positive a the integrand in the last integral above is dominated by the integrable

function th/e—pu the Lebesgue theorem allows us to pass to the limit under the integrals,

and since F5 is continuous, we may do the same under the symbol of the sum.
Thus, we have proved the identity

— YA 7)\(27”')2 2 +oo
P e (PGS oy :
- V = — ’)\ Y ud .
A

The identity

00 —Ay? _ 27w —)\(22”)2 —y? 1 +oo
Syt e e [ e
=1 (%2)" —v? Y 0

is proved similarly. Statement 2 of Lemma 4 shows that the functions ¢;(u, ) and
1(u, \) are positive.

(5.8)

SR
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In order to complete the proof of the lemma in the general case, where

+oo 400
ao(y) = / e dB(N), boly) = (sgny) / e qu ()

(the functions ® and ¥ are monotone increasing on (0,+00)), it remains to integrate
identities (5.7) and (5.8) over ®(\) and ¥(\), respectively, and to interchange the order
of operations on both sides. On the right-hand side, this interchange is justified by the
Tonelli theorem. On the left-hand side, the termwise integration is justified by Lemma 2,
because the general term of the series without the factor (—1)”~! can be represented as
the difference of two sequences of functions monotone decreasing to zero and integrable
with respect to the measures d® and d¥: we have

pe P — ge= M e —eTM M
N e
\/;T?e*)‘p — \/ﬁe*)‘q — e~ P — e 7 e~
q-p q-p VPt V4

for (5.7) and (5.8), respectively. O

A statement similar to Lemma 9 is true also for the classes AM!(yo).

Lemma 10. Suppose yg >0, 0 < h < i—g

1. If co € AMX(yo) and ag(y) is expressed by formula (4.1.1) for y > yo, then cuy €
AMsl(yo), and for y > yo we have

+oo
bri(y) = / Uy (u)e Y™ du,
0

where

Uy (u) = = - ! + ! - ! d®(N)
1(u) = h 6277'()\+u)_|_1 627?()‘7“)4-1 627?)‘4-1 .

2. If co € AML(yo) and by(y) is expressed by formula (4.2.1) for y > yo, then —cp1 €
AMX(yo), and for y > yo we have

—+oo
—ap1(y) = /0 Dy (u)e V" du,

where
1 1

“+oo
(IJI(U) - E/O <e2Tﬂ(>\—u) +1 B e%(A—HL) + ]_> d\II(A)

The proof of Lemma 10 is similar to that of Lemma 9 but is simpler technically. We
shall not use Lemma 10 in what follows.
Now we formulate several properties of the functions defined above.

C1. The functions cp, and Ky, have the same parity as cg if v is even, and their parity
is opposite to that of cy if v is odd.

This follows from Lemma 9 by induction.

C2. The series that define cp, (y) for |yl > yo and for y =0 converge for all v, and the
functions cp, (up to a sign) belong to AM?(yo). The series that define s, (y) converge
as well. The series defining Ky, (t) on [—h/2,h/2] converges on [—h/2,h/2] everywhere
except, possibly, the point t = 0.
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The convergence of the series for ¢, (y) and the fact that +cp, € AM?(yy) follow
from Lemma 9 by induction. The series for Kp,(t) is (up to a sign) a series in sines or
in cosines, with coefficients monotonically decreasing to zero, and therefore converges on
[—h/2,h/2] everywhere except, possibly, the point ¢t = 0.

C3.

o

)\Oh’/ = ZO(_l)s_l)‘shV (V S Z+)

This follows immediately from the definitions of ¢y, (0) and Mgy,
C4. For |y| > yo and m € Zy we have
= (o " hy\™
(5.9) choly) — ; (22 sin 7) s (y) = (2@ sin 7) chm (Y).

Proof. We prove property C4 by induction. The case of m = 0 is trivial. The induction
step from m — 1 to m looks like the following:

cho(y) — tbz:; (Qi sin %) ’ 2 (Y)
= <2i sin %)m_l (chm-1(Y) = #nm-1(y))

m—1
- (22‘ sin hy)
2

00 s—1 gy hy 0 s—1gin My
(—=1)*tsin & 27s\ (=1)°" " sin 5
X (Ch,m—1(y) Z m——hy/22_ Z N m——hy/22

h m
= (22’ sin _y) chm(y)-
2
We have used the expansion (5.2). O

Suppose G € Z]\\/[Z(yo), c(G) € CA(R), and c(G,y) = co(y) for every y with |y| > vo.
By property AM4, these assumptions imply that G € C(R \ {0}), G(t) = O(t72) as
t — oo.

The following two statements will be proved simultaneously by induction on m.

C5. For eachm € Z,, there exists a function Gy, € L(R) having the same parity as cpm
and such that ¢(Gpm) € CP(R) and c(Grm,y) = chm(y) for every y with |y| > yo.

