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HOMOGENIZATION OF THE MIXED BOUNDARY-VALUE

PROBLEM FOR A FORMALLY SELFADJOINT ELLIPTIC SYSTEM

IN A PERIODICALLY PUNCHED DOMAIN

G. CARDONE, A. CORBO ESPOSITO, AND S. A. NAZAROV

Abstract. A generalized G̊arding–Korn inequality is established in a domain Ω(h) ⊂
Rn with a small, of size O(h), periodic perforation, without any restrictions on the
shape of the periodicity cell, except for the usual assumptions that the boundary is
Lipschitzian, which ensures the Korn inequality in a general domain. Homogeniza-
tion is performed for a formally selfadjoint elliptic system of second order differential
equations with the Dirichlet or Neumann conditions on the outer or inner parts of the
boundary, respectively; the data of the problem are assumed to satisfy assumptions
of two types: additional smoothness is required from the dependence on either the
“slow” variables x, or the “fast” variables y = h−1x. It is checked that the exponent

δ ∈ (0, 1/2] in the accuracy O(hδ) of homogenization depends on the smoothness
properties of the problem data.

§1. Problem settings, preliminaries, and description of results

1. Boundary-value problem. Let � ⊂ Rn be a periodicity cell, i.e., an open (not
necessarily connected) set in the unit cube

(1.1) Q = {x = (x1, . . . , xn) : 0 < xj < 1, j = 1, . . . , n}
(see Remark 1.1 below). We introduce the perforated space Π (see Figure 2 and compare
to Figure 1, c)) as the interior of the set

(1.2) Π =
⋃

α∈Zn

�(α),

where α = (α1, . . . , αn) is a multiindex, Z = {0,±1,±2, . . . } and the�(α) = {x : x−α ∈
�} are integral shifts of the cell. We assume that Π is a domain (open connected set)
bounded by an (n−1)-dimensional surface; the smoothness of the latter will be specified
below. In any case, the boundary ∂Π is Lipschitzian; due to the periodic structure of
∂Π, the Lipschitz property needs verification only inside a ball BR = {x : |x| < R} of
some radius R >

√
n.

Also, let Ω be a domain in the Euclidean space Rn, with smooth boundary ∂Ω and
compact closure Ω = Ω∪ ∂Ω; smoothness will be specified later. The perforated domain
Ω(h) is a large (of volume O(h0)) connected component of the set

(1.3) Ω ∩ Πh,

where h ∈ (0, 1] is a small parameter, and Πh is the h-compression of Π, i.e.,

(1.4) Πh = {x : y := h−1x ∈ Π}.
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a) b) c)

Figure 1

Figure 2

We call y = (y1, . . . , yn) the fast variables, or the dilated coordinates. The boundary ∂Ω
splits into two subsets, its outer and inner parts

(1.5) Γ(h) = ∂Ω ∩ Πh and Υ(h) = Ω ∩ ∂Πh.

In the perforated domain introduced above, we consider the following mixed boundary-
value problem:

Lh(x,∇x)u
h(x) = fh(x), x ∈ Ω(h),(1.6)

N h(x,∇x)u
h(x) = gh(x), x ∈ Υ(h),(1.7)

uh(x) = 0, x ∈ Γ(h),(1.8)

where uh = (uh
1 , . . . , u

h
k)

� and fh = (fh
1 , . . . , f

h
k )

�, gh = (gh1 , . . . , g
h
k )

� are vector-valued
functions written as columns (i.e., � means transposition; in particular, it would be
correct to write x = (x1, . . . , xn)

� in (1.1)). The dependence of the right-hand sides of
problem (1.6)–(1.8) on the parameter h will be specified later; finding the asymptotics
of its solution uh as h → +0 is one of the main goals in this paper.

The matrices Lh and N h of differential operators of the second and first order (respec-
tively), which occur on the left-hand sides in (1.6) and (1.7), need a detailed description.
In the formula

(1.9) Lh(x,∇x) = D(∇x)
∗A(x, h−1x)D(∇x),

the matrix-valued function (x, y) 
→ A(x, y) of size N × N depends both on the slow
variables x ∈ Ω and on the fast variables y ∈ �, and the latter dependence is 1-periodic
in y1, . . . , yn. Precise smoothness conditions will be imposed later, but the entries of A
will always be bounded and measurable, and for a.e. (x, y) ∈ Ω×� the matrix A(x, y)
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itself will be Hermitian and positive definite with the eigenvalues uniformly separated

away from zero. The differential operator D(∇x)
∗ = D(−∇x)

�
is formally adjoint to

the (N × k)-matrix D(∇x) of first order differential operators with constant complex
coefficients (the bar means complex conjugation). Also, ∇x = (∂/∂x1, . . . , ∂/∂xn)

� is
the gradient operator, D(0) = 0 ∈ CN×k, and

(1.10) N h(x,∇x) = D(νh(x))
�
A(x, h−1x)D(∇x),

where νh = (νh1 , . . . , ν
h
n)

� is the unit vector (column) of the outward normal to the
surface Υ(h) (see the definition (1.5)).

Since N h is the Neumann boundary condition operator, in the case where the data
are not smooth enough we should interpret problem (1.6)–(1.8) as the integral identity

(1.11)
a(uh, vh; Ω(h)) := (AD(∇x)u

h,D(∇x)v
h)Ω(h)

= (fh, vh)Ω(h) + (gh, vh)Υ(h), vh ∈ H̊1(Ω(h); Γ(h))k,

and deal with its weak solution uh ∈ H̊1(Ω(h); Γ(h))k. Here H̊1(Ω(h); Γ(h))k is the space
of vector-valued functions satisfying the Dirichlet condition (1.8), and the upper index k
is absent in the notation of scalar products and norms; e.g., in identity (1.11), by ( , )Ξ
we mean the natural scalar product in the Lebesgue space L2(Ξ), scalar or vector, of any
dimension. Under the minimal restrictions on A and Υ(h) described above, all terms in
the integral identity (1.11) (and, in particular, the Hermitian sesquilinear form a) are
well defined for any fh ∈ L2(Ω(h))

k, gh ∈ L2(Υ(h))k.
We assume that the matrix D(ξ) is algebraically complete (see [2, §3.4, p. 191]), i.e.,

that there is a positive integer �D ∈ N := {1, 2, . . . } such that for any row p(ξ) =
(p1(ξ), . . . , pk(ξ)) of homogeneous polynomials of degree � ≥ �D in the variables ξ =
(ξ1, . . . , ξn)

� there exists a polynomial row q(ξ) = (q1(ξ), . . . , qN (ξ)) satisfying

(1.12) p(ξ) = q(ξ)D(ξ), ξ ∈ Rn.

The algebraic completeness of D and the positive definiteness of A ensure the polynomial
property [3, 4] of the form a, namely,

(1.13) a(u, u; Ξ) = 0, u ∈ H1(Ξ)k ⇐⇒ u ∈ P
∣∣∣
Ξ
.

Here Ξ is an arbitrary subdomain in Ω(h), and P is some finite-dimensional linear space
of vector polynomials x = (x1, . . . , xn)

�. By [3, 4], we have

(1.14) P =
{
p = (p1, . . . , pk)

� : D(∇x)p(x) = 0 ∈ CN , x ∈ Rn
}
,

and the degrees of the scalar polynomials pj forming the column p on the right in (1.14)
do not exceed �D−1. We put d = dimP, introduce a basis p1, . . . ,pd in P, and construct
the following polynomial matrix of size k × d:

(1.15) p(x) = (p1(x), . . . ,pd(x)).

Since the linear coordinate changes x 
→ γx and x 
→ x− x0, where γ > 0 and x0 ∈ Rn,
do not affect the linear space (1.14), we see that any derivative of a vector polynomial
p ∈ P, as well as the homogeneous terms, stay in P. Thus, we can choose the basis
elements p1, . . . ,pd to be homogeneous polynomials such that

(1.16) 0 = degp1 = · · · = degpn < degpn+1 ≤ · · · ≤ degpd

and pp(x) = ep = (δp,1, . . . , δp,n)
� is the unit vector of the xp-axis (δp,q is the Kronecker

symbol).1

1In Subsection 3 of §2 we shall need another basis.
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Figure 3

The general results of [2, 3, 4] show that, under our assumptions about the matrices A
and D, the operator (1.9) becomes formally positive and elliptic, and the operator (1.10)
of the Neumann boundary conditions covers Lh on the inner boundary Υ(h); i.e., the
Shapiro–Lopatinski conditions are fulfilled. The fact that Lh is covered by the Dirichlet
conditions on the outer boundary Γ(h) is obvious.

Remark 1.1. Any affine transformation x 
→ x′ = mx with a nonsingular numerical real
(n × n)-matrix m transforms the cube (1.1) to an n-dimensional skew parallelepiped,
keeping the properties of A and D mentioned above. Thus, the assumption that the
perforated space Π has cubic structure is not too restrictive.

2. Specific systems of differential equations. In the survey [4], the reader can
find a series of mathematical physics problems that fall under the requirements listed in
Subsection 1 of §1; here we restrict ourselves to discussing three of them.

Example 1.1. Suppose k = 1, N = n, and D(∇x) = ∇x. In this case, Lh(x,∇x) =
−∇�

x A(x, h−1x)∇x is a scalar operator in the divergence form, and �D = 1, P = C.

Example 1.2. For the 3-dimensional (n = 3) linearized system of elasticity theory that
describes the deformation of an anisotropic and nonhomogeneous composite body, the
operator Lh, written in the matrix (rather than tensor; see [5, 6]) form, is composed of
a rapidly oscillating matrix A(x, h−1x) of elastic modules and a matrix D of size 6× 3,

(1.17) D(ξ)� =

Ñ
ξ1 0 0 0 2−1/2ξ3 21/2ξ2
0 ξ2 0 2−1/2ξ3 0 2−1/2ξ1
0 0 ξ3 2−1/2ξ2 2−1/2ξ1 0

é
.

It is not hard to check that the matrix (1.12) is algebraically complete (see (1.17); in
particular, k = 3, N = 6, and �D = 2. As to the polynomial property (1.13), it involves
the linear space

P = {p(x) = d(x)a : a = (a1, a2, a3, a4, a5, a6)
� ∈ R6},

where d(x) is a (3× 6)-matrix depending linearly on the variables xj , namely,

d(x) =

Ñ
1 0 0 0 2−1/2x3 −21/2x2

0 1 0 −2−1/2x3 0 2−1/2x1

0 0 1 2−1/2x2 −2−1/2x1 0

é
.

The vectors d(x)a are rigid-body displacements, translational (a4 = a5 = a6 = 0) or
rotational (a1 = a2 = a3 = 0). Due to the factors 2−1/2, the column of deformations

(1.18) D(∇x)u =
Ä
ε11(u), ε22(u), ε33(u), 2

1/2ε23(u), 2
1/2ε31(u), 2

1/2ε12(u)
ä�

(see [6, Chapter 2]) has the same natural norm as the deformation tensor with the
Cartesian coordinates

εjk(u) =
1

2

Å
∂uj

∂xk
+

∂uk

∂xj

ã
.
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The column AD(∇x)u has a structure similar to (1.18) and contains components of the
stress tensor. The matrix A, which relates the columns of stresses and deformations, is
called the stiffness matrix, or the Hook matrix; its symmetry and positive definiteness
are prescribed by the nature of the elastic medium.

Example 1.3. Suppose n = 3, k = 4, N = 9,

(1.19) D(ξ)� =

Ü
ξ1 0 0 0 2−1/2ξ3 2−1/2ξ2 0 0 0
0 ξ2 0 2−1/2ξ3 0 2−1/2ξ1 0 0 0
0 0 ξ3 2−1/2ξ2 2−1/2ξ1 0 0 0 0
0 0 0 0 0 0 ξ1 ξ2 ξ3

ê
,

and the matrix A is of the form

(1.20) A =

Å
A(1,1) A(1,2)

A(2,1) −A(2,2)

ã
,

where A(1,1) and A(2,2) are positive definite matrix-valued functions of size 6 × 6 and

3 × 3, respectively, and A(1,2) = A�
(2,1) is a matrix-valued function of size 6 × 3. The

differential operator serves for a description of a piezoelectric medium with rapidly oscil-
lating properties: the first three elements of the column u are rigid-body displacements,
and the fourth is the electric potential (see, e.g., the monograph [7]). The matrix (1.19)
is obtained by adding the row (0, 0, 0, 0, 0, 0, ξ1, ξ2, ξ3) to the (3× 6)-matrix (1.17) (also,
the row of nine zeros is added above it); therefore, the matrix (1.19) satisfies (1.13).
However, the matrix (1.20) does not meet the above conditions, at least because of the
“wrong” sign in the right lower block; in particular, the operator (1.6) fails to be formally
positive. Nevertheless, in [4, Example 1.13] and in [8] it was shown how to reduce the
spectral problem to a form suitable for analysis by methods of the present paper.

