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ON AUTOMORPHISMS OF STRONGLY REGULAR GRAPHS

WITH λ = 0 AND μ = 3

A. A. MAKHNEV AND V. V. NOSOV

Abstract. A strongly regular graph with λ = 0 and μ = 3 is of degree 3 or 21. The
automorphisms of prime order and the subgraphs of their fixed points are described
for a strongly regular graph Γ with parameters (162, 21, 0, 3). In particular, the
inequality |G/O(G)| ≤ 2 holds true for G = Aut(Γ).

Introduction

We consider unoriented graphs without loops and multiple edges. If a and b are
vertices of a graph Γ, then d(a, b) denotes the distance between a and b, and Γi(a) stands
for the subgraph of Γ that is induced by the set of vertices that are at the distance i in
Γ from the vertex a. The subgraph Γ1(a) is called the neighborhood of a and is denoted
by [a]. By a⊥ we denote the subgraph that is the ball of radius 1 with center a.

A graph Γ is said to be regular of degree k if [a] contains precisely k vertices for any
vertex a in Γ. A graph Γ is edge-regular with parameters (v, k, λ) if Γ contains v vertices,
is regular of degree k, and every edge in Γ lies in λ triangles. A graph Γ is completely
regular with parameters (v, k, λ, μ) if Γ is edge-regular with the respective parameters
and the subgraph [a]∩ [b] contains μ vertices in the case where d(a, b) = 2. A completely
regular graph of diameter 2 is said to be strongly regular. We denote by Km1,...,mn

the
complete n-partite graph with parts of orders m1, . . . ,mn. If m1 = · · · = mn = m, then
this graph is denoted by Kn×m. The graph K1,3 is called a 3-paw. For a subgraph Δ of
a graph Γ, we denote by Xi(Δ) the set of all vertices in Γ − Δ that are adjacent with
precisely i vertices in Δ, and we put xi(Δ) = |Xi(Δ)|.

For a subset X in the automorphism group of a graph Γ, we let Fix(X) denote the
set of all vertices in Γ that are fixed under the action of any automorphism in X.

The subgraphs of fixed points for automorphisms of a strongly regular graph with small
values of the parameters λ and μ have a rigidly determined structure. For example, the
subgraph of fixed points of an automorphism of a Moore graph is itself a Moore graph
or a star (see [1, Lemma 1]). The automorphisms of strongly regular graphs with λ = 0
and μ = 2 were considered in [2].

In the present paper, we study the subgraphs of fixed points for automorphisms of
strongly regular graphs with (λ, μ) = (0, 3).

Proposition. Let Γ be a strongly regular graph with λ = 0 and μ = 3. Then Γ has the
parameters (6, 3, 0, 3) or (162, 21, 0, 3).

Proof. Consider a strongly regular graph Γ with parameters (v, k, 0, 3). Using the relation
(λ− μ)2 + 4(k − μ) = n2, we obtain n2 = 4k − 3; therefore, n = 2u+ 1, k = u2 + u+ 1,
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n−m = u−1, and −m = −u−2. From the rectangular relation k(k−λ−1) = μ(v−k−1),
we find v = (u4+2u3+5u2+4u+6)/3. By the integrality condition, the multiplicity of the
positive nonprincipal eigenvalue of the graph Γ is equal to f = (m− 1)k(k+m)/(nμ) =
(u + 1)(u2 + u + 1)(u2 + 2u + 3)/(6u + 3). Hence, 2u + 1 divides 9, so that u = 1 or
4. For u = 1, we obtain the graph K3,3, but for u = 4 the graph Γ has the parameters
(162, 21, 0, 3). In the latter case, Γ has nonprincipal eigenvalues 3 and −6 of multiplicities
105 and 56, respectively. The proposition is proved. �

We note that a strongly regular graph Γ with parameters (162, 21, 0, 3) satisfies all
known necessary existence conditions for strongly regular graphs. Next, in view of the
Hoffman bound, the number of vertices in any coclique of Γ does not exceed 36.

Theorem. Suppose Γ is a strongly regular graph with parameters (162, 21, 0, 3), G =
Aut(Γ), g is an element of prime order p in G, Ω = Fix(g), Xi = Xi(Ω), and xi = |Xi|.
Then one of the following statements is valid :

(1) p = 2 and either |Ω| = 0 or Ω is a 3-paw ;
(2) p = 3 and either

(i) Ω is a K3,3-subgraph, x1 = 108, x3 = 0, x0 = 48, a vertex of X0 is adjacent to
18 vertices of X1 and to 3 vertices of X0, and a vertex of X1 is adjacent to 12 vertices
of X1 and to 8 vertices of X0; or

(ii) Ω is the union of three pairwise isolated K3,3-subgraphs, x3 = 108, x0 = 36, the
neighborhood of every vertex in X0 contains 18 vertices of X3 and 3 vertices of X0, and
the neighborhood of every vertex in X3 contains 12 vertices of X3 and 6 vertices of X0;
or

(iii) Ω has three isolated vertices u1, u2, u3 and two K3,3-components Ω1 and Ω2;
moreover, u1, u2, u3 lie in a K3,3-subgraph of X0(Ω

1 ∪ Ω2), x0 = 36, x1 = 0, x2 = 54,
and x3 = 57; or

(iv) Ω contains three isolated vertices u1, u2, u3 and a K3,3-component Ω1; moreover,
u1, u2, u3 lie in a K3,3-subgraph of X0(Ω

1), and x3 = 3, x2 = 54, x1 = 54, x0 = 42; or
(v) Ω is a 3α-coclique, α ≤ 5;

(3) p = 5 and Ω is a two-vertex clique;
(4) p = 7 and Ω is a one-vertex clique.

The theorem implies that |G/O(G)| ≤ 2. Indeed, if G contains an involution t, then,
by the theorem, t is an odd permutation on Ω; therefore, G = O(G)〈t〉.

In §1 we present some auxiliary results, and §§ 2 and 3 are devoted to the proof of the
theorem.

§1. Preliminary results

In this section, we present auxiliary results that are used in the proof of the theorem.
The following lemma (see [3]) is an analog of the Hoffman bound.

Lemma 1.1. Let Γ be a strongly regular graph on v vertices with eigenvalues k, r, s,
and let Ω be a regular subgraph of Γ of degree k′ on u vertices, u < v. Then s ≤
k′ − u(k − k′)/(v − u) ≤ r; moreover, if equality is attained in one of these nonstrict
inequalities, then each vertex in Γ−Ω is adjacent to precisely u(k − k′)/(v − u) vertices
in Ω.

Lemma 1.2 (Bose–Dowling). Let Γ be a connected graph in which |[a] ∩ [b]| = λ for
any adjacent vertices a and b and |[u] ∩ [w]| = μ for any vertices u and w that are at
distance 2. Then either Γ is a regular graph, or μ = 1.

