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ISOGENY CLASSES OF FORMAL GROUPS
OVER COMPLETE DISCRETE VALUATION FIELDS

WITH ARBITRARY RESIDUE FIELDS

M. V. BONDARKO

Abstract. An explicit construction is described for computing representatives in
each isogeny class of one-dimensional formal groups over the ring of integers of a
complete discrete valuation field of characteristic 0 with residue field of characteris-
tic p. The logarithms of representatives are written out explicitly, and the number
of nonisomorphic representatives of the form described in each isogeny class is com-
puted. This result extends and generalizes the result obtained by Laffaile in the
case of an algebraically closed residue field. The homomorphisms between the repre-
sentatives constructed are described completely. The results obtained are applied to
computation of the Newton polygon and the “fractional part” of the logarithm for an
arbitrary one-dimensional formal group. Moreover, the valuations and the “residues”
of the torsion elements of the formal module are calculated. A certain valuation of
logarithms of formal groups is introduced and the equivalence of two definitions of
the valuation is proved. One of these definitions is in terms of the valuations of the
coefficients, and the other is in terms of the valuations of the roots of the logarithm
(i.e., of the torsion elements of the formal module). This valuation only depends on
the isomorphism class of a formal group, is nonpositive, and equals zero if and only if
the formal group in question is isomorphic to one of the representatives considered.

The classification results of M. V. Bondarko and S. V. Vostokov on formal groups

are employed, including invariant Cartier–Dieudonné modules and the fractional part
invariant for the logarithm of a formal group.

Introduction

In [6] it was proved that any isogeny class of one-dimensional formal groups over the
ring of integers of a complete discrete valuation field of characteristic 0 with algebraically
closed residue field of characteristic p contains a formal group law the logarithm of which
has a certain explicitly described form. This result was an important step towards the
classification of one-dimensional formal group laws up to isogeny. Our aim in the present
paper is to extend this result to arbitrary mixed characteristic complete discrete valuation
fields. In contrast to [6], we describe explicitly the relationship between the logarithms of
all formal groups in an isogeny class and the logarithm of the representative constructed.
We also calculate the number of pairwise nonisomorphic representatives of the form
described in each isogeny class. We completely calculate the homomorphisms between
our representatives. As an application, we calculate the valuations and the “residues” of
the torsion elements of the formal module. We also compute the “fractional part” of the
logarithm for an arbitrary one-dimensional formal group (see the definition below and
also [1, 2]). Recall that the fractional part of the logarithm is an invariant of formal group
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976 M. V. BONDARKO

laws that classifies the formal groups up to an isogeny of a certain type, described in
[2] explicitly. This invariant gives somewhat better information about the formal group
than the functor constructed by Fontaine in [4]. Note that, for a nonperfect residue field,
no classification results apart from those proved in [2] were known previously.

For the construction of canonical representatives and the verification of the main
results, we apply the methods of the papers [1] and [2]. We recall the definitions and main
properties of the invariant Cartier–Dieudonné modules. We also present the definition
of the invariant for the fractional part of the logarithm and compute this fractional part
for all one-dimensional formal groups. For simplicity, we formulate all definitions and
results of [2] only for one-dimensional formal groups (though all of them can be extended
naturally to commutative formal groups of arbitrary dimension).

We start the paper with citing the main definitions and results of [2]. At the beginning
of §1, we recall the definition of a p-typical formal group. For simplicity, we mainly con-
sider formal groups of that type, though our methods apply to arbitrary formal groups.
One of the main differences of the case of an arbitrary residue field from the case of an
algebraically closed (or merely perfect) residue field is that in the general case there is
no canonical inertia subfield (and no Frobenius automorphism on it). Yet we recall an
important structural theorem, proved in [2], which states that each absolutely unramified
complete discrete valuation field admits (at least one) Frobenius operator σ. In [2] it was
also proved that any complete discrete valuation field is a totally ramified extension of
some σ-field. At the end of §1, we recall that the operator corresponding to the logarithm
of a p-typical formal group over a totally ramified extension of a σ-field can be presented
as a fraction of a certain sort.

In §2 we recall the definition of the invariant Cartier–Dieudonné module for a formal
group. By using the properties of these modules, we construct a certain class of “nice”
formal group laws explicitly.

In §3 we recall the properties of the “fractional part” for power series and formal
groups. We define a certain valuation of formal group laws in terms of the coefficients
of their logarithms. We describe homomorphisms between “nice” groups in terms of the
fractional parts of their logarithms. Finally, we formulate the main theorem and prove
that any formal group is isogeneous to a nice one.

In §4 we study the relationships among the Newton polygons, the valuations of the
roots of the logarithms, and other invariants of formal groups. Using the results obtained,
we calculate the fractional part of the logarithm for an arbitrary formal group. We prove
that the valuation of the logarithm can be expressed in terms of valuations of its roots;
hence, it depends only on the isomorphism class of formal groups. We verify that the
valuation is 0 if and only if the formal group in question is isomorphic to a “nice” one.
We also prove that the “niceness” of a formal group depends entirely on the fractional
part of its logarithm. Next, we conclude the proof of the main Theorem 3.4.1. At the
end of the section, we recall the definition and the properties of the invariant Cartier–
Dieudonné modules for non-p-typical formal group laws. These properties allow us to
decide whether or not an arbitrary (not necessarily p-typical) series is the logarithm of
a formal group isomorphic to a given nice group.

In §5 we compare the fractional part of the logarithm functor with the functor con-
structed by Fontaine in [4]. Our results yield examples of formal groups whose Fontaine
invariants coincide but whose fractional part invariants are nonequivalent (i.e., the con-
sideration of the fractional parts shows that the formal groups are nonisomorphic).

The author is deeply grateful to Professor S. V. Vostokov for useful remarks.