3. Solvability of the mixed boundary-value problem. The most important conse-
quence of the fact that the matrix D is algebraically complete is the following generalized
Korn inequality, established in [2, Theorem 7.3.6, p. 191]:

(1.21) ‖∇xu;L2(Ξ)‖2 ≤ cΞ(‖D(∇x)u;L2(Ξ)‖2 + ‖u;L2(Ξ)‖2),
where u ∈ H1(Ξ)k, and Ξ is a bounded domain in Rn with a Lipschitzian boundary.

As has already been mentioned, the inner boundary Υ(h) is assumed to be Lips-
chitzian, and in the domain Ω(h) we have the generalized G̊arding–Korn inequality

(1.22) ‖u;H1(Ω(h))‖2 ≤ c(h)‖D(∇x)u;L2(Ω(h))‖2, u ∈ H̊1(Ω(h); Γ(h))k,

which is deduced from (1.21) with the use of the following two observations.

Lemma 1.1 (on equivalent norms). If Ξ is a domain with Lipschitzian boundary and
compact closure, then

(1.23) ‖u;H1(Ξ)‖2 ≤ cΞ,F (‖D(∇x)u;L2(Ξ)‖2 + |F(u)|2), u ∈ H1(Ξ)k,

where F : H1(Ξ)k → Cm is a functional with the following properties :

(1.24)

F(tu) = tF(u), t > 0;

uj → u∞ weakly in H1(Ξ)k =⇒ F(uj) → F(u∞) in Cm as j → +∞;

F(p) = 0 ∈ Cm, p ∈ P =⇒ p = 0.

The factor cΞ,F is independent of u ∈ H1(Ξ)k.

Proof. This statement is well known; we include the proof for the reader’s convenience.
By inequality (1.21), it suffices to verify the relation

‖u;L2(Ξ)‖2 ≤ c(‖D(∇x)u;L2(Ξ)‖2 + |F(u)|2).
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Suppose this inequality fails; then there is a sequence {uj} in H1(Ξ)k such that

(1.25) ‖uj ;L2(Ξ)‖ = 1, ‖D(∇x)u
j ;L2(Ξ)‖ → 0, |F(uj)| → 0.

Using (1.21), we see that the norms ‖∇xu
j ;L2(Ξ)‖ are uniformly bounded; then there

exists a subsequence {ujq} that converges to a vector-valued function u∞ ∈ H1(Ξ)k

weakly in H1(Ξ)k and strongly in L2(Ξ)
k. Since D(∇x)u

jq → 0 strongly in L2(Ξ)
N ,

we have D(∇x)u
∞ = 0; the polynomial property ensures that u∞ ∈ P. Also, we have

F(ujq ) → 0 = F(u∞), i.e., u∞ = 0 by the last property in (1.24), but this contradicts
the first formula in (1.25). �

Lemma 1.2. Let Ξ be the same as in Lemma 1.1, and let Σ denote either the domain
Ξ itself, or its boundary ∂Ξ. Then for any u ∈ H1(Ξ)k we have

(1.26) ‖u;H1(Ξ)‖2 ≤ cΞ,Σ

Å
‖D(∇x)u;L2(Ξ)‖2 +

∣∣∣ ∫
Σ

p(x)
�
u(x) dsx

∣∣∣2ã.
Here dsx = dx in the case where Σ = Ξ, and dsx is the (n− 1)-dimensional surface area
element if Σ = ∂Ξ.

Proof. The first two properties (1.24) are obvious for the functional F : H1(Ξ)k →
Cd occurring on the right-hand side in (1.26) (cf. (1.23)), in particular, because the
embedding H1(Ξ) ⊂ L2(Σ) is compact. To verify the third property, we observe that the
numerical (d× d)-matrix

(1.27) P(Σ) =

∫
Σ

p(x)
�
p(x) dsx

is the Gram matrix constructed for the columns p1, . . . ,pd of the matrix (1.15) with the
help of the scalar product in L2(Σ)

k. The matrix (1.27) is Hermitian, and it is positive
definite provided the set Σ has sufficiently many points to ensure that the polynomials
p1, . . . ,pd be linearly independent in L2(Σ)

k. �

Remark 1.2. The last phrase in the above proof demonstrates that inequality (1.26)
remains true to a large extent for an arbitrary choice of a set Σ ⊂ Ξ. In this way, putting
Ξ = Ω(h) and Σ = Γ(h) (see the definitions (1.3) and (1.5)), we can deduce inequality
(1.22): the second term on the right in (1.26) is killed by the Dirichlet boundary condition
(1.8).

The proof of inequality (1.22), as presented in Chapter 7 of the book [7], does not
clarify the dependence of the factor c(h) on the domain Ω(h) and, in particular, on the
small parameter h ∈ (0, 1]; the main result in §2 of the present paper will be as follows.

Theorem 1.1. The factor c(h) in the G̊arding–Korn inequality (1.22) satisfies the esti-
mate

(1.28) c(h) ≤ C,

where C depends on the sets �, Ω and the matrix D, but not on the size h ∈ (0, 1] of the
perforation.

As a by-product, in Subsection 3 of §2 we check the next statement.

Proposition 1.1. The following trace inequality is valid :

(1.29) ‖u;L2(Υ(h))‖2 ≤ ch−1‖D(∇x)u;L2(Ω(h))‖2, u ∈ H̊1(Ω(h); Γ(h))k,

where c is independent of u and h ≤ 1.



HOMOGENIZATION OF THE MIXED BOUNDARY-VALUE PROBLEM 607

Figure 4

Theorem 1.1 is proved in Subsections 2 and 3 of §2. The proof employs the method
developed in [9, 10] (see also the survey [11, Subsection 2.8]), more precisely, an exten-
sion of that method: what was considered in Example 1.2 were thin perforated plates
(Example 1.2 and, in essence, the case of n = 2). The basic idea is to form an auxiliary
vector-valued function v ∈ H1(Rn)k with the following properties: v is supported on the
set

(1.30) S(h) = {x : dist (x, ∂Ω) ≤ h
√
n} ∪ Ω;

on some periodic family of cubes {Qh(α)}α∈Zn in the perforated space (1.4) (the shaded
parts in Figure 4; cf. Figure 2 and Figure 1, c)), v coincides with the vector-valued

function u ∈ H̊1(Ω(h); Γ(h))k extended by zero to Π, and v admits the estimate

(1.31) ‖D(∇x)v;L2(R
n)‖2 ≤ c‖D(∇x)u;L2(Ω(h))‖2,

with c independent of u and h ≤ 1.

Lemma 1.3. If the support of a vector-valued function v ∈ H1(Rn)k lies in the compact
set (1.30), then

(1.32) ‖v;H1(Rn)‖2 ≤ cD,Ω‖D(∇x)v;L2(R
n)‖2,

where cD,Ω is a constant.

Proof. Applying the Fourier transformation v(x) 
→ v̂(ξ) and the Parseval identity, we
find

(1.33) ‖D(∇x)v;L2(R
n)‖2 = C

∫
Rn

|D(ξ)v̂(ξ)|2 dξ.

We check that

(1.34) |D(ξ)a|2 ≥ cD|ξ|2|a|2, a ∈ Ck, ξ ∈ Rn, cD > 0;

then the desired inequality (1.32) can be deduced from relations (1.33), (1.34) and the
Friedrichs inequality on a fixed ball containing the compact set (1.30) with h = 1, after
the inverse Fourier transformation.

Suppose (1.34) fails and there exist nonzero columns a0 ∈ Ck and ξ0 ∈ Rn such that
D(ξ0)a0 = 0. We put p(ξ) = (a0)�|ξ|2�D in identity (1.12) and multiply it scalarly from
the right by the column a0. For ξ = ξ0 we have |a0|2|ξ0|2�D = q(ξ0)D(ξ0)a0 = 0, i.e.,
either a0 = 0 or ξ0 = 0. This contradiction finishes the proof of (1.34). �
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Inequalities (1.31) and (1.32) imply that

(1.35)
∥∥∥u;H1

(⋃
Qh(α)

)∥∥∥2 ≤ c‖D(∇x)u;L2(Ω(h))‖2.

Finally, an extension of estimate (1.35) from the union of cubes to the entire perforated
domain Ω(h) is done with the help of a trick suggested in [12] (see also the survey [11,
§2]) and modified here for the study of general systems with the polynomial property.

4. Asymptotics of the solution of the mixed boundary-value problem. In §3
we will give first terms of the formal asymptotic expansion of the solution of problem
(1.6)–(1.8); this asymptotics is justified in §4.

Largely, the homogenization of the initial boundary-value problem in the perforated
domain and the deduction of the limiting Dirichlet problem

L(x,∇x)u(x) = f(x), x ∈ Ω,(1.36)

u(x) = 0, x ∈ ∂Ω,(1.37)

follow the standard lines: we construct the asymptotic corrector and work with solvability
conditions for the model problem on the periodicity cell (see the monographs [13]–[16]).
However, some distinctions arise, related not only to the passage to general formally
selfadjoint systems, but also to the prescribed expansions of the right-hand sides:

fh(x) = h−1F (x, h−1x) + (measn �)−1f0(x) + f̃ h(x),(1.38)

gh(x) = G(x, h−1x) + g̃ h(x),(1.39)

in which “large” components F and G are introduced, which are subject to the following
orthogonality conditions:

(1.40)

∫
�

F (x, y) dy +

∫
υ

G(x, y) dsy = 0 ∈ Ck,

for a.e. x ∈ Ω, where υ = ∂� ∩Q is the inner surface of the cell, and dsy is the element
of the (n− 1)-dimensional surface area.

The asymptotic Ansatz, compatible with (1.38)–(1.40), for the solution of problem
(1.6)–(1.8) looks like this:

(1.41) uh(x) = u(x) + h
(
X (x, h−1x)D(∇x)u(x) + U(x, h−1x)

)
+ ũ h(x).

Here the corrector XD(∇x)u involves a (k×N)-matrix function X , the columns of which
are special periodic solutions of the model problem on the cell � (see Subsection 1 of
§3), but U is the periodic solution of the same problem with the right-hand sides F
and G, which exists due to the orthogonality conditions (1.40) imposed above. The only
(and rather simple) innovation in the Ansatz (1.41), namely, the term U , is caused by the
presence of the terms h−1F andG in the expansions (1.38) and (1.39). In elasticity theory
(Example 1.2), such terms have a meaning of locked-up stresses, and the orthogonality
condition (1.40), meaning that the load is self-balanced, arises naturally due to Newton’s
law.

Remark 1.3. Since our problem is linear, the imposed condition (1.40) is not burdensome.
Indeed, in case it fails, put

F (x, y) = F⊥(x, y) + (measn �)−1f−1(x), f−1(x) =

∫
�

F (x, y) dy +

∫
υ

G(x, y) dsy

and include the expressions F⊥(x, h−1x) + (measn �)−1f0(x) and G(x, h−1x) in the re-

mainder terms, forming (respectively) the quantities f̃ −1h(x) and g̃ −1h(x) (cf. the end
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of Remark 1.4). Now formulas (1.38) and (1.39) look like this:

(1.42)

fh(x) = h−1(measn �)−1f−1(x)

+ h0
(
h−1F⊥(x, h−1x) + (measn �)−1f0(x)

)
+ f̃ h(x)

= h−1(measn �)−1f−1(x) + f̃ −1h(x),

gh(x) = G(x, h−1x) + g̃ h(x) = g̃ −1h(x).

Reading the new formulas without the middle terms, we can interpret them as the previ-
ous expansions (1.38), (1.39) multiplied by h−1, with F = 0, G = 0, and f0 = f−1. Since
problem (1.6)–(1.8) is linear, the constant coefficient h−1 is irrelevant. It should be noted
that in the middle terms of (1.42) we easily find counterparts of structures occurring in
(1.38), (1.39), because now the pair {F⊥, G} satisfies (1.40).

Throughout the entire paper, a number δ ∈ (0, 1/2] will be fixed. The smallness
condition for remainders is expressed by the formula

(1.43) ñ = h−δ(‖f̃ h;L2(Ω(h))‖+ h−1/2‖g̃ h;L2(Υ(h))‖),

and we assume that ñ is bounded as h → +0. The factor h−1/2 in the second term on
the right in (1.43) is needed because the L2(Ω(h))-norm of the periodic function Ω(h) �
x 
→ z(h−1x) does not exceed c‖z;L2(�)‖, but for the function Υ(h) � x 
→ z(h−1x) we
only have the estimate

‖z;L2(Υ(h))‖ ≤ ch−1/2‖z;L2(υ)‖.

