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ON CONNECTIONS BETWEEN THE THEORY OF RANDOM

OPERATORS AND THE THEORY OF RANDOM MATRICES
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Abstract. For several families of selfadjoint ergodic operators, it is proved that, as
the parameter that indexes the operators of a family tends to infinity, the integrated
density of states converges weakly to the infinite size limit of the normalized counting
measure of eigenvalues of certain random matrices. The subsequent informal discus-
sion is devoted to the role of these results as possible indications of the presence
of the continuous spectrum for random ergodic operators belonging to the families
under consideration, when the indexing parameter values are sufficiently large.

§1. Introduction

In this paper, we deal with certain common topics of and links between two branches
of spectral theory and mathematical physics: the random operator theory (ROT) and
the random matrix theory (RMT). Both branches appeared in the 1950s and, for the
most part, have been developing independently.

The RMT owes a lot to Wigner, who proposed in the early 1952 to use real symmetric
and Hermitian matrices of large size with independent entries to describe the experi-
mentally discovered phenomenon of the energy level repulsion of heavy nuclei. However,
it should be mentioned that another class of large random matrices, known as sample
covariance matrices, has been used in statistics since the early 1930s, although with
different motivations and goals.

The ROT dates back to the seminal paper by P. Anderson of 1958, in which it was
proposed to explain the absence of mobility for particles and charges in disordered media
via the pure point nature of the spectrum of the corresponding finite difference and
differential operators with random coefficients, namely, of the operators describing the
dynamics of elementary excitations of media.

A number of other problems, results, and links with various domains of physics and
mathematics have appeared since then in the ROT and the RMT, but till now the RMT
is mostly concentrated on the asymptotic studies as n → ∞ of eigenvalue distributions
of n×n Hermitian, real symmetric, unitary, etc. random matrices for which the number
νn of nonzero entries (that, as a rule, have one and the same order of magnitude) grows
faster than the matrix size n as n → ∞ (see, e.g., [27])

On the other hand, the ROT deals mostly with eigenvectors, i.e., with spectral types of
finite difference and differential operators in Rd and Zd, d ≥ 1, with ergodic (and weakly
dependent as a rule) coefficients, although the asymptotic properties of eigenvalues of
operators defined by the same finite difference or differential expressions in large boxes
are also of interest [12, 36].
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In the archetypical case of matrices with Gaussian entries (Gaussian orthogonal en-
semble (GOE) and Gaussian unitary ensemble (GUE)) we have νn = O(n2), n → ∞, but
it can also happen that νn/n tends to infinity arbitrarily slow as n → ∞, as in the case
of band (see (2.3)) or sparse random matrices. For these matrices, there is no operator
in l2(Z) for which they are restrictions to finite intervals. Moreover, to prevent their
spectrum from escaping to infinity as n → ∞, we need to assume that the matrix entries
vanish in this limit with a rate determined by νn.

The simplest example of “the opposite case” is the diagonal random matrix, for which
νn = n. Another much less simple example is a three-diagonal or Jacobi matrix, where
only the principal and the two adjacent diagonals are nonzero, so that νn = 3n − 2. In
these cases, unlike random matrices with νn/n → ∞, n → ∞, the nonzero entries need
not vanish as n → ∞, and as a rule it is assumed that the entries do not depend on n.
An important property of these random matrices is that for them there exist “limiting
objects”, selfadjoint operators in l2(Z), defined by the double infinite version of the
corresponding finite size matrices, i.e., by a second order finite difference equation on the
entire line. These and analogous selfadjoint operators in l2(Zd) and L2(Rd) defined by
finite difference and differential equations with random ergodic coefficients are studied in
the spectral theory of random operators (ROT) and its theoretical physics counterpart,
known as the theory of disordered systems [24, 36, 12].

Our goal in this paper is to discuss certain problems and quantities that are of common
interest for both the RTM and the ROT. To this end we consider several families of
random ergodic operators, each family displaying certain properties pertinent to random
matrices as the parameter that indexes the operators of the family tends to infinity. Part
of these results dates back to [22]. However, we obtain them by a simpler and more
transparent method worked out recently in the RMT [34, 39, 25] and also applicable to
other families. Furthermore, we use the method to analyze two more families of random
operators (see (3.12)–(3.13) and (2.9)), not considered in [22].

The organization of the paper is as follows. First, we recall the most known and studied
random matrices and their properties. Then we present certain families of random ergodic
operators and show that their integrated density of states (IDS) converges weakly to the
limiting normalized counting measure of eigenvalues (NCM) of related random matrices.
Then we give an informal discussions of implications of the results obtained, in view of
recent developments of the RMT and the ROT.

§2. Most widely known random matrices

2.1. Description. Here we present several most known and studied (often called classi-
cal) Hermitian random matrices and their properties related to the subject of the paper.
Note that the RMT deals also with other important classes of random matrices, e.g., real
symmetric, unitary, orthogonal, etc. For more detailed information on these topics, see
the surveys [3, 5, 16, 35]

2.1.1. The Gaussian unitary ensemble (GUE). This is a Hermitian random matrix of
size n× n defined as follows:

(2.1) Mn = n−1/2Wn, Wn = {Wjk}nj,k=1, Wjk = Wkj ∈ C,

where the Wjk, 1 ≤ j ≤ k ≤ n, are independent complex Gaussian random variables
such that

(2.2) E{Wjk} = E{W 2
jk} = 0, E{|Wjk|2} = w2 > 0.
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Band version. This is a Hermitian random (n× n)-matrix Mn,b with the entries

(2.3)

(Mn,b)jk = b−1/2ϕ(|j − k|/β)Wjk, b = 2β + 1, β ∈ N, j, k = 1, . . . , n,

suppϕ = [0, 1],

∫
ϕ2(t) dt = 1.

In particular, if in (2.1) ϕ is the indicator of (0, 1), then Mn,b is obtained from the GUE
matrix (2.1), (2.2) by replacing by zeros the matrix elements outside the band of width
2β + 1 centered around the principal diagonal.

Deformed version. In this case we have

(2.4) Mn = M (0)
n + n−1/2Wn,

where M
(0)
n is a Hermitian (n×n)-matrix, either nonrandom or random and independent

of Wn.
We also mention a natural generalization of the GUE matrix, known in the RMT as

the Hermitian Wigner matrix. It is a Hermitian (n × n)-matrix of the same form as

(2.1) but with arbitrary independent (and, possibly, n-dependent) W
(n)
jk , 1 ≤ j ≤ k ≤ n,

satisfying (2.2).

2.1.2. Hermitian Wishart matrices. These are Hermitian random (n×n)-matrices of the
form

(2.5) Mn = n−1X∗
m,nXm,n, Xm,n = {Xαj}m,n

α,j ,

where the {Xαj}m,n
α,j are complex random variables such that (cf. (2.1))

(2.6) E{Xαj} = E{X2
αj} = 0, E{|Xαj |2} = a2 > 0.

Note that in statistics the term Wishart matrices is used for those with real Gaussian
random variables satisfying (2.6) (see, e.g., [30]). They are the sample covariance matrices
of uncorrelated Gaussian parameters (populations). The above case of complex Gaussian
random variables is known in the RMT as the Laguerre ensemble.

