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SOLUTION OF THE HADAMARD PROBLEM IN THE CLASS
OF STEPWISE GAUGE-EQUIVALENT DEFORMATIONS

OF HOMOGENEOUS DIFFERENTIAL OPERATORS
WITH CONSTANT COEFFICIENTS

S. P. KHEKALO

Abstract. In the paper, all nontrivial Huygens stepwise gauge-equivalent deforma-
tions for a priori Huygens homogeneous differential operators with constant coef-
ficients are described explicitly. A condition is obtained under which an operator
in the class of stepwise gauge-equivalent operators is Huygens, and new examples
are given of iso-Huygens deformations of radial homogeneous differential operators
of higher order.

§1. Introduction. Statement of the problem

The problem of describing the differential equations (operators) satisfying the Huygens
principle is well known in the literature as Hadamard’s problem (see, e.g., [1]–[3] and the
references therein).

A differential operator satisfies the Huygens principle (in the sense of Hadamard) if it
has a fundamental solution with support of positive codimension.

After Hadamard’s work, it had long been a common opinion that the Huygens prin-
ciple is a unique phenomenon inherent only to the wave operator (or to its elementary
transformations). However, Stellmacher [4] constructed a nontrivial example of a Huy-
gens operator by adding a potential of a special type to the wave operator. In modern
terms, he performed an iso-Huygens deformation of the wave operator by a potential
with a second order singularity in the plane.

Later, Stellmacher and Lagnese [5] obtained all possible iso-Huygens deformations of
the wave operator by potentials depending on one variable. It turned out that all such
potentials (Lagnese–Stellmacher potentials) can be obtained from the zero potential by
finitely many Darboux transformations of the one-dimensional Schrödinger operator; see
[6, 2, 3].

Actually, from that point on, a new line of investigations in Hadamard’s problem
started to develop, related to performing nontrivial iso-Huygens deformations of a priori
Huygens operators (see, e.g., [3], [7]–[10]).

Presently, the Hadamard problem is well studied for second order operators with
arbitrary coefficients (especially in four-dimensional space; see [2, 3]).

For higher order operators, Hadamard’s problem is poorly studied (see, e.g., [11, 12]).
No attempts to extend the Hadamard construction directly to higher order operators
have been a success [13].
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In the papers [3, 7, 8, 10], based on the theory of gauge-equivalent operators and inter-
twining operators with spectral parameters, Berest, Veselov, and Molchanov constructed
an analog of the Hadamard Ansatz for deformed operators of arbitrary orders. This
construction made it possible to obtain iso-Huygens deformations of the wave operator
by the Calogero–Moser potentials [3].

It is well known that not all Huygens equations can be transformed into equations
with constant coefficients in the principal parts. Examples of such equations are provided
by the Günther equations [14] and the Semenov-Tyan-Shanskĭı hyperbolic systems of
wave equations with “multidimensional time” [15]. Using the results of [15], Helgason
[16] described an important relationship between the Huygens principle and problems of
integral geometry. A link between the validity of the Huygens principle and the possibility
for obtaining local inversion formulas for the Radon transformation was also discussed
in [17], and that between the Huygens principle and the validity of the Fuglede formula
for the integral transformation along planes was discussed in [18].

We note that the Hadamard criterion for the finiteness of a series-Ansatz [1], the
Petrovskĭı criterion for the existence of a lacuna [19], and the links established between
the Huygens principle and a local inversion formula for the Radon transformation [15, 16]
allow one only to determine whether a given operator is Huygens and give no way to
construct new Huygens operators.

In the present paper, we use the approach of Stellmacher–Lagnese–Berest–Veselov to
solve the Hadamard problem in the class of stepwise gauge-equivalent deformations of
homogeneous differential operators with constant coefficients. Thus, we are interested
in the situation where the basic space related to an equation (operator) of an arbitrary
order is locally conformally flat (in this case, the coefficients of the principal part of the
operator can be regarded as constants).

In this paper, the basic methods and notions do not depend on the fact that the
coefficients of the principal part of the operator in question are constant. Therefore,
there is some hope that the results of the paper can be extended to the case of variable
coefficients.

