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Brief biography of M. Sh. Birman

On July 2, 2009, Mikhail Shlemovich Birman, an outstanding scientist, one of the
world leaders in the spectral theory of operators, passed away. The sphere of his scien-
tific interests was wide and diverse. He made great contributions to general theory of
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operators in a Hilbert space, spectral theory of differential operators, mathematical scat-
tering theory, function theory, theory of partial differential equations and other areas.
We propose a survey of the most important scientific achievements of M. Sh. Birman.

Mikhail Shlemovich (Solomonovich) Birman was born on January 17, 1928, in Lenin-
grad. His father was a scientist, a specialist in theoretical mechanics, he had a professor
position in one of Leningrad technical institutes. Birman’s mother was a school teacher.

During World War II the family settled in Sverdlovsk, where Mikhail finished high
school. After the war the family returned to Leningrad, and he entered Leningrad Elec-
trical Technical Institute. His professor of mathematics at the Institute was impressed by
the outstanding mathematical abilities of the young student and advised him to switch
to the Department of Mathematics and Mechanics of the Leningrad State University.
Mikhail Shlemovich followed this advice.

During his study at the Department of Mathematics and Mechanics, he specialized in
computational methods. The teachers of M. Sh. were Mark Konstantinovich Gavurin, his
scientific supervisor, and Leonid Vital′evich Kantorovich. Being still an undergraduate
student, M. Sh. took a part time job at the Leningrad Division of Steklov Mathemat-
ical Institute, in the laboratory of Kantorovich. Kantorovich distinguished the young
colleague for his strong intellect and independent thought and began to give M. Sh. as-
signements going far beyond standard technical calculations. All this was very important
for the mathematical development of M. Sh.. M. Sh. graduated from the Department of
Mathematics and Mechanics of the Leningrad State University in 1950. Though he was
among the best students, antisemitic trends in the Soviet policy of those days made it
impossible for him to become a Ph.D. student.

In 1947 Mikhail Shlemovich married the same-year student Tat′yana Petrovna Il′ina.
In 1948 their son Zhenya was born. The happy marriage with Tat′yana Petrovna lasted all
his life. She died two years before him. It was due to her love, selflessness, patience, and
care that he could fully devote himself to his favourite activity, the study of mathematics.

After graduating from the University M. Sh. worked as an assistant professor at the De-
partment of Mathematics of the Leningrad Mining Institute. In spite of very big amount
of pedagogical work, he was actively doing scientific research. In 1954 he successfully
defended his Ph.D. Thesis.

Mikhail Shlemovich became one of the most active participants of the Leningrad semi-
nar in mathematical physics organized in the early 1950s by Vladimir Ivanovich Smirnov.
This was important for his scientific formation. Practically all his results were first re-
ported at this seminar. Later during many years M. Sh. together with Olga Aleksan-
drovna Ladyzhenskaya headed this seminar, which is now named after V. I. Smirnov.

In 1956, during “Khrushchev’s thaw”, on the initiative of Vladimir Ivanovich and Olga
Aleksandrovna, Mikhail Shlemovich joined the Division of Mathematical Physics of the
Physical Department of Leningrad State University. In 1962 he defended his Doctor of
Science Thesis “The spectrum of singular boundary-value problems”. At the Division of
Mathematical Physics M. Sh. worked for more than 50 years, until the end of his life.

M. Sh. was a brilliant lecturer. He was giving special courses on functional analysis,
spectral theory of operators, mathematical scattering theory, and other areas for stu-
dents specializing in mathematical and theoretical physics. He created an original course
of linear algebra for students of the Physical Department. His lectures were not only
substantial and well thought out, but also inspiring. M. Sh. was one of the leaders of
the Division of Mathematical Physics. He enjoyed the highest prestige. His professional
standards, both with regard to the level of results and to the quality of their presentation,
were always very high. And at the first place, he applied these standards to himself.
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M. Sh. was always quite attentive to other people. Many his colleagues felt the influ-
ence of this highly professional and wise man.

Together with his “brother-in-arms” Mikhail Zakharovich Solomyak, Mikhail Shle-
movich created a strong school in the spectral theory of operators, which is internation-
ally known. Under his supervision, more than 20 students defended their Ph.D. Theses,
7 of them later became Doctors of Science. Many of his students became well-known
researchers and now work at leading universities in Russia and abroad.

Mikhail Shlemovich Birman was the author of more than 160 research papers and
two monographs. He was also active as an editor, a member of the editorial boards
of the Russian Academy of Sciences journals “St. Petersburg Mathematical Journal”
and “Functional Analysis and its Applications”. He edited 13 volumes of “Problems
of Mathematical Physics” published by Leningrad State University and several special
volumes published by American Mathematical Society.

The results of M. Sh. Birman are well known internationally and are extensively cited
by other authors. In 1974 he was invited to give a talk at the International Mathematical
Congress (unfortunately, he was not able to accept this invitation because he was not
allowed to go abroad). During the last 20 years of his life (when the restictions of the
Soviet era for travelling were lifted), he was a plenary speaker at international conferences
for many times; he was invited as a visiting scientist to leading world universities and
scientific centres.

Despite his infirm health, Mikhail Shlemovich Birman was active in research until the
last days of his life. He lived in science and his profession till the end.

The death of Mikhail Shlemovich Birman is irreplaceable loss not only for his relatives,
friends, colleagues, students, but for the entire mathematics.

The authors of this paper enjoyed the priviledge of being in close scientific and personal
contact with Mikhail Shlemovich. M. Z. Solomyak was his main coathor for almost 40
years. T. A. Suslina and D. R. Yafaev were his students, later the closest collaborators
of M. Sh.. We try to reconstruct the picture of wide spectrum of interests and the depth
of ideas and results of Mikhail Shlemovich Birman.

Below we give a survey of the most important achivements of M. Sh. Birman. The
full list of publications and the list of students of M. Sh. Birman are given in the end of
the paper.

§1. Early papers

The first publications of M. Sh. were related to his work on computational methods at
the period when he was a student and worked at the laboratory of L. V. Kantorovich. In
the papers [1, 2, 3]. inspired by the ideas of Kantorovich, he studied the multistep versions
of the successive approximations method and the steepest descent method. We describe
here the main idea of the paper [3], where a new method of finding an approximate
solution of the equation

(1.1) Ax = ϕ

was suggested and analyzed. Here A is a bounded selfadjoint and positive definite op-
erator in a Hilbert space. Let m and M stand for the lower and upper bounds of the
spectrum of A. In the traditional approach, equation (1.1) is replaced by the equivalent
equation x = (I − εA)x+ εϕ, where ε is chosen so that ‖I − εA‖ < 1. The new equation
can be solved by the standard successive approximations method.
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In the multistep (p-step) version of the method, equation (1.1) is replaced by the
equation x = Bpx+ ϕp, where

Bp = I −
p−1∑
k=0

ε
(p)
k Ak+1; ϕp =

p−1∑
k=0

ε
(p)
k Akϕ.

The problem is to make an optimal choice of the coefficients ε
(p)
k . This choice should

minimize the norm of the operator Bp and, as a consequence, optimize the rate of con-
vergence of the successive approximations for solution of the new equation.

By developing an idea of his scientific supervisor M. K. Gavurin, M. Sh. suggested
to take Bp = Tp(A), where Tp is the Chebyshev polynomial “transferred” to the seg-
ment [m,M ]. M. Sh. gave a detailed analysis of this procedure, showing its advantages
compared to the standard approach.

In the papers [1, 2], a similar analysis was given for the multistep analog of the
steepest descent method both for solving equation (1.1) and for calculating eigenvalues
of the operator A.

Many features typical of the scientific style of M. Sh. manifested themselves in these
first publications: exhaustive analysis of the problem, extremely clear and transparent
exposition, and numerous comments useful for the reader oriented, in the first place, to
applications.

§2. Extension theory for positive definite

symmetric operators. Elliptic boundary value problems

2.1. In 1952–1954, M. Sh. Birman started his work on the variational theory of
elliptic boundary-value problems. He had intensive discussions with S. G. Mikhlin on this
subject. At that time, Mikhlin was the most authoritative specialist in this area. Partially
influenced by these discussions, M. Sh. undertook an analysis of Trefftz’s method, which
was suggested in 1926 for the Dirichlet problem in a bounded domain Ω ⊂ Rd:

(2.1) −Δu = f in Ω, u = 0 on ∂Ω.

The method consists in minimizing the Dirichlet integral
∫
Ω
|∇u|2 dx among all solutions

u ∈ H1(Ω) of the equation −Δu = f subject to no boundary conditions. The conver-
gence of this method was proved by S. G. Mikhlin in 1950. Together with the standard
variational approach, based upon minimizing the functional∫

Ω

(|∇u|2 − 2Re(suf)) dx,

the Trefftz method enables one to obtain two-sided estimates for the value of the Dirichlet
integral of the solution u.

M. Sh. attempted to extend the Trefftz method to the case of other boundary-value
problems. The main difficulty was to construct a quadratic functional (“Trefftz’s func-
tional”) that attains its minimum value on the solution of a given boundary value prob-
lem.

Elaborating on the question, M. Sh. realized that the general extension theory for
symmetric operators plays a central role in such settings. He intensively studied the
papers by M. G. Krĕın and M. I. Vishik on the subject. He was very much impressed,
especially, by the papers of Krĕın. In his own words, these papers opened a new world for
him. Since then M. Sh. always regarded himself as a “distant student” of M. G. Krĕın.

The basic results of M. Sh. in extension theory were presented in the paper [10] (see also
a short exposition in [4]). Let A0 be a symmetric positive definite operator in a Hilbert
space. Denote by AF the Friedrichs extension of A0. Let A be an arbitrary positive
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definite extension of A0. Developing the ideas of Krĕın and Vishik, M. Sh. considered
the so-called parametric representation of A. The role of a parameter was played by a
selfadjoint operator T acting in a subspace of the initial space. Typically, this subspace
is the kernel Ker A∗

0 of the operator A∗
0 adjoint to A0, herewith,

(2.2) T = (A−1 −A−1
F )|Ker A∗

0
.

M. Sh. gave a detailed analysis of relationships between the spectral properties of A
and those of the corresponding “operator parameter” T . In [5], he gave an analytic
description of the main objects of extension theory as applied to elliptic boundary-value
problems. Next, in [6, 8, 11], the general results were applied to construction of the
Trefftz functionals for the main boundary value problems for the Laplace and biharmonic
operators.

