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WIDTH OF GROUPS OF TYPE E6

WITH RESPECT TO ROOT ELEMENTS. I

I. M. PEVZNER

Abstract. Simply connected and adjoint groups of type E6 over fields are consid-
ered. Let K be a field such that every polynomial of degree not exceeding six has a
root. It is shown that any element of the adjoint group of type E6 over K can be
expressed as a product of at most eight root elements.

Introduction

This work is a sequel to the paper [22]. Here is the main result of the present paper.

Theorem. Suppose that every nonconstant polynomial of degree not exceeding 6 over
K has a root in K. Then any element of the group Gad(E6,K) can be expressed as a
product of at most 8 root elements.

Recall that the width of a group G with respect to a generating set S is either the
minimal natural number n such that any element of G is a product of at most n elements
of S, or ∞ if there is no such n. This definition can be extended to the notion of the
width of a group G with respect to an arbitrary set S ⊂ G. In that case, the width of
〈S〉 with respect to S is called the width of G with respect to S. This definition can be
useful if our choice of the set S is closely related to the group G and has little relation
to 〈S〉. Probably the most well-known set S in this context is the set of commutators.
The width of a group G with respect to commutators is usually denoted by c(G).

1. Width of a group with respect to commutators. For the first time, the commu-
tator width of groups was considered by Shoda; in 1936, he proved that c(GL(n, F )) = 1
for any algebraically closed field F . Later, in 1951, he also proved that c(GL(n, F )) ≤ n
for any infinite field F . Tôyama and Goto showed that c(G) = 1 for any connected
compact semisimple Lie group G. In 1951, Ore [89] proved that the commutator width
of any symmetric group (finite or infinite) is at most 1. He also proved that c(An) = 1 for
n ≥ 5 and conjectured that c(G) ≤ 1 for any finite simple group G (“Ore conjecture”).

In 1954–1955, Griffiths studied commutators in the free product G = G1 ∗G2 ∗· · ·∗Gn

of finitely presented groups Gi; he showed that c(G) ≥ n if [Gi, Gi] is nontrivial for
every i. Later, Goldstein and Turner [62] proved that in fact c(G) ≥

∑
c(Gi). In 1963,

Macdonald began studying the groups G with cyclic commutator subgroup [G,G]. In
[80], he proved that c(G) ≤ m/2 if G is nilpotent and [G,G] is cyclic of order m. He
also showed that finite groups G with cyclic commutator subgroup can have arbitrarily
large width. The investigation of groups with cyclic commutator subgroups continued
in publications of Rodney [92], Liebeck [79], Isaacs [73], Guralnick [66, 67, 68], and
many others. The width of operator groups was studied by de la Harpe and Skandalis
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[70, 71, 72], and by Brown and Pearcy [36]; commutator subgroups of diffeomorphism
groups were considered by McDuff [87], Mather [82]–[85], and Epstein [59].

In [112], Wood showed that c(G) = ∞ if G is the universal covering group of SL(n,R).
The group SL(n,A) for a ring A of continuous functions on a topological space was in-
vestigated in the paper by Thurston and Vaserstein [99], and in Vaserstein’s own papers
[101, 102]. Later, the group SL(n,A) for arbitrary principal ideal domains was studied
by Newman [88], Dennis and Vaserstein [46], and Vaserstein and Wheland [103]. New-
man [88] proved that c(SL(n,A)) ≤ (2 logn)/ log 3

2 + c(SL(3, A)) for any principal ideal
domain A. He conjectured that c(SL(3, A)) is always finite; Dennis and Vaserstein dis-
proved this conjecture, showing that A = C[x] is a counterexample. Notice that, as was
showed by Sivatski and Stepanov in [94], this result in fact follows from the paper [77],
published in 1982. There van der Kallen proved that the width of E(n,C[x]) with re-
spect to the set of all elementary transvections is infinite, while Sivatski and Stepanov
showed in 1999 that the set of all commutators in E(n,R) has finite width with respect
to the set of all elementary transvections for any finite-dimensional commutative ring R.
Moreover, Dennis and Vaserstein proved in [46] that c(SL(n,A)) ≤ 5 + c(SL(3, A)), and
that c(SL(n,A)) < ∞ implies c(SL(n,A)) ≤ 6 for sufficiently large n. They obtained
similar results for arbitrary associative rings of finite stable rank. This boundary was
improved from 6 to 4 by Vaserstein and Wheland.

2. Width of a group with respect to involutions. Another interesting generating
set is the set of all involutions. It is well known (see, for example, [111]) that any
element of the group G of isometries of a quadratic form over a field is a product of two
involutions in G. In 1976, Gustafson, Halmos, and Radjavi proved in [69] that any matrix
in GL(n,K) with determinant ±1 is a product of four involutory matrices (see also [35]).
In [78] Knüppel and Nielsen proved that any element of SL(n,K) is a product of four
involutory matrices in SL(n,K). In 1999, Austin proved (see [34]) that every element of a
Chevalley group G = G(F4,K) is a product of four involutions in G if |K| ≥ 25. In 2000,
Ellers [54] proved that if G is a Chevalley group over a field K containing sufficiently
many elements, then any noncentral element of G is a product of four involutions in G,
while any central element is a product of five involutions in G. Involutions in Chevalley
groups over rings are also considered sometimes; for instance, Röpcke [93] proved that if
R is a local ring with 2 ∈ R∗, V is a free R-module of rank n, f is a regular symmetric
bilinear form, and G is a group of isometries of f , then every element of G is a product
of four involutions in G.