Notation. K/N will denote a totally ramified mixed characteristic complete discrete
valuation field extension, e is the absolute ramification index of K, π is a uniformizing
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element of K, O is the ring of integers of N , OK is the ring of integers of K, M is the
valuation ideal of K, and k is the residue field of K. We write a ∈ k for the residue of an
element a ∈ OK ; v = vK is the normalized valuation of K extended to the completion
K of the algebraic closure of K. We denote by F a one-dimensional finite height formal
group law over OK ; the reduction of F modulo π is denoted by F .

All statements presented here without proof were proved in [2].

§1. Some results of [2]

1.1. p-typical groups. Throughout this paper we work with commutative formal group
laws over characteristic zero rings; therefore, our formal group laws have logarithms. The
following statement is well known (see [5, Theorem 16.4.14]).

Proposition 1.1.1. Let A be a commutative Zp-algebra. Then a formal group law with
the logarithm λ = x +

∑
i>1 aix

i, ai ∈ QpA, is strictly isomorphic over A to a formal
group law whose logarithm is λ′ = x +

∑
i>0 apj xpj

.

Thus, we may assume that the logarithm λ of the formal group F is of the form
Λ(∆)(x), where Λ ∈ K[[∆]]. Here we define the action of K[[∆]] on x, using the rule
a∆s(x) = axps

for any s ≥ 0, a ∈ K. Such groups are said to be p-typical.

1.2. σ-fields and their properties. The main structure theorem. We recall a
theorem that is important for the study of formal groups over rings with imperfect
residue fields.

A pair (N, σ) will be called a σ-field if σ is an endomorphism of N satisfying the
congruence σ(x) − xp ∈ pO for any x ∈ O = ON . Note that many rings admit more
than one σ. For example, on the valuation ring (for the valuation of rank one) of the
field Qp{{t}} (the smallest two-dimensional local field of characteristics (0, p, p)) we can
take σ(t) = tp, so that σ depends on the choice of t. Certainly, the absolute ramification
index of any σ-field is 1.

We formulate the main structure theorem for complete discrete valuation fields. It
was proved in [2] by using the method of [3, Chapter 2]. The author was not able to find
any similar result in other sources.

Theorem 1.2.1 (Main structure theorem). Any complete discrete valuation field K is
a totally ramified extension of some σ-field N .

In particular, on any absolutely unramified field, a Frobenius operator σ can be de-
fined.

We introduce some notation to be used throughout this paper.
For any σ-field N we consider a (noncommutative) ring W that coincides with O[[∆]]

as a left O-module and satisfies the relation ∆a = σ(a)∆ for any a ∈ O.
The N -module N [[∆]] with the same multiplication will be denoted by W ′; we also

consider NW =
⋃

i>0 p−iW ⊂ W ′.
w = (wi) will denote some base of OK over O.

1.3. Presentation of Λ as a fraction. From this point on, N will be a σ-field. We
have e = [K : N ].

The ring K[[∆]] has a natural structure of a right W -module. Note that, in order
to define this structure, we have no need to extend σ to K (since we do not consider
products of the type ∆x for x ∈ K \ N). For ai ∈ K, bi ∈ N , i ≥ 0, we define( ∑

ai∆i
)( ∑

bi∆i
)

=
∑
i≥0

∑
j+l=i, j,l≥0

ajσ
j(bl)∆i.
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The following statement was proved in [2].

Theorem 1.3.1. 1. Let Λ ∈ K[[∆]] correspond to a formal group F over OK (i.e.,
Λ(∆)(x) it the logarithm of a p-typical group F ). Then Λ can be presented in the form
vu−1, where vplπ−pl ∈ OK [[∆]], l = [logp(pe/(p − 1))], and u ∈ p + W∆.

2. Let Λ = vu−1, Λ′ = v′u′−1, where F and F ′ are finite height formal groups. Then
u = u′ε for ε ∈ W if and only if F = F

′
(as series over k).

3. If u =
∑

ui∆i, then the height of F equals min{i : p � ui}.

We call u a special element of W ; the height of u is defined as the height of F .

§2. Invariant Cartier–Dieudonné modules; the construction of nice

formal groups and their properties

2.1. Invariant Cartier–Dieudonné modules. For each α ∈ K, we define an operator
〈α〉 on K[[∆]] by 〈α〉(

∑
ci∆i) =

∑
ciα

pi

∆i. Let w be a base of OK over O.

Definition 2.1.1. For a formal group F with logarithm λ = Λ(x), Λ ∈ K[[∆]], we define

DF = 〈〈wi〉Λ〉W =
∑

〈wi〉W ⊂ K[[∆]].

DF will be called the invariant Cartier–Dieudonné module of the formal group F .

Proposition 2.1.2. 1. DF does not depend on the choice of the base w.
2. Let a ∈ OK , and let D1 and D2 be the invariant Cartier–Dieudonné modules of F1

and F2, respectively. Then a homomorphism f : F1 :→ F2 such that f(x) ≡ ax moddeg 2
exists if and only if aD1 ⊂ D2.

3. Formal groups F1 and F2 are strictly isomorphic if and only if D1 = D2.
4.

DF = {f ∈ K[[∆]] : expF (f(∆)(x)) ∈ OK [[x]]},
where expF is the composition inverse to λF .

5. For any α ∈ OK , we have 〈α〉DF ⊂ DF .

Part 5 shows that DF ∩OK is an ideal of OK . We introduce the notation DF ∩OK =
Mn(F ).

Since DF is a W -module, we have Mn(F )[[∆]] ⊂ DF .
For a formal group F and a ∈ OK , we denote by Fa the formal group law a−1F (ax, ay).

Obviously its coefficients are integral, and if λ = Λ(x), then the operator ΛFa
correspond-

ing to Fa is equal to a−1〈a〉Λ.

