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Jp,m-INNER DILATIONS
OF MATRIX-VALUED FUNCTIONS

THAT BELONG TO THE CARATHÉODORY CLASS
AND ADMIT PSEUDOCONTINUATION

D. Z. AROV AND N. A. ROZHENKO

Abstract. The class �p×p of matrix-valued functions c(z) holomorphic in the unit

disk D = {z ∈ C : |z| < 1}, having order p, and satisfying Re c(z) ≥ 0 in D is consid-
ered, as well as its subclass �p×pΠ of matrix-valued functions c(z) ∈ �p×p that have a
meromorphic pseudocontinuation c−(z) to the complement De = {z ∈ C : 1 < |z| ≤
∞} of the unit disk with bounded Nevanlinna characteristic in De.

For matrix-valued functions c(z) of class �p×pΠ a representation as a block of a
certain Jp,m-inner matrix-valued function θ(z) is obtained. The latter function has
a special structure and is called the Jp,m-inner dilation of c(z). The description of
all such representations is given.

In addition, the following special Jp,m-inner dilations are considered and de-
scribed: minimal, optimal, ∗-optimal, minimal and optimal, minimal and ∗-optimal.
Also, Jp,m-inner dilations with additional properties are treated: real, symmetric,
rational, or any combination of them under the corresponding restrictions on the
matrix-valued function c(z). The results extend to the case where the open upper
half-plane C+ is considered instead of the unit disk D. For entire matrix-valued
functions c(z) with Re c(z) ≥ 0 in C+ and with Nevanlinna characteristic in C−, the
Jp,m-inner dilations in C+ that are entire matrix-valued functions are also described.

§1. Introduction

The class �p×p of matrix-valued functions c(z) of order p holomorphic in the unit disk
D = {z ∈ C : |z| < 1} and such that Re c(z) ≥ 0 in D is of interest for function theory,
as well as for the theory of Hilbert space operators, the theory of passive linear dynamic
systems, control theory, and stochastic processes theory (see [4, 9, 12, 16]).

Darlington’s method is well known in the theory of passive linear circuits with lumped
parameters. Development of this method required investigation of the subclass �p×pΠ
of matrix-valued functions c(z) that admit a meromorphic pseudocontinuation c−(z) to
the complement of the unit disk De = {z ∈ C : 1 < |z| ≤ ∞} with bounded Nevanlinna
characteristic in De. The fact that c−(z) is a pseudocontinuation of c(z) means that

c(ζ) = lim
r↑1

c(rζ) = lim
r↓1

c−(rζ) almost everywhere on |ζ| = 1.

In [3], the following Darlington representation of such matrix-valued functions was
obtained:

(1.1) c(z) = [a11(z)τ + a12(z)][a21(z)τ + a22(z)]−1,

where τ is a constant matrix of order p with Re τ ≥ 0, and A(z) = [aij(z)]i,j=1,2 is a Jp-
inner matrix-valued function in D with the signature matrix Jp =

[ 0 −Ip

Ip 0

]
; i.e., A(z) is
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a matrix-valued function of order 2p meromorphic in D and taking Jp-contractive values
on Ω+

A (the domain of holomorphy of A(z) in D) and having Jp-unitary nontangential
boundary values A(ζ) almost everywhere on the circle T = {ζ ∈ C : |ζ| = 1}:

A(z)∗JpA(z) ≤ Jp, z ∈ Ω+
A,

A(ζ)∗JpA(ζ) = Jp for a.e. ζ ∈ T.

If a matrix-valued function c(z) is of class �p×pΠ, then its rank mc = rankRe c(ζ) is
constant for a.e. ζ ∈ T , because 2 Re c(ζ) is a nontangential boundary value of the
function c(z) + c−( 1

z ), which has bounded Nevanlinna characteristic in D. In (1.1), the
matrix τ is such that rank τ = mc, and there exists a representation of c(z) in the
form (1.1) with τ =

[
Imc 0
0 0

]
for 1 ≤ mc ≤ p and with τ = 0p×p for mc = 0. In the

Darlington method, the number mc is interpreted as the minimal number of the reduced
scattering channels (see [1, 2]).

In this paper, we consider another representation of a matrix-valued function c(z)
of class �p×pΠ; namely, we represent it as a block of a Jp,m-inner in D matrix-valued
function

(1.2) θ(z) =

⎡
⎣α(z) β(z) 0

γ(z) δ(z) Ip

0 Ip 0

⎤
⎦ , δ(z) = c(z), for m ≥ mc > 0

and

(1.2∗) θ0(z) =
[
c(z) Ip

Ip 0

]
for m = mc = 0,

where

(1.3)
Jp,m =

⎡
⎣Im 0 0

0 0 −Ip

0 −Ip 0

⎤
⎦ for m > 0,

Jp, 0 = Jp =
[

0 −Ip

−Ip 0

]
for m = 0.

The functions θ(z) of this type will be called Jp,m-inner dilations of c(z). The following
theorem is proved.

Theorem 1. A matrix-valued function c(z) belongs to the class �p×pΠ if and only if
there exists a Jp,m-inner dilation θ of c(z) of the form (1.2). Moreover, if c ∈ �p×pΠ,
then for the corresponding Jp,m-inner dilation θ of the form (1.2) we have m ≥ mc ≥ 0,
and there exists a Jp,m-inner dilation with m = mc.

The “if” part can easily be checked. To verify the “only if” part, we apply the
method used in [1, 6] to obtain a representation of matrix-valued functions s(z) of class
Sp×q (see also [15]), i.e., a representation of (p× q)-matrix-valued functions holomorphic
and contractive in D that admit a pseudocontinuation s−(z) in De in the form of a block
of an inner matrix-valued function S(z) of order n, where

n = p + r1 = q + r2, r1 = rank(Iq − s(ζ)s(ζ)∗), r2 = rank(Ip − s(ζ)∗s(ζ))

for a.e. ζ ∈ T , and

(1.4) S(z) =
[
s11(z) s12(z)
s21(z) s22(z)

]
, s12 = s(z).

In the same way (see [7]), a representation was obtained for an arbitrary (p × q)-
matrix-valued function f(z) of bounded Nevanlinna characteristic in D and having a
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pseudocontinuation f−(z) in De of bounded Nevanlinna characteristic in De. Such a
function can be represented as a block w12 of some jpq-inner in D matrix-valued function
W (z):

(1.5) W (z) =
[
w11(z) w12(z)
w21(z) w22(z)

]
, w12(z) = f(z),

where

jpq =
[
Ip 0
0 −Iq

]
.

A representation of c(z) ∈ �p×pΠ with mc > 0 in the form (1.2) is not unique. In the
present paper, all such representations with m = mc are described, much in the same
way that the representations (1.4) of s(z) ∈ Sp×qΠ were obtained earlier in [6]; see also
the representations (1.5) in [7].

In §3, some special representations (1.2) are considered and described: minimal, op-
timal, ∗-optimal, minimal and optimal, minimal and ∗-optimal, which will be useful in
constructing passive realizations of the impedance matrices c(z). A separate paper will
be devoted to this subject. In §4, the Jp,m-inner dilations with additional properties are
described: real, symmetric, rational, and with various combinations of these properties,
under the corresponding restrictions on c(z). All these results are transferred to the case
where the open half-plane C+ is considered instead of the unit disk D. In §5, for entire
matrix-valued functions c(z) with Re c(z) > 0 in C+ and with bounded Nevanlinna char-
acteristic in the lower half-plane C−, the Jp,m-inner dilations in C+ are described. They
are still entire matrix-valued functions.

In subsequent papers we shall consider conservative and various passive (minimal,
optimal, etc.) realizations of matrix-valued functions c(z) of class �p×pΠ with mc > 0 in
the form of a resistance matrix of a dissipative system. Such realizations are constructed
by considering the corresponding Jp,m-inner dilation θ(z) of c(z) and a conservative
transmission system with the transmission matrix θ(z).

We are also planning to consider the relationship between Jp,m-inner dilations and
the theory of stochastic realization of discrete time stationary processes, developed by
A.Lindquist, D.Picci, and their followers (see [18–20]). The analysis of precisely these
papers brought the authors to the results presented here.

Notation

C is the set of complex numbers;
R is the set of real numbers;
Re z = z+z

2 is the real part of z ∈ C;
Im z = z−z

2 is the imaginary part of z ∈ C;
D = {z ∈ C : |z| < 1} is the open unit disk;
De = {z ∈ C : 1 < |z| ≤ ∞} is the exterior of the open unit disk in the extended

complex plane C = C ∪ {∞};
C+ = {z ∈ C : Im z > 0} is the open upper half-plane;
C− = {z ∈ C : Im z < 0} is the open lower half-plane;
T = {ζ ∈ C : |ζ| = 1} is the unit circle;
Re A is the real part of the matrix A, i.e., Re A = A+A∗

2 ;
AT is the transpose of the matrix A;
rank A is the rank of A;
traceA is the trace of A;
‖A‖ is the norm of A, which is the maximal singular number of A;
Im is the identity matrix of order m;
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L is the closure of the set L in the Hilbert space under consideration;
f∼(z) = f(z)∗;
f#(z) = f( 1

z )∗.