The width of a group with respect to involutions is closely related to the problem of
determining the minimal number of involutions that generate a group in question. In
1978, Wagner [109] proved that four involutions are needed to generate U(3, 3). In [61],
Gillio and Tamburini proved that the alternating groups, the linear group, the symplectic
groups of dimension at least six, and the Suzuki groups are generated by three involutions.
It is proved that the groups G = PSp(4,K) for any finite field K and U(3, q) for q 
= 3
can be generated by three involutions; see [44] and [109].

Dalla Volta and Tamburini [45, 42, 43] proved a similar proposition for orthogonal
groups. For simple Chevalley groups over finite fields of characteristic 2, with the ex-
ception of A2,

2A2, A3, and
2A3, the same estimate was obtained by Nuzhin in [16]; for

the sporadic groups this was done by Dalla Volta in [41], and for the most of exceptional
groups by Weigel in [110]. Finally, in 1994, Malle, Saxl, and Weigel [81] proved that every
finite simple non-Abelian group G distinct from U(3, 3) is generated by three involutions
(note that two involutions can generate a dihedral group only).

In [12], Mazurov posed the question of describing the finite simple groups generated by
three involutions such that two of them commute. This question turned out to be closely
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related to the problem of finding a Hamiltonian cycle in a Cayley graph of the group
under study. Nuzhin answered this question in [16]–[19] for simple alternating groups and
for simple groups of Lie type. Later, Timofeenko, Nuzhin, and other authors investigated
sporadic groups with the help of computers. It turned out that a sporadic group G is not
generated by three involutions two of which commute if and only ifG = M11,M22,M23, or
McL. In 2003, Mazurov [15] used character tables to give a unified proof for all sporadic
groups. Tamburini and Zucca [98] obtained some very interesting results concerning
matrix groups over arbitrary finitely generated commutative rings.

3. Width of Chevalley groups with respect to root elements. Another natural
set of generators for Chevalley groups is the set of root elements. Since the root elements
in GP (φ,R) generate the elementary subgroup EP (Φ, R), which, in general, does not
coincide with GP (Φ, R), the width of a Chevalley group with respect to root elements
is defined as the width of its elementary subgroup. We already mentioned a similar
situation in the case of commutators.

Dieudonné computed the width of classical groups with respect to root elements in his
remarkable paper [49]. Later, Dieudonné’s results were extended to groups that preserve
quadratic forms with nontrivial radical (see, e.g., [95]). Dieudonné also studied the width
of classical groups with respect to reflection symmetries, i.e., involutions that fix some
hyperplane. These symmetries are closely related to both involutions and root elements;
after Dieudonné they were considered by Götzky, Ishibashi, Ellers, and many others (see
[50]–[53], [55]–[58], [64, 65, 74, 75, 76, 97, 113], and also [20, 21]).

Unlike the classical case, the width of exceptional groups with respect to root elements
was poorly investigated; the only exceptions are the natural lower bounds. We explain
the origin of these lower bounds.

Recall that the rank of the matrix A − E is called the residue of A. It is easily seen
that the residue is invariant under conjugation, and that the residue of a product of
matrices is not greater than the sum of their residues. These properties easily imply
the lower bounds for the width of Chevalley groups. For instance, we are interested in
the case of Gsc(E6,K) in the minimal, 27-dimensional representation. The residue of a
root element is equal to 6, while Gsc(E6,K) contains elements of residue 27; hence, the
width of Gsc(E6,K) is at least 5. Curiously, for classical groups similar bounds coincide
with the answer found in [49], so it is natural to believe that this is the case also for
exceptional groups (however, it seems that the width of groups of type E6 is equal to
6, not 5). Recently, Cohen, Steinbach, Ushirobira, and Wales proved that Gsc(E6,K) is
generated by five root subgroups. This result implies that the width of Gsc(E6,K) is at
most 10. No other known bounds for the width of exceptional groups have been known
until the present time.

We say that a field K is k-closed if every polynomial of degree not exceeding k over
K has a root in K (unfortunately, we could not find a generally accepted name for such
fields). Let G = Gad(E6,K), where K is a 6-closed field. We have already mentioned
that our main goal is to prove that the width of G is at most 8. However, this bound is
not sharp, and we plan to improve it to 7 (and, most likely, to 6). We also plan to prove
a similar result for the simply connected Gsc(E6,K) and to generalize these results to an
arbitrary field. The natural course of transferring our proof to the case of 2-closed field
presents some difficulties in the second part of §4; presumably, the Frobenius normal
form should be used instead of the Jordan normal form. The case of an arbitrary field is
even harder. That is why in the present paper we do not struggle to lift the restriction
on the field K.