C6. The function Ky, is integrable on R for each m € Z; the series that defines it on
[—h/2,h/2] is its Fourier series on this segment, and

C(K}Lmvy) = %hm(y)a yeR, me Z—i—-

Proof. First, we note that, for each fixed m, C6 follows from C5. It is known (see,
e.g., [35]) that if the coefficients of a trigonometric series are the values at equidistant
points of the Fourier transform of a function integrable on the line, then this series is the
Fourier series of an integrable periodic function. Consequently, K}, € L(R). Multiplying
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the series by e~ %! and integrating termwise, we obtain

h/2

C(Kh'rm = 5= Z /\shm/ e-QZSteiiyt dt
$§=—00 h/2
o s o)) Dt
= % Z shm (m _ y) 3 27T Z )\shm — hy = %hm(y)
v=—00 h 2 s=—00 2

(for ms = % the fraction is assumed to be equal to 1, which corresponds to continuity
with respect to y).

The case where m = 0 serves as the base of induction. Statement C5 is assumed to
be fulfilled: Gy = G, so that statement C6 is also fulfilled.

Suppose statements C5 and C6 are true for all numbers smaller than m (m € N); we
shall prove that C5 (and, consequently, C6) is true for m as well.

By (5.9), we have

m—1 m
) h
c(G— E (5h(Khl,),y) = (2251n7y) chm(Y)s 1yl = vo.
v=0

If Ypm € CP (R) and ¥pm(y) = chm(y) for |y| > yo, then

(5.10) c(G - 21 8 (Knw), y) - (% sin %) T

is a compactly supported function of class C'?)(R); therefore, it is the Fourier transform
of an entire function M, of class E,,, and moreover, My, (t) = O(t=2) as t — co. We
put

Yo»

— 400
(5.11) Ghm(t) = / Unm ()€™ dy.

——00

Then G € C(R\{0}) and G, (t) = O(t2). Since the function 87 (Gh,y,) is integrable
on R by (5.10) and (5.11), so is the function Gpp,, as required. O

Thus, we have obtained the following decomposition.

C7. For every m € N we have

(5.12) Z (Kn) + 67 (Ghm) + My,

and the function f related to ¢ by (3.1) is represented in the form

(5.13) F=Pumlf)+ D 51(0) % Kny,

where
Prm(f) =T + ¢ * Mpm + 65" () * Grm-

Moreover, ¢ * Mpp € Ey,.
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Let ¢ > yo. We put
Uo‘hm(f) = Uo‘hm,G(f) =T+ © * Mhm + 5;?(90) * LG(Ghm)a

2 1 2 (2541
| 2520 ot bne (%) ’
A if the parity of v is opposite to that of G,
hv —
SR (3|
if the parity of v coincides with that of G,
2| 20 sibam(2s +1)0)
if the parity of m is opposite to that of G,
Bahm = 9 o (=1)°
P Zs:O Tﬂahm((QS + 1)0’)
if the parity of m coincides with that of G.

We do not indicate the dependence of the constants on G in the notation: A, = A, ¢,
Bshm = Bohm,a- It is clear that Uspm ¢ (f) € E, and

(5'14) th(f) - Uohm(f) = 6}?(90) * (Ghm - Lo(Ghm))-

A remark similar to Remark 2 about the operators X, ¢ is valid also for the opera-
tors Usnm,G-

§6. JACKSON-TYPE INEQUALITIES

—2
Lemma 11. Suppose that (M, P) € B, ¢ € M, yo > 0, G € AM (o), ¢(G) € CA(R),
functions f and ¢ are related as in (3.1), m € N, and 0 < h < i—: Then

m—1
(6.1) P(f = Pum(£)) < Y An P(55(9)).
v=0
If, in addition, the kernel G is odd, then
A m—1
Pf = Pan(£)) < S0wr(p)p + Y An P (0)).
v=1

Proof. Formula (5.13) implies an inequality of type (6.1) with the coefficients

1 2

Aphy ‘Khu|

C 21 gy

in place of Ap,. We prove that ay, = Ap,. Let s be the parity of the kernel G, and let
(v4e—=1) (vt5)

g, =(-1)" = .

If the parity of v coincides with that of G, then the kernel K, is even. By Lemma 9,

the sequence
27 2rs\ 1~
v, G vy 7
{E h ¢ ( " h >}s_1

of the Fourier coefficients of the kernel e, K}, on the segment [—h/2,h/2] can be rep-
resented in the form (4.1.2) with a monotone increasing function ®. By statement 1 of
Lemma 8 applied to the function

h
F(t) = EVK}“, <27‘rt> 5
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the kernel preserves its sign, whence

a_ Khl/
21w J 2

Opy =

> 2
Z(*l)sila <Ghy, ZS> ‘ = Ap,.

