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AN EXOTIC INVARIANT FOR 6-MANIFOLDS:

THE DIRECT CONSTRUCTION

A. V. ZHUBR

Abstract. Some of the author’s previous works, dealing with the classification prob-
lem for simply connected closed 6-manifolds, contain a construction of a certain “ex-
otic” invariant Γ. This construction is substantially indirect and based on nontrivial
calculations. In the present paper, a direct construction is suggested, which does
not depend on the calculations mentioned and involves only some simple surgery,

plus some well-known identities for Stiefel–Whitney and Pontryagin classes, namely,
“modulo 2” and “modulo 4” Wu formulas.

Introduction

In [1, 2], for each simply connected closed 6-manifold M , the author introduced an
invariant Γ(M) of a rather specific kind: this is a family of functions

{Γa(M) : H2(M ; Z/2a) → Z/a}, a = 0, 1, 2, . . . ,

defined for ω ∈ H2(M ; Z/2a) that satisfy the “spin condition” ω ≡ w2(M) mod 2 and
also some “consistency axioms” (for the details, see the papers cited above and §1 be-
low). Along with all the “conventional” invariants (homology, operations, characteristic
classes), the new invariant, according to [2], makes up a complete set for the above class
of manifolds: any isomorphism between the sets of invariants for two such manifolds is
induced by a homeomorphism (or diffeomorphism if the manifolds happen to be smooth).
By [2] again, Γ(M) is not determined by the tangential homotopy type of M (i. e., its
homotopy type plus the tangent bundle); therefore it is not reducible to “conventional”
invariants.

The construction of Γ given in [2] is, in a sense, “not quite satisfactory”: the existence
of the family {Γa} is deduced there from information about some 6-dimensional bordism
groups; in its turn, this information is obtained as a result of fairly nontrivial calcula-
tions. Thus, it would be desirable to have a more direct construction, not depending
on calculations, and dealing with the individual manifold M . Such a construction is the
subject of this paper. Its idea originated from one long-ago conversation with Volodya
Turaev (whom the author has the pleasure to thank); however, some technical difficulties
persisted until recently.

The paper consists of 3 sections. In §1 we provide a brief exposition of our original
approach to Γ, close to that in [1, 2]: we set a list of basic properties (or axioms), derive
some more or less immediate consequences of these axioms, and outline the idea of the
existence proof in [2]. Section 2 is central — here we present our direct construction.
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Finally, in §3 we consider the problem of proving the properties of Γ on the basis of our
direct definition.

Our approach works in both Diff and Top categories (i.e., for both smooth and
topological manifolds); recall that, from a classification point of view, the PL category
in dimension 6 can be viewed as indistinguishable from Diff. For technical reasons, we
treat the Diff case as “primary”, giving necessary remarks concerning Top whenever
needed.

§1. The invariant Γ: Formal description and some consequences

Notation and preliminary remarks. In what follows, pN denotes the set {0} ∪ N =

{0, 1, 2, . . .}; for a ∈ pN, the cyclic group Z/aZ is denoted by Za (in particular, Z0 = Z is
the group of integers). The elements of Za with a > 0 can be written as 0̄, 1̄, etc.

For a ∈ pN and b ∈ N, the standard injection Za → Zab (multiplication by b) is denoted
by ib, and the standard projection Zab → Zb (reduction modulo b) by ρb. The same
notation is used for various induced homomorphisms: we write, e.g., ib : G ⊗ Za →
G⊗ Zab or ρb : Hn(X; Zab) → Hn(X; Zb), etc.

Let M be a closed oriented n-manifold. Recall that any homology class c ∈ Hn−2(M)
can be realized by an oriented (n − 2)-submanifold A ⊂ M obtained as a transversal
preimage of the hyperplane CP (N−1) ⊂ CP (N), with N sufficiently large, under a map
f : M → CP (N) ≈ K(Z, 2) representing the Poincaré dual D−1c ∈ H2(M). We shall
also need the relative case of this, which we state below, for convenience, in the form of
the following theorem (equally well known, of course).

Theorem 1. Let M be a compact oriented n-manifold, c ∈ Hn−2(M,∂M) a relative
homology class, and B ⊂ ∂M a closed oriented (n − 3)-submanifold representing the
class ∂c ∈ Hn−3(∂M). Then there exists a compact oriented proper (n− 2)-submanifold
A ⊂ M with [A] = c and ∂A = B.

Remark 1. Since Top transversality for maps is always true [3], all of the above ex-
tends immediately to topological manifolds. In what follows, by a Top submanifold we
understand a submanifold having a normal Top-bundle (which, in the case of codimen-
sion 2, is the same as having a normal O-bundle, in view of the homotopy equivalence
Top2 ∼ O2).

Suppose we are given a compact oriented n-manifold M and a number a ∈ pN. We say
that a cohomology class ω ∈ H2(M ; Z2a) is spin if ρ2(ω) = w2(M). This terminology is
justified by the fact that, for a = 0, the above equation forces any submanifold A ⊂ M
representing the class Dω ∈ Hn−2(M,∂M) to be spin, i. e., to satisfy w2(A) = 0. (Proof:
the restriction ω|A is the same as the Euler class χ(νA) of the normal bundle of A in M ,
so that, reducing by 2, we have w2(M)|A = w2(νA), whence w2(A) = w2(τA) = 0.)
The set of all spin classes in H2(M ; Z2a) is denoted by H2

spin(M ; Z2a), and its Poincaré

dual by Hspin
n−2(M,∂M). Note that H2(M ; Z2a) may be empty for some a; otherwise

H2
spin(M ; Z2a) is a coset of the subgroup i2H

2(M ; Za) ⊂ H2(M ; Z2a).