The paper is organized as follows. In §1 we introduce the basic notation and describe
the necessary results of [22]. In §2 we consider some subgroups of Gsc(E6,K). The
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first part of §2 is concerned with diagonal matrices, in the second part we deal with
matrices from the group Dα = 〈Xβ;β ⊥ α〉, and in the third part with matrices from the
parabolic subgroup. In the fourth part of §2 we consider matrices from the Levi subgroup;
we describe them in Theorem 1. We start the investigation of the unipotent radical in
the fifth part of §2. In §3 we continue with the unipotent radical and prove Theorem 2,
which asserts that every unipotent is a product of at most three root elements. Products
of matrices are considered in §4. Let sg = {gij}, 1 ≤ i ≤ 6, 22 ≤ j ≤ 27, be the (6 × 6)-
matrix located at the top right corner of a matrix g ∈ Gsc(E6,K). We prove in §4 that if
K is a 6-closed field and A ∈ GL(6,K), then there exists a matrix g ∈ Gsc(E6,K) such
that sg = A and g is a product of at most 4 root elements (the corollary to Theorem 5). In
§5 we prove Theorem 6: for any noncentral g ∈ Gsc(E6,K), there exists h ∈ Gsc(E6,K)

such that the submatrix hgh−1 is invertible. Finally, in §6 we prove our main theorem:
for a 6-closed field K, any element of Gad(E6,K) is a product of at most 8 root elements.

Notice that most of the facts of the first few sections are either well known to special-
ists, or follow easily from classical and/or well-known facts, or, at the worst, are perfectly
natural and even intuitively obvious, although their proof can take some time. Many of
these facts were more than once mentioned by different authors. Nevertheless, it is quite
hard to find the one who was first to explicitly state such an easy fact, and virtually
impossible to pinpoint the one who discovered it. Next, it is often easier to prove some
claim from scratch than to show that it is equivalent to a known fact. Because of that,
we have taken the liberty to omit the authors of some easy facts that we prove.

The author wishes to express his gratitude to Nikolăı Aleksandrovich Vavilov, without
whom this paper would have never been written, and to Anthony Bak for hospitality and
extensive support.

§1. Basic notions

The present paper is a sequel to [22], and all our notation and terminology pertaining
to Chevalley groups, Weyl modules, and trilinear forms, is preserved. We have taken
the liberty not to reiterate §1 of [22], which describes these things in detail. We need to
recall some general facts not included in [22]. Let Φ = E6. There are two possibilities
for G = GP (Φ, R), namely, the adjoint group Gad(E6, R) = GP (Φ)(E6, R) and the simply
connected group Gsc(E6, R) = GQ(Φ)(E6, R). The adjoint group is the scheme-theoretic
quotient of the simply connected one by the constant scheme μ3. Therefore, if every
polynomial of degree at most 3 over K has a root in K, then the adjoint group is the
quotient of the simply connected one by its center, which is isomorphic to the group μ3

of cubic roots of 1: Gad(E6,K) ∼= Gsc(E6,K)/μ3. We shall use this fact later.
We make heavy use of the results of [22]. For convenience, here we list the basic results

and notation from [22]. Propositions from [22] will be cited in square brackets, e.g., [22,
Prop. 6]. From now on, K denotes an arbitrary field if it is not stated otherwise.

Recall that δ denotes the maximal root of E6, i.e., δ = 12321
2

; xα(a) denotes the

elementary root element corresponding to α ∈ E6, a ∈ K, and Xα =
{
xα(a) | a ∈ K

}
denotes the unipotent root subgroup. Let wα(t) = xα(t)x−α(−t−1)xα(t) ∈ Gsc(E6,K),

and let ĂW denote the extended Weyl group 〈wα(1);α ∈ Φ〉. It is well known that
wα(1)xβ(a)wα(1)

−1 = xwαβ(±a) for all α, β ∈ Φ = E6 and a ∈ K. As in [22], we put

Iα1 = {ρ; ρ, ρ− α ∈ Λ}, Iα2 = {ρ; ρ ∈ Λ, ρ± α /∈ Λ}, and Iα3 = {ρ; ρ, ρ+ α ∈ Λ}.

It is easy to check that conjugation with respect to wβ maps the sets Iα1 , I
α
2 , I

α
3 to the

sets I
wβ(α)
1 , I

wβ(α)
2 , I

wβ(α)
3 , respectively. Also, we put I1 = Iδ1 , I2 = Iδ2 , I3 = Iδ3 . In other

words, I1 = {i; 1 ≤ i ≤ 6}, I2 = {i; 6 < i < 22}, and I3 = {i; 22 ≤ i ≤ 27}.
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Definition. Let ρ, σ be two distinct weights. The minimal number of roots with sum
equal to ρ− σ is called the distance between ρ and σ and is denoted by d(ρ, σ). We put
d(ρ, σ) = 0 for ρ = σ.

It is known (see [22, Prop. 5]) that in our case of Gsc(E6,K) the distance between
weights can be equal to 0, 1, or 2. We say that weights within distance 1 are adjacent,
and weights within distance 2 are nonadjacent. Triples of pairwise nonadjacent weights
are called triads. Following Aschbacher, by a 3-form F we mean a triple (T,Q, F ), where
T is a cubic form, Q is its partial polarization, and F is its full polarization.