The author is grateful to the participants of V. M. Babich’s seminar on mathematical
physics and to Semenov-Tyan-Shanskĭı for an interesting and important discussion of
problems touched upon in this paper; to Yu. Yu. Berest and A. P. Veselov, whose work
provided a basis for the author’s results; and to the reviewer for significant remarks that
improved the exposition in §§4, 5, and 8.

§2. Gauge-equivalent operators

Specific examples of classes of differential operators satisfying the so-called gauge
equivalence property were presented in the papers [3], [7]–[9], where the verification of
this property was based on the method of intertwining operators with spectral parameters
and is fairly difficult. The problem of describing more or less general constructions of
classes of gauge-equivalent differential operators was posed in the paper [8]. An attempt
at constructing a gauge equivalence class for hyperbolic operators was made in [10].

In the present paper, we use the notion of stepwise gauge-equivalence of operators
[20], which is a direct analog of the Darboux transformation of the one-dimensional
Schrödinger operator [2, 3, 6], and give an explicit construction of deformations of ho-
mogeneous differential operators with constant coefficients that are gauge equivalent to
a given operator.

On R
N , N ≥ 2, we consider a homogeneous differential operator L0 of order K ≥ 2

with constant coefficients. We assume that the operator L0 admits a Riesz kernel. This
means [8] that there exists a family of distributions Φ(λ)

0 on R
N meromorphic in the
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domain Reλ > λ0, λ0 < 0 (λ is a complex parameter), and satisfying the conditions

L0 Φ(λ)
0 = Φ(λ−1)

0 , Φ(0)
0 = δ

(δ is the Dirac delta function). A formal method for constructing a Riesz kernel of L0 in
the form of Fourier integrals was given in [8]. There are many specific cases where this
method yields explicit expressions for Riesz kernels; see [3, 21].

By a deformation L of an operator L0 we mean an operator

L = L0 + · · ·
obtained from L0 by adding differential operators of smaller order with variable coeffi-
cients (and admitting no reduction to L0 by elementary transformations; see [22, 1, 2]).

Let Lk, k ∈ Z+, be deformations of L0 depending on a parameter and satisfying the
condition

Lk

∣∣∣
k=0

≡ L0.

We recall [3] that an operator Lk is M -gauge equivalent to L0 via a nonzero smooth
function fk if

(1) adM+1
Lk,L0

fk = 0, M = M(k) ∈ N,

where the skew adjoint action operator adM
A,BC is defined by the recurrence relation

adM
A,B C = adM−1

A,B (AC − CB), ad0
A,B C = C.

Theorem 1 (the Berest–Veselov–Molchanov Ansatz [8]). Suppose the operator Lk is
M -gauge equivalent to L0 by a function fk. Then the family of distributions

(2)
{
HM

∂t
(fk) Φ(λ)

k (x, ξ; t)
∣∣∣
t=0

, x, ξ ∈ R
N ; t ∈ R

}
λ∈C

,

where

HM
∂t

(fk) =
M∑

s=0

(−1)s

s!
(ads

Lk,L0
fk)

∂s

∂ts

and

Φ(λ)
k (x, ξ; t) =

1
fk(ξ)

Q∑
i=0

(
λ + i − 1

i

)
Φ(λ+i)

0 (x − ξ) ti

(Q is sufficiently large) gives a Riesz kernel for Lk:

Lk

(
HM

∂t
(fk) Φ(λ)

k (x, ξ; t)
∣∣∣
t=0

)
= HM

∂t
(fk) Φ(λ−1)

k (x, ξ; t)
∣∣∣
t=0

,

HM
∂t

(fk) Φ(0)
k (x, ξ; t)

∣∣∣
t=0

= δ(x − ξ).

As was noted above, it is difficult to verify condition (1) for specific deformations
Lk. It is also unclear why the deformations Lk must have a specific form and whether
gauge-equivalent deformations can be constructed for every homogeneous operator L0.

In this connection, the following problem arises: construct an algorithm for finding
the coefficients of the deformation Lk having a Riesz kernel (2).

A special case of this problem was solved in the paper [20] where, on the basis of
Fourier’s method of separation of variables and the conditions of stepwise gauge equiva-
lence for operators, deformations of the operator L0 in a given direction were constructed,
with coefficients of the deformations depending on one variable.