Deformed versions (both additive and multiplicative). In this case we have

(2.7) Mn = M (0)
n + n−1X∗

m,nTmXm,n,

where theM
(0)
n and Tm are either nonrandom or random Hermitian matrices independent

of Xm,n and of one another. Yet another version is the so-called “signal-noise” matrix

(2.8) Mn = (Am,n +Xm,n)
∗Tm(Am,n +Xm,n),

where Am,n is an (n×m)-matrix that is either nonrandom or random but independent
of Xm,n.

Replacing {Xαj}m,n
α,j by arbitrary independent {X(m,n)

αj }m,n
α,j random variables with

the same first two moments, we obtain sample covariance matrices of non-Gaussian
populations. A similar generalization is also natural for (2.7) and (2.8).

2.1.3. Law of addition. Here we have Hermitian (n× n)-matrices of the form

(2.9) Mn = An + U∗
nBnUn,

where Un is uniformly (Haar) distributed over U(n) and An and Bn are either non-
random or random Hermitian matrices independent of Un and of one another. A moti-
vation for this problem is provided by the free probability studies (see, e.g., [49])
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2.2. Basic results. We introduce the normalized counting measure (NCM) Nn of the

eigenvalues {λ(n)
l }nl=1 of Mn:

(2.10) Nn(Δ) = �{l = 1, . . . , n : λ
(n)
l ∈ Δ}/n, Δ ⊂ R,

known also as the empirical eigenvalue distribution. Assume that the corresponding

measures N
(0)
n for M

(0)
n and σm for Tm in (2.4) and (2.7), and also NAn

for An and NBn

for Bn in (2.9) have weak limits (with probability 1 if random) as m = mn → ∞, n → ∞,
mn/n → c ∈ [0,∞). Then in all above cases Nn converges weakly with probability 1 to
a nonrandom limit N . This limit can be found via its Stieltjes transform

f(z) =

∫
N(dλ)

λ− z
, Im z �= 0,

which solves functional equations below, and via the inversion formula (see, e.g., [2])

N(Δ) = lim
ε→0

1

π

∫
Δ

Im f(λ+ i0) dλ.

2.2.1. Deformed Gaussian unitary ensemble. (i) The Stieltjes transform of the infinite
size limit with probability 1 of the NCM (2.10) solves the equation

(2.11) f(z) = f (0)(z + w2f(z)),

where f (0) is the Stieltjes transform of N (0). This equation is uniquely solvable in the
class of Nevanlinna functions, i.e., those analytic for nonreal z and satisfying (see, e.g., [2])

(2.12) Im f(z) Im z ≥ 0, f(z) = −1

z
+ o(1/z), z → ∞.

The corresponding limiting measure is known as the deformed semicircle law.
The same result is valid for the deformed Wigner matrices (macroscopic universality)

under the condition

lim
n→∞

n−2
∑

1≤j≤k≤n

P{|Wjk| > τ
√
n} = 0, τ > 0,

resembling the Lindeberg condition of probability theory [33, 25]. N is absolutely con-
tinuous and has continuous density ρ.

In particular, if M
(0)
n = 0 (GUE, Wigner), then from (2.11), (2.12) we obtain the

semicircle law by Wigner

f(z) =
1

2w2

(√
z2 − 4w2 − z

)
,(2.13)

N(dλ) = ρ(λ) dλ, ρ(λ) = 1[−2w,2w](λ)
√
4w2 − λ2.(2.14)

The same is true for the band matrices (2.3) with an n-dependent b = bn and bn/n → 0,
n → ∞ (see [11] for further results on the convergence of densities of measures and
estimates for the error terms).

(ii) If λ0 belongs to the interior (bulk) of the support of N and

(2.15) En(s) = P{[λ0, λ0 + s/ρ(λ0)] /∈ λ
(n)
l , l = 1, . . . , n}

is the gap probability, then for the deformed GUE we have the Gaudin–Wigner–Dyson
law for

(2.16) E(s) = lim
n→∞

En(s) = det(1− S(s)),

where

(2.17) (S(s)f)(x) =

∫ s

0

sin π(x− y)

π(x− y)
f(y) dy.
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In particular, for the limiting probability density p(s) = E′′(s) of spacing between adja-
cent eigenvalues we have

(2.18) p(s) =
π

36
s2(1 + o(1)), s → 0,

which demonstrates the eigenvalue repulsion phenomenon [27, 9, 20, 42].
(iii). The unitary matrix whose columns are eigenvectors of the GUE matrix is uni-

formly (Haar) distributed over U(n), i.e., all the components of eigenvectors are typically
of the same order of magnitude. This can be viewed as an analog of the nondecaying
(at infinity) generalized eigenfunctions of the absolutely continuous spectrum of differ-
ential and finite difference operators (e.g., the plane waves for operators with constant
coefficients), or, in physics terms, the eigenvector delocalization (see §5 for more on this
point).

Not long ago, it was shown (see, e.g., [14, 45]) that the eigenvectors of Wigner matrices

are also typically delocalized, i.e., if ψ
(n)
l = {ψ(n)

lj }nj=1, ‖ψ
(n)
l ‖ = 1, is an eigenvector

corresponding to the eigenvalue λ
(n)
l , then there exist n-independent A > 0 and C < ∞

such that for any K > 1 we have

(2.19) P{ max
1≤j,l≤n

|ψ(n)
lj | ≤ (logn)A/n1/2} ≥ 1− C/nK .

2.2.2. Deformed Wishart matrices. The Stieltjes transform of the infinite size limit with
probability 1 of the NCM (2.10) is a unique Nevanlinna solution of the equation

(2.20) f(z) = f (0)

(
z − a2c

∫
τσ (dτ )

1 + a2τf(z)

)
,

where c = limn→∞ m/n.
The same result is valid for a wide class of sample covariance matrices with non-

Gaussian entries [26, 5, 25, 32]

In particular, for M
(0)
n = 0 and unit Tm in (2.7) we have

(2.21) NMP (dλ) = (1− c)+δ(λ)dλ+ ρMP (λ)dλ,

where (cf. (2.14))

(2.22) ρMP (λ) = (2πa2λ)−1
√
(a+ − λ)(λ− a−)1[a+,a−], a± = a2(1±

√
c)2.

Note also that for the Hermitian Wishart matrices and their non-Gaussian counterparts
the properties described in items (ii) and (iii) are also fulfilled [14, 46]. This is a mani-
festation of the universality properties of random matrices (see, e.g., [14, 37] for recent
results).

2.2.3. Law of addition. Here also the limiting NCM of (2.9) can be found via its Stieltjes
transform, which satisfies the following system of functional equations determined by the
Stieltjes transforms fA and fB of the limiting NCM of {An} and {Bn}:

f(z) = fA(hB(z)),

f(z) = fB(hA(z)),

f−1(z) = z − hA(z)− hB(z).

(2.23)

This system is uniquely solvable in the class of functions (f, hA, hB) analytic for nonreal
z, satisfying (2.12), and such that

(2.24) hA,B(z) = z +O(1), z → ∞;

see [38, 39].
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§3. Families of random operators

Here we describe the families of ergodic operators that we are going to study. The
random parts of the operators resemble those of random matrices of §2. We recall also
the required properties of the integrated density of states for these operators.