Now let M be a closed oriented 6-manifold, and ω ∈ H2(M) a cohomology class.
From Theorem 1 it easily follows that the cobordism class of a submanifold A ⊂ M
representing the dualDω is uniquely determined by ω, so that we obtain a mapH2(M) →
ΩSO

4 or, composing this with the signature isomorphism σ : ΩSO
4 → Z, simply a map

H2(M) → Z. This map (not a homomorphism) is the simplest case of virtual signatures
of Hirzebruch [4, §9]. For some formal reasons, here instead of the signature σ(A), it
seems more convenient to take the Pontryagin number 〈p1(A), [A]〉 = 3σ(A). By analogy,
we call this the virtual Pontryagin number and denote it by p(ω). There is a formula for
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p(ω) in terms of the classes ω and p1(M):

(1) p(ω) = 〈p1(M)ω − ω3, [M ]〉
(this is immediate from the additivity of p1 with respect to the Whitney sum, and from
the fact that ω|A = χ(νA); cf. [4]).

Remark 2. To extend the virtual Pontryagin number and formula (1) to Top, two things
are needed: (a) the first Top Pontryagin class can be defined as an integral class, not
merely a rational one, and (b) this integral topological p1 class is additive with respect to
the Whitney sum, like its SO-analog. Both (a) and (b) follow straightforwardly from the
fact that the natural homomorphisms Hi(BSTop) → Hi(BSO) are bijective for i ≤ 4.
In its turn, this fact is deduced easily (see [5]) from the following information on the
homotopy of BTop: πiBTop = πiBO for i = 4, π4BTop = π4BO ⊕ Z2; see [6].

The invariant lΓ: Formal description. From now on, to avoid tedious repetitions,
we agree about the following: the letter M (possibly with subscripts, etc.) denotes some
simply connected closed oriented 6-manifold (unless otherwise specified).

In accordance with [1] (for detailed proofs, see [2]), for each simply connected closed
oriented 6-manifold M there exists a family of functions

Γa(M) : H2
spin(M ; Z2a) → Za, a ∈ pN

(in what follows, the value of Γa(M) at ω ∈ H2
spin(M ; Z2a) will be denoted either by

Γ(M,ω), or simply by Γ(ω) if M is clear from the context), uniquely determined by the
following properties (axioms):

Γ1 (homeomorphism invariance) For any orientation-preserving homeomorphism f :
M1 → M and any ω ∈ H2

spin(M ; Z2a), we have Γ(M,ω) = Γ(M1, f
∗ω).

Γ2 (cobordism invariance) Let W be an oriented cobordism between M and M1 and
let i : M → W , i1 : M1 → W be the inclusions. If ω ∈ H2

spin(W ; Z2a), then

Γ(M, i∗ω) = Γ(M1, i
∗
1ω).

Γ3 (coefficient invariance) If a ∈ pN, b ∈ N, and ω ∈ H2
spin(M ; Z2ab), then Γ(ρ2bω) =

ρbΓ(ω).

Γ4 (normalization) If ω ∈ H2
spin(M), then 8Γ(ω) = p(ω).

Note that, by formula (1) and the paragraph before it, axiom Γ4 can be rewritten in
the form

(2) Γ(ω) =
〈p1(M)ω − ω3, [M ]〉

8
=

3σ(A)

8
,

where A ⊂ M is any submanifold representing the class D(ω) ∈ H4(M) (recall that
divisibility by 8 follows here from the condition that the class ω is spin).

A fundamental formula. The above properties allow us to calculate Γ(M,ω) by using
some simple surgery (eliminating torsion in H∗(M)) and formula (2). Now we consider
this in more detail.

First, suppose that TorsH2(M) = 0. In this case no surgery is needed: any class
ω ∈ H2

spin(W ; Z2a) can be represented in the form ρ2arω for some rω ∈ H2
spin(M), and

axioms Γ3 and Γ4 imply that

(3) Γ(M,ω) = ρaΓ(M, rω) = ρa

( 〈p1(M)rω − rω3, [M ]〉
8

)
.