2.2. Soon after that, M. Sh. found another application of his results on extension
theory. By the classical Weyl theorem, the compactness of the operator A−1

1 − A−1
2

implies that the essential spectra of selfadjoint operators A1 and A2 coincide. Therefore,
the parametric representation (2.2) opens a convenient way to study the stability of
the essential spectra of elliptic operators in unbounded domains (the singular elliptic
operators).

Main results on this subject were presented in [22]. Here we describe the ideas of this
paper for the case of the Laplacian in an unbounded domain Ω ⊂ Rd with a compact
boundary. In this case A0 is the Laplace operator defined on the class H̊2(Ω) (i.e., on
functions in the Sobolev space H2(Ω) that can be approximated in the H2(Ω)-norm by
smooth functions with compact support in Ω). The operator A∗

0 is the Laplacian defined
on the entire space H2(Ω), and the subspace Ker A∗

0 is the set of all harmonic functions
of class H2(Ω).

M. Sh. considered also the class G1(Ω) of all harmonic functions in H1(Ω). Passing to
the quadratic forms and using the parametric representation (2.2), he reduced the stabil-
ity problem for the essential spectrum to the study of the embedding operator of G1(Ω)
in L2(Ω). Not only did he prove the required compactness, but also obtained sharp-order
estimates for s-numbers of the embedding operator. Herewith, M. Sh. introduced the
spaces of compact operators with a power-like decay of s-numbers, in terms of which the
properties of the embedding operator can be described more accurately than in terms of
the Schatten–von Neumann classes. Later these classes were called “weak Schatten–von
Neumann classes”. They are systematically used in general operator theory, as well as
in applications.

As a result, M. Sh. proved the stability of the essential spectrum under perturbation
of a compact part of the boundary or a perturbation of the boundary condition on such
a part of the boundary. Using the Kato–Rosenblum theorem (see Subsection 3.1 below),
he obtained a similar result for the absolutely continuous part of the spectrum. This
required overcoming additional technical difficulties.

M. Sh. always treated the paper [22] as one of his main achievements in spectral theory
of differential operators. That is why he was distressed about the absence of the English
translation of that paper (it was translated only in 2008, in connection with the 80th
birthday of M. Sh.). Much later, in the 1990s, during his first visit to New York, he was
pleased to know that this paper was “nonofficially” translated into English in the 1960s
in the Courant Institute. That “nonofficial” version was widely used both in USA and
in Europe.

2.3. One of the deepest and most famous papers of M. Sh. is [19] (a short preliminary
version appeared in [15]). In that paper, he studied the stability of the essential spectrum
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with respect to changing the coefficients of the operator. That paper was written and
published before the paper [22] described above. Its main content is the investigation
of the spectrum of the Schrödinger operator −Δ + V in L2(R

d) in dependence on the
behavior of the potential. This investigation was prefaced by preliminary material, where
some basic problems of general theory of semibounded selfadjoint operators were set up
and solved. In particular, the notions of relative boundedness and relative compactness
for an operator “in the sense of quadratic forms” were systematically used there (though
the terms themselves were not introduced).

Here we list main results of the paper [19].

1. The essential spectrum of a selfadjoint operator A ≥ 0 is stable with respect to
relatively compact perturbations (in the sense of forms). Let V ≥ 0 be such a
perturbation. Then the negative spectrum of the operator A − V is discrete.
For γ > 0 we consider an “energy space” Hγ(A), which is the completion of

the domain of A with respect to the norm ‖(A + γI)1/2x‖. Suppose that the
operator Tγ(A, V ) generated by the form (V x, x) in the space Hγ(A) is compact.
M. Sh. discovered that the number of eigenvalues of the operator A − V lying
to the left of the point −γ is equal to the number of eigenvalues of the operator
Tγ(A, V ) lying to the right of the point 1.

Two years later this identity was rediscovered by Schwinger; this is the famous
Birman–Schwinger principle. Until now, this principle remains the starting point
for the study of the eigenvalues of operators with nonempty essential spectrum.
Most frequently, this principle is used in quantum mechanics problems. The op-
erator Tγ(A, V ) defined above is usually called the “Birman–Schwinger operator”
corresponding to the spectral problem under investigation.

2. The Birman–Schwinger principle opens way to quantitative investigation of the
discrete spectrum of singular differential operators. As an application of his
general results, M. Sh. proved the famous estimate for the number of negative
eigenvalues of the Schrödinger operator −Δ− V in L2(R

3):

(2.3) N−(−Δ− V ) ≤ 1

16π2

∫
R3

∫
R3

V+(x)V+(y)

|x− y|2 dx dy.

Here 2V+(x) = V (x) + |V (x)|. This was the first quantitative estimate for the
negative spectrum of the Schrödinger operator in the multidimensional case.
It was independently found by Schwinger and is usually called the “Birman–
Schwinger estimate”.

3. The Birman–Schwinger principle remains true also for the number of all negative
eigenvalues of the operator A − V if A > 0 and the point zero is the bottom of
the essential spectrum of A. However, in this situation two cases should be
distinguished: that in which the form (Ax, x) is closable in the main Hilbert
space, and that in which it is not. In the second case, A is said to have a zero-
energy resonance. Herewith, the definition of the Birman–Schwinger operator
T0(A, V ) becomes somewhat more complicated. Moreover, in the identity for
the number of negative eigenvalues of the operator A − V (which expresses the
Birman–Schwinger principle), one should sum up the number of the eigenvalues
of T0(A, V ) greater than 1 and the multiplicity of the zero-energy resonance. In
particular, it follows that if A has a virtual level, then the negative spectrum of
the operator A− V is not empty for arbitrary negative perturbation −V .

4. M. Sh. found very general conditions for the discreteness or finiteness of the
negative spectrum of the operator family A−αV for all values of the parameter
α > 0 (called the coupling constant). In many important cases, these conditions
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turned out to be necessary and sufficient for the corresponding behavior of the
negative spectrum.

In order to apply the general results of [19] to the operators Hl,αV = (−Δ)l − αV , a
question from the theory of function spaces had to be settled. Specifically, one needed
to describe the weight functions V for which the Sobolev space H l(Rd), or the “homoge-
neous” Sobolev space Hl(Rd), is compactly embedded into the weighted space L2,V (R

d).
The first embedding corresponds to the discreteness and the second to the finiteness of
the negative spectra of the operators Hl,αV (for all α > 0 at once).

M. Sh. studied these questions in the same papers [15, 19], and also in the paper [18]
written jointly with B. S. Pavlov. For the case where 2l > d, a complete description of
admissible weights was found. For l = 1, d ≥ 2 (i.e., for the case of a multidimensional
Schrödinger operator) some necessary and (separate) sufficient conditions of compactness
were obtained for such embeddings. Later, a necessary and sufficient condition of the
embedding compactness (for the case of l = 1) was found by V. G. Maz′ya; this condition
involves capacity.

2.4. Describing this period of M. Sh. Birman’s scientific activity, it is impossible to
bypass the paper [25] (joint with his student G. E. Skvortsov) on the index of the Dirichlet
Laplacian in plain domains with edges.

In the early 1960s, the theory of elliptic boundary value problems in bounded domains
with smooth boundary was well developed, and M. Sh. widely applied its results in his
paper [22]. However, he always used a variational definition of an operator, which does
not require any smoothness of the boundary (in the case of the Dirichlet problem).

A natural question was: do the results of “smooth” theory remain true for the case of
“bad” boundaries? At that time, examples were known showing that, in a plane region Ω
with a piecewise smooth boundary the Dirichlet Laplacian defined on the natural domain
H2(Ω) ∩ H̊1(Ω) may fail to be selfadjoint. However, no general results had been known
before the paper [25], where it was shown that the index of the Dirichlet Laplacian is equal
to the number of internal edges greater than π. This paper stimulated investigations
of elliptic boundary value problems in domains with nonsmooth boundary. Soon the
corresponding theory was created in the papers of V. A. Kondrat′ev, V. G. Maz′ya,
B. A. Plamenevskĭı and other mathematicians.

§3. Mathematical scattering theory: the trace class approach

3.1. The trace class approach in scattering theory originated in the papers by T. Kato
and M. Rosenblum (1957), where the following fundamental result was proved. Let A
and B be selfadjoint operators in a Hilbert space H, and let Pac(A) and Pac(B) be the
orthogonal projections onto the absolutely continuous subspaces Hac(A) and Hac(B) of
A and B, respectively. Assume that the difference B − A belongs to the trace class S1.
Then the strong limits

(3.1) s-lim
t→±∞

exp(iBt) exp(−iAt)Pac(A) =: W±(B,A)

exist. They are called the wave operators. The operators W±(B,A) are automatically
isometric on Hac(A), and BW±(B,A) = W±(B,A)A. Since the assumptions of the
Kato–Rosenblum theorem are symmetric, the wave operators W±(A,B) also exist and
hence the range of operators W±(B,A) coincides with the subspace Hac(B) (in this case
the wave operators are said to be complete). Thus, under the condition B−A ∈ S1, the
absolutely continuous parts of the operators A and B are unitarily equivalent.
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Note that it is not difficult to show the existence of the weak wave operators

w-lim
t→±∞

Pac(B) exp(iBt) exp(−iAt)Pac(A).

It suffices to apply the following estimate (Rosenblum’s lemma):∫ ∞

−∞
‖Ge−iAtf‖2 dt ≤ C(f)‖G‖2S2

,

which is true for all operators G of the Hilbert–Schmidt class S2 on some set of elements
f dense in Hac(A) (this set does not depend on G ∈ S2). However, it is a substantial
problem to prove that the weak wave operators are isometric (which ensures the existence
of the strong limits (3.1)).

If the limits (3.1) do exist, then the scattering operator

S := W ∗
+(B,A)W−(B,A)

commutes with A and thus acts as multiplication by an operator-valued function S(λ)
in the representation of Hac(A) diagonal for A. The scattering operator S and the
scattering matrix S(λ) first appeared in the theory of scattering of quantum particles,
which explains why the perturbation theory of the absolutely continuous spectrum is
called “scattering theory”.

