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ON THE EXISTENCE OF EXTREMAL FUNCTIONS IN SOBOLEV
EMBEDDING THEOREMS WITH CRITICAL EXPONENTS

A. V. DEMYANOV AND A. 1. NAZAROV

In memory of Ol'ga Aleksandrovna Ladyzhenskaya

ABSTRACT. Sufficient conditions for the existence of extremal functions in Sobolev-
type inequalities on manifolds with or without boundary are established. Some of
these conditions are shown to be sharp. Similar results for embeddings in some
weighted Lg-spaces are obtained.

§1. INTRODUCTION

Let n > 2, and let 2 be a smooth compact n-dimensional Riemannian manifold (with
or without boundary) with metric g. In the sequel we shall omit the words “smooth”,
“compact” and “Riemannian”. For 1 < p < n, we denote by p* = n"—_’;) the Sobolev
conjugate of p, i.e., the critical exponent for the embedding Wp1 (Q) — Ly(9).

Since the embedding operator W (€2) — L,- () is noncompact, the problem as to
whether this operator attains its norm (i.e., the existence problem for an extremal func-
tion in the embedding theorem) is nontrivial. This problem was treated in many papers
(see, e.g., [Br, [LPT] and references therein).

In this paper we establish sufficient conditions for the existence of an extremal function
in four embedding theorems:

0 M @)=t ATdeR

o1 [0]lp-.2

UGWP(Q)\{O}
lollwzo

I A Tl,p,Q - n Tl >0
(1) 2 ) vew 2 (@\{0} [v]lp- .
(the norm in the numerator is defined as ||'UH€V1}(Q) = ||VU||§,Q + HUHZQ);

. [Vvllp.0
11 Aa(np, ) = inf e > 0
(1T) s ) vewi(@\{e} [[v —D|p- 0
(here we use the notation T = |Q|_1 fQ vdVy);
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It is well known that if € is a bounded domain in R™, then the infimum in (I) is not
attained, does not depend on €2, and is equal to m, where

(1) K(n,p) = sup Avllp rm =w. " - k(n,p),
veeg ®\{0} [[V][prn

k(n,p) = n;(%);’ (3(57]% N 1)>7%

is the sharp constant in the Bliss inequality [Bl]. The second identity in () was obtained
in [Aubl [Tal]. Note that the supremum in () is only attained on radially symmetric
functions

1
n

and

(2) we(r) = (e+17)'7F, ceRy,
with noncompact support, and on their translates and dilations.
On the other hand (see [LPT]), the infimum in (I) can be attained, under certain

additional assumptions, if we deal with functions in W () that do not belong to W, (2)
but vanish on some part of 9.

In some particular cases, results on the attainability or nonattainability of the infi-
mum in (II) were obtained for domains © in R™ [AM] W], and for manifolds © without
boundary [D1]. Note that the existence problem for extremal functions in (II) is closely
related to the optimal constants in Sobolev inequalities [Aubl [HV] [Dx].

Finally, inequalities (IIT) and (IV) on manifolds without boundary were studied in
[Zhu]. However, the proofs of Theorems 1.1 and 1.3 in [Zhu] have some gaps. Moreover,
in 46 we shall disprove Theorem 1.3 in [Zhu].

The following proposition is of crucial importance for the discussions to follow.

Proposition 1.1. Let 2 be a manifold with boundary (problem (1)) or without boundary
(problems (I)—(IV)). Suppose that the infimum of the corresponding problem satisfies the
inequality

Am(n,p, Q) < .
(2 ) < )

Then the infimum is attained.

Proof. Consider a minimizing sequence {vy} normalized in L,«(2). Without loss of
generality, we may assume that vy — v in W, (Q). By the Lions theorem (see [Ls)
Part 1] and also [LPT| Lemma 2.2]), we have

lok|?” — [v]P” + ché(x —xzj), |Vup|P — |Vol]? + ZCjé(x — ;)
. ,

J

(with convergence in the space of measures on ), where {z;} is an at most countable
set of distinct points in Q, and cj, C; are positive constants.

Since {vy} is a minimizing sequence, a word-for-word repetition of the proof of The-
orem 2.2 in [LPT] yields the following alternative: either v is a minimizer of the corre-
sponding problem and the set {x;} is empty, or v = 0 and the set {z;} contains a unique
point zg. In the second case we have ¢y = 1 and Cy = M2, (n, p, Q2); moreover, xy ¢ O in
the case of problem (I).

If the second case occurs, then, arguing as in Corollary 2.1 in [LPT], we multiply vy
by a cut-off function with a sufficiently small support and show easily that A, (n,p, Q) >

—L . This contradiction proves the claim. (I
K(n,p)
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Thus, to prove that the infimum in (I)—(IV) is attained, it suffices to present a function
1

for which the corresponding quotient is less than z—s. Following [LPT] and assuming
certain conditions on the exponent p and on the manifold €2, we construct such a function
in the form of a function having small support and simulating the behavior of w,(r). It is
interesting to note that, in some cases, this very specific approach leads to sharp results.

This paper is organized as follows. §2] contains auxiliary integral estimates. Some of
them were obtained in [D1}, [Zhul; we present these estimates for the reader’s convenience.
Problem (I) for manifolds with boundary is considered in §3l Problems (II), (III), and
(IV) for manifolds without boundary are treated in §4 [l and [6 respectively. 1l is
devoted to problems (II)—(IV) for a domain in R"™ and for a manifold with boundary. In
98 we investigate analogs of problems (I)—(IV) that correspond to critical embeddings
into Lebesgue spaces with singular weights. Finally, in §9 we generalize the results of
§§7HRl to various definitions of the norms occurring in the numerators in (I)—(IV).

We fix some notation: w,_; = % is the area of the unit sphere in R"; p’ = ﬁ is
the Holder conjugate exponent to p; B is the Euler beta function. We write 0,(1) for a
quantity that tends to zero as p — 0.

We use the letter C' to denote various positive constants. To indicate that C' depends

on some parameters, we write C(---).

§2. AUXILIARY CALCULATIONS

Let zp € Q. We denote r = dist,(x,x¢). For sufficiently small € > 0 and p > 0, we
introduce the function

3) w(z) = u(r) = p(rjwe(r),

where w, is the function defined in (), and () is a smooth cut-off function such that

=1 ifr<2,
(4) p(r)q<1 if § <r<p,
=0 ifr>p.

We note (see, e.g., [Dr]) that, when integrating a function depending only on r, for
the volume form in a neighborhood of g we have

n—1 Rg(xo)
6n

where Ry(zo) stands for the scalar curvature at z. Thus, all estimations reduce to
manipulations with one-dimensional integrals.

dVy = wn1 (T rt 4 o(r”“)) dr,

2.1. Estimates of ||Vul|, o for 1 < p < 22, We apply the estimate

(5) IV(f)IP < 1fVgl? +C (Vg +[VFgl-1fVgl™)
to Vu. Since V(r) is nonzero only for p/2 < r < p, we have

/Q (IV(r)we ()P + [Vo(r)we(r)] - |o(r) Vs (r) P~1) dv,,
(6) ,
< C/ {pfp(e + Tp/)pfn +p tr(e + rp/)k"} rldr < C’p%.