Thus, we see that for TorsH2(M) = 0 there is no “exotic” invariant: Γ(M) is merely a
combination of “conventional” invariants.
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Let TorsH2(M) be nonzero. We represent some basis for TorsH3(M) ≈ TorsH2(M)
by disjoint embedded 3-spheres with (arbitrarily chosen) normal framings and perform

the corresponding spherical modifications. For the resulting manifold ĂM we have

TorsH2(ĂM) = 0; this ĂM will be called a resolution manifold for M (evidently, this

construction is highly nonunique). Let W be the natural cobordism between M and ĂM .
Homotopically, W can be viewed as a result of attaching some 4-cells to M or, dually,

some 3-cells to ĂM . Therefore, we have a canonical isomorphism

i∗ : H2(M) → H2(W )

and a canonical epimorphism

j∗ : H2(ĂM) → H2(W )

(both induced by the corresponding inclusions). Having this in mind, we can write

(4) H2(M ; G) = H2(W ; G) ⊂ H2(ĂM ; G)

for any coefficients G; in particular, we can view the class ω as belonging to each of these

three groups (with G = Z2a). By Γ2, then we have Γ(M,ω) = Γ(ĂM,ω). Combining this

with formula (3) applied to the manifold ĂM , we obtain our fundamental formula

(5) Γ(M,ω) = ρaΓ(ĂM, rω) = ρa

( 〈p1(ĂM)rω − rω3, [ĂM ]〉
8

)

(where rω ∈ H2(ĂM) is an arbitrary integral class satisfying ρ2arω = ω). Note that the
only difference between this formula and (3) is that, instead of M , now the right-hand

side contains its “resolution” ĂM .

Remark 3. To transfer the above argument to Top, we only need to know that the
general position and the “Whitney trick” for elimination of double points work in this
category; see [7, Essay III].

The “odd component” of the invariant Γ. From (5) it easily follows that all a
having odd factors can be skipped; in other words, it suffices to restrict ourselves to
a = 0 and a = 2k, k = 1, 2, . . ., only. Indeed, if we take a = 2kb with b odd and
reduce (5) modulo b, then the resulting expression for ρbΓ(M,ω) can be written as

8̄−1
(
〈p1(ĂM)ρbω − ρbω

3, [ĂM ]〉
)
(we use the invertibility of 8̄ in Zb). Now, the expression

〈p1(ĂM)ρbω − ρbω
3, [ĂM ]〉 is (evidently) cobordism-invariant, so we can replace the “res-

olution” ĂM with the original M . Thus, ρbΓ(M,ω) turns out to be a combination of
“conventional” invariants, and thereby, negligible in our context.

The invariant Γ and the Kirby–Siebenmann class. Yet another consequence of (5)
is a relation between Γ(M,ω) and the Kirby–Siebenmann class

Δ(M) = Δ(τM ) ∈ H4(M ; Z2)

(an obstruction to covering the Gaussian map τ : M → BTop by a map to BO).

Theorem 2. For any ω ∈ H2
spin(M ; Z4), we have

Γ(M,ω) = 〈Δ(M)w2(M), [M ]〉.

(Note that here the expression 〈Δw2, [M ]〉 is the only possibly nontrivial characteristic
number for oriented 6-manifolds, because the map Δw2 : ΩSTop

6 → Z2 is an isomorphism;
see [6, Proposition 11.2].)
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Proof. For a = 2, the right-hand side of (5) can be written as ρ2
(
1
8σ(A)

)
, where A ⊂ ĂM

represents the class Drω. As is well known, for any closed spin 4-manifold A its Kirby–
Siebenmann class and its intersection form are related by 〈Δ(A), [A]〉 = ρ2

(
1
8σ(A)

)
(the

proof is given in [6, p. 152]; on the other hand, this follows directly from the existence
of such an A with σ(A) = 8; see [8]). Now we observe that Δ(A) is the same as the

restriction of Δ(ĂM) to A, due to the linearity of the normal bundle of A in ĂM (see
Remark 1 above); therefore,

〈Δ(A), [A]〉 = 〈Δ(ĂM), Drω〉 = 〈Δ(ĂM)rω, [ĂM ]〉 = 〈Δw2(ĂM), [ĂM ]〉.
Finally, 〈Δw2(ĂM), [ĂM ]〉 = 〈Δw2(M), [M ]〉, because M and ĂM are in the same cobordism
class. �
Example: Two manifolds distinguished by Γ. Let f : S3 → S6 be a smooth
embedding representing the generator of the Haefliger knot group C3

3 ≈ Z [9]. We
choose the “trivial” normal framing (which turns into the standard framing of a flat
3-sphere in S6 under an unknotting regular homotopy), and perform surgery on S6 along

f(S3); let ĂM be the resulting manifold. It is easily seen that ĂM has the same (additive)
homology as S2 × S4, and the same (i. e., trivial) stable tangent bundle (by our choice

of a normal framing), whence w2(ĂM) = p1(ĂM) = 0. If rα is a generator of H2(ĂM) ≈ Z,

then (with an appropriate choice of rα) we have 〈rα3, [ĂM ]〉 = 6 (see, e.g., [10, Theorem 4];
alternatively, this can be calculated directly, by using Haefliger’s explicit construction

for f). With rω = 2rα ∈ H2
spin(

ĂM), formula (2) gives Γ(rω) = −6.

Now we modify ĂM and turn H2(ĂM) into a finite group. We represent 4 times the

generator of H2(ĂM) by an embedding g : S2 → ĂM and perform the corresponding
surgery. Let M denote the resulting manifold; from the construction it follows that
H2(M) ≈ H3(M) ≈ Z4. Furthermore, M inherits stable parallelizability (by π2SO = 0),
so that w2(M) = p1(M) = 0.

Note that, here, M and ĂM are in precisely the same relation to each other as in our
argument preceding formula (5) (the “inverse” surgery, killing the group H3(M), is to
be done along a small 3-sphere linked once with g(S2)). The identifications (4), taken
with G = Z4 and G = Z8, yield

H2(M ; Z4) = H2(ĂM ; Z4) ≈ Z4,

H2(M ; Z8) ≈ Z4 ⊂ H2(ĂM ; Z8) ≈ Z8.