Proposition 2.1.3. 1. Let Λ =
∑

ai∆i. Then n(F ) = max(0,−[infi>0
v(ai)
pi−1 ]).

2. n(Fπ) = max(0, n(F ) − 1).

Proof. 1. If infi>0
v(ai)
pi−1 ≥ 0, then λ ∈ OK [[x]], and we are done.

Now, let infi>0
v(ai)
pi−1 = s < 0. Since limi

v(ai)
pi−1 = 0, we see that s ∈ Q and there exists

j ∈ Z such that v(aj)
pj−1 = s. Let expF =

∑
bix

i. We consider the field L = K[πs] and
introduce the variable y = πsx. We have λ(x) = π−sf(y), f ∈ y + OL[[y]]y. For the
power series g that is the composition inverse to f , we have expF (π−sx) = π−sg(x). We
obtain n(F ) ≥ −[infi>0

v(ai)
pi−1 ].

On the other hand, since the reduction of f is a polynomial, the reduction of g is not.
Therefore, there exist arbitrarily large j such that v(bj) = (j − 1)s. Hence, expF (ax) /∈
OK [[x]] whenever v(a) < s.

Part 2 follows from part 1 immediately. �
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2.2. The construction of formal groups.

Proposition 2.2.1. Let s = −[e/(1 − p)], let a ∈ OK , and let vK(a) = l ≤ s. Suppose
that Λ = vu−1 for some special u ∈ W , and that for a formal group law F ′ over OK

satisfying a−1πsOKWm ⊂ DF ′ we have 〈a〉Λ ∈ aDF ′ and v ∈ πsDF ′ . Then Λ(X) is a
logarithm of a formal group law F over OK , and F ′ is strictly isomorphic to Fa.

This statement was proved in [2].

Proposition 2.2.2. Let the height of u (see Subsection 1.3) be equal to h, and let v =
p +

∑∞
i=1 vi∆i. Suppose that the minimum of e−v(vi)

pi−1 is attained at i = s. We denote

by l = l(F ) the quantity min0<s<h( e−v(vs)
ps−1 , e

ph−1
). Let v(vi) ≥ max(l, e − l(pi − 1)) for

i ≥ 1. Then for Λ = vu−1 the series Λ(x) is the logarithm of a formal group over OK .

Proof. Since the condition does not depend on K, we may assume that ps − 1 | e− v(vs)
for all s < h. As F ′ we take the additive formal group law. We have DF ′ = OK [[∆]]. It
is easily seen that for Λ =

∑
ci∆i we have v(ci) ≥ v(vi mod h) − e[i/h] (cf. Lemma 3.2.1

below). Hence, the conditions of Proposition 2.2.1 are fulfilled for a = πl. �

We say that a formal group F is nice if v(vi) ≥ e max(1 − i
h , 1

h). The logarithm of
any nice group satisfies the assumptions of the assertion proved above.

Observe that the condition on v is not affected by multiplication of Λ by an element
ε ∈ 1 + W∆. Therefore, the “niceness” of the logarithm does not depend on the choice
of a representation of Λ in the form vu−1.

§3. The properties of the fractional part;

formulation of the main theorem

In this section we prove that any (one-dimensional) formal group is isogeneous to some
nice group (see the definition in Subsection 2.2).

3.1. The fractional part of the logarithm of a formal group. In this subsection
we define the fractional part invariant and recall that the fractional part of the logarithm
classifies the formal groups up to isogeny of a certain type; this type can be described
explicitly.

Consider the ring

R = OK [[∆]] ⊗OK
K = OK [[∆]] ⊗Zp

Qp =
⋃
i≥0

pi
OK [[∆]] ⊂ K[[∆]].

For a formal group F , we define r(F ) as the residue Λ mod R. We have r(F ) ∈
Ru−1/R, where Λ = vu−1 is the presentation described in Theorem 1.3.1.

Note that r(F ) does not depend on the choice of the ground field.
We formulate the main results on fractional parts (for the proofs, see [2]).

Theorem 3.1.1. I. 1. A homomorphism f from F to F ′, f(x) ≡ apsx moddeg 2 for
some s ∈ Z, exists if and only if ar = r′ε for some ε ∈ NW . Here r = r(F ) and
r′ = r(F ′).

2. Let F and F ′ satisfy the conditions of part 1, let F be a finite height formal group,
and let Λ = vu−1. A homomorphism f from F to F ′, f(x) ≡ apsx moddeg 2 for fixed
s ∈ Z, exists if and only if apsv ∈ DF ′ .

II. Let F and F ′ be finite height formal groups, and let a ∈ K, b ∈ O, m ∈ Z. Present
u as p −

∑
ui∆i, ui ∈ O. Then uh ∈ O∗, ui ∈ pO for i < h, where h is the height of F .

If there exists an isogeny f =
∑

aix
i ≡ ax mod deg 2 from F to F ′ such that the height
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of f is equal to m and apm ≡ b mod π, then

(1) ar(F ) = r(F ′)bε∆m

for some ε ∈ 1 + W∆.
If the residue field k is perfect, then relation (1) characterizes all possible r(F ′) com-

pletely.

3.2. Valuation of the fractional part of the logarithm. Suppose the height of F
equals h, Λ = vu−1. It is easily seen that the residue of v modulo u can be found, i.e.,
for some w =

∑h−1
i=0 wi∆i and y ∈ R we have v = w + yu. The proof of this is almost

the same as for the standard statement about division with remainder for polynomials.
Hence, r(Λ) = r(wu−1).