/2
Furthermore,

[V ()l < [Vue(r)” = (5=7) "+ (e +r) 7",
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Inequalities (B and (@) imply

M) / Vul? dV, < I — Io(Ry(20) + 0,(1)) + Cp5=t
Q

where

P — P ’
I anfl/ (n f) P (e +rP) " dr,
0

p—
Wn—1 % n—p\? o 1
I, = / ( ) P (e +rP )T
6n Jo \p—1
It is easily seen that
(8) Il S E1€1_%,
where
— p o0 ’ ’
B = wn,l(n 117 / (14 7))~/ +n=1 gy
) Wn—1 z;b—p P ’ n n
e
() a2y
p p b
Next,
-4
Wt (M—=p\P 1-ny2 [5°7 "\=ngp +n+1
wesr e [ e
Ifp < ”T"’Q, we have
(10) Iy > Bpet 5w — Cphit?,
Here
— p o0 ’ ’
= (L) [Tty
(11) n p 0
Wn—1 (M — P\P n+2 n—+2
B 6np’ <p—1) .B( b D _3)'
But if p = ’%2, we obtain
(12) IQZC(lf\linrlns_ﬁ).
2.2. Estimates of |ju|/,+ o for 1 < p < 242, We have
(13) /Qup* av, > / B OV = i T Ryfs) 40, (1),
r<p/2
where

P
2

Ji = wn_1 / (e + rp/)_"r”_l dr,
0

L
Wp— 2 '
Jy = 2 1/ (e + 7P )" Tl ap,
0

6n
Setting
0 p pp
Wn—1 [ '\ 1 Wn—1 n+2 n+2
15 Dy = 14 Pyl gy — -B( 7 _2)7
(15) p= s [ et (1

we arrive at the inequalities

(16) Ji>Die % —Cp 7T, Jy<e »7 Dy
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2.3. Estimates for ||u|,q. The relation dV, < Cr"~!dr yields

1

p2 —n

P pE v’
/ uP dVy, < c/ wP(r)yr"tdr = Ce" v / (1 4 tP/(p=Dyp=nyn=1 gy
Q 0 0

(17) Ce" v if 1 <p</n,
< C(1+\lnp|+lne_ﬁ) if p=+/n,
C if p > \/n.

2.4. Estimates for [, udV,. We have

o npt+p—2n paiﬁ , n
/ udVg < C/ ws(r)rn—ldr = Ce P / (1 4P )1—;tn—1 dt
Q 0 o
(18) CemRtE=2n f1<p< anl,
a1, .
<t d) ity
3 2n
¢ ifp> 3

Suppose p > f—fl Then the relation dV, > Cr"~! dr implies the estimate

'd\‘,_‘

np+p—2n

P/2 np+p—2n gE ’ 1—n
19 wdV, > we(r)dr=Ce  » L+tP) et tdt > Cp vt
g
Q 0 0

for all p <1 and all sufficiently small €.

2.5. Estimates for [, u?" ~'dV,. We have

* p *
/up “tav, < C/ w?l L (r)r" Tt dr
Q 0
(20) -3
pe P ’ np—n+p
:Ce—l/ A4+t7)"" % " hdt < Ceh
0

On the other hand, given p, for ¢ sufficiently small we obtain

(21) .
}228 ’ np—n+p
= 05_1/ (1+tP)" 7 " ldt>Cce .
0

2.6. The case of a domain in R". Let 2 C R™ be a bounded domain with 052 of class
C?. We take x¢ € 9Q and consider the function u defined in ([B) with r = |z — z¢|.

When integrating a function depending only on r, for the volume form in a neighbor-
hood of ¢ we have

1
dr = 3 (wn,lr”_l — H(zo)wn—2r" + o(r™)) dr,
where H(xg) stands for the mean curvature of 02 at xy with respect to the inward

normal.
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Arguing as above, we see that

-5 _E j_ng L p—n .
(22) / [VulP do < 2 E1e' T — Ea(H (o) + 0p(1))e pr +Cpit i p < g,
Q a %Eml*% — C(H(xo) +0,(1))Ine™# +Cprt it p— ntl,
* 1 n ~ a1 "
(23) / |u|p dx Z §D1€75 — DQ(H(.’IJO) +Op(1))€ p+p/ _ Cpiﬁ7
Q

where Ey, Dy are given by (@), (Id), and

~ — p o0 ’ ’
By — Wn—2 (n p) / (1 4P )—ntp +n gt
0

2 \p—1
_ wn,Q(’l’L—p>P.B<n—|—1 +17n+1 _2)7
2p) \p—1 jd D
~ w 2 oo ’
Dy = 1= / (14 t7) """ dt
2 0
_ Wn-2 .B(n+1’n+1 71).
2p' 2 D

Moreover, as in the case of manifolds, estimates ([')—(21) are valid.

§3. THE SOBOLEV INEQUALITY ON A MANIFOLD WITH BOUNDARY, n > 2

Theorem 3.1. Let n > 2, and let Q be an n-dimensional manifold with boundary.
Suppose that the scalar curvature is positive at some point of . Then, for some § > 0
and all 1 <p < ”TH + 8, the infimum in (1) is attained.

Proof. Let z¢p € Q be a point with positive scalar curvature, and let w be the function

defined in @). Using (@), @), (1), and [{2), we get

Eie' ™% — By ¢tV (R 1)+ Cpi-t if p < 02
o) [ oupav, < 9577 B ) o, o ity <2
Q Eie7 v —C(Rg(xo) +0,(1))Ine™# + Cprt if p= 282,

where F; and Ey are the quantities defined in (@) and ().
Estimates (I3) and (6] yield

2 n
7

P — Cp_ p—1

(25) / WAV, > Die b — Do(Ry (o) + 0,(1))e 5+
Q

for 1 < p < ™2, where D; and D, are the quantities defined in () and (I5).
For p < ™2, inequalities (24) and (2F) result in

|| ;quQ FE4 p Do Es5 2
> < = R + p’ —+ P .
[ully- o D]f/p* [ <p* D, E1)( o(@0) F0p(1))e oe )}

Direct computations show that if p < "T”, then

(26) EE_EZ_L.B(TL;Z’%_Z_)<O
p* D1 E1 2n2 B(EHﬂ - 1) '

p’p

Consequently, for sufficiently small £ and p we have

1
IVulpe _ B2 _ 1

27 - :
@ Fellprc = D7~ K(np)
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For p = %2 we also obtain (Z7) for £ and p sufficiently small. By continuity, for
some # >0 and p < %r?qtﬂwehave

1
K(n,p)
Applying Proposition [T, we complete the proof. O

Al(nvpaQ) <

Now we show that the statement of Theorem [B.1]is sharp.

Theorem 3.2. For any 3 > 0, there exists 6, > 0 such that if p > 1%2 + 0, then the
infimum in (I) on the spherical “hat’

(28) Q={0,01,...,¢n—1) €S":0<0<0,}

18 not attained.