s=1

If the parity of v is opposite to that of GG, then the kernel K}, is odd. By Lemma 9,

the sequence
27 275\ 1~
y_b G vy 5
{8 h ( " >}:

of the Fourier coefficients of the kernel e, K}, on the segment [—h/2,h/2] can be rep-
resented in the form (4.2.2) with a monotone increasing function ¥. By statement 2 of
Lemma 8, the kernel preserves its sign, whence

1| [h/? 2| 1 2m(2s 4 1)
v — Ku = - b vy 1 =A v
“h 71' /0 4 71';254—1 (Gh h )‘ 4

Moreover, in the case of an odd kernel G the initial term can be written as
(6.2) (¢ * Kno) ($)2— / oz —t)Knpo(t)dt = ~5 / 63:(0, ) Kpo(t) dt
T Jny2 ™Jo

and estimated by the modulus of continuity:

A
P(px Kpo) < %wl(% h)p. O

—2
Lemma 12. Suppose that (M, P) € B, ¢ € M, yo > 0, G € AM (yo), ¢(G) € CA(R),
functions f and ¢ are related as in (3.1), m e N, 0 < h < Qy—:, and o > yo. Then

(6.3) PP (f) = Ushim(f)) < Bonm P (05" (¢))-

—2
Proof. By Lemma 9, the kernel e,,Gp,, belongs to AM (yo). Applying (5.14) and
Lemma 7, we obtain inequality (6.3) with the constant Ko ¢, G,,, = Bohm. |

Remark 10. Lemmas 5, 9, 11, and 12 show that the sign of the expression under the
modulus symbol in the definition of Ay, and Bgpn, is equal to €, and e,,, respectively.
Also,

h 2 2’
(1=3»—m)rm
)

SgnKhV(t)zsgnSin (W_t+w>’ |t‘ < h
sgn(Ghm(t) - LG(Ghm,t)) = sgnsin <0t +

2
Theorem 1. Suppose that (MM, P) € B, p € M, yo >0, G € AM (yo), ¢(G) € CA(R),
functions f and ¢ are related as in (3.1), m e N, 0 < h < Qy—:, and o0 > yo. Then

PUf = Unin) < 3 A P(8L(0)) + B PG (5)),
v=0

m—1

P(.f - Uohm(f)) < Z Athl/(<p7 h)P + Bahmw'rrL((Pa h)P
v=0
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If, moreover, the kernel G is odd, then

P(f = Upin(f)) < Ao 22212 +2Am5h ) + Bonn P} (),

P(f - Uo‘hm(f)) § AhO + Z Ahuwu(cp, h)P + Bohmwm(Soa h)P

v=1

wilp,h)p =
2

Proof. Since
(64) f - Uohm(f) = f - th(f) + th(f) - Uohm(f)a

Theorem 1 follows from Lemmas 11 and 12. O

Remark 11. We have the identity
m—1 h/2

f(l‘) — Ushm f; Z 277/ 6h @Y, T t)K}w(t) dt

h/2
(6.5)
I
+o / 6 (0,2 — ) (Grm(t) — Lo (Ghm, t)) dt.

If the kernel G is odd, then we can write

h/2
ﬂw—mmmmz—i/’ém%mmmwt

m—1 h/2
(6.6) + — 87 (p,x — ) Kp, () dt
,,Zl 2m Jonyz "

These identities are proved by combining formulas (5.13), (5.14), (6.2), and (6.4).

—2
Corollary 3. Suppose that (M, P) € B, p € M, yo > 0, G € AM ,(y0), ¢(G) € CP(R),
functions f and ¢ are related as in (3.1), 0 < h < z—g, and o > yg. Then

P(f —Usn(f)) < (% + th1) wi(p, h)p.

For the proof it suffices to put m = 1 in Theorem 1.
Now we specify some cases where the inequalities obtained above are sharp.

—2
Theorem 2. Suppose that yo > 0, G € AM (yo), ¢(G) € CA(R), functions f and ¢
are related as in (3.1), « is an odd positive integer, and o > yo. Then
AU o oo o
wp Aol _ W Vel Ago
weCB®) W1(P ag)oo  pecB®)  wWilPs ag)eo 2 «e

The smallest upper bounds do not change if they are taken over the set Lo (R) and also
if we restrict ourselves to %’T-pem’odic functions with zero mean value.

Proof. The estimates of the upper bounds from above were obtained in Theorem 1.
It remains to establish estimates from below. In [25], the 2Z-periodic odd functions
Yoa € Loo(R) were considered,

4 & (—1)¥ .
Yoal(t) = — E 5o, Sin (2v + 1)at
o (2v + 1) sin (2—)
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(for o € N, which is not important). The extremal properties of the function ¢,1(t) =
sgnsin ot are well known. These functions satisfy

6 (Poa,t) = 2sgncosot, 0L (¢oa,0) =2 for 0 <u < l,
oo aa’
and w; (gom, %)oo = 2. Let fyo = @oa *G. Since the functions ¢, have zero mean and

are 2X-periodic, we have Us, = 1(foa) = 0. We write identity (6.6) for these functions
with m =1 and at the points z =0 and z = Z:

foa(o) = *foa (g)

1 [2ac
=5 i 85¢(Poas 0)K = o(t) dt
o[t
+§ 5;7(9000“775) (Gﬁ)l(t)fL (GﬁJ,t)).