Definition. A vector v is said to be singular (with respect to a 3-form F) if Q(x, v) = 0
for any vector x. A subspace is singular if each vector in it is singular. We put the
distance d(u, v) between two distinct singular vectors u and v to be 1 if u− v is singular,
and 2 otherwise. In the former case we say that these vectors are adjacent, whereas in
the latter case we say that they are nonadjacent. If u = v, we say that the distance
between them is equal to 0.

Every matrix A ∈ Gsc(E6,K) preserves F and, therefore, maps singular vectors to
singular vectors, and nonsingular vectors to nonsingular vectors. Hence, A preserves
distance between vectors.

We mentioned in [22] that if g is a root element, then g − E lies in the Lie alge-
bra; therefore, it can be represented in the Chevalley basis. We introduce a convenient
notation.

Definition. Let g be a root element, and let α ∈ Φ = E6. The coefficient of the vector
eα in the expansion of g −E with respect to the Chevalley basis is called the coefficient
of the root element g (or of the matrix g) at the root α and is denoted by (α)g.

Let g be a root element. Denote the six-dimensional subspace Im(g − E) by V g. In
other words, V g is the subspace spanned by the columns of the matrix g−E. Similarly,
the six-dimensional subspace of V ∗ spanned by the rows of the matrix g − E is denoted
by Vg.

It is easy to check that the subspace V g is singular. The corollary to Theorem 2 shows
that the converse is also true; for any six-dimensional singular subspace W there exists
a root element g such that V g = W .

One of the most important concepts in the theory of root subgroups is the notion of
the angle between root subgroups. Some well-known facts concerning it were listed in
[22] with new proofs. In particular, the following proposition relates the notion of the
angle between root subgroups to six-dimensional singular subspaces.

Proposition 12 of [22]. Let g, h be two root elements. Then precisely one of the
following cases occurs:

(1) if V g = V h, then ∠(g, h) = 0;
(2) if dim(V g ∩ V h) = 3, then ∠(g, h) = π/3;
(3) if dim(V g ∩ V h) = 1, then ∠(g, h) = π/2;
(4) if V g ∩ V h = 0 and there exists a six-dimensional singular subspace W such

that dim(V g ∩W ) = dim(V h ∩W ) = 3, then ∠(g, h) = 2π/3;
(5) if V g ∩ V h = 0 and for any v ∈ V g there exists a unique (up to a scalar factor)

vector u ∈ V h such that v + u is singular, then ∠(g, h) = π.

We shall use this proposition later.

§2. A few subgroups

Here we consider some subgroups of the group G = Gsc(E6,K), which will be needed
in the sequel, and establish some general properties of their elements.
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1. Subgroup of diagonal matrices. Let T = {A ∈ Gsc(E6,K); i 
= j ⇔ Aij = 0} be
the subgroup of diagonal matrices.

Lemma 2.1. Let A be an arbitrary diagonal matrix of size 27× 27. Then A ∈ T if and
only if AρρAσσAττ = 1 for any triad {ρ, σ, τ}.

Proof. As was noted in [22], the group Gsc(E6,K) is the group of isometries of a tri-
linear form F . In particular, if A ∈ T , then F (eρ, eσ, eτ ) = F (Aeρ, Aeσ, Aeτ ) =
AρρAσσAττF (eρ, eσ, eτ ), which proves one implication, because F (eρ, eσ, eτ ) 
= 0. Now
we need to prove that F (x, y, z) = F (Ax,Ay,Az) for all x, y, z. By linearity, it suffices
to show this for the case where x, y, z are basis vectors. By assumption, equality occurs
when the weights corresponding to x, y, z form a triad. Otherwise, both sides are zero.
Hence, F (x, y, z) = F (Ax,Ay,Az) for all x, y, z. �

Recall that (by [22, Prop. 6]) for any weight in Iα2 there exist exactly two weights Iα1
that are nonadjacent to it. In the present section, we denote these weights by adding
lower indices 1 and 2 to the weight from Iα2 ; so if ρ ∈ Iα2 , then ρ1, ρ2 ∈ Iα1 and d(ρ, ρ1) =
d(ρ, ρ2) = 2.

Proposition 1. Let A be an arbitrary invertible diagonal matrix of size 27× 27. Then
A ∈ T if and only if there exists dA ∈ K such that

1) d3A =
∏

φ∈I1
Aφφ,

2) Aφφ =
Aφ+δ,φ+δ

dA
, where φ ∈ I3,

3) Aφφ = dA

Aφ1,φ1
Aφ2,φ2

, where φ ∈ I2.

Proof. First, we prove that A ∈ T if such a scalar dA exists. By Lemma 2.1, it suffices
to show that AρρAσσAττ = 1 for an arbitrary triad {ρ, σ, τ}. By [22, Prop. 5], we have
either ρ, σ, τ ∈ I2, or, up to renumbering, ρ ∈ I1, σ ∈ I2, and τ ∈ I3. In the former case,
we can apply [22, Prop. 6] to obtain

AρρAσσAττ =
dA

Aρ1,ρ1
Aρ2,ρ2

dA
Aσ1,σ1

Aσ2,σ2

dA
Aτ1,τ1Aτ2,τ2

=
d3A∏

i∈I1
Aii

= 1.

