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PSEUDOCHARACTERS OF BRAID GROUPS

AND PRIME LINKS

A. V. MALYUTIN

Abstract. Pseudocharacters of groups have recently found an application in the
theory of classical knots and links in R

3. More precisely, there is a relationship
between pseudocharacters of Artin’s braid groups and the properties of links repre-
sented by braids. In the paper, this relationship is investigated and the notion of
kernel pseudocharacters of braid groups is introduced. It is proved that if a kernel

pseudocharacter φ and a braid β satisfy |φ(β)| > Cφ, where Cφ is the defect of
φ, then β represents a prime link (i.e., a link that is noncomposite, nonsplit, and
nontrivial). Furthermore, the space of braid group pseudocharacters is studied and
a way is described to obtain nontrivial kernel pseudocharacters from an arbitrary
braid group pseudocharacter that is not a homomorphism. This makes it possible
to employ an arbitrary nontrivial braid group pseudocharacter for the recognition of
prime knots and links.

Introduction

A function ϕ : G → R on a group G is called a pseudocharacter if the following
conditions are fulfilled:

(1) Cϕ := sup
g1,g2∈G

|ϕ(g1g2)− ϕ(g1)− ϕ(g2)| < ∞

and

(2) ∀ z ∈ Z, g ∈ G : ϕ(gz) = zϕ(g).

The quantity Cϕ is called the defect of ϕ. The simplest examples of pseudocharacters are
real-valued homomorphisms. Their set coincides with the set of pseudocharacters with
defect 0.

If a function satisfies condition (1), then it is called a quasicharacter or quasimorphism.
Pseudocharacters are sometimes also referred to as homogeneous quasimorphisms .

Pseudocharacters and quasicharacters of groups have recently been intensively studied.
It has turned out that these objects are useful for the study of classical knots and links in
R

3. The relationship between quasimorphisms and knots emerges from braid theory when
we consider quasimorphisms of Artin’s braid groups B2, B3, B4,. . . and the standard way
of representing knots and links in the form of geometric braids. (See a brief description
of this representation in §1 below.) For example, it was discovered that certain link
invariants are quasimorphisms of braid groups (see [12, 2]).

In this paper, we treat another type of dependence between braid group quasimor-
phisms and knots. This dependence was introduced in [15], where a braid group pseudo-
character called a twist number was defined. The twist number is not a link invariant
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(i. e., there are braids representing one and the same link type and having distinct twist
numbers). Nevertheless, the twist number of a braid provides certain information about
the corresponding link. For example, if the absolute value of the twist number of a
braid is greater than 1, then the corresponding link is prime. It turns out that other
pseudocharacters of the braid group detect prime links in a similar way. These pseu-
docharacters are said to be kernel . In §2 below, we define the kernel pseudocharacters
and present the following theorem.

Theorem 1. Suppose n ≥ 3 and ϕ : Bn → R is a kernel pseudocharacter with defect Cϕ.
Assume that β ∈ Bn. If |ϕ(β)| > Cϕ, then β represents a prime link (i.e., a link that is
noncomposite, nonsplit, and nontrivial). In particular, if β represents a knot, then this
knot is prime.

The definitions imply that the pseudocharacters of a group form a real vector space.
(For a group G, we denote this space by PX (G).) The kernel pseudocharacters form a
linear subspace in the space of braid group pseudocharacters. If n ≥ 3, then the space
PX (Bn) of pseudocharacters of the braid group Bn is infinite-dimensional.1 (This fact
follows, for instance, from the results of [3].) Nevertheless, finding a specific pseudochar-
acter of the braid group and an algorithm for its computation is a hard and interesting
problem. Only a few series of braid group pseudocharacters have been described ex-
plicitly up to now (see [12, 15]). The problem of finding new kernel pseudocharacters
seems to be even more difficult. In the present paper, we reduce this problem to find-
ing arbitrary pseudocharacters. More precisely, we present a combinatorial formula that
describes a specific projection of the space of all pseudocharacters of the braid group
onto the subspace of kernel pseudocharacters. The formula automatically converts any
algorithm that computes a pseudocharacter of the braid group into an algorithm that
computes the kernel pseudocharacter arising under this projection. The fact that our
formula actually determines a projection of the space of all braid group pseudocharacters
onto the subspace of kernel pseudocharacters is stated in Theorem 2 (see §3). The proof
of Theorem 2 occupies most of the paper.

The considerations that allowed us to find the combinatorial formula mentioned above
deserve special attention. They may be outlined as follows. We observe that each map
f : G → RH from a group G to the group ring RH of a group H has an associated
linear operator f∗ from the space of functions on H to the space of functions on G.
If the image f∗(PX (H)) is contained in PX (G), we say that f is pseudohomomorphic.
(We easily see that the simplest examples of pseudohomomorphic mappings are linear
compositions of homomorphisms.) The pseudohomomorphic maps are of interest, in par-
ticular, in light of the above problem of describing pseudocharacters of the braid group
and finding algorithms for their computation, because pseudohomomorphic maps trans-
form known pseudocharacters into new ones. Using a geometric interpretation of braids,
we can construct various pseudohomomorphic maps for braid groups. By a combination
of such maps, it is possible to find a pseudohomomorphic map that determines a pro-
jection with the required properties. We denote this projection by T. A more detailed
discussion of pseudohomomorphic maps for braid groups will appear in a forthcoming
publication. In this paper we only present a pseudohomomorphic map that yields the
projection T and prove Theorem 2. (In fact, that theorem states that our map is indeed
pseudohomomorphic and T is a projection onto the subspace of kernel pseudocharacters.)