Having this in mind, we take α = ρ4rα and ω = i2α as generators of the groupsH2(M ; Z4)
and H2(M ; Z8), respectively (we could also write ω = ρ8rω, by the identity i2 ◦ ρ4 =
ρ8 ◦ i2). By (5), we have

Γ(ω) = ρ4Γ(rω) = 2̄ ∈ Z4.

Note that our manifold M has only one more nonzero invariant, independent of Hi(M)
and Γ(M), namely, 〈α3, [M ]〉 = 2̄.

Now we are going to describe a similar construction of another manifold M1. This
time we begin, instead of the knotted 3-sphere and the trivial normal framing, with the
standard (unknotted) S3 ⊂ S6 and the “index 2” framing (which corresponds to twice

the generator of π3SO(3)). Surgery along S3 provides a spin manifold ĂM1 with the

same homology as ĂM and with 〈rα3, [ĂM1]〉 = 2 and 〈p1(ĂM1)rα, [ĂM1]〉 = 8 (again, see [10,

Theorem 4]); in fact, our ĂM1 is a “double CP (3)” — a connected sum of 2 copies of CP (3)

along CP (1)). Calculation by formula (2) gives Γ(ĂM1, rω) = 0. Then we proceed in quite

the same way as above: killing 4 times the generator of H2(ĂM1) yields a manifold M1

such that Hi(M1), w2(M1), p1(M1), and 〈α3, [M1]〉 — essentially all the “conventional”
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invariants in our case — are the same as those of M . On the other hand, we have
Γ(M1, ω) = 0̄ = Γ(M,ω); hence M and M1 are not homeomorphic.

On the proof of the existence of the invariant Γ in [2]. We begin with introducing
a somewhat different view of our invariant. Let G be a finitely generated Abelian group
and w : G → Z2 a homomorphism; the latter can also be regarded as a cohomology
class, w ∈ H2(K(G, 2); Z2). Denote by Ωspin

6 (G, 2; w) the bordism group of maps f :
M → K(G, 2) satisfying the “spin condition” f∗(w) = w2(M), the group operation
being the usual connected sum. (As above, here 6-manifolds M are assumed to be
simply connected: without this condition, one would have to fix some sort of a “spin
structure” on the maps M → K(G, 2); see [2] for the details.) In a standard way, any
class ω ∈ H2

spin(M ; Z2a) determines a homotopy class of maps M → K(Z2a, 2), thereby a

bordism class [M,ω] ∈ Ωspin
6 (Z2a, 2; ρ2). Since axiom Γ2 implies that the value Γ(M,ω)

depends only on the bordism class [M,ω], we obtain a map

(6) Γa : Ωspin
6 (Z2a, 2; ρ2) → Za.

Now we observe that axiom Γ4 determines the map Γ0 : Ωspin
6 (Z, 2; ρ2) → Z, while

axiom Γ3 requires that the diagram

(7) Ωspin
6 (Z, 2; ρ2)

ρ2a

��

Γ0 �� Z

ρa

��
Ωspin

6 (Z2a, 2; ρ2)
Γa �� Za

should be commutative. Note that the left vertical arrow in this diagram is an epimor-
phism (the proof is contained in the argument preceding formula (5)), so that these two
axioms — Γ3 and Γ4 — determine the family of homomorphisms (6), alias invariant Γ,
provided the inclusions

(8) Ker(ρ2a) ⊂ Ker(ρa ◦ Γ0)

are true. The groups Ωspin
6 (Z2a, 2; ρ2), as well as more general groups Ωspin

6 (G, 2; w),
were calculated in [2, 11]. In particular, this calculation justifies the inclusions (8), and
therefore the existence of Γ (in fact, this is how Γ was defined in [2, §5.17], i. e., by
formula (2) and diagram (7)).

§2. Direct construction

The construction of the “resolution manifold” ĂM appearing in our fundamental for-
mula (5) contained much uncertainty that is impossible to “track down” (otherwise we
could simply use this formula as a definition); in a sense, what was said at the end of §1
may be regarded as putting this uncertainty in a more “manageable” form. Now we are
going to give a version of this construction with “least possible” uncertainty, which will
allow us to check directly, without referring to the bordism groups Ωspin

6 (Z2a, 2; ρ2), etc.,
that it defines an invariant consistently. For this, we introduce an auxiliary means: a
class of 4-dimensional singular subsets in 6-manifolds representing nonintegral homology
classes.

Σn-submanifolds. For any n ≥ 2, let Cn denote a cone in the 3-ball D3 with vertex 0
(the center of the ball) over an n-point set {q1, q2, . . . , qn} on the equator of the sphere S2

(a particular arrangement of the points qi does not matter). Denote by Σn the subset
S3 ×Cn of S3 ×D3; this is a stratified set having one 4-dimensional stratum (the union
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of n cylinders S3 × (0, 1)) and one 3-dimensional stratum (the 3-sphere). We give all
strata the “product orientation”, assuming all radii to be oriented “towards the center”.