In the present paper, the above problem is solved with the help of a necessary and
sufficient condition for stepwise gauge equivalence of operators. Moreover, our criterion
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leads to a specific form of these deformations (up to shifts in the variable). Preparatory
work was done in [23], where the problem on stepwise gauge equivalence of deformations
Lk, k ∈ {0} ∪ N, was reduced to the problem of solving an overdetermined system of
partial differential equations for the coefficients of the deformations and for the function
fk (see equation (1)).

§3. Deformations. Riesz kernels

A homogeneous differential operator L0 of order K with constant coefficients aα1,...,αK
,

αi = 1, . . . , N , i = 1, . . . , K, is a homogeneous K-form in the partial derivatives ∂αi
=

∂/∂xαi
,

L0 =
∑
α

aα1,...,αK
∂α1 · · · ∂αK

.1

We introduce the following notation:
(·
·
)

is a binomial coefficient; 〈·, ·〉 is the standard
scalar product in R

N ; (k, s) = k(k + 1) · . . . · (k + s − 1) is the Pochhammer symbol
(k, s ∈ {0} ∪ N, (k, 0) ≡ 1).

We choose an arbitrary nonzero vector parameter

A = (A1, . . . , AN ) ∈ R
N ,

and, for s = 1, . . . , K, consider the sums

qs(α, A) =
∑

αK−s+1,...,αK

aα1,...,αK
AαK−s+1 · · ·AαK

.

For s = 0, we put
q0 ≡ q0(α, A) = aα1,...,αK

.

Obviously, the operators

(3) Rk =
K∑

s=0

(−1)s−1(s − 1)
(
K
s

)
(k, s)

〈A, x〉s
∑
α

qs(α, A) ∂α1 · · · ∂αK−s

provide a sequence of deformations of the operator L0. In other words, R0 = L0 and

Rk = L0 + smaller order terms.

Proposition 1. Let Φ(λ)
0 be a Riesz kernel of L0. Then, for each k ∈ Z+, the family of

distributions {
Hk

∂t

(
〈A, x〉k

)
Φ(λ)

k (x, ξ; t)
∣∣∣
t=0

, x, ξ ∈ R
N ; t ∈ R

}
λ∈C

,

where

Hk
∂t

(
〈A, x〉k

)
=

k∑
s=0

(−1)s

s!
(
ads

Rk,L0
〈A, x〉k

) ∂s

∂ts

and

Φ(λ)
k (x, ξ; t) =

1
〈A, ξ〉k

∞∑
i=0

(
λ + i − 1

i

)
Φ(λ+i)

0 (x − ξ) ti,

is a Riesz kernel of Rk.

1We deliberately use this kind of notation for an operator (in contrast to the multi-index notation).
This will allow us to introduce some constructions and simplify calculations in the proof of the main
theorem.
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The proof is based on Theorem 1 in [8], mentioned in the Introduction, and on the
condition for the operators Rk and L0 to be k-gauge equivalent via the function 〈A, x〉k:

(4) adk+1
Rk,L0

〈A, x〉k = 0.

The proof of the latter relation is based on the property of stepwise gauge equivalence
for the operators Rk, k ∈ Z+ [23].

§4. Stepwise gauge equivalence

As above, let Lk, k ∈ Z+, be deformations of the operator L0, and let s be a positive
integer.

Definition 1. The operators Lk, k = 0, 1, . . . , s, satisfy the condition of stepwise gauge
equivalence via one and the same function f if, for all k = 1, . . . , s, the following relation
is valid:

(5) ad1+1
Lk,Lk−1

f = 0.

Thus, by definition, two operators with neighboring values of the parameter are 1-
gauge equivalent via f . (Actually, this definition was introduced in Theorem 1 in [23].)

Proposition 2 [23]. If the operators Lk, k = 0, 1, . . . , s, satisfy the condition of stepwise
gauge equivalence via a function f , then Ls is s-gauge equivalent to L0 via the function
fs:

ad1+1
Lk,Lk−1

f = 0, k = 1, . . . , s =⇒ ads+1
Ls,L0

fs = 0.

