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GENERATING BOREL SETS BY BALLS

E. RISS

ABSTRACT. It is proved that an arbitrary infinite-dimensional Banach space with
basis admits an equivalent norm such that any Borel set can be obtained from balls
by taking complements and countable disjoint unions. For reflexive spaces, the new
norm can be chosen arbitrarily close to the initial norm.

INTRODUCTION

Let X be a separable Banach space. The following question will be discussed: is it
possible to obtain an arbitrary Borel set from balls by using the operations of taking
complements and at most countable disjoint unions? We start with some definitions
(see, e.g., [1] or [2]).

Definition 1. A nonempty family D of subsets of a set A is called a Dynkin system if
D is closed under taking complements and at most countable disjoint unions[]

Definition 2. A nonempty family M of subsets of a set A is called a monotone system
if M is closed under taking at most countable disjoint unions and countable monotone
limits (i.e., increasing unions and decreasing intersections).

It is easy to show that any Dynkin system is a monotone system; see [1].

Consider the minimal Dynkin system D(X) that contains all balls in X. All elements
of D(X) are Borel sets. Therefore, our main question can be reformulated as follows: is
it true that D(X) coincides with the Borel o-algebra B(X) of the space X7

A similar question is meaningful for the minimal monotone system M (X') that contains
all balls. Clearly, if M(X) = B(X), then D(X) = B(X). Furthermore, we can refine the
question, using only balls belonging to some fixed class (for example, only “small” balls,
i.e., those with radius not exceeding 1, or, by contrast, only “large” balls with radius at
least 1). In what follows, the balls we consider are assumed to be open.

A detailed survey of the history and results concerning the problem under discussion,
including proofs, can be found in the book [I] and the paper [2]. We say a few words
about history. For the first time, the question concerning the coincidence of the minimal
Dynkin system generated by balls and the Borel o-algebra for separable Banach spaces
was raised at the 3rd Conference on Topology and Measure (1980), in connection with
the problem of coincidence of two finite Borel measures taking the same values at all
balls of the space. Later on, these two questions were separated from each other.

For finite-dimensional spaces, the problem of generating the Borel sets by small balls
was solved completely (in the affirmative).
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Theorem A. Let X be a finite-dimensional Banach space, and let C' be a family of balls
such that for every x € X and every ro > 0 there exists r € (0,79) such that B(z,r) € C
(B(z,7) is the open ball centered at x and of radius r). Then the minimal monotone
system containing C' coincides with the Borel o-algebra of X.

(This remarkable theorem is Corollary 8.4 in [I].)

In 1], Theorem A was obtained as a consequence of a general statement whose proof
occupies several pages and refers the reader to some strong abstract covering theorems.
The history of this result is rather rich in events. In 1988, Olejcek [3] proved that in R™
the minimal Dynkin system containing all balls coincides with the Borel o-algebra for
n = 2, and in 1995, in [4], he proved that the same is true for n = 3. Later, Jackson
and Mauldin in [5], and also Zeleny in [6] independently extended this result to R™ with
an arbitrary n. In fact, the proof given by Jackson and Mauldin works in the case of
an arbitrary finite-dimensional space (not only Euclidean), and M. Zeleny used only
monotone systems.

For infinite-dimensional Banach spaces the situation is completely different. In [2] it
was proved that the minimal Dynkin system containing all balls in the Hilbert space o
does not coincide with the Borel o-algebra.

Theorem B. There exists a Borel subset of ly that is not generated by balls (with the
help of taking complements and at most countable disjoint unions).

Nevertheless, in some infinite-dimensional spaces the situation is the same as in finite-
dimensional spaces. For instance, in ¢g the small balls generate the Borel sets, and the
same is true for the large balls. (Apparently, this fact, together with a simple proof,
should be regarded as well known.) The following natural questions arise:

(1) What are the infinite-dimensional Banach spaces, besides ¢p, in which the balls
generate all Borel sets?

(2) Is it true that every separable Banach space admits an equivalent norm for which
the balls generate the Borel sets? In other words, is the question we consider purely
topological, or is the geometry of the unit ball also important?

As a result of misunderstanding, in the paper [2] some strong statements in this
direction were announced and ascribed to the present author.

Now some weaker versions of those statements are proved indeed; the proofs are
presented below.

The paper is organized as follows.

In §1 we give an example of a “nice” space (in the sense of question (1)): the minimal
Dynkin system containing the large balls in C[0, 1] coincides with the Borel o-algebra of
C10,1] (Proposition 1).

In §3 we present a simple construction allowing us to “correct” slightly the unit ball
B in the spaces I, (1 < p < 00). As a result, we obtain an equivalent ball By such
that the new large balls (the sets RBy + x, R > 1, € [,) generate the Borel sets.
The construction is described in the proof of Proposition 2 and admits much freedom,
which motivates seeking generalizations. Such generalizations can be found in §§4, 5
(unfortunately, the transparentness of the initial construction is lost there).

Theorem 1 (in §4) says that if a Banach space possesses a Schauder basis, then this
space admits an equivalent norm whose large balls generate the Borel sets.

Unfortunately, the norm obtained in Theorem 1 may fail to be close to the original
norm (our correction of the ball is far from being delicate).