Proof. This is Proposition 1.4.1 in [4]. �
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Higman’s method for handling automorphisms of a strongly regular graph is given in
Cameron’s monograph [5, Chapter 3]. Moreover, the graph Γ is regarded as a symmetric
association scheme (X, {R0, R1, R2}), where X is the set of vertices of the graph, R0 is
the equality relation on X, R1 is the adjacency relation in Γ, and R2 is the adjacency
relation in the complementary graph Γ. If P and Q are the first and the second matrix
of eigenvalues of the scheme, then

P =

⎛
⎝

1 1 1
k r s

v − k − 1 −r − 1 −s− 1

⎞
⎠

and PQ = QP = vI. Here v is the number of vertices, and k, r, and s are the eigenvalues
of the graph Γ with multiplicities 1, f , and g, respectively (these multiplicities form the
first column of the matrix Q).

The permutational representation of the groupG = Aut(Γ) on the vertices of the graph
Γ gives rise to a matrix representation ψ of the group G in GL(v,C) in the usual way.
Let χi be the character of the representation of G obtained by projecting ψ to the ith
eigenspace Wi of the adjacency matrix of Γ, i = 0, 1, 2. Then for any g ∈ Aut(Γ) we get

χi(g) = v−1
2∑

j=0

Qijαj(g),

where α0(g) = |Fix(g)|, α1(g) is the number of points x in X such that x and xg are
adjacent in Γ, and α2(g) is the number of points x in X such that x and xg are adjacent
in the complementary graph Γ.

We note that the values of the characters are integral algebraic numbers, and if the
right-hand side of the expression for χi(g) is a rational number, then χi(g) is an integer.

§2. Automorphisms without fixed points and automorphisms of odd order

Let Γ be a strongly regular graph with parameters (162, 21, 0, 3), and let G = Aut(Γ).
Then Γ has eigenvalues 21, 3,−6, and

P =

⎛
⎝

1 1 1
21 −6 3
140 5 −4

⎞
⎠ , Q =

⎛
⎝

1 1 1
56 −16 2
105 15 −3

⎞
⎠ .

Therefore, the value of the character obtained by projecting to the subspace of dimension
56 is equal to

χ1(g) = (56α0(g)− 16α1(g) + 2α2(g))/162.

Substituting α2(g) = 162− α0(g)− α1(g) in this formula, we obtain

χ1(g) = (3α0(g)− α1(g))/9 + 2.

Lemma 2.1. If Δ is a regular subgraph in Γ of degree k′ with u vertices, then:
(1) −6 ≤ k′ − u(21− k′)/(162− u) ≤ 3;
(2) if k′ = 6, then 27 ≤ u ≤ 72;
(3) if k′ = 12, then 81 ≤ u ≤ 108.

Proof. By Lemma 1.1, we have −6 ≤ k′ − u(21− k′)/(162− u) ≤ 3.
If k′ = 6, then −6 ≤ 6− 15u/(162− u) ≤ 3 and 27 ≤ u ≤ 72.
If k′ = 12, then −6 ≤ 12− 3u/(162− u) ≤ 3 and 81 ≤ u ≤ 108. �

Lemma 2.2. If an element g ∈ G of prime order p acts without fixed points on Γ, then
p = 2, any vertex a ∈ Γ is adjacent to ag, the set of vertices of the graph Γ is partitioned
by the g-admissible edges, and the graph Γ∗ on the set of the g-admissible edges in which
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two edges are adjacent if a vertex in one of them is adjacent to a vertex in the other is
strongly regular with parameters (81, 20, 1, 6).

Proof. Let g be an element of prime order in G that acts without fixed points on Γ. Since
v = 162, we have p = 2 or p = 3.

Let p = 2. Then any vertex a ∈ Γ is adjacent to ag; otherwise, the subgraph [a]∩ [ag]
contains a vertex belonging to Fix(g). Next, the set of vertices of Γ is partitioned by
g-admissible edges. We define a graph Γ∗ on the set of g-admissible edges, assuming
that two such edges are adjacent if a vertex in one of them is adjacent to a vertex in the
other. Then Γ∗ is a regular graph of degree 20. If an edge {a, ag} is adjacent to an edge
{b, bg}, and, say, a is adjacent to b, then [a] ∩ [bg] contains ag, b, and yet another vertex.
Therefore, Γ∗ is an edge-regular graph with λ∗ = 1. If the edge {a, ag} is not adjacent
to the edge {b, bg}, then each of the subgraphs [a] ∩ [b] and [a] ∩ [bg] contains 3 vertices,
so that Γ∗ is a coedge-regular graph with μ∗ = 6. Therefore, if p = 2, the claim follows.

Let p = 3. Then no vertex a ∈ Γ is adjacent to ag; otherwise, the vertices a, ag, and

ag
2

form a triangle. Thus, for b ∈ [a] ∩ [ag] the subgraph Δ = {a, ag, ag2

; b, bg, bg
2} is

a hexagon or a K3,3-subgraph. We define a graph Γ′ on the set of 〈g〉-orbits, assuming
that two orbits are adjacent if a vertex in one of them is adjacent to a vertex in the
other. If Δ is a K3,3-subgraph, then a is adjacent to 18 vertices off Δ, and the degree

of {a, ag, ag2} in the graph Γ′ is equal to 19. If Δ is a hexagon, then a is adjacent to

pairs of vertices in three 〈g〉-orbits, and the degree of {a, ag, ag2} in Γ′ is equal to 18.

We denote by X the orbit {x, xg, xg2}, and by Γ′
i(X) the ith neighborhood of the vertex

X in the graph Γ′. If A is an orbit of degree 19, then we denote by A∗ the orbit each
vertex of which is adjacent to all vertices of A.

We show that Γ′ contains no vertices of degree 19. Let A be a vertex of degree 19.
Clearly, λ′(A,A∗) = 0. If A and C are adjacent orbits, and, in C, the vertex a is adjacent

only to c, then each of the subgraphs [c]∩[ag] and [c]∩[ag2

] contains 3 vertices that do not
lie in A∗, whence λ′(A,C) = 6. Let B ∈ Γ′

2(A). If b is adjacent to a vertex in A∗, then
μ′(A,B) = 7; otherwise, μ′(A,B) = 9. Let Γ′(A) contain 1+σ vertices of degree 19, and
let Γ′

2(A) contain δi vertices adjacent to precisely i vertices in Γ′(A). Then δ7 + δ9 = 34
and 7δ7 +9δ9 = 18+ 12σ+ 11(18− σ) = 216+ σ, σ ≤ 19, which contradicts the relation
7δ7 + 7δ9 = 238.

Therefore, Γ′ is a regular graph of degree 18. An edge {A,C} is said to be thick (thin)

if the vertex a is adjacent to two vertices (one vertex) in {c, cg, cg2}. Let {A,C} be an
edge, and let B ∈ Γ′(A) ∩ Γ′(C).