Proof. Let u € W;(Q) be a minimizer. Spherical symmetrization arguments allow us to
assume that v depends only on # and is monotone decreasing. Then u(f,) = 0 and

(Jo
( foe*

Set p = 2= > 1. Then the change of variables

)P sin™~(0) d9> v

n=1(g) do)%

1
— n .
=Wnpo1

0.
x(ﬁ):/g sinH(t) dt

yields
1
H : (fo ()P da)”
(29) T T W mw
p*
(I3 el ) de)
where f(z) = sin”?(0).
Similarly, for the function v(z) = u(sx) we have
1
P
IVolpo 1 (% z)lP de
ol " -
| (5™ 1 fte) o)
(30) 1
1 Jo~ ()P da ) "
:w,glpl- ( 0 ) -%1_%.

-

(S5 tut@)l £(2) dw) ™

We claim that the following inequality is true for s < 1:
(31) F(2) > @)=, er,.

Then, (29) and (B0) show that ‘Illv\qr”*p 2> l\‘IZITHf}?’ which contradicts the minimality of
u, and the theorem follows. 7

Let 6; be defined by the relation f(fl* sin”#(t)dt = £. Then f(£) = sin"?(6;), and
@BI) can be rewritten as

sin"~1(6;) o B -
W>%:/9 sin™#(t) dt - (/9 sin “(t)dt) .

1

NG
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Since » < 1, we have 01 (z) = 6(%) < 0(x). Hence, the above inequality is equivalent
to the fact that the function

0.
h(#) = sin"~1(h) - /9 sin™#(t) dt

is strictly monotone decreasing. Obviously,
0.
(32) W(0) <0 <= (ji—1)sin"(6) cos() / sin—H(t) dt < 1.
0
Observe that
cos(6) cos(6.

0. N - )
(= 1)/9 sin~(¢) dt = sin*~1(9) a sin“~1(6,)

and ([B2) is equivalent to the inequality

0.
+ (= 2)/ sin?~#(t) dt,
6

0. cos( 0y
1 — cos*(#) > sin”~1(6) cos(6) - {(u -2) /9 sin® () dt — (6.) }

sin®~1(6,) ]
For p > we have p < 3. Therefore, sin? #(t) is integrable in a neighborhood

of zero, and the expression in the square brackets is negative for 0 < 6 < 6, if 0, is
sufficiently small. This implies (32]). O

n+2
3

Remark 1. If 6, = 7/2 (the case of a hemisphere), inequality ([B2)) is valid for p < 2, i.e.,
for p > "T‘H

§4. THE LIMIT EMBEDDING THEOREM ON MANIFOLDS WITHOUT BOUNDARY, . > 5

Theorem 4.1. Let n > 5, and let  be an n-dimensional manifold without boundary.
Suppose that the scalar curvature is positive at some point of Q). Then, for some 3 > 0
and all 2 < p < 22 + 3, the infimum in (II) is attained.

Proof. Let xg € €2 be a point with positive scalar curvature, and let u be the function
defined in ([@). Estimates (24) and (7)) imply

||UH€VPI(Q)
Ere' ™% — Ey(Ry(wo) + 0,(1))e 7 * ST £ 0(p)  if 1<p<y/i,
_ ) Eie' T — Bx(Ry(wo) + 0,(1)e' 7 !+ Clne” 7 +C(p) ip=va,
T BieF = By(Ry(z0) +0,(1)e Y 4 Clp ) if \/n<p<ii?,
Eie'™% — C(Ry(z0) + 0,(1)) Ine” +C’pv i ifp="42,

where F; and Ey are as in @) and (II).

Since 1 — 2 + , < p =" for p > 2, taking (25) into account, for 2 < p < 242 we get
||UHW1(Q> B, Dy, E
p L2 2 2
= < [ (————)Rx +0,(1 —|—0 /}
lullpe o Df/p p* D1 By (RBy(@o) + 0,(1))e +o(e¥)
Recalling (20), we obtain
lullwiy — E/P 1

for € and p sufficiently small. Similarly, we have

DYP"  K(n,p)

)\Q(nvpa Q) <

K(n,p)
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for p = "TH By continuity, this inequality remains valid for p < "TH + 0 with some
8> 0.
Applying Proposition [T we complete the proof. a

Remark 2. For 2 < p < /n, a statement equivalent to Theorem T was proved in [Di].
Note that for n > 5 we have \/n < "T'*'Q

Corollary 4.1. Under the assumptions of Theorem [A1] the Neumann problem for the
equation

(33) —Ayu = |ulP "2 — |ulP~2u

(here Apu = div(|Vu|P~2Vu) is the p-Laplacian) has a nonconstant positive solution in
Q.

Proof. In [NShchl Proposition 1.3] it was shown that for p > 2 the minimizer of (II)
cannot be a constant. Therefore, under the assumptions of Theorem (1] problem (II) has
anonconstant minimizer u. After multiplying u by a suitable constant, the Euler equation
for (II) reduces to the form (B3). The Neumann condition is the natural boundary
condition for (II). Finally, the positivity of u can be proved by the standard argument
involving the Harnack inequality (see [T1]). O

We introduce the manifold Q(5) as a “dilation” of  with the metric g(s) = s%g.
Since the quotient in (IT) is not homogeneous with respect to dilations, the attainability
of the infimum, generally speaking, depends on s.

Let n > 2, and let Q be an arbitrary n-dimensional manifold without boundary or
with a strictly Lipschitz boundary. Then for any 1 < p < n there exists s, > 0 such that
the infimum in (IT) is attained on Q(s¢) for 3 < s, (see [NShchl Theorem 1.1]). On the
other hand, in [Aubl Theorem 8] it was shown that for the standard sphere Q = S"™ and
for 1 < p < 2, the so-called optimal Sobolev inequality

(34) [l o < KP(n,p) - [IV0ll} o + C0) - [0llp 0. v € W (9),

is true with some C(p) > 0. For n > 3 and p = 2 this is true for an arbitrary manifold
without boundary [HV]. In a similar way, in [D1] it was shown that the optimal Sobolev
inequality is valid for any 1 < p < n on the torus 2 = T" and on the hyperbolic manifold
H™ without boundary.

It is easily seen that (B4) implies that the infimum in (II) on Q(s) is not attained
for sufficiently large 2. We can make two conclusions: first, the positivity of the scalar
curvature at some point of €2 is necessary for the infimum to be attained; second, the
lower bound of the interval for p in Theorem E] cannot be reduced in general.

Conjecture. Let n > 3, let Q0 be an n-dimensional manifold without boundary, and let
"TH < p < n. Then there exists »* > 0 such that the infimum in (II) is not attained on

O(s) with » > »*.

§5. THE SOBOLEV—POINCARE INEQUALITY
ON MANIFOLDS WITHOUT BOUNDARY, n > 3

Theorem 5.1. Let n > 3, and let Q be an n-dimensional manifold without boundary.
Suppose that the scalar curvature is positive at some point of . Then, for some § > 0
and all 1 <p < ”TH + 8, the infimum in (II1) is attained.