1The space PX (B2) is one-dimensional. Indeed, B2 is isomorphic to Z, while the definition of a
pseudocharacter implies immediately that each pseudocharacter of Z is a homomorphism. It follows
that PX (B2) ∼= PX (Z) ∼= R.
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It should be noted that our results allow us to use an arbitrary braid group pseu-
docharacter that is not a homomorphism2 for recognizing prime knots and links. The
explanation is as follows. The “combinatorial formula” that determines the projection T

for the space of pseudocharacters of the braid group is actually a series of homogeneous
formulas for the series of projections T2, T3, T4, . . . corresponding to the series PX (B2),
PX (B3), PX (B4), . . . of spaces of pseudocharacters for the braid groups B2, B3, B4, . . . .
We recall that braid groups of smaller indices can be regarded as subgroups in braid
groups of larger indices. If ψ : Bn → R is a pseudocharacter, then the restrictions
ψn−1, ψn−2, . . . of ψ to the subgroups Bn−1, Bn−2, . . . are pseudocharacters of these
subgroups. It turns out that if ψ is not a homomorphism, then at least one of the kernel
pseudocharacters Tn(ψ), Tn−1(ψn−1), . . . is nontrivial. Hence, we obtain a sufficient
condition for prime links represented by elements of the corresponding braid group.

Structure of the paper: §1 contains the basic definitions from braid group theory and
a description of the standard map from a braid group to the set of links in R

3.
In §2, we introduce the notion of a kernel pseudocharacter and prove Theorem 1.
In §3 we present the combinatorial formula mentioned above, which determines the

projection T of the space of pseudocharacters for the braid group onto the subspace of
kernel pseudocharacters. In that section, we also formulate Theorem 2.

The subsequent sections are devoted to the proof of Theorem 2.
In §4, we prove two lemmas about pseudocharacters of a normal subgroup of finite

index in a group. We apply these lemmas to the case of the braid group Bn and its
subgroup Pn of pure braids (Pn is a normal subgroup of finite index in Bn).

In §5, a notion of a strand disentangling procedure for braids is introduced. These
procedures are maps Bn → Bn. They have clear geometrical meaning. The restrictions
of these maps to the subgroup Pn of pure braids yield a family of endomorphisms RELJ :
Pn → Pn, J ⊂ {1, . . . , n}. We use these endomorphisms to construct a combinatorial
formula for our projection T in §3.

In §6, we study the endomorphisms RELJ : Pn → Pn defined in §5.
In §7, the alternating sum lemma for endomorphisms RELJ is proved.
In §8, we prove a proposition concerning certain endomorphisms of the space PX (Bn)

that are related to the endomorphisms RELJ .
Finally, in §9 we derive Theorem 2 from the results of the preceding sections.

§1. Braid groups and the usual representation of links by braids

1.1. The braid group. The Artin braid group of rank n is determined by the presen-
tation

Bn := 〈σ1, . . . , σn−1 | σiσj = σjσi, |i− j| ≥ 2; σiσi+1σi = σi+1σiσi+1〉.

The group B1 is trivial. The elements of the groups B1, B2, B3, . . . are called braids .
The generators σi are Artin’s generators . By a braid group we usually mean a braid
group with a fixed set of Artin’s generators.

If n is fixed and k < n, then we denote by Bk the subgroup of Bn generated by the ele-
ments σ1, . . . , σk−1. (Clearly, we have Bk

∼= Bk.) By the canonical monomorphism from
Bk to Bn we mean the monomorphism sending the generator σi ∈ Bk to the generator
σi ∈ Bn. (Therefore, Bk is the image of Bk under the canonical monomorphism.)

2Recall that for n ≥ 2 the braid group Bn admits a unique (up to multiplication by a constant)
nontrivial real-valued homomorphism. In other words, the subspace of real-valued homomorphisms of
Bn with n ≥ 2 is a one-dimensional subspace in PX (Bn).
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1.2. Pure braids. Let Σn be the symmetric group on the set {1, . . . , n}. It is well
known that the map {σ1, . . . , σn−1} → Σn sending σi to the permutation (i, i + 1)
extends to an epimorphism Bn → Σn. The kernel of the epimorphism is the pure braid
group Pn. The group Pn is a normal subgroup of index n! in Bn. We have the following
exact sequence:

1 → Pn → Bn → Σn → 1.

The braids in Pn are said to be pure. Since Pn has index n! in Bn, it follows that the
braid βn! is pure for each β ∈ Bn.

If n is fixed and k < n, then we denote by P k the subgroup Bk ∩ Pn of Bn. Ob-
viously, the subgroup P k is the image of the subgroup Pk ⊂ Bk under the canonical
monomorphism Bk → Bn.

We introduce the following notation: for i and j with 1 ≤ i < j ≤ n, we set

aij := σiσi+1 · · ·σj−2σ
2
j−1σ

−1
j−2 · · ·σ−1

i+1σ
−1
i ∈ Bn.

It is known that, in Bn, the set {aij , 1 ≤ i < j ≤ n} generates Pn, while the set

{aij , 1 ≤ i < j ≤ k} generates P k (see, e.g., [17]). The elements aij will be called the
Markov generators .

1.3. Representation of links by braids. The standard geometric interpretation of
braids (for a detailed description, see, e.g., [7]) allows us to use braids for presentation
of knots and links. We briefly describe the classical procedure that sends a braid β ∈ Bn

to a link L(β) in R
3. Let W = w1w2 · · ·ws be a word over Artin generators and their

n

···
...

i+ 1

i

···
...

1

σi

...

...