§2. Preliminary information about matrix-valued functions

belonging to the Nevanlinna class or to its subclasses

2.1. Basic classes of matrix-valued functions. A measurable (p× q)-matrix-valued
function f(ζ) on the unit circle T belongs to the space Lp×q

r with 1 ≤ r < ∞ if

‖f‖r
r =

1
2π

∫
|ζ|=1

trace{f(ζ)∗f(ζ)} r
2 |dζ| < ∞,

and to the space Lp×q
∞ if

ess sup{‖f(ζ)‖ : ζ ∈ T} < ∞.

A (p × q)-matrix-valued function f(z) holomorphic in D belongs to the Hardy class
Hp×q

r with 1 ≤ r < ∞ if

‖f‖r
r = sup

ρ<1

∫
|ζ|=1

trace{f(ρζ)∗f(ρζ)} r
2 |dζ| < ∞,

and to the class Hp×q
∞ if

‖f‖∞ = sup{‖f(z)‖ : z ∈ D} < ∞.

A (p × q)-matrix-valued function s(z) holomorphic in D belongs to the Schur class
Sp×q if s(z)∗s(z) ≤ Iq for all z ∈ D.

A (p× p)-matrix-valued function c(z) holomorphic in D belongs to the Carathéodory
class �p×p if

Re c(z) =
c(z) + c(z)∗

2
≥ 0 for all z ∈ D.

A (p × q)-matrix-valued function f(z) meromorphic in D belongs to the Nevanlinna
class Np×q of matrix-valued functions of bounded characteristic if it can be represented
in the form

f = h−1g,

where g ∈ Hp×q
∞ and h ∈ H∞ (= H1×1

∞ ).
It should be noted that the class Np×q contains the classes Hp×q

r , 1 ≤ r ≤ ∞,
Sp×q, and �p×p (for p = q). An arbitrary function f(z) ∈ Np×q has nontangential
boundary values f(ζ) almost everywhere on the circle T . Therefore, in particular, the
limit f(ζ) = limρ↑1 f(ρζ) exists for a.e. ζ ∈ T , and f(z) is uniquely determined by the
boundary values f(ζ) on a set of positive Lebesgue measure of T .

Observe that Re c(ζ) ∈ Lp×p
1 for an arbitrary matrix-valued function c(z) ∈ �p×p.

For any class Xp×q of matrix-valued functions, we shall write X instead of X1×1 and
Xp instead of Xp×1.

A matrix-valued function f(z) ∈ Sp×q is inner (∗-inner) if f(ζ)∗f(ζ) = Iq (respec-
tively, f(ζ)f(ζ)∗ = Ip) for a.e. ζ ∈ T . The class of inner matrix-valued functions is
denoted by Sp×q

in and the class of ∗-inner functions by Sp×q
∗in . Note that the classes Sp×q

in

and Sp×q
∗in are not empty for p ≥ q and for p ≤ q, respectively, and for p = q we have

Sp×p
in = Sp×p

∗in .
If f and h are matrix-valued functions, f ∈ Hp×q

∞ and h ∈ Hq
2 , then fh ∈ Hp

2 and

‖fh‖2 ≤ ‖f‖∞‖h‖2;

therefore, the operator Mf of multiplication by a matrix-valued function f ,(
Mfh

)
(z) = f(z)h(z),
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is a well-defined bounded operator from Hq
2 to Hp

2 .
A matrix-valued function f(z) ∈ Hp×q

∞ is outer (∗-outer) if MfHq
2 = Hp

2 (respectively,
Mf∼Hp

2 = Hq
2 , where f∼(z) = f(z)∗).

The next lemma is important for what follows.

Lemma 1. A matrix-valued function f(z) ∈ Hp×q
∞ is outer if and only if

(1) rank f(z) = p for at least one point z ∈ D, and
(2) every matrix-valued function g ∈ Hr×q

∞ such that

g(ζ)∗g(ζ) ≤ f(ζ)∗f(ζ) for almost all ζ ∈ T

satisfies the inequality

g(z)∗g(z) ≤ f(z)∗f(z) for all z ∈ D.

Moreover, in that case rank f(z) = p for all z ∈ D, rank f(ζ) = p for almost all ζ ∈ T,
and g(z) = b(z)f(z) for some b ∈ Sr×p.

The proof can be found in [11, p. 214, Proposition 2.4; p. 223, Proposition 4.1].
Every nonzero matrix-valued function f(z) ∈ Hp×q

∞ admits an inner-outer factorization
of the form

f(z) = b(z)ϕ(z),

where b(z) ∈ Sp×r
in and ϕ(z) is an outer matrix-valued function of class Hr×q

∞ for some
r ≤ min{p, q}. This representation is essentially unique; i.e., it is unique up to the
replacement of b(z) by b(z)u and ϕ(z) by u∗ϕ(z) for some constant unitary matrix u of
order r. Moreover, r = rank f(z) for all z ∈ D except possibly a finite or countable set
of points where rank f(z) < r. This set has no accumulation points in D.

Every nonzero matrix-valued function f(z) ∈ Hp×q
∞ admits also an essentially unique

∗-outer-∗-inner factorization
f(z) = ϕ(z)b(z).

An arbitrary square matrix-valued function f(z) ∈ Hp×p
∞ with det f(z) �≡ 0 in D

admits inner-outer and outer-inner factorizations

f = b1ϕ1 = ϕ2b2,

where bi ∈ Sp×p
in and the ϕi are outer matrix-valued functions of class Hp×p

∞ for i = 1, 2.

2.2. The Smirnov class. A (p × q)-matrix-valued function f(z) holomorphic in D

belongs to the Smirnov class Np×q
+ if it has a representation of the form f = h−1g, where

g ∈ Hp×q
∞ and h is a scalar outer function in H∞. A matrix-valued function f(z) is an

outer function of class Np×q
+ if in the above representation g is an outer function belonging

to Hp×q
∞ . In this case we shall write f(z) ∈ Np×q

out . It is clear that Np×q
out ⊂ Np×q

+ ⊂ Np×q.
A matrix-valued function f of the Smirnov class Np×p

+ belongs to Np×p
out if and only if

det f(z) �= 0 for all z ∈ D and f−1 ∈ Np×p
+ ; therefore,

f ∈ Np×p
out ⇐⇒ f−1 ∈ Np×p

out .

The maximum principle is true in the Smirnov class.

Lemma 2. If f ∈ Np×q
+ , then for 1 ≤ r < ∞ we have

sup
ρ<1

∫
|ζ|=1

(
trace{f(ρζ)∗f(ρζ)}

) r
2 |dζ| =

∫
|ζ|=1

(
trace{f(ζ)∗f(ζ)}

) r
2 |dζ| ≤ ∞,

sup
z∈D

‖f(z)‖ = ess sup
ζ∈T

{‖f(ζ)‖} ≤ ∞.



380 D. Z. AROV AND N. A. ROZHENKO

For scalar functions f ∈ N+ this assertion was proved by Smirnov (see [13]), and for
matrix-valued functions it was proved by Ginzburg [14, 17].

Let f(z) ∈ Np×q. Then an ordered pair of matrix-valued functions {b1, b2}, where
b1(z) ∈ Sp×p

in and b2(z) ∈ Sq×q
in are such that b1(z)f(z)b2(z) ∈ Np×q

+ , is called a denomi-
nator of f(z). A denominator of f(z) of the form {u, b}, where u is a unitary matrix of
order p, is said to be right, and a denominator of the form {b, v}, where v is a unitary
matrix of order q, is said to be left. We denote by

Den(f) = {{b1, b2} : b1 ∈ Sp×p
in , b2 ∈ Sq×q

in , b1fb2 ∈ Np×q
+ }

the set of all denominators of f(z), and by

Denr(f) = {{u, b} ∈ Den(f), u = const},
Denl(f) = {{b, v} ∈ Den(f), v = const}

the sets of all right and left denominators of f(z), respectively. Note that for an arbitrary
matrix-valued function f ∈ Np×q the sets Denr(f) and Denl(f) are not empty (see [2, 6]).

