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SCATTERING BY MAGNETIC FIELDS

D. R. YAFAEV

Dedicated to the memory of Ol’ga Aleksandrovna Ladyzhenskaya

ABsTRACT. Consider the scattering amplitude s(w,w’; \), w,w’ € S¥=1, A > 0, cor-
responding to an arbitrary short-range magnetic field B(z), x € R%. This is a smooth
function of w and w’ away from the diagonal w = w’, but it may be singular on the
diagonal. If d = 2, then the singular part of the scattering amplitude (for example, in
the transversal gauge) is a linear combination of the Dirac §-function and a singular
denominator. Such a structure is typical of the long-range magnetic scattering. This
phenomenon is referred to as the long-range Aharonov—Bohm effect. On the contrary,
for d = 3 scattering is essentially of a short-range nature, although, for example, the
magnetic potential A®)(z) such that curl A(™) (z) = B(z) and (A (z),z) = 0,
decays at infinity as |z|~! only. More precisely, it is shown that, up to the diag-
onal Dirac function (times an explicit function of w), the scattering amplitude has
only a weak singularity in the forward direction w = w’. The approach is based on
the construction (in the dimension d = 3) of a short-range magnetic potential A(z)
corresponding to a given short-range magnetic field B(x).

§1. INTRODUCTION

1.1. In the paper [2] by Aharonov and Bohm (see also [4, [11]), the following mental
experiment was discussed. Consider a thin straight solenoid of infinite length, so that
the magnetic field B(x) is confined inside this solenoid and is zero outside of it. Consider
a beam of particles (electrons) coming from infinity in a certain direction. Suppose
that its interaction with the magnetic field inside the solenoid is blocked out by some
shield, for example, by a strong repulsive electric field. Nevertheless, the scattering
amplitude turns out to be different from zero (the corresponding scattering matrix is not
the identity operator). Therefore, it can be expected that, in experiments, a nontrivial
interference may be observed behind the solenoid between parts of the initial beam
going around the solenoid from the left and from the right. Moreover, this interference
picture should depend on the magnetic flux ® through a cross section of the solenoid. Of
course, this contradicts the classical picture, but conforms perfectly with the principles
of quantum mechanics. Indeed, the Schréodinger equation is formulated in terms of a
magnetic potential A(x) determined by the equation

(1.1) curl A(z) = B(x).

In view of translation invariance in the direction of the solenoid, the problem under con-
sideration is two-dimensional. For definiteness, we suppose that the axis of the solenoid
coincides with the zs-axis, so that B(zx) = (0,0, B(z)), = (x1,22), and (L) reduces
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to the equation
(1.2) 0As(x)/0x1 — 0A1(x)/Oxe = B(x)

for the components of the potential A(z) = (A1(x), A2(x),0). By the Stokes theorem,
the flux ® is determined by each of the following two relations:
(1.3) o :/ B(z)dxr = lim (A(z), dx),

R2 R—oo lz|=R
where (-,-) is the scalar product in R? or, more generally, in R?. Therefore, A(z) is not
zero provided ® # 0. It follows that the scattering is nontrivial even though the magnetic
field is zero in the region where particles can penetrate.

Actually, to solve the problem explicitly, Aharonov and Bohm [2] simplified it in
the following way. First, they assumed that the solenoid is infinitely thin. Second,
instead of an impenetrable shield described mathematically by the Dirichlet boundary
condition, they required a regularity of the wave function on the solenoid itself (at © = 0).
Thus, strictly speaking, a direct interaction of particles with the magnetic field was not
completely excluded in the Aharonov—Bohm (AB) model (this “drawback” was remedied
in [I1]; see also [I]). To be more precise, in the paper [2] the Schrédinger operator H
with the magnetic potential

(1.4) A(z) = —a(—z9,21,0)|z| 72, a=—(27)"'® R,

was considered (in accordance with (I3]), in this case the magnetic field equals —2wad(x),
where 0(z) is the Dirac function). For such potentials, the variables in the Schrédinger
equation can be separated in the polar coordinates (r, ), and for every angular momen-
tum m = 0,£1,£2,... the radial equation

—u!! 4 ((m 4 a)? = 1/4)r 2uy, = My,

(A > 0 is the energy) can be solved in terms of the Bessel functions Z,,, namely, u,(r) =
T1/2I‘m+a‘()\l/27‘). Using the asymptotics of these functions as r — 0o, we see that
the scattering matrix (SM) S for the operator H does not depend on A and has two
eigenvalues of infinite multiplicity

(1.5) Sm=e"" form < —a and s, =e " form > —a

with the corresponding eigenfunctions ¢™?. Of course, this implies that the SM is
nontrivial, that is, S # I (I is the identity operator) if o & 27Z. This fact is known as the
AB effect. It appeared to be surprising, at least from the viewpoint of classical physics,
since the magnetic field B(z) is zero for x # 0. Anyway, the AB effect is a perfect test
for the validity of quantum mechanics. Its experimental confirmation was discussed in
[7]. Note that if we introduce the Planck constant h, then s,,(h) = exp(iamh=2) for
m < —ah~? and s,,(h) = exp(—iarh~2) for m > —ah~2. Therefore, the SM S(h) has
no limit as i — 0, which is consistent with the absence of the AB effect in classical
physics.

Actually, for the AB potential, not only is the SM nontrivial, but its properties are
typical of long-range scattering. Indeed, the scattering amplitude (the kernel of the SM
regarded as an integral operator) equals

5(0,0) = (2m) ! Z Sme ™00,

m=—0oo

A simple calculation (see [II]) shows that, for the eigenvalues (L)), this expression can
be written as

(1.6) $(0,0') = (0 — 0') cos o + i~ Le 1O sin ro PV, (€100 — 1)1,



SCATTERING BY MAGNETIC FIELDS 877

where [a] denotes the greatest integer not exceeding «. Thus, the scattering amplitude
involves a singular denominator (understood in the sense of the principal value) if the
magnetic flux ® does not belong to 27Z. We use the term “the long-range Aharonov—
Bohm effect” for this phenomenon because such a singularity is absent in the case of
short-range (both electric and magnetic) potentials.

1.2. We recall that, under natural assumptions, the scattering amplitude s(w,w’; \),
where w,w’ € S¥1 if x € R?, is a smooth function away from the diagonal but can be
very singular for w = w’. This singularity is determined by the decay of the potential at
infinity. For short-range potentials satisfying the condition

(1.7) [A@)| < CA+ 277 p>1,

the SM is the sum of the identity operator and an integral operator with a weak diagonal
singularity. Moreover, if p € (1,d), then we have the estimate

s(w,w i A) =0(Jw—'|7°), w#d, w—w —0

(see, e.g., [I4]). This singularity is weaker than that of the kernel of a singular integral
operator (cf. (C6)). Moreover, it becomes weaker as long as a potential decays faster at
infinity.

For long-range potentials, the diagonal singularity of the scattering amplitude is
stronger than in the short-range case, but the diagonal Dirac function disappears. Rough-
ly speaking, for the potentials A(x) asymptotically homogeneous of degree —p, p € (0,1),
the singular part of the scattering amplitude is given by the formula

(1.8) so(w,w'; \) = G(w,w — w3 \) exp(iE(w,w —uw'; )\)),

where G and = are asymptotically homogeneous functions of w — w’ of degrees
—(d—1)(1+p~1)/2 and 1 — p~L, respectively (see [15]). Thus, the diagonal singularity
of the function (L)) is stronger than that of the kernel of a singular integral operator.
Nevertheless, due to oscillations of the second factor in (.8]), the operator with such a
kernel is bounded in Ly (S?1).