Now suppose we are given a compact stratified set A in a 6-manifold M , consisting
of 2 oriented strata, the 4-dimensional stratum intA and the 3-dimensional stratum ∂A;
suppose furthermore that near ∂A the set A coincides (orientations included) with f(Σn)
for some embedding f : S3 ×D3 → M . We call such an A a Σn-submanifold of M . We
say also that A is subordinate to any embedding f as above. Note that, for a given A,
an embedding f can be chosen both to preserve and to reverse orientations (assuming
M oriented), which is evident from the existence of an orientation-reversing symmetry
D3 → D3 that preserves also the cone Cn (this remark will be used later).

Let [A] ∈ H4(A, ∂A) be the relative fundamental class; obviously, its homological
boundary is n[∂A], so that after reducing modulo n this becomes an absolute class
ρn[A] ∈ H4(A; Zn). We denote this reduced fundamental class, as well as its image in
H4(M ; Zn), by [A]n.

Theorem 3. If M is simply connected, then for any class x ∈ H4(M ; Zn) there exists
a Σn-submanifold A ⊂ M with [A]n = x.

Proof. Let β : H4(M ; Zn) → H3(M) be the homological Bokstein homomorphism. We
take any embedding f : S3 ×D3 → M with f∗[S

3] = β(x) (here we need the fact that
M is simply connected). Denote f(S3×D3) by U , and consider the homomorphisms j∗,
ρn, and ∂ in the diagram

(9)

0 �� H4(M) ��

��

H4(M,U)
∂ ��

ρn

��

H3(U) = H3(S
3)

��
0 �� H4(M ; Zn)

j∗ �� H4(M,U ; Zn) �� H3(U ; Zn)

Since, clearly, β(j∗x) = j∗β(x) = 0, the class j∗x is integral: there exists x0 ∈ H4(M,U)
with

(10) ρn(x0) = x.

Moreover, we can choose x0 so as to satisfy the extra relation

(11) ∂(x0) = n[f(S3)].

Indeed, let ξ be an integral chain representing the class x, and, in the same way, let a
chain s represent the class [f(S3)]. The relation [f(S3)] = β(x) can be written on the
chain level as s = 1

n∂ξ+∂η, or alternatively as ∂(ξ+nη) = ns. Thus, ξ+nη is a relative
cycle giving the desired class x0.

Now we apply excision: we put M0 = M \ intU and S3
i = f(S3 × qi) ⊂ ∂M0 (the

points qi from the definition of Cn above). Next, we rewrite (11) as

∂(x0) =
[⋃

i=1,...,n S3
i

]
.

By Theorem 1 there exists a submanifold A0 ⊂ M0 with ∂A0 =
⋃

i S
3
i and [A0] = x0.

Now put A = A0 ∪ f(S3 × Cn) (and perform angle-smoothing in the Diff case). �

Signatures. With each oriented Σn-submanifold A we can canonically associate its “un-
folding” Au — an oriented 4-manifold whose boundary is n disjoint copies of S3 (in
essence, this is A0 of the above proof). Obviously, the intersection form of Au is nonsin-
gular; its signature will also be referred to as the signature of A, and denoted accordingly
by σ(A). If k = 2a and [A]2a ∈ Hspin

4 (M ; Z2a), then Au is a spin manifold, so that σ(A)
is divisible by 8. The following theorem may be regarded as an extension of our normal-
ization axiom Γ4 to nonintegral classes ω.
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Theorem 4. Let a Σ2a-submanifold A ⊂ M represent the homology class Dω with
ω ∈ H2

spin(M ; Z2a). Then

(12) Γ(ω) = ρa
(
3
8σ(A)

)
.

Proof. The idea is to eliminate the singular stratum ∂A by surgery along f , and to apply

axiom Γ2. Let ĂM = M0∪f (D
4×S2) be the result of the surgery (we use the notation as in

the proof of Theorem 3); denote by rA the closed submanifold A0∪f (D
4×{q1, . . . , q2a}) of

ĂM obtained by “filling up” the boundary spheres S3
i . The fundamental class [ rA] ∈ H4(ĂM)

will be denoted by rx and its Poincaré dual by rω.
Let W = (M × [0, 1]) ∪(f,1) (D

4 × D3) be the standard cobordism between M and
ĂM . It is easily seen that there exists a class ζ ∈ H2(W ; Z2a) whose restrictions to

M and ĂM are ω and ρ2arω, respectively. Indeed, such a ζ can be described as the

Poincaré dual D−1z of the relative homology class z ∈ H5(W,M ∪ ĂM ; Z2a) represented
by the stratified set (A × [0, 1]) ∪(f,1) (D

4 × C2a). By axioms Γ2 and Γ3, we now have

Γ(M,ω) = Γ(ĂM,ρ2arω) = ρaΓ(ĂM, rω); together with the normalization axiom, this gives
the required result. �

Note that the above argument can be viewed as a certain “concretization” of that
employed to prove formula (5): instead of killing the entire TorsH3(M), we now kill
only one torsion element β(Dω), and instead of taking any integral class rω “covering” a
given ω, we produce some specific rω (actually, a cocycle).

The main theorem. From Theorem 4 along with the results of [2], it follows that the
expression ρa

(
3
8σ(A)

)
depends only on the homology class [A]2a. Now we are going to

“invert” this: the statement below does not depend on [2], and allows us to define Γ(ω)
by formula (12).