A denominator {b̃1, b̃2} ∈ Den(f) is called a divisor of a denominator {b1, b2} ∈ Den(f)
if b1(z) = u(z)b̃1(z) and b2(z) = b̃2(z)v(z), where u(z) ∈ Sp×p

in and v(z) ∈ Sq×q
in . Such a

divisor is said to be trivial if u(z) = const and v(z) = const.
A denominator of a matrix-valued function f ∈ Np×q is minimal if it has no nontrivial

divisors in Den(f).

Lemma 3. For an arbitrary matrix-valued function f(z) ∈ Np×q there exists a minimal
right (left) denominator {u, b2} ∈ Denr(f) ({b1, v} ∈ Denl(f)). It is unique up to a right
(left) unitary factor of b2 (respectively, b1) and up to a unitary matrix u (respectively, v).

Lemma 4. (a) Suppose f(z) ∈ Np×q and {b1, b2} ∈ Den(f). Then there exists a minimal
denominator {b̂1, b̂2} of f that is a divisor of {b1, b2}.

(b) Let f(z) be a rational (p× q)-matrix-valued function. Then f(z) ∈ Np×q, and the
inner matrix-valued functions b̂1 and b̂2 in its arbitrary minimal denominator {b̂1, b̂2}
are rational.

The proofs of Lemmas 3 and 4 can be found in [2, 6].
An arbitrary nonzero matrix-valued function f(z) ∈ Np×q

+ has an essentially unique
inner-outer factorization of the form

f(z) = b1(z)ϕ1(z), where b1 ∈ Sp×r
in and ϕ1 ∈ Nr×q

out ,

and an essentially unique ∗-outer-∗-inner factorization of the form

f(z) = ϕ2(z)b2(z), where ϕ∼
2 ∈ Np×r

out and b2 ∈ Sr×q
∗in .

In these representations we have r = rank f(z) for all z ∈ D except possibly an at most
countable set of points where rank f(z) < r. This set has no accumulation points in D.

The following inclusions are true:

Sp×q ⊂ Hp×q
2 ⊂ Np×q

+ and �p×p ⊂ Np×p
+ .

2.3. The class Πp×q. A (p × q)-matrix-valued function f− meromorphic in De =
{z ∈ C : 1 < |z| ≤ ∞} is called a pseudocontinuation of f , f ∈ Np×q, if f#

− ∈ Nq×p and

f(ζ) := lim
ρ↑0

f(ρζ) = lim
ρ↓0

f−(ρζ) for a.e. ζ ∈ T.

The subclass of all f ∈ Np×q that have a pseudocontinuation f− to De will be denoted
by Πp×q. The intersection of Xp×q and Πp×q will be denoted by Xp×qΠ.

For a given f ∈ Πp×q, a pseudocontinuation f− is unique, because the function f#
−

of class Nq×p in D is uniquely determined by its boundary values f−(ζ)∗ = f(ζ)∗.
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If for a matrix-valued function f ∈ Πp×q we consider its boundary values f(ζ) and
its pseudocontinuation f−, then as a result we get a matrix-valued function defined
everywhere on the complex plane except possibly some set of Lebesgue measure zero on
the circle T and isolated singularities, namely, the poles of f and f−. This matrix-valued
function will be denoted in the same way as the initial one, i.e., f(z). The set where this
function is holomorphic will be denoted by Ωf , and Ω+

f := Ωf ∩ D, Ω−
f := Ωf ∩ De.

We have
Sp×p

in ⊂ Πp×p,

and moreover, the pseudocontinuation s− of s ∈ Sp×p
in can be obtained by the symmetry

principle,

s−(z) = [s#
−(z)]−1, z ∈ D, det s

(1
z

)
�= 0,

from the identity
s(ζ)s(ζ)∗ = s(ζ)∗s(ζ) = Ip for a.e. ζ ∈ T.

The following fact, implied by the results by Douglas, Shapiro, and Shields [10], is
very important.

Lemma 5. Let f ∈ Hp×q
2 . Then f ∈ Hp×q

2 Π if and only if there exists a matrix-valued
function b ∈ Sp×p

in such that b(ζ)∗f(ζ) = g(ζ)∗ for a.e. ζ ∈ T, where g(ζ) stands for the
nontangential boundary values of some matrix-valued function g(z) ∈ Hq×p

2 . Moreover,
b(z) can be taken in the form b(z) = η(z)Ip, where η ∈ Sin.

Proof. For p = q = 1 the result is contained in [10].
Let p �= 1 or q �= 1. The matrix-valued function f ∈ Hp×q

2 has a pseudocontinuation
to the exterior of the unit disk De if and only if each of its entries is of class H2Π and
satisfies the conclusion of the lemma for p = q = 1. Therefore, the required b ∈ Sp×p

in of
the form b(z) = η(z)Ip, η ∈ Sin, exists. The function η(z) can be taken as the product
of all functions of class Sin given by the scalar version of the lemma for each entry of f .
Lemma 5 is proved. �

Let f ∈ Πp×q, and let

rf = max{rank f(z) : z ∈ Ωf};

then rank f(z) = rf for all z ∈ Ωf except possibly a set of isolated points, and moreover,
rank f(ζ) = rf for a.e. ζ ∈ T .

Note that all rational (p × q)-matrix-valued functions belong to Πp×q.

Rosenblum–Rovnyak Theorem. Suppose f ∈ Πp×p, r = rf , and f(ζ) ≥ 0 for a.e.
ζ ∈ T . Then:

1) the factorization problem

g(ζ)∗g(ζ) = f(ζ) for a.e. ζ ∈ T

has a solution g = ϕ ∈ Nr×p
out unique up to a constant left unitary factor of order

r; every solution ϕ ∈ Nr×p
out belongs to Πr×p;

2) the dual factorization problem

ω(ζ)ω(ζ)∗ = f(ζ) for a.e. ζ ∈ T

has a solution ω = ψ such that ψ∼ ∈ Nr×p
out , unique up to a constant right unitary

factor of order r, and ψ ∈ Πp×r;
3) a matrix-valued function f belongs to Lp×p

1 if and only if ϕ ∈ Hr×p
2 (ψ ∈ Hp×r

2 );
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4) if f ∈ Lp×p
1 , then the set of solutions g ∈ Hr×p

2 of the direct factorization problem
can be described by the formula g = b1ϕ, where b1 ∈ Sr×r

in , and the set of solutions
ω ∈ Hp×r

2 of the dual factorization problem can be described by the formula
ω = ψb2, where b2 ∈ Sr×r

in ;
5) a (p×p)-matrix-valued function f is rational if and only if the solutions ϕ and ψ

of the direct and dual factorization problems are rational matrix-valued functions
of size r × p and p × r, respectively;

6) for a rational (p × p)-matrix-valued function f , the set of rational solutions g ∈
Hr×p

2 of the direct factorization problem can be described by the formula g = b1ϕ,
where b1 is a rational inner matrix-valued function of order r, and the set of
rational solutions ω ∈ Hp×r

2 of the dual factorization problem can be described
by the formula ω = ψb2, where b2 is a rational inner matrix-valued function of
order r;

7) if g ∈ Nr×p is a solution of the direct factorization problem, then g ∈ Πr×p and

g#(z)g(z) = f(z) for all z ∈ Ωg ∩ Ωg# ,

and if ω ∈ Np×r is a solution of the dual factorization problem, then ω ∈ Πp×r

and
ω(z)ω#(z) = f(z) for all z ∈ Ωω ∩ Ωω# .

Proof. The results stated in the theorem are contained, e.g., in the book [12]. �

§3. Jp,m-inner dilations

3.1. Necessary information about matrix-valued functions of classes P (J) and
U(J). We let J denote a signature matrix, i.e., a matrix of order m such that

J∗ = J, J2 = Im.

A matrix θ of order m said to be J-contractive if

θ∗Jθ ≤ J,

and it is J-unitary if
θ∗Jθ = J.

Equivalent conditions are θJθ∗ ≤ J and θJθ∗ = J , respectively.
Put

(3.1) P = (Im + J)/2, Q = (Im − J)/2.

For a J-contractive matrix θ, the matrix

(3.2) S = (Q + Pθ)(P + Qθ)−1

is well defined. It is called the Potapov–Ginzburg transform of θ. Since

Im − S∗S = (P + Qθ)∗−1(J − θ∗Jθ)(P + Qθ)−1,

we have the following statement (see [2, 14]).

Lemma 6. A matrix θ is J-contractive if and only if the matrix S defined by (3.2) is
contractive (‖S‖ ≤ 1).

The matrix θ can be expressed in terms of S by the formula

θ = (SQ − P )−1(Q − SP ).



Jp,m-INNER DILATIONS OF MATRIX-VALUED FUNCTIONS 383

Consider the Potapov class P (J) of matrix-valued functions θ(z) meromorphic in the
unit disk D and having J-contractive values at every point of D where it is holomorphic,
i.e.,

(3.3) θ(z)∗Jθ(z) ≤ J, z ∈ Ω+
θ .