Taking the signs of the kernels into account, we obtain
0 ™ o (dE0 g
_fo'a( )_fcra (;) - 9 + a,aa,l

A= T
= ( @50 + By = 1 )wl ((p(m,—> .
2 oo ao/

Since fyq 1S %’r—periodic, it follows (see [I §99]) that A, _o(fra)oo is equal to the best
approximation of the function f,, by constant functions. Using the de la Vallée-Poussin
theorem on the lower estimate for the best approximation, from (6.7) we immediately
deduce the inequality

A= o m
Aa—O(faa)oo > T + BO’,£,1 w1 (‘paaa 7)

ao

(6.7)

For the deviation of the operator U, = 1 the lower estimate is obvious, because

||fa’a ayom,l(faa)”oo - Hfo’a”oo Z Aa O(foa)oo

This proves the required estimates from below for the functions ¢ € Lo (R).
Suppose that

(6.8) As—0(f)oo < Kwi(p,h)oo

for all functions belonging to C B(R) (or even only for all entire functions of exponential
type that are bounded on R); let ¢, be the Fejér integral of the function ¢, and let
fr =T+ @ *G. Then for every ¢ € Lo (R) we have

Aafo(f‘r)oo S le(@'rv h)oo S le(% h)oo

Letting 7 on the left-hand side tend to infinity, we see that inequality (6.8) is fulfilled for
every ¢ € Loo(R). This argument proves that the least upper bound for the approxima-
tions A,_¢ will not change if we take it over the functions ¢ belonging to Lo, (R). The
statement about the deviation of the operator U, = ; is proved similarly. ]

Remark 12. Under the assumptions of Theorem 2, we have

A= 1o (-1)"b(G, (2v + 1)o
50, p, ., - LSS EUUGLr Do)
2 o T (2v 4 1)sin T

Indeed, in the proof of Theorem 2 it was established that the constant is equal to

—f"‘*Tm). Convolving ¢,, with G, we get the series on the right-hand side (similar
calculations were done in more detail in [I]).
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—2
Lemma 13. Suppose yo > 0, G € AM (1), ¢(G) € CA(R), m €N, and o > yo. Then

Ua,g,m,G = XO',G'

Proof. Let f and ¢ be functions related as in (3.1). Without loss of generality we may
assume that 7' = 0. By the definition of the operator U, z ¢, we have

Us,zma(f) = ¢ % Mz + 82 () * Lo (Gz m) = ¢ * (Mg,m + 5%”(L0(G5,m))) -

But 6% (Ly (G z m)) is an entire function that belongs to E, N L(R), has the same parity

as GG, and takes the same values at the points w as the function &% (Gg,m)-
Since such an interpolating function is unique (see [30]), we have

08 (Lo (Gz.m)) = Lo (6% (G z m))-

Also, Lo(M= ) = M= ,,. Next, identity (5.12) implies

Mg g+ 0% (Lo (Gzm)) = Lo (G = Y 6% (Kz.)).

Since K=z ,, (W) = 0 for all £ € Z, the functions 6% (Kgﬂ,) vanish at the interpolation
points. Consequently,

which finishes the proof of the lemma:

Ua,g,m,G(f):(P*La(G):XU,G(f)' O

—— 2
Corollary 4. Suppose that (M, P) € B, p € M, yo > 0, G € AM (y0), ¢(G) € CP(R),
functions f and ¢ are related as in (3.1), and o > yo. Then

Ko
P(f—Xoc(f)) < 27Gw1 (% g)P'

—2
Corollary 5. Suppose that (I, P) € B, o € M, yo >0, G € AM (y0), ¢(G) € CP(R),
functions f and ¢ are related as in (3.1), m € N, and o > yo. Then

m—1 m—1

P(f = Xoa(f)) £ 3 Az P05 () + (Koo = Y 2745, )27 P63 (9)),

v=0 v=0

P(f—X,a(f)) < A%,VWV ((p, g)P + (’CU’G - T:X__;)l QVA%V) 27" (gp, g)P .
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If, moreover, the kernel G is odd, then

s m—1
P(f - Xoc(f)) < Ag,ol(#g)P + ) Az P(5%(p))
v=1

m—1
+ (ICUVG - Z 2”A§’,,)2_mwm <g0, E)P.
v=0

ag

Proof. By Lemma 13, it suffices to check the identity
m—1

Bozn =2 (Ko = 3 2°42,).
v=0

We substitute the function fy1, h =2, and x = % (5¢ is the parity of the kernel G)
in (6.5). For this function we have

1—)m
fal <%> = (_1)%’CU,G7 Xo’,G'(fol) = 07
o
v — 9 o s v
0% (po1,t) = 2" sgnsin (Jt+ 5 ) .

