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THE POISSON MODEL OF THE FOCK SPACE

AND REPRESENTATIONS OF CURRENT GROUPS

A. M. VERSHIK AND M. I. GRAEV

Abstract. The quasi-Poisson measures are considered, i.e., the σ-finite measures
given by a density with respect to a Poisson measure. Representations of current
groups are constructed in Hilbert spaces of functionals integrable with respect to a
quasi-Poisson measure. For the groups O(n, 1) and U(n, 1), these models give new,
more convenient, realizations of the representations in Fock spaces constructed in the
previous papers by the authors. A crucial role in considerations is played by spaces
of configurations and an analogy between quasi-Poisson and stable measures.

§1. Introduction

1.1. The problem of defining a continuous tensor product of Hilbert spaces.
The functor EXP. Since the 1930s, the concept of a continuous tensor product of
Hilbert spaces has been associated with Fock’s construction. In mathematical physics,
after V. Fock’s work this construction was called second quantization; later, it took the
form of the Hilbert exponential EXP(H). It is natural to view this operation EXP of
exponentiation as a functor in the category of Hilbert spaces Hilb. With an arbitrary1

Hilbert space H, this functor associates the new Hilbert space

EXPH =

∞⊕
n=0

Hsym⊗n

(the Hilbert sum of the symmetric tensor powers of H); this space has a number of
important properties and, in particular, a factorization structure (see below).

The most important property of the spaces EXP(H), or, more precisely, of the functor
EXP, is its multiplicativity: every decomposition of H into a finite direct sum of mutually
orthogonal subspaces gives rise to a decomposition of EXP(H) into a finite tensor product
of the corresponding EXP-spaces:

EXP

( n⊕
i=1

Hi

)
=

n⊗
i=1

EXP(Hi).

It is this property that makes it possible to define a factorization structure. Another
important element of the EXP construction is as follows: with every vector h ∈ H, it
associates the so-called decomposable (or product) vector exp(h) ∈ EXP(H). In the
functional model, EXP(H) can be realized as the Wiener–Itô space, i.e., the space of
all square-integrable functionals with respect to the standard Gaussian measure (“white

noise”) on the canonical extension H̃ of H.
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In the most important case, which we consider below and which is the only one needed
for applications to field theory, the space H to be “second-quantized” is itself not merely
a Hilbert space, but the space L2

m(X;K) of square-integrable functions taking values
in an auxiliary Hilbert space K and defined on a phase space X that is endowed with
a probability (discrete or continuous) measure m. (In quantum field theory, X is the
phase space on which observables are defined.) From the more abstract operator point of
view, this means that we consider the functor EXP not merely in the category of Hilbert
spaces, but in the category of Hilbert spacesH with a fixed AbelianW ∗-subalgebra in the
algebra of all linear operators. This is exactly the case where H has the form L2

m(X;K),
with m being a σ-finite continuous measure and K an auxiliary Hilbert space of “spins”;
functions defined on X take values in the set of operators on K. In a natural sense, such
Hilbert spaces form a subcategory in the category of spaces with EXP structure.

It is this special case that is used in the free field construction; as we shall see below,
the space EXP(L2

m(X;K)) has the structure of a continuous (continual) tensor product
of Hilbert spaces. The choice of a parametrization of this continuum, i.e., the base X
of the product, is irrelevant; for instance, it can be the Minkowski space, an arbitrary
manifold, simply the interval [0, 1] with the Lebesgue measure, etc. Note that instead
of L2

m(X;K) it is more consistent to consider the isomorphic space of square-integrable
(with respect to the measure m) sections of the fiber bundle over X with fiber K; in
what follows, we adopt this point of view.

Should the base X be finite or countable, the required (Hilbert) space of functionals
would be the (Hilbert) tensor product of spaces Kx of functionals at different points x:⊗

x∈X

Kx.

The problem is to realize how this product should be understood in the case of continual
X.2

The functor EXP allows us to solve this problem as follows. Extrapolating the multi-
plicative property of EXP to the continual case, we obtain the conjectural formula

(1.1) EXP

(∫ ⊕

X

Kx dm(x)

)
=

∫ ⊗

X

EXP(Kx) dm(x).

The right-hand side here is still to be defined, but the left-hand side is well defined,
because so is the Hilbert direct integral under the EXP sign. Namely, if we assume that
the spaces Kx of values of functions at all points x are identified, i.e., Kx

∼= K, then∫ ⊕

X

Kx dm(x) = L2
m(X;K).

However, it is better not to identify the spaces Kx and regard the direct integral as the
space of square-integrable sections of the “locally trivial” fiber bundle with fiber K. As
usual, one should consider classes of sections that coincide mod 0 rather than individual
sections. Thus, a continual direct integral of (isomorphic) Hilbert spaces can be identified
with the space of square-integrable sections of a fiber bundle or the space of square-
integrable functions with values in a typical fiber.

Thus, (1.1) can be written in more detail as follows:

EXP

(∫ ⊕

X

Kx dm(x)

)
≡ EXP(L2

m(X;K)) =

∫ ⊗

X

EXP(Kx) dm(x) ≡
∫ ⊗

X

L2(Kx) dm(x);

2To define separable (“small”) countable tensor products, one should choose a stabilizing vector in
the subspace K or a sequence of such vectors, one in each subspace Kx; if the factors have the structure
of a ring or a unital algebra, then this vector is the identity.
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the last identity identifies EXP(Kx) with the L2 space with respect to the Gaussian
measure on Kx, as above. In all these formulas, the spaces Kx can be replaced with the
space K isomorphic to them.

In other words, there is a good reason to regard the left-hand side of (1.1) as the
definition of the right-hand side, i.e., the definition, in terms of the functor EXP, of the
continuous tensor product of Hilbert spaces corresponding to a direct integral of Hilbert
spaces over a measure space. Therefore, the restriction of the functor EXP to the category
of Hilbert spaces of the form EXP(L2

m(X;K)) can be viewed as the continuous tensor
product functor defined on the category of measurable fiber bundles E(X,m, {Kx}) with
base (X,m) and fibers Kx, x ∈ X, which sends such a fiber bundle to the Hilbert space

EXP(L2
m(X;K)) =

∫ ⊗

X

L2(Kx) dm(x).

Thus, we have formally justified the claim that the second quantization of a direct
integral is the integral of tensor products of the quantized factors.

This definition, with various modifications, is the generally accepted definition of a
continuous tensor product, and there are hundreds of papers studying this notion and
its applications. What is the disadvantage of this method, and what is the novelty of
the new model of a continuous tensor product suggested in this paper and based on the
“configurational” approach to second quantization?

We begin with explaining why the EXP notion does not allow one to give a direct
meaning to a continuous tensor product, i.e., to the right-hand side of (1.1). The reason
is that for the white noise, which is a generalized random process, the values at points
are not defined, so that in the framework of this construction (the functor EXP and
the Gaussian measure), all spaces Kx

∼= K, x ∈ X, are only infinitesimal objects: we
cannot define a measure on them and, consequently, cannot define the exponential of this
infinitesimal space directly.

More exactly: the definition of the direct integral of Hilbert space in the sense of
von Neumann (or the space of square-integrable sections of a vector bundle, see below)
does not rely on the existence of values at points, so that the left-hand side of (1.1)
can be defined directly via the EXP functor, and also approximatively, as the limit of
a sequence of finite tensor products with respect to a sequence of finer and finer finite
partitions of X (this definition is completely similar to that of the Lebesgue integral for
classes of integrable functions coinciding mod 0). In probabilistic terms, the left-hand
side is the space of square-integrable functionals with respect to the corresponding white
noise on L2(X;K).

At the same time, the right-hand side, which is a continuous tensor product of con-
tinually many spaces, each being the exponential of an infinitesimal subspace, has no
definition for its own and is identified with the left-hand side by convention.

1.2. Factorizations. An immediate cause for the introduction of a new, integral, model
of the Fock space and the functor INT was the fact that the Fock model is not always
convenient for constructing representations of current groups (for more details, see be-
low). Obviously, every representation of a current group relies on the existence of a
factorization in the representation space. Up to now, representation theory has only ad-
dressed Fock factorizations;3 we shall briefly describe them. Let (X,m) be a space with
a standard continuous probability measure. A factorization of a Hilbert space H over
the base (X,m) is a map Φ that assigns a W ∗-subalgebra WA in the algebra END(H)
of all linear operators in H to every class of coinciding (mod 0) measurable sets A ⊂ X

3Factorizations that are not isomorphic to Fock ones were discovered in [37] (see also the Appendix
to [14]), but they have not yet found applications in representation theory.
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so that the following conditions are satisfied: monotonicity (if A ⊂ B, then WA ⊂ WB);
monotone continuity in the natural sense; and independence: a finite or countable par-
tition of X into measurable subsets A1, A2, . . . gives rise to a decomposition of END(H)
into mutually commuting subalgebras WAi

whose pairwise intersections consist only of
scalars. The trivial partition (into two sets, the empty one and the entire space) leads
to the algebra of scalars, and the partition into separate points leads to the algebra of
all operators (see [37]). In a somewhat loose sense, with any finite measurable partition
of the space (X,m), a factorization associates the decomposition of the Hilbert space H
into the tensor product of factors corresponding to the elements of the partition. The
unitary equivalence of factorizations is defined in a natural way.

A canonical factorization in the Fock space EXP(L2(X;K)) is defined as follows: with
a partition of the base (X,m) into finitely many measurable sets (classes of sets coin-
ciding mod 0) Ai, i = 1, . . . , n, we associate the decomposition into the tensor product⊗n

i=1 EXP(L2(Ai;K)); one can check easily that this correspondence determines a fac-
torization in the above sense, which is called a Fock factorization. In the language of
Gaussian measures, it can be described as follows: a measurable set A in the base is
taken to the subspace of all square-integrable functionals of the white noise that depend
only on the behavior of the trajectory on the set A. A highly nontrivial theorem in [24]
asserts that the only unitary invariant of a Fock factorization is the (finite or infinite)
dimension of the Hilbert space K. It coincides with the dimension of the space of values
of the white noise in the Gaussian model.

In what follows, we shall be interested in infinite-dimensional Fock factorizations. We
emphasize that a unitary equivalence is not at all an isomorphism of EXP space struc-
tures; in other words, the group of automorphisms of a Fock factorization is substantially
wider than the group of automorphisms of the Fock space structure in EXP(L2(X;K)),
which is merely the group of projective automorphisms of a space with Gaussian measure.

The definition of the processes with independent values (Lévy processes) shows that
such a process generates a factorization of the L2 space of functionals in accordance
with the same pattern as described above. It turns out that all these factorizations are
unitarily equivalent to Fock factorizations, and the corresponding dimension is equal
to the cardinality of the support of the Lévy measure; in particular, for the classical
white noise and the standard Poisson process, this dimension is equal to one. But, of
course, an isomorphism of such factorizations is not an isomorphism of the corresponding
processes (more precisely, of the corresponding measure spaces). Hence, a particular Fock
factorization should not be identified with the canonical factorization in the Fock space
EXPH.

Studying representations of current groups with coefficients in the semisimple groups
O(n, 1), U(n, 1), n = 1, 2, . . . , the authors discovered that it is not convenient to diag-
onalize the unipotent subgroups of parabolic groups in the Gaussian model, i.e., in the
usual Fock space EXP(L2(X;K)). It is much more convenient to employ other measures
instead of the Gaussian one and, consequently, other models of factorizations. In particu-
lar, it turned out that a remarkable (non-Gaussian) σ-finite (i.e., nonprobability) measure
on the space of Schwartz distributions, which will be called the stable measure and has a
large group of linear symmetries, allows one to simplify constructions and proofs of the
irreducibility of representations of current groups. It is the analysis of this measure that
has led the authors to the definition of the functor INT. In the introduction, we give a
brief definition of this functor; for a detailed description, see §1.

1.3. The stable measure as a base for a discrete model of the Fock space. As
was mentioned above, a continuous factorization is defined naturally not only in the space
EXP(L2(X;K)), i.e., for a Gaussian process (white noise), but also in the Hilbert space
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of square-integrable functionals with respect to the measure of an arbitrary Lévy process
(a process with independent values). Hence, every Lévy process induces its own second
quantization, i.e., its own EXP-type functor. But it seems that among all Lévy processes,
there are two distinguished ones having remarkable properties, the most important of
which is that their structure is quite convenient for describing representations of current
groups. Along with the white noise (i.e., the functor EXP), this is the so-called gamma
process and the related stable (Lebesgue) measure on the space of Schwartz distributions.
This fact was first observed in [29], but without reference to the gamma process, its
properties, and the stable measure.

The main feature of both measures, the Gaussian measure and the stable one, is the
existence of an infinite-dimensional group of linear symmetries (the orthogonal group
for the Gaussian measure and the group of multiplicators, or the Cartan group, for
the stable measure).4 Precisely these symmetries allow one to use the corresponding
spaces in representation theory, primarily for constructing representations of current
groups. A special interest to the gamma process is due to a large number of applications
it has in combinatorics, number theory, statistical physics, etc. The group of linear
transformations preserving the stable measure and the properties of this measure were
studied in detail in [34, 3, 36]. This measure was originally called the Lebesgue measure
(because its properties are similar to those of the finite-dimensional Lebesgue measure),
but in this paper it is called the stable measure. The stable measure L is concentrated
on the cone K of nonnegative discrete finite measures on the base X:

K(X) ≡ l1+(X)

≡
{
ξ =

∑
k

ckδxk
: xk ∈ X; ck ≥ 0, k = 1, 2, . . . ; c1 ≥ c2 ≥ · · · ;

∑
k

ck < ∞
}
;

its Laplace transform is given by the formula∫
K
e〈f,ξ〉 dL = exp

{
−
∫
X

log f(x) dx
}
, f ≥ 0.

Clearly, this measure is invariant under the group of multiplicators Ma that act in ac-
cordance with the formula

ξ =
∑
k

ckδxk
−→ Maξ =

∑
k

cka(xk)δxk
,

where a(·) is a nonnegative measurable function such that
∫
log a(x) dx = 0.

The stable measure allows one to construct a new (isomorphic) model of the Fock
space and define a new functor INT on the category of Hilbert spaces, similar to the
functor EXP.

While with a measure space (X,m) and a Hilbert space of coefficients K the functor
EXP associates the Fock space EXP(L2

m(X;K)), the functor INT associates with this
pair the Hilbert space

INT(l1+(X);K) ≡ L2
L(K(X);K) =

∫
l1+(X)

⊗
k

Kxk
dξ,

where K = l1+(X) is the cone of finite nonnegative countably supported measures ξ
on X (see above) endowed with the stable measure L, and an element of the space
INT(l1+(X);K) is a square-integrable functional with respect to L that sends a countable
measure ξ to an element of the countable tensor product

⊗
k K (for the details, see [11]

and §4).

4The Gaussian measure has also the infinite-dimensional commutative group of translations by
smooth vectors that preserve the type of the measure.
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The isomorphism between the spaces EXP(L2
m(X;K)) and

INT(K(X);K) ≡ L2
L(l

1
+(X);K)

is an isometry preserving the factorizations.
Since the definition of the INT functor involves only countable tensor products, we

may say that the definition of a continuous tensor product is reduced to a direct integral
of countable tensor products:∫ ⊗

X

Kx dm(x) = L2
L(l

1
+(X);K).

Thus, we have obtained a new formula for a continuous tensor factorization. This model
has a clear interpretation, namely, a continuous tensor product is a direct integral of
countable tensor products over the trajectories of a certain random process (the gamma
process).

In this connection it should be mentioned that Lévy processes, or processes with
independent values, appeared in approximately the same time as the Fock space and
works on second quantization; however, a very close relationship between these objects,
and even a link to the Wiener process and the Gaussian measure were discovered much
later.

For more information on the introduction and study of the stable (Lebesgue) measure,
see [29, 8, 34, 14, 3, 35, 36]. The papers [10, 11] contain a survey of applications of this
measure to the representation theory of current groups for Lie groups of rank 1; in
particular, instead of the EXP functor corresponding to the white noise, the functor
INT is introduced that corresponds to the σ-finite stable (Lebesgue) measure. The
isomorphism between the Fock space and the space of functionals on the set of trajectories
of a general Lévy process is discussed from various viewpoints in [14].

1.4. The configurational approach to the Fock space. In this paper, we make
the next step, whose principal goal is to describe a new, configurational (or, as we call
it, quasi-Poisson), construction of a continuous tensor product and its applications to
the representation theory of current groups. The point is that most Lévy processes (in
particular, the gamma process) can be obtained by the following general construction
(see, e.g., [18]).

Consider the half-strip Y = X × R+ and endow it with the measure μ = dm × P ,
where dm is a measure on X and P is the so-called Lévy measure on R+, occurring
in the Lévy–Khinchin formula for the logarithm of the characteristic functional of an
infinitely divisible distribution on the real line. Assume that P satisfies the condition∫
R+

min[1, x] dP < ∞ (a more familiar form of this condition is P [[1,∞]] < ∞ and∫ 1

0
x dP < ∞). Then (see [18]) the corresponding Lévy process can be obtained as

follows.
Starting with the measure μ, construct a Poisson field on locally finite configurations

in the strip, and let ν be the measure on the space of configurations corresponding to
this field (in this case, the Poisson field ν is said to have intensity measure μ). With
every configuration

ω =

n⋃
i=1

(xi, ri), xi ∈ X, ri ∈ R+, i = 1, . . . , n,

in the strip Y we associate its projection ξω =
∑

i ri δxi to the space of distributions
on X. Then the image of the measure on configurations under this map is the measure
(on the cone K, see above) corresponding to the Lévy process with Lévy measure P .
For instance, the gamma process on the half-line [0,∞] corresponds to the Poisson field
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in the strip Y = X × R+ with intensity measure dx × e−rdr
r , and all properties of the

gamma process can be reformulated tautologically in terms of this Poisson field. The
stable measure has density e

∑
ri with respect to the law of the gamma process. Hence,

all considerations related to the stable measure can also be carried over to the space
of configurations endowed with a quasi-Poisson measure, which differs from the Poisson
measure only by the density dq

dν ω = e
∑

ω ri . This allows us to give another model of the
Fock space, which involves the space of functionals of configurations. This model is even
more geometric than the INT model.

It turns out that many steps of the construction do not require that the space of
configurations be considered in the strip; we may take an arbitrary topological space Y ,
the set of configurations Conf(Y ), and Poisson fields on Conf(Y ). This extends the class
of examples.5 In particular, we may consider generalized strips of the form X×S, where
S is a group (or even a semigroup), which allows us to study representations of a wider
class of current groups of semidirect products.

To summarize, we may say that the model of the Fock space with the stable measure
(or the functor INT) and the configurational model (with a quasi-Poisson measure) stud-
ied in this paper differ from the classical construction of a continuous tensor factorization
in that a continual tensor product is interpreted as a direct integral over countable tensor
products; in other words, we replace continuous integrals with integrals over countable
trajectories. Of course, here a crucial role is played by an appropriate choice of measures
(the stable measure and the corresponding quasi-Poisson measure). The fact that these
measures are infinite (σ-finite) makes it possible to simplify formulas for representations
of current groups. Certainly, we could use more familiar probability measures equivalent
to the original ones; for the stable measure, this is the law of the gamma process and
its generalizations to the vector case. However, in our opinion, passing to σ-finite mea-
sures leads to an important change of the viewpoint on integration in infinite-dimensional
spaces. It should be emphasized once again that we heavily rely on the following fact:
the parabolic subgroups of O(n, 1) and U(n, 1) are semidirect products, and irreducible
representations of the corresponding current group extend to irreducible representations
of the entire current group in the same spaces.