Finally, let us consider the intermediary case of potentials with Coulomb decay (p = 1)
at infinity. Now the results for electric and magnetic potentials are qualitatively different.
For electric potentials, the answer is again given by formula (8] (see, e.g., [5,[13]), where
G is an asymptotically homogeneous function of degree —d 4+ 1 and = has a logarithmic
singularity at w = w’. As will be shown below, for arbitrary magnetic potentials satisfying
the transversality condition

(1.9) (A(z), ) =0,

the singularity of the scattering amplitude is described by a formula similar to (LG]).
However, in this paper we pay special attention to the potentials corresponding to short-
range magnetic fields, for which the answer depends crucially on the dimension of the
space.

1.3. Thus, we consider an arbitrary magnetic field satisfying the short-range condition
(1.10) |B(z)| < C(1+|x|)™", r>2

(C denotes various positive constants whose precise values are of no importance) and
study the properties of the corresponding SM. In particular, we find the diagonal singu-
larity of the scattering amplitude. Here our goal is to reveal the difference between the
dimensions 2 and 3.

Of course, when studying the SM for a given magnetic field, we must take into account
that, from a theoretical point of view, the SM is determined by a magnetic potential
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A(x) satisfying equation (II). In its turn, a solution of this equation is not unique
(the gradient of an arbitrary function can be added to A(z)), which leads to a gauge
transformation of the Schréodinger operator. Although the SM are different in different
gauges, they are related by a simple formula, i.e., they are covariant with respect to the
gauge transformations. This allows us to talk about the SM corresponding to a given
magnetic field.

As far as the AB effect is concerned, the situation is similar in dimensions two and
three. For example, consider a toroidal solenoid T in the space R3. As before, the
magnetic field is concentrated inside the solenoid and is zero outside of it. Suppose again
that this solenoid is surrounded by a slightly larger toroidal solenoid that excludes a
direct interaction of quantum particles with the magnetic field. By the Stokes theorem,
the corresponding magnetic potential is nonzero and hence the SM is nontrivial, provided
the magnetic flux @4 through a transverse crosssection of the solenoid is not zero.

On the contrary, it turns out that the long-range AB effect always occurs in dimension
two (if the total magnetic flux ® is not in 27Z), but under the assumption (ILI0) it cannot
occur in dimension three. More precisely, we show that in dimension d = 2, the diagonal
singularity of the scattering amplitude is described by a formula similar to (L), i.e., it
has a structure typical of the long-range scattering (although the usual wave operators
exist in this case). On the contrary, in dimension d = 3 the structure of the SM is almost
the same as for scattering by short-range potentials. Also, we show that condition (LI0])
is sharp, that is, the diagonal singularity of the scattering amplitude is described by a
formula generalizing (L)) to the case of d = 3 if B(x) decays at infinity as a homogeneous
function of degree —2. Note that a condition similar to (I.I0)) distinguishes also the short-
range electric fields.

A priori, the difference between the dimensions d = 3 and d = 2 is not quite obvious.
Indeed, for d = 3 a natural possibility is to choose a potential A(z) = A®)(z) satisfying
the transversal gauge condition (IJ)). Note that this condition is fulfilled (for x # 0)
for the AB potential (L4). The potential A®)(z) decays always as ||~ at infinity, and
hence it can be expected that the SM has a structure typical of the long-range scattering.
However, for d = 3 and a given magnetic field B(z), we can also construct a short-range
magnetic potential A(z) satisfying equation () and condition (7). Moreover, if B(x)
has compact support, then A(z) is also of compact support. This explains why scattering
for d = 3 is short-range.

The difference between the dimensions d = 3 and d = 2 is of a topological nature:
if d > 3, then the set R?\ {0} is simply connected, whereas this is not true for d = 2.
No gauge transformation can change the magnetic flux if d = 2. On the contrary, the
absence of a similar invariant for d = 3 makes the three-dimensional problem essentially
more flexible. If d = 2 and ® # 0, then a magnetic potential cannot even satisfy the
condition A(z) = o(|z|~!) as |x| — oco. Indeed, in this case the second integral in (L3)
(the circulation of A(z) over the circle |z| = R) tends to 0 as R — oo, and ([3)) implies
that necessarily ® = 0.

As has already been noted, condition (II0) is sharp; that is, the long-range AB effect
is possible even in dimension three if B(x) decays as |x|~2. Thus, a long-range behavior
of a magnetic field in dimension 3 plays the same role as the topological obstruction in
dimension 2 if ® ¢ 27Z. Of course, our results for d = 3 remain true for all dimensions
d > 3 (in the general case A must be viewed as a 1-form and B = dA as a 2-form).
The electric potentials are assumed to be zero, because they do not add anything new
to the phenomena discussed here. In the next section we discuss some elementary facts
about pseudodifferential operators (PsDO) acting on a manifold (the unit sphere). Then
in §3 we recall some basic results of scattering theory and discuss the behavior of the
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SM with respect to gauge transformations. The existence of the long-range AB effect is
established in §4. On the contrary, in §5 we prove the absence of this effect for d = 3
provided condition (LI0) is satisfied.

To a large extent, this paper can be viewed as a survey, although the results of §5 are,
in essence, new. Moreover, compared to [10] and [16], we change the viewpoint, assuming
that a magnetic field, rather than a magnetic potential, is given.

§2. PSEUDODIFFERENTIAL OPERATORS ON THE UNIT SPHERE

2.1. The definition of a PsDO P on the unit sphere S~' ¢ R? reduces to that on
a domain ¥ C R%! (see, e.g., [12]). Roughly speaking, for a neighborhood Q of an
arbitrary point wy € S9! and a diffeomorphism s : 2 — ¥, an operator P : C$°() —
C>(9) reduces by the change of variables ( = s(w) to an operator P,, : C5°(X) —
C°(X). Suppose that, for all 2 and s, the operators P,, are PsDOs on X, that is,

(Pa(€) = (2m) @2 [ 0 (¢ ity dy,
Rd—1
where 4 is the Fourier transform of u. Then P is called a PsDO on S%'. We require
that the symbols p,, € C®(X x R471) of the PsDO P,, belong to the (Hérmander) class
S™ of symbols satisfying the estimates

10500 p.(Cy)] < Cap(1+ [y

for all multi-indices « and 3. Then we say that the PsDO P is also of class . In terms
of the standard PsDO notation, ¢ plays the role of the space variable and the variable y
is the dual one.