Such matrix-valued functions will also be called J-contractive.
By Lemma 6, θ(z) is J-contractive if and only if the matrix-valued function

S(z) = (Q + Pθ(z))(P + Qθ(z))−1, z ∈ Ω+
θ ,

extends continuously to the entire D so that S(z) ∈ Sm×m. Here P and Q are defined
by (3.1). Since

θ(z) = (S(z)Q − P )−1(Q − S(z)P ),
any J-contractive matrix-valued function θ(z) can be represented as a ratio of bounded
matrix-valued functions holomorphic in D. Therefore, the following is true.

Lemma 7. Any J-contractive matrix-valued function has bounded Nevanlinna charac-
teristic.

In other words, P (J) ⊂ Nm×m. This implies that any J-contractive matrix-valued
function θ(z) has radial limit values almost everywhere on T ,

θ(ζ) = lim
ρ↑1

θ(ρζ),

and these limit values on a subset of T of positive Lebesgue measure determine the
function θ(z) uniquely. Passing to the limit in (3.3), we get

(3.4) θ(ζ)∗Jθ(ζ) ≤ J for a.e. ζ ∈ T.

We shall be interested in J-contractive matrix-valued functions θ(z) with J-unitary
boundary values, i.e., the functions such that

(3.5) θ(ζ)∗Jθ(ζ) = J for a.e. ζ ∈ T.

Such matrix-valued functions are said to be J-inner. The class of J-inner matrix-
valued functions will be denoted by U(J). Clearly, U(Ip) = Sp×p

in .

Remark 1. Condition (3.5) implies that det θ(ζ) �= 0 a.e. on T for θ ∈ U(J); therefore,
det θ(z) �= 0 for z ∈ Ω+

θ except probably some subset of Ω+
θ without accumulation points

in D. It follows that θ(z)−1 ∈ Nm×m, and the pseudocontinuation θ− of θ, defined by
the “symmetry principle”

θ−(z) = J [θ#(z)]−1J,

has bounded Nevanlinna characteristic in De. The boundary values

θ−(ζ) = lim
ρ↓1

θ−(ρζ) (for a.e. ζ ∈ T )

coincide almost everywhere with the boundary values θ(ζ) of θ(z). Thus, U(J) ⊂ Πm×m.

Remark 2. Let Jp =
[ 0 −Ip

−Ip 0

]
. For a matrix-valued function c(z) of order p we define

θ0(z) by (1.2∗). It is easy to check that
1) c ∈ �p×p ⇐⇒ θ0 ∈ P (Jp);
2) c ∈ �p×p and Re c(z) = 0 for a.e. ζ ∈ T ⇐⇒ θ0 ∈ U(Jp).

3.2. Proof of Theorem 1. Let m ≥ 0. Consider the signature matrix Jp,m defined
by (1.3).

A matrix-valued function θ(z) ∈ U(Jp,m) is called a Jp,m-unitary dilation of c(z) ∈
�p×p if it has the block structure of type (1.2) for m > 0 and of type (1.2*) for m = 0.

Now, we start proving Theorem 1 (see the Introduction).
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Proof of the “only if” part. Let c ∈ �p×pΠ. If mc = 0, then the matrix-valued
function θ0 defined in (1.2*) is a unique Jp, 0-inner dilation of c(z).

Now, let mc > 0. The matrix-valued function Re c(ζ), which is nonnegative for a.e.
ζ ∈ T , is the boundary value of the function c(z) + c#(z), belonging to the Nevanlinna
class Np×p. Since Re c(ζ) ∈ Lp×p

1 for c ∈ �p×p, the Rosenblum–Rovnyak theorem shows
that the factorization problem

(3.6) 2 Re c(ζ) = g(ζ)∗g(ζ) for a.e. ζ ∈ T

is solvable in Hm×p
2 , and its solution satisfies the condition g ∈ Hm×p

2 Π for m = mc.
Therefore, by Lemma 5, there exists a matrix-valued function b ∈ Sm×m

in such that
b(ζ)∗g(ζ) = ω(ζ)∗, where ω(ζ) is the boundary value of ω ∈ Hp×m

2 . Put

α = b, β = g, γ = ω, δ = c, θ =

⎡
⎣α β 0

γ δ Ip

0 Ip 0

⎤
⎦ .

Then the following identity is true:

(3.7) θ(ζ)∗Jp,mθ(ζ) = Jp,m for a.e. ζ ∈ T.

Indeed, for a.e. ζ ∈ T we have

θ(ζ)∗Jp,mθ(ζ) =

⎡
⎣α(ζ)∗ γ(ζ)∗ 0

β(ζ)∗ δ(ζ)∗ Ip

0 Ip 0

⎤
⎦

⎡
⎣Im 0 0

0 0 −Ip

0 −Ip 0

⎤
⎦

⎡
⎣α(ζ) β(ζ) 0

γ(ζ) δ(ζ) Ip

0 Ip 0

⎤
⎦

=

⎡
⎣ α(ζ)∗α(ζ) α(ζ)∗β(ζ) − γ(ζ)∗ 0

β(ζ)∗α(ζ) − γ(ζ) β(ζ)∗β(ζ) − 2 Re δ(ζ) −Ip

0 −Ip 0

⎤
⎦

=

⎡
⎣ b(ζ)∗b(ζ) b(ζ)∗g(ζ) − ω(ζ)∗ 0

g(ζ)∗b(ζ) − ω(ζ) g(ζ)∗g(ζ) − 2 Re c(ζ) −Ip

0 −Ip 0

⎤
⎦

=

⎡
⎣Im 0 0

0 0 −Ip

0 −Ip 0

⎤
⎦

= Jp,m.

Therefore, θ is Jp,m-unitary almost everywhere on T . It remains to show that θ is
Jp,m-contractive in D. For this, we use the Potapov–Ginzburg transform of θ(z):

P = (I2p+m + Jp,m)/2, Q = (I2p+m − Jp,m)/2, S̃(z) = (Q + Pθ(z))(P + Qθ(z))−1.

We have

S̃(z) =

⎡
⎢⎣

α(z) − 1
2β(z)

(
Ip + 1

2δ(z)
)−1

γ(z) β(z)
(
Ip + 1

2δ(z)
)−1 0

0 0 Ip

−
(
Ip + 1

2δ(z)
)−1

γ(z)
(
Ip − 1

2δ(z)
)(

Ip + 1
2δ(z)

)−1 0

⎤
⎥⎦ .

Clearly, the matrix-valued function s = (Ip − 1
2δ)(Ip + 1

2δ)−1 belongs to the Schur class
Sp×p, because 1

2δ ∈ �p×p. The function (Ip+ 1
2δ(z))−1 (= 1

2 (Ip+s)) is of class Hp×p
∞ . This

implies that all blocks of S̃ belong to the Smirnov classes of appropriate sizes. Therefore,
S̃ ∈ N

(2p+m)×(2p+m)
+ , and (3.7) is equivalent to the identity

S̃(ζ)∗S̃(ζ) = I2p+m for a.e. ζ ∈ T.

By the maximum principle for the Smirnov class, S̃ is contractive in D:

S̃(z)∗S̃(z) ≤ I2p+m, z ∈ D.
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Now, we can use Lemma 6 to conclude that the resulting matrix-valued function θ is
Jp,m-contractive in D:

(3.8) θ(z)∗Jp,mθ(z) ≤ Jp,m, z ∈ Ω+
θ .

Thus, the function θ, meromorphic in D, belongs to U(Jp,m). Moreover, it has a block
structure as in (1.2), so that θ is a Jp,m-inner dilation of c(z) with m = mc.

Proof of the “if” part. Suppose a matrix-valued function c(z) has a Jp,m-inner dilation
θ of type (1.2) or (1.2∗) with m ≥ 0. In accordance with Remark 1, the condition
θ ∈ U(Jp,m) implies θ ∈ Π(2p+m)×(2p+m). Therefore, the matrix-valued function c(z) is
in Πp×p, being a block of its dilation θ(z). The property c ∈ �p×p follows from Remark 2 if
m = 0. If m > 0, then the same property follows from the inequality Re c(z) ≥ β(z)∗β(z)
for z ∈ Ω+

θ . The latter inequality is a consequence of (3.8). If a matrix-valued function
c(z) of order p is meromorphic in D and Re c(z) ≥ 0 for z ∈ Ω+

c , then c(z) may have
only removable singularities, so that we can view it as holomorphic in D. Therefore,
c ∈ �p×pΠ.