The simplest quantum system is described by the Schrödinger operator

B = −Δ+ V (x)

acting in the space H = L2(R
d), where V (x) is a real-valued function (the potential

energy) that decays sufficiently rapidly at infinity. Thus, B is a perturbation of the kinetic
energy operator A = −Δ by a multiplication operator which is never compact. Therefore,
the Kato–Rosenblum theorem cannot be applied to this important case directly. When
the papers of T. Kato and M. Rosenblum appeared, the problem of application of their
theorem to differential operators was immediately posed. This problem was studied by
T. Kato himself, by S. T. Kuroda, and by many other mathematicians. The contribution
of M. Sh. Birman to this highly competitive area was crucial.

3.2. For M. Sh., the study of the absolutely continuous spectrum σac was a natural
continuation of his work on the essential spectrum. The connecting link was the paper [22]
where the invariance of σac was verified for perturbations of the boundary or of the
boundary conditions for elliptic operators in unbounded domains (see the discussion in
Subsection 2.2).

The initial and, as it turned out later, very fruitful idea of M. Sh. was to consider
suitable functions ϕ of operators A and B (for example, the operators A−1 and B−1,
when ϕ(λ) = λ−1) and to apply the Kato–Rosenblum theorem to the pair of operators
ϕ(A), ϕ(B). The invariance of the absolutely continuous spectrum allowed M. Sh. to
conjecture that, under the assumption

ϕ(B)− ϕ(A) ∈ S1,

not only do we have σac(B) = σac(A), but also the wave operators W±(B,A) exist and

W±(ϕ(B), ϕ(A)) = W±(B,A)

(or W±(ϕ(B), ϕ(A)) = W∓(B,A), depending on the sign of ϕ′(λ)). This result, proved
by M. Sh. Birman in [23, 27] for a wide class of functions ϕ, was later called the invariance
principle.

At the same period, in the joint paper [24] of M. G. Krĕın and M. Sh. Birman, the
Kato–Rosenblum theorem was carried over to unitary operators. This corresponds to
the invariance principle for the fractional-linear function ϕ, when ϕ(A) and ϕ(B) are the
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Cayley transforms of the operators A and B. The Birman–Krĕın theorem implies that, for
a pair of selfadjoint operators A, B, the wave operators W±(B,A) exist if the difference
of their resolvents belongs to the trace class. This is an important generalization of the
Kato–Rosenblum theorem, which can be applied directly to the Schrödinger operator.

3.3. In addition to the formulation in terms of (nonstationary) wave operators (3.1),
scattering theory admits also a stationary formulation, where the unitary groups in the
definition (3.1) are replaced by the resolvents of the operators A and B. Herewith, instead
of the limits as t → ±∞, one has to study the limits of resolvents as the complex spectral
parameter approaches the real axis. This method allows one to obtain formulas for the
main objects of the theory, which is important for applications to physics. A lot of credit
must go to M. Sh. developing the stationary approach consistently in the trace class
scattering theory; see the papers [30, 36] written jointly with his student S. B. Entina.
From an analytic point of view, the method of these papers leans upon the existence
almost everywhere of the limits for the resolvent of any selfadjoint operator sandwiched
between Hilbert–Schmidt operators. This result is also important on its own sake. The
stationary approach ensures that the weak wave operators are isometric, which implies
the existence of the strong limits (3.1).

In [31, 41], M. Sh. introduced an important notion of the local wave operators asso-
ciated with some interval of the spectral axis, and found conditions for their existence,
also of local nature. Using these conditions, he obtained very general conditions of the
existence of the “global” wave operators (3.1). It turned out that, besides the condition
that EX(B)(B−A)EX(A) ∈ S1 for any bounded interval X (where EX(A) and EX(B)
are spectral projections of the operators A and B), it suffices to impose some condition
on the domains of A and B or on the domains of certain functions of A and B. For
instance, it suffices to assume that D(A) = D(B) or D(|A|1/2) = D(|B|1/2).

For operators A and B acting in different spaces H and K, a natural generalization of
the definition (3.1) is given by

(3.2) s-lim
t→±∞

exp(iBt)J exp(−iAt)Pac(A) =: W±(B,A; J),

where J : H → K is a bounded operator. This definition was introduced by T. Kato, but
the first efficient conditions (of trace class type) for the existence of the operators (3.2)
were found by M. Sh. Birman in the paper [42], written jointly with his student A. L. Be-
lopolskĭı. In that paper, the techniques of [36] and [41] were developed further. The
approach of [42] (see also [47]) made it possible to find conditions that ensure not merely
the existence of the wave operators (3.2), but also their isometric property and com-
pleteness. Much later D. Pearson found a direct generalization of the Kato–Rosenblum
theorem. The Pearson theorem claims that the limits (3.2) exist if the operator BJ−JA
belongs to the trace class. Its proof is based on a subtle application of the Rosenblum
lemma.

Still much later, M. Sh. returned to this topic in the paper [94] (written jointly with
D. R. Yafaev), where the stationary approach was developed in a very general framework
(without any assumptions of trace class type or smooth type). In [94], the wave operators
(3.2) were considered. It turned out that the role of the isometric property for such
operators is played by the identity

W ∗
±(B,A; J)W±(B,A; J) = W±(A,A; J∗J),

proved in [94]. In particular, the method of [94] leads to the stationary proof of the
Pearson theorem.
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3.4. Thus, M. Sh. Birman developed the abstract trace class scattering theory to
the level where it could be directly applied to differential operators (part of this work
was done jointly with his students). These applications were summarized in the papers
[44, 46], where a wide class of equations of mathematical physics was considered, and also
in [52], where the problems of the perturbation of the medium were studied. Moreover,
it was allowed that the order of the perturbation V = B − A be greater than the order
of the “unperturbed” operator A. In particular, in [46], the existence and completeness
of the wave operators was proved in the case of the operators A = −Δ and V = Δv(x)Δ
acting in H = L2(R

d), under the assumption that v(x) ≥ 0 and∫
Rd

(v2(x) + |∇v(x)|2 + (Δv(x))2)(1 + |x|2)α < ∞, 2α > d.

We present a result of [52]. In L2(R
d;Cm), consider a homogeneous matrix elliptic

operator A0 with constant degeneration (i.e., its symbol a(ξ) is of constant rank for
ξ �= 0). Assume that the (m×m)-matrices M0 and M(x) are positive definite, M(x) is
a continuous function of x, 0 < c0 ≤ M(x) ≤ c1 < ∞, and M(x)−M0 → 0 as |x| → ∞.
The operators A and B are defined by the relations A = M−1

0 A0 and B = M(x)−1A0

and act in the spaces H0 and H with the inner products

(f, g)0 =

∫
Rd

(M0f(x), g(x)) dx and (f, g) =

∫
Rd

(M(x)f(x), g(x)) dx,

respectively. Let I0 : H0 → H be the identity operator. Then, under the assumption∫
Rd

|M(x)−M0|2(1 + |x|2)α dx < ∞, 2α > d,

the wave operators W±(B,A; I0) exist, are isometric and complete. This result can
directly be applied to the Maxwell equations.

The paper [99], which was written much later, is devoted to applications of the trace
class method under minimal assumptions about the unperturbed operator. A typical
result is the following. Let

A = (−Δ)l + V0(x), B = (−Δ)l + V (x),

where l is any natural number, and V0 and V are arbitrary bounded real-valued functions
such that

V (x)− V0(x) = O(|x|−d−ε), |x| → ∞, ε > 0.

Then the wave operators W±(B,A) exist and are complete. We emphasize that, without
any special assumptions on the function V0(x), it is impossible to carry out efficient
spectral analysis for the unperturbed operator A. However, this is not important for
the trace class approach. This is a typical advantage compared to the smooth approach,
which is based on eigenfunction expansion for the operator A.

§4. Spectral shift function

4.1. The spectral shift function ξ(λ) = ξ(λ;B,A) may be introduced by the relation

(4.1) Tr (ϕ(B)− ϕ(A)) =

∫ ∞

−∞
ϕ′(λ)ξ(λ) dλ, ξ(λ) = ξ(λ;B,A),

called the trace formula. The concept of the spectral shift function in perturbation theory
arose in the beginning of 1950s in the physics literature in the papers of I. M. Lifshitz.
Its mathematical theory was created shortly after by M. G. Krĕın, who proved relation
(4.1) for a pair of selfadjoint operators A and B with a trace class difference V = B −A
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and a wide class of functions ϕ (including the function ϕ(λ) = λ). M. G. Krein proved
the inequality ∫ ∞

−∞
|ξ(λ)| dλ ≤ ‖V ‖S1

for the spectral shift function. The work of M. G. Krein was based on the methods of
complex analysis.

4.2. Much later in 1975 in the paper [55], M. Sh. Birman and M. Z. Solomyak tried
to find a proof of the trace formula in the spirit of “real analysis”. From an analytic
point of view, their approach was based on the techniques of double operator integrals
(see §5 below). M. Sh. Birman and M. Z. Solomyak found a new proof of formula (4.1),
but with a distribution ξ (the derivative of a measure). It is important that on this way
new representations for the spectral shift function in terms of the spectral measure of
the operator family Bγ = A+ γV were obtained. Namely, in [55] it was shown that

(4.2)

∫
δ

ξ(λ) dλ =

∫ 1

0

Tr
(
Eδ(Bγ)V

)
dγ

for any interval δ = (a, b). It follows that

ξ(λ) =
d

dλ

∫ 1

0

Tr
(
E(−∞,λ)(Bγ)V

)
dγ

for almost every λ ∈ R. This formula is convenient for obtaining estimates for the spectral
shift function, such as the estimate

Tr
(
E(−∞,λ)(B)V

)
≤

∫ λ

−∞
ξ(μ) dμ ≤ Tr

(
E(−∞,λ)(A)V

)
.

Note that, as λ → ∞, this inequality yields the trace formula (4.1) for the function
ϕ(λ) = λ.

4.3. The relationship between the spectral shift function and the scattering matrix
S(λ) = S(λ;B,A) was discovered in the paper [24] by M. Sh. Birman and M. G. Krĕın.
Namely, in [24] it was shown that∫

σac(A)

‖S(λ)− I‖S1
dλ ≤ 2π‖V ‖S1

,

which implies that

(4.3) S(λ)− I ∈ S1

(so that the determinant of S(λ) is well defined) for almost every λ ∈ σac(A). A link
between ξ(λ) and S(λ) is given by the identity

DetS(λ) = exp(−2πiξ(λ)),

called the Birman–Krĕın formula. Often this formula is regarded as a definition of the
spectral shift function on the absolutely continuous spectrum.