In §5 we try to refine Theorem 1. In Theorem 2 we prove that in the case of a
reflexive Banach space with basis, the “nice” ball of Theorem 1 can be chosen as close
to the original ball B as we wish.
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The author wants to express her sincere gratitude to Professor J. Tiser for useful
discussions and to the referee for advice that helped to improve the structure of the

paper.
§1. THE LARGE BALLS OF C[0,1] GENERATE ALL BOREL SETS

Proposition 1. Let D be the minimal Dynkin system of subsets of C[0, 1] containing all
balls with radius r > 1. Then D coincides with the Borel o-algebra.

Proof. Step 1. We fix a point ty € (0,1) and a number € > 0, ¢ < min{1—tg, to}. Consider
a sequence of balls B, = B(x,,r,) such that r, = 2"~! and the centers x,, € C0,1]
coincide with the functions whose graphs are depicted in Figure 1.

Clearly, By C By C --- (see Figure 2). Therefore, | Jo—; B, € D. But U, B, =
{z € C[0,1] : (ty) > 0}. Similar arguments show that for all ¢ € (0,1) and all ¢ € R the
set

Alg,1) = {z € C[0,1) : 2(t) > g}
belongs to D. Next, let A(g,t) denote the set {x € C[0,1] : z(t) > ¢}. Then A(q,t) =
Moy A(g— L,t). Since the sequence {A(g — L,¢)}22, is monotone decreasing, we have

n=1

A(g,t) € D. Observe that if A€ D, B€ D, and A C B, then B\ A € D. Now, denoting

A(q17q27t) déf {x S C[Oa 1} g1 S .’L'(t) S q2}7
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we see that
A(qh q2, t) = A(qla t) \ A(q27 t) eD.
Thus,
(1) {x e C0,1]: 1 < 2(t) < g2} € D.

Step 2. In (1), we can take any finite set {t1,...,t,} C (0,1) instead of one point ¢:
(2) {.’ﬂGC[O,l] Zﬂf(ti)e [ai,bi],izl,...,n}ED

for any t1,ta,...,t, € (0,1) and any aq,...,a,,b1,...,b, €R.

We explain how to pass from one point to two points. We fix t1, t2 € (0,1), a1 < by,
ag < by (if a; > by or ag > be, then the set in question is empty, and @ € D). As
the centers of balls we take broken lines with two suitably high peaks at ¢; and ¢2 (see

Figure 3). As before, we see that the set E; %ef {z € C[0,1] : z(t1) > a1, z(t2) > as}
belongs to D.
Repeating the arguments of Step 1, we see that

Fy={zeC[0,1]: z(t) > ar, z(ty) > as} € D
and
B, ={zeC0,1]: 2(t;) > by, z(t2) > as} € D.

Then B, & {x € C([0,1] : a1 < z(t1) < by, x(ts) > as} = By \Ell eD.
Next, {z : a1 < z(t1) < by, @(t2) > by + 1} € D, and this sequence is monotone
increasing, so that its union

Eg = {33 ta; < 1‘(t1) < bl,l‘(tz) > bg}
belongs to D. Taking the difference of the sets E5 and Es3, we conclude that
{z: z(t1) € [a1,b1],2(t2) € [az,b2]} € D,

as required. Similar arguments give (2) by induction. |
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Step 3. For fixed n, we put ¢, = %, k=1,2,...,2" — 1. Then (2) takes the following
form:
k
(3) {xeC[O,l]:aka(Q—n)gbk, kzl,...,2”—1}eD
for all n € N and all ag, by with a < b, k = 1,...,2" — 1. Suppose f, g € C|0,1],

f <g. For n € N, in (3) we take ak:f(%), bk:g(%), k=1,2,...,2" — 1. Let

k k k n
C, = {xGC[O,l] :f(E) §x<ﬁ) §g(2—n), k=1,...,2 f1}.
Then C7 D Cy D ---, and C,, € D, n € N. Therefore, the set C' = ﬂzozl C,, belongs to
D.But C={zeC0,1]: f <z <g}.
The result of the first 3 steps is the following:

(4) {zreC0,1]: f<z<g}eD

for all f,g € C[0,1] with f <g.
So, all order intervals (and, in particular, all balls with radius less than 1) belong to
D.

Step 4. Let B(z,r) be the closed ball with center z € C[0, 1] and radius r > 0. Observe
that for any z1, 22,...,2, € C[0,1] and any r1,...,7, > 0 the set (;_, B(zy, %) is
equal to {z € C[0,1] : f <z < g}, where

f=max{xy —ri,xa —71o,..., 2y —1rp}, g=min{x; +7r1, T2+ 1o, ..., Ty + 7}

(in particular, it can be empty). Therefore, (;_, B(zk, ) € D, by (4).
Thus, the intersections of finite families of closed balls in C[0, 1] belong to D.

Step 5. Observe that if the finite intersections of balls belong to D, then the same is
true for the finite unions of balls: |J,_, B(zx,7%) € D for all z; € X, r; > 0. (For two
balls we have By U By = B; U (B3 \ (B1 N Bsy)) € D. In the general case the argument
is similar: the inclusion-exclusion formula works.)

To finish the proof of Proposition 1, now it suffices to check the following statement,
which will be used repeatedly in the sequel.