Now, we prove that m ≥ mc. If m > 0 for θ, then

2 Re c(ζ) = β(ζ)∗β(ζ) for a.e. ζ ∈ T,

and mc = rank β(ζ) on T , whence m ≥ mc. If m = 0, then θ = θ0, and therefore,
by Remark 2, c(z) is of class �p×p and Re c(ζ) = 0 a.e. on T . In this case, c(z) has a
pseudocontinuation c−(z) = −c#(z), whence c ∈ �p×pΠ and m = mc (= 0). The theorem
is proved. �

In what follows, we shall consider only Jp,m-inner dilations of c ∈ �p×pΠ with the
minimal possible m, i.e., with m = mc.

3.3. Description of the set of Jp,m-inner dilations with m = mc. A Jp,m-inner
dilation θ of a matrix-valued function c ∈ �p×pΠ with m = mc > 0 is not unique. Indeed,
if b1 ∈ Sm×m

in and b2 ∈ Sm×m
in , then the function

θ1 =

⎡
⎣b1 0 0

0 Ip 0
0 0 Ip

⎤
⎦ θ

⎡
⎣b2 0 0

0 Ip 0
0 0 Ip

⎤
⎦

is also a Jp,m-inner dilation of c(z).
Let

θ(z) =

⎡
⎣α(z) β(z) 0

γ(z) δ(z) Ip

0 Ip 0

⎤
⎦

be an arbitrary Jp,m-inner dilation of c ∈ �p×pΠ, and let m = mc > 0. Since θ(ζ) is
Jp,m-unitary, (3.7) is fulfilled almost everywhere on T . This is equivalent to the following
family of scalar identities for a.e. ζ ∈ T :

α(ζ)∗α(ζ) = Im, α(ζ)∗β(ζ) = γ(ζ)∗,(3.9)

2 Re c(ζ) = β(ζ)∗β(ζ).(3.10)

By (3.8), we have

(3.11)

⎡
⎣ Im − α(z)∗α(z) γ(z)∗ − α(z)∗β(z) 0

γ(z) − β(z)∗α(z) 2 Re c(z) − β(z)∗β(z) 0
0 0 0

⎤
⎦ ≥ 0

for z ∈ Ω+
θ , whence

(3.12) α(z)∗α(z) ≤ Im, β(z)∗β(z) ≤ 2 Re c(z), z ∈ Ω+
θ .



386 D. Z. AROV AND N. A. ROZHENKO

Furthermore, (3.12) implies that the matrix-valued functions α and β, meromorphic in
D, may have only removable singularities. Therefore, we may assume that α and β are
holomorphic in D. In particular, for β we have

1
2π

∫
|ζ|=1

‖β(ρζ)ξ‖2 |dζ| ≤ 1
2π

∫
|ζ|=1

2(Re c(ρζ)ξ, ξ) |dξ| = 2(Re c(0)ξ, ξ) < ∞,

where ξ ∈ C
p. Hence, β is an Hm×p

2 -solution of the factorization problem (3.10), and α
belongs to Sm×m

in by (3.9) and (3.12).
Relation (3.7) is equivalent to

(3.13) θ(ζ)Jp,mθ(ζ)∗ = Jp,m for a.e. ζ ∈ T.

Therefore,

α(ζ)α(ζ)∗ = Im, α(ζ)γ(ζ)∗ = β(ζ),(3.14)

2 Re c(ζ) = γ(ζ)γ(ζ)∗ for a.e. ζ ∈ T.(3.15)

Since (3.8) is equivalent to

(3.16) θ(z)Jp,mθ(z)∗ ≤ Jp,m, z ∈ Ω+
θ ,

in a similar way we show that γ is a solution of the factorization problem (3.15), and it
belongs to Hp×m

2 .
The matrix-valued functions β and γ can be represented in the form

(3.17) β(z) = b1(z)ϕ(z), γ(z) = ψ(z)b2(z),

where ϕ and ψ are an outer and a ∗-outer solution of the factorization problems (3.10)
and (3.15). They have rank m and belong to the classes Hm×p

2 and Hp×m
2 , respectively;

b1 and b2 are of class Sm×m
in . The Rosenblum–Rovnyak theorem ensures that such “max-

imal” solutions ϕ and ψ of problems (3.10) and (3.15) exist. The functions ϕ(z) and
ψ(z) are uniquely determined by c(z), up to a unitary left or right constant matrix,
respectively.

Since c ∈ �p×pΠ and m = mc > 0, the matrix-valued function Re c(ζ) (nonnegative
for a.e. ζ ∈ T ) is the boundary value of a matrix-valued function of class Np×p in the
disk D. Therefore, since rank Re c(ζ) = m a.e. on T , the function Re c(ζ) has a principal
minor of order m different from zero a.e. on T , whereas any principal minor of order
exceeding m is identically zero. Without loss of generality we may assume that such a
principal minor of order m is at the upper left corner of the matrix Re c(ζ). To arrive
at this case, we can always make a permutation of the rows of Re c(ζ), together with
the same permutation of the columns. As a result, we get a matrix-valued function
h(ζ) = K Re c(ζ)K∗ that is determined now by c̃ = KcK∗; hence h(ζ) = Re c̃(ζ), where
K is a constant orthogonal matrix. A dilation θ of c can be obtained from the dilation θ̃

of c̃ by multiplying θ̃ from the left and from the right by Jp,m-unitary matrices
[

Im 0 0
0 K 0
0 0 K

]

and
[

Im 0 0
0 K∗ 0
0 0 ∗K

]
, respectively. Under our assumption, an outer and a ∗-outer solution of

the factorization problems (3.10) and (3.15) have the following form:

[
ϕ1 ϕ2

]
,

[
ψ1

ψ2

]
,

where ϕ1 and ψ1 are matrix functions of order m with detϕ1 �≡ 0 and det ψ1 �≡ 0. They
could be determined uniquely by imposing the normalization conditions ϕ1(0) > 0 and
ψ1(0) > 0. These solutions will be called the normalized outer and ∗-outer solutions
of (3.10) and (3.15), respectively. They will be denoted by ϕN and ψN . In the general
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case, we assume that ϕN =
[

ϕ1 ϕ2
]
K and ψN = K∗[ ψ1

ψ2

]
, where K is the orthogonal

matrix considered above. The normalization conditions are ϕ1(0) > 0 and ψ1(0) > 0.
In what follows, a description of all Jp,m-inner dilations of the form (1.2) with m = mc

will be given for c ∈ �p×pΠ with mc > 0. This description will involve the normalized
outer (ϕN ) and ∗-outer (ψN ) solutions of the factorization problems (3.10) and (3.15),
as well as the matrix-valued function sc(ζ) defined by the relation

(3.18) sc(ζ)ψN (ζ)∗ = ϕN (ζ) for a.e. ζ ∈ T.

This function was introduced in [8] in a more general setting. There it was called a
scattering suboperator, because precisely this suboperator arises when we consider inte-
rior scattering channels in conservative resistance systems with resistance matrix equal
to c(z). In the same paper, it was shown that the matrix-valued function sc(ζ) plays a
role in investigating minimal passive resistance systems with the impedance matrix c(z).
Note that if sc(ζ) is defined by (3.18), then it has unitary values, i.e.,

(3.19) sc(ζ)∗sc(ζ) = Im for a.e. ζ ∈ T.

Moreover, if c ∈ �p×pΠ, then sc(ζ) is the nontangential boundary value of a matrix-valued
function sc(z) of class Np×p. The latter function is defined by

(3.20) sc(z)ψ#
N (z) = ϕN (z), z ∈ ΩϕN

∩ Ωψ#
N
∩ Ωsc

.

Relation (3.20) is equivalent to the formula

(3.21) sc(z) = ϕ1(z)ψ#
1 (z)−1, z ∈ Ωϕ1 ∩ Ωψ#

1
,

which in turn is equivalent to the identity

(3.22) sc(z) = ϕ#
1 (z)−1ψ1(z), z ∈ Ωϕ#

1 ∩Ωψ1
.

We show that (3.20) and (3.21) are indeed equivalent. Let (3.20) be fulfilled. Then

sc(z)
[
ψ#

1 (z) ψ#
2 (z)

]
=

[
ϕ1(z) ϕ2(z)

]
,

whence
sc(z)ψ#

1 = ϕ1(z), sc(z)ψ#
2 (z) = ϕ2(z).

Therefore, (3.21) is true.
Conversely, assume (3.21). The factorization problems (3.10) and (3.15) ensure that

ϕ#
NϕN = ψNψ#

N , i.e., [
ϕ#

1 ϕ1 ϕ#
1 ϕ2

ϕ#
2 ϕ1 ϕ#

2 ϕ2

]
=

[
ψ1ψ

#
1 ψ1ψ

#
2

ψ2ψ
#
1 ψ2ψ

#
2

]
,

whence ϕ#
1 ϕ2 = ψ1ψ

#
2 , and ϕ2 = ϕ#−1

1 ψ1ψ
#
2 . Since ϕ#

1 ϕ1 = ψ1ψ
#
1 , we have ϕ1 =

ϕ#−1
1 ψ1ψ

#
1 = scψ

#
1 . Therefore, (3.20) is true.

Now, we state and prove a theorem that yields a complete description of the set of all
Jp,m-inner dilations of c(z).

