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ON THE DISTRIBUTION OF VALUES OF L(1,sym?f)

O. M. FOMENKO

Dedicated to Yurit Viadimirovich Linnik’s 90th birthday anniversary

ABSTRACT. Let Si(SL(2,Z))t be the set of holomorphic Hecke eigencuspforms f
of weight k with respect to SL(2,Z). Let L(s,sym2?f) be the symmetric square
of the Hecke L-function of a cusp form f. The moments of L(1,sym?f), f €
Sk(SL(2,Z))*, are computed for a pure imaginary order. The limiting distribu-
tion of log L(1,sym2f), f € Sk(SL(2,Z))*, is studied in the weight aspect. Namely,
the limiting distribution function, the limiting characteristic function and its Euler
product are investigated, and the rate of convergence of frequencies to the limiting
distribution is measured.

As a consequence, new facts on the limiting distribution of SL(1,sym?f) are
obtained not only in the case of the holomorphic Hecke eigencuspforms f, but also
in the case of the Hecke—Maass eigencuspforms f.

§1. INTRODUCTION. THE RESULTS

Consider the space Si(T") of holomorphic cusp forms

f(z) =) ag(n)e(nz)

of even weight k& > 12 for the group I = SL(2, Z), where Z is the ring of rational integers,
z=x+iy,y >0, and e(&) := ¥, Let Si(I')* be the set of all Hecke eigencuspforms
in this space with a¢(1) = 1. It is known that Si(I") = @ if k is odd or if k is even and
k < 12; for even k > 12 we have

[k/12] ifk#2 (mod 12),

dim S (') = #S,(D)* = k/12] -1 ifk=2 (mod 12).

From now on we assume that f € Si(I')". Set

Ar(n) = ap(n)/n'T;

Az(n) is the eigenvalue of the Hecke operator T,,,n = 1,2,3,... . For a prime p we have

Ar(p) = ap(p) +ap(p), ar(p)as(p) =1
(Deligne); therefore,
Af(p) =2cospp(p), ¢f(p) €0,
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Consider the Hecke L-function

L(s, f) = ) Ap(m)n™
n=1
=T[ —ar@p=) "' - arl)p~*) "

L(s, f) is an entire function and satisfies a Riemann-type functional equation.
For f € Sk(I)*, we also consider the symmetric square L(s,sym? f) of the Hecke
L-function L(s, f):

L(s,sym® f) = [[(1 = as (@) ) "1 = p~*) '(1 —az(p) p*)"", Res> 1.

L(s,sym? f) is an entire function and also satisfies a Riemann-type functional equation.
It is easily seen that

L(s,sym® f) = ((25) Y Ap(n*)n ™",
n=1

where ((s) is the Riemann zeta-function.
It is known that L(s,sym? f) > 0; moreover,

(1.1) @ < L(1,sym? f) < log® k
(the proof of the lower bound, which is a deep fact, can be found in [I]).

The automorphic L-functions for holomorphic cusp forms of integral weight k& > 2 and
level N for the group I'g(IV) are defined similarly. The set of new forms Si(To(N))* of
weight &k and level N for I'g(NN) is an analog of the set Si(I")*.

The automorphic L-functions can also be introduced for Hecke —Maass eigencuspforms;
note that in this case no analog of Deligne’s result has been proved so far.

In the present paper we study the limiting distribution of the values of L(1,sym? f),
f € Sp(I)*T, k — oo. For the first time a similar problem for the Dirichlet L-functions
was considered by Chowla and Erdés [2]. Let L(s, xp) be the Dirichlet L-function with
the quadratic character xp(n)=(—D/n), where (—D/n) denotes a Kronecker symbol.
Chowla and Erdos proved that, as N — oo, the limit of the frequencies

exists for all real values of z and is a continuous distribution function. In [3], 4], Barban
applied another method to this problem. He used Yu. V. Linnik’s inequality of large
sieve and computed the moments of L(1,xp) for every integral order k¥ > 0. In this
way, Barban found the corresponding characteristic function, but he did not prove by
his method that the limiting distribution function is continuous.

The moments of L(1, xp) for a pure imaginary order were computed by Fainleib [5] [6].
This allowed him to investigate the limiting distribution for log L(1, xp), namely, to ex-
pand the limiting characteristic function in an Euler product, to study its properties and
the properties of the limiting distribution function. As a result, he was able to deeper in-
vestigate the limiting distribution function of Chowla, Erdds, and Barban. In particular,
the rate of convergence of frequencies to the limiting distribution was measured.