Proof. To construct a function in € with zero mean and with the quotient (III) less than
m, we modify the function [@). For large p, we subtract a suitable function with
small support, while for small p we subtract a constant.
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1. First, let p > nQ—fl Let z1 € Q be a point with positive scalar curvature, and let
22 be another point of the manifold. Consider the function u; defined as in (B]), with r
being the distance from z to x1, and with parameters ¢; and p;. In the same way, we
define a function us, with r being the distance from z to x5 and with parameters €5 and
p2. Choosing p; and py such that the supports of u; and us are disjoint, we introduce
the following function with zero mean:

fQ U1 dVg
35 =y — 229
(35) e Jqu2dV,
Estimates (I8]) and (I9) imply that
(36) / ur dVy < C(pg)/ ug dVy.
Q Q
Hence, by (24),
(37)
-3 1_%+§ : n+2
p E1€1 7E2(R9(x1)+op1(1))€1 +C(p17p2a52) 1fp< 3
|vu| dVg < 1—n -4
Q Eig; 7 — C(Ry(z1) +0,,(1))Ing; * + Clp1, p2,e2), if p="£2.

Combining B7), 23) and (20), we obtain (27) provided e; and p; are sufficiently
small. Thus, we have

1
(38) Az(n,p, Q) < ——
K(n,p)
for p < ”T“ By continuity, this inequality remains valid for p < "TH + 0 with some
8> 0.
2. Now we consider the case where 1 < p < f—fl Let xg € Q be a point with positive

scalar curvature. We define u as in @) and put p = &7 with some v € (0,v*), where
) =L 2y,
p n—p
Relation (28] yields

/ WAV, > Die % — Da(Ry (o) + 0.(1))e 57 — Ce 7.
Q
Immediate computations show that
B ) n 2
—Y > =+ =
p—1 p P
Consequently, for v € (0,7*) we have
(40) / @ dV, > Die~ % — Dy(Ry(wo) + 0. (1) 5+ 5.
Q

Furthermore, (24]) implies the estimate
[ VAP aV, < B~ Ba(Ry (o) + 0. (1) TFF 4 0T
Q

By direct calculations,

Thus, if v € (0,~*), then

‘U\‘ ]

(41) / VAP dV, < Eye'™ % — Ba(Ry (o) + 0-(1))e" 5+
Q
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Now, we introduce the following function with zero mean:
~ 1 ~
(42) u=u— 1= [ udVj.
€ Jo
By @Q),

~ 1/17* —L*(l_ D2 R 1 l/)
| e (1 e (Ry(ao) + o0-(1)e7 ).

Therefore, using (I8) and the Minkowski inequality, we obtain

(43) 1
B < /Supp @ e

p* 2
dv, >
> Di/p g Pp¥
np+p—2n

1—ﬁ(Rg(xo)+oa(l)) v —C- gpp*"”V i 1f1<p<
L= B (Ry(no) + 0.(1)) € — C- e T8 (14 e F) it p= 20

|Supp1L| /
dv,
ol

% n+17

n+1

Immediate computations show that, forn >3 and 1 <p < the inequality

n+1 ’
n n np+p—2n 2
T mRtp=in 2
pp p p p
is true for 4 = 4*, and therefore also for some v € (0,7*). Fixing such a =, from [{@3]) we
deduce that

LD (Ry(oo) + 0 (D) ).

Relations (@), (1), and [28) imply @27) provided ¢ is sufficiently small. Thus, in-
equality ([B8) is valid in this case. Applying Proposition [Tl we complete the proof. O

(44)

ooz DY e (1

Remark 3. For n >4 and -5 <p < %(1 + v/1 4 8n), Theorem 5.1l was proved in [Zhul
Theorem 1.2]. Observe that for n > 2 we have 1 (1++/T+ 8n) < 22, Moreover, Theorem
1.1 in [Zhu| claims that the infimum in (IIT) for n>2and 1< p < 1(1+V1+38n)is
attained in the case where 2 = S™. However, as was already mentloned in §I] the proof
of that theorem has a gap.

§6. INEQUALITY FOR THE BEST APPROXIMATION BY A CONSTANT
ON MANIFOLDS WITHOUT BOUNDARY, n > 3

Theorem 6.1. Let n > 3, and let Q be an n-dimensional manifold without boundary.
Suppose that the scalar curvature is positive at some point of Q. Then, for

(45) 1 < p < max{p1,p2}
with
pr=2n+1—1+/3n2+2n+1,
1 2
= ——" 6 2 44 12n3 — 8 4
P2= gy (o + vt + 1200 — 8n + 4),

the infimum in (IV) is attained.

Remark 4. The exponents p; and py are monotone functions of n and have linear growth
for large n. Moreover, for 3 < n < 5 these exponents satisfy 1 < p; < pg, while forn > 7
they satisfy 2 < py < p1; for n = 6 we have p; = ps = 2.
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Proof. First of all, we note that the maximum in (IV) with respect to a is attained
whenever

(46) /Q " ~2udv, = 0,

where u = v — a.

We modify the function ([B)) so as to ensure ([@@]). As in the preceding section, we make
this modification in two ways; the first way works for 1 < p < p;, and the second works
for 1 < p < pa. The comparison of p; and py can be made by elementary calculations.

The first way. Let x1 € Q be a point with positive scalar curvature, and let x5 be
another point of the manifold. We define functions u; and us as in the proof of Theorem
Bl Let p; and ps be such that the supports of u; and us are disjoint, and let e5 = ]
with some v € (0, 1).

Now we construct a function satisfying (40]):

1
_— -
(47) u=1u; — ug - M 1.
Jouz ~dVy
Inequalities (20) and 21]) imply that

(48) / ub" "t v, < cg]—l/ ub tavy,
Q Q
For p < 242 we use (4] to obtain
1-2 1-2+2
IVl av, < BieF - Ba(Ry(oa) + 0 (1)) 7
(49) o
+ Ce(l’Y—l)ﬁ-‘r’Y(l—;)(l + 051(1))-
Immediate computations show that if n > 3 and 1 < p < p1, then the inequality
n n 2
(y—1)—L +7(1——) >1-24 2
pr—1 P pop

is fulfilled for v = 0 and, therefore, for some v > 0. Fixing this v and combining (@9,
@38), and (24]), we obtain (7)), provided e; and p; are sufficiently small.

The second way. Let zg € Q be a point with positive scalar curvature. We define u
as in @) and put p = &7 with some 7 € (0,~7*); here v* is defined by (B9).

Now we introduce the function © = © — C. and choose the constant C so as to ensure
H6). Estimate (20) yields C. < Ce~7 7. Arguing as in the proof of @3), from (@) we
deduce that

(50)  lu

* . D 2 n n
> DI e (1 - %(Rg(xo) +o0:(1))ev — c-awm—*—wil).
p L

For n > 3 and 1 < p < ps, direct computations show that the inequality

n n 1 2

P

pp pr pr—1 p

is true for v = v* and, therefore, for some v € (0,7*). Fixing such a v, we see that
inequalities (9)), (25), and (26) imply (27), provided ¢ is sufficiently small.

Applying Proposition [T, we complete the proof. O

Condition 5] in Theorem [6.I] cannot be viewed as quite satisfactory and is likely to
admit relaxation. However, we claim that some upper bound for p is necessary.