We denote by bi = bi(F ) the numbers j, 0 ≤ j < h, for which the minimum of
v(wi) + ie

h is attained, 1 ≤ i ≤ s.
We denote s = #bi by s(F ).
We introduce a valuation vh on K[[∆]] \ {0} by the formula

vh

( ∑
i≥0

ai∆i

)
= inf

(
v(ai) +

ie

h

)

(in general, vh(f) can be equal to −∞).
Let v(F ) denote vh(w) − e.

Lemma 3.2.1. Let Λ =
∑

i≥0 ai∆i. Then for all i exceeding some I > 0 we have
1) v(F ) = v(ai) + ie

h if and only if v(wi mod h) = v(F ) + e(1 − { i
h});

2) v(ai) + ie
h > vh(F ) for all other i > I.

Proof. Consider the valuation subring Wh ⊂ W ′ with respect to the valuation vh, and
let Mh be its valuation ideal. We expand u as p −

∑
ui∆i, ui ∈ O. In Wh we have

u ≡ p − uh∆h mod pMh. Therefore,

(2) u−1 ≡ (p − uh∆h)−1 ≡
∑
j≥0

pj−1uhσh(uh) · · ·σjh−h(uh)∆jh mod p−1
Mh.

Moreover, wu−1 = vu−1 + f(∆), f(∆) ∈ R. For any real number y we denote by Mh,y

the set {f =
∑

aix
i ∈ K[[∆]] : v(ai) ≥ y − ei/h}. We have

(3) Λ ≡
∑
j≥0

pj−1wuhσh(uh) · · ·σjh−h(uh)∆jh mod(Mh,v(F )+1/h, R),

which implies the claim. �

3.3. The properties of nice groups. We use the properties of the fractional part of
the logarithm for the study of nice formal groups.

Proposition 3.3.1. 1. A formal group F ′ with logarithm λ′ = Λ′(x) is isomorphic to a
nice group F with logarithm λ = Λ(x) if and only if n(F ′) ≤ −[ e

h−ph ] and Λ′ε ≡ aΛ mod R

for some ε ∈ W ∗, a ∈ O∗
K .

Moreover, the series giving an isomorphism of F and F ′ is congruent to ax modulo
degree 2.

2. Let F and F ′ be nice groups, and let r and r′ be the fractional parts of their
logarithms. Then the following statement is true for any a ∈ OK :

There exists a homomorphism from F into F ′, and the series giving the homomorphism
is congruent to ax moddeg 2 if and only if for some ε ∈ W we have aΛ ≡ Λ′ε mod R.
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Proof. If F is isomorphic to F ′, then DF ′ = aDF , whence n(F ) = n(F ′). Now, by
Proposition 2.1.3, we obtain n(F ) ≤ −[ e

h−ph ]. Next, by part II of Theorem 3.1.1, we
have aΛ ≡ Λ′ε for some ε ∈ W ∗, a ∈ O∗

K , so that the series giving the isomorphism is
congruent to ax moddeg 2.

We prove the converse implication. We must check the conditions of part I.2 of
Theorem 3.1.1 for the groups F , F ′. Let Λ = vu−1. Since v ∈ M−[−e/h][[∆]], the
assumption on n(F ) implies that av ∈ DF ′ . Hence, there exists a series giving an
isomorphism of F and F ′ that is also congruent to ax modulo degree 2.

2. The existence of a homomorphism implies the condition on the fractional parts, by
part II of Theorem 3.1.1. The converse implication is obtained from part I.2 of Theorem
3.1.1 in the same way as above. �

Remark 3.3.2. We have proved that the homomorphism group for a pair of nice formal
groups can be recovered if we know the fractional parts of their logarithms. This is
similar to the corresponding result for homomorphisms of formal groups over fields with
low ramification (i.e., e < p; see [1], [4], and [2]).

Below we shall see that the condition on n(F ) follows from the condition on the
fractional parts automatically.

Now we study the endomorphism ring of a nice group.

Proposition 3.3.3. Let A ⊂ OK be the ring of OK-endomorphisms of a nice group F .
Then A is the ring of integers of some local field (i.e., a finite extension of Qp) L ⊂ K.

Proof. Let L be the fraction field of A. Since the height of F is finite, L is a local field
(see [5]). We must prove that α ∈ L ∩ OK implies α ∈ A. For some s ∈ Z we have
psα ∈ A. By part I.2 of Theorem 3.1.1, it suffices to verify that αv ∈ DF . This fact
follows from v ∈ M−[−e/h]OK [[∆]] ⊂ DF . �

3.4. The main theorem (statement and the beginning of the proof). For u =
p+

∑
ai∆i with ai ∈ O and r > 0, we denote by u(r) the power series p+

∑
σr(ai)∆i ∈

W . We have u(r)∆r = ∆ru.

Theorem 3.4.1. Let Λ = vu−1, let w be the residue of v modulo u, and let wu−1 =∑
si∆i. We denote by d the absolute ramification index of the endomorphism ring of F

(i.e., of its field of fractions).
Recall that the bi = bi(F ), 1 ≤ i ≤ s, denote the numbers j, 0 ≤ j < h, at which the

minimum of v(wj) + je
h is attained.

1. A nice group is isogeneous to F if and only if it is isomorphic to Fi for some 1 ≤
i ≤ s. Here Fi is a formal group with the logarithm Λi(x), where Λi = s−1

bi

∑
j≥0 sj+bi

∆j.
2. Fi is isomorphic to Fj if and only if d | (i − j).
3. The number of pairwise nonisomorphic nice formal groups in the isogeny class of

F is equal to s(F )/d.

Proof. First, we check that F is isogeneous to all Fi.
Denote sbi

by c. We have cΛi∆bi ≡ Λ mod R. Therefore, it suffices to verify that Λi

actually gives some nice formal group. Indeed, by Theorem 3.1.1, this group would be
isogeneous to F .