Lemma 1. If (X, p) is a separable metric space and M is the minimal monotone system
i X containing all closed balls and all unions of finite families of balls, then the system
M coincides with the Borel o-algebra of (X, p).

Proof. First, if a monotone system contains the finite unions of balls, then it also contains
the countable unions: J72 | B, = Uy-; (UnN:1 B,,) is the limit of a monotone increasing
sequence of subsets of M.

By the Lindeldf theorem, any open set in the separable space (X, p) can be represented
as the union of a finite or countable family of closed balls. Thus, the system M contains
all open sets.

To complete the proof of Lemma 1, we need to show that any monotone system
containing all open sets contains all Borel sets. This fact can be found, e.g., in [II
Subsection 8.4]. For completeness, we present a proof, for which the author thanks the
referee.

Containing all open sets, the system M contains all Gs-sets and, therefore, all sets that
are Gs and F, simultaneously. Since such sets form an algebra, the minimal monotone
system containing them is the Borel o-algebra. This completes the proof of Lemma 1
and, with it, of Proposition 1. O

Remark. The above arguments can be repeated almost word for word to obtain a similar
property for the space cp: the large balls in ¢y also generate all Borel sets.
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§2. SOME AUXILIARY NOTIONS AND FACTS

Suppose that X is a Banach space with a normalized basis {e,}3°. We set X,, =
span{ey,...,e,}, denote by P, the canonical projection onto X,, and put L, =
Span{e,t1,€nt2, ...} = Ker P,.

Definition 3. A set of the form C = P, 1(A) = A + L, where A C X,, is a Borel set,
is called a cylinder with base A. If A is a cone, then the cylinder with base A is called
a wedge.

Let M. be the minimal monotone system containing all cylinders.

Lemma 2. The system M, coincides with the Borel o-algebra of X.

Proof. By Lemma 1, it suffices to show that M, contains all finite unions of closed
balls. Since the situation is purely topological, we may assume that the basis {e,}7° is
monotone.

For simplicity, we consider only two balls By = B(x,r;) and By = B(y,r2). Let
F=B;UBy and F,, = Pn_l(Pn(Bl ] Bg))

We must show that F' € M,. It is clear that the family {F,} is monotone decreasing
and that all cylinders F), belong to M.. Therefore, ﬂzo:l F,, € M.. We shall check that
F= ﬂff:l By

Fix z = (21,22,...) € F, k € N. The definition of Fj implies that z € Fy. Con-
versely, suppose z = (21,22,...) € ﬂ:’;l F,. We want to show that z € F. If not,
then z ¢ By and z ¢ Bs, ie., ||z — x| > r and ||z — y| > re. For z = (r1,22,...)
we have ||(z1 — @1, 22 — T2,...)|| = r1 + € for some € > 0. Then, for some k, we have
[(z1 —x1,..., 2 — 2k, 0,0,...)|| > r1. Using the monotonicity of the basis, we see that

(z1 — 21, . oy 28 — Tk, Q1 — Tpg1,-- )| > 71

for all @41, k42, ... This means that for arbitrary a41, ax12, ... the point (21, 29, . . .,
Zky Okt 1, k42, - - . ) does not belong to By. Similarly, the condition z ¢ Bs implies that for
some m € N any point of the form (z1, 22, ..., 2Zm, Bm+1, Bm+2, - - - ) lies off Bo. Assuming
that m > k, we see that the points of P,.1(P,,z) do not belong to By U By, i.e., 2 ¢ F,.
This contradiction finishes the proof of Lemma 2. O

Remark. Let C,, denote the class {P,1(A) : A C X,,, A is Borel} of all cylinders with
base of dimension not exceeding n. Let {n;} be a monotone sequence of integers tending
to infinity. Since C,,, D C,, for m < n;, the minimal monotone system containing all sets
of all C,, coincides with M.. Thus, this new system coincides with the Borel o-algebra.

So, the cylinders generate all Borel sets. Now we shall show that, instead of cylinders,
it suffices to use only wedges of a special kind.

Definition 4. Let {y1,...,y,} be a linearly independent system of points in X,,. The
cone with vertex 0 spanned by co{yi,...,yn}, and also all shifts of this cone, will be
called nice cones in X,,. A wedge is called a nice wedge of dimension n if its base is a
nice cone in X,,.

Lemma 3. Let Ko, K3,... be nice cones in the spaces Xo, X3,..., and let f(g, [N(g, .
be wedges with bases Ko, K3, ..., respectively. Then the minimal Dynkin system that
contains the wedges I~{2, IN{g, ... and their shifts IN{n + zpn, 2n € X,, coincides with the
Borel o-algebra.

Proof. Tt suffices to show that, for each n =2,3,...,

if a Dynkin system D in X,, contains all shifts of the cone K, then D
(%) s ets
contains all Borel sets of X,.
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Suppose the cone K, is generated by a system {yi,...,y,}. We regard this system
as a basis of X,,, and the cone K, as the positive hyperoctant P = {(z1,...,z,) : T >
0,k=1,...,n}.