Theorem 6.2. Let n > 2. Then for p > ”TH the infimum in (IV) on the sphere S™ is
not attained.
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Proof. Let u € W)(S™) be a minimizer satisfying (@6) and normalized in L,-(S"). By
spherical symmetrization arguments, we can assume that u depends only on 6 and is
monotone decreasing. By (40, there exists 6, such that u(f.) = 0. Replacing (if neces-
sary) u(0) by —u(w — 6), we assume that 0, < /2. Standard arguments of the calculus
of variations show that u is a weak solution of the Euler equation

—Apu = Ni(n,p,S") - [u]”" *u.
Multiplying by u and integrating over the spherical “hat” defined in (2§]), we obtain

[Vullh o n “_
)‘Zl)(nap, Q) S Huipp’ = )\Z(Tl,p,S ) : ||u z*,ﬂp
p*,8
1
< M(n,p,S") < ———.
PSS )
By Proposition [[LT] the infimum in (I) on § is attained. This contradicts Theorem
(we recall Remark [I]). O

Remark 5. In particular, this theorem refutes Theorem 1.3 in [Zhu].

Using Theorem [6.2] we can study the symmetry breaking of the extremal in the
embedding theorem on the sphere:

[Vollp,sn

f su > 0
veEWL(S™)\{c} acr ||U - a”q,S”

(Iva’) >\4 (napv Q) =
for the subcritical ¢. As in ({6]), the maximum in (IVa) with respect to a is attained
whenever

(51) / lu|7%udV, = 0,

where u = v — a.

Theorem 6.3. 1. Supposen > 2,1 < p < oo, and ¢ = p. Then the extremal function of
(IVa) satisfying &1 is symmetric with respect to 6, i.e., u(0) = —u(r — 0) for 0 < 6 <
/2.

2. Suppose n > 2 and % < p < n. Then there exists f > 0 such that for q €
(p* — B,p*) the extremal function of (IVa) satisfying (&) is not symmetric with respect
to 6.

Proof. 1. Let u € W, (S™) be a minimizer of (IVa) with ¢ = p, and let u satisfy (BI). As
in Theorem [6.2], u depends only on 6 and is monotone decreasing. Moreover, there exists
0. < m/2 such that u(f.) = 0. If . < 7/2, we introduce the function

u(6) ito <o,
w@)=q —u(r—0) if>n—40,,
0 if0, <6 <m—0..

Then, obviously, u satisfies (5Il). The Euler equation for u has the form
—Apu = N(n,p,p) - |ulP~u.
Multiplication by u and integration over the spherical “hat” defined in (28)]) yields
IVl s IVulpe  ~

= = = Xi(n,p,p).
e llullpg 707

Thus, u is also a minimizer of (IVa); therefore, it satisfies the same Euler equation.
Since @ is a nonpositive sub-p-harmonic function on the complement of the “hat” (28],
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the Harnack inequality (see [Tt]) shows that @ cannot vanish at interior points. This
contradiction proves the first statement.

2. Let ug € W) (S™) be minimizers of (IVa) satisfying (5I). Suppose that there exists a
sequence of ¢’s tending to p* and such that u,(m —0) = —uy(#). Then the corresponding
functions u, also satisfy ([@8]) and therefore give rise to a minimizing sequence for (IV). We
may assume that this sequence is normalized in L~ (S™) and weakly converges in W, (S™)
to some u. Theorem implies that the function « is not a minimizer of (IV). Hence,
arguing as in the proof of Theorem 2.2 in [LPT], we conclude that |u,[P" — d(z — zp) in
the sense of measures on S™. But this is impossible, contradicting the symmetry of u,.
Thus, the second statement is also proved. O

Remark 6. If n = 1, then for all 1 < p,¢ < oo the extremal function of (IVa) satisfying
(EI) is symmetric with respect to 6.

§7. THE CASE OF A DOMAIN IN R" n > 2

The proofs in the case of a domain are similar to those in the case of a manifold.
Instead of Proposition [Tl we use the following statement.

Proposition 7.1. Let Q be a bounded domain in R™ with O of class C?. Suppose that
the infimum in (II), (III), or (IV) satisfies

27
52 Am(n,p, Q) <
o DS )
Then the infimum is attained.
Proof. Word-for-word repetition of the proof of [LPT] Corollary 2.1]. (]

Under certain assumptions on the exponent p, we obtain (B2) for m = 2,3,4 by
constructing a function with small support that simulates the behavior of w.(r) in a
half-space.

7.1. The critical embedding theorem.

Theorem 7.1. Let n > 2, and let Q C R" be a bounded domain with 0 of class C2.
Then, for some >0 and all 1 < p < "TH + B, the infimum in (II) is attained.

Proof. Consider the smallest ball containing Q. Let z¢p € 992 be a point of contact of
Q with this ball. Then all the principal curvatures of 9Q at x( are positive, whence
H($0) > 0.

For the function u defined in @), from @22)) and ([[T) we deduce the estimate

1Fe' ™5 — By(H(zo) +0,(1)e 779 +Ce" 5" +Cp)  if 1<p<y/m,
o < gElsl—f Eo(H (o) + 0,p(1))e" §+i+cme‘ﬁ +C(p) ifp=m,
g LB ™% — Ey(H(wo) + 0p(1))e % +C( ) if Vn<p<™il,
%Emli% C(H(zo) +0p(1)) Ine % Cpp if p= 2L

Sincelf%+—<” E= for p > 1, we can use (23) to get

S O VR

for 1 <p< 2l
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Immediate computations show that

53 = = -~ =_= b <0
(53) P D1 B nwwa  B(E,EZ-1)
for p < ”TH
Consequently, if € and p are sufficiently small, then
ullw o) 1 Ei/p _ 2-%
Tl o D7~ K(np)
Similarly, the inequality
2=
)\2 (n7pa Q) <
K(n,p)
is valid for p = ”TH By continuity, it is also valid for p < "TH + 3 with some g > 0.
Applying Proposition [Z1], we complete the proof. O

Remark 7. For n > 3 and p = 2 this result was proved in [AM] [W].

Now consider the image Q(s) of Q under the dilation with coefficient s. For an
arbitrary bounded domain Q C R™ with a strictly Lipschitz boundary, and for any
1 < p < m, the infimum in (II) is attained on Q(s¢) if s is sufficiently small, as in the
case of a manifold. For large s, in general, the smoothness of 0f is essential.

Theorem 7.2. Let n > 2, let Q be a polyhedron in R™, and let 1 < p < n. Then there
exists »* > 0 such that for s > s* the infimum in (II) is not attained on Q(sc).

Proof. An equivalent statement for 2 = T™ was proved in [Dr] Theorem 2]. We follow
the idea of [Dr] but simplify the arguments considerably.

Put Az, = Aa(n,p, Q(32)). Let zy be a polyhedron vertex with the smallest solid angle
U. In [NShchl Proposition 1.2] it was shown that the function w,(r) defined in (@) with
r = |z — xo| satisfies

- lwellwp) — on
e—=0 ”wa p*,Q K(n,p)’
where ¢ = % Therefore,
b
54 Moo < ————.
oY 2 = Knp)

Suppose that there exists an unbounded sequence of »’s such that the infimum in (II)
on () is attained. Then, by a standard argument, the corresponding minimizers u,,
are positive on (s). Consider the functions v, (x) = C(s)u,. (%) on Q, with C() given
by the normalization condition ||v.||«o = 1. Then v, is a solution of the Neumann
problem for the Euler equation

(55) —Apus P T = NGl L

There is no loss of generality in assuming that v,, — v in W, (€2). Multiplying (55) by
v,, and integrating over ), we obtain

(56) IVl o+ 2" - [l 0 = A% o)

and (B4]) implies v = 0. Arguing as in the proof of Theorem 2.2 in [LPT], we deduce that
|v,.[P" — 0(x — x0) in the space of measures on Q; therefore,

(57) |05

p* \By (20) — 0

for any given p > 0.
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Put n(z) = n(r) = 1 — ¢(r), where ¢ is the function defined in (@), and r = |x — x¢|.