Theorem 5. For any simply connected closed 6-manifold M and any Σ2a-submanifolds
A,A′ ⊂ M with [A]2a = [A′]2a ∈ Hspin

4 (M ; Z2a), we have the congruence 3σ(A) ≡ 3σ(A′)
mod 8a.

The proof of this theorem will take several subsections. We need to “trace” the possible
changes of a Σ2a-submanifold A within a fixed class x = [A]2a. It will be useful to return
again to our notation in the proof of Theorem 3 and consider 3 levels of changes, in
accordance with what stays fixed.

1) Both the embedding f : S3 × D3 → M and the relative homology class x0 ∈
H4(M,U) = H4(M0, ∂M0) are fixed; only the submanifold A0 ⊂ M0 may vary, with
preservation of the boundary ∂A0 =

⋃
i S

3
i and the homology class [A0] = x0.

2) The embedding f is fixed; the class x0 may vary, with preservation of relations (10)
and (11).

3) Nothing is fixed except the given class x; the embedding f may vary within the
homology class β(x).

Level 1 is straightforward: if A0, A
′
0 ⊂ M0 are two submanifolds with the same bound-

ary ∂A0 = ∂A′
0 =

⋃
i S

3
i and homology class [A0] = [A′

0] = x0, then A0 and A′
0 are

cobordant (with fixed boundary), so that σ(A0) = σ(A′
0). This simple argument shows

that a priori 3σ(A) is a function of 3 pieces of data: the Z2a-homology class x, the em-
bedding f , and the relative Z-homology class x0; put, for example, 3σ(A) = F (x, f, x0).
Both f and x0 depend on x, but also contain some extra information, and our further
objective is to show that F (x, f, x0) does not actually depend (modulo 8a at least) on
this extra information.
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Of the two levels remaining, number 3 looks most troublesome at first sight. Of course,
the trivial case occurs here, represented by two isotopic embeddings f, f ′ : S3 ×D3 →
M . However, in general, the two embeddings in question may happen to be not only
nonisotopic, but even nonhomotopic, and it seems absolutely nonevident how one should
compare them. As we shall see below, one can circumvent this by a simple (and rather
curious) argument involving non-simply-connected 6-manifolds. Now we turn to level 2,
which needs some calculations.

Wu formulas. There are well-known Wu formulas “modulo 2” for Stiefel–Whitney
classes; also, there are Wu formulas “modulo 4” [12] involving Pontryagin classes. We
shall need the following two relations derived from some of these formulas.

Lemma 6. Given a closed orientable 6-manifold M and integral cohomology classes
z ∈ H2(M) and ω ∈ H2

spin(M), we have the following congruences :

(a) 〈ωz2, [N ]〉 ≡ 0 mod 2,
(b) 〈(p1 + ω2)z, [N ]〉 ≡ 0 mod 4.

Proof. The first congruence follows immediately from the relation

〈v2z2, [N ]〉 = 〈Sq2(z2), [N ]〉 = 〈(Sq1 z)2, [N ]〉 = 0,

where v2 = w2 = ρ2(ω) is the 2-dimensional Wu class.
For the second congruence we use one of the “modulo 4” Wu formulas [12]:

(13) ρ4(p1) = P (w2) + i2(w4)

(here P : H2(BSO; Z2) → H4(BSO; Z4) is the “Pontryagin square” nonstable coho-
mology operation [13]), plus yet another modulo 2 relation

(14) w4 + w2
2 = v4 = 0,

where v4 is the 2-dimensional Wu class (identity (13) is universal, while (14) is valid for
any orientable closed manifold of dimension less than 8). Replacing w4 in (13) with w2

2,
we obtain

ρ4(p1) = P (w2) + i2(w
2
2) = P (w2) + 2P (w2) = −P (w2) = −ρ4(ω

2). �

(Relation (b) can also be deduced from the following consequence of Rokhlin’s “divis-
ibility by 16” theorem:

〈p1(ω + 2z)− (ω + 2z)3, [M ]〉 ≡ 0 mod 16;

see also [5]. We do not consider this in detail.)

Remark 4. Needless to say, “modulo 2” Wu formulas, hence the above proof for (a),
work in the Top category. To extend (b), we need relation (13). Since the kernel of the
natural homomorphism H4(BSTop; Z4) → H4(BSO; Z4) is generated by the class i2Δ,
in any case we can write

(15) ρ4(p1) = P (w2) + i2(w4) + t · i2Δ

with t = 0 or t = 1. Now, let A be a closed simply connected topological 4-manifold with
w2(A) = 0 and σ(A) = 8; “evaluating” the left-hand side of (15) at A, we get 0, and the
right-hand side yields t · i2Δ(A), with Δ(A) = 0. Hence t = 0, which proves (b).