In order to deal with the latter case (ρ ∈ I1, σ ∈ I2, and τ ∈ I3), we recall that, by [22,
Prop. 6], the weight σ is nonadjacent to both ρ and τ + δ; therefore, up to reordering,
ρ = σ1 and τ + δ = σ2. Hence,

AρρAσσAττ = Aσ1,σ1

dA
Aσ1,σ1

Aσ2,σ2

Aσ2,σ2

dA
= 1.

Now we prove that A ∈ T implies the existence of such a scalar dA. Consider the
triads {ρ, ρ1, ρ2 − δ} and {ρ, ρ2, ρ1 − δ}, where ρ ∈ I2. Since A ∈ T , we have

(2.1) AρρAρ1ρ1
Aρ2−δ,ρ2−δ = AρρAρ2ρ2

Aρ1−δ,ρ1−δ = 1.

By [22, Prop. 6], we have Aφ−δ,φ−δ = kAφφ, where k ∈ K is one and the same for all
φ ∈ I1. Using (2.1), we obtain Aρρ = 1

kAρ1,ρ1
Aρ2,ρ2

for an arbitrary weight ρ ∈ I2. Now,

let {ρ, σ, τ} be a triad such that ρ, σ, τ ∈ I2. We have

AρρAσσAττ =
1

kAρ1,ρ1
Aρ2,ρ2

1

kAσ1,σ1
Aσ2,σ2

1

kAτ1,τ1Aτ2,τ2

.

By [22, Prop. 6], this is equal to 1
k3

∏
φ∈I1

Aφφ
. Hence, we can take dA = 1

k . �
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2. The subgroup Dα. Let α ∈ E6 be an arbitrary root. Let Dα = 〈Xβ;β ⊥ α〉. By [22,
Prop. 4], our space can be decomposed into a direct sum of three Dα-invariant subspaces:
V α
k = 〈eφ;φ ∈ Iαk 〉, where 1 ≤ k ≤ 3. Consider the restriction of Dα to V α

k . Again by
[22, Prop. 4], every Xβ becomes a transvection after restricting to V α

1 . Therefore, the
restriction of Dα to V α

1 coincides with SL(V α
1 ,K). A similar statement is valid for the

restriction to V α
3 .

Proposition 2. Suppose that A ∈ Dα, φ 
= ψ ∈ Iα1 . Then Aφ−α,φ−α = Aφφ and
cφ−α,ψ−αAφ−α,ψ−α = cφψAφψ.

Proof. By the definition ofDα, the matrix A is the product of n elementary root elements.
The proof is by induction on n. If A is the identity, there is nothing to prove. We multiply
a matrix A that satisfies the inductive assumption by an elementary root element xβ(a)
for some β ⊥ α. Let B = xβ(a)A. If φ − β /∈ Λ, the coefficients in the φth row do not
change. Applying [22, Prop. 4], we see that φ−α− β /∈ Λ. Hence, the coefficients in the
(φ−α)th row do not change either. Therefore, we may assume that φ−β, φ−α−β ∈ Λ.
Hence,

Bφ−α,φ−α = Aφ−α,φ−α + cφ−α,φ−α−βaAφ−α−β,φ−α.

By the inductive assumption, this is equal to

Aφφ + cφ−α,φ−α−βa(cφ−α−β,φ−αcφ−β,φAφ−β,φ) = Aφφ + cφ,φ−βaAφ−β,φ = Bφφ.

Now assume that φ− β = ψ. Then

Bφ−α,ψ−α = Aφ−α,ψ−α + cφ−α,ψ−αaAψ−α,ψ−α;

by the inductive assumption, this is equal to

cφ−α,ψ−αcφψAφψ + cφ−α,ψ−αaAψψ = cφ−α,ψ−αcφψBφψ,

and the proof is finished.
Finally, assume that φ− β 
= ψ. Then

Bφ−α,ψ−α = Aφ−α,ψ−α + cφ−α,φ−α−βaAφ−α−β,ψ−α.

By the inductive assumption, this is equal to

cφ−α,ψ−αcφψAφψ + cφ−α,φ−α−βa(cφ−α−β,ψ−αcφ−β,ψAφ−β,ψ).

On the other hand, since

Bφψ = Aφψ + cφ,φ−βaAφ−β,ψ,

it suffices to prove that

(2.2) cφ−α,ψ−αcφψcφ−α,φ−α−βcφ−α−β,ψ−αcφ−β,ψcφ,φ−β = 1.

Note that the root ψ−φ ∈ E6 is orthogonal to α, so that (2.2) follows from [22, Lemma 2.1]
with γ equal to ψ − φ and σ equal to φ− α− β. �

Mostly, we shall use the group Dδ; we denote it simply by D. The subspaces V δ
k will

be denoted by Vk. The preceding claim can be simplified for elements of D.