Thus, to prove that conditions (4) are satisfied, it suffices to verify conditions (5) for
the stepwise gauge equivalence of the operators (3). In the following theorem, we present
necessary and sufficient conditions under which deformations of homogeneous differential
operators with constant coefficients are gauge equivalent.

Theorem 2. The operators Lk satisfy the condition of stepwise gauge equivalence if and
only if, up to translations of the variable x ∈ R

N , they are of the form (3):

Lk ≡ Rk =
K∑

j=0

(−1)j−1(j − 1)
(
K
j

)
(k, j)

〈A, x〉j
∑
α

qj(α, A) ∂α1 · · · ∂αK−j
,

where K is the degree of the operator L0.

Proof. Let
L0 =

∑
α, |α|=K

aα ∂α,

where now α = (α1, . . . , αN ) is a multi-index of nonnegative integers, |α| = α1+ · · ·+αN ,
∂ = ∂|α|/∂xα1

1 · · · ∂xαN

N .
By the necessary condition for gauge equivalence of operators, the principal symbols of

these operators must coincide [23]. Therefore, we define a deformation of L0, depending
on the parameter k ∈ Z+, by the equation

(6) Lk =
∑

α, |α|≤K

uk
α(x) ∂α,

where the coefficients uk
α(x) are smooth almost everywhere and satisfy the conditions

u0
α(x) =

{
aα, |α| = K,

0, |α| < K;
uk

α(x) = u0
α(x) = aα, |α| = K.
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Next, for every smooth function f �≡ 0, we put

gk
α(f) ≡ gk

α =
∑

β≥α, |β|≤K

(
β

α

)
uk

β (∂β−αf) − uk−1
α f, |α| ≤ K,

rk
αβ(f) ≡ rk

αβ =
∑

γ≥α, |γ|≤K

(
γ

α

) [
uk

γ (∂γ−αgk
β) − gk

γ (∂γ−αuk−1
β )

]
, |α|, |β| ≤ K,

where the binomial coefficient is defined on multi-indices as the product of binomial
coefficients on the corresponding subindices, and the partial ordering of multi-indices is
defined by the rule β ≥ α ⇔ βi ≥ αi for all i = 1, . . . , N .

In [23], it was proved that condition (5) of stepwise gauge equivalence can be rewritten
as the overdetermined system

(7)

⎧⎪⎨
⎪⎩

∑
α≥γ, |α|≤K

rk
α,γ−α = 0, |γ| ≤ K,∑

α≥γ, |γ|−K≤|α|≤K

rk
α,γ−α = 0, 1 + K ≤ |γ| ≤ 2K,

consisting of
(
2K+N

N

)
nonlinear partial differential equations, for uk

α(x) and f . As was
proved in [23], the function f must be a linear form (up to affine shifts),

f(x) ≡ fA(x) = 〈A, x〉, A, x ∈ R
N .

We represent the deformation (6) in the following form similar to (3):

Rk =
K∑

j=0

∑
α

uk
j (α, x) ∂α1 · · · ∂αK−j

.

Solving system (7) for such operators, with f(x) = 〈A, x〉, we see that the coefficients
uk

j (α, x) must have the form

uk
j (α, x) =

ck
j (α; q0; A)
〈A, x〉j , ck

0(α; q0; A) = q0.

Thus, system (7) can be transformed into an overdetermined system of nonlinear equa-
tions for the constants ck

j (α; q0; A).
Next, the calculation of the commutator[

∂α1 · · · ∂αK−j
, 〈A, x〉l

]
, l ∈ Z,

shows that the ck
j (α; q0; A) look like this:

ck
j (α; q0; A) = pj (k, j) qj(α; A),

where the pj = p(j) are constants depending only on j, and as before, (k, j) is the
Pochhammer symbol.