It is in pertinent to recall that the theorem on isomorphism between the Fock and
Poisson factorizations, i.e., the result on isomorphism between the L2 spaces over the
white noise and the Poisson process on the line preserving the factorizations, was obtained
in [6] as a consequence of the fact that the representations of the group of diffeomorphisms
in these spaces are equivalent; in its turn, this equivalence followed from the coincidence
of the spherical functions in both representations and from their irreducibility. (For other
approaches, see [21, 14].) Though this proof did not provide a simple explicit formula
for the isomorphism in question, now it becomes clear (see also [14, 11]) how one can
write it explicitly without involving the above representations; namely, one should use
the correspondences between the elements exp v, int v, and qps v (see § 4).
1.5. Summary of the paper. The twelve sections of the paper are divided naturally
into three groups. In § 2–6, we define and study Poisson and quasi-Poisson measures,
the structure of the corresponding spaces of functions, and groups of operators in them.
Apparently, the notion of a quasi-Poisson is considered and analyzed for the first time.
In § 7–9, we describe constructions of representations of current groups for crossed prod-
ucts in quasi-Poisson spaces; here the main examples are the parabolic subgroups of
rank 1 groups. Finally, in §10–12 the constructed representations of the current groups of
parabolic subgroups are extended to the current groups of semisimple groups of rank 1,

5Note that for constructing representations of current groups, we only need the case of the strip
Y = X × R+.
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O(n, 1) and U(n, 1). We emphasize that these representations themselves have been
known since the 1970s and were studied in our previous papers (see [4, 5] and others).
The novelties are in the realization of these representations in the spaces introduced in the
paper and the simple proof of their irreducibility based on this realization. The key role
in this approach is played by the maximal parabolic subgroups and their representations.

Now we describe the content of the paper in more detail. We consider the space of
configurations E(Y ) on a space Y with an infinite σ-finite measure. The quasi-Poisson
measures on E(Y ) are infinite σ-finite measures dσ(ω) on E(Y ) related to Poisson mea-
sures dν(ω) on E(Y ) by the formula dσ(ω) = π(ω) dν(ω).

With every triple (Y, μ, u), where μ is an infinite σ-finite measure on Y and u is
a nonnegative function (“action”) on Y satisfying the additional conditions (2.5) (see
the main text), we associate the Poisson measure dν(ω) on E(Y ) with intensity mea-
sure e−u(y) dμ(y) and the quasi-Poisson measure dσ(ω) = π(ω) dν(ω), where π(ω) =
exp(

∑
y∈ω u(y)). The quasi-Poisson space associated with (Y, μ, u) and a pair (K,h),

where K is a separable Hilbert space and h is a fixed unit vector in K, is the Hilbert
space

QPS(E(Y ), σ;K) = L2(E(Y ), σ;K⊗
ω ),

i.e., the Hilbert space of measurable square-integrable sections of the fiber bundle whose
base is the space of configurations E(Y ) and the fiber over a point ω ∈ E(Y ) is the
countable tensor product K⊗

ω =
⊗

y∈ω Ky, Ky = K.

In the special case where (Y, μ) = (R∗
+, d

∗r)× (X,m) and u(r, x) = r, the projection
P : Y = R

∗
+×X → X induces a map from the space of configurations E(Y ) to the space

of configurations of points in X marked by numbers r ∈ R∗
+, i.e., to the cone of discrete

(nonnegative) measures on X. Under this map, the quasi-Poisson measure σ on E(Y )
goes to the stable measure L on the cone l1+(X), and there is a natural isomorphism of
spaces

QPS(E(R∗
+ ×X), σ;K) ∼= INT(X;K).

Our main goal in this paper is to present a construction of irreducible unitary rep-
resentations of current groups in quasi-Poisson spaces. This can be done by using the
classical models of these representations in Fock spaces and the isomorphism between
quasi-Poisson and Fock spaces:

QPS(E(Y ), σ;K) ∼= EXP(L2(Y, μ;K)).

For the class of groups G that can be presented as semidirect products G = S � G0,
we suggest a new model of representations of the corresponding current groups in quasi-
Poisson spaces. For this, we introduce the group U(H) of all unitary operators on H =
L2(Y, μ;K) and the subgroup

G(Y ;K) = Aut(Y, μ)�B(Y ;K)

of U(H), where B(Y ;K) is the group of operators preserving the fibers K of the fiber
bundle over Y and Aut(Y, μ) is the group of μ-preserving transformations of the space
Y realized as the group of unitary operators permuting the fibers K of this fiber bundle.
With every nonnegative function u on Y we associate a subgroup

Gu(Y ;K) = Autu(Y, μ)�Bu(Y ;K),

which has a nontrivial 1-cocycle.
There exists a natural representation of the group Gu(Y ;K) in the quasi-Poisson space

QPSu(E(Y ), σ;K) =

∫
E(Y )

K⊗
ω dσ(ω).
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In this representation, the operators corresponding to elements of the subgroup Bu(Y ;K)
act in the fibers K⊗

ω of the fiber bundle over E(Y ), and the operators U(a) corresponding
to elements of the subgroup Autu(Y, μ) permute these fibers:

U(a)ϕ(ω) = e−
1
2 Log aϕ(a−1ω),

where Log a is a functional on Autu(Y ; ν) that depends only on u. The irreducibility
of this representation follows from the ergodicity of the quasi-Poisson measure σ. Note
that this construction, in contrast to the Fock model, does not involve the existence of a
nontrivial 1-cocycle explicitly .

To construct a representation of an arbitrary current group GX , where G = S�G0, in
a quasi-Poisson space QPSu(E(Y ), σ;K), it suffices to describe the embeddings of groups
SX → Autu(Y, μ) and GX

0 → Bu(Y, μ). This construction applies, in particular, to the
groups PX , where P is the maximal parabolic subgroup of the semisimple Lie group
O(n, 1) or U(n, 1), because P can be presented as a semidirect product P = R

∗
+ � G0

(see § 8 and 9). It does not apply directly to the current groups U(n, 1)X and O(n, 1)X ;
however, representations of the groups U(n, 1)X and O(n, 1)X in quasi-Poisson spaces
can be obtained as extensions of the constructed representations of the current groups
PX . These representations of U(n, 1)X and O(n, 1)X are described in § 11 and 12.

The main difference of the approach suggested in this paper from that adopted in [12]
and the earlier papers devoted to the study of the integral model of the Fock space and
the corresponding representations of current groups is that we work with the space of
configurations rather than with the space of discrete measures. In other words, we view
a discrete measure on X with values in R+ as a measure on the space of configurations
on R+ × X. This approach is widely used in the theory of Lévy processes. Another
novelty, which seems to have never been used before, is that instead of the Poisson
measure on the space of configurations we consider the so-called quasi-Poisson measure,
a σ-finite measure defined by a special density with respect to the Poisson measure (a
kind of “external field”). This allows us to simplify the statements. The old approach
is a special case of the new one, namely, the case where the space with a Poisson or
quasi-Poisson measure is E(R+ ×X).

§2. Poisson and quasi-Poisson measures

2.1. The Poisson measure ν. Let Y be a standard Borel space with a σ-finite infinite
continuous (nonatomic) Borel measure μ.6

Configurations on Y are finite or countable discrete submultisets in Y , i.e., collections
ω of points of Y that contain every point y with a finite multiplicity.

Denote by E(Y ) the set of all configurations on Y . Consider a basis of the measure
space (Y, μ), i.e., an arbitrary countable family A = {A} of measurable subsets that is
dense in the σ-algebra of all measurable subsets of Y (for example, if Y is a topological
space, we can take a countable base of open sets), and denote by B the σ-algebra gen-
erated by this family. Using this σ-algebra, we introduce the σ-algebra B of subsets in
E(Y ) generated by the subsets of the form

E(A, n) = {ω ∈ E(Y ) : #(ω ∩A) = n}, where A ∈ B and n = 0, 1, 2, . . . .

6Without entering into measure-theoretic details, we only note that the space (Y, μ) is assumed to
be isomorphic, in the sense of measure theory, to the real line R with Lebesgue measure; thus, it may
be (up to a set of zero measure) an arbitrary separable complete metric space with a σ-finite continuous
measure.
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The Poisson measure on E(Y ) with intensity measure μ is the probability measure νμ = ν
defined on the σ-algebra B by the formulas

ν(E(A, n)) =
μ(A)n

n!
e−μ(A) for all E(A, n).

Up to isomorphism, the measure on E(Y ) defined in this way does not depend on the
choice of a basis A, but depends substantially on the intensity measure μ; we shall omit
the subscript indicating the dependence on μ if μ is fixed.

One usually says that Y is the state space, μ is the intensity measure of the Poisson
measure ν, and (E(Y ), ν) is the Poisson pair associated with the pair (Y, μ). Note that
we do not impose any conditions on the intensity measure apart from continuity and
σ-finiteness.

The existence of the Poisson measure with a given intensity measure and its basic prop-
erties can easily be derived from the definition; this material can be found in textbooks
(see, e.g., [18]). Now we state some properties of the Poisson measure ν.

2.1.1. For every subset A ∈ B of finite measure, the set {ω ∈ E(Y ) : #(ω ∩ A) = ∞}
has zero measure.

2.1.2. The measure ν is concentrated on the set of infinite configurations (i.e., configu-
rations ω such that #ω = ∞) without multiple points.

2.1.3. Infinite divisibility. If Y = Y1 ∪ · · · ∪ Yn is an arbitrary finite partition of the
space Y into pairwise disjoint measurable subsets, E(Y ) = E(Y1) × · · · × E(Yn) is the
corresponding direct product decomposition of the space E(Y ), and νi is the projection
of the Poisson measure ν to E(Yi), i = 1, . . . , n, then ν = ν1 × · · · × νn.

2.1.4. Campbell’s theorem.

Theorem 2.1. The series

F (ω) =
∑
y∈ω

f(y), ω ∈ E(Y ),

where f is a measurable function on Y , converges absolutely on a subset of full measure
if and only if ∫

Y

min[1, |f(y)|] dμ(y) < ∞.

In this case,

(2.1)

∫
E(Y )

eθF (ω) dν(ω) = exp

(∫
Y

(
eθf(y) − 1

)
dμ(y)

)
for every θ ∈ C provided that the integral on the right-hand side converges (in particular,
if θ is purely imaginary).

2.1.5. Characteristic functional. Campbell’s theorem implies the following result.

Proposition 2.1. For every pair (Y, μ) and every nonnegative measurable function f
on Y such that

∫
Y
min[c, f(y)] dμ(y) < ∞ for every c > 0, the series F (ω) =

∑
y∈ω f(y)

converges on a subset of full Poisson measure ν in the space of configurations ω ∈ E(Y ),
and

(2.2)

∫
E(Y )

e−F (ω) dν(ω) = exp

(∫
Y

(
e−f(y) − 1

)
dμ(y)

)
.

The integral on the left-hand side of (2.2) is called the characteristic functional, or
the Laplace transform, of the Poisson measure ν.
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Remark. Formula (2.2) can be taken as the definition of the Poisson measure. It is also
convenient to replace e−f(y) with 1 + ϕ(y) and write (2.2) in the form

(2.3)

∫
E(Y )

(∏
y∈ω

(1 + ϕ(y))

)
dν(ω) = exp

(∫
Y

ϕ(y) dμ(y)

)

provided that both sides converge.

2.1.6. The action of the transformation group. Denote by G(Y, μ) the set of mea-
surable transformations g : y �→ gy of the space Y leaving the measure μ quasiinvariant

and satisfying the following condition on the Radon–Nikodym derivative ϕg(y) =
dμ(gy)
dμ(y) :∫

Y

|ϕg(y)− 1| dμ(y) < ∞.

Such transformations form a group and induce transformations ω �→ gω in the space of
configurations E(Y ), which will be denoted by the same letter.

Theorem 2.2. The measure ν on the space E(Y ) is quasiinvariant under the transfor-
mations ω �→ gω, g ∈ G(Y ), and the corresponding Radon–Nikodym derivative is equal
to

(2.4) e−
∫
Y
(ϕ(y)−1) dμ(y)

(∏
y∈ω

ϕ(y)

)
.

Corollary. The Poisson measure ν with intensity measure μ is invariant under the
subgroup Aut(Y ;μ) of all μ-preserving transformations g ∈ G(Y, μ).

Theorem 2.3. The Poisson measure ν is ergodic with respect to the subgroup Aut(Y, μ)
of all μ-preserving transformations g : y �→ gy.

2.2. An important special case. In what follows, we are especially interested in the
case where

Y = S ×X, dμ(y) = ds dm(x).

Here S is a space with an action of a locally compact group of transformations J , ds is
a J-invariant measure on S (i.e., d(as) = ds for every a ∈ J), and (X,m) is a space with
a continuous probability measure m. In this case, on Y we have an action of the group
JX of maps X → J , which is defined by the formula

(s, x) �→ a(·)(s, x) = (a(x)s, x),

and this action induces an action of the group JX on the space E(Y ) of configurations
ω = {sk, xk}:

ω �→ a(·)ω, where a(·){sk, xk} = {a(xk)sk, xk}.

Theorem 2.2 implies the following result.

Theorem 2.4. The Poisson measure ν associated with the state space Y = S ×X and
the intensity measure dμ(y) = ds × dm(x), is invariant under the action of the group
JX , i.e.,

dν(a(·)ω) = dν(ω) for all a(·) ∈ JX .
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2.3. Definition of a quasi-Poisson measure. A quasi-Poisson measure on the space
of configurations E(Y ) is an infinite σ-finite measure on E(Y ) of the form dσ(ω) =
π(ω)dν(ω), where ν is the Poisson measure.

Let (Y, μ) be a space with an infinite σ-finite measure μ. Fix a nonnegative function
u(y) on Y satisfying the conditions

(2.5)

∫
Y

e−u(y) dμ(y) = ∞ and

∫
Y

min[1, u(y)]e−u(y) dμ(y) < ∞.

We shall denote by (E(Y ), ν) the Poisson pair in which ν = νμ,u is the Poisson measure

with intensity measure e−u(y)dμ(y), i.e., the characteristic functional of ν is given by∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dν(ω) = exp

(∫
Y

(
e−f(y) − 1

)
e−u(y) dμ(y)

)
.

The conditions on u and Campbell’s theorem show that the series π(ω) =
∑

y∈ω u(y),

ω ∈ E(Y ), converges absolutely on a subset of full measure ν in the space E(Y ) of all
configurations. Thus, we may define a measure σ on E(Y ) by the formula

(2.6) dσ(ω) = π(ω) dν(ω), π(ω) = e
∑

y∈ω u(y).

Theorem 2.5. The characteristic functional of the measure σ on E(Y ) is equal to

(2.7)

∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(ω) = exp

(∫
Y

(
e−f(y) − e−u(y)

)
dμ(y)

)
,

where f is an arbitrary positive measurable function on Y such that the integral on the
right-hand side converges absolutely.

Indeed,∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(ω) =

∫
E(Y )

exp

(
−

∑
y∈ω

f(y)− u(y)

)
dν(ω).

Hence, by Campbell’s formula for the Poisson measure dν, we have∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(ω) = exp

(∫
Y

(
eu(y)−f(y) − 1

)
e−u(y) dμ(y)

)
,

which is equivalent to (2.7).

Corollary. The measure dσ on the space E(Y ) is infinite, i.e., it is a quasi-Poisson
measure, if and only if

(2.8)

∫
Y

(
1− e−u(y)

)
dμ(y) = ∞.

Remark. If s(u) ≡
∫
Y
(1 − e−u(y)) dμ(y) < ∞, then dσ = es(u)dν, where ν = νμ is the

Poisson measure with intensity measure μ(y).

Definition 2.1. Given a triple (Y, μ, u), where μ is a measure on Y and u is a nonnegative
function on Y satisfying conditions (2.5) and (2.8), the associated quasi-Poisson measure
is the infinite σ-finite measure dσ(ω) defined by (2.6) on the space of configurations E(Y ),
i.e., the measure with the characteristic functional (2.7).

Remark. Formula (2.7) can be taken as the definition of the quasi-Poisson measure σ.

The quasi-Poisson measure σ and the Poisson measure ν have the same sets of full
measure. Hence, σ is concentrated on the set of infinite configurations ω without multiple
points; one can easily check that this measure is infinitely divisible.
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2.4. The group Autu(Y, μ), the logarithm of a transformation, and the projec-
tive invariance property.

Definition 2.2. Denote by Aut(Y, μ) the group of all μ-preserving (measurable) transfor-
mations T : y �→ Ty of the space Y . Given a function u on Y satisfying conditions (2.5),
we also denote by Autu(Y, μ) the subgroup of transformations T ∈ Aut(Y, μ) such that
the integral

(2.9) Log T ≡
∫
Y

(
e−u(T−1y) − e−u(y)

)
dμ(y)

converges absolutely.

One can easily check that the functional Log T on the group Autu(Y, μ) has the loga-
rithm property:

Log(T1T2) = LogT1 + Log T2 for any T1, T2 ∈ Autu; Log T−1 = −Log T.

The integrand in (2.9) is a nontrivial 1-cocycle of the group Autu(Y, μ) with values in
the space L1(Y, μ) (because the coboundary does not lie in L1(Y, μ); cf. [14]).

The action of Autu(Y, μ) on Y induces an action ω �→ Tω of this group on the space
of configurations E(Y ).

Theorem 2.6. The quasi-Poisson measure σ on the space E(Y ) associated with a triple
(Y, μ, u) is projectively invariant under the action of the group Autu(Y, μ) on E(Y ):

dσ(Tω) = eLog T dσ(ω) for every T ∈ Autu(Y, μ).

In particular, σ is invariant under all transformations T ∈ Autu(Y, μ) that preserve the
function π(ω) (i.e., satisfy π(Tω) ≡ π(ω)); in other words, under all transformations
that leave the function u invariant.

Proof. It suffices to verify that∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(Tω) = eLog T

∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(ω)

for every T ∈ Autu(Y, μ). We have∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(Tω) =

∫
E(Y )

exp

(
−

∑
y∈ω

f(T−1y)

)
dσ(ω).

Along with the formula for the characteristic functional of σ, this implies the relation∫
E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(Tω) = eLog T exp

(∫
Y

(
e−f(T−1y) − e−u(T−1y)

)
dμ(y)

)
.

From the invariance of dμ(y) it follows that the second factor on the right-hand side equals
exp

(∫
Y
(e−f(y) − e−u(y)) dμ(y)

)
and, consequently, coincides with the original integral∫

E(Y )
exp

(
−
∑

y∈ω f(y)
)
dσ(ω), as required. �

Theorem 2.7. The quasi-Poisson measure σ is ergodic relative to the group Autu(Y, μ).

Proof. The claim follows from the ergodicity of the Poisson measure ν with respect to
the action of Autu(Y, μ), because these two measures are equivalent.