Actually, it suffices to consider only special diffeomorphisms. For any wg € S%1, let
I, be the hyperplane orthogonal to wy, and let Q = Q(wp,v) C S¥~! be determined
by the condition (w,wg) > v > 0. Let ¢ = »(w) be the orthogonal projection of w € Q
to II,,; in particular, we assume that »(wg) = 0. We denote by ¥ the orthogonal
projection of € to the hyperplane II,, and identify the points w € ©Q and { = »(w).
The hyperplane II,,, can be identified with R?~1. Also, we consider the unitary mapping
Z,. : La(Q)) — La(X) defined by the formula

(Z%’U,) (C) = (1 - |C‘2)_1/4u(w)’ ¢= %(w)

Note that, compared to the standard definition, for us it is convenient to include the factor
(1 —[¢|?)~"* in order to make the operator Z,, unitary. We suppose that the operator
P, = Z,PZ} isaPsDO on ¥ C R¢™1 with symbol p,.(¢,y) of class S™ = S™(E x R4~1).
The symbol p,.(¢,y) is invariant under the diffeomorphisms of ¥ up to terms of class
S™~1. This invariant part, regarded modulo functions in S™~1, is called the principal
symbol of the PsDO P,. and will be denoted by p{”. The principal symbol of the PsDO
P is well defined (this means that it is independent of the choice of s) on the cotangent
bundle T*S%1 of S~ by the relation

p(w,2) =pP(Cy), |wl =1, (w,z)=0,

where ¢ = »(w) and z = ' (w)y is the orthogonal projection of y to the hyperplane II,,.
Observe also that the kernels g(w,w’) and g,.({,¢’) of the operators P and P,, regarded
as integral operators in Lo(£2) and Lo(X), respectively, are related by the equation

g(wvw/) = g%(CvC/)(]' - |<|2)1/4(1 - |</‘2)1/47 waw/ € Q.

It is required that g(w,w’) be a C*°-function away from the diagonal w = w’'.
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2.2. We need information on the essential spectrum of a PsDO with a homogeneous
symbol of order zero. Below, a function f € C'*° is said to be asymptotically homogeneous
of degree k if f(2) = |2|*f(2), 2 = z|z|71, for |z| > 1/2. Of course, 1/2 is chosen
here for definiteness. Actually, only the behavior of f(z) for large |z| is essential. Let
TSt € T*S?! be the set of pairs (w, z) such that w,z € S and (w, z) = 0.

Proposition 2.1. Let P be a PsDO on S¥=1 of class S° with a principal symbol p(w, 2)
asymptotically homogeneous of degree 0 (in the variable z). Then the essential spectrum
Ooss(P) of the operator P in the space Ly(S?1) coincides with the range of the function
p(w, 2) restricted to the set TyS?1.

As is well known, the kernel g(w,w’) of a PsDO P regarded as an integral operator
can be very singular on the diagonal w = w’. Let us find this singularity.

Proposition 2.2. Under the assumptions of Proposition 211 the kernel g(w,w’) of a
PsDO P with principal symbol p(w, z) admits the representation

(2.1) g(w,w') = P (W)d(w, ) + PV. g(w,w’ — w),

up to terms of order O(jw — W'|~4H1HY) for any v < 1 ifd = 2 and for v =1 if d > 3.
Here §(w,w'’) is the Dirac function on the unit sphere,

p(aV) (UJ) = |Sd*2‘71 /Sd_2 p(wvw) di, 8272 _ Sdfl N1l

w

w,7) = (2mi) " (d - 2)!
4(w,7) = (2mi) "4+ (d 2>'/Sg

(@, 9) = p™ () (9, 7) —i0)~ v,
so that, in particular,

(2.2) /SH q(w,p)dp =0

for all w € S 1.

Note that the function ¢(w,w’ — w) in (1)) is homogeneous of degree —d + 1 in the
variable w’ — w. Therefore, by condition (2.2)), the integral operator with this kernel is
well defined (as a bounded operator on Ly(S?!)) in the sense of the principal value.
Thus, up to an integral operator with a weak diagonal singularity, P is the sum of the
operator Py of multiplication by p(&") (w) and a singular integral operator. To be explicit,

(Pof)(w) = p'™)(w) f(w) + lim q(w,w —w) f(w') dw'.
=0 Jjw —w|>e
We emphasize that a PsDO P of order zero is determined by its principal symbol
only up to terms of class S™!. These latter operators are compact, so that, by the Weyl
theorem, the essential spectra of all such PsDOs P are the same. Similarly, the singular
parts of the kernels of all such operators P are given by the same formula (Z1]), and all
remainders are O(|w — w’|~4H1+Y).

Remark 2.3. Let d = 2. Then TS consists of the points (w,w*)) and (w,w(™)), where
w € S is arbitrary and w) and w(7) = —w*) are obtained from w by rotation by an
angle of /2 and —/2 in the positive (counterclockwise) direction. The integral over S”
reduces to the sum over the points w(*) and w(~), and

(WH) W' —w) = +|w" —w|sgn{w, W'} + O(lw' —w|?), W —w,
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where {w,w’} is the oriented angle between the initial vector w and the final vector w'.
We set

@) () = 2 (p(w. ™) + plw. W)
23) {p (w) =27 (p(w,w"™) + p(w,w' ™)),

P (w) = (271) 7 (p(w,w™)) = p(w, 0 )).
Then formula (2]) for the singular part of the kernel of P can be written in the form
g(w,w") = P (W)d(w,w’) 4+ p (W) P.V. | — w| L sgn{w,w'}.

The proofs of Propositions 2] and 2] can be found in [16].

§3. SCATTERING MATRIX

3.1. We briefly discuss some basic facts of scattering theory. Consider the Schrédinger
operator

H=(iV+A(z))? xR d>2,

with a real magnetic potential A(x) = (A;1(z),..., Aq(z)) satisfying condition (7). The
dimension d is arbitrary in this section. We do not assume that the function A(x) is
differentiable, so that, strictly speaking, H is well defined as a selfadjoint operator in the
space Lo(R?) in terms of the corresponding quadratic form. In general, equation (L))
should be understood in the sense of distributions.

Let Hy = —A be the “free” operator. Under the assumption (L), the wave operators

(3.1) Wi = Wy (H, Hy) = s-lim e'Hte 1ot
t—=too
exist, are unitary, and possess the intertwining property
HW, =W_H,.

The scattering operator S = W} W_ is unitary and commutes with Hy. Let I : Lo (R?) —
Ly(Ry; Ly(S?1)) be the unitary operator defined by the formula

(Ff)(Aw) =27 2NED4F(\120) 0 A >0, weS,

where f = Ff is the Fourier transform of f € Ly(R%). Clearly, (FHof)(A) = A(Ff)()).
Since SHy = HS, we have

(FSf)A) = SMEFN),
where the unitary operator S(\) : Lo(S9!) — Lo(S%"!) is known as the scattering
matrix (SM). The scattering amplitude s(w,w’; \), w,w’ € S¥~1 is the kernel of S(\)
regarded as an integral operator. The following assertion is well known (see, e.g., [14][16]).

Proposition 3.1. Suppose condition (LT) is fulfilled. Then the operator T(A) = S(\)—1
is compact, and it belongs to the trace class if p > d. If p>d+n, n=0,1,2,..., then
T(X) is an integral operator with kernel of class C™(S4~1 x S4-1).

If
(3.2) 0% A(z)] < Ca(1+ [z]) =PI

for some p € (1,d) and all multi-indices «, then the operator T(\) has integral kernel
that is a C*°-function away from the diagonal w = w' and is bounded by C(\)|w —w'|~4F+
as w' — w.
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3.2. Now, we consider a class of long-range magnetic potentials A satisfying the following
condition.

Assumption 3.2. A € C* and

(3.3) A(z) = AP (z) 4+ A8 (),

where A € C®(R%\ {0}) is a homogeneous function of degree —1 satisfying the
transversality condition

(3.4) (A (2),2) =0, x#0,

and, for all a,

(3.5) 97409 (@) = O(Ja|~#711), p> 1.