We denote bi by r. In the field K((∆)) we have

Λi = c−1
(
wu−1 −

r−1∑
j=0

csj∆j
)
∆−r = c−1

(
w −

r−1∑
j=0

csj∆ju
)
∆−ru(r)−1.
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By definition, Λi ≡ 1 mod ∆. Next, v(c) = v(F )− er
h . So, c−1(w−

∑r−1
j=0 csj∆ju)∆−r

satisfies the condition on v in the definition of a nice group. Taking u(r) for the role of
u in that definition, we see that Fi is a nice group.

The proof will be concluded in the next section. �

§4. Newton polygons and the valuations of roots

4.1. General results. For an arbitrary power series f =
∑

i>0 bix
i, bi ∈ K, its Newton

polygon is defined as the convex hull of the points (i, v(bi)).
Let v(b1) = 0 and suppose that the derivative f ′ of the series f belongs to OK [[x]]. We

shall say that the line z = cy+b contains a side of a Newton polygon for f if v(bi) ≥ ci+a
for all i > 0 and equality occurs for at least two different i. The pairs (i, v(bi)) for which
equality is attained are called the vertices of the Newton polygon.

We fix a uniformizing element π of K. Let K denote the completion of the algebraic
closure of K. In K we choose a compatible system of π1/s, s > 1, and extend the
valuation v to it. Denoting by MK the valuation ideal of K, we introduce the function
r : K∗ → kalg, r(x) = xπ−v(x) mod MK. Obviously, r(xy) = r(x)r(y).

Theorem 4.1.1. Suppose f satisfies the conditions described above.
1. For v(x) > 0, vx ∈ K, the series f(x) converges.
2. f has no multiple roots in MK.
3. Let c < 0, c ∈ Q, let the line z = cy + a contain a side of the Newton polygon

for f , and let v(bnj
) = cnj + a, 1 ≤ j ≤ s, n1 < n2 < . . . ns. Suppose that for

j �= ni we have v(bi) > ci + a. Then f has ns − n1 roots ri ∈ K with valuation
−c, and the values r(ri) coincide (with regard to multiplicities) with the set of roots of
h(x) =

∑
1≤j≤s bnj

π−cnj−axnj−n1 .
4. f has no other roots (with positive valuations).
5. We arrange the torsion elements of f in the order of decreasing valuations and

denote them by ti, i > 0 (so that t1 = 0). The relation

(4)
l∑

i=2

v(ti) = −v(bl)

is fulfilled if and only if (l, v(bl)) is a vertex of the Newton polygon; otherwise
∑l

i=2 v(ti) >
−v(bl).

Proof. 1. We have v(bix
i) = iv(x) + v(bi) → +∞.

2. Since v(f ′(x)) = v(b1) = 0, there are no multiple roots.
3. Consider g =

∑
π−a−cibix

i. The power series g is integral and is defined over
a finite extension of K. We have g(y) = h(y)yn1 . We expand g in accordance with
the Weierstrass Preparation Theorem. We have g(y) = cj(y)k(y), where c ∈ OK, j is
a unitary polynomial, and k(y) ∈ OK[[y]]∗. Therefore, the roots of g with nonnegative
valuations are the roots of j(y). Let j(y) =

∏
(y− ci) be the expansion of j as a product

of linear terms. We have j(y) = yn1h(y), whence the ci with 0 excluded are exactly the
roots of h. Since h(x) = πag(xπc), we obtain the claim.

4. Suppose that f has a root t with valuation u > 0. Then the minimum of v(bit
i)

must be attained at more than one i. Let this minimum be equal to b. Then the line
z = b − uy contains some side of the Newton polygon of f . Therefore, t is one of the
roots described above.

5. We prove (4) for the vertices of the polygon by induction on l > 0. For l = 1
the relation is obvious. Let (l1, bl1) and (l2, bl2) be two neighboring vertices. Then, by
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part 3, v(ti) = v(bl1 )−v(bl2 )

l2−l1
for l1 < i ≤ l2. Thus, if (4) is fulfilled for (l1, bl1), then it is

fulfilled for (l2, bl2) also.
Now, suppose that (l, v(bl)) is not a vertex of the Newton polygon. We choose the

largest j < l such that (j, v(bj)) is a vertex of the Newton polygon and let (w, v(bw)) be
the next vertex. Since (l, v(bl)) is not a vertex, we obtain

v(bl) > v(bj) +
(l − j)(v(bw) − v(bj))

(w − j)
.

On the other hand, for j < m ≤ w we have v(tm) = v(bj)−v(bw)
w−j . Therefore,

(5) v(tm) >
v(bl) − v(bj)

j − l
for j < m ≤ l.

Summing all inequalities (5) and adding relation (4) for (j, v(bj)), we obtain the claim.
�

4.2. Logarithms and isogenies of formal groups. The preceding statement allows
us to deduce a formula that expresses n(F ) in terms of the roots of the logarithm of F .

Proposition 4.2.1. n(F ) = −[min(−v(ti))], where the ti are the nonzero roots of λ,
i.e., the torsion elements of F (MK).

Proof. By Proposition 2.1.3, we have n(F ) = max(0,−[infi>0
v(ai)
pi−1 ]). On the other hand,

applying Theorem 4.1.1 to λF , we see that if λF has roots with positive valuation, then
− infi>0

v(ai)
pi−1 is equal to the largest valuation of the nonzero roots. �

Proposition 4.2.2. Let F and G be finite height groups, let f =
∑

i>0 aix
i be an isogeny

from F to G, let T be the kernel of f , and let s = #T . Then the following hold.
1. r(a1) = r(as)

∏
t∈T\{0} r(t).