We show that all shifts of the cubes

L”' :{('rlvx?w'wmn):OSxk Sr}

are contained in D.
Indeed, taking the union of the monotone increasing system of hyperoctants P, =
P+ %yl ={(z1,...,2n) 121 > %,xg >0,...,x, > 0}, we see that the set

pm ={(x1,...,2p) 1 > 0,22 >0,...,2, >0}

belongs to D. Therefore, the set P\ (PM +ry) = {(21,...,2,) : 0 < 21 <7, 25 > 0,
..., &y > 0} belongs to D.

Repeating these arguments for the other coordinates, we obtain L, € D. Obviously,
all shifts of the cube L, (the sets L, + z, z € X,,) also belong to D. But we know that in
the finite-dimensional space [7° every Dynkin system containing all small balls contains
all Borel sets. The lemma is proved. O

So, in order to generate the Borel sets starting with balls, it suffices to generate some
nice wedge of dimension n for every n; moreover, it suffices to do this for n running
through some sequence (ny), ng — oo.

Precisely this will be done in the proof of Proposition 2 and Theorems 1 and 2 below.
Namely, the original ball will be modified so that the new ball acquires the form of a
nice wedge in small neighborhoods of certain points of X,,. Then we can “blow” the new
ball up so as to get an entire nice wedge. More precisely, to generate a nice wedge of
dimension n, we require that the new ball By satisfy the following conditions (K,):

There exists a vector z, € X, ||zn] = 1, such that
(K,) 1) Bo(—katn, k) C Bo(—(k + Dy k+1) for k=1,2,...;
2) U, Bo(—kzn, k) is a nice wedge with base in X,.

§3. A “GOOD” NORM CLOSE TO THE STANDARD NORM IN [,

Proposition 2. Let B = B(0,1) be the unit ball of I,, 1 < p < oo, and let £ be a positive
number. There exists an equivalent norm with unit ball By = By(0,1) such that

1) dist(B, By) < € (in the Hausdorff metric);

2) the minimal Dynkin system D containing all balls Bo(z, R), « € l,, R > 1, coincides
with the Borel o-algebra of 1.

Remark. Proposition 2 is a special case of Theorem 1 (to be proved in §4). However, here
we give a sketch of the proof, because this proof is quite simple and clear, follows the same
leading idea, and is not overloaded with many technical details that arise unavoidably in
the proof of Theorem 1.

Proof. The construction of the unit ball By can be described as follows. We fix ¢ > 0,
assuming that ¢ is sufficiently small. The ball By will be obtained as the monotone
intersection of some intermediate balls B,,, n = 2,3,..., which will be constructed by
induction, By = (,—y Bn, B D By D B3 D ---. For the standard basis {e}72 of I, we
denote X,, = span{ey,...,en}.

Base of induction (n = 2). In the two-dimensional space X5 we draw the line parallel
to Xy and passing through the point (1 — g)es. This line intersects the oval B N Xy
at points M and N (see Figure 4). Let A be the point (1 — £)es, let K> be the angle
ZMAN, and let K$° be the cylinder with the base K.

We put By = K5° N (—K$°) N B.
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Step of induction. Suppose that the balls Bs, Bs,..., B,_1 have already been con-
structed, B D By D B3 D -+ D By, _1.

In the space X,, we take the hyperplane parallel to X,, and passing through the point
(1 —¢€)ey,. Let S denote the intersection of this hyperplane and 0B,,_;.

We choose n points yi, ...,%, on S in such a way that, for some §,, > 0 with ¢,, < ¢,

1) the system {(1 — e + d,)e, — yr }7_, is linearly independent;

2) the ball B(0,1 —¢) is contained in the cone with the vertex (1 — e+ d,,)e,, spanned
by the system {y1,...,yn}

Observe that in the space lo the points y1,...,y, can be taken at the vertices of a
regular simplex.
For the present, let us agree that the existence of such a system {y1, ..., y,} is obvious.

Below, in the proof of Theorem 1, this fact will be proved.

Let K, denote the cone with the vertex (1 — ¢ + d,)e, spanned by the system
{y1,...,Yn}. The wedge with the base K, is denoted by K°.

We put

B ¥ KN (~K®)N By
Observe that the ball B, is obtained from B,,_; by “grinding” in some neighborhood U,
of the point e,. If ¢ is sufficiently small, then the neighborhoods U,, and U, are disjoint
for m # n. Thus, the “grindings” at different steps do not affect each other.

So, we have constructed the ball By =, B,. Obviously, by construction we have
By C B and dist(By, B) < . Now we verify the main property of By (property (K,) for
n=2,3,...). Wefixne N, n>2 and put z, = (1—e+6,)e, forn >3, x5 = (1—%)62.
Denoting the new norm by || - [0, we have ||z, |0 = 1.

Lemma 4. For the point x,, and the ball By, conditions (K,,) are fulfilled:
1) Bo(—kwyn, k) C Bo(—(k+ 1Dan, k+1),k=1,2,..., and
2) Upey Bo(—kxn, k) = (K° — z,,) is a nice wedge with the base K, — x,.

Proof. 1) We fix k € N and consider the homothety with center 0 and coefficient k—;gl
The image of By(—kx,, k) under this homothety is the ball By(—(k+ 1)z, k+1). Since
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FIGURE 5.

0 € Bo(—kxn, k) and the set Bo(—kx,, k) is convex, we have
Bo(—(k + D)an, k + 1) D By(—kan, k).