The same factor arose in the trace inequality (1.29).

Remark 1.4. Of course, condition (1.43) can be relaxed. For instance, assuming that

f̃ h(x) = −∇xf̃
h1(x) + f̃ h0(x), g̃ h(x) = νh(x)f̃ h1(x) + g̃ h0(x),

we can replace h−δ‖f̃ h0;L2(Ω(h))‖ in the definition of the quantity ñ with the sum of

h−δ‖f̃ h1; L2(Ω(h))‖ and h−δ‖f̃ h;L2(Ω(h))‖, and make the change

(f̃ h, v)Ω(h) + (g̃ h, v)∂Ω(h) 
→ (f̃ h1,∇xv)Ω(h) + (f̃ h0, v)Ω(h) + (g̃ h0, v)∂Ω(h)

in the integral identity (1.11). If we do not take care of differential properties of the
right-hand sides, but do take care of their sizes, then the “remainder” can be taken to
be “large”; i.e., by analogy with formulas (1.38)–(1.40), we can put

f̃ h(x) = −hδ−1‹F (x, h−1x) + hδf̃ 0(x), g̃ h(x) = hδ‹G(x, h−1x),∫
�

‹F (x, y) dy +

∫
υ

‹G(x, y) dsy = 0 ∈ Ck.

The vector-valued functions F , G, and f0 will be subject to restrictions of two types:
higher smoothness requirements are imposed on the dependences on one group of vari-
ables, slow or fast. In both cases, such restrictions make all the distinguished terms of the
sum (1.41) belong to the Sobolev space H1(Ω(h))k, and for the intermediate asymptotic
approximation, the boundary condition (1.8) is ensured by multiplication by a suitable
cutoff function (see Subsection 1, §4).
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5. Statement of theorems on asymptotics. The Sobolev–Slobodetskĭı and Hölder
spaces of abstract functions with values in a Banach space B are denoted by H l+α(Ω;B)
and Cl,α(Ω;B), where l ∈ {0, 1, 2, . . . } and α ∈ (0, 1). The norms are as follows:

‖z;H l+α(Ω;B)‖

=

Å l∑
p=0

∫
Ω

‖∇p
xz(x);B‖2 dx+

∫
Ω

∫
Ω

‖∇l
xz(x)−∇l

xz(x);B‖2 dx dx

|x− x|n+2α

ã1/2

,

(1.44)

‖z;Cl,α(Ω;B)‖

=
l∑

p=0

sup
x∈Ω

‖∇p
xz(x);B‖+ sup

x,x∈Ω

(
|x− x|−α‖∇l

xz(x)−∇l
xz(x);B‖

)
.

(1.45)

Here ∇p
xz is the collection of all derivatives of order p of a function z. If B = C, then

formulas (1.44) and (1.45) determine norms in the usual spaces H l+α(Ω) and Cl,α(Ω).
Also, we shall deal with the spaces L∞(Ω;B) and H1

∞(Ω;B); we put

‖z;L∞(Ω;B)‖ = ess sup
x∈Ω

‖z(x);B‖,

‖z;H1
∞(Ω;B)‖ = ‖z;L∞(Ω;B)‖+ ‖∇xz;L∞(Ω;B)‖.

Clearly, C0,α(Ω;B) ⊂ L∞(Ω;B) and C1,α(Ω;B) ⊂ H1
∞(Ω;B) for any α > 0.

First of all, for the verification of asymptotic formulas we shall need the condition

(1.46) ∂Ω ∈ C2,δΩ , δΩ > δ.

In the case of a higher smoothness relative to the fast variables, we assume that

F ∈ H1+δ(Ω;C0,δ1
per (�))k, G ∈ H1+δ(Ω;C1,δ1

per (υ))
k, f0 ∈ Hδ(Ω)k, δ1 ∈ (0, 1),(1.47)

A ∈ C1,δA(Ω;C1,δ�
per (�))N×N , υ ∈ C2,δ�

per , δ� > δA > δ1, δA > δ.(1.48)

Below, it will be checked that those conditions ensure that for the matrix A occurring
in (1.36) we have

(1.49) A ∈ C1,δA(Ω)N×N .

All the exponents δ1, δ� and δA, δΩ do not exceed 1, and the first two can be taken
arbitrarily small, but positive.

Theorem 1.2. Under conditions (1.46)–(1.48), the solution of problem (1.6)–(1.8) and
its asymptotic approximation found by the solutions u and U , X of problems (1.36),
(1.37) and (3.2), (3.3), respectively, are related as follows :

(1.50) ‖uh − u− hXD(∇x)u− hU ;H1(Ω(h))‖ ≤ cHhδ(nH + ñ),

where nH is the sum of the vector-valued functions (1.47) in the corresponding spaces,
and ñ is the quantity (1.43). The factor cH depends neither on the parameter h ∈ (0, h0],

h0 > 0, nor on the components F , f0, f̃ h and G, g̃ h in the expansions (1.38) and (1.39)
of the right-hand sides of the problem in the perforated domain Ω(h).

Dealing with the differential properties relative to the slow variables, we impose the
simplifying requirements

(1.51) A(x, y) = A(y), F (x, y) = a(x)F ′(y), G(x, y) = a(x)G′(y).
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In other words, we assume that the coefficients of differential operators are periodic
functions of the fast variables2 and for the “large” terms h−1F and G in (1.38) and
(1.39), the dependences on the slow and fast variables are separated (a is a scalar). Also,
we assume that

F ′ ∈ L2(�)k, G′ ∈ L2(υ)
k, a ∈ C1,δ(Ω), f0 ∈ C0,δ(Ω)k,(1.52)

A ∈ L∞(�)N×N , υ ∈ Lip,(1.53)

which can be viewed as smoothness improvement relative to the slow variables, because
the last two relations in (1.52) involve Hölder spaces in the domain Ω.

Theorem 1.3. Under conditions (1.46), (1.51)–(1.53), the solution of problem (1.6)–
(1.8) and its asymptotic approximation are related as follows :

(1.54) ‖uh − u− hXD(∇x)u− hU ;H1(Ω(h))‖ ≤ cCh
δ(nC + ñ),

where ñ is the quantity (1.43), and

(1.55) nC = ‖f0;C0,δ(Ω)‖+ ‖a;C1,δ(Ω)‖
(
‖F ′;L2(�)‖+ ‖G′;L2(υ)‖

)
.

The factor cC is independent of h ∈ (0, h0] and of a, F ′, f0, f̃ h, and G ′, g̃ h.

Theorems 1.2 and 1.3 are proved in §4. Of course, in their proofs, the conditions
imposed on the matrices A and D in Subsection 1 of §1 are assumed.

As usual, the asymptotic formulas can be simplified if the L2-norms of the vector-
valued functions and their derivatives are treated separately.

Corollary 1.1. Under the assumptions of Theorems 1.2 and 1.3, the norms

‖uh − u;L2(Ω(h))‖,
‖∇xu

h −∇xu−∇yX
∣∣
y=h−1x

D(∇x)u−∇yU
∣∣
y=h−1x

;L2(Ω(h))‖

admit the same majorants as in inequalities (1.50) and (1.54), respectively.

6. Comparison to known results. The homogenization of boundary-value problems
in perforated domains was studied by many researchers (see the monographs [13, 14, 15,
16] and the references therein), who dealt mainly with scalar equations and elasticity
theory problems (Examples 1.1 and 1.2). In all publications, the inner perforation con-
dition was assumed, which means that the periodicity cell �, possibly even not cubic or
“skew” (see Remark 1.1), can be chosen so that its outer boundary ∂� \υ so that a solid
(n− 1)-dimensional surface, i.e., so that all holes lie strictly inside the cell (see Figure 1,
and compare Figure 1, b) to Figure 5). In that case, the question about the Poincaré–
Friedrichs inequality in the scalar case and about the Korn inequality for the elasticity
theory equations becomes elementary because an extension v of the vector-valued func-
tion u, satisfying estimate (1.31), can be constructed by using local considerations only.

2We were forced to impose this restriction because of technical complications in the verification of
the asymptotics (see [17]). The authors do not know if Theorem 1.3 remains true under the condition
of local periodicity for the coefficients.
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However, the inner perforation condition fails in many situations (see, e.g., Figure 6,
which represents a cell in a 3-dimensional body pierced with a family of narrow channels
parallel to the Cartesian axes). The results of the present paper allow us to get rid of
the above-mentioned restriction, which is off the point.

Remark 1.5. Besides the mixed boundary-value problem (1.6)–(1.8), considered in [13]–
[15] and in §1 of Chapter 2 in the book [16], in the same chapter of [16] we find the study
of the Neumann problem for the system of equations of elasticity theory: the inner part
of the boundary is assumed to be free of stresses, and loads are given on the outer part.
Also, it is assumed that there is no perforation near the surface ∂Ω: the cells �h(α) not
lying inside Ω are replaced with the sets Qh(α)∩Ω, where Qh(α) = {x : h−1x−α ∈ Q}.
The results of the present paper do not cover such a setting, because the Korn inequality
with the constant (1.28) is proved here by a method that does not work in the case of
an arbitrary perforation. Under the inner perforation condition, as mentioned above,
inequality (1.28) for the Korn constant is obvious. Also, some bulk and hardly verifiable
conditions can be presented (cf. [11, §2.4]) under which Theorem 1.1 remains true even
if there is no boundary perforation.

Deflecting our attention away from the scalar problems, where additional smoothness
is ensured by specific methods (see, e.g., [18]), we now discuss the smoothness conditions
imposed in the book [16] on elasticity theory problems of that sort, set in an n-dimensional
domain Ω(h) (i.e., k = n and N = n(n+1)/2 in Example 1.2). Namely, the matrix A of
classic modules is assumed to be piecewise smooth, with smooth discontinuity surfaces
not intersecting the smooth surface υ = ∂� ∩Q. These requirements guarantee that the
asymptotic corrector X is piecewise smooth, implying, in particular, that its derivatives
are sufficiently bounded so as to ensure the second term in (1.41) to belong to the Sobolev
space H1(Ω(h))k. As to the right-hand sides, it is assumed that in (1.38) and (1.39) we
have

F = 0, G = 0, f0 ∈ H1(Ω)n, f̃ h ∈ L2(Ω(h))
n, g̃ h = 0.

Thus, U = 0, which means that the locked-up stresses are absent, together with the
elastic microfields. Finally, the smallness of the asymptotic remainders is expressed by
inequality (1.50) with the majorant

c
(
h1/2‖f0;H1(Ω)‖+ ‖f̃ h;L2(Ω(h))‖

)
.

The results of §4 allow us to lift the higher smoothness requirement imposed on the
vector-valued function f0 (see (1.47)): looking through the proofs in §4, we easily see that
the requirement that the matrix A be piecewise smooth is quite sufficient for verifying
Theorem 1.2, so that conditions (1.48) were imposed only for the simplification and
unification of references.
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Figure 7

Apart from (1.47), (1.48), we pay attention to the restrictions (1.52), (1.53), which
make only minimal demands on the dependences on the fast variables. In both cases, our
conditions force the asymptotic corrector x 
→ X (x, h−1x)D(∇x)u(x) to lie in the Sobolev
spaceH1(Ω(h))k, and precisely this fact predetermines essentially the conditions imposed
on the data of the problem. It should be mentioned that the method developed in a series
of publications [19]–[21] (see [22]–[24] for an alternative approach) makes it possible, first,
to obtain asymptotic expansions, together with estimates for the difference between the
true solution and the approximate solution without invoking the corrector itself, and
second, to construct an asymptotic corrector under minimal smoothness requirements.
This method is based on applications of the spectral theory techniques for operators in
Hilbert space. However, this method is adapted purely to differential equations with
rapidly oscillating coefficients in the entire space Rn and compares the resolvents of the
operators that correspond to the initial and the homogenized elliptic system. Therefore,
the method of [19]–[21] cannot be carried directly over to the case of the perforated space
(1.4); it is an open question whether it applies to the Neumann problem for system (1.6)
in Πh. We note that homogenization problems in perforated domains were considered in
[22, 24] for scalar equations and the elasticity theory systems with periodic coefficients
under the same restriction on the cell as in the book [16].

§2. The generalized Gårding–Korn inequalities and other estimates

1. Geometric constructions for a perforated space. Let Q be a cube with small
edge l > 0 in the cell �, and let Q(α) be its integral shifts, α ∈ Zn. The edges of
Q = Q(0) are assumed to be parallel to the coordinate axes. Since the set Π is connected,
the length l can be fixed so small that we can transfer the cube from the position Q(0)
to the position Q(e(j)) so that its center moves along a smooth path and the cube itself
remains within Π. As a result, we obtain sleeves Tj(0) ⊂ Π connecting the cube Q(0) to
its neighbors Q(e(j)), j = 1, . . . , n (recall that e(j) = (δj,1, . . . , δj,n)

� is the unit vector of
the xj-axis). Copying the sleeves by periodicity, we obtain a family {Tj(α)}α∈Zn,j=1,...,n.