σ−1
i

σ3 σ3 σ1 σ−1
2

Figure 1. The diagrams D〈n〉
σi , D〈n〉

σ−1
i

, and D〈4〉
σ3σ3σ1σ

−1
2

.

σ3 σ3 σ1 σ−1
2

Figure 2. The diagram D〈4〉
σ3σ3σ1σ

−1
2

.
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inverses that represents β. For i ∈ {1, . . . , n}, let the plane diagram D〈n〉
σi represent

the symbol σi, and let the diagram D〈n〉
σ−1
i

represent σ−1
i (see Figure 1). We define the

diagram D〈n〉
W as the concatenation of the diagrams D〈n〉

w1 , D
〈n〉
w2 , . . . , D

〈n〉
ws . Figure 1 shows

the diagram D〈4〉
σ3σ3σ1σ

−1
2

as an example.

To obtain a link, we “close” our diagram D〈n〉
W in the way depicted in Figure 2. The

resulting diagram D〈n〉
W is the standard projection for a certain link in R

3. It is well known
that the link type LW of this link is uniquely determined by β; i.e., it does not depend
on the word W representing β. We set L(β) := LW and say that β represents L(β).

It is known that conjugate braids represent one and the same link type. By the
Alexander theorem [1], for each link type L there exists a braid β such that L = L(β).

§2. Kernel pseudocharacters of braid groups and prime links

In this section, we introduce the notion of a kernel pseudocharacter and prove Theo-
rem 1.

2.1. Definition: kernel pseudocharacters. A pseudocharacter ϕ : Bn → R of the
braid group Bn is said to be a kernel if ϕ maps Bn−1 to zero. (We recall that Bn−1 is
the subgroup generated by σ1, . . . , σn−2.)

2.2. Remark. Our choice of the term “kernel” is explained by the following construction.
We easily see that for each homomorphism f : G → H and each pseudocharacter
ϕ : H → R the composition ϕ ◦ f : G → R is a pseudocharacter. In terms of category
theory, this means that the functor that sends a group to the space of pseudocharacters of
that group is contravariant: a group homomorphism f : G → H induces a linear operator
f∗ : PX (H) → PX (G). Consider the linear operator i∗ : PX (Bn) → PX (Bn−1) induced
by the canonical monomorphism i : Bn−1 → Bn. By definition, the set of kernel pseudo-
characters of Bn is the kernel of i∗. Therefore, the kernel pseudocharacters constitute
a linear subspace in PX (Bn) (the kernel ker(i∗)). This subspace is called the space of
kernel pseudocharacters of Bn.

2.3. Remark. It is easily seen that the subspace K(B3) of kernel pseudocharacters in
PX (B3) has codimension 1. Since PX (B3) is infinite-dimensional (as was mentioned in
the Introduction), it follows that so is K(B3). It is natural to conjecture that the space
of kernel pseudocharacters of Bn is also infinite-dimensional if n ≥ 4, but the existence
of nontrivial kernel pseudocharacters in PX (Bn) with n ≥ 4 is nonobvious a priori. The
results of [15], where a series of kernel pseudocharacters was described, show that the
space of kernel pseudocharacters for Bn with n ≥ 4 is nontrivial.

2.4. Remark. The definition of kernel pseudocharacters involves the subgroup Bn−1.
This means that the definition implicitly involves the Artin generators. (As mentioned
in §1, the braid group is usually equipped with a fixed set of Artin generators.) Note that
the property for a pseudocharacter to be a kernel does not depend on a specific set of
Artin generators. This fact follows immediately from the description of the automorphism
group of the braid group (see [8]).

2.5. Remark. A braid β ∈ Bn is said to be split if there is a braid α such that the braid
β′ = αβα−1 belongs to the subgroup generated by the set {σ1, . . . , σn−1}�{σr} for some
r ∈ {1, . . . , n−1}. It is easily seen that a pseudocharacter is kernel if and only if it sends
each split braid to zero.

Theorem 1. Suppose n ≥ 3 and ϕ : Bn → R is a kernel pseudocharacter with de-
fect Cϕ. Let β ∈ Bn. If |ϕ(β)| > Cϕ, then β represents a prime link (i.e., a link that is
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noncomposite, nonsplit, and nontrivial). In particular, if β represents a knot, then the
knot is prime.

Proof. We argue by contradiction. Assume that the link represented by β is not prime.
Then [16, Proposition 6.1] implies that the conjugacy class of β contains a braid β′ =
σn−1α1σ

−1
n−1α2 such that the braids α1 and α2 belong to the subgroup Bn−1. (The propo-

sition follows from the results of [4, 5, 6, 9] concerning braid representations of trivial,
split, and composite links.) It is well known that each pseudocharacter is conjugacy
invariant (see, e.g., [10]). Consequently, we have

|ϕ(β)| = |ϕ(β′)| = |ϕ(σn−1α1σ
−1
n−1α2)| ≤ |ϕ(σn−1α1σ

−1
n−1)|+ |ϕ(α2)|+ Cϕ

= |ϕ(α1)|+ |ϕ(α2)|+ Cϕ = Cϕ,

a contradiction. �

§3. Combinatorial formula for a projection onto the subspace

of kernel pseudocharacters

In this section, we present a combinatorial formula that determines a projection of
the space PX (Bn) of pseudocharacters of the braid group onto the subspace of kernel
pseudocharacters.

The formula involves a family of endomorphisms of the pure braid group Pn. We
denote these endomorphisms by RELJ : Pn → Pn, J ⊂ {1, . . . , n}. (The family contains
2n endomorphisms, because 2n is the number of subsets of {1, . . . , n}.) We define the
homomorphisms RELJ in the following existence and uniqueness statement, which will
be proved in §6 below.