Taking the signs of the kernels (specified in Remark 10) into account, we get

5 I T i A L
(Ve =5 [ 82(0. 55T ) Gr

+7§ ! %5”( (1= s)m t)K (t)dt
v=0 27 — 5= H & 20 o
I 1-
=5 N 2™ sgn sin <m€ + W) G (t)dt
m—1 el
1 20 1-—
+ ; 7 . 2" sgnsin (—0t+ M) K= ,(t)dt
m—1
= ( 1)%(2mBg T m T+ Z 2V A= ,,),
v=0
which completes the proof. O

Remark 13. From what has been proven above it follows that

o0
Z 2"As , < Ko
v=0

Corollaries 4 and 5 improve the Akhiezer—Krein—Favard type inequalities (see Lemma
7), which are formal consequences of Corollary 5 for m = 0. Thus, in the spaces
(CB(R),||*|leo) and (L(R),]|-]|1) the inequalities remain sharp even if their left-hand sides
are replaced by A,(f), (p = 1,00). For the corresponding spaces of periodic functions,
the inequalities are sharp even if their left-hand sides are replaced by As—o(f)p-
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We denote

(e, h)p =2""P(61(9), Cule,h)p=2""w,(p,h)p.

Since the sequences {n,,(go,h)p}zozo and {¢ (¢, h)P}zO:O are monotone decreasing, the
limits

Moo (s )P = lim 1, (0, h) P, Coolps P)p = lim G, (i, h)p

exist. It also follows that the right-hand sides of the inequalities in Corollary 5 are
monotone decreasing as functions of m. Therefore, the best estimate is obtained in the
limit as m — oo.

—2
Corollary 6. Suppose that (I, P) € B, ¢ € M, yo >0, G € AM (), ¢(G) € CP(R),
functions f and ¢ are related as in (3.1), and o > yo. Then

P Xoalf) £ 32 Az, (#5),+ (Koo - > 2 Az )i (2:7)
v=0 v=0

PUF = Xoa(1) < 32 Az (4 7)pt (Koa = > 2az) (v 2)e
=0 v=0

If, moreover, the kernel G is odd, then

P(f - Xoc(f)) < Ag,o@ (907 g) + iQVAg,uUV (% g)P
v=1
(o= S5 o (5,

P(f = Xo6() € Az0G (0. 2) + 22 4.6 (0 2)
+ (Ko - Z 24z ,) ¢ (% §>p
v=0

87. APPLICATION OF GENERAL THEOREMS TO SPECIFIC KERNELS

When writing constants explicitly, we restrict ourselves to the case where m = 1. We
recall that

P(f = Usni,c(f)) < AnoP(p) + Boniwi (e, h)p,
and that if the kernel G is odd, then

P(f = Usn,a(f)) < (% + Ba’h1> wi(p, h)p.

In order to obtain further corollaries, we need to verify that the kernels belong to AM ’
and to substitute the constants Apg and B,p1 in the inequalities of Theorem 1; the
Fourier transforms of the functions G, are expressed by formulas (5.3) and (5.4). It
is convenient to write the step of the modulus of continuity in the form -, a > 0.
The condition h < 2 becomes a > 2. For a = 1 the representation of the constant

simplifies as in Corollarles 3 and 4, and the inequalities improve (3.4)—(3.8).
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1. Let r,y9 > 0, let Iy, be an even function belonging to L(R) and such that ¢(I,,,y) =
o for y > yo, and let ¢(Z,y,) € C®@(R). The identity
1 I
(7.1) — = —/ e vyt du
yr D(r) Jo
—1
shows that the kernel I, belongs to AM .(yo)-
Corollary 7. Suppose (M, P) € B, ¢ € M, r,y0 >0, 0 > yo, T € Eyy, a > 2, and
(7.2) f=gxly, +T.
Then
P(f = Us, = 1,1, (f))

e

2a0) s"

4o © s & b1 (28 F 1D — 2aw)®TT 1 ™
o 2 (220D (25 + 1)2((2av)? — (25 + 1)2) st 1)7"+2)°"1 (“"’ E)p‘

(7.3)

1 /2 (-1 1 & (—1)1 7r
+§<%§W‘ . Jor (7).
Let r € N. If r is even, then (see [I, §§101, 102]) for every yo > 0 every function
f belonging to CB((R) or to WZST) (R) can be represented in the form (7.2) with ¢ =
(=1)"/2f) If r is odd, then for every yo > 0 every function f belonging to C/'\B(T)(R)
or to W (R) can be represented in the form (7.2) with ¢ = (—1)"+D/2f() Thus, for
these function classes the estimates in question are valid for all o > 0.