3.1. Description. (i). Define a symmetric random operator HRG
in l2(Z

d), d ≥ 1, by
indicating its matrix {HRG

(x, y)}x,y∈Zd as follows

(3.1) HRG
(x, y) = h(x− y) +R

−d/2
G ϕ((x− y)/RG)W (x, y), x, y ∈ Z

d,

where h : Zd → C,

(3.2) h(−x) = h(x),
∑
x∈Zd

|h(x)|2 < ∞,

RG > 0, ϕ : Rd → R is piecewise continuous,

(3.3) max
t∈RG

|ϕ(t)| ≤ ϕ0 < ∞, ϕ(t) = 0, |t| > 1,

∫
Rd

ϕ2(t) dt = 1,

and (cf. (2.2))

(3.4) W (x, y) = W (y, x), x, y ∈ Z
d,

are independent (modulo the above symmetry condition) complex Gaussian random vari-
ables such that (cf. (2.2))

E{W (x, y)} = E{W (x, y)2} = 0,

E{|W (x, y)|2} = w2 > 0, x, y ∈ Z
d.

(3.5)

δ being the delta-symbol.
In the case of d = 1, the random part of HRG

of (3.1) is an infinite matrix having
nonzero entries only inside the band of width (2RG + 1) around the principal diagonal;
this matrix can be viewed as an infinite-dimensional analog of the band matrix (2.3).

(ii) Define a symmetric random operator Hd = {Hd(x, y)}x,y∈Zd in l2(Z
d) by

(3.6) Hd(x, y) = hd(x− y) + (2d)−1/2W1(x, y),

where, for x = (x1, . . . , xd), δ is the delta-symbol,

(3.7) hd(x) = d−1/2
d∑

j=1

h1(xj)
∏
k �=i

δ(xk), h(0) = 0,

h1 : Z → C satisfies (3.2) for d = 1 (e.g., hd may be the matrix of the discrete Laplacian),
and

(3.8) W1(x, y) =

{
W (x, y), |x− y| = 1,

0, |x− y| �= 1,

and the W (x, y) are as in (3.5).
(iii) Define a symmetric operator

HnW
= {HnW

(x, α; y, β)}x,y∈Zd, α,β=1,...,nW

in l2(Z
d)⊗ CnW as

(3.9) HnW
(x, α; y, β) = h(x− y)δαβ + n

−1/2
W δ(x− y)Wαβ(x),

where x, y ∈ Zd, α, β = 1, . . . , nW , h is the same as in HRG
, and

(3.10) Wαβ(x) = Wβα(x), x ∈ Z
d, α, β = 1, . . . , nW ,
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are independent (modulo the symmetry condition) complex Gaussian random variables
(cf. (2.2) and (3.5)):

E{Wαβ(x)} = E{W 2
αβ(x)} = 0,

E{|Wαβ(x)|2} = w2 > 0, x ∈ Z
d, α, β = 1, . . . , nW .

(3.11)

The operator HnW
is a special case of those introduced by Wegner in [50]. It can be

regarded as the nW -component analog of the discrete Schrödinger operator (the Anderson
model (5.1)) or as the Hamiltonian of a disordered system in the dimension d + nW in
which the random potential in nW “transverse” dimensions is written in the “mean field”
form.

(iv). The random part of the operator HRG
of (3.1) is the infinite random matrix

{R−d/2
G ϕ((x− y)/RG)W (x, y)}x,y∈Zd ,

resembling the GUE matrix (2.1)–(2.2) or rather the band matrix (2.3). Recalling that
another random matrix constructed from complex Gaussian random variables is the
Hermitian Wishart matrix (2.5), (2.6) and its deformations (2.7), (2.8), we can introduce
an analog of HRG

with the Hermitian Wishart type random part:

(3.12) HRW
(x, y) = h(x− y) +R−d

W ϕ((x− y)/RW )
m∑

α=1

Xα(x)Xα(y), x, y ∈ Z
d,

where h is as in (3.1), {Xα(x)}1≤α≤m,x∈Zd are independent and identically distributed
complex Gaussian random variables such that (cf. (2.6))

(3.13) E{Xα(x)} = E{X2
α(x)} = 0, E{|Xα(x)|2} = a2 > 0,

and ϕ is a positive definite function vanishing sufficiently fast at infinity.
(v) The random part of the next ergodic operator is due to unitary Haar distributed

random matrices, cf. (2.9). Namely, consider the symmetric operatorHnV
in l2(Zd)⊗CnV

defined by the matrix (cf. (3.9)–(3.11))

(3.14) HnV
(x, α; y, β) = h(x− y)δαβ + δ(x− y)(U∗

nV
(x)BnV

UnV
(x))αβ,

where h is as above, x, y ∈ Zd, α, β = 1, . . . , nV , {UnV
(x)}x∈Zd are independent and

identically distributed unitary (nV × nV )-matrices whose common probability law is the
normalized Haar measure on U(nV ), and BnV

is a Hermitian (nV × nV )-matrix.
The random operators HRG

, HRW
, and Hd can be viewed as analogs of the Hamilto-

nians of lattice models of statistical mechanics in which RG and RW are analogs of the
interaction radius and d is the dimension of the space. The limits RG,W → ∞ and d → ∞
in these Hamiltonians lead to the mean field models which, being rather simple, provide
nevertheless a fairly reasonable qualitative description of the corresponding systems with
large interaction radius and in high dimensions (see [18, 21]). Similarly, the operators
HnW

and HnV
are analogs of the Hamiltonians of statistical mechanics models having

a certain internal structure (a fixed number spin components or orbitals per site (see
[21, 44, 50])), and here the limit of the infinite number of spin components or orbitals
leads to the spherical model.

Note also that the five families (3.1)–(3.14) of random operators have the form of the
sum of a nonrandom translation invariant part and a fluctuating random part explicitly
involving the parameters RG, d, RW , nW , nV that we are going to send to infinity. The
random parts are such that the larger these parameters are, the more “extended” and
smaller the randomness is. This again resembles the statistical mechanics setup, where
a similar scaling of the interaction is widely used in the mean field and the spherical
approximations.
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3.2. Integrated density of states. We denote by Ω the infinite-dimensional proba-
bility space formed by {W (x.y)}x,y∈Zd for a = RG, d, i.e., in the case of (3.4) and (3.5);
by {Wαβ(x, y)}α,β=1,...,n; x,y∈Zd for a = nW , i.e., in the case of (3.10) and (3.11); by
{Xα(x)}α∈N;x∈Zd for a = RW , i.e., in the case of (3.12); and by {Un(x)}x∈Zd for a = nV .
Let {Ts}s∈Zd be the (shift) automorphisms of Ω defined by

W (x, y, Tsω) = W (x+ s, y + s, ω), x, y ∈ Z
d,

for a = RG, d, by

Wαβ(x, y, Tsω) = Wαβ(x+ s, y + s, ω), x, y ∈ Z
d, α, β = 1, . . . , nW ,

for a = nW ,

Xα(x, Tsω) = Xa(x+ s), α = 1, . . . ,m,

for a = RW , and by

U(x, Tsω) = U(x+ s, ω), x ∈ Z
d,

for a = nV .
The definitions of the corresponding collections of random variables show that each

Ts preserves the probability measure in Ω and that {Ts}s∈Zd is an ergodic group of
automorphisms of Ω. This implies that the random operatorsHa, a = RG, d, RW , nW , nV

are symmetric ergodic operators in the sense of [36, §§1.D and 2.A]. Furthermore, let
{Us}s∈Zd be the group of unitary (shift) operators in l2(Zd) defined for ψ ∈ l2(Zd) by

(Usψ)(x) = ψ(x+ s), x ∈ Z
d,

if a = RG, d, RW , and defined on l2(Zd)⊗ C
a by

(Usψ)(x, α) = ψ(x+ s, α), x ∈ Z
d, α = 1, . . . , a,

if a = nW , nV . Then with probability 1 we have

(3.15) UsHa(ω)U
∗
s = H(Tsω), s ∈ Z

d.