First, we observe that the triangle {A,B,C} cannot contain two thick edges. Suppose
the edges {A,C} and {A,B} are thick. Then a is adjacent to vertices b1 and b2 in B
and to vertices c1 and c2 in C, which contradicts the fact that either b1 or b2 is adjacent
to a vertex of {c1, c2}. Let the edge {A,C} be thick, and let a be adjacent to a vertex

b in B and to vertices c and cg in C. Then cg is adjacent to a, ag, and bg
2

. Next, since

[cg
2

] ∩ [a] contains 3 vertices, we have λ′(A,C) = 3.
Suppose the edge {A,C} is thin (and a is adjacent to c), and the edge {A,B} is thick

(and a is adjacent to b and bg). If D ∈ Γ′(A) ∩ Γ′(C) and the edge {A,D} is thick (a

is adjacent to d and dg), then c is adjacent to bg
2

and dg
2

, and in particular, [ag] ∩ [c]

contains bg
2

and dg
2

. If D ∈ Γ′(A)∩Γ′(C) and the edge {C,D} is thick (c is adjacent to

d and dg), then ag and ag
2

are adjacent to bg
2

, a is adjacent to dg
2

, and [ag]∩ [c] contains

bg
2

and a vertex of {d, dg}.
Since each of the subgraphs [ag]∩ [c] and [ag

2

]∩ [c] contains 3 vertices, it follows that
λ′(A,C) ≤ 6, and moreover, if λ′(A,C) < 6, then some orbit contains a vertex adjacent
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to ag, ag
2

, and c. But in this case the subgraphs [cg] ∩ [a] and [cg
2

] ∩ [a] also intersect;

therefore, some orbit contains a vertex adjacent to cg, cg
2

, and a, and λ′(A,C) ≤ 4.

If there are two orbits that contain vertices adjacent to ag, ag
2

, and c, then there are

two orbits that contain vertices adjacent to cg, cg
2

, and a; this contradicts the fact that
|[ag] ∩ [c]| ≥ 4.

Thus, λ′(A,C) = 3 if the edge {A,C} is thick, and λ′(A,C) is 4 or 6 if the edge {A,C}
is thin.

Let {A,B} be vertices that are at distance 2 in Γ′ and D ∈ Γ′(A) ∩ Γ′(B). Since
[a] ∩ [b] contains 3 vertices for b ∈ B, we have μ′(A,B) ≤ 9; moreover, if μ′(A,B) < 9,
then some orbit C contains a vertex adjacent to a, b, and bg for an appropriate vertex
b ∈ B. But in this case, some orbit D contains a vertex adjacent to a vertex in B and to
two vertices in A, whence μ′(A,B) ≤ 7. Also, for a ∈ A there are two pairs of vertices
in B such that every vertex in the first pair is adjacent to a vertex in [a] ∩C, and every
vertex in the second pair is adjacent to a vertex in [a] ∩D. Thus, μ′(A,B) equals 5, 7,
or 9.

The subgraph Γ′(A) contains precisely three vertices C1, C2, and C3 connected with
A by thick edges, and the number of thick edges between Γ′

2(A) and C1, C2, and C3 is
equal to 6. Since every vertex B with μ′(A,B) = 5 is connected by two thick edges with
vertices in {C1, C2, C3}, the number of such vertices does not exceed 3.

Now the number of edges between Γ′(A) and Γ′
2(A) is at most 3 · 14 + 15 · 13 = 237

and at least 3 · 5 + 32 · 7 = 239, a contradiction. The lemma is proved. �
We fix an element g of prime order p in G such that Ω = Fix(g) is a nonempty graph.

Let Xi be the set of vertices in Γ− Ω that are adjacent to precisely i vertices in Ω, and
let xi = |Xi|.
Lemma 2.3. If p > 3, then either

(1) p = 7, Ω is a one-vertex clique, and α1(g) = 21; or
(2) p = 5, Ω is a two-vertex clique, α1(g) = 15 or 60, and α1(g) + α1(g

2) < 120.

Proof. If p > 3 and Ω is not a clique, then for any two nonadjacent vertices a, b ∈ Ω,
the subgraph [a]∩ [b] is g-admissible and is contained in Ω. Therefore, Ω is a clique or a
strongly regular graph with λ = 0 and μ = 3. In the latter case, Ω is a K3,3-subgraph
and |Γ − Ω| = 156. Then x0 = 48 and x1 = 108, which contradicts the fact that g acts
without fixed points on X0.

If p > 3 and Ω is a clique, then either |Ω| = 1 and p divides 21 and 161, or |Ω| = 2
and p = 5. In the first case, we have p = 7, every 〈g〉-orbit is a coclique or a heptagon,
χ1(g) = (3 − α1(g))/9 + 2, and α1(g) − 3 is divisible by 9. Therefore, α1(g) is equal to
21 or 84. Let the vertices a and ag be adjacent, and let a vertex b in the heptagonal
〈g〉-orbit be adjacent to two vertices in a〈g〉. Then either b is adjacent to vertices that

are at distance 2 in a〈g〉 and b is adjacent to bg
3

, or b is adjacent to vertices that are at

distance 3 in a〈g〉 and b is adjacent to bg
2

. This implies that if a vertex is adjacent to
three vertices in a〈g〉, then it lies in a coclique 〈g〉-orbit and such an orbit is unique.

Suppose α1(g) = 84. Then α1(g
2) = α1(g

3) = 21, the number of heptagonal 〈g〉-orbits
is equal to 18, and the number of coclique 〈g〉-orbits of length 7 is equal to 5 (and three
of these orbits lie in the neighborhood of a vertex u fixed by g). On the set of 〈g〉-orbits
of length 7, we define a graph Γ′ by assuming that two orbits are adjacent if a vertex of

one orbit is adjacent to a vertex of the other. We denote the orbit {x, xg, . . . , xg6} by X.
An edge {A,B} of the graph Γ′ is said to be i-thick if a is adjacent to precisely i in B,
i ≥ 2.

We say that a heptagonal 〈g〉-orbit A is of type (i) if a is adjacent to ag
i

. Then an
orbit of type (3) is connected by thick edges to at most three orbits of type (1), and
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an orbit of type (2) is connected by thick edges to at most two orbits of type (1) (thus,
we obtain at most 15 thick edges between orbits of type (1) and orbits of types (2) and
(3)). If there are no coclique orbits adjacent to triples of vertices in orbits of type (1),
then the number of thick edges between orbits of type (1) and coclique orbits is at least
12(2 + 3)− 15 = 45. On the other hand, a coclique orbit outside the neighborhood of a
fixed vertex is connected by thick edges with at most 9 orbits of type (1), and a coclique
orbit in the neighborhood of a fixed vertex is connected by thick edges with at most 6
orbits of type (1); this contradicts the fact that the number of thick edges between orbits
of type (1) and coclique orbits does not exceed 3 · 6 + 2 · 9 = 36.