2. Suppose x ∈ MK, v(x) = l, and for each t ∈ T we have v(x +F t) ≤ l. Then

(6) v(f(x)) =
∑

t∈T,v(t)<l

v(t) + l#{t ∈ T, v(t) ≥ l},

and

(7) r(f(x)) = r(as)
∏

t∈T,v(t)<l

r(t) ·
∏

t∈T,v(t)=l

(r(t) + r(x)) · r(x)#{t∈T,v(t)>l}.

Proof. We denote by PT the power series
∏

t∈T (x +F t). By the result of Lubin (see [5,
§35.2]), f can be represented as a composition of PT with an isomorphism. Therefore,

(8) f = cx ◦ g(x) ◦ PT (x),

where c ∈ O∗
K and g(x) ≡ x mod deg 2. Since the reduction of PT (x) equals xs, composing

it with cx◦g(x) does not affect the validity of the assertion, i.e., we may assume that f =
PT . For any t ∈ T we have t +F x ≡ t+x mod xtOK[[x]], which yields part 1 immediately.
Part 2 follows directly from the following fact: for y, z ∈ MK with v(y) ≥ v(z) we have
r(x +F y) = r(z) if v(y) > v(z) and r(x +F y) = r(x)+r(y) if v(x) = v(y) = v(x+y). �

Remark 4.2.3. For x ∈ MK, suppose that the maximum of v(x +F t) at t ∈ T is attained
for t = t0. Then f(x) = f(x +F t0), and x +F t0 satisfies the conditions of part 2. Thus,
we can compute v(f(x)) and r(f(x)) for any x. In particular, we can use the resulting
statement for x belonging to the torsion of F (MK); in this case x +F t0 will also belong
to the torsion.

The piecewise-linear function occurring in formula (6) is the Herbrand function for
the numbers v(t), t ∈ T .
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Proposition 4.2.4. Let F , G, T , and s = pl be as in Proposition 4.2.2. Then for any
formal group G′ strictly isomorphic to G we have

r(G′)ε∆s = a1r(F )

for some ε ∈ W , ε ≡ r(a1)
∏

t∈T\{0} r(t)−1 mod (p, ∆). For a perfect field, this relation
characterizes all possible r(G′).

Proof. This follows immediately from Theorem 3.1.1. �

So, for an arbitrary formal group the fractional part of the logarithm can easily be
expressed in terms of the fractional part of the logarithm for a nice group isogeneous to
the initial formal group. Indeed, the valuations and the residues of the torsion elements
of the formal module for a nice group are known. This can also be done in the case of a
nonperfect residue field, by using the decomposition (8).

Moreover, the valuations and the “residues” of ti (i.e., r(ti)) can be computed with
the help of Theorem 4.1.1 and the decomposition (8).

4.3. The properties of v(F ). We put the torsion elements of F (MK) in the order of
decreasing valuations and denote them by ti, i > 0 (t1 = 0). We may assume (permuting
the ti with equal valuations if needed) that for each j > 0 the set of ti, 1 ≤ i ≤ pj , is
a group with respect to the operation F . Obviously, for each s ≥ 0 we have v(tps+1) =
v(tps+2) = · · · = v(tps+1). It is well known that the torsion of F (MK) coincides with the
roots of λ = Λ(x). Moreover, λ satisfies the conditions of Theorem 4.1.1.

Proposition 4.3.1. 1. We have

v(F ) = min
j>0

(je

h
−

pj∑
i=2

v(ti)
)

= limj

(je

h
−

pj∑
i=2

v(ti)
)
.

2. For any formal group F we have v(F ) ≤ 0.
3. v(F ) = 0 if and only if F is isomorphic to a nice group.

Proof. 1. By Lemma 3.2.1, for sufficiently large i the valuations of the coefficients of
λ =

∑
apixpi

are at least v(F ) − ei
h , with equality occurring for i = bl + hj, j ∈ Z,

1 ≤ l < s. Since the function f(x) = v(F )− e logp(x)

h is convex, for all i that exceed some
I all (pbl+hj , v(F )− ble

h − je) are vertices of the Newton polygon of f . All other vertices
(to the right from x = I) are of the form (pm, y(m) − me

h ) for some m ∈ Z, whence

y(m) > v(F ). Part 5 of Theorem 4.1.1 implies that v(F ) = limj
je
h −

∑pj

i=2 v(ti).

Also, we see that the minimum of je
h −

∑pj

i=2 v(ti) is attained for some j = j0. Now
we check that this minimum repeats periodically. We consider g = [p]F and decompose
gi = g − ti by using the Weierstrass Preparation Theorem. This decomposition shows
that, since the height of g is equal to h (i.e., the reduction of g is equal to csph

for some
c �= 0), the series gi has exactly ph roots. Since gi ≡ −ti mod x, the sum of valuations of
the roots of gi equals v(ti). Hence, the sum of valuations of all ts such that s > 1 and
[p]F (ts) = ts′ for s′ ≤ pj0 is equal to

pj∑
i=2

v(ti) +
∑

[p]f (x)=0,x�=0

v(x),

and the number of them is equal to pj0+h − 1. Now we decompose the series g in
accordance with the Weierstrass Preparation Theorem. Since g ≡ px moddeg 2, the
sum of valuations of all roots of g (except 0) equals e. Therefore, the sum of some set



ISOGENY CLASSES OF FORMAL GROUPS 985

of ph+j0 − 1 numbers v(ts) for pairwise distinct ts > 1 equals
∑pj0

i=2 v(ti) + e. Thus,∑ph+j0

i=2 v(ti) is not less than
∑pj0

i=2 v(ti)+ e, and we see that the minimum is equal to the
lower limit.

2. For an arbitrary j > 0, we decompose the isogeny [pj ]F by the Weierstrass Prepa-
ration Theorem. Since g ≡ pjx mod deg 2, the sum of valuations of the roots of g (with
0 excluded) is ej. Therefore, the sum of some set of pjh − 1 numbers v(ti) for pairwise
distinct ti > 1 equals ej. Thus,

∑pjh

i=2 v(ti) is not less than ej. The expression of v(F )
as a minimum yields the claim.