Relation (4.3) shows that the spectrum of the unitary operator S(λ) consists of eigen-
values lying on the unit circle that may accumulate only to the point 1. This statement
can be refined for the sign-definite perturbations. Namely, in [24] it was shown that there
is no accumulation from above (from below) if V ≥ 0 (if V ≤ 0). In the abstract frame-
work, the eigenvalues of S(λ) play the role of phase shifts for the Schrödinger operator
with a radial potential.

The short note [24] (and the report [28]) laid foundations for further investigation
of the spectral shift function ξ(λ) and the scattering matrix S(λ), both by students of
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M. Sh. Birman and by researchers from quite different mathematical schools. M. Sh. him-
self also maintained interest in that field for a long time. In the paper [80] joint with
D. R. Yafaev (see also the short note [78] and the “heuristic” exposition [81]) the asymp-
totics of the spectrum of the scattering matrix for the Schrödinger operator with a general
(not radial) potential was found. In [121], this result was extended to perturbations of
the Schrödinger operator with a periodic potential.

The papers of M. Sh. Birman had extremely serious influence on further development
of the scattering theory and spectral shift function theory. The modern state of the art in
the theory of the spectral shift function and spectral properties of the scattering matrix
was described in the detailed surveys [115, 136] and [116].

§5. Double operator integrals

5.1. A double operator integral (DOI) is an expression of the form

(5.1) Q =

∫∫
ψ(λ, μ)dF (μ)T dE(λ),

where dE and dF are spectral measures in a Hilbert space, T is a bounded operator,
and ψ is a scalar function (the “symbol” of DOI). Here integrals are taken over some
sets on which the measures dE, dF are defined (we have omitted these sets in the
notation). Being defined in an appropriate way, for given ψ, dE, and dF the integral (5.1)
determines a linear mapping Ψ : T �→ Q. Such mappings acting between appropriate
classes of operators are usually called “transformers”. The DOI’s were introduced by
Yu. L. Daletskĭı and S. G. Krĕın in 1956 in connection with the differentiation problem
for operator-valued functions depending on a real parameter.

The interest of M. Sh. Birman to DOI’s was motivated by his work on the stationary
approach to scattering theory (in the early 1960s). The development of this approach
required to analyze many natural questions, unresolved at that time. In particular,
it was necessary to study the following question: for what functions ϕ the inclusion
B − A ∈ S1 (where A,B are selfadjoint operators) implies that ϕ(B)− ϕ(A) ∈ S1? In
connection with this problem, M. G. Krĕın attracted M. Sh.’s attention to the paper of
Yu. L. Daletskĭı and S. G. Krĕın. In M. G.’s opinion, that paper could be useful in this
range of questions. M. Sh. attracted M. Z. Solomyak to the study of this subject; it was
the beginning of their joint work, which lasted, with small breaks, for almost 40 years.

In the paper of Yu. L. Daletskĭı and S. G. Krĕın, the approach to the integrals (5.1)
was based on the representation

Q =

∫
K(λ) dE(λ),

where K(λ) = (
∫
ψ(λ, μ) dF (μ))T is an operator-valued function of the parameter λ.

After that, formal integration by parts reduces the problem to integration of the operator-
valued function K ′(λ)E(λ) in λ. This approach leads to rather rough estimates of the
integral (5.1), and therefore it was unsuitable for main applications.

5.2. In the approach developed by M. Sh. together with M. Z. Solomyak [33, 37, 59] (see
also the survey [152] written much later), the initial objects are DOI’s in the Hilbert–
Schmidt class S2. In the Hilbert space S2, the operators of multiplication by F (·) from
the left and by E(·) from the right commute and generate a spectral measure in S2.
The integral (5.1) for T ∈ S2 is defined as the integral of ψ with respect to this spectral
measure applied to the element T . This simple but crucial argument directly implies
that DOI’s in S2 keep all properties of integrals with respect to a spectral measure. In
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particular, a DOI in S2 is well defined for any bounded symbol, and we have ‖Q‖S2
≤

sup |ψ| ‖T‖S2
.

However, the boundedness of the symbol is not sufficient for the boundedness of the
transformer (5.1) in other operator classes, in particular, in the algebra B of all bounded
operators. In [33, 37, 59], it was shown that the boundedness of the transformer (5.1) in
B is closely related to estimates of the trace class norm of integral operators with the
kernel ψ(λ, μ) acting in weighted L2-spaces. Such estimates depending on the properties
of a weight function were unknown before. They were obtained in a series of papers
described below in §7.

Also, a rather general “factorizational” condition on the symbol ψ sufficient for the
boundedness of the transformer (5.1) in B was found. Later, V. V. Peller showed that
this condition is also necessary.

By duality, the boundedness of the transformer (5.1) in B is equivalent to its bound-
edness in the trace class S1. The action of this transformer in other classes, including the
Schatten–fon Neumann ideals Sp, was studied by linear interpolation. Thus, a consistent
theory of DOI’s as transformers acting between various symmetrically normed operator
ideals was developed.

5.3. A DOI can be interpreted as a rather general “multiplier transformation”. Consider
the set of all integral operators acting from L2(Λ, dλ) to L2(M,dμ), where (Λ, dλ) and
(M,dμ) are two spaces with measure. For a given function ψ(λ, μ), we consider the
linear transformation that takes an integral operator T with the kernel T (λ, μ) into the
integral operator Q with the kernel ψ(λ, μ)T (λ, μ). In the paper [37], it was shown that
this transformation can be written as a DOI with the symbol ψ(λ, μ). Moreover, any
DOI can be represented as such a multiplier transformation, but with an operator-valued
kernel T (λ, μ). The results about DOI’s make it possible to estimate the norms of the
operator Q in various classes Sp in terms of the corresponding norms of T .

In the cited papers written in 1965–1973, it was shown that many analytic objects of
different nature may be interpreted as DOI’s with appropriate choice of spectral mea-
sures. For instance, if dE is the spectral measure of a multiplication operator and dF is
the spectral measure of a differential operator, and T = I, then the DOI (5.1) is a pseudo-
differential operator with symbol ψ. New boundedness conditions for pseudodifferential
operators in L2(R

d) were obtained with the help of DOI’s. Another bright example is
representation of a Volterra operator in terms of its imaginary component, which is a
principal object of study in the theory of Volterra operators. This representation can
also be written in terms of DOI’s.

5.4. Main applications of DOI’s theory are related to the spectral perturbation theory.
At the first place, they are based on the following important formula:

(5.2) ϕ(B)− ϕ(A) =

∫∫
ϕ(λ)− ϕ(μ)

λ− μ
dE(λ) (B −A) dF (μ).

Here A and B are selfadjoint operators, dE and dF are their spectral measures, and ϕ
is a function on R. This formula was proved under very general conditions on a function
ϕ, and moreover, unbounded operators A and B were admitted. It was only assumed
that their difference is bounded. In particular, the initial problem (when the operator
ϕ(B)− ϕ(A) belongs to the trace class) was solved with the help of (5.2). An analog of
formula (5.2) was also obtained for commutators.

Formula (5.2) implies the differentiation formula

(5.3) ϕ′(A+ tT )|t=0 =

∫∫
ϕ(λ)− ϕ(μ)

λ− μ
dE(λ)T dE(μ),
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which had been proved before in the paper by Yu. L. Daletskĭı and S. G. Krĕın under
rather restrictive conditions on ϕ and only for bounded operators A, B. In the papers
[33, 37, 59], these conditions were extended significantly. It was also proved that under
the condition B −A ∈ Sp there exists a derivative in the Sp-norm.

The sharpest analytic conditions on ϕ that ensure (5.3) have been obtained later by
V. V. Peller.

An application of DOI’s connected with (5.3) was already mentioned in Subsection
4.2. It is the deduction of the new representation (4.2) for the integrated spectral shift
function.

Yet another important application of formula (5.3) was found in the paper [64] by
M. Sh. Birman, L. S. Koplienko, and M. Z. Solomyak. Namely, it was shown that for
any nonnegative operators A and B and for α ∈ (0, 1), p ∈ (0,∞] the estimate

‖(Bα −Aα)±‖Sp
≤ ‖((B −A)±)

α‖Sp

is true with the coefficient 1 on the right-hand side!

§6. Function spaces and piecewise-polynomial

approximation. Entropy

6.1. The interest of M. Sh. to the theory of function spaces, especially, to the em-
bedding properties of Sobolev spaces, originates from his work on spectral theory of
differential operators. His first results in this field were mentioned briefly in §2. They
were considerably extended and refined in the mid-1960s, when M. Sh. together with
M. Z. Solomyak started a systematic investigation of quantitative characteristics of such
embeddings. This study was based on a new approach to approximation of functions
in Sobolev spaces W l

p, which was developed in the paper [38]; a detailed exposition can
be found in the lectures [62] (English translation is the book [B3] in the list of books).
This method can be regarded as a multidimensional analog of spline approximation with
nonfixed nodes.

Below we give a brief description of this method for the case of l = 1. Let X be a
Banach space of functions on the unit cube Qd ⊂ Rd. Suppose that the Sobolev space
W 1

p (Q
d) is compactly embedded in X. A given function u ∈ W 1

p (Q
d) is approximated in

the norm of the space X by a suitable piecewise-constant function f . The construction
of f is determined by the choice of a partition of Qd into a finite number of smaller
cubes. Their sizes can be arbitrary, only the number of cubes is under control: it should
not exceed a given number n. We take f equal to the mean value of u on each cube
of the partition. Thus, the function f is completely determined by the choice of the
partition. The next step is crucial: for a given n, we minimize the error ‖u−f‖X among
all partitions subject to the above restriction. An algorithmic partitioning procedure,
suggested in [38], gives an optimal order of approximation for a wide class of metrics
‖ · ‖X .

This approach turned out to be quite flexible and efficient. The results obtained by
this method are of two types. For results of the first type, the choice of the partition
depends on the function to be approximated; this makes the process nonlinear. For
results of the second type, approximations in the weighted spaces Lq,V are considered,
and the choice of the partition depends on the weight function V . The corresponding
algorithm is linear with respect to the function to be approximated.

The results obtained by the second algorithm have many important applications in
the spectral theory of differential and integral operators; they are described below in §7.
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6.2. In the concluding part of this section, we describe main applications of the non-
linear approximation procedure. They concern estimates of the Kolmogorov ε-entropy
H(ε) of the embeddings of Sobolev classes in the spaces C or Lq, q < ∞.