Let Q(α) and Q(α + e(j)) be two neighboring cubes; they are joined with the sleeve
Tj(α). Consider the brick Bj(α) (Figure 7) obtained by the parallel translation of the
cube along the segment that connects the centers of Q(α) and Q(α + e(j)). Of course,
part of the brick Bj(α) may lie outside Π. Nevertheless, we have a continuous extension
operator

(2.1) H1(Tj(α))
k � u 
→ γju ∈ H1(Tj(α) ∪Bj(α))

k,

because the boundary ∂Tj(α) is Lipschitzian. Observe that, due to periodicity, we mark
the operator γj with only one index j = 1, . . . , n; for j fixed, the extensions (2.1) are
obtained by a unified rule for all α ∈ Zn. Later, we shall need a certain specific extension.
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Suppose that a vector-valued function u ∈ H1(Π)k has compact support. On the set
T1(α) ∪ · · · ∪Tn(α), we represent this function in the form

(2.2) u(x) = u⊥
(α)(x) + p(x− x(α))u

0
(α),

where p is the matrix (1.15) corresponding to the basis p1, . . . ,pd in P, u0
(α) ∈ Cd is a

column,

(2.3)

∫
Q

p(x)
�
u⊥
(α)(x+ x(α)) dx = 0 ∈ Cd,

and x(α) is the center of the cube Q(α). By the orthogonality conditions (2.3) and the
versions (1.26) of the Korn inequality for Ξ = Σ = Q(α) and for Ξ = Tj(α),Σ = Q(α),
applied to the vector-valued function x 
→ u⊥

(α)(x+ x(α)), we have

(2.4)

‖u⊥
(α);H

1(Q(α))‖2 ≤ c‖D(∇x)u
⊥
(α);L2(Q(α))‖2 = c‖D(∇x)u;L2(Q(α))‖2,

‖u⊥
(α);H

1(Tj(α))‖2 ≤ cj(‖D(∇x)u
⊥
(α);L2(Tj(α))‖2 + ‖u⊥

(α);L2(Q(α))‖2)
≤ Cj‖D(∇x)u;L2(Tj(α))‖2,

where the component u⊥
(α) of the expansion (2.2) is changed for the vector-valued function

u itself, which is possible by formula (1.14).
The desired extension v1 is given by the identity

(2.5) v1(x) = p(x− x(α))u
0
(α) + γju

⊥
(α)(x), x ∈ Bj(α),

where γj is the operator (2.1). The second estimate in (2.4) yields

(2.6)
‖D(∇x)v

1;L2(Bj(α))‖2 = ‖D(∇x)γju
⊥
(α);L2(Bj(α))‖2

≤ cj‖u⊥
(α);H

1(Tj(α))‖2 ≤ Cj‖D(∇x)u;L2(Tj(α))‖2.

Two important facts should be mentioned. First, v1 is well defined on the union of all
bricks

(2.7) B =
⋃

α∈Zn

n⋃
j=1

Bj(α),

because v1 = u on the common part of two intersecting bricks, which coincides with
some cube Q(β) (see (2.2), (2.1) and (2.5)). Second, since the set (1.2) is periodic, we
have n different copies of the extension operator. Hence, summing estimates (2.6), taken
without their middle parts, over α ∈ Zn and j = 1, . . . , n, we get

‖D(∇x)v
1;L2(B)‖2 ≤ c‖D(∇x)u;L2(T)‖2 ≤ c1‖D(∇x)u;L2(Π)‖2;

here the union of sleeves T ⊂ Π is defined by formula (2.7) (with clear modifications).
Observe that the resulting extension makes the convex hull of the support of the function
larger, but the set

(2.8) supp v1 ⊂ {x : dist (x, supp u) ≤
√
n}

remains compact. The union (2.7) of bricks will be called a skeleton in Rn with support
codimension 1 and will be denoted K1.

We fix a pair of indices θ = (j, k) ∈ {1, . . . , n}2 and consider all cubes Q(α) such that
αj , αk ∈ {0, 1} and αp = 0 for p �= j, k. The bricks that join such cubes form a frame
F1

θ(0) ⊂ K1 (Figure 8) with directrix of codimension 1 (the support dimension of the
frame). The convex hull W2

θ of the frame, i.e., a parallelepiped of size 1 + l along the
axes xj , xk and of size l in the other directions, is formed by the frame F1

θ(0) itself and
the block P2

θ(0) bordered with that frame; W2
θ has support dimension 2 and volume

(1− l)2ln−2. Replicating the solids introduced above by periodicity, we give meaning to
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the objects F1
θ(α), P

2
θ(α), and W2

θ for α ∈ Z2, θ ∈ {1, . . . , n}2. The union of the sets
W2

θ(α) is the skeleton K2 with support dimension 2.
Let q = 1. Slightly modifying relations (2.2), (2.3), and (2.5), we construct an exten-

sion vq+1 from the frames Fq
θ(α) with support dimension q to the blocks Pq+1

θ (α) with
support dimension q + 1 by the formulas

vq(x) = vq⊥(θα)(x) + p(x− x(α))v
q0
(θα), x ∈ Fq

θ(α),∫
Q

p(x)
�
vq⊥(θα)(x+ x(α)) dx = 0 ∈ Cd, vq0(θα) ∈ CN ,

vq+1(x) = γq
θv

q⊥
(θα)(x) + p(x− x(α))v

q0
(θα), x ∈ Wq+1

θ (α),

where γq
θ is the new extension operator

H1(Fq
j(α))

k � u 
→ γq
θu ∈ H1(Wq+1

θ (α))k.

The same arguments as above show that the vector-valued function vq+1 ∈ H1(Kq+1)k

is well defined on the skeleton

Kq+1 =
⋃

α∈Zn

⋃
θ∈{1,...,n}q+1

Wq+1
(θ) (α),

of support dimension q + 1, and estimates similar to (2.4), (2.6) ensure the inequality

‖D(∇x)v
q+1;L2(K

q+1)‖2 ≤ cq+1‖D(∇x)v
q;L2(K

q)‖2

≤ cq+1cq . . . c1‖D(∇x)u;L2(Π)‖2.

Observe also that the support of vq+1 satisfies (2.8). The above formulas allow us to
use induction3 to construct extensions v2, v3, . . . , vn of the vector-valued function v1 to
the skeletons K2,K3, . . . ,Kn with growing support dimensions. Each vp ∈ H1(Kp)k

coincides with the initial vector-valued function u on the cubes Q(α), α ∈ Zn, and the
last function v = vn satisfies (2.8) and the estimate

(2.9) ‖D(∇x)v;L2(R
n)‖2 ≤ c‖D(∇x)u;L2(Π)‖2,

which reshapes to (1.31) after the change x 
→ h−1x.

3The induction step was described in the last paragraph, and the induction base in the preceding
paragraphs.
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2. Proof of Theorem 1.1. Suppose a vector-valued function uh ∈ H̊1(Ω(h); Γ(h))k is
extended by zero to the perforated space (1.4). Put u(y) = uh(hy); clearly, we have

‖D(∇y)u;L2(Π)‖2 = h2−n‖D(∇x)u
h;L2(Πh)‖2.

The procedure described in the preceding subsection allows us to form a vector-valued
function y 
→ v(y) belonging to the Sobolev space H1(Rn)k; we denote vh(x) = v(h−1x).
By (2.9), we have

‖D(∇x)v
h;L2(R

n)‖2 = hn−2‖D(∇y)v;L2(R
n)‖2

≤ chn−2‖D(∇y)u;L2(Π)‖2 = c‖D(∇x)u
h;L2(Ω(h))‖2

(cf. (1.31)), and the support supp vh is contained in the set (1.30). Also, we have uh = vh

on the union Qh of the small cubes Qh(α),

(2.10) Qh =
⋃

α∈Zn

Qh(α), Qh(α) = {x : y = h−1x ∈ Q(α)}.

Hence, by Lemma 1.3,

(2.11)
‖uh;L2(Qh)‖2 + ‖∇xu

h;L2(Qh)‖2 = ‖vh;H1(Qh)‖2

≤ c‖D(∇x)v
h;L2(R

n)‖2 ≤ c‖D(∇x)u
h;L2(Ω(h))‖2.

It remains to extend estimate (2.11) from the union of the cubes (2.10) to the entire
domain Ω(h).

We fix a cubeQh(α) and unite the closure of the corresponding compressed periodicity
cell �h(α) and the closures of its 3n− 1 immediate neighbors. Then, from the interior of
the resulting set we draw the connected component �•

h(α) that contains the cube Qh(α)
(see Figure 9, where a disconnected, deeply shadowed periodicity cell is shown, the same
as in Figure 1, c), and Figure 2, along with an extended cell �h(α) ⊂ �•

h(α)).
Starting with the basis p1, . . . ,pd ∈ P constructed in Subsection 1 of §1 (see, in

particular, (1.16)), we form a new basis:

(2.12)
p
j(h, x) = h−n/2ej ∈ Ck, j = 1, . . . , k,

p
j(h, x) = h−n/2(pj(h−1x)− p j), j = k + 1, . . . , d,

where p j is the mean value of the polynomial y 
→ pj(y) over the cube (−l/2, l/2)n with
edge l. We represent the vector-valued function uh on the extended cell �•

h(α) in the
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form

(2.13) uh(x) = uh⊥
(α)(x) + p(h, x− xh

(α))u
h0
(α).

Here xh
(α) is the center of the cube Qh(α), p = (p1, . . . , pd) is a matrix of size k × d,

uh0
(α) = P

−1

∫
Qh(α)

p(h, x− xh
(α))

�
uh(x) dx,

and P is a Hermitian, positive definite (d× d)-matrix,

(2.14) P =

∫
Qh(α)

p(h, x− xh
(α))

�
p(h, x− xh

(α)) dx =

∫
(−l/2,l/2)n

p(1, y)
�
p(1, y) dy.

Formulas (2.13) and (2.14) imply that

(2.15)

∫
Qh(α)

p(h, x− xh
(α))

�
uh⊥
(α)(x) dx = 0 ∈ Cd.

We split the column uh0
(α) ∈ Cd into two columns a ∈ Ck and b ∈ Cd−k in accordance

with the two different formulas (2.12) for the elements of the basis p1, . . . , pd. Observe
that, first, p1, . . . , pk are constant columns, and second, P = diag {Pk,Pd−k} is a block-
diagonal matrix with blocks Pk and Pd−k of sizes k×k and (d−k)×(d−k), respectively.
Now we estimate the components of the columns:

(2.16)

|aj |2 ≤ ch−n

∣∣∣∣ ∫
Qh(α)

uh(x) dx

∣∣∣∣2 ≤ c‖uh;L2(Qh(α))‖2, j = 1, . . . , k,

|bj |2 ≤ ch−n
d∑

r=k+1

∣∣∣∣ ∫
Qh(α)

(
pr(h−1(x− xh

(α)))− p r
)�

uh(x) dx

∣∣∣∣2

≤ ch−n
d∑

r=k+1

∣∣∣∣ ∫
Qh(α)

(
pr(h−1(x− xh

(α)))− p r
)�

(uh(x)− u h
(α)) dx

∣∣∣∣2

≤ c‖uh − u h
(α);L2(Qh(α))‖2 ≤ c

Å
lh

π

ã2

‖∇x(u
h − u h

(α));L2(Qh(α))‖2

= Ch2 ‖∇xu
h;L2(Qh(α))‖2, j = k + 1, . . . , d.

We have used the fact that, by the definition (2.12) of the vector polynomials pk+1, . . . , pd,
their mean values over the cube (−hl/2, hl/2)n are zero, so that the constant in the
Poincaré inequality is O(h2). As a result, we obtain

(2.17)

‖puh0
(α);L2(�h(α))‖2 ≤ cmeasn(�h(α))h

−n(|a|2 + |b|2)
≤ c‖uh;H1(Qh(α))‖2,

‖∇x(pu
h0
(α));L2(�h(α))‖2 ≤ c

d∑
r=k+1

|bp|2h−n

∫
Qh(α)

|∇xp
r(h−1(x− xh

(α)))|2 dx

≤ ch−2|b|2 ≤ c‖∇xu
h;L2(Qh(α))‖2.