Similar results were obtained by a somewhat different method in Elliott’s paper [7].

Progress in the theory of automorphic forms made it possible to obtain limit laws for
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the automorphic L-functions. In the case of L(1,sym? f), limit laws were proved:

1) for the Hecke-Maass eigencuspforms with large Laplacian eigenvalues [8];

2) for the holomorphic Hecke eigencuspforms with large level [9] [10];

3) for the holomorphic Hecke eigencuspforms with large weight [11].

In [12], a limit law was obtained in the case of L(1, f) for holomorphic Hecke eigen-
cuspforms with large level. The authors of [8]-[I2] used Barban’s approach, i.e., the
asymptotic evaluation of the integral moments of L(1,sym? f) and L(1, f). In its turn,
this required proving large-sieve-type inequalities for Fourier coefficients of cusp forms.

In [13], Golubeva used the approach of [6] (also requiring inequalities of large sieve)
to obtain new results on the distribution of the values of L(1, f) with large level. Fur-
thermore, an interesting relationship was observed in [I3] between the p-factor of the
limiting characteristic function associated with the random variable log L(1, f) and the
p-adic Plancherel measure (a p-analog of the Sato-Tate measure); see below for more
details.

In the present paper, we use the approaches of [6] and especially of [13] to study the
distribution of the values of log L(1,sym? f), f € Si(I')*, k — oo. As a corollary, we
obtain more complete (in comparison with [I1]) information concerning the distribution
of the values of L(1,sym? f), f € Si(I')*, k — oo.

Before stating the results, for an arbitrary complex z we define the general divisor
function d,(n) (see [14]) by the relation

> o i=C(s) = [J(1—p7)7F (Res > 1),

where a branch of (?(s) is distinguished by the condition

C*(s) = exp{zlog((s)} = exp (zZZjlpjs> (Res > 1).

p j=1

This definition shows that d.(n) is a multiplicative function of n, which generalizes the
classical divisor function di(n) (k > 2 is a fixed integer); we recall that da(n) =: d(n).

Theorem 1. For |w| < (logk/log®logk)'/3, w € R, we have

~ 1 . ~
Gi(w) := F T > L™(1,sym® f) = G(w) + O(exp(—c; log k/ loglog k),
4§ FESK(D)*
where
é(’LU) = Hép(w)a
P
5 diw(p™)diwo (D" ) din (P') 1 1 1 43, (P™)diw (P
Gp(w) = Py ok i1t Z R )
ml>k20 pmEr (p p ) m>0,1>0 prmt
0

and c1 1S a positive constant.
Theorem 2. 1) The relation
#{f,f € Sp(D)" log L(1,sym® f) <z}
#Se(I)*

is fulfilled uniformly for all real numbers x, where G(x) is the distribution function de-
termined by the characteristic function G(w).

G(x)| < (log®logk/ log k)'/3
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2) The p-factor @p(w) of the characteristic function G(w) can be written as
~ 4 2co82¢p 1\ —iw 1\ —ww
Gw:/ (1— +—) (1——) :
plw) = | ) o o) (@)

where the measure p,(p) has the form

1 1 1 —cos2¢p
Hp(p) = *(1+ )T@l
l-——=+

m p

3) The distribution function G(x) has density pg(xz) continuous on the entire real axis;
moreover, G(x) admits analytic continuation to some half-plane Imz > —4, § > 0.

Similar results are valid for L(1,sym? f) in the level aspect.

Earlier, the measure p,(¢) arose in the study of the distribution of the angles ¢ (p)
of the pth coefficients A¢(p) of Hecke eigenforms f [I5]-[I8]. Consider the k-aspect. In
[16] [17] it was shown that if f € S(T')*, where A\f(p) = 2cosps(p) and ps(p) € [0, 7],
then, as kK — oo, the set

{Qof(p)v f € Sk(F)Jr}

becomes uniformly distributed with respect to the measure p, ().

Corollary 1. 1) For x > 0, the relation

#{f. f € SD)*, LA, sym? f) < x}
#5k(1)*

is fulfilled uniformly in x, where F(z) = G(log x).
2) The distribution function F(x) is continuous on the entire real axis; moreover, it
has a density

(1.2) — F(x)| < (log?log k/ log k)*/3

pa(log x)% if x>0,
pr(z) = )
0 ifx <0.