We discuss the problem of embedding in C for the case where d = 1 and l = 1. It had
been well known by the end of 1950-s that for the unit ball of Cα[0, 1] viewed as a compact
set in C[0, 1], the ε-entropy satisfies the estimate H(ε) = O(ε−1/α). This estimate can
be achieved by a simple linear procedure. Say, for α ≤ 1 it suffices to approximate u
by the piecewise-linear function with equidistant nodes. The ε-entropy of the unit ball
of Wα

p (0, 1), viewed as a compact set in Lp(0, 1), satisfies the same estimate. However,
nothing was known about the behavior of the ε-entropy in the case where the metric of
the superspace and the metric in which the properties of derivatives are described are of
different nature, including the simplest case of the embedding W 1

p (0, 1) ⊂ C[0, 1].
This problem was solved in full generality in [38]. It was shown that the ε-entropy of

the embedding W l
p(Q

d) ⊂ Lq(Q
d) admits the estimate H(ε) = O(ε−d/l), provided that

the condition 1/p − l/d < 1/q of compactness of this embedding is fulfilled. Thus, the
ε-entropy depends only on the order of smoothness, but not on the type of a metric in
which this smoothness is measured. It is also important that no linear procedure can
achieve the same order of approximation.

§7. Estimates and asymptotics of the spectrum for

integral and differential operators

7.1. Estimates of the spectrum of integral operators. The second field of ap-
plications of the method of piecewise-polynomial approximations concerns estimates of
singular numbers of integral operators acting in the weighted L2-spaces. To obtain such
estimates was the initial goal of M. Sh. and M. Z. Solomyak when they started that
investigation. As was mentioned in §5, such estimates were needed for the study of the
boundedness of DOI’s in the algebra B of all bounded linear operators. Methods known
at that time were poorly adapted to obtaining estimates of the spectrum of operators in
the weighted spaces, and the approach under discussion was invented in order to over-
come this obstruction. It should be mentioned that later the same authors have found
another, more elementary method of solving these problems.

Main results on the estimates in question were summarized in the paper [69]. That
paper contains estimates obtained with the help of piecewise-polynomial approximation,
as well as results based on other methods. Ideas of interpolation theory of linear operators
were used actively. Though the main purpose was the proof of spectral estimates for
operators acting in the weighted spaces, many results turned out to be new also for
operators in the “usual” L2. Especially, this concerns operators in the entire space Rd,
when the estimates are determined by interaction between the smoothness of the kernel
and its behavior at infinity. For instance, a detailed scale of estimates for the operators
with the kernel b(x)eixξa(ξ) was obtained. Such kernels arise in many applications,
including the Schrödinger operator and pseudodifferential operators.

7.2. Estimates and asymptotics of the spectrum for “nonsmooth” elliptic
problems. The results on piecewise-polynomial approximations directly imply sharp-
order estimates of the spectrum of “weighted” boundary value problems in arbitrary
bounded domains Ω ⊂ Rd, such as the problem

(7.1) −Δu = λV (x)u, u|∂Ω = 0,

or its analog for the polyharmonic operator. Let N+(λ) and N−(λ) be the counting
functions of positive and negative eigenvalues of the problem (7.1); here the weight
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function V (x) may be sign-indefinite. The asymptotic behavior of N±(λ) is given by the
classical Weyl-type formula

(7.2) lim
λ→∞

λ−d/2N±(λ) = c0(d)

∫
Ω

V
d/2
± dx, c0(d) = (Γ(d/2 + 1))−1(2

√
π)−d.

For V ≡ 1 formula (7.2) was obtained by H. Weyl in 1912 by the variational approach.
The Tauberian technique developed by Carleman in 1936 turned out to be more flexible,
and since then most of the results on spectral asymptotics were obtained by this approach.
However, this technique always requires some smoothness assumptions on the boundary
and the weight function V (x). By the end of 1960s, for the nonsmooth case nothing was
known, except for the results of Weyl and Courant, where formula (7.2) was justified for
V ≡ 1 and for bounded domains with “not too bad” boundary.

The estimates for N±(λ) found by the piecewise-polynomial approximation technique
involve the Lp-norm of V with p depending on dimension d. Such estimates turn out
to be a powerful tool for the study of spectral asymptotics. The way to apply them is
based on an important (though, rather elementary) statement from abstract perturbation
theory proved in [49]. As applied to the spectral estimates, this statement implies that
the nonlinear functionals

V �→ lim sup
λ→∞

λ−d/2N±(λ), V �→ lim inf
λ→∞

λ−d/2N±(λ)

for the problem (7.1) are continuous on Lp. It is important that this is an a priori
fact independent of the specific form of the asymptotic coefficient, which is given in
this particular case by (7.2). Application of this general fact and its analogs lies in
the foundation of a new version of the variational approach, which was developed by
M. Sh. and M. Z. Solomyak in a number of papers starting with [49] and summarized
in the lectures [62] (the book [B3] in the list of books). This approach turned out to be
adequate for a wide class of nonsmooth spectral problems.

7.3. Here we list some results obtained by the approach in question.

1. The asymptotic formula (7.2) for the Dirichlet problem (7.1) is valid in an ar-
bitrary bounded domain Ω ⊂ Rd if V (x) is a real-valued function such that
V ∈ L1(Ω) for d = 1 and V ∈ Lp(Ω) with some p > d/2 for d ≥ 2. Later
G. V. Rozenblum showed that in the case where d ≥ 3 the result is valid if
V ∈ Ld/2(Ω) in any (not necessarily bounded) domain.

In particular, the initial Weyl formula (i.e., formula (7.2) with V = 1) is
valid in any bounded domain of arbitrary dimension. This fact was extended by
G. V. Rozenblum to the case of an arbitrary open set of finite measure.

Note that, in the framework of the approach suggested, one encounters no ad-
ditional difficulties when considering sign indefinite weight functions V . Before,
only some particular results (by Plejel) were known for the indefinite case.

2. The Weyl–Carleman asymptotic formula was justified in the case of the Dirichlet
problem for any uniformly elliptic second order divergence type operator with
measurable bounded coefficients in an arbitrary bounded domain (see [57]). In
the case of the Neumann boundary condition, the same result was obtained in
domains with Lipschitz boundary. In all results of this type known before, some
regularity (at least, continuity) of the principal coefficients had been required.
Similar results were obtained for operators of higher order, including elliptic
systems (see [60]).

3. The spectral asymptotics for integral operators with “weakly polar” kernels act-
ing in L2(Ω) was obtained in [48]. In [67, 73], the spectral asymptotics for
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pseudodifferential operators of negative order under minimal assumptions on the
smoothness of the symbol was found.

4. In [75] and a series of subsequent papers, estimates and asymptotics of the spec-
trum were obtained for the operator associated with a variational problem con-
sidered on a space of solutions of a given elliptic system. For instance, such
problems arise when one studies the difference of the inverses for one and the
same elliptic operator with different boundary conditions, such as Δ−1

N − Δ−1
D ,

where ΔN , ΔD are the Neumann and Dirichlet Laplacians. So, these results can
be viewed as a refinement of the estimates found in [22].

§8. Maxwell operator in domains with nonsmooth boundary:

asymptotics of the spectrum

8.1. For an empty electromagnetic resonator in a bounded domain with a smooth
ideally conducting boundary, the asymptotic behavior of eigenfrequences was found by
H. Weyl in 1912. In the nonsmooth situation (for the filled resonator with nonsmooth
boundary and nonsmooth tensors of electric permittivity ε(x) and magnetic permeability
μ(x)) the results were obtained not long ago, mostly, by M. Sh. Birman and his colleagues
and students. The reasons of this delay were not purely technical; they lie in the nature
of the problem.

Formally, the stationary Maxwell operator is given by the differential expression

Mε,μ{u,v} = {iε−1 curlu,−iμ−1 curlv}

under the divergence free conditions

div(εu) = 0, div(μv) = 0

and the boundary conditions

uτ |∂Ω = 0, (μv)ν |∂Ω = 0.

Here u and v stand for the electric and magnetic components of the electromagnetic field,
the indices τ and ν mark the tangential and normal components of a vector field on the
boundary. However, it is necessary to define all these operations in a suitable way, but it
is not simple to do this if the boundary and the matrix-valued functions ε(x), μ(x) are
not smooth. Such nonsmoothness is important for many applications, for instance, for
the study of electromagnetic oscillations in domains with edges, screens or conic points,
and also for the study of the electromagnetic field in stratified media.

The first problem is to define Mε,μ as a selfadjoint operator acting in an appropriate
Hilbert space. In the case of the filled resonator, this space is the L2-space of vector-
valued functions with the matrix-valued weight generated by the matrices ε(x), μ(x).
Difficulties arise already in the description of the domain of the operator Mε,μ. The
problem is that this operator is not semibounded, and therefore, the quadratic form
approach is impossible. The right choice of a selfadjoint realization is dictated by the
condition of finiteness for the electromagnetic energy. In the nonsmooth case, the domain
of the operator Mε,μ cannot be described in terms of Sobolev spaces.

The problem of constructing the “right” selfadjoint realization of the Maxwell operator
was solved basically in the papers by N. Weck and R. Picard in 1970–1980s. They
described the physically preferable selfadjoint realization of the Maxwell operator by
constructing function spaces (in terms of the vector analysis operations) that contain the
electric and magnetic components of electromagnetic field. However, these authors did
not study the asymptotic behavior of eigenfrequences of electromagnetic oscillations.
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Standard calculations with the operator symbols formally give the following result.
Let r(ξ) be the symbol of curl, i.e.

r(ξ) = i

Ñ
0 ξ3 −ξ2

−ξ3 0 ξ1
ξ2 −ξ1 0

é
.

By Λ1(x, ξ), Λ2(x, ξ) we denote the positive eigenvalues of the algebraic problem

r(ξ)μ(x)−1r(ξ)h = Λε(x)h, h ∈ C3, x ∈ Ω, ξ ∈ R3;

the third eigenvalue is equal to zero. We put

Γ(ε, μ,Ω) =
1

24π3

∫
Ω

∫
|ξ|=1

Ä
Λ1(x, ξ)

−3/2 + Λ2(x, ξ)
−3/2

ä
dS(ξ) dx

(here dS(ξ) is the surface element on the unit sphere). Then the eigenfrequencies mk of
electromagnetic oscillations (the eigenvalues of the operator Mε,μ) satisfy the following
asymptotic formula:

(8.1) lim
k→∞

k−1m3
k = Γ(ε, μ,Ω).