To treat the component uh⊥
(α) of the expansion (2.13), we make the change x 
→ y and

apply Lemma 1.2 with Ξ = �•(α) and Σ = Q(α) (see Remark 1.2). After the inverse
change y 
→ x, we see that inequality (1.26), in which the last term is absent due to the
orthogonality condition (2.15), turns into the estimate

(2.18)
h−2‖uh⊥

(α);L2(�
•
h(α))‖2 + ‖∇xu

h⊥
(α);L2(�

•
h(α))‖2

≤ c‖D(∇x)u
h⊥
(α);L2(�

•
h(α))‖2 = c‖D(∇x)u

h;L2(�
•
h(α))‖2.
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Observe that on the left-hand side of (2.18) we have h−2 ≥ 1, because h ≤ 1.
Collecting estimates (2.13), (2.17), and (2.18) and recalling that �h(α) ⊂ �•

h(α), we
deduce the inequalities

‖uh;L2(�h(α))‖2 + ‖∇xu
h;L2(�h(α))‖2

≤ c(‖D(∇x)u
h;L2(�

•
h(α))‖2 + ‖uh;H1(Qh(α))‖2).

Now we sum these estimates over all periodicity cells that intersect the perforated domain
Ω(h), obtaining

(2.19) ‖uh;H1(Ω(h))‖2 ≤ c(3n‖D(∇x)u
h;L2(Ω(h))‖2 + ‖uh;H1(Qh)‖2).

The factor of 3n arose because of the enlarged cell �•
h(α). Relations (2.19) and (2.11)

ensure inequality (1.22) with a constant independent of the parameter h ∈ (0, 1]. This
proves estimate (1.28) and Theorem 1.1. �

3. Proof of Proposition 1.1. The trace inequality (1.29) is checked along the same
lines, but with simplifications: in particular, the proof involves only the constant columns
in the basis (2.12) of the linear space P. On the enlarged cell �•

h(α) we use the expansion

(2.20) uh(x) = wh⊥
(α)(x) + wh0

(α),

where wh0
(α) is the mean value of uh over the cube Qh(α) ⊂ �•

h(α), which admits the

estimate

(2.21) |wh0
(α)|2 ≤ (measn Qh)

−1‖uh;L2(Qh(α))‖2.

When considering the component wh⊥
(α) of the expansion (2.20), which has zero mean

over the cube Qh(α), we apply the Poincaré and Friedrichs inequalities for the dilated
coordinates y = h−1x:

‖wh⊥
(α);L2(Qh(α))‖2 ≤ ch2‖∇xw

h⊥
(α);L2(Qh(α))‖2 = ch2‖∇xu

h;L2(Qh(α))‖2,
h−2‖wh⊥

(α);L2(�h(α))‖2 ≤ h−2‖wh⊥
(α);L2(�

•
h(α))‖2

≤ c(‖∇xw
h⊥
(α);L2(�

•
h(α))‖2 + h−2‖wh⊥

(α);L2(Qh(α))‖2).
(2.22)

Combining these estimates with the usual trace inequality (see, e.g., the textbook [1]),
again written in the dilated coordinates,

h−1‖wh⊥
(α);L2(υh(α))‖2 ≤ c(‖∇xw

h⊥
(α);L2(�h(α))‖2 + h−2‖wh⊥

(α);L2(�h(α))‖2),

and also with formulas (2.21) and (2.20), we obtain

h‖uh;L2(υh(α))‖2 ≤ 2h
(
measn−1(υh)|wh0

(α)|2 + ‖wh⊥
(α);L2(υh(α))‖2

)
≤ c(‖uh;L2(Qh(α))‖2 + ‖∇xu

h;L2(�
•
h(α))‖2).

Now, to arrive at the desired formula (1.29) and, thereby, finish the proof of Proposi-
tion 1.1, it suffices to sum the above inequalities (without their middle parts) over all
cells that intersect the domain Ω(h) and use the already established estimates (2.19)
and (2.11). �

4. Weighted inequalities. The following simple estimates are based on versions of the
one-dimensional Hardy inequality; the proofs can be found, e.g., in [6, Proposition 1.2.3
and Lemma 1.2.4].
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Lemma 2.1. Suppose that the surface ∂Ω is Lipschitzian, v ∈ H̊1(Ω; ∂Ω), and w ∈
H1(Ω). Let θh = {x ∈ Ω : dist (x, ∂Ω) < ch} and Θ(h) = Ω(h) ∩ θh be narrow boundary
strips in the domains Ω and Ω(h), solid and perforated, respectively. Then

‖v;L2(Θ(h))‖ ≤ ‖v;L2(θh)‖ ≤ ch‖v;H1(Ω)‖,(2.23)

‖w;L2(Θ(h))‖ ≤ ‖w;L2(θh)‖ ≤ ch1/2‖w;H1(Ω)‖,(2.24)

where the constants c depend neither on the functions involved, nor on the parameter
h ∈ (0, h0].

The estimate

(2.25) ‖uh;L2(Θ(h))‖ ≤ ch‖uh;H1(Ω(h))‖,

similar to (2.23), is valid for any vector-valued function uh ∈ H̊1(Ω(h); Γ(h))k, due to an-
other weighted inequality (the weight factor exceeds ch−1 > 0 on the narrow strip Θ(h)).

Lemma 2.2. We have

(2.26) ‖ρ−1
h uh;L2(Θ(h))‖ ≤ c‖D(∇x)u

h;L2(Ω(h))‖, uh ∈ H̊1(Ω(h); Γ(h))k,

where ρh(x) = h+ dist(x, ∂Ω), and c is independent of h ≤ 1 and uh.

Proof. We mention the simple consequence

(2.27)
‖(dist(·, ∂S(h)))−1vh;L2(S(h))‖ ≤ c‖D(∇x)v

h;L2(S(h))‖,
vh ∈ H̊1(S(h); ∂S(h))k,

of the one-dimensional Hardy inequality∫ ∞

0

t−2|V (t)|2 dt ≤ 4

∫ ∞

0

∣∣∣dV
dt

(t)
∣∣∣2 dt, V ∈ C∞

c (0,∞).

Here S(h) is the set (1.30); clearly, we have

dist(x, ∂S(h)) ≤
√
nρh(x).

Now, if in Subsection 2 of §2 we apply inequality (2.27) in place of the G̊arding inequality
(1.32), then, instead of (2.11), we obtain

(2.28) ‖ρ−1
h uh;L2(Qh)‖2 + ‖∇xu

h;L2(Qh)‖2 ≤ c‖D(∇x)u
h;L2(Ω(h))‖2.

When extending estimate (2.28) from the union (2.10) of cubes to the entire perforated
domain Ω(h), we turn to the expansion (2.13) on the cell �h(α), handling its components
with the help of (2.16) and (2.18):

(2.29)

‖ρ−1
h uh;L2(�h(α))‖2 ≤ 2(‖ρ−1

h uh⊥
(α);L2(�h(α))‖2 + ‖ρ−1

h puh0
(α);L2(�h(α))‖2)

≤ c(h+ dist(xh
(α), ∂Ω))

−2(‖uh⊥
(α);L2(�h(α))‖2 + |uh0

(α)|2)
≤ c(h+ dist(xh

(α), ∂Ω))
−2(h2‖D(∇x)u

h;L2(�
•
h(α))‖2

+ h2‖∇xu
h;L2(Qh(α))‖2 + ‖uh;L2(Qh(α))‖2)

≤ c(‖D(∇x)u
h;L2(�

•
h(α))‖2 + ‖∇xu

h;L2(Qh(α))‖2

+ ‖ρ−1
h uh;L2(Qh(α))‖2).

Besides the obvious inequality h + dist(xh
(α), ∂Ω) ≥ h, we have used the fact that for

x ∈ Qh(α) the quantity ρh(x) has the same order as the quantity ρh(x
h
(α)) calculated

at the center xh
(α) of the cube Qh(α). It remains to sum estimates (2.29) (without their

middle parts) over all cells. �
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The next inequality serves as a substitute of estimate (2.24) in the case of a function
given on a perforated domain.

Lemma 2.3. If z ∈ H1(Ω;L∞(�)), then

‖z;L2(Θ(h))‖ ≤ ch1/2‖z;H1(Ω;L∞(�))‖.

Proof. We extend the function x 
→ z(x, y) by zero beyond the domain Ω and denote by∑
α the summation over all cells �h(α) that intersect Θ(h). We have

(2.30)

‖z;L2(Θ(h))‖2 ≤
∑
α

∫
�h(α)

∣∣∣∣z(x, xh)
∣∣∣∣2 dx

≤
∑
α

∫
�h(α)

sup
y∈�

|z(x, y)|2 dx ≤
∫
{x∈Ω:dist(x,∂Ω)≤

√
nch}

sup
y∈�

|z(x, y)|2 dx

≤ ch

∫
Ω

(
sup
y∈�

|z(x, y)|2 + sup
y∈�

|∇xz(x, y)|2
)
dx ≤ ch‖z;H1(Ω; ;L∞(�))‖2.

We have applied the second statement of Lemma 2.1. �

Next, we employ the method used in the proof of Lemma 2.3 to deduce an inequality
for the trace of a vector-valued function u on the part Υ(h)∩ ∂Θ(h) of the surface of the
thin set Θ(h).

Lemma 2.4. We have

(2.31) ‖u;L2(Υ(h) ∩ ∂Θ(h))‖ ≤ ch1/2‖D(∇x)u;L2(Ω(h))‖,

where c is independent of u ∈ H̊1(Ω(h); Γ(h))k and h ∈ (0, 1].

Proof. As usual, we extend u by zero from Ω(h) to Πh; let
∑

α mean the same as in
(2.30). Observe that the coordinate compression y 
→ hy in the standard trace inequality
on a cell of size 1 (see, e.g., [1]) results in the relation

h−1‖u;L2(υh(α))‖2 ≤ c(h−2‖u;L2(�h(α))‖2 + ‖D(∇x)u;L2(�h(α))‖2).

Summing over all cells that intersect Θ(h) and using (2.26), we get

h−1‖u;L2(Υ(h) ∩ ∂Θ(h))‖2 ≤ ch−1
∑
α

‖u;L2(υh(α))‖2

≤ c
∑
α

(h−2‖u;L2(�h(α))‖2 + ‖D(∇x)u;L2(�h(α))‖2)

≤ c(‖ρ−1
h u;L2(Θ(

√
nh))‖2 + ‖D(∇x)u;L2(Θ(

√
nh))‖2)

≤ c ‖D(∇x)u;L2(Ω(h))‖2). �

§3. Formal asymptotics and differential properties of solutions

of limiting problems

1. First asymptotic correction. As usual, when doing formal asymptotic analysis,
we assume that all problem data are infinitely smooth.

We plug (1.41), (1.38), and (1.39) into (1.6), (1.7), and use the chain rule

(3.1) D(∇x)w(x, h
−1x) =

(
h−1D(∇y)w(x, y) +D(∇x)w(x, y)

)∣∣∣
y=h−1x

.

Collecting the coefficients of h−1 in differential equations and the coefficients of h0 in
the boundary conditions, we arrive at two model problems on the periodicity cell �,
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depending on the parameter x ∈ Ω, namely, to the problem

(3.2)
L0(x, y,∇y)U(x, y) := D(−∇y)

�A(x, y)D(∇y)U(x, y) = F (x, y), y ∈ �,

N0(x, y,∇y)U(x, y) := D(ν(y))
�A(x, y)D(∇y)U(x, y) = G(x, y), y ∈ υ,

for a vector-valued function U , and to a problem for the asymptotic corrector,

(3.3)
L0(x, y,∇y)X (x, y) = −D(−∇y)

�A(x, y), y ∈ �,

N0(x, y,∇y)X (x, y) := −D(ν(y))
�A(x, y), y ∈ υ.

Here ν(y) is the unit vector (column) of the outward normal to the part υ = ∂� ∩ Q

of the cell surface. It should be noted that, in relations (3.3) and (1.6), the coefficients
mentioned above and giving rise to identities (1.7) were multiplied from the right by
the columns D(∇x)u(x). Since formulas (3.3) only involve differential operators in the
variables y = (y1, . . . , yn)

�, and the variables x = (x1, . . . , xn)
� serve as a parameter,

the latter columns should be viewed as constants. Also, we note that the solution and
the right-hand sides of problem (3.3) are matrix-valued functions of size k ×N .

Both problems (3.2) and (3.3) should be supplemented by periodicity conditions, which
we do not write down explicitly. The variational version of problem (3.2),

(3.4) (AD(∇y)U,D(∇y)V )� = (F, V )� + (G, V )υ, V ∈ H1
per(�)k,

is posed on the subspace H1
per(�) of functions belonging to the Sobolev class and 1-

periodic relative to the variables yj , j = 1, . . . , n. For clear reasons (see, e.g., Proposi-
tion 3.2 below), identity (3.2) can serve as a solvability condition for problem (1.40). As
to problem (3.3), a similar solvability condition is fulfilled, due to the periodicity of the
function y 
→ A(x, y) and the Gauss–Ostrogradskĭı formula

(3.5)

∫
�

D(∇y)
�A(x, y) dy =

∫
υ

D(ν(y))
�A(x, y) dsy.