2) Observe that (J;-; Bo(—kxy, k) is the cone with vertex 0 spanned by the ball
Bo(—xp,1). In some neighborhood U of the point zero, the ball By(—x,,1) coincides
with the wedge K2° — x,,, because Bo(—x,,1)NU = (K° — z,,) NU. Therefore,

n

o0
U Bo(—kwn, k) = K° — . O
k=1
By Lemma 4, the limit of the monotone increasing sequence {By(—kzn,k)}72, of
balls, which belongs to the Dynkin system D, coincides with the wedge K ° — z,,. Thus,
for every n € N\ {1} we have a nice wedge of dimension n lying in D. Now, to finish the
proof of Proposition 2, it remains to apply Lemma 3.

§4. THE EXISTENCE OF A “GOOD” EQUIVALENT NORM IN A SPACE WITH BASIS

Theorem 1. Let (X,| - ||) be an infinite-dimensional Banach space with a normalized
basis {€,}3°. Then X admits an equivalent norm || - o with unit ball By such that the
minimal Dynkin system D containing the large balls RBy + x (x € X, R > 1) coincides
with the Borel o-algebra of (X, |- 1])-

If the basis {e,}5° is monotone, then for every e > 0 the norm || - ||o can be chosen to
be e®-equivalent to the norm || - ||.

Proof. Let {e,,}$° be a monotone basis, let B be the unit ball in (X, | -]|), and let € > 0.
We are going to generalize the construction described in the proof of Proposition 2. As
before, we construct balls By, Bs,... such that B D By D B3 D --- by induction and
put By =(,—, By. As always, X,, = span{eq,...,e,}.

Base of induction (n = 2). In the two-dimensional space X3, we consider the ball
B? = BN X,.

By [7, Corollary 5.18], every weakly compact set in a Banach space is the closure of
the convex hull of its strictly exposed points. (Recall that a point e, on the unit sphere
is said to be strictly exposed for the unit ball if there exists a functional z3 such that
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5| =1 and 1 = zi(e)) > =3 for all y with =1, eh. Moreover, it is required
2 2\€2 2\Y Y Y Y 2
that diam{z € B : z5(z) > 1 — 4§} o 0.)

In 0B? we can find a strictly exposed point €, ||e5| = 1, such that e}, = ae; + Bes
with 8 > 1 —e. (Such a point does exist. Indeed, assuming that every strictly exposed
point has a coefficient § not exceeding 1 — € in the representation e = ae; + ez, we see
that the point ey admits no approximation by convex combinations of strictly exposed
points.)

Let x5 be a functional occurring in the definition of a strictly exposed point: 1 =
llzs|l = x5(eh) > z3(y) for all y € OB%, y # €. We find §, 0 < § < 1 — e~ &, such that
the inequality x5(x) > 1 — 6 for 2 € B? implies that ||z — eb|| < e. Consider the slice
Ay = A(ely, x5,8) = {z € B%: 23(z) > 1— 4} (see Figure 5). Then for all z € Ay we have
|z — eh|| < e. The intersection of the line {z : z5(x) = 1 — &} and the unit sphere 92
consists of points a and b. Let K5 denote the cone with the vertex e, - (1 — g) spanned
by the segment [a,b], and let K3° be the wedge with the base K. As before, we put

By = KN (—K$) N B.

Step of induction. Suppose the balls By, Bs, ..., B,_1 have already been constructed,
B D> By DBy D ---D Bp_1. We consider the intersection B)'_; of the ball B, _; and
the space X,,. On the sphere of the n-dimensional ball B)'_;, we find a strictly exposed
point e}, = (v, ..., ) with 1 — e < ay,; let &) be a functional, ||z} | = 1, that attains
its strict maximum on B _, at the point ¢/,. Next, we take § >0, § <1—e~ 271 such
that the inequality =% (z) > 1 — 4§ for € B?_, implies that || —e],|| < e. As above, the
diameter of the slice A,, = A(e],, x},0) is less than .

The next step is to choose a number o > 0 with ¢ < § and points ¥y, ...,y, in the
intersection of the sphere S_; and the hyperplane {x : z}(z) = 1 — 0} in such a way
that

(5) the points {(1 — 0 + o)el, — yx }1_, are linearly independent,

and
(©) the cone K, with the vertex (1 — ¢ + o)e, spanned by co{y1,...,yn}
includes the ball e=</2""" . Bm_ .

The following two lemmas show that this can be done indeed.

Lemma 5. Let X,, be an n-dimensional Banach space, let B = B(0,1) be its unit ball,
let e € OB be a strictly exposed point of B, and let f € X be a functional that attains
its strict mazimum on B at the point e. We put Y, = Ker f and F = (Y, + (1 —d)e) N
0B, where § € (0,1). Suppose that y1,...,y, € F and (1 — d)e € intco{y1,...,yn}
Then there exists o > 0 such that the cone with the vertex (1 — 6 + o)e spanned by
co{y1, .., Yn—1} includes the ball (1 — §)B.