The proof of this formula is relatively simple in the case of smooth boundary and smooth
matrix-valued functions ε(x), μ(x). In the nonsmooth case, the proof requires big addi-
tional efforts.

8.2. First papers of M. Sh. Birman on this subject were written in the mid-1970s. In
[66, 70], jointly with his student A. B. Alekseev, he developed a general geometric method
(in the sense of Hilbert space geometry), which reduces the problem of electromagnetic
oscillations of the filled resonator to the simplest case of the empty resonator. In the
case of smooth boundary, this directly implies relation (8.1) for any fillings; it is required
only that the matrix-valued functions ε(x), μ(x) be measurable and bounded together
with their inverses. The case of nonsmooth boundary turned out to be more difficult.
Further progress was reached with the help of the results about the analytic structure of
the vector fields from the domain of the electric component of electromagnetic field. This
analysis was carried out in the papers [88, 89, 95] by M. Sh. Birman and in his papers
[90, 97] joint with M. Z. Solomyak; see also the survey [93]. Namely, it was shown that
the electric component u(x) in the case of an empty resonator with Lipschitz boundary
admits decomposition of the form

(8.2) u = u0 +∇w,

where u0 ∈ H̊1(Ω), and w is the weak solution of the Dirichlet problem for the Poisson
equation: −Δw = f, w|∂Ω = 0, for some f ∈ L2(Ω). A similar decomposition was
obtained also for domains with screens. With the help of the decomposition (8.2), in [91]
relation (8.1) was proved for an empty resonator with Lipschitz boundary. A final result
in this direction was obtained by M. Sh. and his student N. D. Filonov in [160], where the
Weyl asymptotics (8.1) was justified in the case of an arbitrary domain Ω under the only
condition that the decomposition (8.2) is valid. This result is of principal importance
because it reduces the justification of the asymptotics (8.1) to the purely analytic problem
of description of singularities for the vector fields in a certain class. The result for the
empty resonator is carried over to the case of the filled resonator automatically by using
the method of Birman and Alekseev mentioned above; this method was further developed
in the paper [157] joint with Filonov.

The program of the study of spectral characteristics of the “nonsmooth” Maxwell
operator was initiated by M. Sh. in the early 1970s. The paper [160] written in 2007 can
be viewed as a final work in a series of papers devoted to the realization of this program.
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8.3. It is impossible not to mention the program paper [114], where M. Sh. compared the
solvability properties of three important problems in three-dimensional polyhedra: the
systems of Maxwell, Stokes, and Lamé. Under apropriate boundary conditions coming
from physics, all three of these problems reduce formally to one and the same boundary-
value problem for the system of first order equations. However, for nonconvex polyhedra
the physical origin of these problems dictates a different choice of the selfadjoint re-
alizations for each of them. The paper contains a detailed discussion of this striking
effect.

§9. Estimates and asymptotics for the number of negative eigenvalues of

the Schrödinger operator

9.1. The first estimate for the number of negative eigenvalues of the Schrödinger
operator −Δ− V in L2(R

d), namely, estimate (2.3), was obtained by M. Sh. in [15, 19].
Another important estimate was proved by G. V. Rozenblum in 1972 by refining the
piecewise-polynomial approximations approach described above in §6. This result was
later independently proved by E. Lieb and M. Cwikel and is known as the “Rozenblum–
Lieb–Cwikel estimate”. It has the form

(9.1) N−(−Δ− αV ) ≤ C(d)αd/2

∫
Rd

V
d/2
+ dx, α > 0, d ≥ 3.

In addition to (9.1), the following asymptotic formula

(9.2) lim
α→∞

α−d/2N−(−Δ− αV ) = c0(d)

∫
Rd

V
d/2
+ dx, d ≥ 3,

is valid, where c0(d) is the same constant as in (7.2). Estimate (9.1) and the asymptotics
(9.2) are valid if the integral on the right-hand side is finite. Moreover, in the case where
d ≥ 3 and V (x) ≥ 0, the property V ∈ Ld/2(R

d) is necessary and sufficient for the

quasiclassical estimate N−(−Δ− αV ) = O(αd/2).

9.2. For d ≥ 3, the case where V ∈ Ld/2(R
d) is called regular. The irregular case

is also possible if the potential V vanishes at infinity (so that the negative spectrum is
discrete), but V �∈ Ld/2(R

d). Effects appearing in this case were investigated in detail in
a series of papers by M. Sh. Birman and M. Z. Solomyak, the most important of which
are [109, 113]. The main tool was linear interpolation; the problem was reduced to it
after applying the Birman–Schwinger principle. The base of interpolation was given by
estimate (9.1) and an important result of V. G. Maz′ya which gives the boundedness
criterion for the embedding of the homogeneous Sobolev space Hl(Rd) in the weighted
space L2,V (R

d). As a result, a scale of estimates that describe potentials, such that

(9.3) N−(−Δ− αV ) = O(αq)

for any given q > d/2, was obtained. In particular, it was shown that sharp results of this
type must be formulated in terms of the “weak” weighted Lq-classes. Estimates given in
terms of the “usual” Lq-classes obtained earlier by Yu. V. Egorov and V. A. Kondrat′ev
turned out to be not sharp in the sense that under their assumptions one always has “o”
instead of “O” in (9.3). In [109], for any q > d/2 examples of the potentials V such that
N−(−Δ− αV ) ∼ Cαq with C > 0 were constructed.

It was also proved that in the irregular case the asymptotic behavior of the function
N−(−Δ−αV ) as α → ∞ is determined by the behavior of the potential near its singular
points and at infinity. This is in contrast with the regular case: formula (9.2) shows
that for V (x) > 0 any set in Rd with nonzero measure contributes to the asymptotic
coefficient.
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Another peculiarity of the irregular estimates is their instability with respect to an
additional spectral parameter: it may happen that the function N−(−Δ− αV ) behaves
irregularly, but at the same time N−(−Δ+ h− αV ) = O(αd/2) for any h > 0.

9.3. In this range of problems, the case of small dimensions (d = 1, 2) is specific.
Estimate (9.1) for d = 1, 2 is not true. In the case of d = 1, it is natural to consider

the operator HαV = − d2

dx2 − αV on the semiaxis R+ under the Dirichlet condition at

the point x = 0. For this case, first estimates of the quasiclassical order O(α1/2) were
obtained by M. Sh. and his student V. V. Borzov in the paper [54] in 1971. Note that
the known Bargman estimate for this operator gives N−(HαV ) = O(α) and is irregular
in the sense in question. In [109], a more general sufficient condition of regular growth
for the function N−(HαV ) was obtained. Next, by interpolation, classes of potentials
such that N−(HαV ) = O(αq) with a given q > 1/2 were found. It was also shown that
the corresponding conditions on the potential are not only sufficient, but also necessary.
Thus, the one-dimensional case is different from the case of d ≥ 3, where only sufficient
conditions for the behavior N−(−Δ− αV ) = O(αq), 2q > d, are known (though for the
regular behavior the necessary and sufficient condition V ∈ Ld/2(R

d) is known).
The results of [109] concern not only the Schrödinger operator, but also its analog

(−Δ)l − αV of higher order. For 2l < d, the analog of estimate (9.1) with d/2 replaced
by d/2l is true. For 2l > d estimates are of different nature; a particular case is the
one-dimensional problem discussed above.

The “intermediate” case of d = 2 studied in the paper [130] by M. Sh. Birman and
A. A. Laptev is specific in many respects. In particular, no criterion of the regular
behavior N−(−Δ − αV ) = O(α) is known until now, though wide sufficient conditions
of such behavior are known. Furthermore, if d ≥ 3 and V ≥ 0, then the estimate
N−(−Δ + h − αV ) = O(αd/2) for some h > 0 implies the same estimate with h = 0,
whence V ∈ Ld/2(R

d) and the asymptotics (9.2) is true. In [130], it was shown that these
facts may be violated for d = 2. Examples of potentials with the following property were
constructed: the function N−(−Δ + h − αV ) satisfies the Weyl asymptotics for h > 0,
but for h = 0 this is not true. The case where N−(−Δ − αV ) = O(αq) with q > 1
is possible, and the case where N−(−Δ − αV ) ∼ Cα with the non-Weyl coefficient C
is also possible. The reasons of such effects were clarified: they lie in the structure of
the spectrum of the unperturbed operator (the free Laplacian) near the bottom of its
spectrum, i.e., in this case, near the point λ = 0. Later M. Sh. and his colleagues found
many other manifestations of such threshold effects; see §10 below.

§10. Discrete spectrum of a perturbed operator

in the spectral gaps of the unperturbed one

10.1. Suppose that there are gaps in the essential spectrum of a given selfadjoint
operator A. Typical examples are the Dirac operator, whose spectrum coincides with
(−∞,−1] ∪ [1,∞), and the Schrödinger operator with a periodic potential, whose spec-
trum has a band structure. Let V be a symmetric operator relatively compact with
respect to A. Then the discrete spectrum of the perturbed operator A+ V may appear
in the spectral gaps of A. The variational technique does not apply to the study of this
discrete spectrum in a direct way. It was shown by M. Sh., as early as in [16, 19], how
to overcome this difficulty for the Dirac operator. But only in the 1990s he started to
study such problems systematically.

Let (λ−, λ+) be a gap in the spectrum of the operator A (the case of a semiinfinite gap,
i.e., λ− = −∞, is not excluded). For simplicity, we suppose that V ≥ 0 and consider the
perturbed operator A(t) = A − tV , t ≥ 0. When t grows, the eigenvalues λk(t) of A(t)
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“spring up” at the right edge λ+ of the gap and move to the left “disappearing” at the
left edge of the gap. Fix an observation point λ ∈ [λ−, λ+]; let α > 0. Let N(A, V, α, λ)
denote the number of eigenvalues λk(t) of A(t) that cross the point λ as t grows from 0
to α. The problem of interest is the asymptotic behavior of N(A, V, α, λ) for a fixed λ
and α → ∞.