We refer the reader to [36, Chapters I and II] for the general spectral properties of
ergodic operators. In particular, from Corollary 4.3 of [36] it follows that the symmetric
operators Ha are defined with probability 1 on the set of sequences in x ∈ Z

d with finite
support and are essentially selfadjoint on this set.

Our intention is to study the simplest, although rather important from several points
of view, spectral characteristic of the above ergodic operators, known as the integrated
density of states (IDS). It is an analog of the limiting NCM of random matrices and is
defined as follows. For each of the above operators, consider its “finite box” version,
i.e., the restrictions HaΛ of Ha to the cube Λ ⊂ Zd centered at the origin. We obtain
|Λ|× |Λ| Hermitian random matrices for a = RG, d, RW , and |Λ|a×|Λ|a matrices for a =
nW , nV . For each of them, in the usual way, we define the NCM NaΛ (see (2.10)) of their
eigenvalues as the eigenvalue counting measure divided by the size of the corresponding
matrix. The general results of spectral theory of ergodic operators (see [36, Chapter IV])
show that, for each of the above operators, the random measures NaΛ converge weakly
with probability 1 to a nonrandom limit Na as Λ tends to Z

d (or Rd) and that for any
Δ ⊂ R we have

(3.16) Na(Δ) = E{Ea(0, 0;Δ)}, a = RG, d, RW ,

where {Ea(x, y; Δ)}x,y∈Zd is the matrix of the resolution of identity of Ha for a =
RG, d, RW , and

(3.17) Na(Δ) = E
{
a−1

a∑
α=1

Ea(α, 0;α, 0;Δ)
}
, a = nW , nV ,



RANDOM OPERATORS AND RANDOM MATRICES 125

where

(3.18) {Ea(x, α; y, β; Δ)}x,y∈Zd, α,β=1,...,a

is the matrix of the resolution of identity of the operators Ha for a = nW , nV .

§4. The limiting integrated density of states

In this section we show that the IDS of Ha, a = RG, d, RW , nW , nV , all tend weakly
as a → ∞ to the limits coinciding with the infinite size limits of the normalized counting
measure of the random matrix in §2 (the deformed semicircle law for a = RG, d, and
nW , the measure defined by (2.20) for the matrices (2.7), and the law of addition of
random matrices (2.9) for a = nV ). Moreover, the limits are closely related to certain
approximations for the integrated density of states of elementary excitations in certain
models of disordered condensed media (see [21, 22, 24] and the next section).

The natural condition that we should obtain a finite nonzero IDS in these limits fixes
the normalization factors R

−1/2
G , d−1/2 and nW

−1/2 in (3.1)–(3.11). This will be seen
below in the full extent. Here we give a simple argument. Indeed, by (3.11) and the
spectral theorem, for a = RG, d, RW we have

(4.1)

∫
λ2Na (dλ) = E{(H2

a)(0, 0)} =
∑
x∈Zd

E{|Ha(0, x)|2},

and for a = nW , nV we have∫
λ2Na(dλ) = a−1

a∑
α,β=1

∑
x∈Zd

E{H2
a(α, 0;β, x)}.

Then, from (3.1)–(3.5) for a = RG we get∑
x∈Zd

E{|HRG
(0, x)|2} =

∑
x∈Zd

|h(x)|2 + w2R−d
∑
x∈Zd

|ϕ(x/RG)|2,

and conditions (3.2)–(3.3) imply that the right-hand side of this expression tends to a
nonzero and finite limit:

(4.2) lim
RG→∞

∑
x∈Zd

E{|HRG
(0, x)|2} =

∑
x∈Zd

|h(x)|2 + w2 < ∞.

A similar argument applies to the other cases.
Denote by N (0) the IDS of the nonrandom (unperturbed) parts of the operators (3.1)–

(3.12). For these convolution operators, which satisfy (3.15) for Ω = {0}, formula (3.16)
implies that the relation

(4.3) N (0)(dλ) = meas{k ∈ T
d : ĥ(k) ∈ dλ},

where T
d = [0, 1]d is the d-dimensional torus, and

(4.4) ĥ(k) =
∑
x∈Zd

h(x)e2πi(k,x)

is the symbol of the corresponding operator.
Note that for the operator Hd of (3.6) the nonrandom part and its IDS depends also

on d. Therefore, unlike HRG
, HnW

, HRW
, and HnV

, in the case of Hd the limit as d → ∞
affects also the IDS of the “unperturbed” convolution operator defined by the first term
on the right-hand side (3.6) and by (3.7). More precisely, in this case N (0) is given by
the limit of (3.7) and (4.3) as d → ∞ and it is the Gaussian measure

(4.5) N (0)(dλ) = (2πh2)
−1/2e−λ2/2h2dλ,
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where

(4.6) h2 =
∑
x∈Z

h2
1(x).

Now we formulate the main result of the paper.

Theorem 4.1. Let Ha, a = RG, d, RW , nW , nV , be the random operators defined by
(3.1)–(3.14), let N (0) be defined by (4.3) for a = RG, nW , and by (4.5) for a = d, and let
Na be the integrated density of states of Ha given by (3.16), (3.17). Then Na converges
weakly as a → ∞ to the probability measure Nlim whose Stieltjes transform f solves the
equations below.

(i) For a = RG, d, nW , equation (2.11) in which f (0) is the Stieltjes transform of (4.3)
for a = RG, nW and of (4.5) for a = d.

(ii) For a = RW , equation (2.20) in which f (0) is the Stieltjes transform of (4.3) and

(4.7) σ(Δ) = meas
{
k ∈ supp ϕ̂ : ϕ̂(k) ∈ Δ

}
,

where ϕ̂ is the Fourier transform of a positive definite function ϕ with compact support;
(iii) For a = nV , equations (2.23) in which fA is the Stieltjes transform of (4.3) and

fB is the limiting normalized counting measure of {NBnV
} as nV → ∞ and it is assumed

that

(4.8) sup
nV

∫
R

λ4NnV
(dλ) < ∞.

Below, we give a detailed proof for the case where a = RG, because it is the simplest
technically, but contains, however, all basic moments of the proofs for the other cases,
except for certain moments of the proof for a = nV , which is also outlined below. All
the proofs follow essentially those on the limiting normalized counting measure for the
corresponding random matrices, as described in §2 (see, e.g., [34, 39]).

Lemma 4.2. Let

(4.9) G(z) = (HRG
− z)−1 = {G(x, y; z)}x,y∈Zd

be the resolvent of the operator HRG
, and let

(4.10) G(0)(z) = (H(0) − z)−1 = {G(0)(x, y; z)}x,y∈Zd

be the resolvent of the nonrandom part of HRG
:

(4.11) H(0) = {h(x− y)}x,y∈Zd .