The limit law (1.2) was proved in [I1], but without estimation of the rate of conver-
gence to the limiting distribution. The convergence of the frequencies to F(x) as k — oo
was obtained in [II] only for the points of continuity of F(z); moreover, the continuity
of F(x) on the entire real axis R was not proved.

Now we cite the results of Luo [§]. Let {f;(z)};>1 be the orthonormalized Hecke basis
of the space L3(I'\ H), H = {z, 2 = x + iy, y > 0}, consisting of Maass cusp forms f;(z)
with the Laplacian eigenvalue \; = 1/4 4¢3 (t; > 0), with nth Fourier coefficient a;(n),
and with the eigenvalue A;(n) of the Hecke operator T,,, a;(n) = a;(1)A;(n). The Fourier
expansion of f;(z) has the form

£i(2) = cosh2(wty)y? Y " aj(n) Kir, (27 [nly)e(na),
n#0
where
oo
Kl,(z):/ e * ST cosh(vr) dr
0

is the modified Bessel function. Luo proved that, for x > 0, the relation

Bt < T L(1L,sym? f;) < 7}
(1.3) T Bt <T)

= F(x)

is valid at every point of continuity of F'(x), where F(x) is a distribution function.
With the help of our results, the limiting distribution (1.3) can be described more
precisely. The following statement is true.
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Corollary 2. The distribution function F occurring in Luo’s limit law (1.3) coincides
with the distribution function F in Corollary 1. Therefore, statement 2) of Corollary 1
is valid for the function F in (1.3).

Indeed, the two collections of moments of integral positive order m = 1,2,3,... that
determine the limiting distribution functions F in (1.2) and F' in (1.3) coincide completely
and admit proper upper estimates [I1} [§]. Then the classical theorem on moments (see,
e.g., Lemmas 5.1 and 5.7 in Barban’s survey [4]) applies, which guarantees the uniqueness
of F.

It seems difficult to refine the limit law (1.3) directly, without resorting to the holo-
morphic case.

Notation. We add some notation to that introduced above. R is the field of real num-
bers; C is the field of complex numbers; w € R; ¢/, c”, ca, c3, ¢4, . .. are positive constants;
€ is an arbitrarily small positive fixed number; s = Res + iIm s =: o + it; and

Sk<K):= U ST, No:=#Sp(D); Z---:: Z

12<k<K f fesk(T)*+
k is even

§2. PROOF OF THEOREM 1. PART 1

In this section we collect some lemmas needed in the proof of Theorem 1. For o > 1/2,
we put

N(o, H,sym?® f) := #{p = B+ iv, L(p,sym® f) = 0,3 > o, || < H}.
Lemma 1. For o > 3/4, K > 12, and some positive constant b, we have

S N(oylog? K, sym® f) < KP0 -0t
FES(h<K) :

We do not present the proof of this lemma here, restricting ourselves to some com-
ments. This lemma is modelled on a similar fact in Yu. V. Linnik’s theory of large
sieve (see, e.g., the book [19]). In [§], Luo adapted the classical proof to the case of
L(s,sym? f), where f is a Hecke-Maass eigencuspform. In the proof of Lemma 1, the in-
equality of large sieve for {\f(n?)} fes(k<k) Plays a key role. Here we cite this inequality,
referring the reader to the author’s paper [11]:

2 1
S an )] < (Vog Ky + KONER) 3 al?,
FES(k<K) n<N € n<N

where {a, }n<n is an arbitrary sequence of complex numbers.
Below we choose the branch of log L(s,sym? f) fixed by the relation

2
log L(s,sym? f) = ZZ (s () +1+as(p) ) (o >1).

Pl Jpie

Similarly, the branch of the function L?(s,sym? f), z € C, is fixed by the relation
L# (s, sym? f) = exp{z log L(s, sym? f)}.

Lemma 2. Suppose 0 <n < &, K > 12. If L(s,sym? f) (f € S(k < K)) has no zeros
in the rectangle
1-n<o<1, [t|<log’K,
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then in the rectangle
1-n/2<0<1, [t|<log’K,
we have the estimate
log L(s,sym? f) = O(logca(l_”) K -loglog K).