Since the solutions of (3.2) and (3.3) are determined up to additive constants, the or-
thogonality conditions can be ensured:∫

�

U(x, y) dy = 0 ∈ Ck,(3.6) ∫
υ

X (x, y) dy = 0 ∈ Ck×N .(3.7)

Thus, we have found both correction terms in the Ansatz (1.41).

2. Higher order asymptotic correction. We supplement the asymptotic Ansatz
for the solution of problem (1.6)–(1.8) with the term h2w(x, h−1x) (actually, it will
not be used in asymptotic approximation) and perform the same procedure as in the
previous subsection, collecting the coefficients of h0 in the differential equations (1.6)
and the coefficients of h1 in the Neumann boundary conditions (1.7), and using the

expansions (1.38), (1.39) with negligibly small remainders f̃ h, g̃ h. As a result, we obtain
the following model problem:

(3.8)

L0(x, y,∇y)w(x, y) =− L1(x, y,∇x,∇y)X (x, y)D(∇x)u(x)

− L2(x, y,∇x)u(x) + F(x, y), y ∈ �,

N0(x, y,∇y)w(x, y) =−N1(x, y,∇x)X (x, y)D(∇x)u(x) + G(x, y), y ∈ υ.
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Here we have denoted

(3.9)

L1(x, y,∇x,∇y) = D(−∇y)
�A(x, y)D(∇x) +D(−∇x)

�A(x, y)D(∇y),

L2(x, y,∇x) = D(−∇x)
�A(x, y)D(∇x),

N1(x, y,∇x) = D(ν(y))
�A(x, y)D(∇x),

and also

(3.10)
F(x, y) = (measn �)−1f0(x)− L1(x, y,∇x,∇y)U(x, y),

G(x, y) = −N1(x, y,∇x)U(x, y).

We find the solvability conditions for problem (3.8). We have

(3.11)

∫
�

L1(x, y,∇x,∇y)X (x, y)D(∇x)u(x) dy

+

∫
υ

N1(x, y,∇x)X (x, y)D(∇x)u(x) dsy +

∫
�

L2(x, y,∇x)u(x) dy

= D(−∇x)
�
∫
�

(
A(x, y) +A(x, y)D(∇y)X (x, y)

)
dyD(∇x)u(x).

Also, using (3.9) and (3.10), we obtain

(3.12)

∫
�

F(x, y) dy +

∫
υ

G(x, y) dsy

= f0(x) +D(∇x)
�
∫
�

A(x, y)D(∇y)U(x, y) dy

+

∫
�

D(∇y)
�A(x, y)D(∇x)U(x, y) dy

−
∫
υ

D(ν(y))
�A(x, y)D(∇x)U(x, y) dsy.

The last two integrals mutually cancel, by a formula similar to (3.5), because the in-
tegrands are periodic. Continuing transformations, we find that the quantity (3.12) is
equal to

(3.13)

f0(x) +D(∇x)
�
Å
−
∫
�

U(x, y)�D(∇y)
�A(x, y) dy

+

∫
υ

U(x, y)�D(ν(y))�A(x, y) dsy

ã�

= f0(x)−D(∇x)
�
Å∫

�

U(x, y)� L0(x, y,∇y)X (x, y) dy

+

∫
υ

U(x, y)� N0(x, y,∇y)X (x, y) dsy

ã�

= f0(x)−D(∇x)
�
Å∫

�

X (x, y)
�
F (x, y) dy +

∫
υ

X (x, y)
�
G(x, y) dsy

ã
=: f0(x)−D(∇x)

�
F(x) =: f(x),

where

F(x) =

∫
�

X (x, y)
�
F (x, y) dy +

∫
υ

X (x, y)
�
G(x, y) dsy.
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So, the solvability conditions for (3.8) take the form of the system of differential
equations (1.36) in which the right-hand side is given by (3.13), and

L(x,∇x) = D(−∇x)
�
A(x)D(∇x),(3.14)

A(x) =

∫
�

A(x, y) dy +

∫
�

A(x, y)D(∇y)X (x, y) dy.(3.15)

If the vector-valued function u satisfies (1.36), then problem (3.8) becomes solvable, but
its solution w will not be needed, because to justify the asymptotics (see §4) it suffices
to check that the mean value over the periodicity cell of one of the discrepancy terms is
zero. Precisely this fact is ensured by system (1.36).

3. Homogenized problem. The boundary conditions (1.37) correspond to the Dirich-
let conditions in the initial problem. We turn to properties of the matrix (3.15).

Lemma 3.1. The matrix A(x) is Hermitian and positive definite.

Proof. We use the periodicity of the matrix-valued functions y 
→A(x, y), X (x, y) and
relations (3.15) to reshape the right-hand side of (3.3) as follows:

A =

∫
�

A dy +

∫
�

ADX dy +

∫
�

DX�A dy −
∫
�

DX�A dy

=

∫
�

A dy +

∫
�

ADX dy +

∫
�

DX�A dy +

∫
�

X�D�A dy −
∫
υ

X�D(ν)
�A dsy

=

∫
�

A dy +

∫
�

ADX dy +

∫
�

DX�A dy −
∫
�

X�D�ADX dy +

∫
υ

X�D(ν)
�ADX dsy

=

∫
�

A dy +

∫
�

ADX dy +

∫
�

DX�A dy +

∫
�

DX�ADX dy.

As a result,

(3.16) A(x) =

∫
�

(
IN +D(∇y)X (x, y)

)�
A(x, y)

(
IN +D(∇y)X (x, y)

)
dy,

where IN is the unit matrix of size N ×N .
Formula (3.16) shows that A(x) is Hermitian and nonnegative definite. If this matrix

is singular, then, since the matrix A is positive definite, we have

(3.17) a+D(∇y)X (x, y)a = 0, y ∈ �,

where a ∈ CN is a nontrivial numerical column. Recalling property (1.12) of the ma-
trix D, we see that

0 = q(∇y)(a+D(∇y)X (x, y)a) = q(∇y)D(∇y)X (x, y)a = p(∇y)X (x, y)a

for any row p = (p1, . . . , pk) of homogeneous differential operators of degree max{�D, 2}.
Observe that q(∇x) = 0, because deg q = deg p − 1 ≥ 1. Finally, we see that y 
→
X (x, y)a is a vector-valued polynomial of degree �D − 1, and hence, a constant column,
by periodicity. Now formula (3.17) implies that a = 0. The contradiction obtained shows
that the matrix (3.16) is positive definite. �

4. Solvability of the homogenized problem. The variational setting of the Dirichlet
problem (1.36), (1.37) addresses the integral identity [1]

(3.18) (AD(∇x)u,D(∇x)v)Ω = (f0,v)Ω + (F,D(∇x)v)Ω, v ∈ H̊1(Ω; ∂Ω)k.
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Since the G̊arding inequality (1.32) is valid without any smoothness restrictions on the

surface ∂Ω (see the proof of Lemma 1.3), the generalized solution u ∈ H̊1(Ω; ∂Ω)k exists
and is unique for any

(3.19) f0 ∈ L2(Ω)
k, F ∈ L2(Ω)

N .

As to the matrixA, it suffices that its entries be measurable and bounded, and the matrix
itself be Hermitian and uniformly positive definite for a.e. x ∈ Ω (see Lemma 3.1). The

solution u ∈ H̊1(Ω; ∂Ω)k admits the estimate

‖u;H1(Ω)‖ ≤ cn0,

where n0 is the sum of the L2-norms of the vector-valued functions (3.19).
In the next section, for justifying the asymptotics we shall need to impose some ad-

ditional smoothness requirements on the solution u. We formulate the corresponding
statements, implied by the general results of the theory of elliptic boundary-value prob-
lems (see, e.g., [25, 26]). We emphasize that, by Lemma 3.1, the sesquilinear Hermitian
form on the left in (3.18) still has the polynomial property (1.13), and the (k×k)-matrix
of second order differential operators remains to be elliptic (see [2, 3, 4]).

Proposition 3.1. Under conditions (1.46) and (1.49), suppose that f ∈ Hδ(Ω)k (f ∈
C0,δ(Ω)k). Then the solution u ∈ H̊1(Ω; ∂Ω)k of problem (1.36), (1.37) belongs to the
Sobolev–Slobodetskĭı space H2+δ(Ω)k (to the Hölder space C2,δ(Ω)k), and its norm in
that space does not exceed c‖f ;Hδ(Ω)‖ (c‖f ;C0,δ(Ω)‖), with constant c independent of
the right-hand side f of system (1.36).

5. Solvability of the problem on the periodicity cell. Concise proofs of the fol-
lowing well-known facts are presented here for the reader’s convenience.

Proposition 3.2. 1) Under conditions (1.53), suppose that the vector-valued functions
F ∈ L2(�)k, G ∈ L2(υ)

k satisfy (1.40). Then the variational problem (3.4) has a
solution U ∈ H1

per(�)k, determined uniquely up to a constant summand belonging to

Ck. If this solution is subject to the orthogonality conditions (3.6), then it is unique and
satisfies

(3.20) ‖U ;H1(�)‖2 ≤ c(‖F ;L2(�)‖2 + ‖G;L2(υ)‖2).
2) Under conditions (1.47), (1.48), and (1.40), the weak solution U ∈ H1

per(�)k of
problem (3.2) that exists for a.e. x ∈ Ω and satisfies the orthogonality condition (3.6)
falls into the space H1+δ(Ω;C2,δ1

per (�))k, and

(3.21)
‖U ;H1+δ(Ω;C2,δ1

per (�))‖
≤ c(‖F ;H1+δ(Ω;C0,δ1

per (�))‖+ ‖G;H1+δ(Ω;C1,δ1
per (υ))‖).

Proof. Consider the auxiliary problem

(3.22) (AD(∇y)U,D(∇y)V )� + μ(U, V )� = (F, V )� + (G, V )υ, V ∈ H1
per(�)k,

assuming that μ ≥ 0. By inequality (1.21), for (3.22) for μ > 0 the left-hand side of
(3.22) is an inner product in the space H1

per(�)k; hence, by the Riesz theorem on the
representation of a functional on a Hilbert space, problem (3.22) is uniquely solvable
for μ > 0. Since the embedding H1

per(�) ⊂ L2(�) is compact, for μ = 0 the Fredholm
alternative is valid for problem (3.22)=(3.4). Any solution U of the homogeneous (F = 0,
G = 0) problem (3.4) nullifies the form a(U,U ;�), i.e., in accordance with property
(1.13), falls into the linear space P of polynomials and turns out to be a constant column,
by periodicity. The solvability conditions (1.40) coincide with the requirement that the
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right-hand side be orthogonal to the solutions of the homogeneous problem, and the
restriction (3.6) removes the arbitrariness in the choice of a solution.

2) By the general results of [25, 26], the conditions (1.48) imposed on A and υ imply
that the solution U ∈ H1

per(�)k of the integral identity (3.4) with F ∈ C0,δ1
per (�))k and

G ∈ C1,δ1
per (υ)

k belongs to C2,δ1
per (�)k, satisfies (3.2), and is subject to the estimate

(3.23) ‖U ;C2,δ1
per (�)‖2 ≤ c(‖F ;C0,δ1

per (�)‖2 + ‖G;C1,δ1
per (υ)‖2 + ‖U ;L2(�)‖2).

Observe that the last term on the right can be removed from (3.6), by the orthogonality
condition (3.20) and inequality (3.23). Also, by (1.47) and (1.48), the solution U(x, y)
exists for a.e. x ∈ Ω, and, what is important, the constants c in (3.23) (and in (3.20))
can be chosen to be common for all x ∈ Ω. Thus, after integration over the variables
x ∈ Ω, we obtain

(3.24) ‖U ;L2(Ω;C
2,δ1
per (�))‖2 ≤ c(‖F ;L2(Ω;C

0,δ1
per (�))‖2 + ‖G;L2(Ω;C

1,δ1
per (υ))‖2).

Put U (j) = ∂U/∂xj , and so on. Note that

Aj ∈ C0,δA(Ω;C1,δ�
per (�))N×N .