Then for any nonreal z we have

(4.12) E{G(z)} = G(0)(rzRG
(z)) +E {G(z)D(z)}G(0)(rz(z)),

where D(z) = {D(x, y; z)}x,y∈Zd is the diagonal operator defined by

(4.13) D(x, y; z) = δ(x− y)D(x; z)

with

(4.14) D(x; z) = R−d
G

∑
x′∈Zd

ϕ2((x− x′)/RG)(G(x′, x′; z)−E {G(0, 0; z)}),

and

(4.15) rzRG
(z) = z + w2E {G(0, 0; z)}SRG

with

(4.16) SRG
= R−d

G

∑
x∈Zd

|ϕ(x/RG)|2.
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Proof. By using the resolvent identity for the pair (HRG
, H(0)), we obtain

E{G(x, y; z)} = G(0)(x, y; z)

−E

{
R

−d/2
G

∑
x′,x′′∈Zd

G(x, x′; z)ϕ((x′ − x′′)/RG)W (x′, x′′)

}
G(0)(x′′, y; z).

(4.17)

Now we use the formula

(4.18) E{ζΦ(ζ, sζ)} = w2E

{
∂

∂sζ
Φ(ζ, sζ})

}
,

where Φ : C2→ C is a differentiable function with bounded derivatives and ζ is the
complex Gaussian variable specified by (cf. (2.2))

(4.19) E{ζ} = E{ζ2} = 0, E{|ζ|2} = w2.

Formula (4.17) is an abbreviated form of the relation

1

2πσ2

∫
C

zΦ(z, sz)e−|z|2/w2

L(dz) = w2 1

2πσ2

∫
C

∂

∂sz
Φ(z, sz)e−|z|2/2σ2

L(dz)

(where L(dz) is the Lebesgue measure in C), resulting from integration by parts.
By using this formula with G(x, x′; z) as Φ and W (x′, x”) as ζ, we obtain

E {G(x, x′; z)W (x′, x′′)} = w2E

{
∂G(x, x′; z)

∂W (x′′, x′)

}
.

Combining this and the formula

(4.20)
∂G(x, x′; z)

∂W (x′′, x′)
= −R

−d/2
G ϕ((x′ − x′′)/RG)G(x, x′′; z)G(x′, x′; z),

which follows from (3.1) and the resolvent identity, and using (4.13), (4.14), (4.16), we
get

E {G(z)} = G(0)(z) + w2SRG
E {G(0, 0; z)}E {G(z)}G(0)(z) +E {G(z)D(z)}G(0)(z),

or

E {G(z)} (1− w2E {G(0, 0; z)}SRG
G(0)(z)) = G(0)(z) + w2E {G(z)D(z)}G(0)(z).

From (4.10) and (4.15) it follows that

1− w2SRG
E {G(0, 0; z)}G(0)(z) = (H(0) − rzRG

(z))G(0)(z),

or

E {G(z)} (H(0) − rzRG
(z)) = 1 +E {G(z)D(z)} ,

where rzRG
is defined in (4.15). Also, the inequality ImG(x, x; z) Im z > 0, Im z �= 0, valid

for the resolvent of any selfadjoint operator, implies the bound | Im rzRG
(z) ≥ | Im z| > 0,

and thus, the invertibility of H(0) − rzRG
(z) for Im z �= 0. Hence, we can multiply both

sides of the last identity by G(0)(rzRG
(z)) and obtain (4.12). �

Proof of Theorem 4.1. (i) The case where a = RG. It suffices to prove that the Stieltjes
transform fRG

of NRG
converges to the solution of (2.11) uniformly on any compact

set in C \ R. Indeed, the correspondence of the probability measures and their Stieltjes
transforms is one-to-one and continuous with respect to the uniform convergence of
Stieltjes transforms on compact sets in C \ R and the weak convergence of probability
measures, provided that the corresponding collection of measures is tight [2]. The last
property follows from relations (4.1)–(4.2), ensuring tail bounds forNRG

that are uniform
in RG.
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Formula (3.16) and the spectral theorem show that

(4.21) fRG
(z) = E {G(0, 0; z)} .

This and (4.12) lead to the relation

(4.22) fRG
(z) = f (0)(z + w2fRG

(z)) + εRG
(z),

where

(4.23) εRG
(z) = E{(G(z)D(z)G(0)(rzRG

(z)))(0, 0)}
and D(z) is given by (4.13)–(4.14). The Schwarz inequality yields

(4.24)

|εRG
(z)|2 ≤

∣∣∣∣∑
x∈Zd

E{G(0, x; z)D(x; z)}G(0)(x, 0; z)

∣∣∣∣2
≤

∑
x∈Zd

E{|G(0, x; z)|2}
∑
x∈Zd

E{|D(x; z)|2}|G(0)(x, 0; rzRG
)|2.

Now, using (4.13), (4.14) and the Schwarz inequality once again, we obtain

(4.25) E{|D(x; z)|2} ≤ SRG

∑
x′∈Zd

R−d
G ϕ2((x− x′)/RG)E{|G(x′, x′; z)− fRG

(z)|2}.

By (3.15) and (4.21), we can write

E{G(x′, x′; z)} = fRG
(z), E{|G(x′, x′; z)|2} = E{|G(0, 0; z)|2}, x′ ∈ Z

d,

whence
E{|G(x′, x′; z)− fRG

(z)|2} = Var{G(0, 0; z)}.
Now we use the following bound for the variance. Let {ξα}α∈A be a collection of

independent real Gaussian random variables satisfying

E{ξα} = 0, E{ξ2α} = w2

(cf. (2.2) for j = k and (3.5) for x = y), and let {ζβ}β∈B be a collection of independent
complex Gaussian random variables satisfying

E{ζβ} = E{ζ2β} = 0, E{|ζβ |2} = w2

(cf. (2.2) for j �= k and (3.5) for x �= y). If Φ is a complex-valued function of the
variables {xα}α∈A and {zβ , szβ}β∈B and Φ has bounded partial derivatives with respect
to all variables, then for the random variable

Φ̂ = Φ|xa=ξa, α∈A; zβ=ζβ , szβ=sζβ , β∈B

obtained by replacing the variables {xα}α∈A in Φ by the random variables {ξα}α∈A and
{zβ, szβ}β∈B by {ζβ, sζβ}β∈B , we have

Var
{
Φ̂
}
:= E

{
|Φ̂|2

}
−

∣∣E{
Φ̂
}∣∣2

≤ w2
∑
α∈A

E
{
|Φ̂xa

|2
}
+

w2

2

∑
β∈B

E
{
|Φ̂zβ |2 + |Φ̂

szβ |2
}
,

(4.26)

where Φ̂xa
is the random variable obtained by replacing the variables {xα}α∈A in ∂Φ

∂xα

by the random variables {ξα}α∈A and {zβ, szβ}β∈B by {ζβ , sζβ}β∈B , and Φ̂zβ and Φ̂
szβ are

obtained from ∂Φ
∂zβ

and ∂Φ
∂szβ

by the same substitution.

The above bound is a version of the Poincaré–Nash inequality for products of Gaussian
measures (see, e.g., [8]).

By using this bound for G(0, 0; z) in the role of Φ̂, {W (x, x)}x∈Zd in the role of
{ξα}α∈A, and {W (x, y)}(x,y)∈Z2d

sym
(where Z

2d
sym is Zd × Z

d in which (x, y) and (y, x) are
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identified) in the role of {ζβ}β∈B , and taking (4.20) into account, after little algebra we
obtain the inequality

E{|G(0, 0; z)− fRG
(z)|2}

≤ w2
∑

x1,x2∈Zd

R−d
G |ϕ((x1 − x2)/RG)|2E{|G(0, x1; z)|2|G(0, x2; z)|2}

≤ ϕ2
0E{|G(z)G(sz)(0, 0)|2}/Rd

G ≤ ϕ2
0/R

d
G| Im z|4.