The proof is based on the Borel-Carathéodory theorem and the Hadamard three circles
theorem. See a similar argument in [3| Lemma 3].
We introduce the coefficients v(n,w, f) by the following expansion:

(2.1) Lm%&symgf)::E:fiﬁf?lz (0> 1).

Lemma 3. Suppose that L(s,sym? f), f € Si(I')T, has no zeros in the rectangle
1-n<o<1, [ <log®k.
Then for |w| < log k/ log®log k we have

w > v(n,w, —c'logk
A A C

n=1

+ ' |w|log log k))
Proof. We have

i V(m:’f)' exp(—n/k) = 2er /<1) L™ (s + 1,sym® f)[(s)k® ds.

n=1
By the residue theorem,

1 .
— L™ (s+1, sym? HT(s)k® ds
271 (1)

. 1 _
= L"(1,sym? f) + — / L™ (s +1,sym? f)['(s)k® ds,
27 J,

where v is the oriented polygonal path with the vertices
(loglog k) ™! — oo, (loglog k)™t —ilog? k,
—(loglogk)~! —ilog®k, —(loglogk)™! +ilog?k,
(loglog k)™t + ilog? k, (loglog k)~ + ico.
The last integral is estimated using Lemma 2 and the known estimates for I'(s). O

Lemma 4. Let f € Si(I)". For |w| < logk/log?logk we have

oo

L™ (1,sym? f) = Z 010 exp( n/k) + O(exp(cq log k/loglogk)).

The proof of this lemma is fairly easy; see a similar argument in [I3] Lemma 4].

Lemma 5. Let §(n) = n'/?log®n. We have

o [Noss + 06w ifn=n,
E:M()_{owm» if n # n2.

The proof involves the Eichler—Selberg trace formula and can be found in [I6, [17].
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§3. PROOF OF THEOREM 1. PART 2

We compute the coefficients v(n, w, f) (see (2.1)). For ¢ > 1 we have

— 9%k
i diw (P )diw (P) 0 ()*™ 4 (p)
L™ (s, sym® f H Z kDS
p m>0,k>0
>0
This product can be written in the form
m — —2(m—k)
H Z diw (p )diw(pk)diw(pl)(af(p)Q( k) + Oéf(p) )
p(m+k'+l)s
p m>k>0
1>0
d2 m diw !
. Ll ),
p m S
m>0,>0
The known formula
v+1
oy = W @) —ay ()
(") =
af(p) —ar(p)
shows that, for m — k > 2,
m— ——m—k m— m—k—
ap()" T +aplp) =A@ = A (™).
Thus,
& T
Liw s,8 m2 — ( V(p,uuf))
(s,sym® f) =[] Z o
P r=0
(p™)diw (Pk)diw(Pl) 2(m—k 2(m—k)—2
- H{ Z plm+k+Ds A R) = Ap (PP R 7))
m>k>0
>0

P™)diw (p)
+ Z (2m+l)s :

m>0,1>0

Therefore, we have

v(n,w, f) = Hl/pwf

p"lIn
where
I/(prawaf)zl lfT:O,
V(prawaf) :dzw(p))\f(p2) ifr= ]_;
v(p"w )= Y di(P™)diw ()i (0) (A (02 ) = Ap (pPM TR 7R))
m>k>0,0>0
m-+tk+l=r
+ > A0 diw(®) it r>2.
m>0,1>0
2m-l=r

Lemma 1 implies that the number of L(s,sym? f), f € Si(I')*, that have a zero in
the rectangle

1-n<o<1, [t|<log’k,
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is estimated as O(k'~?) if n is sufficiently small; here 6 is some positive number. There-
fore, by Lemmas 3 and 4, for |w| < ¢5log k/ log? log k we have

(3.1)

ZL“’J(I, sym? f) = Z Z W exp(—n/k) + O(kexp(—cglog k/ loglog k)).
f

f n=1

Using the values of the coefficients v(n,w, f) and Lemma 5, we obtain

(3.2) >3 W exp(—n/k) = No Y +O(22),

f n=1
where
o0
A
Zl = Z () exp(—n/k),
n=1
A(n,w) _ H A(p",w)
" win P
o < Z diw(pm)diw(pk)diw(pl)( 1 _ 1 )
= m+k—+1 m—k o —k—1
priln Nm>k>0,1>0 p p D
m-+k+l=r

dz, (P™)diw (')
+ Z n p2m+l ’
m2>0,1>0
2m-+l=r

= 6(n)d3(n
(3.3) 22 =y %exp(*”/k) 11 ( > d|w(pm)d|w(Pk)d|w(Pl)),
n=1 pTlln m>k>0,0>0
m-+tk+l=r

where d(n) = n'/?1log? n. We prove that the series

(3.4) Glw) =" Aln, w)

n

converges. Its p-factor ép(w) is of the form

~ s A(p" diw -1 A 2’ o A 7 o) A r’
Gy(w) =Y (praw) _ g Gw@pTt AR w) 'y (prw) = (pr w)
p P P = P — p