Suppose there are δ coclique orbits that contain vertices adjacent to triples of vertices
in orbits of type (1). None of these δ orbits can contain a vertex adjacent to triples of
vertices in different orbits of type (1). Therefore, the number of 2-thick edges between
orbits of type (1) and coclique orbits is at least (12 − δ)(2 + 3) − 15 = 45 − 5δ and at
most (3 · 6 + 2 · 9) − 3δ = 36 − 3δ. Hence, δ = 5, which contradicts the fact that the
number of orbits of type (1) is equal to 12. So, statement (1) is valid for p = 7.

If p = 5, then χ1(g) = (6 − α1(g))/9 + 2 and α1(g) − 6 is divisible by 9. Thus,
α1(g) = 15, 60 or 105.

Suppose vertices a and ag are adjacent. If a vertex b in a pentagonal 〈g〉-orbit is

adjacent to two vertices in a〈g〉, then we may assume that ag and ag
−1

are adjacent to

b. If b is adjacent to bg, then the vertices bg and bg
−1

are adjacent to a, and μ(a, b) ≥ 4.

If b is adjacent to bg
2

, then [a] contains the edge {bg, bg−1}. In any case we arrive at a
contradiction.

Suppose α1(g)+α1(g
2) = 120. Then there are precisely 8 coclique 〈g〉-orbits of length 5

that lie in the neighborhood of vertices belonging to Fix(g). On the set of 〈g〉-orbits of
length 5, we define a graph Λ by assuming that two orbits are adjacent if a vertex of
one orbit is adjacent to two vertices of the other. Then Λ has two edges between a given
pentagonal orbit and coclique orbits. Thus, the number of edges between the pentagonal
and coclique orbits is equal to 48, whence a certain coclique orbit A is adjacent to at least
6 pentagonal orbits; this contradicts the fact that A has 10 pairs of nonadjacent vertices
that lie in two 〈g〉-orbits, and two nonadjacent vertices in A belong to the neighborhood
of three vertices from pentagonal orbits and one vertex from Fix(g). �
Lemma 2.4. If p = 3, then Ω is a subgraph as in the conclusion of the theorem.

Proof. Let p = 3. Then Ω is not a clique (because 161 and 160 are not divisible by 3).
Therefore, the connected components of the graph Ω are completely regular graphs with
λ = 0 and μ = 3; moreover, every vertex in Γ − Ω is adjacent to at most three vertices
in Ω. Let Xi be the set of vertices in Γ − Ω that are adjacent to precisely i vertices
in Ω, and let xi = |Xi|. If Ω contains t connected components Ωj of degrees kj , then∑

xi = |Γ− Ω|,
∑

ixi =
∑t

j=1(k − kj)|Ωj |, and kj is divisible by 3.
Since every vertex in Γ−Ω is adjacent to at most three vertices in Ω, and every vertex

in Ω is adjacent to at least three vertices in Γ − Ω, we have |Ω| ≤ 81. Therefore, Ω
contains no vertices of degree greater than 12. If the degree of a vertex a in Ω is equal
to 12, then |Ω2(a)| = 44 and the number of edges between Ω and Γ−Ω is at least 57 · 9,
which contradicts the inequality |Γ − Ω| ≥ 57 · 3. If the degree of a vertex a in Ω is 9,
then |Ω2(a)| = 24 and the number of edges between Ω and Γ−Ω is at least 36 ·12, which
is impossible because |Γ− Ω| ≥ 36 · 4. Thus, Ω has no vertices of degree exceeding 6.

We prove that if Ω contains a component Ωj of degree 6, then Ω = Ωj . First, observe
that |Ωj

2(a)| = 10 and |Ωj | ≥ 18 for a ∈ Ωj . If b ∈ Ω−Ωj , then [b] contains three vertices
in each μ-subgraph with vertices from Ωj and |[b]| ≥ 18 · 3/2, a contradiction.

Let Ω be a connected graph of degree 6 and |Ω| = 3t. Then for a ∈ Ω we obtain
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|Ω2(a)| = 10. We show that Ω contains no K3,3-subgraphs. Otherwise, for a vertex
a ∈ Ω there are vertices c, d ∈ Ω2(a) such that [c] ∩ Ω(a) = [d] ∩ Ω(a). Hence, each of
the eight vertices in Ω2(a)−{c, d} is adjacent to at least two vertices in Ω(a)− [c], and a
vertex in Ω(a)− [c] is adjacent to six vertices in Ω2(a), a contradiction. Now, for a ∈ Ω
and d ∈ Ω2(a), the subgraph Ω2(a) contains three vertices c1, c2, c3 adjacent to pairs of
vertices in [d] ∩ Ω(a), and six vertices e1, . . . , e6 each of which is adjacent to a unique
vertex in [d] ∩ Ω(a). In particular, Ω2(a) is a coclique, [d] ∩ [ci] contains a vertex from
Ω3(a), and [d] ∩ [ei] contains two vertices from Ω3(a). Therefore, every vertex in Ω3(a)
is adjacent to six vertices from Ω2(a), in contradiction with |Ω| = 22.

Let Ω have 3α isolated vertices and β components of degree 3 (which are obviously
K3,3-subgraphs). Then

∑
xi = 162− 3α− 6β and

∑
ixi = 63α+ 18 · 6β.

First, we assume that α = 0. If |Ω| = 6, then x1 = 108, x3 = 0, and x0 = 48. For
z ∈ X0, the subgraph [z] contains 18 vertices from X1 and 3 vertices from X0. If w ∈ X1,
then [w] contains a vertex from Ω, 12 vertices from X1, and 8 vertices from X0. In this
case, statement (2)(i) of the theorem is valid.

If Ω is a disconnected graph with at least three components, then the number of edges
between Ω and Γ−Ω is at least 18|Ω|; therefore |Ω| = 18 (otherwise |Γ−Ω| ≥ 24 · 18/3).
In this case, the neighborhood of every vertex in Ω contains 18 vertices from X3, so
that x3 = 108 and x0 = 36. Next, the neighborhood of every vertex in X0 contains 18
vertices from X3 and three vertices from X0. Finally, the neighborhood of every vertex
in X3 contains 12 vertices from X3 and 6 vertices from X0. In this case, statement
(2)(ii) is valid.

Suppose Ω has two connected components. Then x3 = 0 and the number of edges
between Ω and Γ − Ω is equal to 18 · 12. Hence, x1 + x2 = 150 and x1 + 2x2 = 216;
therefore, x2 = 66 and x1 = 84. Let a ∈ Ω and [a] contain δi vertices from Xi. Then
δ1+δ2 = 18, and the union of the μ-subgraphs of a with vertices in the second connected
component contains 18 vertices from X2. Thus δ2 = 18, a contradiction.

Now assume that α > 0 and a vertex u is isolated in Ω. For y ∈ Ω, we denote
|[y] ∩ X3| by σy. If β = 2 and Ω1 and Ω2 are distinct K3,3-components of Ω, then the
union of the μ-subgraphs of u with vertices in the connected components of the graph
Ω − {u} contains 21 vertices from X3. Therefore, α = 1 and X0(Ω

1 ∪ Ω2) contains the
K3,3-subgraph {u = u1, u2, u3; a1, a2, a3}, where ui ∈ Ω and ai ∈ X3. Hence,

∑
xi = 147,∑

ixi = 279, and x1 = 0. Thus, x0 = 36, x2 = 54, and x3 = 57. In this case statement
(2)(iii) holds true.