The ergodicity of the Poisson measure is a consequence of the following general fact.
Let (Y, μ) be a space with a finite or σ-finite measure μ and an action of a group G; if μ is
invariant and ergodic with respect to this action, then the corresponding Poisson measure
on the space of configurations E(Y ) is also invariant and ergodic with respect to the
induced action of G. Since all spaces (Y, μ) with σ-finite continuous standard measures
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are metrically isomorphic (each of them is a countable union of Lebesgue spaces), it
suffices to consider the real line R and the one-parameter group of translations, whose
action on R is transitive (and hence ergodic); thus, our assertion is equivalent to the
classical theorem on the ergodicity of a stationary Poisson process on R. �

2.5. An example. Let

(Y, μ) = (R∗
+ ×X, d∗r dm(x)),

where (X,m) is a standard space with a probability measure and d∗r = r−1dr is the
Haar measure on R∗

+.
In this example, Autu(Y, μ) is the group of transformations T : (r, x) �→ T (r, x) of the

space Y = R∗
+ ×X preserving the measure dμ(y) = d∗rdm(x) and such that the integral

Log T =

∫
X

∫ ∞

0

(
e−u(T−1(r,x)) − e−u(r,x)

)
d∗r dm(x)

converges. In the special case where u is a function depending only on r (e.g., u(r) = r),
the group Autu(Y, μ) is the semidirect product

Autu(Y, μ) = Σ� (R∗
+)

X ,

where Σ is the group of m-preserving transformations of X and (R∗
+)

X is the subgroup
of transformations (r, x) �→ (a(x)r, x) such that the integral

Log a =

∫
X

∫ ∞

0

(
e−u(a(x)r)) − e−u(r)

)
d∗r dm(x)

converges. An element of Autu(Y, μ) is a pair T = (τ, a(·)), where τ ∈ Σ, a(·) ∈ (R∗
+)

X ,
the multiplication law is given by the formula

(τ1, a1(·))(τ2, a2(·)) = (τ1τ2, a
τ2
1 (·)a2(·)), where aτ (x) = a(xτ ),

and the action of Autu(Y, μ) on Y is given by the formula

T (r, x) = (a(x)r, xτ ) for T = (τ, a(·)).

Proposition 2.2. By integrating with respect to r, the formula for Log a can be simplified
to

Log a =

∫
X

log a(x) dm(x).

Indeed, this follows from the relation

(2.10)

∫ ∞

0

(
e−u(ar) − e−u(br)

)
d∗r = log(b/a) for any a, b > 0.

§3. The field of Poisson and quasi-Poisson spaces

(the scalar case)

3.1. The Poisson–Hilbert space PS(E(Y ), ν). Let Y be a space with an infinite
continuous measure μ, and let (E(Y ), ν) be the Poisson pair associated with (Y, μ).

Definition 3.1. The Poisson space (or the Poisson field of configurations) associated
with the pair (Y, μ) is the Hilbert space

PS(E(Y ), ν) = L2(E(Y ), ν),

i.e., the Hilbert space of measurable functions f(ω) on the space of configurations E(Y )
with the norm

‖f‖2 =

∫
E(Y )

|f(ω)|2 dν(ω) < ∞.
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Observe three fundamental properties of the space PS(E(Y ), ν).
The first is the factorization property: if Y = Y1∪· · ·∪Yn is an arbitrary finite partition

of Y into pairwise disjoint measurable subsets and μi is the restriction of μ to Yi, then

PS(E(Y ), ν) ≈
n⊗

i=1

PS(E(Yi), νi),

where E(Yi, νi) is the Poisson pair associated with (Yi, μi).
The second property is as follows: in the space PS(E(Y ), ν), a unitary representation

of the group Aut(Y, μ) of μ-preserving transformations a : y �→ ay of Y is defined by the
formula

(U(a)f)(ω) = f(a−1ω).

The third property: there exists a continuous map ps : L2(Y, μ) → PS(E(Y ), ν) onto
a total subset in PS(E(Y ), ν) satisfying the relation

(3.1) 〈ps v1, ps v2〉 = e〈v1,v2〉,

where the angle brackets on the left- and right-hand sides stand for the inner products in
PS(E(Y ), ν) and L2(Y, μ), respectively.

To construct this map, we introduce the dense subspace L(Y, μ) ⊂ L2(Y, μ) of mea-
surable functions v that take finitely many values and vanish outside a subset of finite
measure in Y . Given v ∈ L(Y, μ), we define the vector ps v by the formula

(3.2) (ps v)(ω) = e−
∫
Y

v(y) dμ(y)
∏
y∈ω

(1 + v(y)), ω ∈ E(Y );

note that the product in (3.2) contains only finitely many factors different from 1.
The definition of ps v and formula (2.3) show that

(3.3)

∫
E(Y )

(ps v)(ω) = 1 for v ∈ L(Y, μ).

Formula (3.1) for v ∈ L(Y, μ) is an easy consequence of (3.3). Next, from (3.1) it follows
that the map ps : L(Y, μ) → PS(E(Y ), ν) defined by this formula is continuous. Hence,
it extends by continuity to a map ps : L2(Y, μ) → PS(E(Y ), ν).

Remark. For an arbitrary vector v ∈ L2(Y, μ), the infinite product in (3.2) may fail to
converge; however, for every function v ∈ L1(Y, μ), it converges on a set of full measure
in E(Y ).

The map v �→ ps v induces a continuous unitary representation in PS(E(Y ), ν) of the
group U of all unitary operators of the space L2(Y, μ). Namely, by (3.1), the operators
T : ps v �→ ps(Tv), T ∈ U, preserve the inner product on the set of all vectors ps v.
Since this set is total, they can be extended to unitary operators on the entire space
PS(E(Y ), ν).

3.2. The quasi-Poisson space QPS(E(Y ), σ). Let σ be the quasi-Poisson measure on
E(Y ) associated with a triple (Y, μ, u), where (Y, μ) is a space with an infinite contin-
uous measure and u(y) is a continuous nonnegative function on Y satisfying (2.5). By
Definition 2.1, the measure σ is given by the formula

dσ(ω) = π(ω) dν(ω),

where π(ω) = e
∑

y∈ω u(y) and ν is the Poisson measure with intensity measure e−u(y)dμ(y),
and its characteristic functional equals∫

E(Y )

exp

(
−

∑
y∈ω

f(y)

)
dσ(ω) = exp

(∫
Y

(
e−f(y) − e−u(y)

)
dμ(y)

)
.
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Definition 3.2. The quasi-Poisson Hilbert space associated with (Y, μ, u) is the Hilbert
space

QPS(E(Y ), σ) = L2(E(Y ), σ)

of measurable functions f on E(Y ) with the norm

‖f‖2 =

∫
E(Y )

|f(ω)|2 dσ(ω).

Now we consider the main properties of the space QPS(E(Y ), σ).

3.2.1. Relationship with the Poisson space PS(E(Y ), ν). The formula dσ(ω) =

e
∑

y∈ω u(y)dν(ω), where ν is the Poisson measure on E(Y ) with the intensity measure
e−u(y)dμ(y), implies the following result.

Proposition 3.1. The map

τu : ϕ(ω) �→ π1/2(ω)ϕ(ω), where π(ω) = e
∑

y∈ω u(y),

is an isomorphism of Hilbert spaces PS(E(Y ), ν) → QPS(E(Y ), σ), where ν is the Poisson
measure with the intensity measure e−u(y)dμ(y).

3.2.2. The action of the group Autu(Y, μ). By Theorem 2.6, the quasi-Poisson
measure σ is projectively invariant under the group Autu(Y, μ) of transformations a :
y �→ ay of the space Y preserving the measure dμ(y) and such that the integral Log a =∫
Y
(e−u(a−1y) − e−u(y)) dμ(y) converges. Namely, dσ(aω) = eLog a dσ(ω). This implies

the following theorem.

Theorem 3.1. The operators

(U(a)f)(ω) = e−
1
2 Log af(a−1ω), a ∈ Autu(Y, μ),

on the space QPS(E(Y ), σ) form a unitary representation of the group Autu(Y, μ) in this
space.

3.2.3. The embedding L2(Y, μ) → QPS(E(Y ), σ).

Definition 3.3. We define a map

qps : L2(Y, μ) → QPS(E(Y ), σ)

as the composition of three maps: the isomorphism λu : L2(Y, μ(y)) → L2(Y, e−u(y)μ(y))

defined by the formula (λuv)(y) = e−
1
2u(y) v(y), the map ps : L2(Y, e−u(y)μ(y)) →

PS(E(Y ), ν)), and the map τu : PS((E(Y ), ν)) → QPS(E(Y ), σ)).

In accordance with this definition,

(3.4) (qps v(y))(ω) = π−1/2(ω)(ps(e
1
2u(y)v(y))(ω).

Combined with the definition of ps, this implies the following theorem.

Theorem 3.2.

1) The map qps : L2(Y, μ) → QPS(E(Y ), σ) is continuous.
2) The vectors qps v, v ∈ L2(Y, μ), form a total subset in the space QPS(E(Y ), σ)

and are related by the formula

(3.5) 〈qps v1, qps v2〉 = e〈v1,v2〉 for any v1, v2 ∈ L2(Y, μ).

3) On the subspace L(Y, μ) ⊂ L2(Y, μ) of piecewise constant functions, the vectors
qps v take the form

(3.6) (qpsu v)(ω) = e−
∫
Y

v(y)e−
1
2
u(y) dμ(y)

⊗
y∈ω

(e−
1
2u(y) + v(y)).
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Remark. For u(y) ≡ 0, formula (3.6) turns into the similar formula (3.2) for ps v.

Precisely as in the case of the Poisson space, these properties of the vectors qps v
imply the following result.

Proposition 3.2. The map v �→ qps v generates a continuous unitary representation in
the space QPS(E(Y ), ν) of the group U of all unitary operators of L2(Y, μ).

§4. The field of Poisson and quasi-Poisson spaces

(the vector case)

4.1. Countable tensor products. We begin with the definition of a countable tensor
product of Hilbert spaces.

A punctured Hilbert space is a pair (K,h), where K is a Hilbert space and h ∈ K is a
fixed unit vector. We assume that the one-dimensional spaces are punctured automati-
cally. An isomorphism of punctured Hilbert spaces is defined in a natural way.

Definition 4.1. The countable tensor product
⊗∞

n=1(Kn, hn) of punctured Hilbert
spaces (Kn, hn), n = 1, 2, . . . , is the punctured Hilbert space

(K̃, h̃) =
( ∞⊗
n=1

Kn,

∞⊗
n=1

hn

)
,

where
⊗∞

n=1 Kn is the norm completion of the inductive limit of the finite tensor products⊗k
n=1 Kn with respect to the embeddings

⊗k
n=1 Kn � f �→ f ⊗ hk+1 ∈

⊗k+1
n=1 Kn.

In particular, if all (Kn, hn) are identified with a fixed punctured space (K,h), we
write

⊗∞
n=1(K,h) =

(⊗∞
n=1 K,

⊗∞
n=1 h

)
and call this punctured space the countable

tensor power of (K,h).

It is natural to write elements
⊗n

m=1 fk of the subspaces
⊗n

m=1 Km as infinite prod-
ucts that stabilize at the (n+ 1)st step:

(4.1) yn = f1 ⊗ f2 ⊗ · · · ⊗ fn ⊗ hn+1 ⊗ hn+2 ⊗ · · · , where fm ∈ Km.

These vectors form a total subset in
⊗∞

n=1 Kn, i.e., their linear hull is dense in
⊗∞

n=1 Kn.
Note that if in each punctured space (Kn, hn) there is a fixed orthonormal basis {eni :

i = 0, 1, . . . } with en0
= hn, then the vectors

⊗∞
n=1 en,im , where im = 0 for sufficiently

large m, form an orthonormal basis in the countable tensor product
⊗∞

n=1(Kn, hn).

Proposition 4.1. For every sequence fn ∈ Kn such that
∞∑

n=1

‖fn‖ < ∞,

the sequence yn =
⊗n

m=1(hm + fm) ∈
⊗n

m=1 Km converges in
⊗∞

n=1 Kn.

The limit of such a sequence will be written as an infinite product: y =
⊗∞

m=1(hm+fm).
In particular, y ∈

⊗n
m=1 Km if fm = 0 for m > n.

In what follows, it is convenient to identify tensor products that differ only by the
order of factors, and write

⊗
y∈ω(Ky, hy), where ω is a finite or countable (unordered)

set, instead of
⊗n

m=1(Km, hm) or
⊗∞

m=1(Km, hm). Accordingly, instead of
⊗n

m=1 vm
and

⊗∞
m=1 vm, where vm ∈ Km, we shall write

⊗
y∈ω vy or

∏
y∈ω vy, where vy ∈ Ky.

The inner product of two such monomials equals〈⊗
y∈ω

hy,
⊗
y∈ω

h′
y

〉
=

∏
y∈ω

〈hy, h
′
y〉.

In the special case where all spaces (Ky, hy), y ∈ ω, are identified with a fixed space
(K,h), we write K⊗

ω = (K,h)⊗ instead of
⊗

y∈ω(Ky, hy).
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By definition, the tensor product of two symmetrized tensor products
⊗

y∈ω1
Ky and⊗

y∈ω2
Ky, where ω1 and ω2 are disjoint subsets, is the symmetrized tensor product⊗

y∈ω1∪ω2
Ky.

4.2. The Poisson–Hilbert space PS(E(Y ), ν;K). Let (E(y), ν) be the Poisson pair
associated with a state space Y and intensity measure μ(y), and let (K,h) be a punctured
finite-dimensional or separable Hilbert space.

Definition 4.2. With every configuration ω ∈ E(Y ) we associate the countable tensor
product K⊗

ω of punctured Hilbert spaces:

K⊗
ω =

⊗
y∈ω

(Ky, hy), (Ky, hy) = (K,h);

the Poisson–Hilbert space associated with the punctured Hilbert space (K,h) and the
pair (Y, μ) is the Hilbert space

PS(E(Y ), ν;K) = L2(E(Y ), ν;K⊗
ω ),

i.e., the space of measurable sections F : ω �→ F (ω) of the fiber bundle over E(Y ) with
fibers K⊗

ω =
⊗

y∈ω(Ky, hy), (Ky, hy) = (K,h), endowed with the norm

‖F‖2 =

∫
E(Y )

‖F (ω)‖2
K⊗

ω
dν(ω).

In other words, PS(E(Y ), ν;K) is the direct integral with respect to the Poisson mea-
sure ν on E(Y ) of the countable tensor products K⊗

ω , i.e.,

(4.2) PS(E(Y ), ν;K) =

∫ ⊕

E(Y )

K⊗
ω dν(ω).

In the special case where dimK = 1, the spaces K⊗
ω are also one-dimensional, and

hence PS(E(Y ), ν;K) coincides with the space PS(E(Y ), ν) introduced above.
In the space of functions v(y) on Y there is a natural action of the additive group

A = R
Y of real-valued, compactly supported, piecewise constant functions a(y) on Y :

v(y) �→ eia(y)v(y). This action induces a unitary representation of the group A in the
space PS(E(Y ), ν;K):

(T (a)f)(ω) = ei
∑

y∈ω a(y)f(ω).

Obviously, formula (4.2) gives rise to a decomposition of the space PS(E(Y ), ν;K) into
a direct integral of pairwise disjoint eigenspaces of the group A.

4.3. The map ps : L2(Y,K) → PS(E(Y ), ν;K). Denote by L2(Y, μ;K) (or, in short,
by L2(Y ;K)) the Hilbert space of measurable maps v : Y → K with the norm

‖v‖2 =

∫
Y

‖v(y)‖2 dμ(y) < ∞.

Here it is reasonable to regard L2(Y ;K) not as the space of K-valued square integrable
functions on Y , but rather as the space of sections of a certain measurable fiber bundle.
More precisely, we consider the measurable fiber bundle E → Y over Y with fibers
Ky = K, y ∈ Y , Ky � K.7 The space of square integrable sections is defined as the
following direct integral of Hilbert spaces:

L2(Y ;K) =

∫
Y

Ky dμ(y), Ky = K.

7We shall not dwell on the routine definitions of a measurable locally trivial fiber bundle of vector
spaces over a measure space and related notions; local triviality is understood as triviality over every set
of positive measure, isomorphisms are measurable maps, etc.



THE POISSON MODEL OF THE FOCK SPACE 477

In what follows, we adhere to this definition of the space L2(Y ;K).
Observe the following simple fact.

Proposition 4.2. If (Y, μ) = (Y1, μ1)× (Y2, μ2), then

L2(Y, μ;K) = L2(Y1, μ1;K
Y2), where KY2 = L2(Y2, μ2,K).

Definition 4.3. Denote by L(Y ;K) the subspace L(Y ;K) ⊂ L2(Y ;K) of measurable
functions v that take finitely many values and vanish outside a subset of finite measure
in Y . Obviously, L(Y ;K) is dense in L2(Y ;K). Given v ∈ L(Y ;K) and ω ∈ E(Y ), set

(4.3) (ps v)(ω) = exp

(
−
∫
Y

〈v(y), hy〉Ky
dμ(y)

) ⊗
y∈ω

(hy + v(y)).

Proposition 4.3. The vectors ps v defined by (4.3) lie in PS(E(Y ), ν;K); for any v1, v2 ∈
L(Y ;K), we have

(4.4) 〈ps(v1), ps(v2)〉 = e〈v1,v2〉.

Proof. The definition of L(Y ;K) shows that the tensor product on the right-hand side
of (4.3) contains only finitely many factors different from hy. Hence, it converges and
lies in K⊗

ω .
Next, from (4.3) it follows that

〈(ps v1)(ω), (ps v2)(ω)〉K⊗
ω
= exp

(
−
∫
Y

(〈v1(y), hy〉Ky
+〈v2(y), hy〉Ky

) dμ(y)

) ∏
y∈ω

(1+ϕ(y)),

where
ϕ(y) = 〈v1(y), v2(y)〉Ky

+ 〈v1(y), hy〉Ky
+ 〈hy, v2(y)〉Ky

.

Since ϕ(y) ∈ L(Y, μ), formulas (3.2) and (3.3) imply (4.4). �

Theorem 4.1. The map ps : L(Y ;K) → PS(E(Y ), ν;K) defined by (4.3) extends by
continuity to a continuous map

ps : L2(Y ;K) → PS(E(Y ), ν;K)

satisfying (4.4) for any v1, v2 ∈ L2(Y ;K).

From (4.4) it follows that the map ps : L(Y ;K) → PS(E(Y ), ν;K) is continuous.
Hence, since L(Y ;K) is dense in L2(Y ;K), it can be extended by continuity to a con-
tinuous map ps : L2(Y ;K) → PS(E(Y ), ν;K).

Proposition 4.4. For every fixed ω ∈ E(Y ), the set of vectors (ps v)(ω) ∈ K⊗
ω , v ∈

L(Y,K), is total in K⊗
ω .