Proof. Since (1 — §)e € intco{y1,...,yn}, for some rg > 0 the intersection of the Eu-
clidean ball By((1—4d)e, r¢) with the hyperplane (1—4§)e+Y,, is included in co{yi, ..., yn}-
Observe that I' =Y, + (1 — d)e is the support plane to the ball B(0,1 — §) at the point
(1 —0d)e, and the point (1 — d)e is a strictly exposed point of that ball. Therefore, I'
intersects the ball B(0,1 — §) at a unique point. Thus, for some « > 0, the distance
between the finite-dimensional Euclidean sphere 0Bz ((1 — d)e,ro) N ((1 —d)e+Y;) and
0B(0,1 — ¢) is at least a.
As o, we take any number in the interval (0
(

a). Then, obviously, the cone with the
vertex (1—d+0)e spanned by Ba((1—9d)e, 79)N((1—

(1—0)e+Y,) includes the ball B(0,1-47).
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(1-8+0)e

B, (1-8)ery) N ((1-8)etY,)

(1-d)e

FIGURE 6.

\

FIGURE 7.

Thereby, this ball is included in the cone with the vertex (1 — ¢ + o)e and spanned by
Co{yla ceey ynfl} (Figure 6) |:|

Lemma 6. Let X, be an n-dimensional Banach space, let Y C X be its (n — 1)-
dimensional subspace, and let e € X, \Y. If F' is a closed, bounded, and convex subset of
Y + e, where e € int F (in the topology of Y + e), then there exist points yi,...,yn € OF
such that the system {yi1,...,yn} is linearly independent and e € int co{y1,...,yn}.

Proof. We use induction on the dimension n. If n = 2, then F' = [a,b]. We put y; = a,
y2 = .

To pass from n to n + 1, first we take a point §; on the boundary of F and strictly
separate it from e by a functional f. Let Ker f = Z, and let ZN F = F,,. Then F,, is a
bounded convex closed set (Figure 7). We draw the line | passing through the points

and e and put

INE, e, 1NOF = {i, ).

We have constructed the point y;. The required linearly independent points ys, . .., Ynt1
are constructed on 0F,, with the help of the induction hypothesis in such a way that
en € intco{ya,..., Ynt1}. Then, obviously, e € intco{yi,...,yn+1}, and the system
{y1,.-,Yn+1} is linearly independent. The lemma is proved.

Lemmas 5 and 6 allow us to find a number ¢ > 0 and points yi, ..., ¥y, satisfying
conditions (5) and (6). Indeed, we only need to check that if a system v = {y1,...,yn}
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is linearly independent and e € co{yi,...,yn}, then for every o # 0 the system ' =
{y1 — 1+ a)e,y2 — (L + a)e, ..., yn — (1 + a)e} is also linearly independent. Suppose
e= > oy, ap >0, > a; = 1. If the system +/ is linearly dependent, then for
some numbers 31, ..., 05, with Y1 | |3;] # 0 we have >_"" | (y; — (1 + @)e)B; = 0. Then
iy Biyi = (1) Yoy Bie = (14a) X0, B iy qays = Yoy (1) (X2, B5) i,
whence Y7 | (8i—(1+a)( 2?21 Bj)a;)y; = 0. Since the system 1 is linearly independent,
this means that 5, = (1 + 04)(231:1 @-)ai fori = 1,...,n, ie., B; = ca; with ¢ =
(L+a)>7 6. But then Y300, 6 = ¢ i = ¢ = >0, 0 (1 +a). We see
that either @ = 0, which is impossible, or Y | 8; = 0, which yields Y | B;y; = 0,
contradicting the linear independence of ~.

So, we have chosen a number o > 0 and points y1, . .., ¥, such that conditions (5) and
(6) are fulfilled.

As before, let K,, be the cone with vertex (1—0+o0)e}, and spanned by co{y1,...,Un},
and let K2° be the wedge with the base K,,. We put B,, = K2°N(—K°)NB,_1. Finally,
we form By = ), By; this completes the construction of the desired unit ball.

All the required properties of By except for the inclusion By D e B can be checked
precisely as in the proof of Proposition 2. (Observe that if ¢ is sufficiently small, then
the slice A,, does not intersect the ball B”~|. Therefore, the transformations of the ball
at the nth step do not affect the preceding transformations, which were made in X,,_1.)

We check that By D e °B. By Lemma 5, we have B D e~ T B . We show that
also

(7) B, De TFI B, ;.
Let z € e~ 2nr1 B,-1, x = (x1,22,...,Zp-1,Zp,...). Then z € B, _1. By construction,
for the norm || - ||,—1 with the unit ball B,_; we always have

||(Z172’2, N IR )”n—l Z H(Zl, e ,Zn,O,O7 .. ')Hn—l-

This implies that (z1,...,2,) € e T B" | C B". Thus, z € B,_; and (z1,...,z,) €
B]'. By construction, this means that € B,,. Now we have

— £ — & _ —__&
B,De ¥ B, 1De 2»F . 2" B, 5D ---

e €

£ ——& _ — & € -
27”...67274B236 ontl .7 27 ... 24 . ¢ 23B

De T e
£ 1 £
De U+t )IB—¢c"iB D e *B

9

as required. Theorem 1 is proved. ([l

§5. THE “GOOD” NORMS ARE DENSE IN THE CASE OF A REFLEXIVE SPACE WITH BASIS

Theorem 2. Let (X, | - ||) be a reflexive infinite-dimensional Banach space with a nor-
malized basis {en}52,. Let B = B(0,1) be the unit ball of X, and let € be a positive
number. Then X admits an equivalent norm || - ||o with unit ball By such that

1) dist(Byo, B) < € (in the Hausdorff metric);

2) the minimal Dynkin system D containing all large balls RBy+x (x € X, R > 1)
coincides with the Borel o-algebra.