For the function w =nv,. * , s € [1, HL_p), we write the limit embedding theorem:

lwl- o < € (IVwl} o + i)
Using the inequality (a + b)P < 2P(aP + bP) and estimating Vw, we get

(58) lwllye 0 < C(S)/anvi‘llwzlp dm+0/9ujjp—1dx,

To bound the first term on the right in (58]), we multiply (B3) by nPve and integrate
over (). Omitting a positive term, we obtain

s/ﬂnpvfjl\VvApdfc +p/ﬂvin”*1\Vv%|p*2<Vn, Vu,.) dz

(59)

= */ NP3, - Apvsedr < )\Z,%/ P da,
Q Q

whence, by (B4,
(60)  wlp- o < C(S)/ PP e 4 O(s) x50l Vol g + C/ v P da
Q ’ Q
The Holder inequality yields

/npvi-‘rp*_l dﬂj:/ 77pvjs{—}-p*_l dr
Q 2\ B (zo)

< lw

b ol R
Therefore, by (60),
(61) [1= CONoell oy ] - 101 0 < COMoalipal Vol +C [ 0577 o
Relation (B7)) implies that, for any fixed s, the expression in square brackets exceeds
1/2 if s is sufficiently large. Moreover, since s < nL_p, we have
s+p—1<p" and sp<p*.

Since v,, — 0 in W}(Q), it follows that |[v,[|ls4p1,0 — 0 and [v.]lsp.0 — 0. By (61), we
have [[w|,« o — 0, whence [[v,||lp- e .0\B,(2o) — 0 as » — oo, for some & > 0.
Now, in the same way as in [LalU, Chapter IV, Theorem 7.1], we check that

(62) sup v, — 0, 3 — o0,
Q\B,(xo)

for any p > 0.
Set p2(r) = ¢(%). Since in a neighborhood of x¢ the boundary 9 is a conical surface,
Theorem 2.1 in [LPT] shows that

K(n,p)
¢1/n

if p is sufficiently small. Then inequality (@) and the normalization of v,, yield

205l 2 < NV (p20)llp.0

HU%”i*,me(xo) < [lvx ﬁ*,mBP(xo)
K(n,p)?P
pp/m

-1
V0l g+ C [0l + el IV 5 oy |-
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Substituting || Vv,[[ o, from (B6) and recalling (54), we obtain

K
o fb,,/n) ol g
b ansaten) + C [0l + 10l ol V0l o) 5, ]
whence
Kn,pr vl o5 Vo, et
(63) AP (Z}S) < p O\By( 0)+C(|| llp.2\B,.( 0)) )
o ”v%”p,ﬂ [Vse .02

By (62]), we have

"
—p*’Q;B”(wO) < sup B TP =0, x— oo

[0l Q\B, (z0)
To bound the second term on the right in ([G3), we put s = 1 in (BI)). Recalling (G4),

we see that

(64)

19012 < C (loallps 11V 0l + 012 5, 0y )
whence, by ([G4]),
Vv, p Vo, p=l
(”77 v ||p,Q> < C(Iln v ||p,9) to(l), »x— co.
[0l 2 [0sclp.02
Therefore,
[V Vscllp,\ B, (20) < MV sllp,0 <c
[0:]p.2 [0]p.2
Thus, inequality ([63]) leads to a contradiction if 3¢ is sufficiently large. This completes
the proof. O

Remark 8. In the case where n > 3, p = 2, and ) is a rectangular parallelepiped, this
result was proved in [Linl, Theorem 1.2], by using subtle properties of the solution of the
corresponding boundary value problem.

Remark 9. Under the assumptions of Theorem [Z1] let p > 2 (this is possible only for
n > 3). Then the arguments in Corollary 1] show that the Neumann problem for
equation (B3] has a nonconstant positive solution in .

In [NShch] it was proved that, for 1 < p < 2 and small s, the minimizer of (II) on
Q(»2) is a constant function, and that for large s it cannot be constant. Therefore, for
1 < p <min{2, “H} the Neumann problem for equation (33) has a nonconstant positive
solution in §(3¢) provided that s¢ is sufficiently large.

7.2. The Sobolev—Poincaré inequality.

Theorem 7.3. Let n > 2, and let Q C R™ be a bounded domain with 092 of class C2.
Then, for some >0 and all 1 < p < LH + B, the infimum in (III1) is attained.

Proof. 1. Suppose p > =. Let x7 € 0f2 be a point with positive mean curvature, and
let x2 be another point of the boundary. We define functions u; and us as in the proof
of Theorem 5.1l Choosing p; and py such that the supports of u; and us are disjoint, we
use formula (B3] to introduce a function u with zero mean.

Inequalities (22)) and (B6]) lead to the following estimate:

1-24L

1—n ~ .
/ |Vul? do < %El‘gl " — Ey(H(z1) + 0p, (1))e4 ) " 4+ C(p1,p2,e2) ifp< n—+1
Q 1Eie; " —C(H(z1) 4+ 0p,(1))Iney " + C(p1, p2, €2) ifp= "—“
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Combining (65), [23), and (B3)) and assuming that £1 and p; are sufficiently small, we
conclude that the inequality
9—1
K(n,p)
is true for p < ”T“ By continuity, it is also valid for p < ”T“ + 3 with some 3 > 0.
2. Now, suppose that 1 < p < 2. Let zp € 0 be a point with positive mean

n+1"
curvature. We define u as in (@), and put p = &” with some v € (0,~7**), where

(67) N = l(1 - M).

o n—p

(66) >\3(n7paQ) <

Relation (23)) implies

1 _
T Qe

S

* 1 n o~ _
/ ul dx > §D1€7? — Do (H(zo) + 0:(1))e
Q

Immediate calculations show that

B () n 1
> =+ =
p—1 P D

Hence, for v € (0,7**),
* 1 n ~ _n 1
(68) / @ de > L Die™5 — Da(H(wo) +0.(1) 517
)

Furthermore, (22) implies the estimate

B 1 _n = _n. 1 _
[ 1Var de < 3Bt - BalH(ao) + 0c(0)7FF 4 ceT
Q

By direct calculations, we have

n — n 1
p—1 pop
Consequently, for v € (0,7**) we obtain
~ 1 1—-2 nd 1,ﬁ+i
(69) |Vul? de < §E1€ » — Eo(H(zg) +0-(1))e »7 7.
Q

Now, let u be the function with zero mean defined by formula ([#2)). Arguing as in the
proof of [AJ), we see that

(70) 1
R e
{1 — 282 (H(xy) + 0:(1))e7 — C-erm 77T 257 if1<p<2n
1— 2D2 (H(xo) + 0:(1))e — Cem 5 (14 Ine? ™) if p= ;20

Direct computations show that the inequality
n n  np+p—2n 1
gyt 1
pp p p p
is true for p > 1 and v > 0. Hence, by (),

DiNor _n 2p52 1
o (27 b (- 2 B o).
25 € 1 pe DI(H(CC())-FO (1))e

Using relations (71)), [©9), and (B3)) and taking ¢ sufficiently small, we see that in this
case inequality (66) is also true. Applying Proposition [[I] we complete the proof. O

(71) [
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7.3. An inequality for the best approximation by a constant.