Proof. We use the fact that the set of vectors of the form

Φ(ω) =
⊗
y∈ω

(hy + fy), fy ∈ Ky,

where fy = 0 for all but finitely many y ∈ ω, is total in K⊗
ω . Hence, it suffices to show

that for every such vector Φ(ω), where ω = {yk} and fyk
= 0 for k > n, there exists a

vector v ∈ L(Y,K) such that (ps v)(ω) = cΦ(ω), i.e., v(yk) = cfk for all k = 1, 2, . . . .
In Y we fix pairwise disjoint neighborhoods U1, . . . , Un of the points y1, . . . , yn that do

not contain the points yk, k > n; then we define a function v ∈ L(Y,K) by the formulas

v(y) = fk for y ∈ Uk, k = 1, . . . , n,

and v(y) = 0 on the complement of
⋃n

k=1 Uk. Obviously, the vector v ∈ L(Y,K) defined
in this way satisfies the required property. �
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Theorem 4.2. The set of vectors ps v, v ∈ L(Y,K), is total in PS(E(Y ), ν;K).

Proof. Denote by P0 the norm completion in PS(E(Y )ν;K) of the linear hull of the
vectors ps v, v ∈ L(Y,K). We show that P0 = PS(E(Y ), ν;K). The definition of ps v
implies that P0 is invariant under the unitary representation of the group A in the space
PS(E(Y ), ν;K). Hence, since PS(E(Y ), ν;K) is the direct integral with respect to the
Poisson measure ν of pairwise disjoint eigenspaces K⊗

ω of A, the space P0 itself can be
presented in a similar form:

P0 =

∫
E(Y )

K̃⊗
ω dν(ω), where K̃⊗

ω ⊂ K⊗
ω .

On the other hand, Proposition 4.4 shows that K̃⊗
ω = K⊗

ω on a subset of full measure in
E(Y ). Hence, P0 = PS(E(Y ), ν;K). �

Theorem 4.2 and the continuity of the map v �→ ps v imply the following corollary.

Corollary. For every linear subspace L̃(Y,K) dense in L(Y,K), the set of vectors ps v,

v ∈ L̃(Y,K), is also total in PS(E(Y ), ν;K).

Note that the structure of the space PS(E(Y ), ν;K) endowed with the canonical fac-
torization over the base Y is completely determined by the total subset of vectors ps v.

By analogy with the scalar case, we have the following result.

Proposition 4.5. The map v �→ ps v generates a continuous unitary representation
in the space PS(E(Y ), ν;K) of the group U(H) of all unitary operators in the space
H = L2(Y, μ;K).

4.4. The quasi-Poisson space QPS(E(Y ), σ;K). Let σ be the quasi-Poisson measure
on E(Y ) associated with a triple (Y, μ, u) (see Definition 2.1).

Definition 4.4. The quasi-Poisson space associated with a triple (Y, μ, u) and a punc-
tured Hilbert space (K,h) is the Hilbert space

QPS(E(Y ), σ;K) = L2(E(Y ), σ;K⊗
ω ),

i.e., the space of measurable sections F : ω �→ F (ω) of the fiber bundle over E(Y ) with
fibers K⊗

ω =
⊗

y∈ω(Ky, hy), (Ky, hy) = (K,h), endowed with the norm

‖F‖2 =

∫
E(Y )

‖F (ω)‖2
K⊗

ω
dσu(ω).

In other words, QPS(E(Y ), σ;K,h) is the direct integral with respect to the quasi-
Poisson measure σ on E(Y ) of the countable tensor products K⊗

ω :

(4.5) QPS(E(Y ), σ;K) =

∫ ⊕

E(Y )

K⊗
ω dσu(ω).

In the special case where dimK = 1, the spaces K⊗
ω are also one-dimensional and we

write QPS(E(Y ), σ) instead of QPS(E(Y ), σ;K).
As in the case of PS(E(Y ), ν;K), the action on Y of the group A = RY of real-valued,

compactly supported, piecewise constant functions a(y), v(y) �→ eia(y)v(y), induces a
unitary representation of A in the space QPS(E(Y ), K):

(T (a)f)(ω) = ei
∑

y∈ω a(y)f(ω).

Obviously, formula (4.5) gives rise to a decomposition of the space QPS(E(Y ), σ;K) into
a direct product of pairwise disjoint eigenspaces of A.

The relation dσ(ω) = e
∑

y∈ω u(y)dν(ω), where dν is the Poisson measure associated
with the pair (Y, e−u(y)dμ(y)), implies the following result.
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Proposition 4.6. The map

τ : ϕ(ω) �→ π1/2(ω)ϕ(ω), π(ω) = e
∑

y∈ω u(y),

is an isomorphism of Hilbert spaces PS(E(Y ), ν;K) → QPS(E(Y ), σ;K), where ν is the
Poisson measure with the intensity measure e−u(y)dμ(y).

Definition 4.5. We define a map

qps : L2(Y, μ;K) → QPS(E(Y ), σ;K)

as the composition of three maps: the isomorphism

λ : L2(Y, μ(y);K) → L2(Y, e−u(y)μ(y);K)

defined by the formula (λv)(y) = e−
1
2u(y) v(y), the map ps : L2(Y, e−u(y)μ(y);K) →

PS(E(Y ), ν;K), and the map τ : PS(Y, e−u(y)μ(y);K) → QPS(E(Y ), σ;K).

In accordance with this definition,

(4.6) (qps v(y))(ω) = π−1/2(ω)(ps(e
1
2u(y)v(y)))(ω).

Combined with the properties of the map ps, this implies the following theorem.

Theorem 4.3.

1) The map qps : L2(Y, μ;K) → QPS(E(Y ), σ;K) is continuous.
2) The vectors qps v with v ∈ L2(Y, μ;K) constitute a total subset in the space

QPS(E(Y ), σ;K) and are related by the formula

(4.7) 〈qps v1, qps v2〉 = e〈v1,v2〉 for any v1, v2 ∈ L2(Y, μ;K).

3) On the subspace L(Y, μ;K) ⊂ L2(Y, μ;K) of compactly supported piecewise con-
stant functions, the vectors qps v have the form

(4.8) (qps v)(ω) = e
−

∫
Y

〈v(y),fu(y)〉Ky
dμ(y)

⊗
y∈ω

(fu(y)+v(y)), where fu(y) = e−
1
2u(y)hy.

Corollary. The map ps v �→ qps v, v ∈ L2(Y, μ;K), where ps v ∈ PS(E(Y ), ν;K),
qps v ∈ QPS(E(Y ), σ;K), generates an isomorphism of Hilbert spaces

PS(E(Y ), ν;K) → QPS(E(Y ), σ;K).

Indeed, the subsets of vectors ps v and qps v are total in the corresponding subspaces,
and the map ps v �→ qps v preserves the inner product.

Remark. It is natural to interpret PS and QPS as functors on the subcategory of
Hilbert spaces L2(Y, μ;K). Note that in the categories of spaces PS(E(Y ), ν;K) and
QPS(E(Y ), σ;K) there are two canonical factorizations, over the base Y and over the
fiber K, so that every partition of the base (Y, μ) into finitely many disjoint mea-
surable subsets and every decomposition of the fiber K into a finite direct sum of
subspaces give rise to a decomposition of the spaces PS(Y ;K) = PS(E(Y ), ν;K) and
QPS(Y ;K) = QPS(E(Y ), σ;K) into a finite tensor product:

PS

( n⋃
i=1

Yi;K

)
≈

n⊗
i=1

PS(Yi;K); PS

(
Y ;

n⊕
i=1

Ki

)
≈

n⊗
i=1

PS(Y ;Ki);

QPSu

( n⋃
i=1

Yi;K

)
≈

n⊗
i=1

QPSu(Yi;K); QPSu

(
Y ;

n⊕
i=1

Ki

)
≈

n⊗
i=1

QPSu(Y ;Ki).
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4.5. The stable measure L and the associated Hilbert space. In the special case
where (Y, μ) = (R∗

+, d
∗r)× (X,m), the projection P : Y = R∗

+ ×X → X induces a map
from the space of configurations E(Y ) onto the space of configurations of points in X
marked by numbers r ∈ R

∗
+, i.e., onto the cone of discrete (nonnegative) measures on X:

l1+(X) =

{
ξ =

∞∑
n=1

rnδxn
: rn > 0,

∑
rn < ∞, xn ∈ X

}
.

Elements of l1+(X) will be written as ξ = {rk, xk}∞k=1 or, in short, ξ = {rk, xk}.
Under this map, the quasi-Poisson measure σ on E(Y ) goes to a measure Pσ = L on

l1+(X). This measure L is called the stable measure; it was first introduced in [29] and
then studied in detail in [3, 35, 36].

There is a natural isomorphism of Hilbert spaces

QPS(X;K) ∼= INT(X;K),

where QPS(X;K) = QPSu(E(R∗
+ ×X), σ;K), u(r) = r, and

INT(X;K) = L2(l1+(X),L;K⊗
ξ ),

i.e., INT(X;K) is isomorphic to the space of functions ϕ(ξ) on l1+(X) with values in the
tensor products

K⊗
ξ =

⊗
(r,s)∈ξ

Kr,s, Kr,s = K,

endowed with the norm

‖ϕ‖2 =

∫
‖ϕ(ξ)‖2

K⊗
ξ

dL(ξ).

Under this isomorphism, the vectors qps v, v ∈ L(R∗
+ × X, d∗r dm(x);K), of the total

subset in QPSu(E(R∗
+ ×X), σ;K), given by the formula

(qps v)(ω) = e
−

∫
R
∗
+

×X
〈v(r,x),f(r,x)〉Kr,x

d∗rdm(x) ⊗
(r,x)∈ω

(f(r, x) + v(r, x)),

where f(r, x) = e−
r
2 hr,x, go to vectors of a similar total set in L2(l1+(X),L;K⊗

ξ ):

(int v)(ξ) = e
−

∫
R
∗
+

×X
〈v(r,x),f(r,x)〉Kr,x

d∗rdm(x) ⊗
(r,x)∈ξ

(f(r, x) + v(r, x)).

For completeness, we give an independent definition and describe the basic properties
of the stable measure L.

On the cone l1+(X), there is a natural action of the group of multiplicators Ma, a ∈ A,
whereA is the group of nonnegative measurable functions on (X,m) such that the integral∫
X
log a(x) dm(x) converges:

Ma : ξ �→ a(·)ξ, where a(·)ξ = {a(xk)rk, xk} for ξ = {rk, xk}.
Theorem 4.4 (see [3, 35]). There exists a σ-finite (infinite) measure L on the cone
l1+(X) that is uniquely determined by its characteristic functional

F (a) ≡
∫
l1+(X)

exp

(
−
∑
k

rka(xk)

)
dL(ξ) = exp

(
−
∫
X

log a(x) dm(x)

)
for every a ∈ A

and possesses the following fundamental properties:
1) L is projectively invariant under the group of multiplicators Ma,

(4.9) dL(a(·)ξ) = exp

(∫
X

log a(x)dm(x)

)
dL(ξ),

and ergodic with respect to this group;
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2) L is invariant and ergodic with respect to the group of all m-preserving transfor-
mations of (X,m).

We call L the stable measure on l1+(X).8 Now we state yet two other fundamental
properties of L.

Theorem 4.5. For every function v ∈ L1(R∗
+ ×X, d∗r dm(x)), we have

(4.10)

∫
l1+(X)

( ∏
(r,x)∈ξ

(
e−r + v(r, x)

))
dL(ξ) = exp

(∫
R∗

+×X

v(r, x) d∗r dm(x)

)
.

Formula (4.10) can be taken as the definition of L.

Theorem 4.6. The measure L is related to the Poisson measure by the formula

(4.11) e−
∑

(r,x)∈ξ r dL(ξ) = dν(ξ),

where ν is the Poisson measure on E(X × R
∗
+) with the intensity measure dμ(r, x) =

e−rd∗r dm(x).

§5. Relationship with Fock spaces

5.1. The Fock spaces EXP(K). By definition, for an arbitrary fixed Hilbert space K,
the Fock space EXP(K) is the direct sum of the symmetrized tensor powers SnK of K:

EXP(K) =
∞⊕
n=0

(SnK).

Here S0K = C. Note that the spaces EXP(K) are canonically punctured: each of them
contains a fixed unit vector from S0K = C, which is denoted by � and called the vacuum
vector.

It is natural to interpret the symbol EXP as a functor in the category of Hilbert spaces.
The most important property of this functor is multiplicativity: every decomposition
K =

⊕n
i=1 Ki of K into a finite direct sum of mutually orthogonal subspaces gives rise to

a decomposition of the space EXP(K) into a finite tensor product of the corresponding
EXP-spaces:

(5.1) EXP

( n⊕
i=1

Ki

)
=

n⊗
i=1

EXP(Ki).

This property defines a Fock factorization structure on the spaces EXP(K).
Another important element of the EXP construction is the continuous map K →

EXP(K) that sends every vector h ∈ K to its exponential exph ∈ EXPK:

exph = � ⊕ h ⊕ h⊗ h√
2!

⊕ · · · ⊕ ⊗nh√
n!

⊕ · · · .

In particular, exp 0 = �.
The vectors exph defined in this way are linearly independent, form a total subset in

EXP(K), and satisfy the relation

(5.2) 〈exph1, exph2〉 = e〈h1,h2〉 for any h1, h2 ∈ K,

where the angle brackets on the left- and right-hand side stand for the inner products in
the spaces EXP(K) and K, respectively.

8In the papers [3, 35, 36], L was called the Lebesgue measure.
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5.2. The spaces EXP(Y ;K). In the most important case, which is the only one needed
for applications to field theory, the initial Hilbert spaces K are the spaces

K = KY = L2(Y, μ;K)

introduced above, where Y is a space with a continuous (nonatomic) measure μ and K
is an arbitrary finite-dimensional or separable Hilbert space.

Definition 5.1. In what follows, we shall only consider the restriction of the functor
EXP to the subcategory of spaces of the form L2(Y, μ;K) and write EXP(Y, μ;K) or, in
short, EXP(Y,K) instead of EXP(L2(Y, μ;K)). By Fock spaces we mean only spaces of
the form EXP(Y,K).

Every finite partition Y =
⋃n

i=1 Yi of the base Y into pairwise disjoint subsets and
every decomposition K =

⊕n
i=1 Ki of the space K into a finite direct sum of subspaces

give rise to a decomposition of the space L2(Y,K) into a direct sum of subspaces:

L2(Y,K) =
n⊕

i=1

L2(Yi,K) =
n⊕

i=1

L2(Y,Ki).

Hence, the Fock factorization induces two canonical factorizations of the category of
spaces EXP(Y,K), over the base Y and over the fiber K:

EXP

( n⋃
i=1

Yi;K

)
≈

n⊗
i=1

EXP(Yi;K); EXP

(
Y ;

n⊕
i=1

Ki

)
≈

n⊗
i=1

EXP(Y ;Ki).

The structure of the space EXP(Y ;K) endowed with the canonical factorization over
the base Y is completely determined by the total subset of vectors exp v. We emphasize
that the group of automorphisms of the Hilbert space EXP(Y ;K) and the group of
automorphisms of the same space preserving the usual Fock factorization are much wider
than the group of automorphisms preserving the canonical factorization.

5.3. Relationship with the spaces PS(E(Y ), ν;K) and QPS(E(Y ), σ;K). Compar-
ing the formulas for the inner products of the vectors exp v, ps v, and qps v in the spaces
EXP(Y ;K), PS(E(Y ), ν;K), and QPS(E(Y ), σ;K), respectively, we see that they coin-
cide. This implies the following theorem.

Theorem 5.1. The maps exp v �→ ps v and exp v �→ qps v, v ∈ L2(Y, μ;K), generate
factorization-preserving isomorphisms of Hilbert spaces

EXP(Y, μ;K) ∼= PS(E(Y ), ν;K) and QPS(E(Y ), σ;K).

Corollary. In the special case where Y = R∗
+ × X, the map exp v �→ int v induces an

isomorphism of Hilbert spaces EXP(X;K) ∼= INT(X;K) (see Subsection 4.5).

§6. The groups Gu(Y ;K) and their unitary representations in

quasi-Poisson spaces

In this and the next sections, we describe representations of the current groups GX ,
where X is a space with a probability measure m, in quasi-Poisson spaces. The classical
models of representations of GX are representations in Fock spaces. In view of the
isomorphism between Fock and quasi-Poisson spaces, they give rise to representations of
GX in quasi-Poisson spaces.

In this paper, we construct representations of current groups GX in quasi-Poisson
spaces without involving Fock models and using only remarkable properties of these
spaces.

We begin with a brief description of representations of current groups GX in Fock
spaces. For this, we first introduce the “large group” Aff(H) of all motions in a Hilbert
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space H and construct a unitary projective (in general) representation of this group in
the Fock space EXP(H). To construct a Fock representation of the group GX , it suffices
to describe an embedding of GX into Aff(H).

In this paper, a similar approach is used to describe unitary representations of a certain
class of current groups in quasi-Poisson spaces. Namely, we introduce a family of “large”
groups Gu(Y ;K) and construct unitary representations of these groups in quasi-Poisson
spaces. To construct a unitary representation of a current group in a quasi-Poisson space,
it suffices to describe an embedding of this group into one of these “large” groups.

6.1. The Fock model of representations of current groups GX . The current
group GX , where X is a space with a probability measure m and G is a locally compact
group, is the group of measurable maps X → G with pointwise multiplication. It is
convenient to assume that the images of these maps are contained in compact subsets
of G.

A Fock representation of a current group GX is determined by a pair (τ, b), where τ
is a unitary representation of the group G in a Hilbert space K and b is a 1-cocycle of
this representation, i.e., a map b : G → K satisfying

b(g1g2) = b(g1) + τ (g1)b(g2) for any g1, g2 ∈ G.

This representation is realized in the Fock space EXP(H,K) = EXP(H), where H =
L2(X,m,K), i.e., in the Hilbert space of sections x �→ v(x) ∈ Kx of the fiber bundle over
X with the fibers Kx = K, endowed with the norm ‖v‖2 =

∫
X
‖v(x)‖2 dm(x).

To construct this representation, first we introduce the “large” group Aff(H) of all
motions h �→ Th + v on H, where T is a unitary operator and v ∈ H, i.e., the group of
pairs (T, v), T ∈ U(H), v ∈ H, where U(H) is the group of all unitary operators on H,
with the multiplication law

(T1, v1)(T2, v2) = (T1T2, v1 + T1v2).

There exists an irreducible unitary representation of the group Aff(H) in the space
EXP(H). The operators UT,v of this representation are defined on the total subset of
vectors exph, h ∈ H, by the formula

(6.1) UT,v(exph) = e−
1
2‖v‖

2−(Th,v) exp(Th+ v).

They satisfy the relation

Ug1g2 = ei Im 〈v1,T1v2〉 Ug1 Ug2 for all g1 = (T1, v1), g2 = (T2, v2) ∈ Aff(H).

Thus, in general, the representation U of the group Aff(H) is projective.
Every pair (τ, b), where τ is a unitary representation of a group G in a Hilbert space K

and b is a 1-cocycle of this representation, gives rise to a natural embedding π : GX →
Aff(H) of GX into Aff(H):

π(g(·)) = (T (g(·)), v(g(·))) ∈ Aff(H),

where T (g(·)) ∈ U(H) and v(g(·)) ∈ H are given by the formulas

(6.2) [T (g(·))h](x) = τ (g(x))h(x) for all h = h(x) ∈ H; v(g(·))(x) = b(g(x)).

Therefore, the representation of Aff(H) in the Fock space EXP(H) induces a unitary
representation U of the group GX in this space.