If β = 1 and Ω1 is a unique K3,3-component of the graph Ω, then the number of
2-paths with the initial vertex u and the terminal vertex in Ω−{u} is equal to 3(3α+5).
Therefore, α ≤ 3, and for α = 3 the subgraph [u] is contained in X3. In this case, X0(Ω

1)
contains the K3,3-subgraph {u = u1, u2, u3; a1, a2, a3}, where ui ∈ Ω, ai ∈ X3, and for
w ∈ Ω1 the subgraph [u] ∩ [w] is contained in the neighborhood of a unique vertex in
Ω− {u1, u2, u3} isolated in Ω; this contradicts the fact that 3α is odd. Let α = 2. Then
[u] contains σu vertices from X3, 33−2σu vertices from X2, and σu−12 vertices from X1.
Therefore, σu = 12 or 15, x0+x1+x2+x3 = 150, and x1+2x2+3x3 = 234. For w ∈ Ω1,
the subgraph [w] contains σw vertices from X3, 3(6 − 2σw) vertices from X2, and 5σw

vertices from X1. Therefore σw ≤ 3. If the vertices in Ω−Ω1 can be split into two triples
lying in K3,3-subgraphs that intersect X3 at three vertices, then x3 ≤ 6+3 ·6 = 24. Since
in this case [u] contains at most 12 vertices from X3, it follows that x3 = 24, σu = 12 for
any vertex u ∈ Ω−Ω1, and σw = 3 for any vertex w ∈ Ω1. In this case, x1 = 90, x2 = 27,
and x0 = 9, which is impossible, because x1 +2x2 +3x3 = 90+54+ 72 	= 234. If Ω−Ω1

contains no triple of vertices lying in a K3,3-subgraph that intersects X3 at three vertices,
then x3 ≤ 18, which contradicts the inequality x3 ≥ 6 · 12/2. If Ω−Ω1 contains a unique
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triple of vertices that is contained in a K3,3-subgraph intersecting X3 at three vertices,
then x3 ≤ 3+18 = 21; as above, this contradicts the inequality x3 ≥ 3+(3 · 9+3 · 12)/2.

Let α = 1. Then [u] contains σu vertices from X3, 24 − 2σu vertices from X2, and
σu − 3 vertices from X1. Therefore, 3 ≤ σu ≤ 12, x0 + x1 + x2 + x3 = 153, and
x1 + 2x2 + 3x3 = 171. For w ∈ Ω1, the subgraph [w] contains σw vertices from X3,
3(3 − 2σw) vertices from X2, and 9 + 5σw vertices from X1. Hence, σw = 0. If Ω − Ω1

does not lie in a K3,3-subgraph that intersects X3 at three vertices, then x3 = 0, which
contradicts the fact that 3 ≤ σu for u ∈ Ω − Ω1. If the vertices of Ω − Ω1 belong to a
K3,3-subgraph that intersects X3 at three vertices, then x3 = 3, x2 = 54, x1 = 54, and
x0 = 42, and statement (2)(iv) holds true. The lemma is proved. �

We recall that a triple (X,B, I) is called a (v, k, λ)-design if X is a set of points,
|X| = v, B is a set of blocks, and I is an incidence relation between the points and
the blocks such that any block is incident to precisely k points and any two points are
incident to precisely λ blocks. If k = 3 and λ = 1, the design is called a Steiner triple
system.

Lemma 2.5. If p = 3 and Ω is a 3α-coclique, then α ≤ 5; moreover, if α = 5, the block
design (Ω, X3, I) is obtained by tripling the blocks of the Steiner triple system with v = 15
and r = 7.

Proof. Suppose p = 3 and Ω is a 3α-coclique. Then
∑

xi = 162 − 3α,
∑

ixi = 63α,
and x2 = 3(

(
3α
2

)
− 3x3). If u ∈ Ω and [u] contains σi vertices from Xi, then σ2 =

3(3α− 1− 2σ3/3) and σ1 = 24− 9α+ σ3. Hence, 9α− 24 ≤ σ3 ≤ (9α− 3)/2 and α ≤ 5.
Moreover, σi is divisible by 3. Let δi be the number of vertices in Ω with σ3 = i. If
α = 5, then σ3 = 21 and σ2 = σ1 = 0. Next, x3 = 105, x1 = x2 = 0, and x0 = 42. In
this case, the block design (Ω, X3, I), where the relation I is induced by adjacency in the
graph Γ, is obtained by tripling the blocks of the Steiner triple system with v = 15 and
r = 7.

If α = 4, we have 12 ≤ σ3 ≤ 16.5. If σ3 = 12, then σ2 = 9 and σ1 = 0. If σ3 = 15, then
σ2 = 3 and σ1 = 3. Next, x1 = 3δ15, x2 = (9δ12 + 3δ15)/2, and x3 = (12δ12 + 15δ15)/3;
therefore, 2(x1 + x2 + x3) = 2(150− x0) = 17δ12 + 19δ15 and 48− x0 = δ15.

For α = 3 we get 3 ≤ σ3 ≤ 12. If σ3 = 3, then σ2 = 18 and σ1 = 0. If σ3 = 6,
then σ2 = 12 and σ1 = 3. If σ3 = 9, then σ2 = 6 and σ1 = 6. If σ3 = 12, then
σ2 = 0 and σ1 = 9. Next, x1 = 3δ6 + 6δ9 + 9δ12, x2 = (18δ3 + 12δ6 + 6δ9)/2, and x3 =
(3δ3+6δ6+9δ9+12δ12)/3; therefore, x1+x2+x3 = 153−x0 = 10δ3+11δ6+12δ9+13δ12,
and 63− x0 = δ6 + 2δ9 + 3δ12.

For α = 2 we have σ3 ≤ 7.5. If σ3 = 0, then σ2 = 15 and σ1 = 6. If σ3 = 3, then
σ2 = 9 and σ1 = 9. If σ3 = 6, then σ2 = 3 and σ1 = 12. Next, x1 = 6δ0 + 9δ3 + 12δ6,
x2 = (15δ0+9δ3+3δ6)/2, and x3 = (3δ3+6δ6)/3; therefore, 2(x1+x2+x3) = 2(156−x0) =
27δ0 + 29δ3 + 31δ6 and 85− x0 = δ3 + 2δ6.