Thus, for every reflexive Banach space with basis, the family of “good” balls is dense
(in the Hausdorff metric) in the space of convex bounded symmetric sets.

Proof. We start with the construction of small spherical segments (slices of the form
BNT, where I is a half-space), in which the subsequent “grinding” of the ball B will be
made. (]
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Step 1. Since the space X is reflexive, its ball B is weakly compact and, thus, is the
closure of the convex hull of its strictly exposed points. Let z; = (t(ll), t(zl), ...)€EBbea
strictly exposed point, and let f1, || f1]| = 1, be a functional attaining its strict maximum
on B at the point z;. We find a number d; < § such that, for » € B,

(11) Ai@)>1-8 = llz—aill < ¢

Being a basis of a reflexive space X, the system {e, } ; is shrinking (this means that
| flspantensisenso,... 3| = 0 for all f € X*). Let M; be the basis constant of {e,}72,
n—oo

and let N; be such that

(21) {”flspan{%? )
1 1
100, 0t s 15t o)l < §
Now we modify the basis {e, } > ; somewhat: we want to replace the vectorsey,..., ey
n=1 1
with vectors e}, ..., ely, in such a way that x; € span{e}, ..., ey, } and
Ny c
(31) > llei—elll < <.
=1
We explain how to do this. Denoting (t:(ll), . J%l)) =z, (0,...,0, tg\}zﬂ ) = 1,
we have x1 = Z; + Z1. Using (21), we get [|Z1]] < §. If ¢ is small, then ||$1H =1 =
- (1) (1) 1 _ £
Ny 1 N1
Zt(l) =2 et ToE Y tisent]) =&+ 8 =,
i=1 L+t =
so that z; € span{e},..., e}y }, and
1 € €
lle: — eill = %] - <Z.2==,
Z ! O 8T

Thus, both required conditions are satisfied.

Step 2. We recall the Krein-Milman—-Rutman theorem (see [8, p. 246]). If {e,}5° is a
normalized basis of X with basis constant K and {z,}{° is a sequence in X satisfying
S llen — @] < 5k, then {z,}$° is a basis of X equivalent to {e, }$°.

So, if € > 0 is sufficiently small, then the system {e],... ,e’Nl, EN,+1,EN, 42, } IS &
basis of X. In what follows we shall work with this latter basis. Let M5 be its basis
constant. Then dist(en, +1,span{ey,... ey, }) > ﬁ Since the point ey, 11 lies in

the closure of the convex hull of the strictly exposed points of B, there exists a strictly
exposed point x5 = (2, #82..) (ie., 25 = PO tPel 4 YN 41 Pe;) such that
1

76'1\11})24—%-

Let f5 be a functional of norm 1 that attains its strict maximum on B at the point xs.
This functional gives us arbitrarily small slices: for some do with 0 < dy < 5, for z € B
we have

(x2) dist(wq, span{e], ...

. 1 € €
(1) Folz) > 1— 8y = |z — o <m1n(m—z,§).
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Let N5 be a number for which

(22) HfQ‘Span{GN2+1 ..... }H < 4(1+MT+M126)7
2 .
10,0882l < min (eiar s )-

As above, we modify the vectors {en,11,...,en,} S0 as to get vectors {ely ,1,...,€},}
such that x3 € span{ef, ..., €}y, } and

N, .
(3) > llei—eill <.

i=N1+1

2 2 2
(By (*2) and (22), we now have |t§\]1)+1| + |t§v1)+2‘ + -+ \tg\&)\ > 413/[2 — ﬁ = ﬁ)
Conditions (17) and (1) imply that the slice {x € B : fa(z) > 1 — 2} does not intersect
the slice {x € B : fi(x) > 1 — 01} constructed at Step 1. Indeed, suppose z belongs to

the latter slice and y belongs to the former. Then
[z = yll = oz — 21| = [lz1 — f| = [ly2 — vl
1 5) € (*>2) 1 1

e
wh 1) 73 =35>0

8

> Jlas — ]| — ( SO .,
8 4M, 4Ms 4 8

whence = # y.
We continue the process described above. At the nth step, we deal with a basis

{€l, . €y . en,_,+1,-..} with basis constant M,. We find a strictly exposed point

Ty = (t(ln),tgn), ...) satisfying
1
(%n—1) dist(zn,spanfel, ... ey }) > L
the corresponding functional f,,, and numbers N,, and 4, < ¢ such that, for x € B,
. 1 € €
(ln) fn(x)>1_6n g Hx_xn||<m1n<4Mn _Zag)a
and

an‘span{eN"+1,eNnJrz,‘..}” < mv

(2n) :
H(O,...,O,t%j+1’ )H < min (W, ﬁ)
Then we modify the part {en,_,+1,...,en, } of the original basis so as to get a system
{elN, 415+ €y, } such that z, € span{e},... e}y } and
N'Il 6
(3n) Z lle: —eill < SYEE]
i=Np_1+1

(this is done precisely as at Steps 1 and 2, by using inequalities (x,) and (2,)).