Theorem 7.4. Let n > 2, and let Q C R™ be a bounded domain with 02 of class C2.
Then the infimum in (IV) is attained if

1 < p < max{p1,p2},

where
. 1
plzi-(3n+1—\/5n2—|—2n+1),
~ 2
S 3n+1 T4 6n% —n2_2n+1).
Da 5GnT9) (N> +3n+1+Vnt+6n3—n n+1)

Remark 10. The exponents p; and ps are monotone functions of n with linear growth
for large n. Moreover, for 2 < n < 8 these exponents satisfy 1 < p; < po, while for n > 9
they satisfy 1 < py < p1.

Proof. As in the proof of Theorem [6.1], we modify the function @) to satisfy (@6]) in two
ways; the first way works for 1 < p < p1, while the second works for 1 < p < p».

The first way. Let z1 € 02 be a point with positive mean curvature, and let o
be another point of the boundary. We define functions w; and wus as in the proof of
Theorem 5.1l We choose p; and po such that the supports of u; and us are disjoint, and
put e5 = ] with some v € (0, 1).

Let u be the function defined by formula ([@7); then w satisfies ([@0]). Relations (22])
and (48) imply the estimate
1—

1 -2~
KﬂVuthgiEﬁlp—fEﬂHﬂm)+omODq

S3

+

3

(72)
—1) &= +~v(1-2
oI 0 Lo 1)
for p < ”TH
Immediate calculations show that if n > 2 and 1 < p < pi, then the inequality
n n 1
(y—1)—2L +7(17—) >1-2 4=
pr—1 P p P
is true for v = 0, and therefore, for some v > 0. Choosing such a v and combining ([72)),

@3), and ([B3]), we see that

(73)

_1
[vull, _ 27
falle = K(n.p)

if €1 and p; are sufficiently small.

The second way. Let xg € 0N be a point with positive mean curvature. We take U as
in @) and put p = &Y with some v € (0,7**), where v** is defined in (&1).

Now we construct the function u = u — C¢, choosing a constant C. so as to ensure
Ed). By [20), we have C. < Ce™ v, Using (68)) and arguing as in the proof of ([43]),
we get

Di\# _ n 2D 4
(1) Nl > ()" e 7 (1 5 (H o) +0(1)e7

Direct computations show that for n > 2 and 1 < p < po the inequality

n n_ __ 1
_C etV 7;;*71).

n n 1 1

o e

pp* pt pr—1p

is true for v = v**, and therefore, for some v € (0,~**). Choosing such a v and combining
(@), [©9), and (B3], we obtain (73] provided that ¢ is sufficiently small.

To complete the proof, it remains to apply Proposition [[.1] O
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Remark 11. Theorems [[.1] [C3] and [Z4] are also valid for an arbitrary manifold  with
smooth boundary if 9Q contains a point with positive mean curvature (with respect to
the inward normal). The proofs need no modifications.

§8. PROBLEMS WITH SINGULAR WEIGHTS
Let zo € Q. Consider the weighted Lebesgue space L, -(92) with the norm
(75) [[v

where r = disty(z, zo).

Dilation invariance implies that, for a fixed 0 < ¢ < 1, the critical exponent of the
embedding W} (Q) — Lg+(Q) is equal to p} = 2. For the corresponding embedding
theorem in R",

lg,00 = ||7'071”||q,97

0lps e
(76) sup = < 00,
vecge ®\{o} [|Vlprn

the case of 0 = 1 leads to the Sobolev inequality, while the case of ¢ = 0 provides the

Hardy inequality. Therefore, ([70]) is often referred to as the Hardy—Sobolev inequality.
Lieb [Lb] proved that, for any 0 < o < 1, for p = 2 and n > 3 the supremum in (7))

is only attained on the radial functions

(77) we o (r) = (64—7”’/%)_&, e €R,y

with noncompact support. In [GhY] this result was generalized to arbitrary 1 < p < n.

The value of the supremum in ([fQ)) is equal to

1 1 * 1 _o
Ko =5 (7) (02,) 7 (50) " (B o +)
n n—p op op’ op
Problems (I)—(IV) can be generalized naturally to the case of the embedding theorems
W, () = Lp: o(Q). Namely, replace the norm |- ||+ o in the denominators of the ratios
(I)-(IV) by the norm || - [« +,0 and denote the resulting problems by (I,)-(IV,). Let
A1(n,p,0,9),..., Aa(n,p,0,) denote the infimum values in these problems.

Theorem 8.1. Let n > 2. Suppose that Q0 is an n-dimensional manifold with boundary.
Let ko ¢ OQ be a point with positive scalar curvature. Then, for any 0 < o < 1 there
exists 8 > 0 such that for 1 < p < ”T“ + B the infimum in (1,) is attained.

Let n > 5. Suppose that Q) is an n-dimensional manifold without boundary. Let xq be
a point with positive scalar curvature. Then, for any 0 < o < 1 there exists > 0 such
that for 2 < p < 2 + 3 the infimum in (I1,) is attained.

Let n > 3. Suppose that € is an n-dimensional manifold without boundary. Let xo be
a point with positive scalar curvature. Then, for any 0 < o < 1 there exists § > 0 such
that for 1 < p < % + B the infimum in (I111,) is attained.

Proof. The statements of the theorem can be proved in the same way as Theorems [3.1]
41 and B1], respectively. An appropriate analog of Proposition [l should be used, and
the function w.(r) defined in (@) should be replaced by the function w, ,(r). O

Theorem 8.2. For any 3 > 0, there exists 0, > 0 such that if Q is the spherical “hat’
@8) and xq is the pole 8 = 0, then for p > "TH + B and for any 0 < o < 1 the infimum
in (I,) is not attained.

Proof. As in Theorem [3.2] the claim reduces to the fact that the function

sin®tr—1 0. sin a n(l—o
(78) ha(9)=7@-/9 sin‘“(t)dt:( (9)> - h(6), azgj

(A 0 n—o
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is monotone decreasing. Since the first factor in (78)) is monotone decreasing on [0, 7],
inequality (82)) implies the monotonicity of h,-. O

Theorem 8.3. Let n > 2, and let Q) C R™ be a bounded domain with strictly Lipschitz
boundary. Suppose O) is of class C? in a neighborhood of a point xo € Q and H(zq) > 0.
Then for any 0 < o < 1 there exists B > 0 such that for 1 <p < "TH + B the infimum
in (Il,) is attained.

Under the same assumptions, for any 0 < o < 1 there exists B > 0 such that for
1 <p< 2 + 8 the infimum in (I11,) is attained.