Consequently, the operators Lk satisfy (up to translations) the condition of stepwise
gauge equivalence if and only if

Lk =
K∑

j=0

pj (k, j)
〈A, x〉j

∑
α

qj(α, A) ∂α1 · · · ∂αK−j
.
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We introduce the notation

rj = (K − j)pj + (j + 1)pj+1,

Pjl(k; K) =
j∑

r=0

(−1)r pj−r (k, j − r) (l, r)
(

K − j + r

r

)
,

Qjl(k; K) =
l∑

r=0

(−1)r rl−r (k, l − r) (j, r)
(

K − l + r − 1
r

)

and find the constants pj .
Let f(x) = 〈A, x〉, as before. A direct calculation (it is faster to use a computer

algebra package) shows that, first,

adLk,Lk−1 f =
K−1∑
j=0

(k, j) rj

〈A, x〉j
∑
α

qj+1(α; A) ∂α1 · · · ∂αK−j−1 ,

and second,

ad2
Lk,Lk−1

f ≡ Lk (adLk,Lk−1 f) − (adLk,Lk−1 f) Lk−1

=
K∑

j=0

K−1∑
l=0

rl(k, l)Pjl(k; K) − pj(k − 1, j)Qjl(k; K)
〈A, x〉l+j

×
∑
α

∑
β

qj(α; A) ql+1(β; A) ∂α1 · · · ∂αK−j
∂β1 · · · ∂βK−l−1 .

Thus, the system of equations for the constants pj has the form

(8)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

rl · (k, l) · P0l(k; K) − p0 · (k − 1, 0) · Q0l(k; K) = 0,

rl · (k, l) · Pl+1,l(k; K) − pl+1 · (k − 1, l + 1) · Ql+1,l(k; K) = 0,

rl · (k, l) · Pjl(k; K) − pj · (k − 1, j) · Qjl(k; K)

+ rj−1 · (k, j − 1) · Pl+1,j−1(k; K)

− pl+1 · (k − 1, l + 1) · Ql+1,j−1(k; K) = 0,

where rj = (K − j)pj + (j + 1)pj+1, k ∈ N, l = 0, 1, . . . , K − 1, j = 1, . . . , K.
Since P0l(k; K) = p0 and Q0l(k; K) = rl(k, l), we see that in the first group the

equations are identities:
rl(k, l)p0 − p0 rl(k, l) ≡ 0.

We consider the second group of equations in (8) for k = 1. Since

Pl+1,l(k; K) =
l+1∑
r=0

(−1)r pl+1−r (k, l + 1 − r) (l, r)
(

K − l − 1 + r

r

)
,

the equations in this group take the form
l+1∑
r=0

(−1)r pl+1−r (l + 1 − r)! (l, r)
(

K − l − 1 + r

r

)
= 0, l = 0, 1, . . . , K − 1.

This is a nondegenerate triangular system, and therefore, it has a nontrivial solution
unique up to a constant p0 �= 0:

(9) pr = (−1)r−1(r − 1)
(

K

r

)
p0.

It is easy to check that (9) satisfies all equations in (8) for arbitrary k ∈ N.
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It remains to take into account that q0 = aα1,...,αK
was defined up to multiplication

by a constant. Therefore, we can put p0 = 1. Thus, the numbers of the form (9) and
only these numbers (up to a common constant multiple) satisfy system (8), and

Rk ≡ Lk =
K∑

j=0

(−1)j−1(j − 1)
(
K
j

)
(k, j)

〈A, x〉j
∑
α

qj(α, A) ∂α1 · · · ∂αK−j
.

The theorem is proved. �

§5. Hadamard’s problem

We apply Theorem 2 to solve Hadamard’s problem in the class of stepwise gauge-
equivalent deformations of a priori Huygens homogeneous operators with constant coef-
ficients.

Definition 2. A differential operator satisfies the Huygens principle (the strong Huygens
principle) if it has a fundamental solution with support of codimension equal to (greater
than) 1.

Definition 3. Suppose a differential operator L satisfies the Huygens principle. The
maximal degree H (finite or infinite) for which the operator LH remains Huygens is
called the Huygens index of L.

Example. Consider the wave operator

� =
∂2

∂t2
− ∂2

∂x2
1

− · · · − ∂2

∂x2
N

on R
1+N . For N odd, the wave operator satisfies the Huygens principle, and the operator

�s satisfies the Huygens principle if and only if the odd number N satisfies the inequality
s ≤ (N − 1)/2 (see, e.g., [2, 3]). Thus, the Huygens index of the wave operator is equal
to H = (N − 1)/2.

The main consequence of Theorems 2 and 1 is the following statement.