3.1. Proposition. Let Pn be the pure braid group with the Markov generators {aij ,
1 ≤ i < j ≤ n}. Then each subset J ⊂ {1, . . . , n} determines a unique homomorphism
RELJ : Pn → Pn satisfying the following condition:

for any i < j ∈ {1, . . . , n}, we have

(3) RELJ (aij) =

{
1 if i ∈ J or j ∈ J,

aij if {i, j} ∩ J = ∅.

3.2. Definition: the projection operator T. For a pseudocharacter φ : Bn → R,
we define a function Tφ : Bn → R as follows:

(∗) Tφ(β) :=
∑

J⊂{1,...,n}

(−1)|J| · φ(RELJ (βn!))

n!
.

Here, β ∈ Bn is an arbitrary braid, and the sum is taken over all subsets of {1, . . . , n}.
The braids RELJ (β

n!) are well defined because the braid βn! is pure.

Theorem 2.

1. For each pseudocharacter φ ∈ PX (Bn), the function Tφ : Bn → R determined
by formula (∗) is a kernel pseudocharacter.

2. For each kernel pseudocharacter ψ ∈ PX (Bn), we have Tψ = ψ.

We denote by Tn the endomorphism of PX (Bn) that sends a pseudocharacter φ to
the pseudocharacter Tφ. We abbreviate Tn to T if this does not lead to confusion. The
form of formula (∗) obviously implies that T is a linear operator. Theorem 2 says that
the image of T is the subspace of kernel pseudocharacters, and the restriction of T to
the subspace of kernel pseudocharacters is the identity map. In other words, T is a
projection of the space of all braid group pseudocharacters onto the subspace of kernel
pseudocharacters.
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3.3. Remarks on algorithms. 1. Suppose that we have a computational algorithm for
a certain pseudocharacter φ ∈ PX (Bn). Then, obviously, using formula (∗) we can com-
pute the values of the kernel pseudocharacter Tφ = Tn(φ). To compute Tφ(β) directly
by our formula, we must find the braids RELJ(β

n!) for J ⊂ {1, . . . , n}. In their turn, to
compute these braids directly by using the above definition of the homomorphisms RELJ ,
we find a representation of the braid βn! over the Markov generators. If the braid β is
initially written in the Artin generators, the latter procedure can be very tiresome. It
turns out, however, that we can easily obtain a word W (in the Artin generators) for
RELJ (β

n!) from a word V in the Artin generators for βn!. It suffices to switch the signs
of certain occurrences of the Artin generators in V . The corresponding “sign switching”
algorithm is easy to derive from Corollary 6.1 and Proposition 5.2 of this paper.

2. Another method to simplify the procedure of computing Tφ(β) is as follows. We
take the smallest positive integer k such that the braid βk is pure. Then we compute the
values φ(RELJ(β

k)) instead of φ(RELJ (β
n!)). By property (2), the definition of pseudo-

characters implies that

φ(RELJ (β
n!)) =

n!

k
· φ(RELJ(βk)).

3.4. A remark on quasicharacters. If we get rid of the exponentiation of a braid and
subsequent division by n! in formula (∗), then we obtain a formula converting pseudo-
characters to quasimorphisms. The exact statement is as follows: we say that a map
R : Bn → Bn is close to a map Q : Pn → Pn if for each finite subset A ⊂ Bn the set

{(Q(γ))−1 ·R(γα) : γ ∈ Pn, α ∈ A}
is finite. Let RJ : Bn → Bn, J ⊂ {1, . . . , n}, be a family of maps that are close to
the maps RELJ , J ⊂ {1, . . . , n}. (It is easy to construct such a family.) Then for each

pseudocharacter φ ∈ PX (Bn), the function T̃φ : Bn → R defined by

T̃φ(β) :=
∑

J⊂{1,...,n}
(−1)|J| · φ(RJ(β))

is a quasimorphism close to the pseudocharacter Tφ. In particular, the function T̃φ−Tφ

is bounded.

3.5. A remark on defects. To use a kernel pseudocharacter for the recognition of
prime knots and links, it is necessary to know (at least an upper estimate for) its defect
(see Theorem 1). There are several difficult problems related to the estimation of defects
of pseudocharacters. Theorem 2 raises a natural problem of obtaining an upper bound
for the defect CT(φ) of the kernel pseudocharacter T(φ) in terms of the defect Cφ of a
pseudocharacter φ ∈ PX (Bn). It can be shown that

CTn(φ) ≤ (4 · (2n − C2
n − C1

n − C0
n − Cn

n ) + 1) · Cφ = (2n+2 − 2n(n+ 1)− 7) · Cφ.

If n = 3, this yields CT3(φ) ≤ Cφ. (In fact, we easily check that the function T3(φ) − φ
is a homomorphism for each φ ∈ PX (B3), i.e., we have CT3(φ) = Cφ.) However, we
conjecture that, for n > 3, the sharp upper bound for CTn(φ) is considerably smaller
than that presented above.

§4. Pseudocharacters of normal subgroups of finite index

Let G be an arbitrary group with a subgroup F ⊂ G. A pseudocharacter φ : F → R is

said to be extendable to G if there exists a pseudocharacter φ̃ : G → R whose restriction

to F coincides with φ; the pseudocharacter φ̃ is called an extension of φ.



252 A. V. MALYUTIN

In §8, we encounter the problem of extendability of a pure braid group pseudocharacter
to the braid group. We use the following two lemmas.