If α = 1, we have σ3 ≤ 3. If σ3 = 0, then σ2 = 6 and σ1 = 15. If σ3 = 3, then
σ2 = 0 and σ1 = 18. Next, x1 = 15δ0 + 18δ3, x2 = 3δ0, and x3 = δ3; therefore,
x1 + x2 + x3 = 159 − x0 = 18δ0 + 19δ3 and 105 − x0 = δ3. If δ3 = 0, then δ0 = 3,
x1 = 45, x2 = 9, and x0 = 105. For δ3 = 3, we have δ0 = 0, x1 = 54, x2 = 0, x3 = 3,
and x0 = 102. The lemma is proved. �

§3. Order 2 automorphisms with fixed points

In this section, we assume that Γ is a strongly regular graph with parameters (162, 21,
0, 3) and that t is an order 2 automorphism of the graph Γ with a nonempty subgraph
Ω = Fix(t). Let Xi be the set of vertices in Γ−Ω that are adjacent to precisely i vertices
in Ω, xi = |Xi|.



ON AUTOMORPHISMS OF STRONGLY REGULAR GRAPHS 787

Lemma 3.1. The following statements are valid :
(1) x0 = α1(t), 3|Ω| − x0 is divisible by 9, and if u ∈ X3 and {b1, b2, b3} = [u] ∩ Ω,

then [b1] ∩ [b2] ∩ [b3] contains u, ut, and a vertex from Ω;
(2) if a vertex b has degree 1 in the graph Ω and a ∈ Ω(b), then Ω ⊂ a⊥ and if x0 	= 0,

then |Ω| ≤ 20;
(3) if w ∈ X1, w is adjacent to a vertex e ∈ Ω of degree k′ in Ω, and [w] contains yi

vertices from Xi, then k′ = 3|Ω| − 63 + 3y0 + 2y1 and Ω ≤ 26;
(4) Ω is neither a clique, nor a strongly regular graph.

Proof. Let p = 2. As above, x2 = 0. First, we note that |X0| = α1(t), because a vertex
u lies in X0 if and only if u and ut are adjacent. Next, the degree of every vertex in the
graph Ω is odd and χ1(t) = (3|Ω| − α1(t))/9 + 2; therefore, 3|Ω| − x0 is divisible by 9.
Let w ∈ X3, let b1, b2 ∈ [w] ∩ Ω, and let a be a unique vertex in Ω(b1) ∩ Ω(b2). Then
[a] ∩ [w] contains three vertices from Ω. Statement (1) is proved.

If a vertex b has degree 1 in the graph Ω and a ∈ Ω(b), then for c ∈ Ω − {a, b}, the
subgraph [b] ∩ [c] contains a vertex from Ω and Ω ⊂ a⊥.

Suppose |Ω| ≥ 20 and u ∈ X0. Then [u] contains ut, and the union of the μ-subgraphs
of the form [u] ∩ [a] with a ∈ Ω contains at least 20 vertices of X3. Hence, |Ω| = 20 and
[u]− {ut} ⊂ X3. Statement (2) is proved.

Let w ∈ X1, and let w be adjacent to a vertex e ∈ Ω of degree k′ in Ω. If [w] contains
yi vertices of Xi, then y0 + y1 + y3 = 20, and the number of edges between Ω− {e} and
[w]−{e} is equal to y1+3y3 = 2k′+3(|Ω|−1−k′); therefore, k′ = 3|Ω|−63+3y0+2y1.
If |Ω| ≥ 28, then k′ ≥ 21, which contradicts the fact that e is adjacent to w. Statement
(3) is proved.

If Ω is a clique, then |Ω| = 2 and χ1(t) = (6 − α1(t))/9 + 2. Therefore α1(t) − 6 is
divisible by 9, in contradiction with x0 = 120.

Suppose Ω is not a clique. Then Ω is a graph without triangles of diameter 2 in which
|Ω(a) ∩ Ω(b)| equals 1 or 3 for any two nonadjacent vertices a, b ∈ Ω.

If Ω is a strongly regular graph, then Ω is one of the Moore graphs or a K3,3-subgraph.
If Ω is a Petersen graph, then x3 = 20, x0+x1 = 132, and x1+3x3 = 180. Hence, x0 = 12
and x1 = 120. If u ∈ X3, then [u] contains 12 vertices from X1 and 6 vertices from X0.
Therefore the number of edges between X3 and X0 is equal to 120. If z ∈ X0, then [z]
contains 10 vertices from X3 and 11 vertices from X0; this contradicts the fact that X0

is a 12-clique.
We show that Ω is not a Hoffman–Singleton graph. Otherwise, for a ∈ Ω every pair of

vertices in Ω(a) belongs to a unique triple of vertices in Ω(a) that lie in the neighborhoods
of two vertices u and ut. Hence, every vertex in Ω(a) is adjacent to six vertices in X3

and eight vertices in X1, which contradicts the fact that then x1 = 400.
If Ω = K3,3, then x2 = x3 = 0. Next, x0 = 48 and 3|Ω| − x0 is not divisible by 9; this

contradicts statement (1). �
Lemma 3.2. The following statements are valid :

(1) if Ω is contained in a⊥, then |Ω| = 4 and x1 = 72, x3 = 2, and x0 = 84;
(2) if u ∈ X3, [u] contains zi vertices in Xi, {b1, b2, b3} = [u]∩Ω, and the degree of bi

in Ω is equal to βi + 1, then 3|Ω| − 30 + z0 − 2z3 = β1 + β2 + β3 and z0 is even;
(3) the parameter x1 is not equal to 0;
(4) |Ω| ≤ 18, and if x0 = 0, then |Ω| = 18.

Proof. If Ω ⊂ a⊥, then every pair of vertices in Ω(a) lies in a unique triple of vertices in
Ω(a) that occurs in the neighborhoods of two vertices from X3. Hence, every vertex in
Ω(a) is adjacent to |Ω| − 2 vertices from X3 and to 22− |Ω| vertices from X1. Therefore,
x1 = |Ω|(22 − |Ω|), x3 = (|Ω| − 1)(|Ω| − 2)/3, and x0 = 162 − |Ω| − |Ω|(22 − |Ω|) −
(|Ω| − 1)(|Ω| − 2)/3. Since χ1(t) = (3|Ω| − x0)/9 + 2, it follows that |Ω|2 + 3|Ω| − 1
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is divisible by 27. If |Ω| is congruent to r modulo 9, then r2 + 3r − 1 is divisible
by 9, and thus r = 2 or 4. Hence, |Ω| is equal to 4, 20 or 22. If |Ω| = 20, then
x1 = 40, x3 = 114, x0 = −12, a contradiction. If |Ω| = 22, then x3 = 140 and 3|Ω| − x0

is not divisible by 9, a contradiction. Therefore, |Ω| = 4 and x1 = 72, x3 = 2, x0 = 84.
Statement (1) is proved.

Suppose Ω does not lie in a⊥ for any vertex a. Then Ω contains two pairs of nonad-
jacent vertices p, q and r, s such that [p] ∩ [q] ⊂ Ω and [r] ∩ [s] contains a unique vertex
in Ω; in particular, x3 	= 0.