The problem

(3.25)

L0(x, y,∇y)U
(j)(x, y) = Fj(x, y)

:= D(∇y)
�A(j)(x, y)D(∇y)U(x, y) + F (j)(x, y), y ∈ �,

N0(x, y,∇y)U
(j)(x, y) = Gj(x, y)

:= −D(ν(y))
�A(j)(x, y)D(∇y)U(x, y) +G(j)(x, y), y ∈ υ,

obtained by formal differentiation with respect to xj , has a unique periodic solution

U (j) ∈ C2,δ1
per (�)k for a.e. x ∈ Ω, because, by conditions (1.47), (1.48) and estimate (3.24),

we have

(3.26)
‖Fj ;L2(Ω;C

0,δ1
per (�))‖+ ‖Gj ;L2(Ω;C

1,δ1
per (υ))‖)

≤ c(‖U ;L2(Ω;C
2,δ1
per (�))‖+ ‖F ;H1(Ω;C0,δ1

per (�))‖+ ‖G;H1(Ω;C1,δ1
per (υ))‖),

and the norm ‖U (j);H1(Ω;C2,δ1
per (�))‖ is also dominated by the right-hand side of (3.26).

Note that differentiation in xj leaves the orthogonality conditions (1.40) and (3.6) un-

touched; hence, the solution U (j) of problem (3.25) is the derivative4 ∂U/∂xj , and we
have

(3.27) ‖U ;H1(Ω;C2,δ1
per (�))‖2 ≤ c(‖F ;H1(Ω;C0,δ1

per (�))‖2 + ‖G;H1(Ω;C1,δ1
per (υ))‖2).

For x,x ∈ Ω, consider the differences

�U (j)(x,x, y) = |x− x|−δ(U (j)(x, y)− U (j)(x, y)),

4It would be more traditional to consider the difference ��U(x, y) = |�|−1(U(x+ �, y)− U(x, y)), to
let |�| → 0, � ∈ Rn, in the estimate implied by (3.24), and to integrate over x ∈ Ω (see the subsequent
arguments).
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and so on. We start with equations (3.25), subtract the same equations written at the
point x, and divide the result by |x− x|−δ, arriving at the problem

(3.28)

L0(x, y,∇y)�U (j)(x,x, y) = D(∇y)
��A(j)(x,x, y)D(∇y)U(x, y)

+D(∇y)
��A(x,x, y)D(∇y)U

(j)(x, y)

+D(∇y)
�A(j)(x, y)D(∇y)�U(x,x, y) +�F (j)(x,x, y), y ∈ �,

N0(x, y,∇y)�U (j)(x,x, y) = −D(ν(y))
��A(j)(x,x, y)D(∇y)U(x, y)

−D(ν(y))
��A(x,x, y)D(∇y)U

(j)(x, y)

−D(ν(y))
�A(j)(x, y)D(∇y)�U(x,x, y) +�G(j)(x,x, y), y ∈ υ.

Now we apply inequality (3.24) and also, when treating the right-hand sides of prob-
lem (3.28), the already established inequalities (3.24) and (3.27). Integrating the result
over the variables x, x ∈ Ω and recalling the definition (1.44), we deduce the desired
inequality (3.21). �

§4. Justifying the asymptotics

1. Formal operations with discrepancies. At the beginning of the procedure of
justifying the asymptotics, we do not take care of the smoothness properties of the
problem data and the solution, as before.

The role of an approximate solution of problem (1.6)–(1.8) will be played by the sum

(4.1) Uh(x) = u(x) + hXh(x)
(
X (x, h−1x)D(∇x)u(x) + U(x, h−1x)

)
,

where u and U are solutions of problems (1.36), (1.37), and (3.2), respectively, X is an
asymptotic corrector satisfying (3.3) and (3.7), and Xh ∈ C∞

c (Ω) is a cutoff function
equal to zero in the (h

√
n)-neighborhood of ∂Ω and to 1 off the (2h

√
n)-neighborhood

of ∂Ω. The sizes of the neighborhoods are chosen so that if suppXh ∩�h(α) �= ∅, then
the cell lies entirely in the perforated domain Ω(h). Also, we can ensure the inequalities

(4.2) 0 ≤ Xh(x) ≤ 1, |∇k
xXh(x)| ≤ ckh

−k, k ∈ N.

Due to the cutoff function and the boundary condition (1.37), the vector-valued func-
tion Uh vanishes on the outer boundary Γ(h). The requirements imposed on the problem
data ensure that Uh ∈ H1(Ω(h))k. Thus, as a test function in the integral identity (1.11)

we can take T h = uh − Uh ∈ H̊1(Ω(h); Γ(h))k. Subtracting the form a(Uh, T h; Ω(h))
from both parts of the identity, we obtain

(4.3) a(T h, T h; Ω(h)) = (fh, T h)Ω(h) + (gh, T h)Υ(h) − (AD(∇x)Uh,D(∇x)T h)Ω(h).

By Theorem 1.1, the left-hand side of (4.3) majorizes the expression c‖T h;H1(Ω(h))‖2
with some positive constant c. Our nearest goal is to reshape the right-hand side of (4.3)
to a form convenient for what follows.

Assuming that the cutoff function Xh is a function of slow variables, we adopt the
usual agreement about the simultaneous use of the two coordinate systems x and y. We
transform the last inner product in (4.3). We denote Th = XhT h and, after commutation
with the differential operator D(∇x), transfer the cutoff function from the left position
to the right one:

(ADUh,DT h)Ω(h) = (A
(
Du+ hD

(
XDu+ U

))
,DTh)Ω(h) + IX ,(4.4)

IX = h(D(∇xXh)
(
XDu+ U

)
,ADT h)Ω(h)

− h(D
(
XDu+ U

)
,AD(∇xXh)T h)Ω(h) + (Du,AD(1−Xh)T h)Ω(h).

(4.5)
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Note that D means the differential operator D(∇x), and D(∇xXh) is a matrix-valued
function.

Remark 4.1. Using relations (2.26) and (4.2) and the inequality ρh(x) ≤ ch, valid on the
support of the function |∇xXh|, we obtain

(4.6)

‖Th;H1(Ω(h))‖ ≤ c(‖∇xT h;L2(Ω(h))‖
+ h−1‖T h;L2(supp |∇xXh|)‖+ ‖T h;L2(Ω(h))‖)

≤ c‖T h;H1(Ω(h))‖,

with a constant c independent of h ≤ 1 and T h ∈ H̊1(Ω(h); Γ(h))k.

Now we consider the expressions that arise when the Green formula is applied:(
AD (u+ h (XDu+ U)) ,DTh

)
Ω(h)

=
(
Lh

(
u+ h

(
XDu+ U

))
, Th

)
Ω(h)

+
(
N h

(
u+ h

(
XDu+ U

))
, Th

)
Υ(h)

.

We have

Lh(x,∇x)
(
u+ h

(
X (x, h−1x)D(∇x)u(x) + U(x, h−1x)

))
= h−1

(
L1(x, y,∇x,∇y)u(x) + L0(x, y,∇y)X (x, y)D(∇x)u(x)

)
+ h−1L0(x, y,∇y)U(x, y) + h0

(
L2(x, y,∇x)u(x)

+D(−∇x)
�A(x, y)D(∇y)(X (x, y)D(∇x)u(x) + U(x, y))

)
+ h1(D(−∇x) + h−1D(−∇y))

�A(x, y)D(∇x)(X (x, y)D(∇x)u(x) + U(x, y))

=: h−1F−1 + h−1FU + h0F 0 + h1F 1.

Similarly,

N h(x,∇x)
(
u+ h

(
X (x, h−1x)D(∇x)u(x) + U(x, h−1x)

))
= h0

(
N1(x, y,∇x)u(x) +N0(x, y,∇y)X (x, y)D(∇x)u(x)

)
+ h0N0(x, y,∇y)U(x, y)+ h1D(ν(y))

�A(x, y)D(∇x)
(
X (x, y)D(∇x)u(x)+ U(x, y)

)
=: h0G−1 + h0GU + h1G1.

In accordance with formulas (3.2), (3.3) and (3.11)–(3.15), we find

FU = F, GU = G, F−1 = 0, G−1 = 0,∫
�

F 0(x, y) dy − f0(x) = 0.(4.7)

Also, the rule (3.1) shows that the sum D(∇x) + h−1D(∇y) coincides with the full
differentiation operator D. Consequently,

(4.8)
h(F 1, Th)Ω(h) + h(G1, Th)Υ(h) = h(Y ,DTh)Ω(h) =: I1,

Y(x, h−1x) = A(x, y)D(∇x)
(
X (x, y)D(∇x)u(x) + U(x, y)

)∣∣∣
y=h−1x

.

Thus, formulas (1.38), (1.39), and (4.4) allow us to rewrite (4.3) in the form

(4.9) a(T h, T h; Ω(h)) = −IX + I0 − I1 + Ĩ + I ′,
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where IX and I1 are as defined in (4.5) and (4.8), respectively, and

I0 = −(F 0, Th)Ω(h) + (measn �)−1(f0, Th)Ω(h),(4.10)

Ĩ = (f̃ h, T h)Ω(h) + (g̃ h, T h)Υ(h),(4.11)

I ′ = (h−1F + (measn �)−1f0, (1−Xh)T h)Ω(h) + (G, (1−Xh)T h)Υ(h).(4.12)

2. Auxiliary estimates. To handle the expression (4.10), we need two simple and, to
some extent, known facts.

Lemma 4.1. Suppose t ∈ H1(Ω(h)) and t(x) = 0 for dist(x, ∂Ω) ≤ h
√
n. Suppose

also that the functions x 
→ v(x) and x 
→ z(x, h−1x) satisfy the relations in one of the
following two groups :

(4.13) v(x) = 1, z ∈ Hδ(Ω;L∞(�)) or v ∈ C0,δ(Ω), z(x, y) = z(x), z ∈ L2(�),

where δ ∈ (0, 1) and

(4.14)

∫
�

z(x, y) dy = 0 for a.e. x ∈ Ω.

Then

(4.15) |(vz, t)Ω(h)| ≤ chδ‖v;C0,δ(Ω)‖~z~ ‖t;H1(Ω(h))‖,

where ~z~ is any of the norms in the spaces occurring in (4.13).

Proof. The condition imposed on t implies that this function vanishes on all cells �h(α)
that do not lie entirely in the perforated domain Ω(h). The summation over all cells
�h(α) ⊂ Ω(h) will be denoted by

∑
α.

First, we suppose that the formulas of the first group in (4.13) are fulfilled; in partic-
ular, v = 1. We have

(z, t)Ω(h) =
∑
α

∫
�h(α)

t(x) z
(
x,

x

h

)
dx

=
∑
α

( ∫
�h(α)

(t(x)− tα) z
(
x,

x

h

)
dx

+ h−ntα (measn �)−1

∫
�h(α)

∫
�h(α)

(
z
(
x,

x

h

)
− z

(
x,

x

h

))
dx dx

)
.

Here tα denotes the mean value of t over the cell,

tα = h−n(measn �)−1

∫
�h(α)

t(x) dx, |tα|2 ≤ h−n(measn �)−1‖t;L2(�h(α))‖2.

Observe that the subtrahend z(x, h−1x) was introduced in the last integrand; the re-
quirement (4.14) shows that this is indeed possible. By the Poincaré inequality (see the
comments on relations (2.18) and (2.22)), we get

(4.16) ‖t− tα;L2(�
•
h(α))‖2 ≤ ch2‖∇xt;L2(�

•
h(α))‖2
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(recall that �• stands for the extended periodicity cell). We continue transformations:Å ∫
�h(α)

∫
�h(α)

(
z
(
x,

x

h

)
− z

(
x,

x

h

))
dx dx

ã2

≤ (measn �h)
2 sup
x,x∈�h(α)

|x− x|n+2δ

×
∫
�h(α)

∫
�h(α)

sup
y∈�

∣∣∣(z(x, y)− z(x, y)
∣∣∣2 dx dx

|x− x|n+2δ

≤ ch3n+2δ

∫
�h(α)

∫
�h(α)

‖z(x, ·)− z(x, ·);L∞(�)‖2 dx dx

|x− x|n+2δ

=: ch3n+2δJh(α).

We employ the Cauchy inequality with an arbitrary factor εi > 0 and use the above
estimates to obtain

|(z, t)Ω(h)| ≤ c
∑
α

Å
ε1h

2‖∇xt;L2(�
∗
h(α))‖2 +

1

ε1
‖z;L2(�h(α);L∞(�))‖2

+ ε2h
n|tα|2 +

1

ε2
h−3nh3n+2δJh(α)

ã
≤ c

Å
ε1h

2‖∇xt;L2(Ω(h))‖2 +
1

ε1
‖z;L2(Ω(h);L∞(�))‖2

+ ε2(measn �)−1‖t;L2(Ω(h))‖2 +
1

ε2
h2δ‖z;Hδ(Ω;L∞(�))‖2

ã
.