It is well known that the representation U of the group GX associated in this way
with a pair (τ, b) is irreducible provided that the original representation τ of the group
G is irreducible and the 1-cocycle b is nontrivial. However, U is irreducible under weaker
conditions on the pair (τ, b) (see [32, 26]).
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6.2. Definition of the groups Gu(Y ;K). Now we proceed to the definition of the
“large” groups Gu(Y ;K) involved in the construction of representations of current groups
in quasi-Poisson spaces. Assume that we are given a punctured Hilbert space (K,h) and
a space Y with a measure μ. Here we assume that μ is an infinite σ-finite measure.

With (Y, μ) and (K,h) we associate the space KY of all measurable sections y �→
v(y) ∈ Ky, Ky = K, of the fiber bundle over Y with fibers (Ky, hy) = (K,h) and denote
by H = H(Y ;K) the Hilbert space H(Y ;K) = L2(Y, μ;K) of all such sections with the
norm

‖v‖2 =

∫
Y

‖v(y)‖2Ky
dμ(y) < ∞,

i.e., the space

H(Y ;K) =

∫ ⊕

Y

Ky dμ(y), Ky = K.

Denote by U(K) = U and U(H(Y ;K)) the groups of all unitary operators on K and
H(Y ;K), respectively. In what follows, for brevity, we often write H and U(H) instead
of H(Y ;K) and U(H(Y ;K)).

The group U(H) contains two distinguished subgroups: the subgroup U(Y ;K) of oper-
ators preserving the fibers Ky = K of the fiber bundle over Y and the subgroup Aut(Y, μ)
of operators permuting these fibers. By definition, the action of operators T ∈ U(Y ;K)
on H is given by the formula

(Tv)(y) = Tyv(y),

where Ty is the component of T in the fiber Ky. The group Aut(Y, μ) is the group of all
μ-preserving transformations a : y �→ ay of the space Y . Its elements can be realized as
unitary operators on H acting by the rule

(av)(y) = v(a−1y).

(They are unitary because μ is invariant.)
The group Aut(Y, μ) acts on U(Y,K) as the group of automorphisms T �→ T a, where

(T a)y = Ta−1y. Thus, U(Y,K) and Aut(Y, μ) generate a subgroup in U(H) that can be
written as the semidirect product

G(Y ;K) = Aut(Y, μ)� U(Y ;K),

i.e., the group of pairs (a, T ), a ∈ Aut(Y, μ), T ∈ U(Y ;K), with the multiplication law

(a1, T1) (a2, T2) = (a1a2, T1T
a1
2 ).

The “large” groups Gu(Y ;K) are subgroups of G(Y ;K). To define them, we consider
a section b : U(Y ;K) → K associated with fixed vectors hy ∈ Ky:

(6.3) b(T, y) = Tyhy − hy.

Obviously, b is a 1-cocycle of U(Y ;K):

(6.4) b(T1T2) = b(T1) + T1b(T2) for all T1, T2 ∈ U(Y ;K).

Definition 6.1. With a nonnegative function u(y) on Y satisfying conditions (2.5), that
is, ∫

Y

min
(
1, u(y)e−u(y)

)
dμ(y) < ∞ and

∫
Y

e−u(y) dμ(y) = ∞,

we associate the subgroup Bu(Y ;K) of elements T ∈ U(Y,K) satisfying the condition
b(T ) ∈ L1(Y, e−u(y) dμ(y);K), i.e.,

(6.5)

∫
Y

‖Tyhy − hy‖Ky
e−u(y) dμ(y) < ∞.
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(The fact that Bu(Y ;K) is a subgroup follows from property (6.4) of the 1-cocycle b.)
Note that condition (6.5) is satisfied if

‖Tyhy − hy‖Ky
< c(T )u(y).

In the special case where dimK = 1, we write Bu(Y ) instead of Bu(Y ;K). In this
case, Bu(Y ) is the group of all measurable complex-valued functions a(y) on Y such that
|a(y)| ≡ 1 and ∫

Y

|a(y)− 1|e−u(y) dμ(y) < ∞.

Remark. The group Bu(Y ;K) contains the subgroup of operators T ∈ U(Y ;K) such that
μ({y ∈ Y : Ty �= id}) < ∞.

Proposition 6.1. The subgroup Bu(Y ;K) is invariant under the subgroup Autu(Y, μ) ⊂
Aut(Y, μ) of the μ-preserving transformations a : y �→ ay of Y such that

(6.6)

∫
Y

∣∣e−u(ay) − e−u(y)
∣∣ dμ(y) < ∞.

Proof. By (6.6), the integral∫
Y

(
e−u(ay) − e−u(y)

)
‖Tyhy − hy‖Ky

dμ(y)

converges for every T ∈ U(Y ;K). Hence, if T ∈ Bu(Y ;K), i.e., condition (6.5) is satisfied,
then ∫

Y

‖Tyhy − hy‖Ky
e−u(ay) dμ(y) < ∞,

which is equivalent, by the invariance of μ, to the condition∫
Y

‖Ta−1yh− h‖Ky
e−u(y) dμ(y) < ∞.

Thus, the section y �→ Ta−1y also belongs to Bu(Y ;K). �

Definition 6.2. We define a subgroup Gu(Y ;K) ⊂ G(Y ;K) as the semidirect product

Gu(Y ;K) = Autu(Y, μ)�Bu(Y ;K),

i.e., as the group of pairs (a, T ), a ∈ Autu(Y, μ), T ∈ Bu(Y ;K), with the multiplication
law (a1, T1) (a2, T2) = (a1a2, T1T

a1
2 ).

If u satisfies the condition

(6.7)

∫
Y

(
1− e−u(y)

)
dμ(y) < ∞,

in particular, if u ≡ 0, then (6.6) holds true for every a ∈ Aut(Y, μ), whence Gu(Y ;K) =
Aut(Y, μ)� Bu(Y ;K).

6.3. A property of the group Gu(Y ;K). The following proposition is an immediate
consequence of the definition of Bu(Y ;K).

Proposition 6.2. The operators T ∈ Bu(Y ;K) satisfy the condition

(6.8)

∫
Y

‖Tyhy − hy‖2Ky
e−u(y) dμ(y) < ∞,

i.e., b(T ) ∈ L2(Y, e−u(y)dμ(y);K), where b(T ) is given by (6.3), and the condition

(6.9)

∫
Y

|〈b(T, y), hy〉Ky
|e−u(y) dμ(y) ≡

∫
Y

|〈Tyhy − hy, hy〉Ky
|e−u(y) dμ(y) < ∞.
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With a function u(y) on Y we associate the section fu of the fiber bundle over Y with
fibers Ky = K given by the formula

fu(y) = e−
1
2u(y)hy.

Theorem 6.1. The group Gu(Y ;K) has a nontrivial 1-cocycle bu : Gu(Y ;K) → H,
which is defined on the elements T ∈ Bu(Y ;K) and a ∈ Autu(Y, μ) by the following
formulas:

bu(T, y) = Tyfu(y)− fu(y) = e−
1
2u(y)(Tyhy − hy),

bu(a, y) = (e−
1
2u(a

−1y) − e−
1
2u(y))hy.

(6.10)

Moreover,

(6.11)

∫
Y

|〈bu(T, y), fu(y)〉Ky
| dμ(y) < ∞.

Proof. The fact that bu is a 1-cocycle follows immediately from the definition. We show
that bu(g) ∈ H for every g ∈ Gu(Y ;K), i.e., ‖bu(g)‖ < ∞. Indeed, for g = T ∈
Bu(Y ;K), this immediately follows from (6.8). In the case where g = a ∈ Autu(Y, μ), this

estimate follows from the condition imposed on u and the obvious inequality (e−
1
2u(a

−1y)−
e−

1
2u(y))2 ≤ |e−u(a−1y) − e−u(y)|. Thus, bu(g) ∈ H, i.e., bu is an H-valued 1-cocycle. It

is nontrivial because fu /∈ L2(Y, μ;K).
Estimate (6.11) is equivalent to (6.9). �

Corollary. There exists a nontrivial embedding τ of the group Gu(Y ;K) ⊂ U(H) into
the affine group Aff(H) = U(H)�H, namely,

τg = (g, bu(g)), g ∈ Gu(Y ;K).

6.4. Relationship between the “large” groups Gu(Y ;K) and Aff(H(X;K)). Con-
sider the following situation:

(Y, μ) = (S, ds)× (X,m),

where (S, ds) is a space with an infinite measure and (X,m) is a space with a proba-
bility measure. Then, there is a simple relationship between the groups Gu(Y ;K) and
Aff(H(X;K)), where

K =

∫ ⊕

S

Ks ds, Ks = K,

i.e., K is the Hilbert space of sections s �→ v(s) ∈ Ks of the fiber bundle over S with
fibers Ks = K.

This relationship is a consequence of the natural isomorphism of the Hilbert spaces
H(Y ;K) = L2(S ×X,μ;K) and H(X;K) = L2(X,m;K),

H(Y ;K) ∼= H(X;K),

which takes every vector v(s, x) ∈ L2(S × X,μ;K) to the vector v(x) ∈ L2(X,m;K)
defined by the formula v(x) =

∫
S
v(s, x) ds.

This isomorphism induces an isomorphism of the corresponding groups of unitary
operators U(H(Y ;K)) → U(H(X;K)). Thus, the embeddings Gu(Y ;K) → U(H(Y ;K))
introduced above, along with the nontrivial embedding Gu(Y ;K) → Aff(H(Y ;K)), give
rise to an embedding Gu(Y ;K) → U(H(X;K)) and a nontrivial embedding Gu(Y ;K) →
Aff(H(X;K)).
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6.5. The representation of the group Gu(Y ;K) in a quasi-Poisson space. We
shall construct a unitary representation of the group Gu(Y ;K) = Autu(Y, μ)�Bu(Y ;K)
in the quasi-Poisson space associated with the triple (Y, μ, u) and the punctured spa-
ce (K,h),

QPS(E(Y ), σ;K) =

∫ ⊕

E(Y )

K⊗
ω dσ(ω),

i.e., in the space of measurable sections ω �→ ϕ(ω) of the fiber bundle over E(Y ) with
fibers

K⊗
ω =

⊗
y∈ω

(Ky, hy), (Ky, hy) = (K,h),

endowed with the norm

‖ϕ‖2 =

∫
E(Y )

‖ϕ(ω)‖2 dσ(ω).

Recall that σ is the quasi-Poisson measure with characteristic functional∫
E(Y )

e−
∑

y∈ω f(y) dσ(ω) = exp

(∫
Y

(
e−f(y) − e−u(y)

)
dμ(y)

)
.

We begin with a description of a representation of the subgroup Bu(Y ;K).
Consider the subspace L(Y ;K) = L1(Y, e−

u
2 μ;K), i.e., the space of measurable sec-

tions w : y �→ w(y) ∈ Ky of the fiber bundle over Y with fibers Ky = K satisfying the
conditions

(6.12)

∫
Y

‖w(y)‖e− 1
2u(y) dμ(y) < ∞.

Next, we denote by Lu(Y ;K) the set of vectors of the form v = fu + w, where fu(y) =

e−
1
2u(y)hy and w ∈ L(Y ;K).
Obviously, the space L(Y ;K) is invariant under the group Gu(Y ;K) and contains all

sections bu(T, y), T ∈ Bu(Y ;K). The formula T (fu +w) = fu + (Tw+ b(T )) shows that
the set Lu(Y ;K) of vectors of the form v = fu +w is also invariant under the operators
T ∈ Bu(Y ;K).

Note that the space Lu(Y ;K) contains, in particular, the sections v(y) such that
v(y) = fy(u) outside of a subset A ⊂ Y of finite measure.

Definition 6.3. With a configuration ω ∈ E(Y ) and an element v ∈ Lu(Y ;K) we
associate the infinite tensor product

(6.13) Fv(ω) =
⊗
y∈ω

v(y), v ∈ Lu(Y ;K).

Proposition 6.3. For almost every configuration ω ∈ E(Y ), the tensor products Fv(ω),
v ∈ Lu(Y ;K), lie in K⊗

ω and form a total subset in this space.

Proof. From the definition of Lu(Y ;K) and Campbell’s theorem for the Poisson measure
ν associated with the pair (Y, e−u(y)dμ(y)) it follows that for every v ∈ Lu(Y ;K) we
have

∑
y∈ω ‖v(y) − hy‖ < ∞ for almost all configurations ω ∈ E(Y ). This implies that

the infinite product
∏

y∈ω ‖v(y)‖ converges. Therefore, Fv(ω) ∈ K⊗
ω and ‖Fv(ω)‖ =∏

y∈ω ‖v(y)‖ < ∞. The totality in K⊗
ω of the set of elements Fv(ω) is obvious. �

Definition 6.4. For almost every configuration ω ∈ E(Y ), consider the following oper-
ators Uω(T ), T ∈ Bu(Y ;K), on the total set of vectors Fv(ω) ∈ K⊗

ω :

(6.14) Uω(T )Fv(ω) = FTv.



488 A. M. VERSHIK AND M. I. GRAEV

Theorem 6.2. The operators Uω(T ) are unitary, i.e.,

(6.15) 〈Uω(T )Fv1(ω), Uω(T )Fv2(ω)〉 = 〈Fv1(ω), Fv2(ω)〉 for any v1, v2 ∈ L(Y ;K),

and they generate a unitary representation of the group Bu(Y ;K) on the entire space K⊗
ω .

Indeed, from (6.14) it follows immediately that these operators satisfy the group prop-
erty and relations (6.15). Next, they do generate a unitary representation of the group
Bu(Y ;K) on the space K⊗

ω because the set of vectors Fv(ω) is total in K⊗
ω .

Definition 6.5. We define a unitary representation U(T ) of the group Bu(Y ;K) in the
quasi-Poisson space

QPS(E(Y ), σ;K) =

∫ ⊕

E(Y )

K⊗
ω dσ(ω)

associated with the triple (Y, μ, u) as the direct integral with respect to the measure σ(ω)
on E(Y ) of the representations Uω(T ) of the group B(Y ;U) in the spaces K⊗

ω :

U(T ) =

∫ ⊕

E(Y )

Uω(T ) dσ(ω).

Then, we define a unitary representation of the group Autu(Y, μ) in the quasi-Poisson
space QPS(E(Y ), σ;K) by the formula

(6.16) (U(a)ϕ)(ω) = e−
1
2 Log aϕ(a−1ω), a ∈ Autu(Y, μ).

The operators U(a) obviously satisfy the group property, and they are unitary because
of the projective invariance of the measure σ with respect to the group Autu(Y, μ).

The next theorem follows immediately from the description of the corresponding rep-
resentations of Autu(Y, μ) and Bu(Y ;K).

Theorem 6.3. The representations of the groups Autu(Y, μ) and Bu(Y ;K) in the quasi-
Poisson space QPS(E(Y ), σ;K) generate a unitary representation U of their semidirect
product Gu(Y ;K) = Autu(Y, μ)�Bu(Y ;K).

Remark. In contrast to the Fock model, the resulting representation of the “large” group
Gu(Y ;K) is ordinary (not projective).

Theorem 6.4. The representation U of the group Gu(Y ;K) = Autu(Y, μ) � Bu(Y ;K)
in the space QPS(E(Y ), σ;K) is irreducible.

Proof. The description of the representations Uω(T ) of the group Bu(Y ;K) in the spaces
K⊗

ω shows that, up to a subset of zero measure in the space E(Y ), these representations
are irreducible and pairwise nonequivalent. Hence, every operator A on QPS(E(Y ), σ;K)
that commutes with the operators U(T ) =

∫
E(Y )

Uω(T ) dσ(ω) for T ∈ Bu(Y ;K) is scalar

on every fiber K⊗
ω of the fiber bundle QPS(E(Y ), σ;K), i.e., is the multiplication by a

function f(ω). If A commutes also with the operators U(a), a ∈ Autu(Y, μ), then f(ω)
is constant on the orbits of the group Autu(Y, μ). Since the measure σ is ergodic with
respect to Autu(Y, μ), it follows that A is a scalar operator. �

6.6. A formula for the spherical function. The spherical function of the represen-
tation U of the group Gu(Y ;K) in the space QPS(E(Y ), σ;K) is the following function
Ψ on Gu(Y ;K):

Ψ(g) = 〈U(g)Ω,Ω〉, where Ω(ω) =
⊗
y∈ω

(e−
1
2u(r)hy).

Obviously, ‖Ω‖ = 1. The formulas for the representation U and the characteristic func-
tional of the measure σ easily imply the following result.
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Theorem 6.5. The spherical function of the representation U of the group Gu(Y ;K) in
the space QPS(E(Y ), σ;K) has the following form:

Ψ(T ) = exp

(∫
Y

〈Tyhy − hy, hy〉 e−u(y) dμ(y)

)
for T ∈ Bu(Y ;K);(6.17)

Ψ(a) = exp

(
− 1

2

∫
Y

(
e−

1
2u(a

−1y) − e−
1
2u(y)

)2
dμ(y)

)
for a ∈ Autu(Y, μ).(6.18)

6.7. The group G0(Y ;K) and its representation in a Poisson space. The defi-
nitions and constructions described above remain valid also for u(y) ≡ 0. In this case,
Gu(Y ;K) is the group

G0(Y ;K) = Aut(Y, μ)�B0(Y ;K),

where B0(Y ;K) is the subgroup of operators T ∈ U(Y ;K) satisfying the condition∫
Y

‖Tyhy − hy‖Ky
dμ(y) < ∞.

This group has a nontrivial 1-cocycle, which vanishes on the elements of Aut(Y, μ), and
for T ∈ B0(Y ;K) is given by the formula b0(T, y) = Tyhy − hy.

If u(y) ≡ 0, the Hilbert space in which the representation of G0(Y ;K) is realized
degenerates into the Poisson space PS(Y, ν;K), where ν is the Poisson measure with
the intensity measure dμ(y). The operators corresponding to elements of the subgroup
B0(Y ;K) act in the same way as for an arbitrary u, and the operators U(a) corresponding
to elements of the subgroup Aut(Y, μ) act by the formula (U(a)ϕ)(ω) = ϕ(a−1ω) (because
Log a = 0 for u = 0). Accordingly, the spherical function of this representation of
G0(Y ;K) has the following form: Ψ(a) ≡ 1 for a ∈ Aut(Y, μ), and

Ψ(T ) = exp
(∫

Y

〈Tyhy − hy, hy〉 dμ(y)
)

for T ∈ B0(Y ;K).

§7. Unitary representations of current groups GX
, where G = S �G0,

in quasi-Poisson spaces

7.1. Unitary representations of groups of the form G = S�G0 and the summa-
bility property. Let G be a locally compact group that can be presented as a semidirect
product of groups G = S � G0, where S is a locally compact (noncompact) group with
left-invariant measure ds.

The subgroup S acts on G0 as the group of automorphisms g �→ gs = sgs−1, s ∈ S,
so that every unitary representation Te of G0 gives rise to a family Ts, s ∈ S, of unitary
representations of G0 in the same space, defined by the formula

Ts(g) = Te(g
s), gs = sgs−1.

We say that these representations Ts are conjugate to the original representation Te.
Let u(s) be an arbitrary continuous positive function on S satisfying the following

condition.

Condition A.