It turns out that for such long-range potentials the usual wave operators exist. This
fact was first observed in [6]; see also [10] for a different approach. Nevertheless, the
structures of the SM are completely different in the short- and long-range cases. In the
long-range case it is natural to regard the SM as a PsDO on the unit sphere. Its principal
symbol can be expressed in terms of the circulation

(3.6) HLGZ/WM“WwH&Qﬁ,x¢& 40, (2,6 =0,

of the homogeneous part A() of A over the line = + t£, t € R. Condition ([B4) implies
that

(A (4 1€),6) = —t 1A (2 + t€), z) = O(|t|~2)
as [t| — oo, so that the integral ([B.0) converges. Making the change of variables ¢ =
|z||¢]71s in (B8], we arrive at the identity

(37) I(x7§)=I(:%,é), C%Z.%‘/‘.%‘L 526/‘€|7
i.e., the function I(z, ) is homogeneous of degree 0 in both variables. Observe also that
(3.8) I(z,=¢) = —1(,8).

Theorem 3.3. Let Assumption be satisfied, and let Sy be the PsDO of class SO with
the principal symbol

(3.9) plw,z) = n(z) exp(il (~2,w)), weST™, 2eR?, (w,z) =0,

where I(x, &) is the integral B8), and n € C*°, n(z) = 0 near zero, n(z) =1 for|z| > 1/2.
Then the wave operators B1)) exist, and for every p the corresponding SM admits the
representation

(3.10) S(A\) = Sy + S,(A\) + 5,(N),

where Sp(A) is a PsDO of class S™”, v = min{p — 1,1}, and the kernel of the operator
S,(N\) is a CP-function of w,w' € S71.

This result almost coincides with Theorem 5.2 of [I6]. On the other hand, it is quite a
particular case of the general result of [15], where a complete description of the amplitude
of the PsDO S(\) was obtained for all potentials satisfying condition (3:2]) for some p > 0.
Theorem B3 is especially adapted to the magnetic potentials A(z) arising naturally from
magnetic fields. The operator Sy can be viewed as the first Born approximation to the
SM. Of course, the PsDO Sy is not determined uniquely by its principal symbol (B3I,
but the difference of two PsDOs with the same principal symbol can be included in the
operator Sp(A).
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3.3. Now we discuss the behavior of the SM with respect to the gauge transformations
defined by the formula

(3.11) H=¢"He " = (iV + A(x))?,
where
(3.12) A(z) = A(x) + grad ¢(z).

Of course, curl A(x) = curl A(z). We are particularly interested in functions ¢(z) that
are asymptotically homogeneous of degree zero. -~
We find a relationship between the wave operators W (H, Hy) and W (H, Hp).

Proposition 3.4. Suppose that the wave operators Wy (H, Hy) exist, and let a differen-
tiable function ¢ be such that ¢(x) = ¢o(x)+¢1(x), where ¢o(z) = ¢o(2) and ¢1(x) = o(1)
as |x| — co. Then the wave operators W (H, Hy) also exist and

(3.13) Wy (H, Hy) = @ WL (H, Hy)F*e 90+ F,
Proof. Since
(exp(—iHot) f)(x) = €71/ 40 (2it) =12 f(/ (28)) + o(1),
we have
(7™ exp(—iHot) f)(w) = e'1=1"/ (41 (2it) =1/ 2e=i¢0(E2/(20) f(5:/(21)) + (1)
= ¢!l /(D) (24 =42 f&) (2 /(21)) + 0(1), ¢ — oo,

where f() (&) = e~ #0(F f(¢), and the remainder o(1) tends to 0 in Ly(R%) as t — +oc.
This is equivalent to the relation

e~ exp(—iHot)f = exp(—iHot) f*) + o(1),
which, in view of the definition ([BI1l), implies that
W:t (H7 HO)f — ) h:l:m eiﬁtefiHotf — ) h:l:m €i¢€th€7i¢€7iHotf

— lim ez’q&ethefiHotf(:l:) _ ei¢Wi(H, Ho)f(i).

This proves (B13). O

As an immediate consequence of Proposition 3.4l we obtain a relationship between
the scattering operators and matrices.

Proposition 3.5. Under the assumptions of Proposition B4l the scattering operators
are related by the equation

(3.14) FS(H, Ho)F* = O FS(H, Hy) Fre 909,

For all X > 0, the corresponding SMs, S(\) = S(H, Hy; \) and §()\) = S(ﬁ[,Hg;)\),
satisfy the relation

(3.15) S(A) = eol@g(\)emidol=w),
or, in terms of the scattering amplitudes,

(3.16) S(w, w5 A) = ei%(“’)_i%(_”/)s(w,w'; A).
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We emphasize that relations (BI4)—(@3I0]) for the scattering operators and matrices
(but not (BI3)) for the wave operators) depend only on the asymptotics ¢g of the function
¢. Apparently, for the first time, formulas (BI3]) and B.I4) appeared in the paper [11]
in the case where d = 2 and under some assumptions on A. Actually, these formulas do
not require any assumptions at all.

Proposition 35l shows that, in general, the SM is not the identity operator for the zero
magnetic field.

Example 3.6. Let
A(x) = grad ¢(x),
where ¢(z) is as in Proposition B4l Then the wave operators W, (H, Hyp) exist and

Wi(H, Hy) = 10(@) Fro=ido(£6) £
S(H,Hy) = Freito(&)—igo(=&) £
The corresponding SM is independent of A and
S(H, Ho) = 0@ =ido(~w)

Relations (B.15) or (B.I6) show that the SM is not determined by the magnetic field
B(z) = curl A(z) only, although we have an explicit formula that connects the SM in
different gauges. This seems to contradict the following mental experiment. Suppose that
a quantum particle interacts with a magnetic field. Note that it is exactly a field, not a
potential, which can be created by our hands. However, to calculate the SM theoretically,
we must introduce a magnetic potential and then solve the Schrédinger equation. Thus,
the SM depends on a potential, and we can think that the particle itself chooses a gauge
convenient for it. There could be (at least) two possible explanations for this seeming
contradiction. The first is that the scattering amplitude s(w,w’; A) cannot be measured
experimentally, although this is widely believed to be possible. From this point of view,
only the (differential) scattering cross section

(3.17) Saig(w, @', A) = (2m) T INTED2 5w, NP, w £ W

(w’ is the incident direction of a beam of particles and w is the direction of observation)
can be found experimentally, which is compatible with (316). Another point of view is
that the experimental devices used for observation of a quantum particle are not harmless
and fix some specific gauge.

On the other hand, for a given field, the SM is stable under the short-range pertur-
bations of a potential. More precisely, the following statement is true.

Proposition 3.7. Suppose that the wave operators Wy (H, Hy) exist and that curl A(z) =
curl A(z) and

(3.18) Alz) = A(z) = O(Je]*),  p>1,

as |x| — oco. Then the wave operators Wi(ff, Hy) also exist, and the scattering operators
and matrices for the pairs Hy, H and Hy, H coincide.