Since the cases where t = 0 or z = 0 are not interesting (the claim becomes trivial), we
put

(4.17)
ε1 = h−1‖∇xt;L2(Ω(h))‖−1‖z;L2(Ω(h);L∞(�))‖,
ε2 = hδ‖t;L2(Ω(h))‖−1‖z;Hδ(Ω;L∞(�))‖,

arriving at the desired relation (4.15).
Now, suppose that the formulas of the second group in (4.13) are fulfilled. Doing

transformations completely similar to those above and using (4.14), we obtain

(4.18)

(vz, t)Ω(h) =
∑
α

Å
v(hα)

∫
�h(α)

(t(x)− tα) z
(x
h

)
dx

+

∫
�h(α)

(v(x)− v(hα))t(x)z
(x
h

)
dx

ã
=:

∑
α

(J1
h(α) + J2

h(α)).

Note that hα is one of the vertices of the cube Qh(α) ⊃ �h(α). The Poincaré inequal-
ity (4.16) implies that

(4.19)

|J1
h(α)| ≤ c|v(hα)|h‖∇xt;L2(�h(α))‖hn/2‖z;L2(�)‖

≤ c‖v;L∞(Ω)‖
(
ε1‖∇xt;L2(�h(α))‖2 +

1

ε1
h2+n‖z;L2(�)‖2

)
.

The clear relation |v(x)− v(hα)| ≤ chδ‖v;C0,δ(Ω)‖ entails the formula

(4.20) |J2
h(α)| ≤ chδ‖v;C0,δ(Ω)‖

(
ε2‖t;L2(�h(α))‖2 +

1

ε2
hn‖z;L2(�)‖2

)
.
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Observe that the number of cells �h(α) in the domain Ω(h) is at most h−nmeasn Ω.
Therefore, collecting relations (4.19), (4.20) and performing the summation in (4.18), we
find

|(vz, t)Ω(h)| ≤ c‖v;C0,δ(Ω)‖
(
(ε1+ hδε2)‖t;H1(Ω(h))‖2+ (ε−1

1 h2+ hδε−1
2 )‖z;L2(�)‖2

)
.

To complete the proof, it now suffices to repeat what was said before formula (4.17) and
put

ε1 = hε2 = h‖t;H1(Ω(h))‖−1‖z;L2(�)‖. �

3. Justification of the asymptotics in the case of higher smoothness rela-
tive to the fast variables. Suppose that conditions (1.46)–(1.48) are satisfied. By
Proposition 3.2 (2), for the solution of problem (3.2), (3.6) we have

(4.21) U ∈ H1+δ(Ω;C2,δ1
per (�))k, ‖U ;H1+δ(Ω;C2,δ1

per (�))‖ ≤ cnH .

A similar statement in which the Sobolev spaces are replaced with Hölder ones (for
dependences on the slow variables x) yields

(4.22) X ∈ C1,δA(Ω;C2,δ1
per (�))k×N

for the solution of problem (3.3), (3.7). Also, formulas (3.15) and (3.13) show that (1.49)
is true and that

F ∈ H1+δ(Ω)N , f ∈ Hδ(Ω)k, ‖F;H1+δ(Ω)‖+ ‖f ;Hδ(Ω)‖ ≤ cnH .

Consequently, by Proposition 3.1,

(4.23) u ∈ H2+δ(Ω)k, ‖u;H2+δ(Ω)‖ ≤ cnH .

We recall that nH is the sum of the norms of the vector-valued functions (1.47) in the
spaces indicated. Clearly, relations (4.21) and (1.48) imply that the functions x 
→
U(x, h−1x) and x 
→ X (x, h−1x)D(∇x)u(x) belong to the Sobolev space H1(Ω(h))k; i.e.,
the asymptotic approximation (4.1) to the solution uh(x) of problem (1.6)–(1.8) indeed

falls into the space H̊1(Ω; Γ(h))k.
We estimate the terms on the right in (4.9). The supports of the vector-valued func-

tions D(∇xXh)T h and (1−Xh)T h are included in the set Θ(h) occurring in Lemma 2.1.
Therefore,

(4.24)

|IX | ≤ ch
(
h−1‖XDu+ U ;L2(Θ(h))‖ ‖T h;H1(Θ(h))‖

+ ‖D(XDu+ U);L2(Θ(h))‖h−1‖T h;L2(Θ(h))‖

+ h−1‖Du;L2(θh)‖
(
h−1‖T h;L2(Θ(h))‖+ ‖∇xT h;L2(Θ(h))‖

))
≤ ch

(
h−1(h1/2 + h1/2) + (1 + h−1h1/2) + h−1h1/2

)
nH‖T h;H1(Ω(h))‖

≤ ch1/2nH‖T h;H1(Ω(h))‖.
These calculations need an explanation. To the vector-valued functions T h and Du we
have applied the inequalities (2.25) and (2.24), respectively. Also, we have used the
estimates

(4.25)
‖XDu;L2(Θ(h))‖ ≤ cX ‖∇xu;L2(Θ(h))‖,

h‖DXDu;L2(Θ(h))‖ ≤ CX (h‖∇2
xu;L2(Θ(h))‖+ ‖∇xu;L2(Θ(h))‖).

Finally, the terms involving U were handled with the help of Lemma 2.3 with z = U and
z = D(∇y)U , and

(4.26)
h‖DU ;L2(Θ(h))‖ ≤ c(‖D(∇y)U ;L2(Θ(h))‖+ h‖D(∇x)U ;L2(Θ(h))‖)

≤ c(h1/2‖U ;H1(Ω;H1
∞(�))‖+ h‖U ;H1(Ω;L∞(�))‖).



HOMOGENIZATION OF THE MIXED BOUNDARY-VALUE PROBLEM 631

Similar arguments involving relations (1.47), the trace inequality (2.31), and esti-
mate (4.6) yield the following inequality for the quantity (4.12):

(4.27) |I ′| ≤ c
Ä
(h−1h1/2 + 1)h+ h1/2

ä
nH‖T h;H1(Ω(h))‖.

By formulas (1.48), (4.22), and (4.23), the matrix-valued functions

Ω(h) � x 
→ A(x, h−1x), x 
→ X (x, h−1x), x 
→ D(∇x)X (x, y)
∣∣∣
y=h−1x

are bounded, and we have u ∈ H2(Ω)k ⊂ H2(Ω(h))k, so that, by (4.8),

(4.28)
|I1| ≤ ch(‖u;H2(Ω)‖+ ‖U ;H1(Ω;L∞(�))‖)‖T h;H1(Ω(h))‖

≤ chnH‖T h;H1(Ω(h))‖.

The definition (1.43) shows that

(4.29) |Ĩ| ≤ chδñ‖T h;H1(Ω(h))‖.

It remains to consider the quantity (4.10), which can be represented in the form∫
Ω(h)

Th(x)
� (

Z0
(u)

(
x,

x

h

)
+ Z1

(u)

(
x,

x

h

)
∇x

)
D(∇x)u(x) dx

+

∫
Ω(h)

Th(x)
� (

Z0
(U)

(
x,

x

h

)
+ Z1

(U)

(
x,

x

h

)
∇x

)
D(∇y)U

(
x,

x

h

)
dx,

where Zi
(u) and Zi

(U) are matrix-valued functions of appropriate sizes with entries of

class C0,δA(Ω; C0,δ1
per (�)) that satisfy (4.14) (see the orthogonality condition (4.7)). Since

D(∇x)u ∈ H1+δ(Ω)N , D(∇y)U ∈ H1+δ(Ω;C1,δ1
per (�))N , and δA > δ, we have

z := (Z0
(u) + Z1

(u)∇x)D(∇x)u+ (Z0
(U) + Z1

(U)∇x)D(∇y)U ∈ Hδ(Ω;L∞(�))k.

Consequently, the requirements of Lemma 4.1 (the first group of relations in (4.13)) are
fulfilled, which implies the estimate

(4.30) |I0| ≤ chδnH‖T h;H1(Ω(h))‖.

Now we want to deduce the desired inequality (1.50) in Theorem 1.2 from formulas
(4.24), (4.27)–(4.30). For this, we need to remove the cutoff function Xh from the
(intermediate) asymptotic approximation, i.e., to estimate the norm

(4.31) ‖h(1−Xh)(XDu+ U);H1(Ω(h))‖ = ‖h(1−Xh)(XDu+ U);H1(Θ(h))‖.

This can easily be done with the help of the already used relations (4.25) and (4.26); the
result shows that the norm (4.31) does not exceed ch1/2nH . Finally, the first statement
in Corollary 1.1 is ensured by the following simple observation: the expressions

(4.32) h‖XDu+ U ;L2(Ω(h))‖, h
∥∥∇x(X (·, y)Du+ U(·, y))

∣∣
y=h−1x

;L2(Ω(h))‖

admit one and the same majorant ch1/2nH .
So, the claims stated in Subsection 5 of §1 are proved in the case where the require-

ments (1.47) and (1.48) are fulfilled.
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4. Justification of the asymptotics in the case of higher smoothness rela-
tive to the slow variables. Now we assume conditions (1.46) and (1.51). Then, by
Propositions 3.2 (1) and 3.1, we get

X (x, y) = X (y), X ∈ H1
per(�)k×N ,(4.33)

U(x, y) = a(x)U ′(y), U ′ ∈ H1
per(�)k,(4.34)

f ∈ C0,δ(Ω)k, u ∈ C2,δ(Ω)k,(4.35)

the norms of the vector-valued functions are dominated by the quantity (1.55), and the

asymptotic approximation (4.1) belongs to the Sobolev space H̊1(Ω; Γ(h))k.
Since the number of the cells �h(α) that intersect the narrow strip Θ(h) is at most

ch1−n, we see that

(4.36)
‖X ;L2(Θ(h))‖ ≤ ch1/2‖X ;L2(�)‖,
‖U ′;L2(Θ(h))‖ ≤ ch1/2‖U ′;L2(�)‖.

Now we use Remark 4.1 and the fact that the function a, the entries of the matrix
|D(∇x)u|, and their derivatives can be estimated pointwise (see (1.52) and (4.35)). Em-
ploying relations (4.33), (4.34), and (4.36), we get

(4.37)

|IX | ≤ ch
(
h−1‖XD(∇x)u+ aU ′;L2(Θ(h))‖

+ ‖D(∇x)(XD(∇x)u+ aU ′);L2(Θ(h))‖

+ h−1‖D(∇x)u;L2(Θ(h))‖
)
‖T h;H1(Ω(h))‖

≤ ch
(
h−1(‖u;H1

∞(Ω)‖ ‖X ;L2(Θ(h))‖+ ‖a;L∞(Ω)‖ ‖U ′;L2(Θ(h))‖)

+ (‖u;H2
∞(Ω)‖ ‖X ;L2(Θ(h))‖+ ‖u;H1

∞(Ω)‖ ‖∇xX ;L2(Θ(h))‖
+ ‖a;H1

∞(Ω)‖ ‖U ′;L2(Θ(h))‖+ ‖a;L∞(Ω)‖ ‖∇xU
′;L2(Θ(h))‖)

+ h−1‖u;H1
∞(Ω)‖ (measn Θ(h))1/2

)
‖T h;H1(Ω(h))‖

≤ ch1/2nC‖T h;H1(Ω(h))‖.
For similar reasons, we have

(4.38) |I ′| ≤ ch1/2nC‖T h;H1(Ω(h))‖.
Estimate (4.29) of the quantity (4.11) can be taken from the preceding subsection, and
the estimate

(4.39) |I1| ≤ ch1nC‖T h;H1(Ω(h))‖
for the quantity defined in (4.8) becomes obvious, because the maximum of the modulus
of the factors A(h−1x), D(∇x)u(x), a(x) and ∇2

xu(x), ∇xa(x) can be majorized.
Finally, we note that the orthogonality condition (4.7) allows us to rewrite (4.10) in

the form ∫
Ω

Th(x)
�(

z1(h−1x)v1(x) + z2(h−1x)v2(x)
)
dx,

where v1(x) = ∇2
xu(x), v

2(x) = ∇xa(x), while z1(h−1x) and z2(h−1x) are matrices of
appropriate sizes, which have zero mean over the cell � and satisfy

‖z1;L2(�)‖ ≤ c‖A;L2(�)‖, ‖z2;L2(�)‖ ≤ c‖A;L∞(�)‖ ‖U ′;L2(�)‖.
Consequently, all conditions of Lemma 4.1 are fulfilled. By Remark 4.1, this implies the
estimate

(4.40) |I0| ≤ chδnC‖T h;H1(Ω(h))‖.
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Formulas (4.37)–(4.40) and (4.29) complete the proof of Theorem 1.3 and of the second
part of Corollary 1.1, because the majorant ch1/2nC for the norms (4.31) and (4.32) can
also be obtained with the help of the above arguments.

The authors are deeply grateful to T. A. Suslina for valuable discussions of the subject,
a careful reading of the manuscript, and help in eliminating misprints.
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