1) The measure e−u(s)ds on S is infinite, and the measure min(1, u(s)) e−u(s)ds on
S is finite, i.e.,∫

S

e−u(s) ds = ∞ and

∫
S

min(1, u(s)) e−u(s) ds < ∞.
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2) The integral

(7.1) Logu s0 ≡
∫
S

(
e−u(s0s) − e−u(s)

)
ds

converges absolutely for every s0 ∈ S.

Note that the function Logu s is an additive character on the group S, i.e.,

Log(s1s2) = Log s1 + Log s2 for any s1, s2 ∈ S.

Definition 7.1. We say that a unitary representation Te of the subgroup G0 in a Hilbert
space K is summable with respect to a function u satisfying condition A if it is irreducible
and there exists a nonzero vector h ∈ K, ‖h‖ = 1, such that

(7.2)

∫
S

‖Ts(g)h− h‖e−u(s) ds < ∞ for every g ∈ G0.

A vector h ∈ K satisfying (7.2) is said to be almost invariant with respect to the repre-
sentation Te of G0.

By (7.2),

(7.3)

∫
S

‖Ts(g)h− h‖2e−u(s) ds < ∞ for every g ∈ G0.

Every unitary representation of the subgroup G0 in K summable with respect to a
function u(s) and every almost invariant vector h ∈ K give rise to a unitary representa-
tion T of the entire group G = S �G0 in the direct integral with respect to the measure
ds on S of the punctured Hilbert spaces (Ks, hs) = (K,h),

K =

∫ ⊕

S

(Ks, hs) ds,

i.e., in the space of sections s �→ f(s) of the fiber bundle over S with the fibers Ks = K,
endowed with the norm ‖f‖2 =

∫
S
‖f(s)‖2Ks

ds.
By definition, the action of the operators corresponding to the elements of the sub-

group G0 on K is fiberwise, i.e., (T (g)f)(s) = Ts(g)f(s) for g ∈ G0; and the operators cor-
responding to the elements of the subgroup S permute the fibers: (T (s0)f)(s) = f(s−1

0 s).
Obviously, the operators T corresponding to the elements of S are unitary; together with
the operators corresponding to the elements of G0, they generate a unitary representa-
tion of the group G in the space K. The resulting representation T of the group G will
also be called a summable representation.

The operators T (g), g ∈ G0, are well defined on the set of all sections s �→ f(s) ∈ Ks

of the fiber bundle over S with the fibers Ks = K. Using this, with every element g ∈ G
we associate the following section b(g) of the fiber bundle over S with the fibers Ks = K:

(7.4) bu(g, s) = (T (g)fu)(s)− fu(s), where fu(s) = e−
1
2u(s)hs.

Theorem 7.1. The section bu(g) defined by (7.4) is a nontrivial 1-cocycle G → K of
the representation T of the group G and satisfies the following additional condition:

(7.5) |〈bu(g), fu〉| ≡
∣∣∣∣
∫ ∞

0

〈bu(g, s), fu(s)〉 ds
∣∣∣∣ < ∞.

Indeed, it is clear that the section bu(g) is a 1-cocycle. The fact that bu(g) ∈ K for
every g ∈ G easily follows from (7.3). Thus, bu(g) is a K-valued 1-cocycle of T . It is
nontrivial, because fu /∈ K. Estimate (7.5) also follows from the summability condition
and the conditions imposed on the function u.
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7.2. A representation of the group GX with G = S � G0 in a quasi-Poisson
space. Let u(s) be a function on S satisfying condition A, let Te be a representation of
G0 in a Hilbert spaceK summable with respect to u, and let h ∈ K be an almost invariant
vector of this representation. With the triple (u, Te, h) we associate a representation in a
quasi-Poisson space of the current group GX , where G = S �G0 and X is a space with
a probability measure m.

Consider the space (Y, μ) = (S, ds) × (X,m), i.e., the space of pairs (s, x), r ∈ S,
x ∈ X, and extend the function u(s) to the whole of Y by setting u(s, x) = u(s) for
all x ∈ X. The function on Y defined in this way satisfies conditions (2.5) imposed on
functions u(y) in Subsection 2.3.

The triple (Y, μ, u) and the pair (K,h) give rise to the “large” group Gu(Y ;K) =
Autu(Y, μ)�Bu(Y ;K) defined in Subsection 6.1, and in Subsection 6.5 we constructed a
unitary representation of this “large” group in the quasi-Poisson space QPSu(E(Y ), σ;K).
Hence, to construct a representation of the group GX in the same space, it suffices to
define an embedding GX → Gu(Y ;K). Now we describe this embedding.

Since Gu(Y, μ;K,h) = Autu(Y, μ)�Bu(Y ;K) and GX = SX�GX
0 , it suffices to define

embeddings
SX → Autu(Y, μ) and GX

0 → Bu(Y ;K).

Theorem 7.2. The formulas

(τs0(·))(s, x) = (s0(x)s, x) for every s0(·) ∈ SX ,(7.6)

(τg(·))s,x = Ts(g(x)) for every g(·) ∈ GX
0(7.7)

define homomorphisms of groups τ : SX → Autu(Y, μ) and τ : GX
0 → Bu(Y ;K).

Proof. It suffices to show that the images of the elements of SX and GX
0 lie in the

corresponding groups.
An element τs0(·) lies in Autu(S×X,μ) if 1) the transformations (s, x) �→ (s0(x)s, x)

on S × X preserve the measure ds dm(x) and 2) for every s0(·) ∈ SX , the integral∫
X

∫
S
(e−u(s0(x)s) − e−u(s)) ds dm(x) converges.

The first condition follows from the invariance of the measure ds on S. The second
follows from condition A on the function u(s).

The fact that an element τg(·) lies in Bu(S ×X;K) follows from the summability of
the representation Te of G0. �

Definition 7.2. We define a unitary representation of the group GX , where G = S�G0,
associated with the triple (u, Te, h) as the composition of the homomorphism τ : GX →
Gu(Y ;K), where (Y, μ) = (S, ds)×(X,m), and the representation of the group Gu(Y ;K)
in the quasi-Poisson space

QPSu(E(S ×X), σ;K) =

∫ ⊕

E(S×X)

K⊗
ω dσ(ω).

The description of the representation of Gu(Y ;K) given in Subsection 6.5 shows that
the operators U(g(·)) corresponding to the elements of the subgroup GX

0 act in the fibers

K⊗
ω =

⊗
(s,x)∈ω

(Ks,x, hs,x), (Ks,x, hs,x) = (K,h),

and that on the total subset of vectors Fv(ω) =
⊗

(s,x)∈ω v(s, x) in K⊗
ω introduced in

Subsection 6.5 they are given by the formula

(7.8) U(g(·))
( ⊗

(s,x)∈ω

v(s, x)

)
=

⊗
(s,x)∈ω

(Ts(g(x))v(s, x)), v ∈ Lu(Y ;K).
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The operators U(s0(·)) corresponding to the elements of the subgroup SX on the entire
space of functions ϕ(ω) are given by the formula

(7.9) U(s0(·)ϕ)(ω) = e−
1
2

∫
X

Log(s0(x)) dm(x) ϕ(s−1
0 (·)ω),

where Log s0 =
∫
S
(e−u(s−1

0 s) − e−u(s)) ds and ω �→ s0(·)ω is the transformation of the
space of configurations E(S ×X) induced by the transformation (s, x) �→ (s0(x)s, x) of
the space S ×X. In particular,

(7.10) U(s0(·))
( ⊗

(s,x)∈ω

v(s, x)

)
= e−

1
2

∫
X

Log(s0(x)) dm(x)
⊗

(s,x)∈ω

v(s−1
0 (x)s, x).

The action of the operators U(g̃), g̃ = g(·) ∈ GX , can be expressed by a single formula.

For this, we denote by T̃ (g̃) the operators of the representation of the group GX in the

space K̃ =
∫
X
Kx dm(x), Kx = K, induced by the representation T of the group G in the

space K, i.e.,

(T̃ (g̃)v)(s, x) = Ts(g(x))v(s, x) for g̃ ∈ GX
0 ;

(T̃ (s̃0)v)(s, x) = v(s−1
0 (x)s, x) for s̃0 ∈ SX .

In this notation, setting Fv(ω) =
⊗

(s,x)∈ω v(s, x), v(s, x) ∈ Ks,x = K, we have

(7.11) U(g̃)Fv = e−
1
2

∫
X

Log[s(g(x))] dm(x) FT̃ (g̃)v for every g̃ ∈ GX ,

where s(g) ∈ S is the image of an element g ∈ G under the homomorphism G → S.

Theorem 7.3. The representation U of the group GX = (S�G0)
X in the quasi-Poisson

space QPSu(E(Y ), σ;Kh) associated with the triple (u, Te, h) is irreducible.

The proof is similar to that of Theorem 6.4.
The formulas from Subsection 6.6 for the spherical function of the representation of

the group Gu(Y ;K) in the space QPS(E(Y ), σ;K) imply the following theorem.

Theorem 7.4. The spherical function Ψ(g̃) of the representation U of the group GX ,
which is defined by the formulas

Ψ(g̃) = 〈U(g̃)Ω,Ω〉, Ω(ω) =
⊗

(s,x)∈ω

fu(s, x),

where fu(s, x) = e−
1
2u(s)hs,x, on the elements of the subgroups SX and GX

0 is given by
the formulas

Ψ(g(·)) = exp

(∫
S×X

〈Ts(g(x))h− h, h〉 e−u(s) ds dm(x)

)
for g(·) ∈ GX

0 ;(7.12)

Ψ(s0(·)) = exp

(
− 1

2

∫
S×X

(e−
1
2u(s

−1
0 (x)s) − e−

1
2u(s))2 ds dm(x)

)
for s0(·) ∈ SX .(7.13)

Corollary. The spherical function can be expressed by the following general formula:

Ψ(g(·)) = exp

(
−
∫
X

(1
2
‖bu(g(x))‖2Kx

− i Im 〈bu(g(x), fu(x)〉Kx

)
dm(x)

)
for every g(·) ∈ GX ,

(7.14)

where bu(g) is the 1-cocycle of the representation T of the group G in the space K given
by (7.4).
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7.3. The case where S = R∗
+. If S = R∗

+, the invariant measure on the group is
d∗r = r−1dr, and condition A is satisfied, e.g., for the function u(r) = r.

For definiteness, in what follows we assume that u(r) = r. Then (Y, μ) = (R∗
+, d

∗r)×
(X,m), and the characteristic functional of the quasi-Poisson measure σ associated with
the pair (Y, μ) and u(r) = r equals∫

E(R∗
+×X)

e−
∑

(r,x)∈ω f(r,x) dσ(ω) = exp

(∫
X

∫ ∞

0

(e−f(r,x) − e−r) d∗r dμ(x)

)
.

Proposition 7.1. The measure σ is projectively invariant under the group AX of trans-
formations a(·) : (r, x) �→ (a(x)r, x) such that the integral

(7.15) Log a =

∫
X

log a(x) dm(x)

converges; namely, dσ(a(·)ω) = eLog adσ(ω).

Indeed, this measure is projectively invariant under the group AX of transformations

a(·) : (r, x) �→ (a(x)r, x) such that the integral
∫
X

∫∞
0

(e−u(a−1(x)r) − e−r) d∗r dμ(x)
converges. Integration with respect to r (see (2.10)) reduces this integral to (7.15).

In accordance with the general definition, an irreducible representation T1 of a sub-
group G0 ⊂ G in a space K, where G = R∗

+ �G0, is said to be summable (with respect
to a function u) if there exists a vector h ∈ K, ‖h‖ = 1, such that∫ ∞

0

‖Tr(g)h− h‖e−r d∗r < ∞ for every g ∈ G0,

where the Tr are the representations of G0 conjugate to the original representation T1

with respect to the action on G0 of the group of automorphisms R∗
+.

In particular, this condition is satisfied if for some α > 0 we have

‖Tr(g)h− h‖ < c(g) rα for every g ∈ G0.

Every pair (T1, h), where T1 is a summable representation of G0 in a space K and h is
an almost invariant vector, gives rise to a unitary representation U of the current group
GX = (R∗

+ �G0)
X in the quasi-Poisson space

QPS(E(R∗
+ ×X), σ;K) =

∫ ⊕

E(R∗
+)

K⊗
ω dσ(ω).

The operators U(g(·)) corresponding to the elements of the subgroup GX
0 act in the

fibers
K⊗

ω =
⊗

(r,x)∈ω

(Kr,x, hr,x), (Kr,x, hr,x) = (K,h),

and on the total subset of vectors

Fv(ω) =
⊗

(s,x)∈ω

v(s, x)

in K⊗
ω they are given by formula (7.8) with s = r.

The operators U(r0(·)) corresponding to the elements of the subgroup (R∗
+)

X on the
entire space of functions ϕ(ω) are given by formula (7.9) with s = r and s0 = r0.

The ergodic property of the quasi-Poisson measure σ with respect to the group of
automorphisms Autu(Y, μ) implies the following theorem.

Theorem 7.5. The representation U of the current group (R∗
+ � G0)

X in the quasi-
Poisson space QPS(E(R∗

+ ×X), σ;K) associated with a summable representation of the
subgroup G0 in a space K is irreducible.
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§8. Models of representations of the group PX
, where P is the maximal

parabolic subgroup of O(n, 1)

As examples of groups G that can be presented as semidirect products S�G0 and have
summable representations, we mention the maximal parabolic subgroups P of simple Lie
groups of rank 1. In this and the next sections, we describe summable representations
of the maximal parabolic subgroups P ⊂ O(n, 1), where9 n > 2, and P ⊂ U(n, 1), and
present a construction of the corresponding representations of the current groups PX in
quasi-Poisson spaces.

The maximal parabolic subgroup P ⊂ O(n, 1), where n > 2, is isomorphic to the
group of triples

(r, w, c), where r ∈ R
∗, w ∈ O(n− 1), c ∈ R

n−1,

with the multiplication law

(r1, w1, c1) (r2, w2, c2) = (r1r2, w1w2, c1 + r1c2w1).

Thus, P can be presented as a semidirect product with noncompact factors in two ways:

P = R
∗
+ � P0, where P0 = O(n− 1)� R

n−1

and an element r ∈ R∗
+ acts on P0 as the automorphism (w, c) �→ (w, c)r = (w, rc); and

P = D � R
n−1, where D = R

∗
+ ×O(n− 1)

and an element d = (r, w) ∈ D acts on R
n−1 as the automorphism c �→ cd = rcw.

In the first case, a summable representation exists for the subgroup P0 = O(n− 1)�
Rn−1; in the second case, it exists for the commutative subgroup Rn−1. Each of these
decompositions of P into a semidirect product gives rise to a unitary representation of
the current group PX in a quasi-Poisson space. To describe these models, it suffices to
describe a summable representation of the subgroup P0 or Rn−1, respectively. We shall
describe them separately.

8.1. The model associated with the decomposition P = RR
∗
+ �P0, where P0 =

O(n − 1) � RR
n−1. The subgroup P0 has a unique, up to conjugation with respect to

the group of automorphisms R∗
+, summable irreducible unitary representation T1. It is

realized in the Hilbert space K of functions f(s) on the sphere Sn−2 ⊂ R
n−1 with the

norm

‖f‖2 =

∫
Sn−2

|f(s)|2 ds,

where ds is the invariant measure on Sn−2 normalized so that
∫
Sn−2 ds = 1. The

operators of this representation act by the formulas

(T1(c)f)(s) = ei〈c,s〉f(s) for c ∈ R
n−1,

(T1(w)f)(s) = f(sw) for w ∈ O(n− 1).

Accordingly, the representations conjugate to T1 are given by the formulas

(Tr(c)f)(s) = eir〈c,s〉f(s) and Tr(w) = T1(w).

Obviously,
‖Tr(g)h− h‖ < c(g)r, where h = h(s) ≡ 1.

This estimate implies that the representation T1 is summable with respect to the function
u(r) = r on R∗

+. Hence, it gives rise to a unitary representation U of the current group

PX in the quasi-Poisson space QPS(E(Y ), σ;K) associated with the triple (Y, μ, u), where
(Y, μ) = (R∗

+, d
∗r)× (X,m), and the punctured space (K,h).

9The group O(2, 1) is locally isomorphic to SU(1, 1), and this case is considered in the next section.
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By Theorem 7.5, this representation of PX is irreducible. The general formulas of
Subsection 7.2 imply the following theorem.

Theorem 8.1. The spherical function of the representation U of the group PX , which
is defined by the formula

Ψ(g̃) = 〈U(g̃)Ω,Ω〉, where Ω(ω) =
⊗

(r,x)∈ω

(e−
r
2 hr,x),

can be written as

(8.1) Ψ(g̃) = exp

(
−
∫
X

ψ(c(x)) dm(x)

)
for g̃ = (w̃, c̃) ∈ PX

0 ,

where

ψ(c) =

∫
Sn−2

log(1 + i〈c, s〉) ds,(8.2)

Ψ(r̃) = exp

(
−
∫
X

log
(r1/2(x) + r−1/2(x)

2

)
dm(x)

)
for r̃ ∈ (R∗

+)
X .(8.3)

Another (integral) model of this representation was given in [12].

8.2. The model associated with the decomposition P = D � P0, where D =
RR

∗
+×O(n−1). The construction of this model is based on an arbitrary one-dimensional

representation T1,e of the commutative group Rn−1; it is given by the formula c �→ ei〈c,c0〉,
where c0 �= 0 is an arbitrary fixed vector in R

n−1. The conjugate one-dimensional
representations Tr,w have the form c �→ ei〈rcw,c0〉, where r ∈ R∗

+ and w ∈ O(n − 1).
Note that Tr,w = Tr,ww0

if w0 is an element of the stationary subgroup of the vector
c0 ∈ Rn−1. Hence, the family of one-dimensional representations of Rn−1 conjugate to
T1,e is equivalent to the space of pairs (r, s), s ∈ Sn−2.

Clearly, the triple (u, T1,e, h), where h = 1 and u(r, w) = r, satisfies the summability
condition and hence gives rise to a representation of the group PX in a quasi-Poisson
space; this role is played by the space

QPS(E(Y ), σ) = L2(E(Y ), σ), where (Y, μ) = (R∗
+ × O(n− 1), d∗r dw)× (X,m),

i.e., the space of scalar functions ϕ(ω) on E(Y ) with the norm ‖ϕ‖2 =
∫
E(Y )

|ϕ(ω)|2 dσ(ω).
The operators of this representation are given by the formulas

(U(c̃)ϕ)(ω) = exp

(
i

∑
(r,w;x)∈ω

〈c(x), rc0w〉
)
ϕ(ω) for c̃ ∈ (Rn−1)X ,

U(r̃0, w̃0)

( ⊗
(r,w;x)∈ω

v(r, w;x)

)
= e−

1
2

∫
X

Log r0(x) dm(x)
⊗

(r,w;x)∈ω

v(r−1
0 (x)r, w−1

0 (x)w;x),

where Log r0 =
∫∞
0

(
e−r−1

0 r − e−r
)
d∗r = log r0.