For r even, (7.3) improves inequalities (1.1) and (1.4), and for r odd, (7.3) improves
(1.2) and (1.5),

2. Let r,yo > 0, let INryo be an odd function belonging to L(R) and such that ¢(7, rvo; y) =
zy% for y > yo, and let ¢(I,.,,) € C®(R). By (7.1), the kernel I,.,, belongs to AMs (yo)-
Corollary 8. Suppose (M, P) € B, ¢ € M, r,y0 >0, 0 > yo, T € Eyy, a > 52, and
(7.4) f=@xly +T.
Then

PUF~U, o o1 ()

al
5~
<
S

- o @s+ D) = 2av)tT 1
Z N ( Z (2s +1)((2av)? — (25 4+ 1)?) * (25 + 1)T+2> }
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In particular,

2 — 1 s

. P(f-X - S (= ( : 7)
75 % = (o 2 g ) (07),

Let » € N. If r is odd, then (see [I, §§101, 102]) for every yo > 0 every function
f belonging to CB()(R) or to WZET) (R) can be represented in the form (7.4) with ¢ =
(—1)=1/2 £(") 1f 1 is even, then for every yo > 0 every function f belonging to CA'E(T) (R)
or to W]Y)(R) can be represented in the form (7.4) with ¢ = (—1)"/2f("). Thus, for these
function classes the estimates in question are valid for all o > 0.

It is easily seen that, in examples 1 and 2, for the classes C B (R) and C/’\E(T)(R) the
operators do not depend on the choice of yo in the representations (7.2) and (7.4) and
coincide with the convolution operators X, and X,,..

For r odd, inequality (7.5) turns into (1.6) and (1.7) and improves inequalities (1.1)
and (1.4); see the Introduction. For r even, inequality (7.5) reads as follows:

Pf = X)) < 3 (70,7

~ 207 o
and improves inequalities (1.2) and (1.5). Corollaries 7 and 8 for the classes C(") were
obtained in [25].

Remark 14. By comparison of Fourier transforms, it can be proved that for the classes
CB™ the representation (5.13) with m = 1 coincides with a version of the Euler—
Maclaurin formula (see [24]):

h/2 r—1
f _ % / f + Z ﬁl(l1|/2) hl—l(s’ll(f(l—l))
=1 ’

—h/2

ropl/2
T ) — Bo(1/2)) FO (- — uh) dr.

7"! —1/2
Here the (,. are the 1-periodic functions that coincide with the Bernoulli polynomials on
(0,1). Since the values 3;(1/2) are equal to zero for I odd, for the constant Byj; we have

r—1
Bi(1/2)] ;-
Bopi = Z*' (l!/ )|hl YW
1=0
If m > 2, the representation (5.13) coincides with the iterations of the Euler-Maclaurin
formula that were used by V. V. Zhuk and N. I. Merlina. The constants B,p,, can be
expressed in the form of linear combinations of the constants K, (see [24, Chapter 4]).

3. For A > 0, let

P = [ ey A
oo A2 +¢2

—1
be the Poisson kernel. Clearly, Py € AM (yp) for all yo > 0. The function ¢(Py) does
not belong to C'®)(R), but for every yo > 0 we can “correct” ¢(Py) on (—yo,yo) 0 as
to obtain a function of class C(® (R); the new function is the Fourier transform of the

—1
kernel Pyy,, which belongs to AM_(yo) and satisfies the conditions of the theorems of
the preceding section. The Poisson integral of ¢ can be written in the form

f=p*xPyx=px Py, +T

with T' € Ey,. Since yo is arbitrary, the estimates are valid for all o > 0.
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Corollary 9. Suppose (M, P) € B, p € M, A\,a,0 >0, and f = ¢ * Py. Then

P(f =Us = 1,p,(f))

— 62)\a0 + 1P(SO)
Sﬁ oo 1 oo , et (28 + 1)267>\(2s+1)a _ (2ay)2672>\owo l
+ (Tr2 Sz:;) (2s +1)2 l;) (=1 (2av)? — (25 +1)2 “1 <<'07 aa)P '
In particular,
2 2 . 1 7
(76) P(f — XUJD)\ (f)) < WP(QO) + (7‘( arctane — M) w1 (g@, ;)P .

4. For A > 0, let

~ +oo Aol it 2t

Py(t) = /_Oo (—isgny)e e dy = e
be the conjugate Poisson kernel. The kernel Py belongs to L,(R) for all p > 1, but does
not belong to L(R). The conjugate Poisson integral is defined by the formula f = ¢ x Py
for every ¢ € L,(R) with p < co. For every yo > 0 we can “correct” ¢(Py) on (—yo, yo)
up to a function of class C®)(R); the new function is the Fourier transform of the kernel
~ —1
Pyy,, which belongs to AM(yo) and satisfies the conditions of the theorems of the
preceding section. The conjugate Poisson integral can be written as

(7.7) f=@*Py,+T

with T' € E,,. In this form it is also defined for the functions ¢ belonging to L. (R).
The operator does not depend on the choice of yg; since yq is arbitrary, the estimates
are valid for all o > 0. In Corollary 10, to avoid introducing the fictitious parameter yo,
we write the convolution in the form f = ¢ % Py and interpret this as identity (7.7) if
necessary. The same refers to Corollaries 12 and 14 below.