Proof of Theorem 5 (level 2). Let x0, x
′
0 ∈ H4(M,U) be relative classes occurring in the

proof of Theorem 3, i. e., satisfying (10) and (11) (with k = 2a). Then the difference
u = x′

0 − x0 satisfies ρ2a(u) = 0; therefore, it is divisible by 2a. Thus, we can write



478 A. V. ZHUBR

x′
0 = x0 + 2ay for some y ∈ H4(M,U). Now, let ĂM be the result of surgery, as in the

proof of Theorem 4. Note that the group H4(ĂM) naturally identifies with H4(M,U) by

H4(M,U) = H4(M ∪ e4) = H4(W ) = H4(ĂM ∪ e3) = H4(ĂM)

(this identification occurred in the proof of Theorem 4 under the title “filling up boundary

spheres”). Choosing some orientation of ĂM and denoting the Poincaré duals of x0, x
′
0, y

by ω, ω′, z ∈ H2(ĂM), we have ω′ = ω + 2az, so that the congruence to be proved takes
the form

p(ω + 2az)− p(ω) ≡ 0 mod 8a

(for any z ∈ H2(ĂM), ω ∈ H2
spin(

ĂM)). In turn, this is established by an elementary check

on the basis of formula (1) and Lemma 6. �

It is easily seen that, in fact, we have proved the following somewhat more general
statement.

Theorem 7. Let N be a closed orientable 6-manifold and f : S3 × D3 → N an em-
bedding. Let A,A′ ⊂ N be Σ2a-submanifolds, both subordinate to f and representing one
and the same class x ∈ Hspin

4 (N ; Z2a). Then 3σ(A) ≡ 3σ(A′) mod 8a.

Note that the above conditions imply [∂A] = [∂A′] = β(x), so that our Σ2a-submani-
folds can both be obtained by precisely the same process as in the proof of Theorem 3. We
emphasize that N here may fail to be simply connected, which will be used immediately.

Proof of Theorem 5 (level 3). Again, let M be simply connected, and let Σ2a-submani-
folds A,A′ ⊂ M satisfy the condition

(16) [A]2a = [A′]2a = x ∈ Hspin
4 (M ; Z2a).

Let f, f ′ : S3 × D3 → M be embeddings, and suppose that A,A′ are subordinate to
f, f ′, respectively. Now we are going to modify the embeddings f, f ′ and the ambient
manifold M , at the same time preserving the topology of A,A′ unchanged. Recall (see
the remark after the definition of a Σn-submanifold) that we may assume f, f ′ to behave
oppositely with respect to orientations.

Since the spheres f(S3×{0}) and f ′(S3×{0}) (both representing the same class β(x))
have zero intersection number, we can use the Whitney trick to make the sets U =
f(S3 ×D3) and U ′ = f ′(S3 ×D3) disjoint.

Now we “squeeze out” neighborhoods of the singular strata, i. e., intersections A∩intU
and A′ ∩ intU ′, to the boundaries of U and U ′. Clearly, it suffices to perform a similar
procedure with the set C2a ⊂ D3; for example, one can choose a point c ∈ D3 outside
the equatorial plane and apply the radial projection D3 \ {c} → S2 (we leave out the
trivial problem of smoothing angles for the Diff category).

Finally, we do surgery on M , namely, cut out the interiors of U,U ′ and identify the
boundaries:

M0 = M \ (intU ∪ intU ′), N = M0/f(x)∈∂U∼f ′(x)∈∂U ′ .

After this surgery, the sets A,A′ become identical near the singular stratum. Moreover,
it is easily seen that the embedding M0 → M induces an isomorphism H4(M0; Z2a) →
H4(M ; Z2a), so that (16) stays true after the surgery. Hence, the assumptions of Theo-
rem 7 are satisfied (note that π1(N) ≈ Z), and the proof of Theorem 5 is complete. �

Now, finally, we can give our direct definition (independent of [2]) of the invariant Γ.
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Definition 8. For any simply connected closed oriented 6-manifold M , we define Γ(M)
to be the family of functions

Γa(M) : H2
spin(M ; Z2a) → Za, a ∈ pN,

given for a = 0 by formula (2), and for a > 0 by formula (12).

§3. Direct definition and the properties of Γ

Definition 8 could be considered as logically perfect if we could prove, within its
context, all the basic properties of Γ (i. e., axioms Γ1–Γ4). Of course, now Γ1 and Γ4
follow “by definition”; also, axiom Γ3 can easily be checked directly. Regretfully, the most
important axiom Γ2 seems inaccessible within our elementary approach. It turns out,
however, that , starting with Definition 8, we can prove our “fundamental formula” (5),
which, in its turn, implies all other properties of Γ listed in §1, except axiom Γ2, and
which suffices for explaining the examples given there. We begin with introducing, for a
certain technical convenience, a slightly more general type of singular submanifolds than
was done in §2.
Multi-Σn-submanifolds. By a multi-Σn-submanifold we understand a stratified set
A ⊂ M that differs from Σn-submanifolds in that its singular stratum ∂A may con-
sist of several Σk-components, where k should be a multiple of n (generally, different
multiples for different components). If the number of components of the singular stra-
tum (counting multiplicities) equals m, then we say that A is an mΣn-submanifold.
Like Σn-submanifolds, each mΣn-submanifold has its reduced fundamental class [A]n ∈
H4(M ; Zn), the unfolding Au (a compact oriented manifold with boundary consisting
of mn spheres) and the signature σ(A). Along with the unfolding Au, we shall use the

notation rA (already used above in the proof of Theorem 4) for a manifold obtained from

Au by “filling up” the boundary spheres (note that rA is uniquely determined in the Diff

category; see [14]).
The following lemma says that our direct definition of the invariant Γ is “insensitive”

to this generalization.