Suppose u ∈ X3, [u] contains zi vertices from Xi, {b1, b2, b3} = [u]∩Ω, and the degree
of bi in Ω is equal to βi +1. Then βi is even, z0 + z1 + z3 = 18, and the number of edges
between Ω−[a] and [a]−Ω is equal to z1+3z3 = 2(β1+β2+β3)+3(|Ω|−(β1+β2+β3)−4).
Replacing z1 + z3 by 18− z0, we obtain 3|Ω| − 30 + z0 − 2z3 = β1 + β2 + β3. Since βi is
even, so is z0. Statement (2) is proved.

We show that x1 	= 0. Suppose x1 = 0. Then βi ≥ 2, z3 = 18−z0, and 3|Ω|−66+3z0 =
β1+β2+β3. Suppose x0 = 0. Then |Ω| is divisible by 6. If |Ω| = 36, then β1+β2+β3 = 42.
In this case,X3 is a regular graph of degree 18 with 126 vertices, which contradicts Lemma
2. If |Ω| = 24, then β1 + β2 + β3 = 6. In this case, Ω is a regular graph of degree 3; this
contradicts the fact that then the diameter of Ω is greater than 2. Therefore, |Ω| = 30
and β1 +β2 +β3 = 24. In this case, X3 is a regular graph of degree 18 with 132 vertices,
which contradicts Lemma 2. Now x0 	= 0 and |Ω| ≤ 20. Since a vertex in Ω is adjacent to
x0 vertices in X3, it follows that x0 ≤ 18, z0 ≤ 9, and |Ω| ≥ 16. If |Ω| = 16, then x0 − 3
is divisible by 9 and x0 = 12; this contradicts the fact that z0 − 6 = (β1 + β2 + β3)/3.
If |Ω| = 18, then x0 is divisible by 9 and x0 = 18. In this case, Ω is a regular graph
of degree 3, and the diameter of Ω is greater than 2, a contradiction. If |Ω| = 20, then
x0+3 is divisible by 9 and x0 = 6, which is impossible because z0−2 = (β1+β2+β3)/3.
Thus, x1 	= 0. Statement (3) is proved.

Let x0 = 0. If |Ω| = 12, then 6 − 2z3 = β1 + β2 + β3; therefore βi = 2 and z3 = 0.
Thus, X3 is a coclique, and a vertex in X3 is adjacent to 18 vertices in X1. Let a vertex
u in X3 be adjacent to vertices b1, b2, b3 ∈ Ω. By Lemma 3.1, [b1] ∩ [b2] ∩ [b3] contains
u, ut, and a vertex a in Ω. Since βi = 2, the degree of a in Ω is equal to 5. The vertex
a is not adjacent to any vertices from X3, and thus, every vertex in Ω2(a) is adjacent
to three vertices in Ω(a), and the number of edges between Ω2(a) and Ω(a) is equal to
18. On the other hand, Ω(a) contains three vertices bi each of which is adjacent to two
vertices in Ω2(a); this contradicts the fact that each of the two remaining vertices in Ω(a)
is adjacent to six vertices in Ω2(a).

Let |Ω| = 24. If w ∈ X1, then [w]∩[wt] contains a vertex e ∈ Ω and vertices u, ut ∈ X1.
Next, [u] ∩ [e] contains w, wt, and a vertex d ∈ Ω. Let e have degree k′ in Ω, and let
[w] contain yi vertices from Xi. By Lemma 6, we have k′ = 9 + 2y1. Since y1 ≥ 2, it
follows that the degrees of the vertices d and e in the graph Ω are at least 13, which is
impossible because then |Ω| ≥ 26. Thus, if x0 = 0, then |Ω| = 18.

Suppose |Ω| ≥ 20. Then there is a vertex u ∈ X0. But [u] contains u
t, and the union

of the μ-subgraphs of the form [u] ∩ [a], where a ∈ Ω, contains at least 20 vertices from
X3. Hence, |Ω| = 20 and [u] − {ut} ⊂ X3. Since χ1(t) = (3|Ω| − x0)/9 + 2, we see
that x0 is 6, 24, or 42. In the last case, by Lemma 2, every vertex off X0 is adjacent
to seven vertices from X0, which contradicts the fact that no two vertices in X1 in X0

are adjacent. If d ∈ Ω and [d] contains 2r vertices from X3, then Ω2(d) includes pairs of
vertices adjacent to pairs of vertices from [d] ∩X3 and r ≤ 8. Next, 3 ≤ Ω(d) ≤ 19− 2r
and [d] contains at least two vertices from X1; therefore, x1 ≥ 40.

Let {u1, u
t
1}, {u2, u

t
2}, and {u3, u

t
3} be pairwise distinct edges from X0. Then X3

contains 40 vertices from [u1]∪[ut
1], 28 vertices from ([u2]−([u1]∪[ut

1])∪([ut
2]−([u1]∪[ut

1]),
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and at least 16 vertices from ([u3]−([u1]∪[ut
1]∪[u2]∪[ut

2]))∪([ut
3]−([u1]∪[ut

1]∪[u2]∪[ut
2]));

thus, x3 ≥ 84. If x0 = 24, then x1 + x3 = 118 and x1 ≤ 34, a contradiction. If x0 = 6,
then a certain vertex in X3 is adjacent with a unique vertex in X0, which contradicts
Lemma 2.2. Thus, |Ω| ≤ 18. The lemma is proved. �
Lemma 3.3. Let Δ = {a1, a2, a3; b1, b2, b3} be a K3,3-subgraph in Ω. Then the following
statements hold true:

(1) |Ω ∩X0(Δ)| = 0;
(2) if a vertex c in Ω(a1) − Δ is adjacent to two vertices d1 and d2 in Ω(b1), then

Ω(a1)−Δ contains another vertex adjacent to d1 and d2;
(3) if Ω(a1)−Δ contains a vertex c, then [a1]∩ [pi]∩ [pti] = {bi, c, ci} for some vertices

ci ∈ Ω and pi ∈ X3∩ [bi], for e ∈ [a2]∩Ω(c) we have [a2]∩ [qi]∩ [qti ] = {bi, e, ei} for some
vertices ei ∈ Ω and qi ∈ X3 ∩ [bi], and for f ∈ [a3] ∩ Ω(c) we obtain [a3] ∩ [ri] ∩ [rti ] =
{bi, f, fi} for some vertices fi ∈ Ω and ri ∈ X3 ∩ [bi]; the degrees of the vertices bi in Ω
are equal to 3, and |Ω| = 18.

Proof. Let c ∈ Ω∩X0(Δ). The μ-subgraphs of the vertex c and of vertices in Δ contain
at least six vertices in Ω. Since the degree of the vertex c in X0 is equal to 3, it follows
that X0(c) contains a vertex d in Ω and |Ω| ≥ 20, a contradiction. Statement (1) is
proved.