Another model of this representation was given in [8].
We shall show that the spherical functions of the resulting representations of PX

coincide and, consequently, the representations are equivalent. For this, we consider the
representation of the group P associated with the one-dimensional representation T1,e of
the subgroup Rn−1. Since the family of representations of Rn−1 conjugate to T1,e is the
space R∗

+ × Sn−2, this representation of P acts in the same space as the representation
from the first model. It is easy to check that the operators of these representations of P
and, consequently, their 1-cocycles also coincide. Since the spherical functions of the
representations of PX can be expressed in terms of the 1-cocycles of the representations
of P , these spherical functions also coincide.
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§9. Models of representations of the group PX
, where P is the maximal

parabolic subgroup of U(n, 1)

9.1. Preliminary definitions. The maximal parabolic subgroup P ⊂ U(n, 1) has a
structure of a semidirect product:

P = D �N, where D = C
∗ × U(n− 1)

and N is the Heisenberg group of order 2n− 1.
We shall write elements of N as pairs (it, z), t ∈ R, z ∈ Cn−1, or, which is more

convenient, as pairs

(ζ, z), where ζ = it− 1

2
|z|2, t ∈ R, z ∈ C

n−1.

With this notation, the group operation in N takes the form

(ζ1, z1)(ζ2, z2) = (ζ1 + ζ2 − z1z
∗
2 , z1 + z2),

where z1z
∗
2 = 〈z1, z2〉.

By definition, elements s ∈ C∗ and u ∈ U(n− 1) act on N as the automorphisms

(ζ, z) �→ (|s|2ζ, s̄z) and (ζ, z) �→ (ζ, zu).

Thus, the group P can be presented as the semidirect product

P = R
∗
+ � P0, P0 = D0 �N,

where D0 = U(1)× U(n− 1).

9.2. Summable irreducible representations of the group P0. To construct uni-
tary irreducible representations of the group PX in quasi-Poisson spaces, it suffices to
construct summable representations of P0. We shall briefly describe these representations
(see [12]).

For n > 1, up to conjugation with respect to the group of automorphisms R ∗
+, there are

two countable families T±
m , m = 0, 1, . . . , of summable irreducible unitary representations

of the group P0. First, we describe the representations T+
m .

Consider a unitary representation of the group P0 in the Hilbert space H = H+ of
functions f(z) on C

n−1 with the norm

(9.1) ‖f‖2 =

∫
C n−1

|f(z)|2 e−zz∗
dμ(z), zz∗ =

∑
zizi.

The operators of this representation are given by the formulas

(T+(g)f)(z) = eζ0−zz∗
0 f(z + z0) for g = (ζ0, z0) ∈ N,(9.2)

(T+(g)f)(z) = f(s̄zu) for g = (s, u) ∈ D0.(9.3)

Accordingly, the operators T+
r conjugate to T+ with respect to the group of automor-

phisms R ∗
+ have the form

(T+
r (g)f)(z) = er

2ζ0−rzz∗
0 f(z + rz0) for g = (ζ0, z0) ∈ N,(9.4)

(T+
r (g)f)(z) = f(s̄zu) for g = (s, u) ∈ D0.(9.5)

The space H+ can be presented as the direct sum of irreducible pairwise nonequivalent
invariant subspaces:

H+ =
∞⊕

m=1

H+
m,
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where H+
m is the invariant subspace cyclically generated by the homogeneous polynomials

in z1, . . . , zn−1 of homogeneous degree m. In particular, the elements of H+
0 are entire

analytic functions on C
n−1.

Denote by T+
m the restrictions of the operators T+ to these subspaces.

Proposition 9.1. The representation T+
m of the group P0 in the space H+

m is summable,
with almost invariant vector of the form hm(z) = ln−2

m (zz∗), where ln−2
m is a Laguerre

polynomial.

Indeed, it is easy to show that every polynomial f(z) in zz∗ satisfies the bound
‖(T+

r (g)f)(z)− f(z)‖ < c(g)r for small r. It follows that each of these polynomials is al-
most invariant. Laguerre polynomials arise when orthogonalizing the sequence {(zz∗)m}
with respect to the norm in H.

Every representation T+
m of the subgroup P0 gives rise to an irreducible unitary rep-

resentation of the group P in the Hilbert space H+
m =

∫∞
0

H+
m d∗r; this representation is

given by the formulas

(T+
m(g)f)(r, z) = er

2ζ0−rzz∗
0 f(r, z + rz0) for g = (ζ0, z0) ∈ N,

(T+
m(g)f)(r, z) = f(|s|2r, szu) for (s, u) ∈ D.

The second family T−
m of summable irreducible unitary representations of P0 can be

obtained from T+
m by complex conjugation; namely, the representation T−

m acts in the

space of functions f(z), where f(z) ∈ H+
m, by operators of the form

T−(g)f = T+(g)f.

In particular, the representation T−
0 acts in the space of entire antianalytic functions on

C
n−1.
In accordance with the general construction, every representation T±

m of the subgroup
P0 gives rise to an irreducible unitary representation of the current group PX in the
quasi-Poisson space QPSu(E(Y ), σH±

m), where u(r) = r, (Y, μ) = (R∗
+, d

∗r)× (X,m).
These constructions of summable representations of U(n, 1) apply also for n = 1. In

this case, the subgroup P0 is one-dimensional and has two (up to conjugation) summable
one-dimensional representations. They give rise to two irreducible unitary representa-
tions of the current group PX .

§10. Constructing a representation of the group GX
in the quasi-Poisson

space QPS(X;K); the general case

In this section, the notion of a summable representation introduced in Subsection 7.1
for groups G of the form G = S � G0 is extended to a wider class of groups, which
includes U(n, 1) and O(n, 1); for every summable representation T of a group G in this
class, we construct the associated representation of the current group GX in a quasi-
Poisson space. In the case of U(n, 1) and O(n, 1), these representations are extensions
of the representations of the group PX , where P is the maximal parabolic subgroup in
U(n, 1) and O(n, 1), respectively, described in the previous sections.

10.1. Summable representations of a group G. Fix a punctured finite-dimensional
or separable Hilbert space (K,h) and a locally compact (noncompact) group S with a
left-invariant measure ds.

With the pair (K,S) we associate the Hilbert space

K = L2(S, ds;K) =

∫ ⊕

S

(Ks, hs) ds, (Ks, hs) = (K,h),
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i.e., the space of measurable sections f �→ f(s) of the fiber bundle over S with the fibers
(Ks, hs) = (K,h), endowed with the norm ‖f‖2 =

∫
S
‖f(s)‖2Ks

ds.
Fix an arbitrary positive function u(s) on S satisfying Condition A (see Subsec-

tion 7.1); with u we associate the section s �→ fu(s) ∈ Ks of this fiber bundle given

by the formula fu(s) = e−
1
2u(s)hs, hs = h.

Let G be an arbitrary locally compact group and T a unitary representation of G in

a Hilbert space K. We assume that the action of G is defined on the space K̃ of all
measurable sections of the fiber bundle over S with the fibers Ks = K.

With each element g ∈ G we associate the following section of this fiber bundle:

(10.1) bu(g) = T (g)fu − fu, where fu(s) = e−
1
2u(s)hs.

Obviously, bu(g) has the 1-cocycle property:

bu(g1g2) = bu(g1) + T (g1)bu(g2) for any g1, g2 ∈ G.

Definition 10.1. We say that the pair (T, bu) is summable if

bu(g) ∈ L2(S, ds;K) ∩ L1(S, e−
1
2u(s)ds;K) for every g ∈ G,

i.e.,

(10.2)

∫
S

‖(T (g)fu)(s)− fu(s)‖2 ds < ∞,

∫
S

‖(T (g)fu)(s)− fu(s)‖e−
1
2u(s) ds < ∞,

and the set of vectors bu(g), g ∈ G, is total in K.

In the special case where G = S � G0, the summability of a representation Te of G0

implies that the pair (T, bu), where T is the representation of G associated with Te and
bu is a 1-cocycle of T , is summable in the sense of Definition 10.1.

Theorem 10.1. The map bu : G → K̃ is a nontrivial 1-cocycle of the representation
T , and

(10.3) |〈bu(g), fu〉| ≡
∣∣∣∣
∫
S

〈bu(g, s), fu(s)〉Ks
ds

∣∣∣∣ < ∞.

Indeed, the fact that bu(g) is a 1-cocycle and the required bound follow from the
summability condition. This 1-cocycle in nontrivial, because fu /∈ L2(S, ds;K) by Con-
dition A on the function u.

Remark. The condition

bu(g) ∈ L1(S, e−
1
2u(s)ds;K) for every g ∈ G

in the definition of summability can be replaced by the weaker condition (10.3).

10.2. The representation of the group GX in the space L2(X,m;K). We associate
a unitary representation of the current group GX in a quasi-Poisson space with every
summable pair (T, bu), where T is a representation of the group G in a space K =

L2(S, ds;K) =
∫ ⊕
S
(Ks, hs) ds and bu(g) is the 1-cocycle of this representation given

by (10.1).

For this, first we introduce a (reducible) unitary representation T̃ of the group GX in
the Hilbert space

H = L2(X,m;K) =

∫ ⊕

X

Kx dm(x), Kx = K,
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i.e., in the space of sections of the fiber bundle over X with the fibers Kx = K, en-
dowed with the norm ‖f‖2 =

∫
X
‖f(x)‖2Kx

dm(x). By definition, the operators of this
representation act in the fibers f(x) of this fiber bundle by the formula

(T̃ (g(·))f)(x) = T (g(x))f(x).

The 1-cocycle bu(g) of the representation T of the group G gives rise to a 1-cocycle

b̃u(g(·)) : GX → H of the representation T̃ , which is defined by the formula b̃u(g(·), x) =
bu(g(x)). For simplicity, in what follows we shall write b̃ instead of b̃u.

The summability of (T, bu) and the condition on the group GX show that the pair

(T̃ , b̃), b̃ = b̃u, has similar summability properties; namely,

1) b̃(g) ∈ L2(X,m;K) ∩ L1(X,m;K) for every g ∈ GX ;

2) the set of vectors b̃(g), g ∈ GX , is total in H;

3) |〈b̃(g), fu〉| ≡
∣∣∫

X
〈b̃(g, x), fu(x)〉Kx

dm(x)
∣∣ < ∞ for every g ∈ GX .

There exists a natural isomorphism of Hilbert spaces

L2(X,m;K) ≈ L2(S ×X, ds dm(x);K),

where

L2(S ×X, ds dm(x);K) =

∫ ⊕

S×X

Ks,x ds dm(x), Ks,x = K,

i.e., this is the space of sections v(s, x) of the fiber bundle over S × X with the fibers
Ks,x = K, endowed with the norm ‖v‖2 =

∫
S×X

‖v(s, x)‖2 d∗r dm(x). Namely, every

vector v(s, x) ∈ L2(S ×X, ds dm(x);K) is sent to the vector v(s) =
∫ ⊕
X

v(s, x) dm(x) ∈
L2(X,m;K).

In view of this isomorphism, the representation T̃ of the group GX can be realized in
the Hilbert space of functions v(s, x) on S ×X with values in Ks,x = K with the norm

‖v‖2 =

∫
S×X

‖v(s, x)‖2 ds dm(x),

i.e., in the space

K̃ =

∫
S×X

Ks,x ds dm(x), Ks,x = K.

In this new realization, the cocycle b̃ of the representation T̃ is given by the formula

(10.4) b̃(g(·), s, x) = (T̃ (g(·))fu)(s, x)− fu(s, x), where fu(s, x) = e−
1
2u(s)hs,x.

10.3. Constructing a unitary representation of the group GX in the quasi-

Poisson space QPS(X;K). Starting with the pair (T̃ , b̃u) defined in Subsection 10.2,
we construct a representation of the current group GX in the quasi-Poisson space

QPS(X;K) = QPSu(E(S ×X), σ;K)

associated with the triple (S×X,μ, u), where dμ(s, x) = ds dm(x) and u is an extension
to S × X of the original function u(s) on S: u(s, x) = u(s). Condition A imposed on
u(s) implies that the function u(s, x) satisfies condition (2.5).

Definition 10.2. Let

L(X;K) = L2(S ×X, ds dm(x);K) ∩ L1(S ×X, e−
1
2u(s)ds dm(x);K);

Lu(X;K) = fu + L(X;K), where fu(s, x) = e−
1
2u(s)hs,x.
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With each element v ∈ Lu(X;K) and each configuration ω ∈ E(S ×X) we associate the
infinite tensor product

(10.5) Fv(ω) =
⊗

(s,x)∈ω

v(s, x), v ∈ Lu(X;K).

From the definition of the representation T of the group G and the summability
condition it follows that

1) L(X;K) is a linear dense subspace in L2(S × X, ds dm(x);K) invariant under

the operators T̃ of the representation of GX ;
2)

(10.6) b̃(g) ∈ L(X;K) for all g ∈ GX ,

and, consequently, the set Lu(X;K) is also invariant under the operators T̃ of
the representation of GX : if w ∈ L(X;K), then

T̃ (g)(fu + w) = fu + (w̃ + b̃(g)), w̃ + b̃(g) ∈ L(X;K);

3) the vectors Fv are related to the vectors qps v belonging to the quasi-Poisson
space QPS(X;K) ≡ QPS(E(S ×X), σ;K) (see Subsection 4.4) by the following
formula:

(10.7) Fv = e〈w,fu〉 qpsw, where w = v − fu ∈ L(X;K).

In its turn, this implies that the set L(X;K) of vectors Fv, v ∈ L(X;K), of the
form (10.5) is contained and total in the space QPS(X;K). Hence, in order to describe
a representation of the group GX in the quasi-Poisson space QPS(X;K), it suffices to
define the operators of this representation only on the total subset L(X;K) of vectors
Fv, v ∈ Lu(X;K).

Definition 10.3. We define an action of the operators U(g̃), g̃ ∈ GX , on the total subset
L(X;K) in QPS(X;K) by the following formula:

(10.8) U(g̃)Fv = eλ(g̃,v)FT̃ (g̃)v, v ∈ Lu(X;K),

where

(10.9) λ(g̃, v) = −1

2
‖b̃(g̃)‖2 − Re 〈b̃(g̃), fu〉 − 〈T̃ (g̃)w, T̃ (g̃)fu〉+ 〈w, fu〉, w = v − fu.

Theorem 10.2. The operators (10.8) are unitary on the set L(X;K), i.e.,

(10.10) 〈U(g̃)Fvi , U(g̃)Fv2〉 = 〈Fvi , Fv2〉 for any v1, v2 ∈ Lu(X;K) and g̃ ∈ GX ;

they satisfy the relation

(10.11) U(g̃1g̃2)Fv = eiρ(g̃1,g̃2) U(g̃1)U(g̃2)Fv for any g̃1, g̃2∈GX and v ∈ Lu(X;K),

where
ρ(g̃1, g̃2) = − Im(〈b̃(g̃2), b̃(g̃−1

1 )〉) + Im 〈b̃(g̃1g̃2)− b̃(g̃1)− b̃(g̃2), fu〉.
Therefore, they can be extended to unitary operators on the entire quasi-Poisson space
QPS(X;K) forming a projective representation of the group GX .

Proof. We use the isomorphism between the quasi-Poisson space QPS(X;K) and the
Fock space EXP(H), H = L2(S×X, ds dm(x); k) that sends a vector qpsw ∈ QPS(X;K)
to the vector expw ∈ EXP(H). In view of this isomorphism, the unitary projective rep-
resentation of the group GX in the space EXP(H) is equivalent to the unitary projective
representation of this group in the quasi-Poisson space QPS(X;K) whose operators are
defined on the total subset of vectors qpsw, w ∈ L(X,K), by the formula

V (g̃) qpsw = eλ
′(g̃,w) qps(T̃ (g̃)w + b̃(g̃)),
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where

λ′(g̃, w) = −1

2
‖b̃(g̃)‖2 − 〈T̃ (g̃)w, b̃(g̃)〉,

and satisfy the relation

V (g̃1g̃2)e
−i Im 〈b̃(g̃2),̃b(g̃−1

1 )〉V (g̃1)V (g̃2).

Passing from the vectors qpsw to the original vectors Fv (see (10.7)), we see that the
operators V (g̃) act on Fv by the formula

V (g̃)Fv = eλ
′′(g̃,w) FT̃ (g̃)v,

where λ′′(g̃, w) = λ′(g̃, w) + 〈w, fu〉 − 〈T̃ (g̃)w + b̃(g̃), fu〉. This expression for λ′′(g̃, w)
can be written as follows:

λ′′(g̃, w) = −1

2
‖b̃(g̃)‖2 − 〈b̃(g̃), fu〉 − 〈T̃ (g̃)w, T̃ (g̃)fu〉+ 〈w, fu〉.

Comparing the formulas for the operators V (g̃) and U(g̃) on the set of vectors Fv, we
see that they satisfy

(10.12) U(g̃) = ei Im 〈b̃(g̃),fu〉 V (g̃).

The theorem follows. �

In the proof of Theorem 10.2 we have also established a projective equivalence be-
tween the representation U of the group GX in the space QPS(X;K) constructed in
this section and the Fock representation V of this group. Namely, the operators of these
representations satisfy relation (10.12).

Proposition 10.1. In the case where G = S � G0 and T is the representation of the
group G associated with a summable representation Te of the subgroup G0, the con-
structed representation U of the group GX coincides with the representation described in
Subsection 7.2. Thus, in contrast to the Fock model, it is not projective.

Proof. Observe that formulas (10.8) and (7.11) for the operators of these representations
coincide up to coefficients. Hence, it suffices to check that the coefficients in these for-
mulas also coincide, i.e., that λ(g̃, v) = 0 for g̃ ∈ GX

0 and λ(s̃, v) = − 1
2

∫
X
Log s̃(x) dm(x)

for s̃ ∈ SX .
First, we verify that

(10.13) −1

2
‖b̃(g̃)‖2 − Re 〈b̃(g̃), fu〉 = −1

2
Log s(g̃) for every g̃ ∈ GX .

Indeed, for g̃ ∈ GX
0 this follows from the formula 1

2‖b(g)‖2K + Re 〈b(g), fu〉K = 0 for

g ∈ G0. For g̃ ∈ SX , (10.13) follows from the equation

1

2
‖b(s0)‖2K +Re 〈b(s0), fu〉K =

1

2

∫
S

(e−u(s0s) − e−u(s)) ds =
1

2
Log s0 for g = s0 ∈ S.

It remains to prove that

(10.14) 〈T̃ (g̃)w, T̃ (g̃)fu〉 = 〈w, fu〉 for every g̃ ∈ GX .

For g̃ ∈ GX
0 this is obvious. If g̃ = s̃0 ∈ SX , we have

〈T̃ (s̃0)w, T̃ (s̃0)fu〉 =
∫
S×X

〈w(s0(x)s, x), fu(s0(x)s, x)〉Ks,x
ds dm(x),

and (10.14) follows from the left invariance of the measure ds. �

Remark. For an arbitrary group G, relation (10.14) is not true in general.
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10.4. A formula for the spherical function. The vector Ω ∈ QPS(X,K) given by
the formula

Ω(ω) =
⊗

(s,x)∈ω

fu(s, x), where fu(s, x) = e−
1
2u(s)hs,x,

is called the vacuum vector. Obviously, ‖Ω‖ = 1. The spherical function of the repre-
sentation U of the group GX is the function Ψ on GX given by the formula Ψ(g(·)) =
〈U(g(·))Ω,Ω〉. If Ω is a cyclic vector of U , then this representation is uniquely determined
up to equivalence by the spherical function.