Corollary. Let L0 be a homogeneous differential operator of order K with constant
coefficients and with Huygens index H. The operator Lk is an iso-Huygens stepwise
gauge-equivalent deformation of L0 if and only if k ≤ H − 1 and, up to shifts in the
variable, we have

Lk =
K∑

j=0

(−1)j−1(j − 1)
(
K
j

)
(k, j)

〈A, x〉j
∑
α

qj(α, A) ∂α1 · · · ∂αK−j

for some A �= 0.

Proof. The “only if ” part. Let Lk be a stepwise gauge-equivalent deformation of L0. By
Theorem 2, up to shifts in the variable, Lk has the form indicated in the corollary. By
Theorem 1 and Proposition 1, the fundamental solution of Lk at ξ ∈ R

N , 〈A, ξ〉 �= 0, is
given by the Berest–Veselov–Molchanov Ansatz

Ek =
1

〈A, ξ〉k
k∑

j=0

(−1)j
(
adj

Lk,L0
〈A, x〉k

)
Φ(1+j)

0 (x − ξ), 〈A, ξ〉 �= 0.

Here Φ(j)
0 , j = 0, 1, . . . , l (l is sufficiently large), is defined by the equation

Φ(j)
0 = Ll−j

0 E l
0, Ll

0E l
0 = δ.
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Next, since LH
0 satisfies the Huygens principle, the codimension of the support of the

fundamental solution Ek is at least 1 if 1 + j ≤ H for all j = 0, . . . , k. It remains to note
that differentiation cannot make the dimension of the support larger.

The “if” part. If, up to shifts in the variable, the operator Lk has the form indicated
in the corollary, then, first, Lk is a deformation of L0; second, by Theorem 2, Lk satisfies
the conditions of stepwise gauge equivalence of operators; and third, its fundamental
solution Ek has codimension at least 1 if k ≤ H − 1. Consequently, Lk is an iso-Huygens
stepwise gauge-equivalent deformation of L0. The proof is complete. �

Remark. Every power r of Lk also satisfies the Huygens principle provided k ≤ H−r. In
this case, the Huygens index Hk of the deformed operator Lk is related to the Huygens
index H of L0 by the formula

Hk = H − k.

§6. Cayley–Gårding–Gindikin operators

and their iso-Huygens deformations

In this section, we give an explicit example of iso-Huygens deformations of the homo-
geneous hyperbolic Cayley–G̊arding–Gindikin operator [24, 12, 9] on the space SMm of
symmetric real (m × m)-matrices.

On SMm, we consider the hyperbolic Cayley–G̊arding–Gindikin operator

L0 ≡ Dm = det
(

εij
∂

∂aij

)
, εij =

{
1, i = j,
1
2 , i �= j.

The operator Dp
m satisfies the Huygens principle if 3 ≤ 2p + 1 ≤ m; see [9, 24].

We denote by V r
m the submanifold of nonnegative definite matrices of rank r =

0, 1, . . . , m − 1 in SMm. We define almost global coordinates on V r
m. For all matri-

ces a ∈ V r
m except those belonging to a submanifold of smaller codimension, the first r

columns are linearly independent and the matrices can be represented in the form(
a(r) a(r)z
′za(r) ′za(r)z

)
,

where a(r) is a submatrix of order r and z is an (r × (m − r))-rectangular dependence
matrix. On this subset W , we introduce the measure

dra =
1

√
π

r(m−r)Γr

(
r
2

) (
det a(r)

) m−r−1
2

da(r)dz,

which satisfies the quasi-invariance condition

dr(′g a g) = |det g|r dra, g ∈ GL(m).

Definition 4 ([9]). By the distribution δ(V r
m) related to the surface V r

m in SMm, we
mean the integral

(δ(V r
m), ϕ) =

∫
V r

m

ϕ(a)dra ≡
∫

W

ϕ(a)dra,

where ϕ is a Schwartz class function on the space of symmetric real matrices.