Here we have used (3.3), the relation

(4.27)
∑
x∈Zd

|G(0, x1; z)|2 = (GG∗)(0, 0; z),

and the bounds

(4.28) |(GG∗)(0, 0; z) ≤ ‖G‖2, ‖G(z)‖ ≤ | Im z|−1.

This and (4.25) lead to the bound

E{|D(x; z)|2} ≤ ϕ2
0SRG

/Rd
G| Im z|4.

Plugging it in (4.24), we get

(4.29) |εRG
(z)| ≤ ϕ0S

1/2
RG

/R
d/2
G | Im z|2 ≤ C/R

d/2
G | Im z|2,

where C does not depend on z and RG if RG is sufficiently large, because by (3.3) and
(4.15) we have

(4.30) lim
RG→∞

SRG
= 1.

Hence, (4.12) and (4.29) imply

(4.31)
∣∣fRG

(z)− f (0)(z + w2fRG
(z))

∣∣ ≤ C(R
−d/2
G | Im z|−2 + |S1/2

RG
− 1‖ Im z|−3).

From (4.21) and the bound |G(0, 0; z)| ≤ ‖G(z)‖ ≤ | Im z| (see (4.28)), it follows that the
functions {fRG

} are analytic for Im z �= 0 and are uniformly bounded in RG: |fRG
| ≤

| Im z|−1. Thus, restricting z to a compact set K ⊂ C \ R, we can find a subsequence

{f
R

(l)
G

}l that converges to a certain limit f̂ uniformly in K and satisfies (2.11). Moreover,

since Im fRG
(z) Im z > 0, Im z �= 0 (see (4.21)), we have Im f̂(z) Im z ≥ 0, Im z �= 0.

Recalling that (2.11) is uniquely solvable in this class, we conclude that f̂ = f .
The proofs of the claims for a = d, nW , and RW essentially follow that for a = RG,

although they are more involved technically.
(ii) The case where a = nV . Again, it suffices to prove the convergence of the Stieltjes

transform

(4.32) fnV
(z) = n1

n∑
α=1

E{G(0, α; 0, β; z)}

(see (3.17)–(3.18)) of NnV
to a solution of (2.23). In essence, we follow the proof of

Theorem 2.3 in [39].
We begin with proving a counterpart of Lemma 4.2. For this, we use an analog of the

differential formula (4.18). Suppose Φ : U(n) → C admits a C1 continuation to an open
neighborhood of U(n) in the entire algebra of (n × n) matrices with complex entries.
Denote by EU{. . . } integration with respect to the Haar measure on U(n) normalized to
unity. Then for any Hermitian X we have

(4.33) EU{Φ′(U) · UX} = EU{Φ′(U) ·XU} = 0,

where Φ′ is viewed as a linear map from Mn(C) to C.
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To prove (4.33), it suffices to use the fact that the Haar measure is invariant with
respect to the left and the right group shift. Taking eiεX as the shift matrix and differ-
entiating the ε-independent quantities E{Φ(UeiεX)} and E{Φ(eiεXU)} with respect to
ε at ε = 0, we obtain (4.33).

By using (4.33) with U = U(x) and Φ = GnV
(x, γ; y, β; z), where

GnV
(z) = (HnV

− z)−1 = {GnV
(x, α; y, β; z)}x,y∈Zd,α,β=1,...,nV

,

and employing an analog of (4.20), we see that, for any γ, β = 1, . . . , nV and x, y ∈ Z
d,

we have

E{(GnV
(x, x; z) [X,U∗(x)BU(x)]Gn(x, y; z))γβ} = 0,

where Gn(x, y; z) = {Gn(x, α; y, β; z)}nα,β=1 is an (n × n) matrix, [A,B] = AB − BA,

and here and below we write n instead of nV . Then we choose X = {δαα′δγγ′}nα′,γ′=1 in

(4.33) to obtain the relation

E{Gn(x, γ;x, γ; z) (U
∗(x)BU(x)Gn(z)) (x, α; y, β)}

= E{(Gn(x, x; z)U
∗(x)BU(x))γγ Gn(x, α; y, β; z)}.

Applying the operation n−1
∑n

γ=1 to it, we arrive at the matrix identity

E{δn,B(x)Gn(x, y; z)} = E{gn(x; z)U∗(x)BU(x)Gn(x, y; z)},
where

δn,B(x; z) = n−1 trGn(x, x; z)U
∗(x)BU(x),

gn(x; z) = n−1 trGn(x, x; z),
(4.34)

and “tr” denotes the sum of the diagonal entries of the corresponding (n × n) matrix.
Introducing the centered quantities

(4.35) g◦n(x; z) = gn(x; z)−E{gn(x; z)}, δ◦n,B(x, z) = δn,B(x; z)−E{δn,B(x; z)}

and observing that, since {U(x)}x∈Zd are independent and identically distributed unitary
matrices and the first term on the right in (3.14) depends only on (x−y), i.e., the operator
HnV in (3.14) satisfies (3.15), for all x ∈ Zd we have

E{gn(x; z)} = E{gn(z)}, gn(z) = gn(0; z),

E{δn,B(x; z)} = E{δn,B(z)}, δn,B(z) = δn,B(0; z).

Thus, writing the relation

U∗(x)BU(x)Gn(x, y) = δ(x− y)− ((H(0) − z)Gn)(x, y),

which follows from the resolvent identity for the pair (Hn, H
(0)) with

H(0) = {h(x− y)δaβ}x,y∈Zd, α,β=1,...,n,

we obtain

E{δn,B}E{Gn(x, y)}+E{δ◦n,B(x; z)Gn(x, y)}

= E{gn}
(
δ(x− y) + zE{Gn(x, y)} −E{

(
H(0)Gn

)
(x, y)}

)
+E{g◦n(x; z)U∗(x)BU(x)Gn(x, y)},

or, after regrouping terms,

fn(z)
((

H(0) − hn,B(z)
)
E{Gn}

)
(x, y)

= fn(z)δ(x− y) +E{g◦n(x; z)U∗(x)BU(x)Gn(x, y)} −E{δ◦n,B(x; z)Gn(x, y)},
(4.36)
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where

(4.37) fn(z) = E{gn(z)}, hn,B(z) = z −E{δn,B(z)}f−1
n .

Since the measure N (0) in (4.3) has compact support (see (3.2)) and B satisfies (4.8),
the functions fn and hn,B have the same properties as those in the proof of Theorem 2.3
in [39]. In particular, for any z in the domain

(4.38) Γα,β = {z ∈ C : |Re z| ≤ α| Im z|, | Im z| ≥ β} , β ≥ (α+ 1)m
(1)
B ,

we have the bound

|Imhn,B(z)| ≥ β
β − (α+ 3)M

β − 2M
.

Hence, the operator H(0) − hn,B(z) in (4.36) is invertible:

(4.39) G(0)(hn,B(z)) =
(
H(0) − hn,B(z)

)−1

, z ∈ Γα,β ,

and

(4.40)
∥∥∥G(0)(hn,B(z))

∥∥∥ ≤
(
β
β − (α+ 3)M

β − 2M

)−1

, z ∈ Γα,β .