10.2. In a big series of papers [110, 111, 118, 119, 120, 123, 127, 134, 135, 144, 146]
(especially, see the survey [128]), M. Sh. Birman, partly with his colleagues and students,
studies this problem in detail. There is an essential difference between the cases where
λ ∈ [λ−, λ+) and λ = λ+ (when the observation point coincides with the right edge of the
gap). For the first case, a general “comparison theorem” was established in [110]. Let A
be semibounded from below, and let B be obtained from A by a form-bounded pertur-
bation with zero bound. The comparison theorem says that, under some assumptions
on V , the quantities N(A, V, α, λ) and N(B, V, α, μ) have the same asymptotic behavior
as α → ∞, for arbitrary real λ ∈ ρ(A) and μ ∈ ρ(B) (here ρ(·) stands for the set of
all regular points of the operator under consideration). In applications to the perturbed
periodic Schrödinger operator −Δ + p(x) − tV (x) (when A = −Δ, B = −Δ + p(x),
and p(x) is a periodic potential) this allows one to use known results on the negative
spectrum of the “usual” Schrödinger operator −Δ− tV (x); see §9. The case of λ = λ+

is much more difficult; here threshold effects mentioned in §9 may appear.

10.3. We dwell on the results for the case where the unperturbed operator acts in
L2(R

d) and is given by

H = − div g(x)∇+ p(x).

Here g(x) is a positive definite matrix-valued function with real entries and p(x) is a
real-valued function; both g(x) and p(x) are periodic with respect to some lattice. For
simplicity, we assume that the lattice of periods is Zd. First, we recall what the structure
of the spectrum of a periodic operator H is. By the Floquet–Bloch theory, the operator
H is expanded (in the sense of unitary equivalence) in the direct integral

(10.1) H ∼
∫ ⊕

[−π,π)d
H(k) dk,

where the operators H(k) act in L2(Q
d) and depend on the parameter k (the quasimo-

mentum). Recall that Qd is the unit cube in Rd. The operator H(k) is given by the
differential expression

(10.2) H(k) = (D+ k)∗g(x)(D+ k) + p(x)

with periodic boundary conditions; here D = −i∇. The spectrum of H(k) is discrete;
the corresponding consecutive eigenvalues are denoted by Ej(k), j ∈ N (they are enu-
merated with multiplicities taken into account). The corresponding eigenfunctions of
the operator H(k) are denoted by ϕj(x;k). The eigenvalues Ej(k) viewed as functions
of the parameter k are called band functions. The band functions are continuous and
(2πZ)d-periodic. The spectrum of H has a band structure: it is the union of the closed
intervals (spectral bands) that are the ranges of the band functions Ej(·), j ∈ N. Bands
may overlap (for d ≥ 2); on the other hand, there may be gaps in the spectrum. Let
(λ−, λ+) be a gap. Then the number λ+ is the minimum of some band function Ej(·).
Usually, some regularity assumptions about the structure of the edge of the gap are im-
posed. Namely, it is assumed that there is only one band function Ej whose minimum
is λ+, this minimum is attained only at a finite number of points, and Ej has quadratic
behavior near these minimum points. For the bottom of the spectrum, these conditions
are valid automatically. By the threshold characteristics of the operator H at the edge
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of the gap λ+, we mean the asymptotics of the functions Ej(·) and ϕj(x; ·) near the
minimum points of Ej .

10.4. Consider the perturbed operator H(t) = H − tV , where V (x) is a real-valued
function vanishing as |x| → ∞. The behavior of the spectrum of H(t) in a gap is similar
to that of the negative discrete spectrum of the usual Schrödinger operator. Let d ≥ 3.
Then the case where V ∈ Ld/2(R

d) is regular, and N(H,V, α, λ+) satisfies the Weyl

asymptotics. The case where V �∈ Ld/2(R
d) is irregular; for any q > d/2 one can present

a class of potentials V such that N(H,V, α, λ+) ∼ Cαq. Next, the asymptotic coefficient
C is determined not only by the potential V , but also by the threshold characteristics ofH
at the edge of the gap. The corresponding asymptotics is called “threshold” asymptotics.
For d ≥ 3, the regular case was studied in [127], and the irregular case in [134].

Precisely as for the “usual” Schrödinger operator, the two-dimensional case is specific;
the spectrum in the semiinfinite gap (−∞, λ+) for the two-dimensional operator H(t)
was studied in the paper [144] by M. Sh. Birman, A. A. Laptev, and T. A. Suslina. In
this case, asymptotics may be irregular. For any q > 1 a class of potentials V such
that N(H,V, α, λ+) ∼ Cαq was distinguished; the coefficient C is of threshold nature.
Also, a class of potentials V was presented for which a competition between the Weyl
and threshold asymptotics occurs: N(H,V, α, λ+) ∼ Cα (i.e., the asymptotics is of Weyl
order), but the asymptotic coefficient is given by the sum of the Weyl and threshold
terms.

We mention also the paper [146] by M. Sh. Birman and M. Z. Solomyak, where such
effects were observed for the second order operator in a d-dimensional waveguide periodic
in one direction. It was assumed that the coefficients of the unperturbed operator are
also periodic, and the perturbation vanishes as |x| → ∞ along the waveguide axis.
The discrete spectrum of the perturbed operator in the semiinfinite gap was studied.
This problem is close to the one-dimensional case, though it is much more difficult. In
distinction to the problem in the entire Rd, here a threshold effect is present in any
dimension d > 1.

§11. Absolute continuity of the spectrum

of periodic operators of mathematical physics

11.1. As was discussed above in Subsection 10.3, the spectrum of a periodic elliptic
operator acting in L2(R

d) has a band structure. From a theoretical point of view, some
spectral bands may degenerate into points, which are eigenvalues of infinite multiplicity.
This happens if the corresponding band function is constant: Ej(k) = const. (Examples
of operators such that this degeneration does exist are known.) If there are no degen-
erate bands, then the spectrum of a periodic operator is purely absolutely continuous.
The problem of the proof of the absence of degenerate spectral bands is important and
difficult.

First, the absence of degenerate spectral bands for the periodic Schrödinger operator
H = −Δ+p(x) in L2(R

d) was proved by L. Thomas in 1973. We explain the main idea of
the Thomas approach. For simplicity, assume that the lattice of periods is Zd. Let H(k)
be the family of operators in L2(Q

d) arising in the direct integral expansion for H (see
(10.1), (10.2) with g = 1). This is an analytic operator family with compact resolvent.
The Thomas approach consists in the study of the analytic extension of the operator
family H(k) to complex values of the quasimomentum. Precisely, we put k = (π+iy,k′),
where k′ ∈ Rd−1 is fixed and y = Im k1 is a large parameter. Thomas showed that
the corresponding operator H(y) := H(π + iy,k′) is invertible for sufficiently large |y|.
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Moreover, the Thomas estimate

(11.1) ‖H(y)−1‖ ≤ C(1 + |y|)−1, |y| ≥ y0,

is valid. By the analytic Fredholm alternative, this easily implies the absence of degen-
erate spectral bands.

First, estimate (11.1) is proved (with the help of the Fourier series) for the “free”
operator H0(y) that corresponds to the case of p(x) = 0. Next, the potential p(x) is
taken into account as an additive perturbation, and estimate (11.1) is carried over to the
case of the “perturbed” operator H(y).

11.2. The magnetic Schrödinger operator M = (D − A(x))2 + p(x) is a much more
difficult case. Here A(x) is a periodic vector-valued (magnetic) potential. It is impossible
to prove an analog of (11.1) for the corresponding operator M(y) by viewing M(y) as an
additive perturbation of the “free” operator H0(y), because the perturbation contains
terms of order of |y|. This difficulty had not been overcome during almost a quarter of
a century.

In 1997 in the breakthrough paper [131], M. Sh. Birman and T. A. Suslina proved
the absolute continuity of the spectrum of the periodic magnetic Hamiltonian M in
dimension d = 2. The approach of [131] was based on the study of the operator P =
(D − A)2 + ∂1A2 − ∂2A1 (one of two blocks of the two-dimensional Pauli operator),
which admits a convenient factorization. Due to this factorization, it is possible to treat
P (y) as a multiplicative perturbation of the operator H0(y) and to prove estimate of the
form (11.1) for P (y)−1. Next, there is no problem to pass from P (y) to M(y), viewing
M(y)− P (y) as an additive perturbation.

After almost 25 years of stagnation, the paper [131] stimulated a series of studies, done
by different authors, on the absolute continuity of the spectrum of periodic operators.
For d ≥ 3 the problem of absolute continuity for the spectrum of the periodic magnetic
Hamiltonian was solved in 1997 by A. V. Sobolev (the case where d ≥ 3 turned out to
be much more difficult than the two-dimensional case).

M. Sh. Birman himself together with T. A. Suslina continued investigations in this field
in the papers [138, 140, 141, 142, 148] (in [142] the third coathor was R. G. Shterenberg,
a student of M. Sh.).

§12. Threshold properties and homogenization problems

for periodic differential operators

12.1. The last big and important circle of papers by M. Sh. Birman (written jointly
with T. A. Suslina), the main of which are [145, 151, 155, 156, 158, 161], is devoted to
the study of threshold properties and homogenization problems for periodic differential
operators. This series begins with the paper [139], where the spectral characteristics of
the two-dimensional periodic Pauli operator at the bottom of the spectrum (the thresh-
old characteristics) were studied. It became clear that some “good” properties of the
threshold characteristics are related not only to the specific features of the Pauli opera-
tor, but to the existence of factorization of the form X∗X, where X is a homogeneous
differential first order operator. Due to this observation, a wide class of matrix periodic
differential operators was singled out (see Subsection 12.2) and the threshold properties
of these operators were studied. During this work, an idea was born that the threshold
properties of periodic differential operators must be related to homogenization problems
in the small period limit. Later it was realized that it is possible and useful to study
homogenization procedure for a periodic operator as a spectral threshold effect at the
bottom of the spectrum. On this way, new type results in homogenization theory, called
the “operator error estimates”, were obtained.
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12.2. Let us describe the class of operators. In the space L2(R
d;Cn), consider a matrix

elliptic second order operator A admitting a factorization of the form

(12.1) A = A(g, f) = f(x)∗b(D)∗g(x)b(D)f(x).

Here g(x) and f(x) are periodic matrix-valued functions of sizes m × m and n × n,
respectively, where m ≥ n. Both matrices are bounded together with their inverses,
and g(x) is positive definite. Next, b(D) is an (m × n)-matrix homogeneous first order
differential operator; its symbol b(ξ), ξ ∈ Rd, is a matrix of maximal rank for all ξ �= 0.

In the case where f(x) is the identity matrix, we use the notation pA = pA(g) = A(g,1).
Many periodic operators of mathematical physics admit such a factorization.