Corollary 10. Suppose (MM, P) € B, o € M, A\, ,0 >0, and f = p * Py. Then

P(f~U, + o 5(1)

1+ 672Aaa

oo
e —1)® 2 1 —A(2s+1)0 _ 2 —2Xavo
8ar (-1) /(_1)1,,1( s+ 1)e ave }w1 (30, 0 ) .
Z P
v=0

T =25 +1 (2av)? — (25 4+ 1)2 ao

In particular,

1.1 Ao m
(7.8) P =X, 5 ()< o Cwr (e )

For periodic functions, inequalities (7.6) and (7.8) improve the inequalities

P(f = Xop, (1)) < — arctane ™" (),

2 l14e M

P(f-=X, 5 (f) < - In mP(w),

which were established in the case of the uniform norm by Krein [6] and Sz.-Nagy [7].
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— 2
5. Let A > 0. Clearly, Wy € AM _(yo) for all yg > 0. The convolution f = ¢« W) is the
Weierstrass integral of the function ¢. Since yq is arbitrary, the estimates are valid for
all o > 0.

Corollary 11. Suppose (MM, P) € B, p € M, A\, a,0 >0, and f = ¢ x Wx. Then
P(f — U= 1w ()

) (2i<_1>swm>2)pw

8 V 9 2 —A((2s4+1)0)? _ 9 2 _—A(2avo)?
n (;éz 22(1 1(2s+1)% i (oa/2)e wl(cp,l>.
m = (25 +1) (2av)? — (2s+ 1) ac/p
In particular,

P(f = Xow,(f))

< (2 i(l)Sle“mV)P(so)

s=1

29~ (" aviner N —1,-A(250)? T
“ v+1)o)® —1)° so ( ’_) )
+<7Tl,z:_02’/+1e Z( )" “S\P o)

s=1

(7.9)

Inequality (7.9) improves the Akhiezer inequality for periodic functions (see [5]).

6. Let A > 0. The convolution f = ¢ x* /VIV/A is the conjugate Weierstrass integral of the
function . As in example 4, for every yo > 0 we can “correct” ¢(W)) to get the kernel

—_— — 2

Wy,, which belongs to AM (yo). The estimates are valid for all o > 0.

Corollary 12. Suppose (M, P) € B, p € M, \,a,0 >0, and f = ¢ * WA. Then
P(f=U, = 1w,(f)

{2 i —A(Za(25+1)0)2
= 2s+1
8o = 1 (2s+1)
+ 2 Z Z -1

2s +
m
X w1 —
Oé

In particular,

67)\((25+1)0)2 _ 20[1/67)\(2041/0)2
(2av)? — (25 4+ 1) }

0 —A((2v+1)0)? T
P(f = X, 5. () < (3 3 ei)wl (02) .

Ul 2v+1
7. For A > 0, let
+o00 ity
e s
A(®) [m cosh \y 4 )\cosh;r—;

The kernel ©) arises in the description of classes of analytic functions in the band
{z:]Imz| < A} (see [1, §110]). Using formula (2.3), we get

oo

1 2~
_ — 9N (L)Y
coshdy 1+4e 2\ Z;( Ve

1
A Foo 2 (21+1)%2 du
= — I “ 20+ 1 Tu .
FhooTRee e S

(7.10)
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—2
Statement 2 of Lemma 4 shows that the integrand is positive. Therefore, @) € AM .(yo)
for all yo > 0.
Corollary 13. Suppose (MM, P) e B, o € M, A\, ,0 >0, and f = ¢ xOx. Then

P(f = Us, = 1,0.(f))

= (-
< (2 ——|P
- ( Sz:; cosh 2 \aso 2
3 (254+1)2 N (2av)?
Q u 1 cosh A(2s+1)o cosh 2Xave ( L)
+( Z 2$+1QZ (2av)? — (25 +1)2 )wl Pac)p

In particular,

P(f = Xo0,(f))
= (-1
(7.11) = (2; cosh 2)\80>P(<p)

25" (-1)" .
+ <7ryz:=O (2v + 1) cosh A(2v + 1)o Z cosh2)\so>w1 (90’ ;)p

Inequality (7.11) improves the Akhiezer inequalities for periodic and nonperiodic func-
tions (see [5] and [II, §110, D85]).