Corollary. Suppose A ∈ D and φ, ψ ∈ I1. Then Aφ−δ,ψ−δ = Aφψ.

Proposition 3. Suppose A ∈ D and ρ, σ ∈ I2. Moreover, let A1 = A|V1
and let A

(ρ,σ)
1

be the submatrix of A1 obtained by omitting the rows ρ1, ρ2 and columns σ1, σ2. Let

d
(ρ,σ)
A = detA

(ρ,σ)
1 . Then Aρσ = d

(ρ,σ)
A .
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Proof. 1. By the definition of D, the matrix A is the product of n elementary root
elements corresponding to simple and minus simple roots. The proof is by induction
on n. If A is the identity matrix, there is nothing to prove. Suppose the inductive
assumption for A is fulfilled. We multiply A by an elementary root element xα(a), where
α ∈ Π±, α ⊥ δ, and put B = xα(a)A. Note that the action structure constants are
equal to 1 for simple and minus simple roots. Thus, we have Bρσ = Aρσ + aAρ−α,σ for
ρ− α ∈ Λ, and Bρσ = Aρσ for ρ− α /∈ Λ

2. Consider the case where ρ − α ∈ Λ. By [22, Prop. 6], I1 contains three weights
adjacent to both ρ and ρ − α; one weight (say, ρ1) nonadjacent to both ρ and ρ − α;
one weight (say, ρ2) nonadjacent to ρ and adjacent to ρ − α; and one weight, ρ2 + α,
adjacent to ρ and nonadjacent to ρ−α. By [22, Prop. 4], ρ2 is a unique weight in I1 such
that ρ2 + α ∈ Λ; hence, B1 can be obtained from A1 by an elementary row operation,
namely, by adding the row ρ2 multiplied by a to the row ρ2 +α. Therefore, the matrices

B
(ρ,σ)
1 , A

(ρ,σ)
1 , and A

(ρ−α,σ)
1 have three common rows, while the row ρ2 +α of B

(ρ,σ)
1 is a

sum of the row ρ2 + α of A
(ρ,σ)
1 and the row ρ2 of A

(ρ−α,σ)
1 multiplied by a. Since α is a

simple root, the numbers of the weights ρ2 and ρ2 + α differ by 1, i.e., the rows ρ2 and

ρ2+α are adjacent. Therefore, the rows ρ2 and ρ2+α of the matrices A
(ρ−α,σ)
1 and A

(ρ,σ)
1

are at the same position. Using Laplace’s formula, we get d
(ρ,σ)
B = d

(ρ,σ)
A +ad

(ρ−α,σ)
A , and

the proof is finished.
3. Suppose ρ−α /∈ Λ, and let φ ∈ I1 be a weight such that φ+α ∈ Λ (it is unique by

[22, Prop. 4]). Then [22, Prop. 6] implies that either both φ and φ+ α are nonadjacent
to ρ, or φ is adjacent to ρ whereas φ+α is not, or both φ and φ+α are adjacent to ρ. It

is easy to show that in the first two cases we have B
(ρ,σ)
1 = A

(ρ,σ)
1 , whence d

(ρ,σ)
B = d

(ρ,σ)
A .

In the last case the matrix B
(ρ,σ)
1 can be obtained from A

(ρ,σ)
1 by adding one of its rows

multiplied by a to another row; therefore, it has the same determinant and we have

d
(ρ,σ)
B = d

(ρ,σ)
A as before. �

Corollary. The map D → SL(6,K) taking an element A ∈ D to A1 = A|V1
is an

isomorphism. Moreover, the map Dα → SL(6,K) taking an element A ∈ Dα to A|V α
1

is
also an isomorphism. In particular, A|V α

2
is uniquely determined by the matrix A|V a

1
.

Proof. The first assertion easily follows from Proposition 3 and the corollary to Propo-
sition 2. We mentioned in §1 that wα(1)xβ(a)wα(1)

−1 = xwαβ(±a). Consequently,
wα(1)Dβwα(1)

−1 ⊆ Dwαβ . Notice that wα(1)
4 = E. Therefore, conjugation by wα(1) is

an isomorphism between Dβ and Dwαβ . The second assertion follows now from the first

and from the fact that wα takes Iβk to Iwαβ
k for 1 ≤ k ≤ 3. The third assertion follows

readily from the second. �

3. Parabolic subgroup. Let P = {A ∈ Gsc(E6,K);AV1 = V1} be the parabolic
subgroup of type P2. In other words, P consists of matrices having the block form⎛

⎝A11 A12 A13

0 A22 A23

0 A32 A33

⎞
⎠ ,

where A11, A13, A33 are blocks of size 6× 6, A22 is a block of size 15× 15, A12 and A32

are blocks of size 6 × 15 blocks, and A23 is a block of size 15× 6. We denote the group
PT = P−2 by P−.