Lemma 9. For any mΣn-submanifold A in a connected 6-manifold M , there exists a
Σn-submanifold A′ with [A′]n = [A]n and σ(A′) = σ(A).

Proof. We begin with splitting each of the “multicomponents” of the boundary (i. e.,
those having multiplicity kn with k > 1), should these exist, into k usual Σn-components
(Figure 1 shows clearly how this works). Obviously, this procedure does not change the
unfolding Au. Now we are going to modify the submanifold A and reduce the number of

Figure 1

boundary components. We choose any two components S0, S1 ⊂ ∂A and join them with
a “ribbon” B ⊂ M , which is the image of an embedding f : D3 × [0, 1] → M whose
only intersections with A are B0 = B ∩ S0 = f(D3 × 0) and B1 = B ∩ S1 = f(D3 × 1)
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Figure 2

(see Figure 2). We can assume that the orientations of the components S0 and S1 match
those of B0 and B1 (as induced from the standard orientation of D3 × [0, 1]). What we
are going to do next could be called “ribbon cloning”: choosing a normal field v along
B and a set of sufficiently small numbers ε1 < ε2 < · · · < εn, we replace the original
embedding f with n embeddings f1, f2, . . . , fn given by the formula

fi(x, t) = f(x, t) + εi · (1− |x|2) · v
with x ∈ D3 and t ∈ [0, 1]. Instead of the original ribbon, we obtain a “bundle of ribbons”
with the same “side surface” f : S2 × [0, 1] (see Figure 3, where k = 4).

Now we “cut out” from A some neighborhoods of B0 and B1, so that instead of each
of these balls we get a “bundle of balls” with common boundary, and we paste the ends
of our “ribbon bundle” to these bundles (see the right-hand side of Figure 3). We leave

Figure 3

out a tiresome, however quite trivial, angle-smoothing procedure for Diff. The result of
this process is a new multi-Σn-submanifold, say A1, having one component less than the
original A. Obviously, [A1]n = [A]n. Also, it is easily seen that σ(A1) = σ(A); indeed,
the unfolding Au

1 is obtained from Au by attaching several 1-handles to ∂Au, which does
not affect the 2-homology.

To complete the proof, we simply repeat this process until there is only one boundary
3-sphere left. �

Remark 5. To adapt the above argument for Top, one can use the “local product struc-
ture theorem” [7, Essay I, Theorem 5.2] to extend the smooth structures on the neighbor-
hoods of S0 and S1 to a sequence of coordinate charts connecting these neighborhoods,
thus finding oneself back in the Diff category.

Let ĂM be a “resolution manifold” for M . Recall that ĂM is obtained from M by a
series of surgeries along some embeddings fi : S3 × D3 → M that realize a basis for

the group TorsH3(M). Also, we have natural inclusions H2(M ; G) ⊂ H2(ĂM ; G) (for

any coefficients G), which we put here in dual form as H4(M ; G) ⊂ H4(ĂM ; G). The
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following theorem is, so to speak, a “universalization” of the argument used above to
derive formula (12).

Theorem 10. Each class x ∈ H4(M ; Zn) may be represented by a multi-Σn-submanifold

A ⊂ M such that the corresponding rA is canonically embedded in ĂM and represents there
an integral homology class reducing modulo n to the class x.

Proof. We need a minor complication of a construction used in the proof of Theorem 3.
Denoting the set

⋃
i fi(S

3 ×D3) ⊂ M by U , we get the same diagram (9). Reproducing
verbatim the argument that follows, we obtain a class x0 ∈ H4(M,U) with ρn(x0) = x
and ∂(x0) =

∑
i nai · [fi(S3)], where the ai are coefficients for the expansion of β(x)

in the basis {[fi(S3)]} (clearly we may assume that ai ≥ 0). Applying excision and
Theorem 1 precisely as in the proof of Theorem 3, we get the desired mΣn-submanifold

(with m =
∑

i ai); the construction of an embedding rA ⊂ ĂM does not differ from that
in the proof of Theorem 4. �

Proof of formula (5). We have the following “input data”: a simply connected closed ori-

ented manifoldM , a “resolution manifold” ĂM , and cohomology classes ω ∈ H2
spin(M ;Z2a)

and rω ∈ H2
spin(

ĂM) with ρ2a(rω) = ω (recall again that we view the groups H2(M ; G) as

canonically embedded in H2(ĂM ; G)).
Let A ⊂ M be a multi-Σn-submanifold realizing the class Dω, whose existence is

stated in Theorem 10. Denote by rω0 ∈ H2
spin(

ĂM) the class dual to [ rA] ∈ H4(ĂM). By

Definition 8 and Lemma 9 (and also by σ(A) = σ( rA)), we have the chain of identities

(17) Γ(M,ω) = ρa
(
3
8σ(A)

)
= ρa

(
3
8σ(

rA)
)
= ρaΓ(ĂM, rω0).

On the other hand, ρ2a(rω0) = ρ2a(rω), whence

(18) Γ(ĂM, rω0) ≡ Γ(ĂM, rω) mod a

(see the proof of level 2 in Theorem 5). Combining (17) and (18) completes the proof. �
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