Theorem 2. Let c ∈ �p×pΠ, and let m = mc > 0. Consider the matrix-valued functions
ϕN ∈ Hm×p

2 and ψN ∈ Hp×m
2 that are the normalized outer and ∗-outer solutions of the

factorization problems

2 Re c(ζ) = ϕ(ζ)∗ϕ(ζ) and 2 Re c(ζ) = ψ(ζ)ψ(ζ)∗ for a.e. ζ ∈ T,

respectively. Let sc be defined by (3.20) and ϑ by the formula

(3.23) ϑ(z) =

⎡
⎣ sc(z) ϕN (z) 0

ψN (z) c(z) Ip

0 Ip 0

⎤
⎦ .
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Let {b1, b2} be a denominator of the matrix-valued function sc ∈ Np×p. Put

α(z) = b1(z)sc(z)b2(z), β(z) = b1(z)ϕN (z),

γ(z) = ψN (z)b2(z), δ(z) = c(z),
(3.24)

and

(3.25) θ(z) =

⎡
⎣α(z) β(z) 0

γ(z) δ(z) Ip

0 Ip 0

⎤
⎦ .

Then θ(z) is a Jp,m-unitary dilation of c(z), and it has a unique representation of the
form

(3.26) θ(z) =

⎡
⎣b1(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ϑ(z)

⎡
⎣b2(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ ,

where {b1, b2} ∈ Den(sc). All Jp,m-inner dilations of c ∈ �p×pΠ can be obtained in this
way.

Proof. Let θ(z) be a Jp,m-inner dilation of c ∈ �p×pΠ of the form (1.2). Then, as has
been shown above, its blocks β and γ are solutions of the factorization problems (3.10)
and (3.15). They belong to Hm×p

2 and Hp×m
2 , respectively, and α belongs to Sm×m

in . The
functions β and γ can be represented as in (3.17), where ϕ = ϕN and ψ = ψN are the
normalized outer and ∗-outer solutions of the factorization problems (3.10) and (3.15),
belonging to Hm×p

2 and Hp×m
2 , respectively, and b1 ∈ Sm×m

in , b2 ∈ Sm×m
in . The functions

ϕN and ψN determine the function sc(z) uniquely by one of the formulas (3.20)–(3.22).
The function sc(z) satisfies (3.19).

Next, since γ(ζ)∗ = α(ζ)∗β(ζ) a.e. on T , we have b2(ζ)∗ψN (ζ)∗ = α(ζ)∗b1(ζ)ϕN (ζ),
and with the help of (3.18) we get α = b1scb2.

This leads to the following parametrization for the blocks of the dilation θ:

α = b1scb2, β = b1ϕN , γ = ψNb2.

Therefore,

θ(z) =

⎡
⎣b1(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ϑ(z)

⎡
⎣b2(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ ,

where ϑ is uniquely determined by c, by formula (3.23).
Thus, the freedom in the choice of the dilation reduces to the inner matrix-valued

functions b1 and b2. Nevertheless, these functions are not arbitrary, because the following
condition must be fulfilled:

(3.27) b1scb2 ∈ Sm×m
in ,

where sc ∈ Nm×m is uniquely determined by c in accordance with one of the formu-
las (3.20)–(3.22). The boundary condition (3.19) yields the equivalence (3.27) and the
relation

(3.28) b1scb2 ∈ Nm×m
+ .

Therefore, the dilation θ ∈ U(Jp,m) of c ∈ �p×pΠ has the form (3.26), where ϑ is uniquely
determined by c(z), and {b1, b2} is a denominator of sc, i.e., {b1, b2} ∈ Den(sc).

Conversely, if an arbitrary matrix-valued function c ∈ �p×pΠ with mc > 0 is given,
then we can construct functions sc and ϑ by (3.20)–(3.22) and (3.23). Furthermore, we
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take an arbitrary denominator {b1, b2} of sc and consider the function

θ(z) =

⎡
⎣b1(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ϑ(z)

⎡
⎣b2(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ .

A direct calculation shows that (3.24) and (3.25) are fulfilled and that θ has Jp,m-unitary
boundary values a.e. on T .

The matrix-valued function ϑ(z) defined by (3.23) has Jp,m-unitary boundary values
almost everywhere on the unit circle T , but in general it may fail to be Jp,m-unitary. It
is such if and only if sc ∈ Nm×m

+ . However, by the choice of b1 and b2, the Potapov–
Ginzburg transform of θ is contractive in D, which can be checked in the same way as
was done in the proof of (3.8) in Theorem 1. Using Lemma 6, we conclude that θ is
Jp,m-contractive in the disk D. Therefore, θ ∈ U(Jp,m). The theorem is proved. �

3.4. Minimal and optimal Jp,m-inner dilations. The result obtained allows us to
describe the set of all minimal (in a sense) Jp,m-inner dilations of the form (1.2) with m =
mc.

If two Jp,m-inner matrix-valued functions θ and θ1 satisfy θ = θ1θ2, where θ2 is also a
Jp,m-inner matrix-valued function, then θ1 is called a left divisor of θ. We say that such
a divisor is trivial if θ = θ1U , where U is a Jp,m-unitary matrix. A right divisor and a
right trivial divisor are defined in a similar way.

A dilation θ ∈ U(Jp,m) is said to be minimal if it admits no nontrivial Jp,m-inner left

and right divisors of the form
[

w(z) 0 0
0 Ip 0
0 0 Ip

]
, i.e., if θ cannot be represented in the form

(3.29) θ(z) =

⎡
⎣u(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ θ̃(z)

⎡
⎣v(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ ,

where θ̃ ∈ U(Jp,m), u ∈ Sm×m
in , v ∈ Sm×m

in , and at least one of the functions u(z) and
v(z) is not constant.

We are going to find out for what denominators {b1, b2} of sc formula (3.26) produces
minimal Jp,m-inner dilations.

Theorem 3. A Jp,m-inner dilation θ of a matrix-valued function c ∈ �p×pΠ with m =
mc > 0 is minimal if and only if the corresponding denominator {b1, b2} of sc, occurring
in (3.26), is minimal.

Proof. Let θ be a Jp,m-inner dilation of c ∈ �p×pΠ, and let {b1, b2} be the denominator
of sc that corresponds to θ by formula (3.26). Suppose that this dilation is minimal,
i.e., (3.29) is fulfilled, where θ̃ ∈ U(Jp,m), u ∈ Sm×m

in , v ∈ Sm×m
in , and either u(z) or v(z) is

not constant. Then θ̃(z) is a Jp,m-inner dilation of c(z) with some denominator{b̃1, b̃2} of
sc. Since the representation of θ(z) in the form (3.26) is unique, we have b1(z) = u(z)b̃1(z)
and b2(z) = b̃2(z)v(z); i.e., {b̃1, b̃2} is a nontrivial divisor of the denominator {b1, b2}.
Conversely, if we have such a divisor, we get relation (3.29) in which at least one of the
inner functions, either u(z) or v(z), is not constant. The theorem is proved. �

A dilation θ ∈ U(Jp,m) of c ∈ �p×pΠ of the form (1.2) with m = mc is said to be
optimal if β in (1.2) is an outer matrix-valued function; it is ∗-optimal if γ in (1.2) is a
∗-outer matrix-valued function.

The next assertion follows from Theorem 3 and Lemma 3.
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Theorem 4. All optimal Jp,m-inner dilations of a matrix-valued function c ∈ �p×pΠ are
described by the formula

θ(z) =

⎡
⎣u 0 0

0 Ip 0
0 0 Ip

⎤
⎦ϑ(z)

⎡
⎣b(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ ,

where {u, b} ∈ Denr(sc) and u is a unitary matrix of order m. Moreover, an optimal
dilation θ is minimal if and only if the corresponding right denominator {u, b} of sc is
minimal. Such a denominator exists and is essentially unique.

All ∗-optimal Jp,m-inner dilations of a matrix-valued function c ∈ �p×pΠ are described
by the formula

θ(z) =

⎡
⎣b(z) 0 0

0 Ip 0
0 0 Ip

⎤
⎦ϑ(z)

⎡
⎣v 0 0

0 Ip 0
0 0 Ip

⎤
⎦ ,

where {b, v} ∈ Denl(sc) and v is a unitary matrix of order m. Moreover, a ∗-optimal
dilation θ is minimal if and only if the corresponding left denominator {b, v} of sc is
minimal. Such a denominator exists and is essentially unique.