A (p°,w) =1, Al(p,w) =0, A'(p?,w) = diw(p) + A(P?, w),
A'(p"w) = A", w)  (r>3).

We recall the formula for d,(n) [14]:

and, by multiplicativity,
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With the help of this formula, we obtain
A (P, w)| < |w| +A(P?, w)|

>t eti—2 Aol (™) (PF)djw) (PY) = daju) (P?) if lw| > 1,
<
T X ki =2 Dol (P o) (PP o (P ) ) (07) = dagu (07) i 0] < 1,

and for r > 3 we have
A" w)[ < D diu (0™ (PF)djw () = daju () if [w] > 0.
m-+k+l=r

Consider the series
> A'(n,w) = A (pTw)
(3.5) > —— = > —).
p =
By what was proved above,
d if >1
A/ ()] < § ot () AR 2 1
d4‘w|(n) if |w| < 1.

It follows that
A'(n,w) < n®.

&, |w]
On the left-hand side in (3.5), summation is actually taken over the squarefull numbers
n, i.e., over the integers n with the property p|n = p?|n for all p. The number of such
integers in the interval n < z is equal to

CB/2) e, s
3 +O0(z/7).

[e'e) A, ’
z_:l (7; w)

converges, and so does the series (3.4).

For definiteness, in what follows we assume that |w| > 1. Also, so far it is assumed
that |w| < logk/log® log k.

Dividing the summation interval for 3°, into the parts n < k*/2 and n > k'/2, we get

5, =G ro( X M) o 1 5o el

n>kl/2 n<kl/2

é(w)+o(23)+o(z4).

We estimate the sum .-

Consequently, the series

|A(n, |A(n, w)|
Z nln knz nl—n ’

n>k1l/2

where 7/ = log™ ! log k. Since

A
> e

(1+ \Ap, w)| |A(p27w>\+...)

p2(1_77/)

IA

p2(1=n") p3(=n")

H
H( \w|+|A(p w)|+|A(p3’1U)|+_,,)7
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we have

IN

S Il )

I ((- plln/):ﬂw - p31|wn,>

p<|w|loglog k

X H ((1 _ plln/)“ilw B ;1|wn|')

p>|w|loglogk

111

We estimate [];:

Hl < H exp(73|w|1og (17 ﬁ))

p<|w|loglog k

< I explerhwl/p'™)

p<|w|loglogk

< exp (07\w| Z 1/p1_"/)

p<|w|loglog k

< exp (Cg\w| Z l/p)

p<|w] log log k
< exp(cg|w|logloglog k)
< exp(cg log k - logloglog k/ log? log k).
To estimate [[,, we apply the inequality
dju|(p') < Jwl" (jw| > 1),

L< I (o))

p>|w|loglogk

yielding

< H exp(eyo|w]?/p?=1))
p>|w|loglog k

<<f—:xp(clo\w|2 > 1/p2<1*”'))

p>|w| loglog k
< exp(eyr|w|"?" /loglog k)
< exp(ciz|w|/loglogk) < exp(cz log k/ log® log k).
Using the above estimates for [, and [],, we see that
23 < exp(—ci3logk/loglogk).
The sum ), will be estimated under the assumption
logk \1/3
ol < (—2—) "
log” log k
The term

[A(n, w)] _ 7 [AlR,w)| [A(p", w)|
Lol 1

pln p"lln
r>2
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can be written as

whence it follows that

The summation ), .-+ is over the squarefull ng <k, and C(ng, w) < 2d3,|(no)-

Every squarefull number ng is representable in the form ny = a®b?, where p%(a) = 1.
We have
dsjw(no) dsjw (1)
—1/2 3lw| "0 —1/2 3lw| "0
Y, ek Y B0 e 5 (o)
no<kl/2 k1/2<no<k
<ETV2 N daj(no) + K1Y dyjug(no)
no<kl/2 no<k
< km( > () )( > iy (n >
n<kl/6 n<kl/4
1( > () )( > iy (n >
n<kl/3 n<kl/2

= k_l/Qll . 12 + k_113 . 14.