3. Obviously, if F is a nice group, then v(F ) = 0. Part 1 implies that v(F ) is the
same for isomorphic groups. Hence, v(F ) = 0 for all groups isomorphic to a nice group.

Now suppose that v(F ) = 0. We check that n(F ) ≤ −[ e
h−ph ]. By Proposition 4.2.1,

it suffices to check that v(t2) = v(t3) = · · · = v(tp) ≤ −[ e
h−ph ]. This follows immediately

from the expression of v(F ) as a minimum. Indeed, we obtain v(F ) ≥ e
h − (p − 1)v(t2).

In the proof of part 2 it was shown that
∑pjh

i=2 v(ti) = ej for any j > 0. Therefore,
b1 = 0. Let Λ = vu−1, and let w be the residue of v modulo u. We see that w =
ap+

∑h−1
i=1 wi∆i, where a ∈ O∗

K . Then, by Proposition 3.3.1, F is isomorphic to the nice
group that corresponds to the operator a−1wu−1. �
4.4. Logarithms and isogenies of nice groups. We lift the condition on n(F ) oc-
curring in Proposition 3.3.1.

Proposition 4.4.1. The group F ′ that corresponds to λ′ = Λ′(x) is isomorphic to a nice
group F corresponding to Λ if and only if Λ′ε ≡ aΛ mod R for some ε ∈ W ∗, a ∈ O∗

K .

Proof. It suffices to verify that the condition on the fractional parts implies that n(F ′) ≤
[ e
h−ph ]. Since the fractional part determines v(F ′), we easily obtain v(F ′) = v(F ) = 0.

It remains to apply Proposition 4.3.1. �
Now we describe the kernels of the isogenies from arbitrary formal groups into nice

groups.

Proposition 4.4.2. Let f : F → G be an isogeny of formal groups. Then G is isomor-
phic to a nice group if and only if for some s ≥ 0 the kernel of f equals {ti : 1 ≤ i ≤ ps}
and se

h −
∑ps

i=2 v(ti) = v(F ).

Proof. Let T denote the kernel of f , and let #T = ps. Let F, F ′ be formal groups
satisfying ar(F ) = r(F ′)ε∆m, where ε ∈ W ∗. Lemma 3.2.1 shows that v(F ′) = v(F ) +
v(a) − me

h . Therefore, v(G) = v(F ) − se
h +

∑
t∈T v(t). Hence, v(G) = 0 if and only if∑

t∈T v(t) = se
h −v(F ). We verify that T has the form {ti : 1 ≤ i ≤ ps}. Indeed, the sum

of valuations of the elements of T \ {0} is equal to
∑

2≤i≤ps v(ti). It remains to check
that no other set of ti admits the same sum of valuations. For this, it suffices to verify
that v(tps+1) < v(tps).

Indeed, otherwise

v(tps+1) = v(tps+2) = · · · = v(tps+1) = v(tps).

Since
∑

2≤i≤ps−1 v(ti) ≤ se−e
h − v(F ), we have

v(tps) =

∑
ps−1+1≤i≤ps v(ti)
(p − 1)ps−1

≥ e

h(p − 1)ps−1
,

whence ∑
2≤i≤ps+1

v(ti) =
∑

2≤i≤ps

v(ti) + (p − 1)psv(tps) ≥ (s + p)e
j

− v(F ),

which contradicts part 1 of Proposition 4.3.1. �
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4.5. The conclusion of the proof of the main theorem. Immediately from the
definition (see Theorem 3.4.1), it follows that the group Fi constructed for F coincides
with the Fi constructed for F1. Observe also that d and s in the main theorem are
constant within any isogeny class. Therefore, it suffices to finish the proof of Theorem
3.4.1 in the case where F is a nice formal group.

We prove statement 1 of the theorem. We use the following well-known fact: if f1 and
f2 are isogenies from F into formal groups G1 and G2, respectively, and the kernels of
f1 and f2 coincide, then G1

∼= G2.
Hence, by Proposition 4.4.2, if G is a nice group isogeneous to F , then the isomorphism

class of G can be recovered uniquely by the height of the isogeny.
If f is an isogeny of height m from F into G, then h = [p]G ◦ f is also an isogeny

from F into G, and the height of h equals m + h. Thus, if G is a nice group isogeneous
to F , then the isomorphism class of G is completely determined by the residue of the
height of the isogeny modulo h. By Proposition 4.4.2, the heights of the isogenies from
F into nice groups that exceed some I are precisely the numbers of the form bi + lh,
1 ≤ i ≤ s = s(F ). On the other hand, for each 1 ≤ i ≤ s(F ), by Theorem 3.1.1 there
exists an isogeny from F into Fi of height bi +nh for some n ∈ Z. We arrive at statement
1 of the theorem.

We verify statement 2. Let f ∈ End(Fi) be an endomorphism of Fi that is a uni-
formizing element of End(Fi). It is easily seen that the heights of isomorphisms give a
valuation on the endomorphism ring of F , and the height of [p]F is equal to h. Therefore,
the height of f is h/d. Let i + s/d ≤ s, and let bi′ = bi + h/d. As above, we see that f
gives an isomorphism of Fi and some group isomorphic to Fi′ . Hence, if h/d | bi − bj ,
then Fi is isomorphic to Fj . It is easily seen that this condition is fulfilled if and only if
s/d | i − j.

Now, suppose that s/d � i − j. By Theorem 3.1.1, there exists a homomorphism f
from Fi into Fj , and h/d does not divide the height of f . Hence, the height of f does
not coincide with the height of any element of End(Fi), whence Fi is not isomorphic to
Fj .