4.1. Lemma (the uniqueness of extension). Let H be a normal subgroup of finite index s
in a group G. Let φ : H → R be a pseudocharacter. Assume that φ is extendable to G.

Then φ has a unique extension φ̃ : G → R. Moreover, for each g ∈ G we have

φ̃(g) =
φ(gs)

s
.

Proof. This immediately follows from the definitions. �

4.2. Lemma (a criterion for extendability). Let H be a normal subgroup of finite index
in a group G. Let φ : H → R be a pseudocharacter. Then φ is extendable to G if and
only if the following condition is fulfilled :

(4) ∀ h ∈ H, g ∈ G : φ(ghg−1) = φ(h).

Proof. First, observe that (4) is a necessary condition. Indeed, if φ has an extension

φ̃ : G → R, then, since each pseudocharacter is conjugacy invariant, for any h ∈ H and
g ∈ G we have

φ(ghg−1) = φ̃(ghg−1) = φ̃(h) = φ(h).

Now, we show that (4) is a sufficient condition. Suppose a pseudocharacter φ ∈ PX (H)
satisfies (4). Let Q ⊂ G be a set of representatives of the cosets of H in G such that
the class 1 ·H = H is represented by the trivial element 1. Then each g ∈ G is uniquely
written in the form

g = qghg, where qg ∈ Q and hg ∈ H.

Since the class H ⊂ G is represented by the trivial element, for each f ∈ H we have
qf = 1 and hf = f .

Let ψ : G → R be the function defined by

ψ(g) := φ(hg).

We show that ψ is a quasicharacter, i.e., that the following condition is fulfilled:

(5) sup
f,g∈G

|ψ(fg)− ψ(f)− ψ(g)| < ∞.

Indeed, by the definition of ψ we have

(6) ψ(fg)− ψ(f)− ψ(g) = φ(hfg)− φ(hf )− φ(hg).

We see that

hfg = q−1
fg fg = q−1

fg qfhfqghg.

This implies that the element q−1
fg qfhfqg = hfgh

−1
g is in H, and

(7) φ(hfg) = φ(q−1
fg qfhfqghg) = φ(q−1

fg qfhfqg) + φ(hg) + δ1,

where |δ1| does not exceed the defect Cφ of φ.

Next, we see that the element q−1
fg qfhfqg (which belongs to H) is conjugate (in G)

to the element qgq
−1
fg qfhf . Since condition (4) is assumed, it follows that

(8) φ(q−1
fg qfhfqg) = φ(qgq

−1
fg qfhf ) = φ(qgq

−1
fg qf ) + φ(hf ) + δ2,

where |δ2| ≤ Cφ. Identities (6), (7), and (8) imply that

(9) ψ(fg)− ψ(f)− ψ(g) = φ(qgq
−1
fg qf ) + δ1 + δ2.
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We see that for any g and f the absolute value of φ(qgq
−1
fg qf ) does not exceed the

constant

C3 := max{|φ(ab−1c)| : a, b, c ∈ Q}.
Thus,

|ψ(fg)− ψ(f)− ψ(g)| ≤ C3 + 2Cφ.

Clearly, this means that condition (5) is fulfilled, i.e., ψ is a quasicharacter of G.

Condition (5) implies that for each element g ∈ G the limit lim
k→∞

ψ(gk)
k exists, and the

function ψ : G → R given by

ψ(g) := lim
k→∞

ψ(gk)

k
is a pseudocharacter (the proof can be found, e.g., in [11]).

We prove that the pseudocharacter ψ ∈ PX (G) is an extension of φ. For an arbitrary
element f ∈ H we have hf = f (see the first part of the proof), whence ψ(f) = φ(f) by
the definition of ψ. It follows that

ψ(f) = lim
k→∞

ψ(fk)

k
= lim

k→∞

φ(fk)

k
= lim

k→∞

k · φ(f)
k

= lim
k→∞

(φ(f)) = φ(f).

Therefore, ψ is an extension of φ. In particular, φ is extendable to G. �

§5. Strand disentangling procedures for braids

In this section, we introduce an auxiliary family of maps relj : Bn → Bn (j =
1, . . . , n). These maps are called strand disentangling procedures . They are defined
in Proposition 5.2. These maps have a clear geometric meaning. The restriction of the
map relj to the subgroup of pure braids is the homomorphism REL{j}.

3 We use the
procedures relj to prove properties of the homomorphisms RELJ . We note also that our
definition of these procedures can be used in the computation of the braids RELJ (β) (see
the remark about algorithms in §3).

5.1. Notation. Let Σ : Bn → Σn be the epimorphism from the braid group to the
symmetric group Σn sending σi to the permutation (i, i + 1). If β ∈ Bn is a braid and
J ⊂ {1, . . . , n} is a subset, we denote by β(J) the image of J under the permutation Σ(β).

5.2. Proposition. Let Bn be the braid group with Artin generators σ1, . . . , σn−1. Then
there exists a unique family of n maps

relj : Bn → Bn (j = 1, . . . , n)

such that the following conditions are fulfilled :
For any j ∈ {1, . . . , n}, i ∈ {1, . . . , n− 1}, δ ∈ {+1,−1}, and α, β ∈ Bn, we have

relj(σ
δ
i ) =

{
σ−δ
i if σδ

i = σj−1 or σδ
i = σ−1

j ,

σδ
i if σδ

i �∈ {σj−1, σ
−1
j },

(10)

relj(αβ) = relβ(j)(α) · relj(β).(11)

5.3. Remark on geometric interpretation. The map relj has a clear geometric
meaning. The transition from a braid β to the braid relj(β) corresponds to the trans-
formation of the geometric diagram b representing β that shifts the jth strand of b
behind its other strands (the strand moves through other strands perpendicularly to
the plane of the diagram). Figure 3 shows the diagrams for the braids σ3σ3σ1σ

−1
2 and

rel2(σ3σ3σ1σ
−1
2 ) = σ−1

3 σ3σ1σ2 = σ1σ2 of B4.