We need the following inequality proved by Mardzhanishvili in [20]: for z > 1 and integers
{>1 and o > 2 we have

Z d (m) < AV (logz + ol — 1)~ ’1

1<m<z

where

l
A0 - >
@ ()@ =D/(a=1)

Using this inequality, we obtain

I < kYS(log k + |3w|3)|3“’|3 < kY exp(eiqlogk/ loglog k),
LI < ota exp(c15 log k/ loglog k),
L1, < k317 exp(cig log k/ log log k).

Therefore,
24 < kY12 exp(ci7 log k/ log log k).

Consequently, if |w| < (log k/log? log k)'/3, then

(3.6) Y. = G(w) + O(exp(—cy3log k/ loglog k)).
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Returning to the sum Y, (see (3.3)), we may assume that [w| < logk/log?logk. We
have

H( > dlw(Pm)dm(p’“)duw(pl))

p"lln “m>k>0,1>0

m—+k+l=r
< d3|w\(n)7
_1
22 < Z n” 2 (log n)*d3(n)ds|,| (n) exp(—n/k)
n>1
dd w
DI IMUE S ST
n<klog?k n>1
=: 81+ S9;
—3|w
si= Y n%ﬂdsm(n) <k [ (1 B }) ]
n<klog? k " p<klog? k p
< k105 exp (clg\w| Z 1/p) < k10 exp(cr log k/ log log k);
p<klog? k
So < k™ 10‘218'
Consequently,
(3.7) 22 < koo exp(cig log k/loglog k).

Combining (3.1), (3.2), (3.6), and (3.7), we prove Theorem 1 in the case where |w| > 1.
For |w| < 1 the proof is similar, but easier.
§4. PROOF OF THEOREM 2

First, we prove statement 2) of Theorem 2.

ép(w) _ /07r (1 _ 2co82¢p N lz)—iw(l B l)_m,up(gp).

p p p
Proof. We reduce this integral to the form indicated in Theorem 1. We have

Lemma 6.

1—|—p1/ (1 —cos2¢) dy
T 0 (1_ 2co;2<p+pi2)(1_ 2co;2¢+1%)iw(1_%)iw

1 1 T [e%e) 9 [e%s) _9%
_l+p / (1—cos2¢)ZeXp( ?Jw)zexp( ine)

w 0 P = p"

J=0

o~ i (p™) exp(2imp) T~ diw (PF) exp(=2ikep) < diw (')
5 el epting) 8 dulp)ep(-2ike) $0 ),
0 k=0 1=0
The coefficient of djy, (p™)diw (P*)diw (P), where m >k >0, 1 > 0, is equal to

20+p7Y) [T
W/o (1 — cos2¢p) cos((2m — 2k)p)

(Z > cos( J—2n)w)+§p;>d¢.

j>n>0
Jj+n=r
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Since
T ift=0
T
0 0 ift 7é 07
we have
(4.1)
21+p7) [ - =
W/ 1-cos((2m — 2k)¢ Z Z cos((24 — 2n)p) + Z —. | dy
™ 0 — — P
= ji>n>0 r=0
Jj+n=r
C2(1+p7H 1 1
o pm+k+l pm—k 1— p—2'
Similarly,
(4.2)
21+4pY) [ — 1
_%/COSQQO cos((2m — 2k)p (Z Z cos((25 — 2n) )+ZT)d
wp™ — P’
0 j>n=>0 r=0
Jj+n=r
1 _|_p—1 ™
= o (cos((2m — 2k + 2)¢) + cos((2m — 2k — 2)y))

(Z > cos((2§ — 2n) )+§p§r)d

i>n>0
jt+n=r

B 1 1 1 1
- _pm+k+l <pmfk+1 + pmfkfl) 1—p1!

Adding (4.1) and (4.2), we see that the coefficient of d;, (p™)diw (p*)diw(p'), where m >
k>0,1>0,is equal to

1 1 1
pm+k+l (pm—k B pm—k—l)'

Similar computations show that the coefficient of d2, (p™)d;. (p'), where m > 0,1 > 0, is
equal to

1
p2m+l °

Lemma 6 is proved. O
We need several additional lemmas.