§4. Real, symmetric, and rational Jp,m-inner dilations

4.1. Real Jp,m-inner dilations. Matrix-valued functions f(z) real in the disk D, i.e.,
satisfying f(z) = f(z), appear very often in applications. For this reason, we consider
real matrix-valued functions c(z) ∈ �p×pΠ and their Jp,m-inner dilations.

A denominator {b1, b2} of f ∈ Np×q is said to be real if b1(z) and b2(z) are real
matrix-valued functions.

Lemma 8. For a real matrix-valued function f(z) ∈ Np×q, its minimal right and mini-
mal left denominators can be chosen to be real.

Proof. See Theorem 6.1 in [2]. �

Theorem 5. A real matrix-valued function c(z) ∈ �p×pΠ with mc > 0 has a real Jp,m-
inner dilation θ(z) of the form (1.2) with m = mc. All such Jp,m-inner dilations are
described by formula (3.26) with real denominators of sc(z). In particular, minimal op-
timal as well as minimal ∗-optimal Jp,m-inner dilations can be chosen to be real.

Proof. Since c(z) ∈ �p×pΠ is real, 2 Re c(ζ) is also real. Therefore, the functions ϕN (z)
and ψN (z) are solutions of the factorization problems (3.10) and (3.15), together with
ϕN (z) and ψN (z). Since they are outer and ∗-outer matrix-valued functions, respectively,
and they satisfy the normalization conditions ϕ1(0) > 0, ψ1(0) > 0, we have ϕN (z) =
ϕN (z) and ψN (z) = ψN (z) because such solutions are unique. Therefore, ϕN (z) and
ψN (z) are real, and hence, sc(z) and ϑ(z) are also real. Moreover, the Jp,m-inner dilation
θ(z) is real if and only if the denominator {b1(z), b2(z)} of sc(z) has real inner matrix-
valued functions b1 and b2. Combined with Theorem 3 and Lemma 8, this fact shows that
a minimal optimal and a minimal ∗-optimal Jp,m-inner dilation of the real matrix-valued
function c(z) can be chosen to be real. �

4.2. Symmetric Jp,m-inner dilations. In applications, the case of symmetric matrix-
valued functions f(z), i.e., those for which f(z)T = f(z) for all z ∈ Ωf , is also important.
In this subsection we consider symmetric Jp,m-inner dilations of symmetric matrix-valued
functions c(z) ∈ �p×pΠ.

The denominators of the form {b(z), b(z)T } for a function f(z) belonging to the Nevan-
linna class are said to be symmetric. Such denominators always exist, because for a scalar
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function η ∈ Sin such that ηf ∈ Np×q
+ the pair {ηIp, ηIp} is a symmetric denominator

of f .

Theorem 6. Any symmetric matrix-valued function c(z) ∈ �p×pΠ with mc > 0 has
a symmetric Jp,m-inner dilation θ. Moreover, all symmetric Jp,m-inner dilations are
described by formula (3.26), where {b1, b2} is a symmetric denominator of sc, i.e., b2(z) =
b1(z)T .

Proof. Since c(z) ∈ �p×pΠ is symmetric, the outer function ψN (z)T and the ∗-outer func-
tion ϕN (z)T are, respectively, solutions of the factorization problems (3.10) and (3.15),
together with the normalized solutions ϕN (z) and ψN (z). Moreover, they satisfy the
same normalization conditions. Therefore, ψN (z) = ϕN (z)T , which implies that the
matrix-valued functions sc(z) and ϑ(z) are symmetric. Moreover, the dilation θ(z) given
by (3.26) is symmetric if and only if the denominator {b1, b2} of sc(z) satisfies the con-
dition b2(z) = b1(z)T . �

We say that a symmetric denominator {b(z), b(z)T } ∈ Den(f) is minimal symmetric if
it has no nontrivial symmetric divisors. Such denominators of sc correspond to minimal
symmetric Jp,m-inner dilations of c(z), i.e., to those admitting no representation of the
form (3.29) with θ̃(z)T = θ̃(z) and with nonconstant u(z) and v(z) (= u(z)T ). The
existence of such dilations follows from the next statement.

Lemma 9. For every symmetric denominator {b(z), b(z)T } of f ∈ Nm×m, there exists
a minimal symmetric denominator {b̂(z), b̂(z)T } that is a divisor of the initial one. In
the scalar case (m = 1) the function f(z) has a unique minimal symmetric denominator
(up to a constant factor κ with |κ| = 1).

Note that the minimal symmetric denominator {b̂(z), b̂(z)T } of f ∈ Np×p may fail
to be its minimal denominator. For the proof of Lemma 9, see [2] (Lemma 6.1 and the
Remark after it).

Now, we consider the case where c(z) ∈ �p×pΠ is both real and symmetric. The
following results are consequences of Theorems 6.3 and 6.4 in [2].

Theorem 7. For a real symmetric matrix-valued function c(z) ∈ �p×pΠ with mc > 0,
there exists a real symmetric Jp,m-inner dilation θ(z) of the form (1.2). All such dilations
are described by formula (3.26) with real symmetric denominators {b1, b2} of sc(z).

Any real symmetric Jp,m-inner dilation θ(z) can be represented as in (3.29), where
θ̃(z) is a real minimal symmetric Jp,m-inner dilation of c(z). Moreover, the functions
u(z) ∈ Sm×m

in and v(z) ∈ Sm×m
in satisfy u(z) = u(z) and v(z) = u(z)T .

Note that, for a given real symmetric matrix-valued function c(z) ∈ �p×pΠ, its real
minimal symmetric Jp,m-inner dilation is not unique. However, for a scalar c(z) ∈ �Π
its real minimal symmetric Jp,m-inner dilation is unique, because we have an essentially
unique minimal symmetric denominator of sc(z).

4.3. Rational Jp,m-inner dilations. In this subsection we consider the case where
c(z) ∈ �p×pΠ is a rational matrix-valued function.

We say that a denominator {b1, b2} of f ∈ Np×q is rational if b1(z) and b2(z) are
rational.

If c ∈ �p×pΠ is rational, then so is c(z) + c#(z). Therefore, the normalized solutions
ϕN (z) and ψN (z) of the factorization problems (3.10) and (3.15) are rational matrix-
valued functions of size m × p and p × m, respectively (see assertions 5 and 6 of the
Rosenblum–Rovnyak theorem). This implies that the functions sc(z) and ϑ(z) defined
by (3.21) and (3.23) are also rational. The Jp,m-inner dilation θ is rational if and only if
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so is the denominator {b1(z), b2(z)} of sc(z). Assertion (b) of Lemma 4 and Theorem 3
imply that the minimal Jp,m-inner dilations of a rational c ∈ �p×pΠ are rational.

Thus, the following theorem is true.

Theorem 8. For a rational matrix-valued function c(z) ∈ �p×pΠ with mc > 0, there
exists a rational Jp,m-inner dilation θ(z) of the form (1.2). All rational Jp,m-inner
dilations are described by formula (3.26) with rational denominators of sc(z). All minimal
Jp,m-inner dilations of c(z) are rational. Moreover,

1) for a rational real matrix-valued function c(z) ∈ �p×pΠ with mc > 0, there exists
a rational real Jp,m-inner dilation θ(z) of the form (1.2). All rational Jp,m-inner
dilations are described by formula (3.26) with rational real denominators of sc(z);

2) an arbitrary rational and symmetric matrix-valued function c(z) ∈ �p×pΠ with
mc > 0 admits a rational symmetric Jp,m-inner dilation θ(z), and all rational
and symmetric Jp,m-inner dilations are described by formula (3.26) with rational
and symmetric denominators {b, bT } ∈ Den(sc). In the class of all rational
and symmetric Jp,m-inner dilations there exist rational, minimal, and symmetric
Jp,m-inner dilations of c(z);

3) for a rational, real, and symmetric matrix-valued function c(z) ∈ �p×pΠ with
mc > 0, there exists a rational, real, and symmetric Jp,m-inner dilation θ(z)
of the form (1.2). All such dilations are described by formula (3.26) with ra-
tional, real, and symmetric denominators {b1, b2} of sc(z). An arbitrary ratio-
nal, real, and symmetric Jp,m-inner dilation θ(z) of c(z) can be represented in
the form (3.29), where θ̃(z) is a rational, real, minimal, and symmetric Jp,m-
inner dilation of c(z); moreover, u(z) ∈ Sm×m

in and v(z) ∈ Sm×m
in are rational,

u(z) = u(z), and v(z) = u(z)T .

§5. Entire matrix-valued functions of class �p×pΠ(C+)

Instead of the unit disk D, we can consider the open upper half-plane

C+ = {z : Im > 0}.
Then a class X of matrix-valued functions on D turns into the corresponding class X(C+)
of functions on C+, with the exception of the Hardy space Hp×q

2 , which will be discussed
below.