6 (i ¥ 4
)= [ (ism) Sy

Formula (7.10) implies that for every yo > 0 the “corrected” kernel 5) Ay, belongs to
—2
AMS (yO)

8. For A > 0, let

Corollary 14. Suppose (M, P) € B, p € M, \,a,0 >0, and f = ¢ * é)\. Then
P(f=U, . 15 (1)

2 — 1
- {; sgo 2s + 1) cosh 2 a(2s + 1)o

2s+1 20v

8ar o= (—1)* = hA(2sT1)o  cosh2i ™
ot - 1 v—1 cos s+1)o cos avo ( _) )
e Z (=1) (20v)2 — (25 + 1)2 }wl Y ac)p

Pif=Xo6,(0) = (% l;) (2v+1) coslll)\(21/ + 1)0)&)1 <(‘0’ g)P '

The next two examples generalize Examples 1 and 2. Here, we restrict ourselves to
statements for o = 1.

9. Suppose N € N,0<7r; <2,5;>0,and v; e R (1 <j < N). Weput y* =0 if all 5
are nonpositive and we put y* = max;., >0 *yjl»/ "7 if at least one 7y; is positive.
Suppose that yo > y*, Qy, € L(R), Qy, is even, ¢(Qy,) € C@)(R), and

N
A Qyo»y) = —ao =Iw7 =) (v =)

Jj=1
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We shall prove that ag € AM?(yo). This is equivalent to the absolute monotonicity of
the function g(y) = a(,/y), i.e., to the fact that g(y) can be written in the form (4.1.1).
Since the product of absolutely monotone functions is absolutely monotone, it suffices
to consider only one of the factors. Suppose p € (0,1), v € R, s > 0, F(x) = ﬁ,
l(y) =y”, and J(y) = F({(y)). The function F is absolutely monotone for z > 7 because
(=1)™F(™)(x) > 0 for all m € Z,; also, we can write an identity of type (4.1.1):

1 1 [t
— —TU YU s—ld .
(@—)° r<s>/o coor

For the function ¢ we have (—1)"£(™)(y) < 0 for all 4 > 0 and all m € N. Consequently,
by [29], formula 0.430.2],

m m! i : 09 (y) v

T (y) = > T +“>(€(y))||( : ) 7

i ig €N, ' q: j=1
i1+2ig+-+qig=m

and we have (—1)™J(™)(y) > 0 for all z > 4/ and all m € Z,, which implies a
2
representation of J in the form (4.1.1). Thus, Qy, € AM (o).

Corollary 15. Suppose (I, P) € B, o € M, yo > y*, T € Ey,, 0 > yo, and

(7.12) f=0*Qu +T.
Then
(f = Xo,y, ()
oo bt N 1
= (2;( J[[l ((200)77 =) )P(w)
(7.13) oo N oo N
2 )Y 1 v—1
(%g U @07 5 2 1 5 )

Let D denote the operator of differentiation, and let s; € N. We consider the differ-
ential operators

N N
H (D? +;)%, H (D? + ;)%
e e

Ifr;=2(1<j<N)and
p = (=1 L(D)f,
Or’}/1:0,7"1:$1:177"j:2(2 <N) and
o= (—1)1+52+"'+SNM(D)J?,

then f is expressed in terms of ¢ as in formula (7.12). This fact is proved in the same
way as in [I] for the operators D" and D".

10. Assume that N € N, 0 <r; <2, 5; >0, v, €R (1 <j<N),y*is defined as in
example 9, yo > y*, Qyo € L(R), Qy0 is odd, c(QyO) € C(R), and

ic(Qyo ) ——bo Hy’— )% (y = vo)-

Then, as was shown in example 9, Qyo € Z]\\/[ s(Y0)-
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Corollary 16. Suppose (MM, P) € B, ¢ € M, yo > y*, T € Ey,, 0 > 4o, and

(7.14) f=0*Qy +T.
Then

2 i T
(7.15)  P(f - XUQIJO )< (; E j:1 ((2v+1) ) = ;)% )wl (4,07 ;)P

Let s; e N If r; =2 (1 <j < N) and

p = (=1 L(D) ],
ory1=0,r=s=1andr;=2(2<j5<N),
p=(=1)=TTNM(D)S,

then f is expressed in terms of ¢ as in formula (7.14).

Inequalities (7.13) and (7.15) improve the inequalities of type (3.4) that were proved for
periodic functions in the case of the uniform norm by Akhiezer in [4] and by Krein in [6],
and for nonperiodic functions by Krein in [13] (see inequality (1.3) in the Introduction).

11. By using the fact that the product of absolutely monotone functions is absolutely

—2
monotone, new kernels belonging to AM can be constructed with the help of convolu-
tion. In particular, this leads to estimates of the seminorm of the convolution f = ¢ x G

—2
with G of class AM by moduli of continuity of the function ¢’, to estimates of the
seminorms of the Poisson and Weierstrass integrals of the function f, etc.

Remark 15. The heat conduction kernel W) and the kernel ©) occurring in example 7
do not increase oscillation. For such kernels some results similar to Lemma 6 are known
(see, e.g., [36], where approximation of periodic functions was studied). At the same

— 2
time, kernels of class AM may increase oscillation.
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