12.3. The main objects of study are the operators pAε = pA(gε), Aε = A(gε, fε), ε > 0,
where gε(x) = g(ε−1x), fε(x) = f(ε−1x). The coefficients of these operators oscillate
rapidly for small ε. Homogenization theory studies properties of such operators as ε → 0.

A typical elliptic homogenization problem is to study the behavior of the solution uε

of the equation

(12.2) pAεuε + uε = F, F ∈ L2(R
d;Cn),

for small ε. It is known that there exists a limit: uε → u0 as ε → 0, where u0 is the
solution of the so called “homogenized” (or “effective”) equation

(12.3) pA0u0 + u0 = F.

Here pA0 = b(D)∗g0b(D) is the “effective” operator, and g0 is the constant positive
“effective” matrix. The way of finding the effective matrix is well known. It is nontrivial:
g0 is defined in terms of periodic solutions of some auxiliary elliptic problems on the cell
of the lattice of periods.

The questions about the character of convergence of uε to u0 and about error estimate
arise. By traditional methods of homogenization theory, the strong convergence in L2

with the error estimate ‖uε − u0‖L2
≤ Cε was proved. However, it remained unknown

how the constant C depends on the right-hand side F of equation (12.2).
In [145], it was shown for the first time that

(12.4) ‖uε − u0‖L2
≤ Cε‖F‖L2

.

Estimate (12.4) can be rewritten in operator terms:

(12.5) ‖( pAε + I)−1 − ( pA0 + I)−1‖L2→L2
≤ Cε,

that is why such estimates are called “operator error estimates”. Estimate (12.5) is
order-sharp; the constant C is controlled explicitly. In [151], a similar but somewhat
more complicated approximation for the resolvent of the more general operator Aε was
found.

Later in [155, 156], more accurate approximations of the resolvents of pAε and Aε in the
L2(R

d;Cn)-operator norm with error term O(ε2) were obtained. In [158], approximation
of the resolvent in the norm of operators acting from L2(R

d;Cn) to the Sobolev space
H1(Rd;Cn) with error term O(ε) was found. In both cases, it is necessary to take terms
of order ε (the so-called correctors) into account. An interesting effect was discovered:
the form of the corrector depends on the type of the operator norm in which an error is
measured.
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12.4. General results were applied to the specific operators of mathematical physics.
The most difficult case was the homogenization problem for the stationary periodic
Maxwell system, which was studied in [151, Chapter 7], [159] and in some papers by
T. A. Suslina. The method devepoled first for elliptic problems was later carried over to
parabolic homogenization problems by T. A. Suslina.

The last significant result in this field was obtained in the paper [161] by M. Sh. Birman
and T. A. Suslina. It concerns the operator error estimates in homogenization problems
for nonstationary equations of Schrödinger type and of hyperbolic type. Consider the
Cauchy problem for the Schrödinger type equation:

i
∂uε(x, τ )

∂τ
= pAεuε, uε(x, 0) = φ(x); φ ∈ L2(R

d;Cn).

For a fixed τ , the solution uε converges as ε → 0 in L2(R
d;Cn) to the solution u0 of the

homogenized problem:

i
∂u0(x, τ )

∂τ
= pA0u0, u0(x, 0) = φ(x).

The problem is to estimate the error term. Here new difficulties arise: it is impossible

to estimate the difference of the operator exponentials exp(−i pAετ )− exp(−i pA0τ ) in the
L2-operator norm. However, it is possible to obtain the estimate

‖ exp(−i pAετ )− exp(−i pA0τ )‖H3→L2
≤ (C1 + C2|τ |)ε,

which makes it possible to prove the qualified error estimates

‖uε − u0‖L2
≤ (C1 + C2|τ |)s/3εs/3‖φ‖Hs , φ ∈ Hs(Rd;Cn), 0 < s ≤ 3.

Similar results were also obtained for the hyperbolic equations.

12.5. Now we explain main ideas of the method, on the example of the proof of estimate
(12.5). Again, we assume that the lattice of periods is Zd. By the scaling transformation,
(12.5) is reduced to the estimate

(12.6) ‖( pA+ ε2I)−1 − ( pA0 + ε2I)−1‖L2→L2
≤ Cε−1.

Thus, it is required to approximate the resolvent of the operator pA at the point −ε2,
which is near the bottom of the spectrum λ = 0. Naturally, the main impact in such

approximation must be given by the threshold characteristics of pA at the bottom of the

spectrum. The operator pA is expanded in the direct integral of operators pA(k) acting in
L2(Q

d) (see (10.1), (10.2)). Then estimate (12.6) is equivalent to a similar approxima-

tion in the L2(Q
d)-operator norm for the resolvent ( pA(k) + ε2I)−1 (this approximation

must be uniform with respect to the parameter k ∈ [−π, π)d). The main part of inves-

tigation is the study of the properties of the operator family pA(k), which is an analytic
operator family with compact resolvent, by methods of the analytic perturbation theory
with respect to the one-dimensional parameter t = |k|. On this way, it is possible to
construct appropriate approximation of the resolvent in terms of an auxiliary finite rank
operator (called the “spectral germ”). This operator is defined in terms of the threshold

characteristics of pA. It turns out that the effective operator pA0 has the same germ; this
leads to the required results.

Thus, the method discussed above shows that the homogenization procedure is a

manifestation of the threshold effect at the bottom of the spectrum of the operator pA.
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§13. Concluding remarks

In conclusion, the authors would like to share with the reader some general impressions
about the scientific style of M. Sh. Birman, collected during long time contacts with him.

One of the most important qualities of M. Sh. was the strategic character of his
mathematical thought. He was rarely thinking in terms of concrete problems, however
interesting and important they might be in themselves. He always tried to reveal and
clarify main principles that determine the general nature of possible results in a range
of problems he was working on. The following way of thinking was typical for him: first
a general approach, which covers the problem (or problems) in question, is constructed,
next this approach is analyzed exhaustively. As a result, a theory appears applicable
to a wide class of problems of a given type. Finally, it is shown how the objects of the
general theory are realized in the concrete case under consideration. As a rule, this way
leads to an exhaustive analysis not merely of the initial particular problem, but of the
entire class of related questions. This approach has manifested itself brightly already in
his work on extension theory (see §2 of this survey). The same concerns the work of
M. Sh. on the spectrum of singular boundary value problems. One of later examples is
the new approach to homogenization theory (see §12).

M. Sh. realized this feature of himself very well. One of us told him once about
answering a seemingly inapproachable question. His reply was:

— You have resolved a question? Very good! And, probably, I am doomed forever to
resolve general problems.

What was said does not mean that M. Sh. was weaker in solving specific problems. His
papers on scattering theory and also on applications of the quadratic forms technique in
the study of boundary value problems are full of technical tricks, which were later used
widely by many mathematicians and physicists. Each of us can give many examples
when, during joint work with M. Sh., an obstacle arising was overcome with the help of
some technical tool suggested by him in one of his earlier papers. In such cases, he liked
to cite Koz′ma Prutkov:

“Wait, my charming, my temptress,
Soon or may be later,
I’ll pull out from my dress
A silky-smooth rope-ladder”.
M. Sh. had a wonderful ability to see a general problem beyond a particular example,

and to see an idea or, moreover, a general ideology beyond a technical tool. A bright
example of first type is his paper [25] on the Laplace operator in domains with edges.
An example of second type is related to his paper [38], where the piecewise-polynomial
approximation method was developed. As was mentioned in §7, the initial goal of the
authors was to find conditions under which a given integral operator in the weighted
L2-space belongs to the trace class. Paying attention to the nonlinear version of the
method, M. Sh. supposed that it could help to estimate the ε-entropy of the embeddings
of Sobolev classes in the spaces C and Lq. This was confirmed brilliantly.

An exceptional independence of thought was typical of M. Sh.. He felt free with
introducing new notions. Let us give an example. During a long time it was common to
describe spectral properties of compact operators in terms of the Schatten–von Neumann
classes, though in many important questions such a description was evidently not sharp.
In the paper [22], M. Sh. introduced classes which are now called the “weak Schatten–von
Neumann classes”. This allowed him to obtain spectral estimates for the problem studied
in [22] in sharp terms. Another example (from the late work) is the introduction of the
new term “spectral germ”, which plays a crucial role in the description of the threshold
properties of a periodic elliptic operator.
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M. Sh. was inclined to self-analysis. When he obtained a new scientific result, he
always asked himself: why have I managed to do this and why haven’t others? This was
not because of self-advertising: he tried to understand what combination of experience
and knowledge helped him to solve the problem.

He was always moving forward, though he did not neglect working out an investigation
started before. M. Sh. told: “During all my life I am writing one and the same paper”,
though he brought significant contributions to different fields of mathematical physics,
function theory, spectral theory of operators, partial differential equations. But, when he
passed from one subject to another, one could always trace the threads which connected
these subjects with each other. In this survey, the authors tried to mention these threads.
He had a wonderful intuition. He felt faultlessly what deserved to be studied and what
did not. Sometimes, he felt the relationship between different fields and subjects under
investigation on some irrational level.

At the same time, his mentality was not purely mathematical. His choice of subjects
for investigation was often motivated by direct applications to natural physical problems.
He had many talents, and mathematics was lucky to be his favourite.

He was indifferent to the honoured titles and rewards, and always considered that it
was beneath his dignity to strive to get them. However, in the declining years, when
he was seriously ill, we was glad to be awarded the titles of the Honoured Scientist of
Russian Federation, the Honoured Professor of St. Petersburg State University, and the
Chebyshev Prize. These rewards showed the (belated) recognition of his services.

Due to his sharp intellect, wide erudition, and fast reaction on everything around
him, M. Sh. was a leader in any group which he joined. It was always interesting and
instructive to listen to him.

The memory of Mikhail Shlemovich Birman will always live in the hearts of those who
were lucky to know this wonderful scientist and person.
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Theory Adv. Appl., vol. 46, Birkhäuser, Basel, 1990, pp. 3–16. MR1124648 (92j:35136)

[103] M. Sh. Birman, Discrete spectrum in the gaps of the continuous one in the large-coupling-constant
limit, Order, Disorder and Chaos in Quantum Systems (Dubna, 1989), Oper. Theory Adv. Appl.,
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Journées “Équations aux Dérivées Partielles” (Saint-Jean-de-Monts, 1994), Exp. No. XIV, École
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