Proof. By Propositions B4 and B3] it suffices to show that A(z) and A(x) are related
to each other as in ([BI2) with a function ¢(z) that has a limit (independent of &) as
|z| — co. We define ¢(z) as the curvilinear integral

o) = / (Ay) - Ay). dy)

taken between 0 and a variable point . By the Stokes theorem, this integral does not
depend on the choice of Ty, which implies BI2)). Moreover, choosing I', as the line
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segment connecting 0 and z = rw, w € S¥! and using (B.I5)), we see that the limit of
é(rw) as r — oo exists. It remains to show that this limit does not depend on w € S%~1.
Again by the Stokes theorem,

(3.19) d(rws) — Brwn) = / (A(y) — A(y), dy),

Sr(w1,w2)

where S, (w1,ws) is the arc of the circle centered at the origin and passing through the
points rw; and rwe. Condition (BI8) implies that the integral (3I9) tends to 0 as
r — 0. ]

§4. LONG-RANGE AHARONOV—BOHM EFFECT

4.1. First we discuss the case where d = 2. For a given magnetic field B(z) = (0,0, B(x)),
x € R?, the magnetic potential At (z) = (Agtr) (z), A(Qm (x),0) satisfying equation (L)
(or (I2))) and obeying the transversal gauge condition (L)) can be constructed by the
formulas

1 1
(4.1) Agtr) (z) = —332/ B(sx)sds, Ag“) (x) = xl/ B(sx)sds.
0 0

If condition (CI0) is satisfied, then (@) implies that A(*)(z) can be written as in (33),
where A() is a homogeneous function of degree —1 and AC°®)(z) = O(|z|~) with
p=r1—1as|z| — co. Indeed, A™) is given by the formula

(4.2) AN () = a()(—x2,21,0) |22, & =a/|z],

where
(4.3) a(;%):/o B(st)sds

is a function on the unit circle, and

A8 (z) = |27 (zq, —21) B(s)sds.

||
Moreover, if B € C°*°(R%) and for all a we have
(4.4) |0°B(z)| < Co(1+ |z)~m7lol r> 2,

then A™) € C>(R%), a € C(S), and estimates (3.5)) are valid for all .

Since curl A®) (z) = O(|x|~") and curl AT®®) () = O(|z|~"), the representation (B3.3)
shows that curl A (z) = O(|z|~") with r > 2. On the other hand, curl A(>)(z) is a
homogeneous function of degree —2, whence, necessarily,

(4.5) curl A (z) =0, z#0.

The same arguments (or ([E2])) show that the transversality condition (B4 is satisfied.
Thus, the potential A®)(x) satisfies Assumption
By (L3) and [@2), the total magnetic flux is equal to

(4.6) o= /S a() dip.

We recall that w(®) is obtained from w € S by rotation by an angle of +7/2 in the
positive (counterclockwise) direction. Set

(47) ser= [ aa wes
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where the integral is taken in the positive direction over the semicircle between the points
w) and w(*). Then

(4.8) flw)+f(-w) =2

for any w € S. Comparing formulas (£3) and (@7, we can express the function f(w) in
terms of the magnetic field:

(4.9) flw) = /< o B(x) dx.

In its turn, the integral (B.6]) can be expressed in terms of the function f(w).

Lemma 4.1. For all w € S*!, we have

(4.10) THw,w®)) = +f(w).
Proof. By [B.8), it suffices to consider the case of the upper (plus) sign. Since
((—wq — twé+),w1 + tw§+)), (wg’L),wéH)) = w1w§+) — w2w§+) =1,

for the potentials (£2) we have
> +tw )y dt
I{w,0™) = / (* ) .
(w,w'™) 7ooa R T
Making the change of variables ¢ = tan, we arrive at ([@I0]). O

Let S®)()\) denote the SM corresponding to the potential A®"). By Theorem 3.3} the
following two assertions are immediate consequences of Propositions 2.1] and (see also

Remark 223)).

Theorem 4.2. Let d =2, and let condition [@4) be satisfied. Define f(w) by (@9) and
set v+ = max f(w), v— = min f(w). Then for all A > 0 we have

(4.11) Tess(SU(N)) = [exp(in-), exp(in )] U [exp(—iv.), exp(—iy-)]

if 74 — - < 27, and 0ess (S (X)) covers the entire unit circle T C C if v, —y_ > 2.

Proof. We apply Proposition 2] to the PsDO Sy with the principal symbol (33]). By
(I0), in this case we have

(4.12) p(w,w™®)) = i W)

Therefore, if v, —y_ < 27, then the ranges of the functions p(w,w*)) and p(w,w())
coincide with the first and second arcs in ([4I1]), respectively. If vy —~v_ > 27, then
each of these ranges covers the entire unit circle. Thus, it remains to take into account
the fact that, by (B.I0), the essential spectra of the operators St ()\) and Sy are the
same. O

Theorem 4.3. Under the assumptions of Theorem 2l set
(4.13)

. ’
solw, &) = TN (cos(@/2)5(w, ) + 7 sin(®/2) PV, M).

|w — |
Then, for an arbitrary A > 0,
15 (w, w's A) = so(w,w’)| < C(N)|w — | 73570,

Here rg =1 if r < 3, and rq is an arbitrary number smaller than 3 if r > 3.
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Proof. Now we apply Proposition to the PsDO Sy with the principal symbol ([B3).
Comparing formulas ([Z3]) and ([{I2), we see that, in the case under consideration,

P (w) = 271 () 4 e @I p) () = (2mi) (@) — m ),

Using identity (£3]), we find that formula (2.3)) yields the expression ([£I13)) for the singular
part of the kernel of the operator Sy. The “regular” part of this kernel is O(jw — w'|7¢)
as |w —w'| — 0 for any € > 0. The kernel of the operator S,(\) in (B.I0) satisfies the
same estimate if r > 3, and it is O(Jw — /| 7377) if r < 3. O

Corollary 4.4. The diagonal singularity of the scattering cross section [BIM) is given
by the formula

(4.14) Sair(w, W' A) = 207 AT 25in?(0/2)|w — |72 + O(Jw — W'|7HHT).

Thus, the singular part Sy of the SM S ()\) is the integral operator in Ly(S) with
the kernel ([{.I3). Up to a phase factor, this operator is determined by the magnetic flux
® only (and does not depend on \). We see that, in dimension two, even for compactly
supported magnetic fields with ® ¢ 27Z, the SM involves a singular integral operator,
and that the forward singularity (£I4]) of the scattering cross section is stronger than
for the short-range magnetic potentials, where it is O(jw — w’|~#*2#). On the contrary,
if ® € 2xZ, then, by [@8) and (£I3), the operator Sy acts as multiplication by the
function e/ ) As we shall see in the next section, this situation is typical in the case
of dimensions d > 3. Note also that if B(x) is an even function, that is, B(z) = B(—z),
then, again by [@8), f(w) = ®/2 for all w € S, so that the first factor on the right-hand
side of [@I3) equals 1. In this case, dess(S(\)) consists of the two points e*®/2 and
e*®/2 Of course, if a(w) = —a, then formula ([@I3) coincides, up to smooth terms,
with formula ([6]), provided that the natural parametrization of the unit circle S by the
points 6 € [0, 27) is used.

As a specific example, consider the field

B(z) = Bo(r) + Bi(r){g, %), 1= |z],

where By and B; are C*°-functions with compact support and ¢ € R? is a fixed vector.
Formula (#3)) shows that in this case,

a(®) = —a+ (p,#), ac€R, pecR?
where

a:—/ By(r)rdr, p:q/ By (r)rdr.
0 0

Clearly, ® = —27a. We calculate the function ([1). For an arbitrary w € S, let ¢ be the
angle between w and p, and let 6 be the angle between & and p. Then a(£) = —a+|p|cosf
and

o+m/2
f(w) = —ma+ |p| cosBdf = —mwa + 2|p| cos p = —ma + 2(p, w).
p—m/2
Therefore, the conclusion of Theorem [£2is true with v, = —7ra+2|p| and y_ = -7 —

2|p|. In particular, if 2|p| > 7, then gees(S®) (X)) = T. On the contrary, ess(S®(N))
consists of the two points exp(mia) and exp(—mia) if p = 0. The phase factor in ({I3)
equals exp(2i(p,w(7))).