3The map relj is close to REL{j} in the sense of the remark on quasicharacters in §3.
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σ3 σ3 σ1 σ−1
2

4

3

2

1

σ−1
3 σ3 σ1 σ2

Figure 3. The diagrams D〈4〉
σ3σ3σ1σ

−1
2

and D〈4〉
σ−1
3 σ3σ1σ2

.

Proof of Proposition 5.2. Existence. First, we show that there exists a family of maps
satisfying the requirements of the proposition. We use the standard terminology of
combinatorial group theory (see, e.g., [14]). Let An be the alphabet consisting of the
symbols (σ1, σ

−1
1 , . . . , σn−1, σ

−1
n−1). Let A∗

n be the set of all finite words over An. We
denote by pr : A∗

n → Bn the natural surjective map that sends a word w1 . . . ws to the
braid w1 · · ·ws. By definition, two words V and W in A∗

n represent one and the same
braid of Bn if and only if V and W are related by a chain of the following elementary
transformations :

i) deleting or inserting a subword of the form σδ
i σ

−δ
i ;

ii) replacing a subword of the form σiσi+1σi by σi+1σiσi+1 and vice versa;
iii) replacing a subword of the form σiσj with |i− j| ≥ 2 by σjσi.
Let the family of maps

rel∗j : A∗
n → A∗

n (j = 1, . . . , n)

be defined by the following conditions:

rel∗j (∅) = ∅;(12)

rel∗j (σ
δ
i ) =

{
σ−δ
i if σδ

i = σj−1 or σδ
i = σ−1

j ,

σδ
i if σδ

i �∈ {σj−1, σ
−1
j },

(13)

rel∗j (w1w2 . . . ws)

= rel∗w2...ws(j)
(w1) rel

∗
w3...ws(j)

(w2) . . . rel
∗
ws(j)

(ws−1) rel
∗
j (ws).

(14)

(In (14), by the action of a word in A∗
n on the set {1, . . . , n} we mean the action of the

braid represented by that word; see Subsection 5.1.)
By considering all possibilities, we see that if two words V and W in A∗

n are related
by an elementary transformation, then the words rel∗j (V ) and rel∗j (W ) are related by a
short chain of elementary transformations. This means that if two words V and W in A∗

n

represent one and the same braid, then the words rel∗j (V ) and rel∗j (W ) also represent
one and the same braid. Consequently, the map rel∗j : A∗

n → A∗
n induces a certain map

rel′j : Bn → Bn. Obviously, the form of equations (12), (13), and (14), which determine
the maps rel∗j , implies that the family of maps rel′j : Bn → Bn (j = 1, . . . , n) satisfies
conditions (10) and (11). Thus, existence is proved.

Uniqueness. Assume that a family of maps rel′′j : Bn → Bn (j = 1, . . . , n) satisfies
conditions (10) and (11). Then, by induction on the length of a shortest word in A∗

n

representing a braid β ∈ Bn, we easily prove that the braids rel′′j (β) and rel′j(β)
coincide for each braid β ∈ Bn. Consequently, the families rel′′j and rel′j coincide. �
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5.4. Lemma. Let i, j, k ∈ {1, . . . , n}, where i < j. Then4

relk(aij) =

{
1 if i = k or j = k,

aij if k �∈ {i, j}.

Proof. This easily follows from the definitions. �

5.5. Lemma. For each j ∈ {1, . . . , n}, the restriction Rj := relj |Pn
of the map relj :

Bn → Bn to the subgroup Pn ⊂ Bn of pure braids is a homomorphism from Pn to Pn.

Proof. First, we prove that Rj is a homomorphism. Let γ1 and γ2 be two arbitrary pure
braids in Pn. Since each pure braid gives the identity permutation, we have γ2(j) = j.
By condition (11) of Proposition 5.2, we have

Rj(γ1γ2) = relγ2(j)(γ1) · relj(γ2) = relj(γ1) · relj(γ2) = Rj(γ1) ·Rj(γ2).

Now, it remains to use the definition of a homomorphism.
The fact that the image of Rj lies in Pn immediately follows from Lemma 5.4 (because

the set of Markov generators generates Pn). �

5.6. Lemma. For any j ∈ {1, . . . , n} and β ∈ Bn, the permutations Σ(β) and Σ(relj(β))
coincide.

Proof. Let

β = σδ1
i1

· · ·σδs
is
, where σik ∈ {σ1, . . . , σn−1} and δk ∈ {+1,−1}.

Then
Σ(β) = (i1, i1 + 1) ◦ · · · ◦ (is, is + 1).

The conditions of Proposition 5.2 that determine the maps relj imply that the braid

relj(β) equals the product σ
δ′1
i1

· · ·σδ′s
is

for some δ′k ∈ {+1,−1}. Therefore,
Σ(relj(β)) = (i1, i1 + 1) ◦ · · · ◦ (is, is + 1) = Σ(β). �

5.7. Lemma. Assume that two pure braids γ1 and γ2 in Pn ⊂ Bn are conjugate in Bn

by a braid α:
γ2 = αγ1α

−1.

Let j ∈ {1, . . . , n}. Then the pure braids relj(γ1) and relα(j)(γ2) are conjugate in Bn

by the braid relj(α):

relα(j)(γ2) = relj(α) · relj(γ1) · (relj(α))−1.