The class �p×p(C+) consists of all matrix-valued functions c(z) of order p holomorphic
in C+ and such that Re c(z) ≥ 0 in C+. Its subclass �p×pΠ(C+) consists of all c(z)
belonging to �p×p(C+) and having a pseudocontinuation c−(z) of bounded Nevanlinna
characteristic in the lower half-plane C− = {z : Im z < 0}:

c(µ) = lim
ν↓0

c(µ + iν) = lim
ν↓0

c−(µ − iν) for a.e. µ ∈ R,

where c−(z) = h2(z)−1h1(z), and h1 is a matrix-valued function of order p holomorphic
and bounded in C−, and h2 is a scalar bounded function holomorphic in C−. For c(z) ∈
�p×p(C+), the condition (1 + µ2)−1 Re c(µ) ∈ Lp×p

1 (C+) is fulfilled, and the rank mc

of c(z) ∈ �p×pΠ(C+), i.e., rank Re c(µ), is constant a.e. on R. If mc > 0, then the
factorization problems on R of the types (3.10) and (3.15) are solvable in the class of all
g and ω such that (z + i)−1g(z) ∈ Hm×p

2 (C+) and (z + i)−1ω(z) ∈ Hp×m
2 (C+), where

Hk×l
2 (C+) is the Hardy class of (k×l)-matrix-valued functions h(z) that are holomorphic

in C+ and satisfy

sup
ν>0

∫ ∞

−∞
trace{h(µ + iν)∗h(µ + iν)}dµ < ∞.
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A solution g = ϕ of the factorization problem of the form (3.10) is outer if and only if
the closed linear span of the vector-valued functions eizt(z + i)−1ϕ(z)ξ with t > 0 and
ξ ∈ Cp is the entire space Hm

2 (C+).
A matrix-valued function ψ(z) is ∗-outer in C+ if ψ(z)T is outer in C+.
All results of the preceding sections have their analogs for matrix-valued functions on

the upper half-plane. They can easily be deduced from the corresponding results in the
unit disk by the change of variables λ = i1−z

1+z , which transfers D onto C+.
Instead of real matrix-valued functions, we consider functions f(z) defined on C+ and

possessing the property
f(−z) = f(z).

These functions will be called I-real, because this is the class of function invariant under
the operator I mapping f(z) to f(−z).

We restrict ourselves to the case where c ∈ �p×pΠ(C+) is an entire function.

Lemma 10. If f ∈ Np×q(C+) is an entire matrix-valued function, then its minimal
denominators {b1, b2} are pairs of entire functions.

See [3].
By theorems of M. G. Krĕın and of Rosenblum–Rovnyak (see [12]), if f(µ) ≥ 0 and f(z)

is an entire (p × p)-matrix-valued function of bounded Nevanlinna characteristic in C+

and C−, i.e., f ∈ Πp×p(C+), then an outer solution g = ϕ of the factorization problem of
the type (3.10) is an entire matrix-valued function of class Πm×p(C+). Therefore, ϕ∼(z)
is an entire matrix-valued function of class Πp×m(C+). Hence, by Lemma 10, if {Im, b}
is its right minimal denominator, then the function b ∈ Sm×m

in (C+) is entire, whence

(5.1) b(µ)∗ϕ(µ) = ω(µ)∗,

where ω(µ) is a boundary value of an entire matrix-valued function ω(z) ∈ Np×m
+ (C+).

Put

α(z) = b(z), β(z) = ϕ(z), γ(z) = ω(z), δ(z) = c(z),

θ(z) =

⎡
⎣α(z) β(z) 0

γ(z) δ(z) Ip

0 Ip 0

⎤
⎦ .

Clearly, the matrix-valued function θ(z) constructed in this way is an entire, optimal,
and Jp,m-inner dilation of c(z). Now, we show that it is minimal.

Relation (5.1) implies that

(5.2) γ(z) = ϕ∼
N (z)b(z) = ψN (z)d(z)

for some d ∈ Sm×m
in (C+). Consequently, ϕ∼

1 (z)b(z) = ψ1(z)d(z), whence α(z) = b(z) =
sc(z)d(z), i.e., {Im, d} ∈ Denr(sc). We prove that this right denominator of sc is minimal.
Let d(z) = w1(z)w2(z), where w1, w2 ∈ Sm×m

in (C+) and {Im, w1(z)} ∈ Denr(sc). Then
b(z) = [sc(z)w1(z)]w2(z), so that w2(z) is a right divisor of b(z). Being divisors of the
entire matrix-valued function b, the matrix-valued functions scw1 and w2 are entire.
We have ϕ∼(z)b(z) = ψ(z)w1(z)w2(z), whence ϕ∼(z)[sc(z)w1(z)] = ψ(z)w1(z). This
implies that {Im, scw1} is a right denominator of ϕ∼(z). Since {Im, b} is the minimal
right denominator of ϕ∼(z), we have w2(z) = const; i.e., {Im, d} is the minimal right
denominator of sc(z). Therefore, by Theorem 3, the optimal Jp,m-inner dilation θ(z) of
c(z) is minimal.

Similar arguments apply to a ∗-outer solution of the factorization problem of type
(3.15) on R. Thus, the following theorem is true.
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Theorem 9. Let c(z) ∈ �p×pΠ(C+) be an entire matrix-valued function with m = mc.
Then any optimal minimal Jp,m-inner dilation of c(z) in C+ is entire, and any ∗-optimal
minimal Jp,m-inner dilation of c(z) is entire. Moreover,

1) any entire I-real matrix-valued function c(z) admits an entire, I-real, minimal,
and optimal Jp,m-inner dilation, as well as an entire, I-real, minimal, and ∗-
optimal Jp,m-inner dilation;

2) if c(z) ∈ �p×pΠ(C+) is an entire symmetric matrix-valued function, then it ad-
mits an entire, minimal, and symmetric Jp,m-inner dilation;

3) any entire, I-real, and symmetric matrix-valued function c(z) admits an entire,
I-real, minimal, and symmetric Jp,m-inner dilation.

References

[1] D. Z. Arov, Darlington’s method in the study of dissipative systems, Dokl. Akad. Nauk SSSR 201
(1971), no. 3, 559–562; English transl., Soviet Phys. Dokl. 16 (1971), 954–956 (1972). MR0428098

(55:1127)
[2] , Realization of matrix-valued functions according to Darlington, Izv. Akad. Nauk SSSR

Ser. Mat. 37 (1973), no. 6, 1299–1331; English transl. in Math. USSR-Izv. 7 (1973). MR0357820
(50:10287)

[3] , Realization of a canonical system with a dissipative boundary condition at one end of the
segment in terms of the coefficient of dynamical compliance, Sibirsk. Mat. Zh. 16 (1975), no. 3,
440–463; English transl., Siberian Math. J. 16 (1975), no. 3, 335–352. MR0473196 (57:12872)

[4] , Passive linear steady-state dynamical systems, Sibirsk. Mat. Zh. 20 (1979), no. 2, 211–228;
English transl., Siberian Math. J. 20 (1979), no. 2, 149–162. MR0530486 (80g:93031)

[5] , Optimal and stable passive systems, Dokl. Akad. Nauk SSSR 247 (1979), no. 2, 265–268;
English transl., Soviet Math. Dokl. 20 (1979), no. 4, 676–680. MR0545346 (80k:93036)

[6] , Stable dissipative linear stationary dynamical scattering systems, J. Operator Theory 2
(1979), no. 1, 95–126. (Russian) MR0553866 (81g:47007)

[7] , Functions of class Π, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 135
(1984), 5–30; English transl., J. Soviet Math. 31 (1985), no. 1, 2645–2659. MR0741691 (85h:47041)

[8] D. Z. Arov and M. A. Nudel′man, Conditions for the similarity of all minimal passive realizations
of a given transfer function (scattering or resistance matrices), Mat. Sb. 193 (2002), no. 6, 3–24;
English transl., Sb. Math. 193 (2002), no. 5–6, 791–810. MR1957950 (2003k:47020)

[9] N. I. Akhiezer and I. M. Glazman, Theory of linear operators in Hilbert space, 2nd ed., “Nauka”,
Moscow, 1966; English transl. from 3rd ed., Vols. I, II, Monogr. and Stud. in Math., vols. 9, 10,
Pitman, Boston, MA–London, 1981. MR0206710 (34:6527); MR0615736 (83i:47001a); MR0615737
(83i:47001b)

[10] R. G. Douglas, H. S. Shapiro, and A. L. Shields, On cyclic vectors of the backward shift, Bull. Amer.
Math. Soc. 73 (1967), 156–159. MR0203465 (34:3316)
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