Lemma 7. For |w| > C, where C > 0 is a sufficiently large constant, we have

G(w) = O(exp(—car|wl/ log? |w])).

Proof. First, under the assumption that p > |w|log |w|, we obtain the relation

w] | |w]®

(4.3) G, (w) = exp ( —w?/2p? + o(— + —))
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Indeed,
. iw—+ di(p?) (5 — L) +d2,(p) (L -1
Gyt = 1.4 P = )+ )G =
d? diw (p? d3)( (p"
L 4w (@) +2 iw (P°) +O<Z 3| |T(p ))
p r>3
w - dw(iw + 1) |wl3
2 ; 3
P L O(M),
292 2 p2 pS
whence (4.3) follows immediately.
We have
~ ~ ~ ! 1
Gwl=| I Gw|-| I Gw|=ITII"
p<|w|log |w] p>|wllog |w]
By Lemma 6,
/ 14p 't 1 [ 1—p2
H < H (lj—%;/ (1 —cos2p)dp = H ﬁ<<log3 |w.
p<w|log [w| 0 p<w|log [w|
By (4.3),
" w? 1 1 3 1
H < exp <—7 Z o + coa|w] Z F+023|w| Z E)
p=|w|log |w] p=|wllog |w| p=|w|log |w]
< exp(—car|wl/ log? |w]).
Lemma, 7 is proved. O

Lemma 8. 1) For |w| < ¢/loglogk, where ¢ > 0 is a sufficiently small constant, we
have

1 .
Gi(w) = i ZL’w(l,sme f) =14+ O(Jw|loglogk).
f

2) For |w| < & we have G(w) =1+ O(|w)).
Proof. Statement 1) is proved with the help of the identity
L™(1,sym? f) = 1 4 dwlog L(1,sym? f) + - - -
and the estimate log L(1,sym? f) = O(loglog k), which follows from (1.1).
Statement 2) is an obvious consequence of the estimate
~ 1y 4wl 4w dajw|(P")
Gy — 1)< (1= 2) " oy A s Qi) g e
p p r>2

where p > 2 is an arbitrary prime. (Il

Finally, we need the following lemma, in which nearness of distributions is estimated
by the difference of their characteristic functions.

Lemma 9. Let G*(x) and G(z) be distribution functions, and let G*(w) and G(w) be

the corresponding characteristic functions. Then, for any T > 0,

. 1[G "G (w) - G(w)|
sgp|G (x) — G(z)| < supg/0 |G(w)\dw+/0 dw.

€>T w
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The proof of this generalization of the well-known Esseen inequality can be found
in [21].

Now we turn to the proof of statement 1) of Theorem 2. Consider the distribution
functions (frequencies)

_ #f. S € SuD)* log L(Lsym? f) < x}

G :
1(z) N
and the corresponding characteristic functions
al 1 iw 2
Grw) = 57 L™ (Lsym? ).

f

We recall that k > 12 and k = 0(mod 2). Theorem 1 implies that the function G(w) is
the limit of the characteristic functions Gy (w) as k — co. Also, from what was proved
above, it follows that G(w) is continuous. Therefore, G(w) is the characteristic function
of some distribution function G(z). By Lemma 9,

Gﬂm:G@H%%?ﬁééﬂ@Wﬂmo+O(AT@!@i§@im0,

where T := (log k/log?log k)'/3. By Lemma 7,

su 1/§|(/?\(w)|dw<<l
o€ Jo T

We write the integral fOT .-+ as follows:

" Giw) ~ Gw)| 0P G (w) - Glw) T Gi(w) - Gw)
/0 —dw—/0 —dw+/( ———=dw.

w w log k)—1 w
By Lemma 8§,
(log &)~ A _a
/ Gr(w) = Gw)| , ~  loglogh
0 w log k

By Theorem 1,
/T [G1(w) — G(w)|
(

log k)—1! w

dw < exp(—caqlog k/loglog k).

This proves statement 1).
We prove statement 3) of Theorem 2. Since

/ 1G(w)| dw < o

by Lemma 7, the distribution function G(z) has a density pg(x) continuous on the entire
real axis,

1 [ 4 ;
pa(x) = %/ G(w)e ™ dw.

The analytic continuability of G(z) to a half-plane Im z > —¢, § > 0, is proved with the
help of the same arguments as in [7, p. 195]. O
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