Proposition 4. Suppose A ∈ P . The subspace AV2 is contained in V1 ⊕ V2. In other
words, the entry A32 in the above block matrix is zero.
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Proof. Let Ω be the set of singular vectors v ∈ V such that there exists a four-dimensional
subspace in V1 consisting of vectors adjacent to v. Let V ′ ≤ V be a subspace spanned
by Ω. It is easily seen that V ′ ⊇ V1⊕V2, because e

i lies in Ω for i ∈ I1∪I2. On the other
hand, [22, Lemma 2.2] implies that for v /∈ V1⊕V2 there is at most one (up to conjugacy)
vector in V1 adjacent to v. Therefore, v /∈ Ω. This shows that Ω ⊆ V1 ⊕ V2, whence
V ′ = V1 ⊕ V2. Moreover, since AV1 = V1, we have AΩ = Ω and AV ′ = V ′. Therefore,
AV2 ⊂ V1 ⊕ V2, as claimed. �

Remark. There is a statement similar to Proposition 4: suppose that A ∈ Gsc(E6,K) and
the blocks A31, A32 are zero; then A21 is zero, i.e., A ∈ P . Moreover, both Proposition
4 and this statement can be transposed to obtain statements about P−. The proofs of
these claims are similar to that of Proposition 4.

4. Levi subgroup. Let L be the Levi subgroup corresponding to the parabolic subgroup
P , i.e., L = P ∩ P−. By Proposition 4 and its “transpose”, L consists of all matrices in
Gsc(E6,K) that have the block form

(2.3)

⎛
⎝A 0 0
0 B 0
0 0 C

⎞
⎠ ,

where A and C are (6× 6)-blocks, and B is a (15× 15)-block. It is clear that L contains
both T and D.

Proposition 5. TD = L = DT .

First, we need to prove an auxiliary lemma.

Lemma 2.2. Suppose C ∈ L and the matrix C1 = C|V1
is diagonal. Then C is diagonal.

Proof. Suppose C|V3
is not diagonal. This means that there exist ρ 
= σ ∈ I3 such that

Cρσ 
= 0. Then σ is adjacent to σ + δ ∈ I1; in other words, eσ is adjacent to eσ+δ.
Put x = C∗σ = Ceσ ∈ V3. By assumption, xρ 
= 0. At the same time x is adjacent to
eσ+δ, since eσ+δ is proportional to eσ+δ. Therefore, the vector y = x+ eσ+δ is singular.
Furthermore, by [22, Corollary to Prop. 2] the weight ρ is nonadjacent to σ + δ. Let
τ ∈ I2 be a weight nonadjacent to both ρ and σ + δ. Consider Q(eτ , y). The definition
of Q shows that Q(eτ , y) =

∑
±yφyψ, where the sum is taken over all unordered pairs

{φ, ψ} that form a triad with τ . By [22, Prop. 5], either φ, ψ ∈ I2, or one of the weights
(say, φ) lies in I1 whereas the other lies in I3. We are not interested in the triads of
the former type, because for φ ∈ I2 we have yφ = 0. Moreover, by the definition of y, if
φ ∈ I1 and yφ 
= 0, then φ = σ+δ, whence ψ = ρ. Therefore, Q(eτ , y) = ±yσ+δyρ = ±yρ,
and this is not zero by our assumption. On the other hand, since y is a singular vector,
we have Q(eτ , y) = 0. This contradiction proves that the matrix C|V3

is diagonal.
Similarly, we can prove that C|V2

is a diagonal matrix. If not, there exist ρ 
= σ ∈ I2
such that Cρσ 
= 0. Take x = C∗σ = Ceσ ∈ V2. By assumption, xρ 
= 0. By [22, Prop. 6],
there exists a weight ρ1 ∈ I1 that is adjacent to σ and nonadjacent to ρ. Let ρ2 − δ ∈ I3
be a weight nonadjacent to both ρ and ρ1. Take y = x + eρ1 and consider Q(eρ2−δ, y).
As in the previous paragraph, Q(eρ2−δ, y) =

∑
±yφyψ, where the sum is taken over all

unordered pairs {φ, ψ} that form a triad with ρ2 − δ. By [22, Prop. 6], one of these
weights, say, φ, lies in I1, whereas the other lies in I2. Moreover, by the definition of y, if
φ ∈ I1 and yφ 
= 0, then φ = ρ1, whence ψ = ρ. Therefore, Q(eρ2−δ, y) = ±yρ1

yρ = ±yρ,
and by our assumption this is not zero. On the other hand, since y is a singular vector,
we have Q(eρ2−δ, y) = 0. This contradiction shows that C|V2

is a diagonal matrix, and
the proof is finished. �
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Proof of Proposition 5. Suppose A ∈ L, A1 = A|V1
. Consider the matrix B1 ∈ SL(V1,K)

obtained from A1 by dividing the last row by detA1. The matrix C1 = A1(B1)
−1 is

diagonal. By the corollary to Proposition 3, there exists B ∈ D such that B|V1
= B1. Let

C = AB−1; we have C|V1
= C1. By Lemma 2.2, C is a diagonal matrix; hence, A = CB

for B ∈ D, C ∈ T . The second part is obtained from the first by transposition. �

Theorem 1. Suppose A is a matrix in GL(V,K) such that the subspaces V1, V2, V3 are

A-invariant. Let A1 = A|V1
, and, for ρ, σ ∈ I2, let A

(ρ,σ)
1 be the (4× 4)-matrix obtained

by removing the rows ρ1, ρ2 and columns σ1, σ2 from A1. We have d
(ρ,σ)
A = detA

(ρ,σ)
1 .