Let A ∈ SMm be a nonzero matrix of parameters, and let

fA(a) = tr(Aa)

be the trace of Aa. We denote by ∂a =
(
εij

∂
∂aij

)
the matrix of partial derivative

operators, and by ∂A
i1,...,is

, s = 0, 1, . . . , m, 1 ≤ i1 < · · · < is ≤ m, the matrix obtained
from ∂a by replacing the rows with indices i1, . . . , is by the corresponding rows of A.
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If CGGs(A, ∂a) denotes the homogeneous operator∑
1≤i1<···<is≤m

det
(
∂A

i1,...,is

)
of order m − s, then CGG0 = Dm and CGGm = det(A). We consider the deformation

Lk = Dm +
m∑

s=2

(−1)s−1(s − 1)(k, s)
fs

A(a)
CGGs(A, ∂a)

of the Cayley–G̊arding–Gindikin operator Dm = det(∂a) with singularities on the planes
tr(Aa) = 0.

Proposition 3. If the parameter k ∈ N satisfies the condition

k ≤ m − 1 − 2s, s ∈ N,

then the strong Huygens principle is fulfilled for the operator Ls
k. In this case, its principal

fundamental solution has the form

ELs
k

=
1

fk
A(ξ)

k∑
j=0

(−1)j

(
s + j − 1

j

)(
adj

Lk,Dm
fk

A(a)
)

δ(V s+j
m ).

This proposition follows directly from Theorems 1 and 2.

§7. Iso-Huygens deformations of Cayley–Laplace operators

In this section, we present a construction of iso-Huygens deformations of a homoge-
neous nonhyperbolic Cayley–Laplace operator [21, 25] on the space Mn,m of rectangular
real (n × m)-matrices (n ≥ m).

Let Mr
n,m be the subspace of Mn,m consisting of matrices of rank r = 0, . . . , m − 1.

For all matrices x ∈ Mr
n,m except those belonging to a subspace of smaller dimension,

the first r columns are linearly independent. Let

U =
{
x = (x(r), x(r)z) | x(r) ∈ Mn,r, z ∈ Mr,m−r

}
,

where z is the matrix of linear dependence. The group of transformations x �→ ρxg,
ρ ∈ O(n), g ∈ GL(m), acts on U . With respect to this action, there is a unique (up to a
constant factor) measure on U ,

drx =
crdx(r)dµ(

det ′x(r)x(r)
)(n−m)/2

, cr = πr(r−m−n)/2 Γr

(
n
2

)
Γr

(
r
2

) ,

that satisfies the following relative invariance condition:

dr(ρxg) = |det g|r drx.

Definition 5. By the delta function δ(Mr
n,m), r = 1, . . . , m − 1, related to the surface

Mr
n,m in Mn,m, we mean the distribution

(
δ(Mr

n,m), ϕ
)

=
∫

Mr
n,m

ϕ (x)drx ≡
∫

U

ϕ(x)drx,

where ϕ is a Schwartz class function on Mn,m.

Let x ∈ Mn,m be a rectangular matrix of variables, let X ∈ Mn,m be a nonzero matrix
of parameters, and let

fX(x) = tr( ′Xx)
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be the trace of ′Xx. We denote by ∂x =
(

∂
∂xij

)
the matrix of partial derivative operators,

and by ∂X
i1,...,ip

, p = 0, 1, . . . , m, 1 ≤ i1 < · · · < is ≤ m, the matrix obtained from ∂x by
replacing the columns with indices i1, . . . , ip by the corresponding columns of X.

On Mn,m, we consider the nonhomogeneous nonhyperbolic Cayley–Laplace opera-
tor [9]

L0 ≡ ∆m = det( ′∂x∂x).
If 2s ≤ min{m− 1, n−m}, then the operator ∆s

m satisfies the strong Huygens principle;
see [25].

If CLs(X, ∂x) denotes the homogeneous operator∑
1≤i1<···<ip≤m
1≤j1<···<jq≤m

p+q=s

det
(

′∂X
i1,...,ip

∂X
j1,...,jq

)
, s = 0, 1, . . . , 2m,

of order 2m− s, then CL0 = ∆m and CL2m = det( ′XX). We consider the deformation

Lk = ∆m +
2m∑
s=2

(−1)s−1(s − 1)(k, s)
fs

X(x)
CLs(X, ∂x)

of the Cayley–Laplace operator ∆m = det( ′∂x∂x) with singularities on the planes tr( ′Xx)
= 0.