Proof. The statements of the theorem can be proved by the same arguments as in the
proof of Theorems [l and [T.3] respectively. An appropriate analog of Proposition [Z]]
should be used, and the function w,(r) defined in (@) should be replaced by the function
We o (T). O

Remark 12. Theorem R3is also true if € is an arbitrary manifold with a strictly Lipschitz
boundary.

Remark 13. Analogs of Theorems and [74] for problem (IV,) can be proved by the
same method. However, for o # 1, the restrictions imposed on p turn out to be even
“wilder”.

Remark 14. In [GhK], besides the problem of minimizing a functional under the zero
Dirichlet boundary conditions, problem (II,) was also considered in the case where Q
is a domain R™, n > 3, o € 99, and p = 2. Essentially, the technique of [GhK] is
the same as that used in the present paper. The last part of [GhK] contains Theorem
5.4 (without proof); that theorem deals with the case of an arbitrary 1 < p < n. We
conjecture that this statement is false without the additional requirement p < "TH + 0
under this assumption, it coincides with the first part of our Theorem B3]

89. FURTHER GENERALIZATIONS

When Q C R™, we can consider the ratios (I)-(IV) with a more general definition of
[IVul|p,o. Namely, consider an arbitrary norm M(z) in R™. Assume, for simplicity, that
the function M is strictly convex in the nonradial directions, and that M € C!(R™\ {0}).
We denote by

o e a0
Rt A R YT

the dual norm. In particular, if

" 1
M(z) = |a], = (Z mq) L l<g<oo,
k=1

then M, (z) = |z|q -
Let wy,—1,m stand for the area of the unit sphere {x € R" : M(z) = 1}. In particular,
1 n
for M(z) = |z|, we have wp_1 pm = Wn—1,4 = w

q
Introducing an equivalent seminorm ||V ||, am,0 on W, (Q2) by

V0l pq = / MP (Vo) de,
Q

we replace |Vv|p, o in the numerators in (I)-(IV) by |[Vv|lp,m,0. Furthermore, for
0 < o < 1, we replace the norm || - ||« .o in the denominators by the weighted norm
I llps 0,0, defined in ([7H) with r = M, (z — 0); the resulting problems will be denoted
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by (Is,m)—(IVs ). Let A (n,p, 0, M, Q),..., As(n,p, 0, M, Q) denote the infimum values
for these problems.

Proposition 9.1. Let n > 2. Suppose Q is a bounded domain in R™, 1 < p < n, and
0 <o <1. Foro <1 we assume in addition that xo € Q. Then the infimum in (I m)

is not attained, does not depend on 2, and is equal to m, where
V|| p= n B z
(79) K(nap7 05M> = sup || ||pg,0,]R = ( Wn—1 ) .K(’I’L7p’ o’).
veege @0} [VUllpamrn  \wno1am

Proof. Without loss of generality, we may assume that o = 0. Obviously, the dila-
tion invariance of (I, a¢) implies that the infimum does not depend on Q. For o = 1,
the supremum in (79) was calculated in [AFTL] Corollary 3.2] by using convex sym-
metrization. We note that the same statement was obtained in [CNV] by using the mass
transportation approach (the generalized Monge-Kantorovich problem). In [AFTL] and
[CNV] it was also shown that the supremum in (79)) is only attained on the functions
we(r) defined by @), with r = M,(z). For a bounded domain, this means that the
infimum in (I3, () is not attained. For o < 1, arguing in the same way, we arrive at the
function we () defined in (7). O

Corollary 9.1. Suppose that a bounded domain  is situated in the half-space {x € R™ :
(x-&) > 0} and O contains an open part T situated in the plane (x-&) = 0 and containing
a point xo. Let V be the set of functions v € W, (Q) vanishing on {x € dQ : (z-£) > 0}.

Then the infimum of the ratio (I, pq) over V is not attained and is equal to m.

Proof. Tt suffices to use the even reflection with respect to the plane (z - &) = 0 and to
apply Proposition |

Proposition 9.2. Let n > 2, and let Q be a bounded domain in R™ with 0 of class
C%. For o < 1, we assume in addition that xo € 0. Suppose that for the infimum in

(IIy,pm), (1Iy p), or (IV4 A1) we have
2w
A Q -
77L(n7p’ O-7M7 ) < K(n7p’ 0_7M)

Then the infimum is attained.

Proof. This can be proved by arguments similar to those in [LPT], Corollary 2.1] and
involving Corollary O

Theorem 9.1. For problems (II1 1), (IILi pm1), and (V1 a), the respective statements

of Theorems [[1 [3] and [C4 are valid.

Proof. We define a point zg in the same way as in the proof of Theorem [(.]] and assume
that xg coincides with the origin. When integrating a function that depends only on
r = M,(z), for the volume form in a neighborhood of zg we have

1
dx = 3 (wn,l,Mr”’l — Sp(R(zo)M)r" + o(r”)) dr,

where £(z¢) stands for the curvature matrix of 9Q at xg, and M denotes the second
moment matrix of the intersection of the unit sphere {x € R"™ : M,(z) = 1} and the
tangent plane to 0f) at xy. Since both matrices are positive definite, the coefficient of r™
is negative.

Now the proofs of Theorems [T} [[.3] and [7.4] can be repeated without changes, with
the use of Proposition in place of Proposition [Z.1l |

The next statement can be proved in a similar way.
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Theorem 9.2. Let xy € 0. Suppose that Sp(R(zg)M) > 0. Then the statement of
Theorem [B3] is true for problems (Il, pm) and (I, pq) with 0 < o < 1.

Theorems[@.Iland @.2limply the solvability of the Euler equations for the corresponding
functionals with the natural boundary conditions. Using a suitable normalization, these
equations and boundary conditions can be written as follows:

—Ap pu = 107 VPs y|Pe =2y — |u[P~2y for (I, u),

—Ap pu = r@ NP y|pe =2y — C for (Il a),
(80) —Ap pu = PSP ~2y for (IVy ) ;
(i VME) |5y =0

Here

Ap mu = div (Mp_l(g)vM(g)’g:Vu)

is the generalized p-Laplacian generated by M. In particular, for M(z) = |z|, we have
n
Apmu = Apqu = Z (|Vu\§_q\uxj |q_2uxj)mj .
j=1
Observe that A, 5 is the usual p-Laplacian, and A, , is the so-called pseudo-p-Laplacian
(see, e.g., [BK] and [IK]). The properties of solutions of the Dirichlet problem for equa-
tions with the general operator A, ¢ and a subcritical right-hand side were studied in
IBFK].

Remark 15. The statements of Remark@lremain true for the first boundary value problem
in B0) with o = 1.

Theorem 9.3. Let n > 2, let  be the flat torus T™ or a polyhedron in R™, and let
1 < p <n. Then there exists s* > 0 such that for » > 3* the infimum in (111 p1) on
O(52) is not attained.

Proof. In the case of a polyhedron, the proof of Theorem works without any modifi-
cations. The proof for the torus is similar. O

We would like to thank Professors A. Alvino and B. Kawohl, who kindly provided
us with the texts of their papers. Also, we are grateful to the participants of the
V. I. Smirnov seminar (St. Petersburg Branch of Steklov Mathematical Institute) for
critical remarks that helped us to improve the paper.
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