Now, multiplying (4.36) by G(0)(hn,B(z)) from the left and applying the operation n−1 tr
to the result, we obtain

(4.41) fn(z)E{n−1 trGn(x, y)} = fn G(0)(x− y;hn,B(z)) + εn(x, y),

where

εn(x, y) = E{g◦n(x; z)n−1 tr
(
G(0)(hn,B)H

(1)Gn

)
(x, y)}

−E{δ◦n,B(x; z)n−1 tr
(
G(0)(hn,B)Gn

)
(x, y)}

(4.42)

and

H(1)(x, y) = U∗(x)BU(x)δ(x− y).

Next, the resolvent identities for (Hn, H
(0)) and (H(0), 0) imply that

G(0)(hn,B)H
(1)Gn = (z − hn,B)G

(0)(hn,B)Gn +G(0)(hn,B)−Gn,

and for z ∈ Γα,β we have

‖G(0)(hn,B)H1G‖ ≤ |z − hn,B|(β − 2M)

(β − (α+ 3)M) β2
+

β − 2M

β − (α+ 3)M
+

1

β
≤ |z − hn,B |+ C

(β − (α+ 3)M)β
.

Thus, for the remainder matrix εn in (4.42) we obtain

(4.43) ‖εn(x, y)‖ ≤ (|z − hn,B |+ C)Var1/2{gn}+Var1/2{δB}
(β − (α+ 3)M)

.

Now we need a bound for the variance of a function of {U(x)}x∈Zd , analogous to the
Poincaré–Nash type inequality (4.26). In [39] it was shown that if U is the random
Haar distributed unitary matrix and Φ : U(n) → C admits a C1 extension to an open
neighborhood of U(n) in the algebra of complex (n× n)-matrices, then

Var{Φ} ≤ 1

n
E

{ n∑
α,β=1

∣∣Φ′
αβ(x)

∣∣2},
where

Φ′
jk = lim

ε→0
(Φ(U + εEjk)− Φ(U))ε−1

and Ejk is the (n× n)-matrix whose entries are zero except the jkth entry equal to 1.
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By using a standard martingale type argument, we conclude that if Ω is the probability
space formed by the product over x ∈ Zd of groups Ux(n) with their Haar measures,
E{. . . } is the corresponding expectation, and Φ : Ω → C admits a C1 extension with
respect to every argument U(x) ∈ Ux(n), x ∈ Z

d, to an open neighborhood of Ux(n) in
the algebra of complex (n× n)-matrices, then

(4.44) Var{Φ} ≤ 1

n
E

{∑
x∈Zd

n∑
α,β=1

∣∣Φ′
αβ(x)

∣∣2},

where

Φ′
αβ(x) = lim

ε→0
(Φ(. . . , Un(x) + εEαβ , . . . )− Φ(. . . , Un(x), . . . ))ε

−1.

Applying this bound to gn(z), we see that

(4.45)

Var{gn(z)} ≤ 1

n3

∑
x∈Zd

n∑
α,β=1

E
{
|(BU(x)G(x, 0)G(0, x))αβ

− (G(x, 0)G(0, x)U∗(x)B)βα|2
}

≤ 4m
(2)
B

n2| Im z|4 ,

and similarly

(4.46) Var{δn,B(x; z)} ≤
8m

(4)
Bn

n2| Im z|4 ,

where

m
(l)
Bn

=

∫
R

|λ|lNBn
(dλ),

and we have used the bounds ‖G(x, y)‖ ≤ | Im z|−1 (cf (4.28)) and | trB2A| ≤ ‖A‖ trB2,
valid for any Hermitian B and an arbitrary A. Thus, uniformly in z varying on a compact
set K ⊂ Γα,β , we have

(4.47) ‖εn(x, y)‖ = O(n−1).

Setting x = y = 0 in (4.41) and using (4.37), we obtain

(4.48) fn(z) = f (0)(hn,B(z)) + εn(0, 0)f
−1
n (z),

where

f (0)(z) = G(0)(0, 0; z) =

∫
N (0)(dλ)

λ− z
.

Now a standard compactness argument (see the end of the proof of assertion (i)) leads
to the first equation of the system (2.23) in the limit as n → ∞.

The second equation can be obtained by interchanging H(0) and B, i.e., by the same
procedure for the operator defined by the matrix

{(U(x)h(x− y)U∗(y))α,β +Bα,βδ(x− y)}

and having the same spectrum as (3.14).
The third equation follows from the resolvent identity for the pair (Hn, 0). �
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§5. Discussion

As was mentioned above, the operators Ha with a = RG, d, RW , nW , nV are analogs of
certain Hamiltonians of lattice models of statistical mechanics, where the limits of infinite
interaction radius, dimension, or the number of spin components lead to the mean field
or the spherical versions of the models. On the other hand, the studies of elementary
excitations and wave propagation in disordered media are based substantially on the
spectral properties of the Schrödinger operator with random potential and its discrete
analog (known also as the Anderson model), the sum of the finite difference Laplacian
−Δ and the multiplication operator V determined by the collection of independent and
identically distributed random variables {V (x)}x∈Zd :

(5.1) −Δ+ V.

Spectral analysis of this operator and other finite difference and differential operators with
random ergodic coefficients is among the main objectives of the ROT and of the branch
of condensed matter theory known as the theory of disordered systems. In particular, the
theory includes several approximation schemes, similar to the mean field approximations
in statistical mechanics (see, e.g., [24, Chapter 5]). One may ask then about the meaning
of the results of this section in the context of the ROT and the theory of disordered
systems. It can be shown that the result mentioned in Theorem 4.1 for a = nW with
ϕ̂ = a1A, a > 0, A ⊂ Rd, i.e., with σ in (2.20) having atoms at zero and a, the latter with
the mass measA, corresponds to the so-calledmodified propagator approximation, and the
result of Theorem 4.1 (v) corresponds to the so-called coherent potential approximation.
We refer the reader to [24, Chapter 5], and to [22, 31, 40, 50] for related discussion and
references.

Note that the above approximations are widely used to describe the transport prop-
erties of disordered systems that involve a sufficiently large amount of eigenfunctions
nondecaying at infinity (delocalized or extended states in physics), usually associated
with the generalized eigenfunctions of the absolutely continuous spectrum of the corre-
sponding random ergodic operators. On the other hand, the point component of the
spectrum associated with eigenfunctions decaying (as a rule exponentially) at infinity
(localized states in physics) does not contribute to the transport, despite that the point
spectrum is dense as a rule (see, e.g., [24, 23] for explanations).

The point spectrum of the Schrödinger operator with random weakly correlated poten-
tial is fairly well understood by now. In the one-dimensional case (d = 1) the spectrum
is pure point and the corresponding eigenfunctions decay exponentially at infinity (see,
e.g., [12, 36] and the references therein), and this is also the case for any dimension for
certain neighborhoods of spectrum edges or if the potential is sufficiently large (see, e.g.,
[1, 10] for recent results and references).