Actually, the results stated above do not require that the potential satisfy the transver-
sality condition (I9)). The next result follows from Theorem combined with Propo-
sitions 2] and
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Theorem 4.5. Suppose that A € C™(R?) admits a representation ([B3), where A(>)
is the function [E2) with a € C=(S), and AU®) satisfies estimates (B.5). Let f be the
function [1). Then all conclusions of Theorems and &3 remain true for the SM
corresponding to the potential A.

We discuss this result from the viewpoint of gauge transformations. Let two poten-
tials A(z) and A(z) satisfy the assumptions of Theorem E5, and let ® and ® be the
corresponding magnetic fluxes. If they are related to each other as in (B12) with ¢(x)
satisfying the conditions of Proposition B4 then ® = ® and

(4.15) a(w) = a(w) + ¢p(w),
whence, by ([@T),
F@ ) = f®) = f(0) = fF@™)) +2(go(w) — o(—w)).
Relation (@3] implies that the singular parts of the corresponding SM satisfy the identity
(4.16) So(w,w') = ePo@)=ido(=w)g (4 o),

which agrees with the exact formula (BI8]) for scattering amplitudes.
Conversely, if ® = ®, then the function

(4.17) do(w) = / (@) —aw) dy

(the point wy € S is arbitrary but fixed) is well defined on the unit circle and (@I5) is
satisfied. Set ¢(z) = n(|z|)¢po(Z), where n € C*°, n(r) = 0 in a neighborhood of zero,
and n(r) = 1 for large r. From ([@IH]) we see that [B.12) is fulfilled up to a term Ag ()
satisfying estimates (3], that is, A = A + grad ¢ + Ay, Therefore, the SMs S()\) and
S (M) for the Schrédinger operators with the magnetic potentials A and A — A, satisfy
BI3), so that their singular parts satisfy (£I6). This implies that if [@I3]) is fulfilled
for A — A, then so it is for A. Thus, for a given ®, it suffices to prove Theorem F3]
only for one function a satisfying [@8) (but for all short-range terms A(®)). We can
choose a(w) = (27)~1®, which reduces the proof of Theorem 3 to the case of a constant
function a. In particular, if ® = 0, then the problem reduces to the short-range case.
The same can be said about Theorem [L.2] for even functions a(w) only. Then the function
(ETD) is also even, so that, by (BI5), the SMs S(\) and S()\) are unitarily equivalent.

4.2. Here we consider arbitrary magnetic potentials A(z), x € R?, with Coulomb decay
at infinity and satisfying, at least asymptotically, the transversal gauge condition. For
such potentials, in general, the magnetic field B(z) = curl A(x) decays as |z| =2 at infinity,
so that the assumption (LI0) is not satisfied. We shall show that in this case the SM
involves a singular integral operator and, hence, the long-range AB effect occurs.

The next two results extend Theorems and to the case where d = 3. Again,
they follow from Theorem [B.3] and Propositions 2.1] and applied to the PsDO with
the symbol (39).

Theorem 4.6. Suppose that d = 3 and that Assumption is satisfied. Let I(x,&)
be as in (BO). Then oess(S(N)) coincides with the range of the function I(y,w) for all
,w € S? such that (1,w) = 0.

Theorem 4.7. Under the assumptions of Theorem L6 define the functions

(4.18) P (w) = (2m) 71 / exp(il (v, w)) dp, S, =S?>NIL,,

Se

(4.19) q(w,7) = —(27T)72/S (exp(il (v, w)) — p™) (W) (¢, 7) — i0) " o,

w



SCATTERING BY MAGNETIC FIELDS 889

and set
(4.20) so(w,w’) = p)(W)d(w,w') + P.V. g(w,w’ — w).
Then for an arbitrary A > 0 the scattering amplitude satisfies the estimate

[5(0,0'5 A) — s0(,0")| < CA e — /| 72+,
where po = p if p € (1,2) and pg =2 if p > 2.
Corollary 4.8. If w # W' but w — w' — 0, then

s(w,w; \) = q(w,w — w) + O(Jw — W'|73Tr0),
Corollary 4.9. If w — &', then

Yaie (w,w’; A) = (27)* A7 g(w, W’ — w)|? + O(|lw — |75 F0).

Note that here the order of singularity |w—w’|~ is the same as for the electric Coulomb
potentials. We emphasize also that the singular part ([@20) of the SM does not depend
on A.

Formula (£T9]) shows that if the function I(x,w) does not depend on x, then g(w, 1) =
0, so that the singular integral operator in ([£20]) disappears. In the next section we shall
see that this situation really occurs if the magnetic field satisfies condition (LI0I).

Nevertheless, g(w,7) is nontrivial in the general case. We consider (see [16] for the
details) two specific examples of potentials A(>)(z) homogeneous of degree —1 and sat-
isfying the transversality condition ([B.4]). The corresponding fields curl A(x) decay only
as |72 at infinity.

The first of these potentials is defined by

A(OO)(CE) = ‘.’L‘|73(C¥1.’IJ2$3,0(2:C3$1,O[3$1.’L‘2), x = (z1,22,23) € R3,

where the a; are constants and o; + a2 + @3 = 0. An easy calculation shows that the
function &0 is equal to

I(z,w) = 2\x|72(a1w1x2x3 + Qowe 3Ty + 3wW3x1T2).

Since this function depends on z, it cannot be expected that ¢(w,7) = 0.

Actually, the functions p®¥)(w) and g(w,7) can be calculated explicitly. For any
w = (w1, ws,ws), the coordinates of an arbitrary point x = (x1,z2,23) € S, = S2 N 1L,
can be written, for some 6 € [0, 27), as

21 = —(w] + w3) "2 (wy cos 0 + wiws sin 0),
(4.21) Ty = (Wi + w§)71/2(w1 cos 0 — wows sin 6),
z3 = (W? + w2)/?sing.
We set

1/2
Aw) = (@] +wB) " (40fuiwdul + (01(wf - whwd) - as(w] - wiu))?)

and define the angle 0y(w) by the formulas
sin fp(w) = —2a3wiwsws(wi +w3) T AW) T,
cos o (w) = (a1 (Wi — wiw]) — as(wi — wiwi)) (Wi +w3) T Aw)

Then
27
P (w) = (2m) 7" / cos(A(w) sin ) df
0
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and
2w
o) = —(2) 2 [ (AL REDED ) ) (2(9),7) ~ i0) 2 b,
0

where x(6) is defined by formulas (Z21).
As another example, we choose a modification of the AB potential

A(‘X’)(x) = —a|x\_2(—x2,x1,0).

In this case,

1/2

I(z,w) = majz| Hwize — wary) = (1 — w3) % cosf

if z,w, and @ are related as in ({ZI). Plugging this in (@IR) and (@I9), we obtain
explicit representations for the functions p(®")(w) = p()(w3) and q(w, ) = q(ws, 7):

2m
p) (ws) = (27r)_1/ cos(ma(l — w?)'/? cos 0) db,
0

2w
dfane) = ~(2m) 2 [ (e e 00 ) (a(6).7) — i0) .

In both of these examples the SM involves a singular integral operator, and hence, the
long-range AB effect occurs.