By the Krein-Milman—-Rutman theorem, the resulting system {e/, }52; is a basis of X
equivalent to {e, }. Moreover, obviously, all intermediate basis constants M,, are bounded
from above by some number M. (For small ¢, this allows us to keep the inequalities (1,,)
satisfied.) We also note that

span{ely, y1,€y, 1o,---} = span{en, 41,en,42,- .-}
for every k.

So, we have prepared slices A, = {z € B : f,(x) > 1 —0,}. As at Step 2, it is
easy to check that these slices are pairwise disjoint. Now we start “grinding” the ball
B within A,, to obtain the required ball By (we shall “grind” the part of B in A, to
get a part of a nice wedge with the vertex z,). As always, the ball By will be obtained
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as the intersection of balls B,, n = 1,2,3,..., constructed by induction. We denote
span{e},...,e}} by X/ and B, N X} by BE.

We construct the ball By. Recall that Mj is the basis constant of the basis {e], ..., €}y,
€N,+1,...}- In the space levl’ which contains the point x1, we consider two slices

Ajlvl = {ZL’ S BN1 : fl(.’ﬂ) >1- 51},

~ é

AN = {x e BM: fi(z) > 1— 51}
Let Ty = {xz € XJ’\,1 s fil)=1-061} an~d fl ={z e val s fi(z)=1- %1}

The intersection of the hyperplane I'; and the ball B is a bounded closed set F.
As in the proof of Theorem 1, we choose a number o; > 0 and linearly independent
points {y1,...,yn, } in F so that the cone K; with the vertex (1 — 1)z spanned by
co{y1,--.,yn, } contains the ball (1 — £)BN.

A natural modification of the proof of Lemma 5 allows us to ensure the following
additional condition:

(9) 0K, NTy lies outside of the ball (3 4 M;)B™.
As always, we denote by K{° the wedge with the base Kj:
Kfo = {(21,227...> : (Z]_,...,ZNI,O,...) c Kl}

(here the coordinates correspond to the basis {e7,..., €}y ,en,+1,--- }).
We show that
(10) K® 5 (1 - %)B
and
(11) K D B\ A;.
To check (10), we take z € (1 — §)B, z = S, zi¢l + 320 v 41 zieq, and denote 2/ =

N1 ! ~ oo = N1 . .
Dol zi€h, 2= YN %€, 2 = 0 ziei. We need to verify that z € K7°, ie,

z' € K. Assuming that this is not true, we consider two cases:
1) fi(Z)>1-06;, and Z’ ¢ K;;
2) f1(2’) <1-—46; and z ¢ K.
In the first case we have

Aiz) = AE+AE Z1-80+ 1) 212+ A()

€ €
> 1—- - ||z
S R T v
S 1 S_S_q_¢
- 4 4 2
because ~ . ,
1211 < M2l + [IZ]] < [zl + [[2]] + (12" — 2|
Ni
< lzll + Mullz]| + 2Ma)|2)))  lles — el
i=1

€ -
< el (1 + M) + 204, - S ]
<lzll - (1 + M) + Mye - Mylz]| = |[2]| - (1 + My + Mfe)
<1+ M + M12€.
This contradicts the inequality f(z1) < ||z|]| <1 — §. Thus, case 1) is impossible.
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In case 2), condition (9) implies that 2’ ¢ (3+ M;)BM i.e., ||| > 3+ M;. But then
- 5
Izl > 112’ = |2 = 34 My — (14 My +M125)(1 -~ 5) >2 - Me>1

for sufficiently small e (recall that above it was shown that ||Z|| < ||z]| - (1 + My + M#¢)).

Since we have a contradiction again, case 2) is also impossible. This proves (10).

The inclusion (11) was actually verified when we analyzed case 2).

As usual, we put

B =K{*Nn(-K®)NB.

Now, we perform similar constructions in the ball B{V 2. The inclusion (11) means that all
modifications of the ball were made only within the slice A;. Since the slice A, appearing
at the second step does not intersect Ap, the “grinding” to be made when we construct
By is independent of a similar process occurring in the construction of By. Also, observe
that all modifications of the ball B are made only inside the spherical layer B\ (1 - %)B .
Continuing the construction, we obtain balls By D By D -+ and put By = ﬂfbozl B,,.
Obviously, By D (1 — ¢)B. It remains to show that the balls {RBy + 2z :z € X,R > 1}
generate the Borel o-algebra. Applying Lemma 4 to each point (1 — 0,,)x, in X }V", we
see that all shifts of the nice wedge K2° belong to the Dynkin system D. By the proof
of Lemma 3 (see (x)), for all k and all Borel sets A C X}, the set

N [e%s) N
A def {xeX:x:Zane;—i— Z anen,ZanegeA}
n=1 n=Np+1 n=1
belongs to D.
But
Ny o) Ny
A/:{xeX:QU:Zane;—i— Z Qnel, Zan,egeA}.
n=1 n=Ng4t1 n=1

Thus, all the sets A’ are cylinders relative to the basis {e],}22 ;. By the remark after
Lemma 2, D coincides with the Borel o-algebra.
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