If [c] ∩ [b1] contains two vertices d1 and d2 in Ω−Δ, but Ω(a1)− {b1, c} contains no
vertices adjacent to d1 and d2, then [di]∩ [a1] contains two vertices of Ω−Δ for i = 1, 2
and the degrees of the vertices a1 and b1 in Ω are at least 7. Since either of the subgraphs
[ai] ∩ [c] and [bi] ∩ [d1] contains one vertex in Ω −Δ, it follows that the degrees of the
vertices ai and bi in Ω are at least 5 for i = 1, 2; this is impossible because |Ω| ≥ 20.
Statement (2) is proved.

We assume that Ω(a1)−Δ contains the vertex c and we show that [c] ∩Ω(bi) = {a1}
for i ∈ {1, 2, 3}. Otherwise, by statement (1), we may assume that Ω(a1) −Δ contains
vertices c and c′ adjacent to vertices d and d′ in Ω(b1) − Δ. Next, [c] ∩ [ai] contains a
vertex ci in Ω−Δ, and [c′]∩ [ai] contains a vertex c′i in Ω−Δ for i = 2, 3. Symmetrically,
[d]∩ [bi] contains a vertex di in Ω−Δ, and [d′]∩ [bi] has a vertex d′i in Ω−Δ for i = 2, 3.
Hence, |Ω| = 18. If c2 and d2 are not adjacent, then [d2] ∩ [c2] has a vertex e in Ω−Δ.
Clearly, e ∈ {c3, c′3, d3, d′3}. Without loss of generality, e = c3. Then the vertices c3 and
c′3 are adjacent to the vertices d2 and d′2. Thus, renumbering the vertices di and d′i, we
may assume that c2 and c′2 are adjacent to d2 and d′2. Next, c3 ∈ [c]∩ [c′2], d3 ∈ [d]∩ [d′2],
and the vertices c3 and c′3 are adjacent to the vertices d3 and d′3, which contradicts the
fact that [c3] ∩ [d2] contains precisely two vertices c′2 and d′3 in Ω.

Thus, for c ∈ Ω(a1)−Δ we have [c] ∩ Ω(bi) = {a1} for i ∈ {1, 2, 3}. Then [c] ∩ [bi] =
{a1, pi, pti} for a vertex pi ∈ X3. By Lemma 3.1, [a1] ∩ [pi] ∩ [pti] = {bi, c, ci} for some
vertex ci in Ω. Similarly, if e ∈ [a2] ∩ Ω(c), then there are vertices qi ∈ X3 such that
[a2] ∩ [qi]∩ [qti ] = {bi, e, ei} for some vertex ei in Ω. Finally, for f ∈ [a3]∩Ω(c) there are
vertices ri ∈ X3 such that [a3]∩ [ri]∩ [rti ] = {bi, f, fi} for some vertex fi in Ω. Thus, the
degrees of the vertices ai in Ω are equal to 7; therefore, the degrees of the vertices bi in
Ω are equal to 3 and |Ω| = 18. �
Lemma 3.4. Ω contains no K3,3-subgraphs.

Proof. Let Δ = {a1, a2, a3; b1, b2, b3} be a K3,3-subgraph of Ω. Since Ω 	= Δ, statement
(1) of Lemma 3.4 allows us to assume that Ω(a1)−Δ has a vertex c. By statement (3)
of Lemma 3.3, we have [a1] ∩ Ω = {c, c1, c2, c3}, [a2] ∩ Ω = {e, e1, e2, e3}, and [a3] ∩ Ω =
{f, f1, f2, f3}. If e is adjacent to c1, c2, and c3, then either c is adjacent to e1, e2, and
e3, or a certain vertex ei is adjacent to a vertex in {c1, c2, c3}. In the latter case we may
assume that c1 is adjacent to e, e1, and e2.
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The subgraph [c1] ∩ [c2] contains a1, c, and yet another vertex in Ω. For this reason,
we may assume that either f is adjacent to c1, c2, and c3, or the pairs of vertices ci, cj are
adjacent to f6−i−j for distinct i, j ∈ {1, 2, 3}. Let {a1, e, f ; c1, c2, c3} be a K3,3-subgraph.
If c is adjacent to e1, e2, e3, then the vertex ei is not adjacent to any of the vertices from
{c1, c2, c3}; therefore, the vertices e1, e2, e3 are adjacent to f and the vertices f1, f2, f3
are adjacent to e and c. In this case, [b1] ∩ [c] contains a1, p, and pt for a vertex p from
X3, and [a1] ∩ [p] ∩ [pt] = {b1, c, ci} for some i ∈ {1, 2, 3}. For j 	= i, the subgraph
[b1]∩ [cj ] contains a1, q, and qt for a vertex q from X3, and [a1]∩ [q]∩ [qt] = {b1, c, y} for
y ∈ {b1, b2, b3}∪{c1, c2, c3}; this contradicts the fact that a vertex outside aK3,3-subgraph
is adjacent to at most one of its vertices.

If c1 is adjacent to e, e1, and e2, then c and f are adjacent to e3 and each of the
subgraphs [e1] ∩ [c2] and [e1] ∩ [c3] contains a vertex from {f1, f2, f3}. Similarly, each of
the subgraphs [e2]∩[c2] and [e2]∩[c3] contains a vertex from {f1, f2, f3}, which contradicts
the fact that then the vertices {f1, f2, f3} are adjacent to e1 and e2.

Suppose that the pairs of vertices ci, cj are adjacent to f6−i−j for distinct i, j ∈
{1, 2, 3}. Then the vertices f1, f2, and f3 are adjacent to c and the vertices c1, c2, and
c3 are adjacent to f . If c1 is adjacent to e, e1, and e2, then f2 and f3 are adjacent to
a3, c, c1, and e3, a contradiction. Therefore, [a2] ∩ [ci] contains a unique vertex e in Ω,
so that e1, e2, and e3 are adjacent to c and the vertices f1, f2, and f3 are adjacent to e;
this contradicts the fact that [f1] ∩ [f2] contains a3, c, e, and c3. �
Lemma 3.5. Ω is a 3-paw.

Proof. Suppose Ω is not a 3-paw. Then there are vertices a, b ∈ Ω such that [a] ∩ [b]
contains three vertices c1, c2, and c3 in Ω. By Lemma 3.4, the subgraph [ci]∩ [cj ] contains
three vertices a, b, and d6−i−j in Ω for any distinct i, j ∈ {1, 2, 3}. Next, [a] ∩ [d1]
contains three vertices e1, c2, and c3 in Ω. Similarly, the vertex di is adjacent to a vertex
ei ∈ [a] − {c1, c2, c3} for i = 2, 3. Symmetrically, the vertex di is adjacent to a vertex
fi ∈ [b] − {c1, c2, c3}. Since the degrees of vertices in Ω are odd, it follows that Ω(a)
additionally contains a vertex a′, Ω(b) contains a vertex b′, and we find 16 vertices in Ω;
this contradicts the fact that [ci] ∩ [di] contains a new vertex in Ω for i = 1, 2, 3. The
lemma and, thus, the theorem are proved. �
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