Proof. Relation (11) of Proposition 5.2 and the identity γ2 = αγ1α
−1 imply

(15) relα(j)(γ2) = relα(j)(αγ1α
−1) = relγ1α−1α(j)(α) · relα−1α(j)(γ1) · relα(j)(α−1).

The permutations Σ(α−1α) and Σ(γ1α
−1α) are trivial, because the braid γ1 is pure.

This allows us to rewrite (15) in the following form:

(16) relα(j)(γ2) = relj(α) · relj(γ1) · relα(j)(α−1).

Relation (11) of Proposition 5.2 and the identity 1 = α−1α imply that

1 = relj(1) = relj(α
−1α) = relα(j)(α

−1) · relj(α).
Therefore, relα(j)(α

−1) = (relj(α))
−1. This allows us to rewrite (16) in the form

(17) relα(j)(γ2) = relj(α) · relj(γ1) · (relj(α))−1,

as required. �

4By aij we denote the Markov generators; see the definition in §1.
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§6. The homomorphisms RELJ

In this section, we begin the study of the homomorphisms RELJ : Pn → Pn, J ⊂
{1, . . . , n}. First, we prove Proposition 3.1, where these homomorphisms are defined.

Proof of Proposition 3.1. Existence. Obviously, in the case where J = ∅, the trivial
homomorphism satisfies condition (3). If |J | ≥ 1, let J = {j1, j2, . . . , js}, where s := |J |.
Let RJ be the restriction of the composition relj1 ◦ relj2 ◦ · · · ◦ reljs to the subgroup
Pn:

RJ := relj1 ◦ relj2 ◦ · · · ◦ reljs |Pn
.

We show that RJ is a homomorphism satisfying (3). Indeed, by Lemma 5.5, for each
j ∈ {1, . . . , n} the restriction Rj := relj |Pn

is a homomorphism from Pn to Pn. This
implies that

RJ = relj1 ◦ relj2 ◦ · · · ◦ reljs |Pn
= Rj1 ◦Rj2 ◦ · · · ◦Rjs .

Thus, the mapping RJ is a homomorphism, being a composition of homomorphisms.
The fact that the homomorphism RJ satisfies (3) follows immediately from Lemma 5.4.

Uniqueness. The uniqueness statement is obvious, because the Markov generators
generate Pn. �
6.1. Corollary (from the proof of Proposition 3.1). Let J = {j1, j2, . . . , js} be a subset
of {1, . . . , n}. Then

RELJ = relj1 ◦ relj2 ◦ · · · ◦ reljs |Pn
. �

6.2. Remark. The definition of the homomorphisms REL (see Proposition 3.1) shows
immediately that for arbitrary subsets I and J of {1, . . . , n} we have

RELI∪J = RELI ◦ RELJ .

6.3. Notation. Below we write RELj1,...,js instead of REL{j1,...,js}.

6.4. Proposition. Suppose that two pure braids γ1 and γ2 in Pn ⊂ Bn are conjugate in
Bn by a braid α:

γ2 = αγ1α
−1.

Then for each J ⊂ {1, . . . , n} the pure braids RELJ(γ1) and RELα(J)(γ2) are conjugate
in Bn.

Proof. In the case where J = ∅, the proposition is proved by the following chain of
identities:

RELα(∅)(γ2) = REL∅(γ2) = γ2 = αγ1α
−1 = α · REL∅(γ1) · α−1.

If J is a singleton (say J = {j}), then by Corollary 6.1 we have RELJ = relj |Pn
. This

implies our claim by Lemma 5.7.
Finally, suppose that |J | ≥ 2. Set s := |J | and J = {js, js−1, . . . , j1}. Then, by

Corollary 6.1 and the formula γ2 = αγ1α
−1, we have

(R1)
RELα(J)(γ2) = REL{α(js),...,α(j1)}(αγ1α

−1)

= relα(js) ◦ · · · ◦ relα(j1)(αγ1α−1).

By Lemma 5.7,

relα(j1)(αγ1α
−1) = relj1(α) · RELj1(γ1) · (relj1(α))−1.

Therefore,

(R2) RELα(J)(γ2) = relα(js) ◦ · · · ◦ relα(j2)(α2 · RELj1(γ1) · α−1
2 ),

where α2 := relj1(α).
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By Lemma 5.6, we have α(j2) = α2(j2). From this, by Lemma 5.7 and Corollary 6.1,
we deduce that

relα(j2)(α2 · RELj1(γ1) · α−1
2 ) = relj2(α2) · RELj1,j2(γ1) · (relj2(α2))

−1.

Thus,

(R3) RELα(J)(γ2) = relα(js) ◦ · · · ◦ relα(j3)(α3 RELj1,j2(γ1)α
−1
3 ),

where α3 := relj2(α2).
By Lemma 5.6, we have Σ(α3) = Σ(α2) = Σ(α). Continuing in the same way, at the

sth step we obtain the following identity:

(Rs+1) RELα(J)(γ2) = αs+1 · REL{j1,j2,...,js}=J (γ1) · α−1
s+1,

where αs+1 := reljs(αs) = reljs ◦ reljs−1
◦ · · · ◦ relj1(α). �

§7. The alternating sum lemma

7.1. Lemma. If a pure braid γ ∈ Pn lies in the subgroup Pn−1 ⊂ Pn, then∑
J⊂{1,...,n}

(−1)|J| · RELJ (γ) = 0.

(Here, the sum is considered in the group ring ZPn.)