§5. THERE IS NO LONG-RANGE AHARONOV—BOHM EFFECT IN DIMENSION THREE

5.1. In this section we suppose that the dimension d is 3. Our results remain true for all
d > 3, but not for d = 2. Let B(x) = (B1(z), B2(x), B3(x)) be a magnetic field such that
div B(z) = 0. We recall that a magnetic potential A (z) = (A(lm (z), Aétr)(:v), Agtr) (2))
satisfying equation (LI and the transversal gauge condition (L9) is constructed by the
formula

(5.1) Ag“)(g;) = /01 (Bg(sa:)ajg - Bg(sx)xz)sds.

The expressions for the components Agr) (z) and Aétr)(x) are obtained by cyclic per-
mutations of the indices in ([5.1). If estimate (LI0) is satisfied, then A®)(z) admits a
representation (3.3, where

(5.2) A§°°)(x) = |z| 72 /000 (Bg(sfc)m - Bg(S.’f?)IQ)SdS,

(53) AP @) = el [

||

<Bg(si‘)x3 — B3(3£)x2) sds.

Thus, A(®)(z) is a homogeneous function of degree —1, and A®)(z) = O(|z|~*) with
p=r—1>1as|z| — co. Asin the two-dimensional case (see Subsection 4.1), we check
that A (z) satisfies equations (4) and @3).

Given a magnetic field B(x) obeying condition (LI0), we now construct a magnetic
potential A(z) satisfying equation (LI)) and estimate (7). We start with the magnetic
potential A" in the transversal gauge. Let A() be the function (5.2). We introduce
the function U(x) for x # 0 as the curvilinear integral

(5.4) U(z) = / (A (y), dy)

taken between some fixed point zy # 0 and a variable point z. It is assumed that
0 & I'y, .z, and then, by (AI) and the Stokes theorem, U(z) does not depend on the
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choice of a contour Ty, .. We have used the fact that the set R?\ {0} (and R¢\ {0} for
all d > 3) is simply connected. Clearly,

(5.5) AP (z) = grad U(z).

Moreover, the function U(x) is homogeneous of degree 0. Indeed, if 5 = yx1, 7 > 1, then
we can choose 'y 4, = Ty 2, U (21, 22), where (21, 22) is the line segment connecting x4
and zo. If y € (x1,22), then (A(®)(y),dy) = 0 by @4). Consequently, U(z;) = U(zs).
We use the definition (5.4 away from some neighborhood of the point = 0 and extend
U(z) to R? as a differentiable function. For instance, we can choose numbers Ry > Ry > 0
and a function n € C*°(R3) such that n(z) = 1 for |z| > Ra, n(z) = 0 for |z| < R; and
then replace U(z) with n(x)U(z). Now we set

Alz) = A (2) — grad(n(a)U (x))

5.6
>0 = AU () + (1 - n(2)) A (2) — U (x) grad (z),

so that A(x) = Ate®)(z) for |x| > Ry and A(x) = A (z) for || < Ry. Thus, we arrive
at the following result.

Proposition 5.1. Suppose that div B(x) = 0 and that condition (LIQ) is satisfied. Let
A(x) be the magnetic potential defined by formula (5.8) where A (z), A8 (x), and
U(z) are the functions (52), (B3), and &4, respectively. Then A(z) satisfies equation
I and estimate (L). Moreover, A(x) has compact support if B(x) has compact
support.

In the case of magnetic fields B(z) with compact support, our construction is close
to that of [3]. In the proof of Proposition [B] we could have started with a magnetic
potential A(°)(z) satisfying the Coulomb gauge condition div A()(z) = 0. However, this
is less convenient.

Suppose that a magnetic field is localized in some ball B, B’ is a slightly larger ball,
and a direct interaction of quantum particles with this field is excluded by the Dirichlet
boundary condition on dB’. Proposition [5.I]shows that we can choose a magnetic poten-
tial with support in B’, so that scattering is trivial in this case. On the other hand, if a
magnetic field is supported on some torus T and the Dirichlet boundary condition is put
on the boundary of a slightly larger torus T’, then the Stokes theorem does not allow us
to find a potential supported on T’ (provided the magnetic flux through a section of T is
not zero). Therefore, scattering is nontrivial in this case, although it is of a short-range
nature.

Let A(B) denote the class of magnetic potentials satisfying equation (ILT]) and estimate
(L) for some p > 1. This class is nonempty by Proposition 5.1l If A € A(B), then, for an
arbitrary function ¢(z) such that grad ¢(z) = O(|z|~*), the potential (B.I12)) also belongs
to this class. By Proposition 3.7, the SM for the pair Hy = —A, H = (iV + A(x))? does
not depend on the choice of A € A(B) and, thus, is determined by the magnetic field
B(x) only. We say that this SM S(\) = S(A; B) is the SM for the field B(z).

Comparing Propositions Bl and 5], we arrive at the following result.

Theorem 5.2. Suppose a magnetic field B(x) is such that div B(z) = 0, condition (LI0)
is satisfied, and A is a magnetic potential A(B). Then the wave operators for the pair
Hy = —A, H = (iV + A(x))? ezist and are unitary, and the SM S(\) for the magnetic
field B(x) is a unitary operator for all A > 0. The operator T(\) = S(A\) — I is compact
and belongs to the trace class if r > 4. Ifr >4+ n, n =0,1,2,..., then T(\) is an
integral operator with kernel of class C™(S? x S?). If condition (&4) is fulfilled for some
r € (2,4) and all multi-indices o, then the operator T(\) has an integral kernel that is
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a C®-function away from the diagonal w = W' and is bounded by C(\)|w — w'|~4F"

W — w.

Corollary 5.3. If estimate (LI0) is satisfied for r > 4, then Zqig(w,w’; \) is a bounded
function of w,w' € S2. If condition [@&4) is satisfied for some r € (2,4) and all multi-
indices «, then

as

Yair(w,ws A) = O(|lw — /| 7872") asw — W

Using the first formula in (5.8) and applying Proposition to the function ¢(x) =
U(x), we can also describe the structure of the SM in the transversal gauge.

Proposition 5.4. Suppose that a magnetic field B(x) satisfies the assumptions of The-
orem B2 Let S®)(\) be the SM for the pair Hy = —A, H = (iV + A" (z))2. Set

u(w) =U(w) - U(-w),
where the function U(x) is defined by formula (54]). Let Sy be the operator of multipli-

cation by the function exp(iu(w)). Then all the results of Theorem concerning the
operator T(X) are true for the operator T (\) = S (\) — S.

If a magnetic field B(x) satisfies the assumption ([£.4)), then, as in the two-dimensional
case (see Subsection 4.1), Proposition [£.4] can be deduced from Theorem and Propo-
sition 221 Such an approach was used in [8]. Indeed, if curl A(z) = o(|z|72) as || — oo,
then condition (LX) is necessarily satisfied, so that the function (54)) is well defined. In
this case the function I(x,w) does not depend on z and is equal to u(w). Actually, (53]
implies that

[e%e] ) T d
(5.7 I(z,w) :/_Oo<gradU(x+tw),w> dt:Tlgnoo _TEU(:U—i-tw) dt
:Tli_r)r(lx(U(x—l—Tw)—U(x—Tw)):U(w)—U(—w).

Therefore, the function ([@I9) is zero, and the singular integral operator in ([20) disap-
pears.