Proposition 4. If the parameter k ∈ N satisfies the condition

k ≤ 1
2

min{m − 1, m − n} − s, s ∈ N,

then the strong Huygens principle is fulfilled for Ls
k, and its principal fundamental solu-

tion has the form

ELs
k

=
(−1)mp

Γm

(
n
2

)
fk

X(ξ)

k∑
j=0

(−1)(m+1)jΓm

(
n−2s−2j

2

)
4(s+j)m

×
(

s + j − 1
j

) (
adj

Lk,∆m
fk

X(x)
)

δ(M2s+2j
n,m ).

This proposition follows directly from Theorems 1 and 2.

§8. The general problem

As before, let

L0 =
∑
α

aα1,...,αK
∂α1 · · · ∂αK

, ∂αi
=

∂

∂xαi

, αi = 1, . . . , N,

be a homogeneous differential operator on R
N of order K with constant coefficients.

We denote by A =
{
A = (A1, . . . , AN ) ∈ R

N
}

a system of nonzero vectors in R
N and

by kA : A → Z+ nonzero functions on the vectors in A.
Consider the deformations

L{kA} = L0 +
K∑

s=2

(−1)s−1(s − 1)
(

K

s

) ∑
A∈A

(kA, s)
〈A, x〉s

∑
α

qs(α, A) ∂α1 · · · ∂αK−s
,

qs(α, A) =
∑

αK−s+1,...,αK

aα1,...,αK
AαK−s+1 · · ·AαK

, s = 2, . . . , K,

of L0.



1026 S. P. KHEKALO

In the context of Theorem 2, the problem on gauge-equivalent deformations of homo-
geneous differential operators with constant coefficients, posed in [10], takes the following
more specific form: describe explicitly all systems A of nonzero vectors and functions kA

on these systems such that the operators L{kA} are |k|-gauge equivalent to the operator
L0 via the function f{kA}(x), i.e.,

ad|k|+1
L{kA},L0

f{kA} = 0, |k| =
∑
A∈A

kA, f{kA}(x) =
∏

A∈A
〈A, x〉kA .

Partial solutions of this problem are described in the following examples.

Example 1. We may take a system A consisting of a single nonzero vector, and put
{kA} = k ∈ Z+ (this is the result of Theorem 2 and Proposition 2).

Example 2 [3]. Let x = (x1, . . . , xN ) ∈ R
N , and let

L0 ≡ ∆ =
∂2

∂x2
1

+ · · · + ∂2

∂x2
N

be the Laplace operator on R
N , K = 2. For the role of A we take the set of positive

roots of an arbitrary root system in R
N that corresponds to a finite group W = 〈sA〉

generated by reflections

sAx = x − 2〈A, x〉
〈A, A〉 x

in R
N . As kA, we take the functions invariant with respect to the action of this group

of reflections: kwA = kA, w ∈ W . Since

aα1α2 =

{
0, α1 �= α2,

1, α1 = α2,
q2(α, A) = 〈A, A〉,

we obtain the following deformations of the Laplace operator:

L{kA} = ∆ −
∑
A∈A

kA(kA + 1)
〈A, x〉2 〈A, A〉.

These deformations coincide with the well-known deformations of the Laplace operator
by the Calogero–Moser potentials, and they satisfy the condition of |k|-gauge equivalence
via the function f{kA}; see [3, 7, 8].

As a result, we see that the deformation of the wave operator by the Calogero–Moser
potentials [3, 7, 8] and its powers

(
� + u{kA}(x)

)s ≡
(

∂2

∂t2
− ∆ +

∑
A∈A

kA(kA + 1)
〈A, x〉2 〈A, A〉

)s

are iso-Huygens, and the Huygens principle is fulfilled for these operators if the odd
number N satisfies the inequality

2
∑
A∈A

kA ≤ N − 1 − 2s.

Remark. As has already been mentioned, the Huygens index H� of the wave operator �
on R

1+N is
H� =

N − 1
2

if N is odd. Moreover, the Huygens index H�+u{kA}(x) of the deformation � + u{kA}(x)
of the wave operator reduces, naturally, to

H�+u{kA}(x) =
N − 1

2
−

∑
A∈A

kA.
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