Theorem 10.3. The spherical function of the representation U of the group GX as-
sociated with a summable representation T of the group G and a 1-cocycle b of this
representation equals

(10.15) Ψ(g̃) = exp
(
−1

2
‖b̃(g̃)‖2 + i Im 〈b̃(g), fu〉

)
,

where b̃ is the 1-cocycle of the representation T̃ of GX in L2(X;K) generated by the pair
(T, b).

Proof. By (10.8), we have

〈T̃ (g(·))Ω(ω),Ω(ω)〉K⊗
ω
= eλ(g)

∏
(s,x)∈ω

〈(T̃ (g(·))fu)(r, x), fu(r, x)〉,

where λ(g) = − 1
2‖b̃(g)‖2 − Re 〈b̃(g), fu〉. Integrating with respect to the quasi-Poisson

measure σ yields, by an analog of Campbell’s formula,

Ψ(g) = eλ(g) exp

(∫
R∗

+×X

〈(T̃ (g(·))fu)(r, x)− fu(r, x), fu(r, x)〉Kr,x
d∗r dm(x)

)
.

Since ∫
R∗

+×X

〈(T̃ (g(·))fu)(r, x)− fu(r, x), fu(r, x)〉Kr,x
d∗r dm(x) = 〈b̃(g), fu〉,

this implies (10.15). �

§11. Unitary representations of the current group U(n, 1)X

in a quasi-Poisson space

In accordance with the considerations of §10, in order to describe representations of
the current group GX in quasi-Poisson spaces, it suffices to describe summable represen-
tations of the group G. In this and the next sections, we give such a description for the
groups U(n, 1) and O(n, 1).

11.1. Basic definitions. By definition, U(n, 1) is the group of linear transformations
in Cn+1 preserving a Hermitian form of signature (n, 1). For instance, we may take the
form

|x|2 = x1xn+1 + xn+1x1 + |x2|2 + · · ·+ |xn|2

and write elements of the group U(n, 1) as block matrices g = ‖gij‖i,j=1,2,3, where the
diagonal contains square matrices of orders 1, n− 1, and 1, respectively.

To construct summable representations of the group U(n, 1), consider the homoge-
neous space L = U(n, 1)/C of this group, where C is the maximal compact subgroup
(the multidimensional complex Lobachevsky space). In the adopted matrix realization
of U(n, 1), we have C = U(n, 1) ∩ U(n+ 1),

L = {v = (a, b) ∈ C ⊕ C
n−1 | a+ a+ b∗b < 0}, where b∗b =

∑
bibi
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(b is a column vector), and the action v �→ gv on the space L of elements g = ‖gij‖i,j=1,2,3

of U(n, 1) is given by the formula g(a, b) = (a′, b′), where

a′ = (g11 + g12b+ g13a)
−1 (g31 + g32b+ g33a),

b′ = (g11 + g12b+ g13a)
−1 (g21 + g22b+ g23a).

The maximal compact subgroup C is the stationary subgroup of the point v0 = (−1, 0).
Denote

(11.1) p(v1, v2) = −(a1 + a2 + b∗2b1) for vi = (ai, bi) ∈ L.

It is easily seen that

(11.2) Re p(v1, v2) > 0 for any v1, v2 ∈ L.

Proposition 11.1. The function p(v1, v2) satisfies the relation

(11.3) p(gv1, gv2) = p(v1, v2) (g11 + g12b1 + g13a1)
−1 (g11 + g12b2 + g13a2)

−1

for any v1 = (a1, b1), v2(a2, b2) ∈ L and g ∈ U(n, 1).

Corollary. The function Q of a quadruple of points vi, v
′
i ∈ L, i = 1, 2, given by the

formula

(11.4) Q(v1, v2; v
′
1, v

′
2) =

p(v1, v
′
2) p(v2, v

′
1)

p(v1, v′1) p(v2, v
′
2)

is invariant under the action of the group U(n, 1) on L, i.e.,

(11.5) Q(gv1, gv2; gv
′
1, gv

′
2) = Q(v1, v2; v

′
1, v

′
2) for every g ∈ U(n, 1).

11.2. Summable irreducible representations of U(n, 1). There are two summable
unitary irreducible representations T± of the group U(n, 1). The representation T+ can
be realized in the space K+ of functions f(r, z) on R∗

+×Cn−1 entire analytic in z, endowed
with the norm

(11.6) ‖f‖2 =

∫ ∞

0

∫
Cn−1

|f(r, z)|2e−zz∗
dμ(z) d∗r,

where zz∗ =
∑

zizi and dμ(z) is the Lebesgue measure on Cn−1 normalized so that∫∞
0

e−zz∗
dμ(z) = 1.

Thus, K+ is the direct integral of the Bargmann spaces K+
r = K+ of entire analytic

functions f(z) on Cn−1 with the norm ‖f‖2 =
∫∞
0

|f(z)|2e−zz∗
dμ(z), i.e.,

K+ =

∫ ∞

0

K+
r d∗r.

Recall that the same space K+ is the space of the irreducible representation T+
0 of the

maximal parabolic subgroup P ⊂ U(n, 1) (see Subsection 9.2). We shall show that the
representation T+ of U(n, 1) defined in this section is an extension of T+

0 .
The second summable representation T− can be obtained from T+ by complex conju-

gation and, consequently, is realized in the space K− of functions f(r, z) on R∗
+ × Cn−1

entire antianalytic in z, endowed with the same norm (11.6). For definiteness, in what
follows we confine ourselves to the representation T+ and omit the plus sign.

To describe the representation T of the group U(n, 1) in the space K, we introduce a
total subset M ⊂ K and define the operators of T only on this subset.

With every element v = (a, b) ∈ L we associate the following function on R
∗
+⊕C

n−1:

(11.7) fv(r, z) = er
2a+r(z,b), where (z, b) =

∑
zibi.
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Proposition 11.2. For any fixed v ∈ L and r, the function fv(r, z) lies in the space Kr;
the inner product in Kr of two such functions equals

(11.8) 〈fv1 , fv2〉Kr
= e−r2 p(v1,v2) for vi = (ai, bi),

where p(v1, v2) is given by (11.1). In particular, ‖fv‖2|K = e−r2 p(v,v) < ∞.

Proposition 11.2 and the relation∫ ∞

0

(
e−ar2 − e−br2

)
d∗r =

1

2
log(b/a) for Re a,Re b > 0

imply the following result.

Proposition 11.3. Functions of the form fv1 − fv2 , where v1, v2 ∈ L, lie in the space
K; the inner product of two such functions equals

(11.9) 〈fv1 − fv2 , fv′
1
− fv′

2
〉 = 1

2
logQ(v1, v2; v

′
1, v

′
2),

where Q(v1, v2; v
′
1, v

′
2) is given by (11.4). In particular,

(11.10) ‖fv1 − fv2‖2 =
1

2
logQ(v1, v2; v1, v2) =

1

2
log

|p(v1, v2)|2
p(v1, v1) p(v2, v2)

.

(By log we denote the branch of the logarithm on the plane C cut along the negative
real axis such that log 1 = 0.)

It is easy to check that the set M of functions of the form fv1 − fv2 is total in K.

Definition 11.1. We define an action of the operators T̃ (g), g ∈ U(n, 1), on the set M
of functions of the form fv1 − fv2 by the formula

(11.11) T̃ (g)(fv1 − fv2) = fgv1 − fgv2 for any v1, v2 ∈ L.

This definition shows that the operators T̃ (g) preserve the set M and satisfy the group
relation. Propositions 11.3 and 11.1 (corollary) imply the following result.

Theorem 11.1. The operators T̃ (g) preserve the inner product in M and, consequently,
generate a unitary representation of the group U(n, 1) in the space K.

The representation T̃ of U(n, 1) defined in this way has a nontrivial 1-cocycle β :
U(n, 1) → K of the form β(g) = fgv0 − fv0 , where v0 = (−1, 0). In terms of the elements
of a block matrix g ∈ U(n, 1), this 1-cocycle is given by the formula

(11.12) β(g; r, z) = er
2a(g)+(z,b(g)) − e−r2 ,

where

(11.13) a(g) = (g11 − g13)
−1 (g31 − g33), b(g) = (g11 − g13)

−1 (g21 − g23).

Theorem 11.2. The pair (T̃ , β) satisfies the summability condition and, consequently,
gives rise to a unitary representation U of the current group U(n, 1)X in the quasi-
Poisson space QPS(E(Y ), σ;K) associated with u(r) = r2 and (Y, μ) = (R∗

+, d
∗r) ×

(X,m).

Proof. By Definition 10.1, it suffices to check that β(g) ∈ L1(R∗
+, e

−r2d∗r;K) for every
g ∈ U(n, 1), i.e.,

(11.14)

∫ ∞

0

‖β(g; r)‖Kr
e−r2 d∗r < ∞.

By (11.8), we have

‖(g, r)‖2 = er
2(2Re a(g)+|b(g)|2) − er

2(a(g)−1) − er
2(a(g)−1) + e−2r2 .
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Therefore, ‖b(g, r)‖ < c(g)r for small r. Since 2Re a(g)+|b(g)|2 < 0 and Re(a(g)−1) < 0
for every g ∈ U(n, 1), the integral (11.14) converges. �

11.3. The restriction of the representation T̃+ of U(n, 1) to the maximal par-
abolic subgroup P ⊂ U(n, 1). In the adopted matrix realization, P is the subgroup of
lower block triangular matrices and can be presented as the semidirect product

P = D �N,

where N is the subgroup of matrices of the form

h =

⎛
⎝ 1 0 0

−z∗ en−1 0
it− 1

2 zz
∗ z 1

⎞
⎠ , t ∈ R , z ∈ C

n−1

(the Heisenberg group of order 2n− 1) and D ∼= C
∗ ×U(n− 1) is the subgroup of block

diagonal matrices of the form d = diag(s−1, u, s), s ∈ C
∗, u ∈ U(n− 1).

We shall write elements of N as pairs (ζ, z), where z ∈ Cn−1 and ζ = it − |z|2
2 , and

elements of D as pairs (s, u), where s ∈ C∗, u ∈ U(n− 1). In this notation, P coincides
with the group described in §9.

Proposition 11.4. The restriction of the representation T̃ of the group U(n, 1) to the
subgroup P coincides with the representation T+

0 of P described in Subsection 9.2.

Proof. Since T̃ (g)fv = fgv for any v ∈ L and g ∈ U(n, 1), we have

T̃ (g)er
2a+r(z,b) = er

2a′+r(z,b′),

where

a′ = a+ ζ0 + (z0, b), b′ = b− z∗0 for g = (ζ0, z0) ∈ N ;

a′ = |s|2a, b′ = ubs for (s, u) ∈ D.

It follows that the extensions of these operators to the entire space of functions f(r, z)
have the form

(T̃ (g)f)(r, z) = er
2ζ0−rzz∗

0 f(r, z + rz0) for g = (ζ0, z0) ∈ N ;

(T̃ (g)f)(r, z) = f(|s|2r, szu) for (s, u) ∈ D.

These formulas coincide with the formulas for the representation T+
0 of P obtained in

Subsection 9.2. �

Corollary. The representation U of the group U(n, 1)X in the quasi-Poisson space as-

sociated with the pair (T̃ , β) is an extension of the representation of the subgroup PX

constructed in §9. Since the representation of PX is irreducible, it follows that U is
irreducible.

11.4. Formulas for the raising and lowering operators. The raising and lowering
operators of the Heisenberg subgroup N ⊂ U(n, 1) in the space K+ of the representation
T+ of the group U(n, 1) are defined by the formulas

a+k v =
∂(T+(g)v)

∂zk

∣∣∣∣
z=0

, a−k v =
∂(T+(g)v)

∂zk

∣∣∣∣
z=0

, k = 1, . . . , n,

for g = (t, z) ∈ N . The explicit formulas for the operators corresponding to elements of
N show that

(a+k v)(r, z) = −rzkv(r, z), (a−k v)(r, z) =
∂v(r, z)

∂zk
.
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In the representation of the current group U(n, 1)X in the quasi-Poisson space

QPS(E(R∗
+ ×X), σ;K)

associated with T+, the corresponding operators are defined on the total subset of func-
tionals of the form

ϕ(ω; v) =
⊗

(r,x)∈ω

v(r, x; z)

by the following formulas:

(a+
k ϕ)(ω; v)

= −
∑

(rs,xs)∈ω

(
v(r1, x1; z)⊗ · · · ⊗ v(rs−1, xs−1; z)⊗ rszkv(rs, xs; z)⊗ v(rs+1, xs+1; z)⊗ · · ·

)
;

(a−
k ϕ)(ω; v)

=
∑

(rs,xs)∈ω

(
v(r1, x1; z)⊗ · · · ⊗ v(rs−1, xs−1; z)⊗ rs

∂v(rs, xs; z)

∂zk
⊗ v(rs+1, xs+1; z)⊗ · · ·

)
.

§12. Unitary representations of the current group O(n, 1)X, n > 2,
in quasi-Poisson spaces

12.1. Basic definitions. By definition, O(n, 1) is the group of linear transformations
in Rn+1 preserving a quadratic form of signature (n, 1).

For n > 2, this group has one summable representation.10 To describe this represen-
tation, it is convenient to realize G = O(n, 1) as the group of linear transformations in
Rn+1 preserving the quadratic form 2x1xn+1 + x2

2 + · · · + x2
n and write its elements as

block matrices g = ‖gij‖i,j=1,2,3, where the diagonal contains square matrices of orders
1, n− 1, and 1, respectively. In this matrix realization, the maximal nilpotent subgroup
in G is the group N ∼= Rn−1 of lower triangular matrices of the form⎛

⎝ 1 0 0
−γ∗ en−1 0

− 1
2 |γ|2 γ 1

⎞
⎠ ,

and C = O(n, 1) ∩O(n+ 1) is the maximal compact subgroup in G.
We shall identify elements of the subgroup D = diag(r−1, en−1, r), r ∈ R∗

+, with
elements of R∗

+, and elements of the subgroup N with vectors γ ∈ R
n−1.

Proposition 12.1. Every element g ∈ G can be uniquely written as a product

g = rγu, where r ∈ D, γ ∈ N, u ∈ C.

Here

(12.1) r(g) = (g211 + g12g
∗
12 + g213)

−1/2, γ(g) = (g11 − g13)
−1(g∗23 − g∗21),

where the gij are the entries of a block matrix g.

10In the special case of n = 2, the group O(2, 1) is locally isomorphic to SU(1, 1) and, like U(1, 1),
has two summable representations.
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12.2. The summable representation of O(n, 1). There is a unique summable irre-
ducible unitary representation T of the group G = O(n, 1). We briefly describe it (see [9]
for details).

There exists a representation T of G in the space H̃ of measurable functions f(γ) on
N ∼= R

n−1 by operators of the form

(T (g)f)(γ) = f(γḡ)
∣∣∣−|γ|2

2
g13 + γg23 + g33

∣∣∣1−n

,

where

γḡ =
(
−|γ|2

2
g13 + γg23 + g33

)−1 (
−|γ|2

2
g12 + γg22 + g32

)
.

Denote by H the Hilbert space of functions f(γ) ∈ H̃ satisfying the condition∫
Rn−1

f(γ) dγ = 0,

where dγ is the Lebesgue measure on R
n−1. The norm in H is given by the formula

(12.2) ‖f‖2 = −
∫
Rn−1×Rn−1

log |γ′ − γ′′| f(γ′) f(γ′′) dγ′ dγ′′.

This subspace is invariant, and the operators T on H determine an irreducible unitary
representation of G, which has the following nontrivial 1-cocycle:

b(g, γ) = (T (g)f)(γ)− f(γ), where f(γ) =
(
1 +

|γ|2
2

)1−n

.

This cocycle is nontrivial because f /∈ H.
It is crucial that the vector f is invariant under the operators corresponding to the

elements of the maximal compact subgroup C, so that b(g) = 0 for g ∈ C.
A summable representation of the group G can be obtained by passing from functions

f(γ) in H to their Fourier transforms in the variable γ. In this new realization, the space
H can be written as the direct integral with respect to the measure d∗r on R

∗
+ of Hilbert

spaces Hr,

H =

∫ ∞

0

Hr d
∗r, Hr = H,

where Hr = H is the Hilbert space of functions on the unit sphere Sn−2 ⊂ Rn−1 with
the norm

‖f‖2 =

∫
Sn−2

|f(ω)|2 dω.

Thus, the elements of H are functions ϕ(r, ω) on R∗
+ × Sn−2 with the norm

‖ϕ‖2 =

∫ ∞

0

∫
Sn−2

|ϕ(r, ω)| dω d∗r.

The operators of this representation are defined on the elements of the subgroups N
and R∗

+ by the following formulas:

(T (γ)ϕ)(r, ω) = e−ir〈γ,ω〉ϕ(r, ω) for γ ∈ N,

(T (r0)ϕ)(r, ω) = ϕ(r0r, ω) for r0 = diag(r−1
0 , en−1, r).

In the new realization, the nontrivial 1-cocycle of the representation T takes the form

b(g, r, ω) = (T (g)ϕ)(r, ω)− ϕ(r, ω),

where ϕ(r, ω) is the Fourier transform of the function f(γ) =
(
1 + |γ|2

2

)1−n
.

There exists an explicit formula for ϕ(r, ω) in terms of the Bessel function Kn−1
2
(r)

(see [1, Vol. 2]):

ϕ(r, ω) = r
n−1
2 Kn−1

2
(
√
2 r).

Proposition 12.1 implies the following result.
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Proposition 12.2. The nontrivial 1-cocycle b(g) is given by the following explicit for-
mula: for an arbitrary g ∈ G,

(12.3) b(g, r, ω) = e−ir〈ω,γ(g)〉ϕ(r0(g)r)− ϕ(r), where ϕ(r) = r
n−1
2 Kn−1

2
(
√
2 r)

and r0(g) and γ(g) are given by (12.1).

Theorem 12.1. The pair (T, b) is summable.

Proof. It suffices to check that the integrals∫ ∞

0

∫
Sn−2

|b(g, r, ω)| dω d∗r

converge for every g ∈ G. This follows from the explicit formula (12.3) for the 1-cocycle

b(g) and the properties of the function ϕ(r) = r
n−1
2 Kn−1

2
(r): on the semiaxis r > 0, this

function is real-valued and positive, it decays exponentially as r → ∞, and ϕ(r) ∼ c0+c1r
as r → 0. �

12.3. The restriction to the maximal parabolic subgroup. In the adopted ma-
trix realization, the maximal parabolic subgroup P of O(n, 1) is the subgroup of lower
block triangular matrices and can be written as the semidirect product P = R∗

+ �
(D0 � N), where R∗

+ and D0 are the subgroups of block diagonal matrices of the form
diag(r−1, en−1, r) and diag(ε, u, ε), ε = ±1, u ∈ O(n), respectively. Thus, the description
of P coincides with that given in §8. On the other hand, the formulas for the representa-
tion described in this section show that its restriction to the subgroup P coincides with
the representation described in Subsection 8.1 and, consequently, is irreducible. This
implies the following result.

Theorem 12.2. The unitary representation of the current group O(n, 1)X associated
with the pair (T, b) is irreducible.
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