In dimension 2, the above construction works if (and only if) the total magnetic flux
® is zero. Indeed, in this case

/ (A (), dz) = 0
|z|=R

for any R > 0, so that the function (54) is well defined again. Then Proposition B.1] for
the potential (5.6) and Theorem [(.2] for the SM remain true. The only difference is that
under the assumption ([£4)) the integral kernel of the operator T'()\) is O(|w — w'|73%7)
asw—w — 0.

5.2. As an example, in the space R? we consider a toroidal solenoid T symmetric with
respect to rotations around the xz-axis (the latter does not intersect T). Suppose (which
looks quite realistic) that the magnetic field is given by the formula

B(x1,29,23) = —a(x? + 23) "' (—29,21,0), a = const,

inside T and is zero outside. Then div B(x) = 0 and the current curl B(x) is zero if
x ¢ JT. Of course, Theorem applies to this field; hence, S(A) — I is an integral
operator with kernel of class C*°(S? x §?).

We illustrate our construction by this example. First, we construct the potential
AWM () by formula (GI). We assume that the section S of T, say, by the half-plane
xo = 0, z1 > 0 is strictly convex and has a smooth boundary 0S but is not necessarily
a disk. Let L., z € R, be the half-line consisting of the points s(1 + 22)~/2(1,0, z) for



SCATTERING BY MAGNETIC FIELDS 893

all s € Ry. We denote by 21 and zy the values of z for which L, is tangent to 0S and,
for z € [21, 22|, denote by sy (z), 54 (2) > 2_(2), the values of s for which L, intersects
S. For & = (1,2, x3), set z = z(x) = x3(2? +3) /2. Taking the rotational symmetry
into account, we see that sz € T if and only if s|z|(1 4 22)~1/2(1,0,2) € S or »_(2) <
slz| < s, (z). Thus, the integral (5I) equals zero (and hence A®)(z) = 0) if 2(x) ¢
(21, 22), and this integral is actually taken over the set [0, 1] N [sc_ (2)|z| 7, 4 (2)|2| 1] if
z(z) € (21, 22). Therefore, A (z) = 0 if |2| < 2_(2),
1
A(ltr) (z) = —aziz3(z? + x%)*l/ ds
»—(2)/]=|
= —aaaa(at +43) (1= (3)/fo]) = AV (@)

(5.8)

if 52 (2) < [z] < 5:(2), and

A o) = —amsaa(e? + 28t [T
1 = 1x3(x] + 23) ds
s (2)/|z]

= —amwz(a] + 23) 7 a7 (o (2) — 22 (2))

(5.9)

if || > 54 (z). The components Agr) () and Aétr)(x) can be found in a similar way. In
particular,

AP (@) = zras(2? + 2 Y| Yg(2),

(5.10) A (@) = wowa(a? + 22) Y| Yg(2),

where

9(2) = —a(ep(2) = 2 (2))-
Clearly, g(z) is a continuous function, £g(z) > 0 if Fa > 0 for z € (21, 2z2), and g(z) =0
for z & (21, 22).

Let K be the cone in R? where z(x) € [21, 22]. Then T C K, and T and K are tangent
to each other. The internal (external) part of K\ T will be denoted by Kint (Kext). Of
course, At (2) = 0 if ¢ K. By (58) and (59), we have

A (z) =0, z € Kint,
A () = AO(z), zeT,
AW (z) = AN (2), 2 € Koy

Now, formula (B3)) for A®)(z) shows that
)

A(reg (z) = —A(m)(x), z € Kin,
(5.11) A8 () = AO(z) — A (2), zeT,
Alreg) (x) =0, T € Kext-

Taking (B.I0)) into account, we see that a function U(x) satisfying (55) can be con-
structed by the explicit formula

(5.12) U(z) = Glas(2] +23)"'/?),
where

(5.13) G'(2) = —g(2)(z2 +1)7V/2



894 D. R. YAFAEV

In particular, U(x) is a constant for z(x) & (z1,22). Since U(z) is defined up to a
constant, we can set U(z) =0 for z(z) < z;. Then

U(z) =Uy = 7/00 gty (> +1)"2dt

for z(x) > zo. It is easy to check that —Up is equal to the magnetic flux &, through
the section S of the solenoid T. Indeed, let wy = (0,0,1), (zo,wo) = 0, and let |z
and R be sufficiently large. By the Stokes theorem, ®, is equal to the circulation of
the potential A®) () over the closed contour formed by the four intervals (—Rwy, Rwg),
(Rwo, Rwo+10), (Rwo+xo, —Rwo+0), and (—Rwy+xo, —Rw). Observe that A®) () #
0 only on the interval (Rwg + xg, —Rwo + 20), where A®)(z) = A(>)(z), so that

R
o, = —/ <A(OO)(JZQ + tWQ),w0> dt.
R

Passing to the limit as R — oo and using ([B.0), we see that &5 = —I(xg,wp). Conse-
quently, by (B.1), we have
(514) ‘bs = —U(wo) = —U().

Now suppose that the number Rs in the definition of the cut-off function n(z) is
chosen in such a way that the ball || < Ry does not intersect T. First, let z ¢ K, so
that A®)(z) = 0. Then the first formula in (56 shows that A(x) = 0 if 2(x) < z;, and

A(z) = —Upgradn(z), = ¢K, z(z)> z.
If x € K, then, by (5I1)) and the second formula in (50]),

A(xz) =0, |z| < Ry,
A(z) = —grad(n(z)U(z)), R <[z < Ry,
A(z) = AU8) (1), |z] > Ro.

In particular, A(z) = 0 if & € Texs.

The function g(z) can be calculated explicitly if S is a disk. Suppose that this disk
has radius r, its center belongs to the xs-axis, and the distance from the center to the
xg-axis is [, [ > r. Then the equation of 0T is

(5.15) (a2 4+ 222 — )2 4 22 = 2.

Setting 2o = 0, x3 = zx1, we obtain an equation for ;1 = z1(z). The roots of this
equation give us the numbers (1 4 22)~'/25.(z). Thus,

() = (1423 V2% (12 = (2 = %)),

whence
g(z) = —2a(1+ ,22)71/2(7“2 - (12 - r2)22)1/2.

In particular, —z; = 2y = r(I* — r2)~/2 for this function.

Returning to the general case, we emphasize that a potential A(z) satisfying the
conclusions of Proposition [5.1lis highly nonunique. Actually, the gradient of an arbitrary
short-range function can be added to A(x). For example, in the case of (515) a magnetic
potential completely different from that constructed above can be found in the book [I].

Finally, we calculate the SM S (tr)()\). By Proposition 5.4 up to an integral operator
with a C™-kernel, the SM S(")()\) is the operator Sy of multiplication by the function

exp(iu(w)), where, by (512) and (BI3)),

u(w) = q(w3(]‘ - w§)71/2)7 w = (wl,WQ,LU3) S 827
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and ;

12) = G2) - G2 =~ [ g+ 1) 2.
Clearly, q(—z) = —q(z), q(z) is a monotone increasing (decreasing) function if o > 0
(o < 0), and ¢(z) is a constant, ¢(z) = qo, if z > max{|z1],|22|}. Relation (BI4)) implies
that

qo = u(wo) = U(wp) — U(—wp) = —Ds.

Thus, u(w) depends only on the coordinate w3 and takes all the values between —|®]
and |®,|. Therefore, (St (\)) coincides with the arc [e~!I®s|, e!l®:]] if |®,| < 7, and
covers the entire unit circle if |®;] > 7.
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