Proof. We recall that the subgroup Pn−1 is generated by the set {aij , 1 ≤ i < j ≤ n−1}
(see §1). Then the definition of the homomorphisms REL shows that the homomorphism
RELn is identical on Pn−1. Furthermore, by Remark 6.2 we have RELI∪{n} ≡ RELI ◦ RELn
for each I ⊂ {1, . . . , n− 1}. Therefore, for any γ ∈ Pn−1 and I ⊂ {1, . . . , n− 1} we have

(18) RELI∪{n}(γ) = RELI ◦ RELn(γ) = RELI(γ).

Now we observe that

(19)
{
J | J ⊂ {1, . . . , n}

}
=

⋃
I⊂{1,...,n−1}

{
I, I ∪ {n}

}
.

This implies the identity∑
J⊂{1,...,n}

(−1)|J| · RELJ(γ)
(19)
=

∑
I⊂{1,...,n−1}

(−1)|I| ·
(
RELI(γ)− RELI∪{n}(γ)

) (18)
= 0. �

§8. Endomorphisms of the space of pseudocharacters of the braid group

8.1. Proposition. Let φ ∈ PX (Bn) be a pseudocharacter, and let k be a positive integer
such that k ≤ n. Let φ〈k〉 : Bn → R be the function defined as follows :

φ〈k〉(β) :=
∑

J∈Ck
n

φ(RELJ (β
n!))

n!
,

where

Ck
n :=

{
I ⊂ {1, . . . , n} : |I| = k

}
.

Then φ〈k〉 is a pseudocharacter.

Proof. We consider the function F : Pn → R defined by

F(γ) :=
∑

J∈Ck
n

φ(RELJ (γ)).

Since the composition of a homomorphism with a pseudocharacter is a pseudocharacter,
it follows that for each J , the function γ �→ φ(RELJ (γ)) is a pseudocharacter of Pn.
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Consequently, F is a sum of pseudocharacters, whence it is a pseudocharacter (of the
pure braid group).

We prove that F is extendable to Bn (see §4 for the definition). By Lemma 4.2, for
this it suffices to show that for any braids β ∈ Bn and γ ∈ Pn we have

F(βγβ−1) = F(γ).

By Proposition 6.4, for each J ⊂ {1, . . . , n} the braid RELJ (γ) is conjugate in Bn to the
braid RELβ(J)(βγβ

−1). Moreover, since φ is a pseudocharacter of Bn (we recall that each
pseudocharacter is conjugacy invariant), we have

φ(RELJ (γ)) = φ(RELβ(J)(βγβ
−1)).

Now, by the definition of F we obtain

(20) F(γ)
def
=

∑
J∈Ck

n

φ(RELJ (γ)) =
∑

J∈Ck
n

φ(RELβ(J)(βγβ
−1)).

Next, we observe that each permutation of Σn (in particular, the permutation Σ(β))
induces a bijection of the family Ck

n. In other words, we have β(Ck
n) = Ck

n (see Subsec-
tion 5.1). This implies that

(21)
∑

J∈Ck
n

φ(RELβ(J)(βγβ
−1)) =

∑
I∈β(Ck

n)

φ(RELI(βγβ
−1)) = F(βγβ−1).

Combining (20) and (21), we get the required identity, F(βγβ−1) = F(γ), and by
Lemma 4.2 this means that the pseudocharacter F is extendable onto Bn. By Lemma 4.1,

the extension F̃ coincides with the function φ〈k〉. Thus, φ〈k〉 is a pseudocharacter, as
required. �

§9. Proof of Theorem 2

1a) First, we show that Tφ is a pseudocharacter. Clearly, in the notation of Proposi-
tion 8.1 we have

Tφ(β) =
∑

k∈{0,...,n}

(
(−1)k · φ〈k〉(β)

)
.

By Proposition 8.1, the functions φ〈k〉 are pseudocharacters. Therefore, so is Tφ.
1b) Next, we prove that Tφ is a kernel pseudocharacter. For this, it suffices to check

that Tφ sends the subgroup Bn−1 ⊂ Bn to zero (see the definition in §2). Indeed, if

α ∈ Bn−1, then the pure braid αn! is in Bn−1 ∩ Pn = Pn−1, whence by Lemma 7.1 it
follows that

Tφ(α) =
∑

J⊂{1,...,n}

(−1)|J| · φ(relJ (αn!))

n!
= 0.

2) Observe that by definition we have RELn(Pn) = Pn−1 (see Subsection 1.2 and
Proposition 3.1). Since the homomorphism Σ : Bn → Σn is surjective, for each j ∈
{1, . . . , n} there is a braid α ∈ Bn such that α(j) = n. Then, by Proposition 6.4, the
image RELj(Pn) is conjugate in Bn to the subgroup RELn(Pn) = Pn−1. It follows (see
Remark 6.2) that for each nonempty I ⊂ {1, . . . , n} the image RELI(Pn) is conjugate
in Bn to a subgroup of Pn−1.

If ψ : Bn → R is a kernel pseudocharacter, then by definition we have

ψ(Pn−1) ⊂ ψ(Bn−1) = {0}.
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Then the above arguments show that for each nonempty subset I ⊂ {1, . . . , n} we have
ψ(RELI(Pn)) = {0}. In particular, for each β ∈ Bn we have ψ(RELI(Pn)) = 0. Therefore,

Tψ(β) =
∑

J⊂{1,...,n}

(−1)|J| · ψ(RELJ (βn!))

n!
=

(−1)|∅| · ψ(REL∅(βn!))

n!
= ψ(β).

This means that Tψ = ψ.
The theorem is proved. �
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