The situation is much less satisfactory for the absolutely continuous component. It is
widely believed and supported by many physical and numerical results that if d ≥ 3 and
the random potential is sufficiently small, then the absolutely continuous component is
not empty and lies sufficiently far from the spectrum edges. Moreover, the pure point and
absolutely continuous components do not overlap, so that they can only meet at points,
which are known in physics literature as the mobility edges, because if at zero temperature
the Fermi level of the electron gas moves from the absolutely continuous spectrum to the
pure point one, then the electron conductivity vanishes. This is called the Anderson
metal-insulator transition. It is a fundamental problem to establish the existence of the
absolutely continuous spectrum of random ergodic operators, the transition, and their
properties (see, e.g., [43] for a recent discussion of related topics).



134 L. PASTUR

Due to the mean field character of random matrices, demonstrated by Theorem 4.1,
they are simpler to study and are always in the delocalized regime (see, e.g., Subsec-
tion 2.2.1 (ii)). In view of this and the theorem, it is tempting to believe that the location
of the absolutely continuous spectrum of the operators Ha with sufficiently large a might
be close to the support of the large size limit N of the normalized counting measure
(2.10) of eigenvalues of random matrices, described in the theorem and §2, and that the
pure point spectrum is in R \ suppN .

Here are several facts supporting this belief.
1) It is widely believed and proved in many cases that, for the Lifshitz tails of the IDS

of ergodic operators, the asymptotics of Na (exponentially decaying near the spectrum
edges, see, e.g., [12] and [36, Chapter IV]), or more generally, a sufficiently small IDS, is
intimately related to the pure point spectrum of ergodic operators. Theorem 4.1 and the
results described in §2, in particular, formulas (2.14) and (2.21), (2.22) show that the
Lifshitz tails of Na vanish as a → ∞. Moreover, the spectral characteristics of random
operators (as well as physical characteristics of the dynamics of elementary excitations
in disordered media) are absolutely continuous with respect to the IDS. Recall that, by
Theorem 4.1 for the operators Ha of Subsection 3.1, we have

lim
a→∞

Na(Δ) = 0, Δ ⊂ R \ suppN.

Hence, according to the belief, the pure point spectrum of Ha in the set R\ suppN must
be suppressed if a is sufficiently large, and the contribution of this part of the spectrum
to physical characteristics must vanish as a → ∞ (see, e.g., [22] for the corresponding
results on the electric conductivity).

2) In this item, for simplicity we discuss the case where a = d; however the conclusions
can be applied to all other values of a with obvious modifications.

Recall that if m is a finite measure with atoms {mj}, and m̂ is its Fourier transform,
then by the Wiener theorem we have

lim
T→∞

∫ T

0

|m̂(t)|2 dt =
∑
j

|mj |2.

The Stieltjes transform version of that theorem applied to the Green function Gd of
(3.6)–(3.9), written via the spectral theorem, yields

(5.2) lim
ε→0

ε

π

∫
Δ

E{|Gd(x, 0 : λ+ iε)|2} dλ = E

{ ∑
λl∈Δ∩σpp(Hd)

|ψl(x)ψl(0)|2
}
,

where σpp is the point spectrum of Hd, the {λl} are its eigenvalues, the ψl are the cor-
responding eigenfunctions, and we assume that the point spectrum is simple. Summing
this over x ∈ Zd, on the right-hand side we obtain

(5.3) N
(loc)
d (Δ) := E

{ ∑
λl∈Δ∩σpp(Hd)

|ψl(0)|2
}
.

Comparing this with formula (3.16) for a = d, written symbolically via the spectral
theorem as

Nd(Δ) = E

{∫
Δ∩σc(Hd)

|ψλ(0)|2n(dλ)
}
+E

{ ∑
λl∈Δ∩σpp(Hd)

|ψl(0)|2
}
,

(see, e.g., [7] for the precise form), where σc is the continuous spectrum ofHd, we conclude
that

N
(loc)
d (Δ) ≤ Nd(Δ).
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It is known [36] that Δ ⊂ R contains the spectrum of Hd with probability 1 if and only
if Nd(Δ) > 0. Similarly, it can be shown that Δ contains the point spectrum of Hd with

probability 1 if and only if N
(loc)
d (Δ) > 0, the same is true for the continuous spectrum,

and N
(c)
d := Nd −N

(loc)
d . Thus, N

(loc)
d can be called the integrated density of the point

spectrum (localized states) and N
(c)
d ≥ 0 can be called the integrated density of the

continuous spectrum.

Now, assume that, in the spirit of Theorem 4.1, for N
(loc)
d of (5.2)–(5.3) we have

(5.4) lim
d→∞

N
(loc)
d (Δ) = 0

for some (or even for all) Δ ⊂ suppN , where N = limd→∞ Nd is defined by (2.11) . Then

N
(c)
d (Δ) > 0 for all sufficiently large d, so that Δ contains the continuous spectrum of

Hd for the same d.
The above could be viewed as a simple looking (but not necessarily simply imple-

mentable) scenario to prove the existence of the continuous spectrum ofHd for sufficiently
large d (more generally, sufficiently large a).

3) We mention one more widely believed property that “feels” the difference between
the (pure) point and (absolutely) continuous spectrum of random ergodic operators.
This property was first formulated and actively studied in the RMT, then turned out
to be of interest in the study of quantum chaos, and then in the ROT. In the RMT it
is known as the local eigenvalue statistics and deals with the behavior of eigenvalues of
large random matrices on the intervals of the spectral axis whose length is of the order
of the mean distance between eigenvalues. A basic quantity here is the gap probability
defined in (2.15).

In the case of ergodic operators, we need to consider their finite box restrictions
(see HaΛ in Subsection 3.3). For operators with weakly correlated ergodic coefficients
and with λ0 of (2.15) lying in the pure point spectrum, the local eigenvalue statistics
is Poisson, i.e., coincides with that for independent points. In particular, the right-
hand side of (2.16) is e−s (see, e.g., [10] for recent rigorous results and references).
On the other hand, it is widely believed and supported by numerous arguments in the
physics literature (see [13]) that the local eigenvalue statistics in the absolutely continuous
spectrum coincides with that for the Gaussian random matrices. In particular, for the
Schrödinger operator with random potential and for its discrete counterpart (5.1) we
expect certain analogs of formulas (2.16)–(2.18) for the real symmetric version of (2.1),
(2.2) known as the Gaussian orthogonal ensemble (GOE) (see [27, Chapter 7], while
the GUE formulas (2.16)–(2.18) are expected for the Schrödinger operator with random
potential and constant magnetic field (where the time reversal symmetry is absent). The
recent papers [4, 48] provide a rigorous support for this belief.

4) An interesting and natural intermediate case between the Gaussian (more generally,
Wigner) matrices and random ergodic operators is given by the band matrices (2.3). They
can be viewed as a finite box version of HRG

in which the size of the box and RG tend to
infinity simultaneously, see, e.g., [43] for a recent review. It is conjectured and supported
by recent rigorous results [41] that if bn/n

1/2 → 0 in (2.3) as n → ∞, then the eigenvectors
are localized in the sense that they are essentially supported on an O(1) part of [1, n] as
n → ∞, and if bn/n

1/2 → ∞, then the eigenvectors are delocalized, as in the case of the
Gaussian (see item (iii) of Subsection 2.2.1) and the Wigner matrices [14]. For rigorous
supports of these expectations, see [14, 15]. As for the border case of bn proportional
to n1/2, one expects a kind of transition between the localized and delocalized states.
This transition was studied in the physics paper [28] and a review of state of the art and
rigorous results were given in [43].
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