Statement 3 follows immediately from statements 1 and 2.

4.6. DF for non-p-typical formal groups. As has already been mentioned, any for-
mal group law is strictly isomorphic to the formal group given by the p-typical part of
its logarithm. Therefore, we define DF for an arbitrary formal group to be DF for the
corresponding p-typical group Fp.

Proposition 4.6.1. 1. DF satisfies Proposition 2.1.2.
2. For h(x) ∈ K[[x]], we have expF (h) ∈ OK [[x]] if and only if

∑
s apsi∆s ∈ DF for

each i with p � i. Here ai is the coefficient of xi in λ.
3. λ′ is the logarithm of a formal group strictly isomorphic to F if and only if λ ≡

x moddeg 2 and λ′ satisfies the condition on h in item 2.

The proof can be found in [2].
By using these results, it can easily be checked whether or not a given p-typical formal

group is isomorphic to a fixed nice group.

§5. Comparison of the fractional part of the logarithm functor

with Fontaine’s functor

Since in this paper we only consider one-dimensional formal groups, comparison of
functors will be done mainly for such groups. However, we note that most of the state-
ments below can be extended to the case of arbitrary dimension in an obvious way.
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5.1. The description of Fontaine’s functor. The fractional part invariant takes its
values in the module K[[∆]]/R. This module is torsion free and embeds injectively in
the corresponding module for any K ′ ⊃ K. The invariant of Fontaine, which we describe
below (note that the description differs from those in the book [4]) takes its values in
certain modules that (in the original definition) depend on the reduction of the formal
group and have torsion for e ≥ p. In general, the module for the ground field is mapped
to the module for an extension not injectively; if the ramification index is sufficiently
large, then the entire torsion is taken to 0. Note also that torsion can be added to the
fractional part invariant by extending the arguments of [2] (similar to those in [4]); yet
it seems that all known applications of the torsion in Fontaine’s functor are covered by
[2] (without considering the torsion). For that reason, we shall compare the fractional
part invariant with Fontaine’s invariant factorized by the torsion.

Recall that we deal with one-dimensional formal groups of finite height h.
Fountaine’s invariant can be split into the following two parts:
1) the reduction of F ;
2) the module {cΛ : c ∈ OK} viewed as a submodule of K[[∆]]/M , where M =

{
∑

ai∆i : ai ∈
∑

j≤i Mpj−je}.
In [4], the properties of this invariant that turn it into a functor were considered.

Certainly, these properties are similar to those for the fractional part invariant described
above (see Theorem 3.1.1). Since in this section we only demonstrate that the fractional
part of the logarithm contains more information about formal groups than Fontaine’s
invariant, we shall not need these properties. It will suffice to check that formal groups
that have equal Fontaine’s invariants can have nonequivalent fractional parts of the loga-
rithm. Therefore, we shall not consider the isomorphism classes of Fontaine’s invariants
(with respect to the morphisms described in [4]).

5.2. Comparison of functors. First, we prove that the fractional part of the logarithm
describes formal groups not worse than Fontaine’s invariant. As was mentioned above,
formal groups having equal fractional parts of the logarithm are isogeneous. The behavior
of the fractional part of the logarithm under isogenies was described completely.

Now, let Λ ≡ Λ′ mod R, where Λ and Λ′ correspond to formal groups F and F ′. We
may assume that h > 1, because isogeneous formal groups of height 1 are isomorphic.
Then the coefficients of ∆i in Λ and Λ′ are divisible by π/pi. Moreover, for some s we
have πs(Λ − Λ′) ∈ OK [[∆]] (actually, it suffices to take s = maxj>0(ej − pj)). We see
that if the ramification index of K is sufficiently large, then Λ − Λ′ ∈ M , which implies
that F and F ′ have equal Fontaine’s invariants.

5.3. Examples. Now we show that formal groups with equal Fontaine’s invariants but
nonequivalent fractional parts of the logarithm exist indeed.

By Proposition 4.2.4, for this it suffices to construct a nice formal group F and sub-
groups T1, T2 ⊂ F (MK) such that #T1 = #T2 and

(9)
∑

t∈T1\{0}
v(t) =

∑
t∈T2\{0}

v(t),
∏

t∈T1\{0}
r(t) �=

∏
t∈T2\{0}

r(t).

Indeed, a morphism f ≡ ax moddeg 2 multiplies r(F ) by a from the left and by ε ∈ W
from the right, where ε ≡ a mod (∆, π). Hence, the isomorphisms can only multiply r(F )
from the left by a ≡ 1 modπ.

The situation (9) is quite frequent. Certainly, the resulting formal groups will be
defined over the extension of K whose absolute Galois group maps T1 and T2 into them-
selves.



988 M. V. BONDARKO

In order to make this field (i.e., the minimal field of definition for the formal groups
we want to construct) easy to describe, for the role of F we take the Lubin–Tate formal
group of the field K that is an unramified extension of Qp of degree 2. We denote p2

by q.
For 0 < i < q we obtain v(ti) = 1/(q − 1). Choosing ti1 , ti2 (0 < i1, i2 ≤ q) such that

r(ti1/ti2) is a primitive root of 1 of degree q − 1, we consider the group T1 generated
by ti1 , and the group T2 generated by ti2 . Then #T1 = #T2 = p and

∑
t∈T1\{0} v(t) =∑

t∈T2\{0} v(t) = 1/(p + 1). On the other hand,∏
t∈T1\{0}

r(t) = r(ti1/ti2)
p−1

∏
t∈T2\{0}

r(t) �=
∏

t∈T2\{0}
r(t),

so that T1 and T2 are as required. Observe that the formal groups corresponding to
T1 and T2 are defined over a totally ramified extension of K of degree p + 1 (hence, its
absolute ramification index is p + 1).
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