Then A ∈ L if and only if there exists dA = 3
√
detA1 such that Aρσ =

Aρ+δ,σ+δ

dA
for

ρ, σ ∈ I3 and Aρσ =
d
(ρ,σ)
A

d2
A

for ρ, σ ∈ I2.

Proof. 1. First, we prove that if A ∈ L, then such a scalar dA exists. By Proposition 5, we
have A = BC for some B ∈ D, C ∈ T . Put B1 = B|V1

, C1 = C|V1
. Take dA to be dC from

Proposition 1 applied to C. By the definition of C, we have dA = 3
√
detA1. We check that

dA satisfies other conditions. Take ρ, σ ∈ I3. We have Aρσ = BρσCσσ =
Bρ+δ,σ+δCσ+δ,σ+δ

dA

by Proposition 1 and the corollary to Proposition 2. It remains to note that this is equal

to
Aρ+δ,σ+δ

dA
.

Now we take ρ, σ ∈ I2. We have Aρσ = BρσCσσ =
d
(ρ,σ)
B dA

Cσ1,σ1
Cσ2,σ2

by Proposition 1 and

Proposition 3. It is easy to check that d
(ρ,σ)
A = d

(ρ,σ)
B

∏
Cττ , where the product is taken

over all τ ∈ I1 adjacent to σ. Therefore,

d
(ρ,σ)
B dA

Cσ1,σ1
Cσ2,σ2

=
d
(ρ,σ)
A dA∏
τ∈I1

Cττ
=

d
(ρ,σ)
A

d2A
,

as required.
2. Suppose such a scalar dA exists. We need to prove that A ∈ L. Let C1 ∈ GL(V1,K)

be a diagonal matrix such that B1 = A1C1 ∈ SL(V1,K). It is easily seen that we can take
d−1
A to be dC of Proposition 1. Now, let C ∈ T be the matrix constructed in Proposition

1 applied to C1 and dC . Let B = AC; we have B|V1
= B1. We need to show that B ∈ D.

By Proposition 3 and the corollaries to Propositions 2 and 3, it remains to prove that

B|V3
= B|V1

and that Bρσ = d
(ρ,σ)
B for ρ, σ ∈ I2.

We prove the first relation. Take ρ, σ ∈ I3. We have

Bρσ = AρσCσσ =
Aρ+δ,σ+δ

dA
· Cσ+δ,σ+δ

dC
= Aρ+δ,σ+δCσ+δ,σ+δ = Bρ+δ,σ+δ.

To prove the second relation, we take ρ, σ ∈ I2. We have

Bρσ = AρσCσσ =
d
(ρ,σ)
A

d2A
· dC
Cσ1,σ1

Cσ2,σ2

.

It is easy to show that d
(ρ,σ)
B = d

(ρ,σ)
A

∏
Cττ , where the product is taken over all τ ∈ I1

adjacent to σ. Therefore,

d
(ρ,σ)
A

d2A
· dC
Cσ1,σ1

Cσ2,σ2

=
d
(ρ,σ)
B d3C∏
τ∈I1

Cττ
= d

(ρ,σ)
B ,

as claimed. �
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5. Unipotent subgroup. Let U2 = U+
2 be a unipotent radical of the parabolic sub-

group P2, i.e., U2 = 〈Xα;∠(α, δ) ≤ π/3〉. In other words, all matrices in U2 have the
block form

(2.4)

⎛
⎝E6 A B

0 E15 C
0 0 E6

⎞
⎠ ,

where En denotes the identity matrix of size n×n. Denote by U ′
2 the group of all matrices

in Gsc(E6,K) that have the block form described above. It is well known that U2 = U ′
2,

but, as has been mentioned, we prefer to lean upon outside facts as little as possible.
In §4 we shall prove that U2 = U ′

2, but for the purposes of the present paper it suffices
to know that U2 ≤ U ′

2, which is obvious. Similarly, U−
2 = UT

2 = 〈Xα;∠(α,−δ) ≤ π/3〉.
It is easy to check that for any two root subgroups in U2 their commutator is contained

in Xδ, and that Xδ commutes with the entire group U2. Therefore, if ∠(α, δ) = π/3, then
the coordinate xα in the decomposition of the unipotent g into the product of elementary
root unipotents is determined uniquely. We denote this coordinate by (α)g. Note that if
two unipotents are multiplied, then their blocks denoted by A (respectively, C) in (2.4)
are added. This means that for an arbitrary unipotent g its coefficients in the block
A (respectively, C) satisfy the conditions similar to those in [22, Lemma 3.1]. More
precisely, we have proved the following lemma.

Lemma 2.3. Suppose g ∈ U2 is a unipotent and either φ ∈ I1, ψ ∈ I2 or φ ∈ I2, ψ ∈ I3.
Then

(1) gφψ = 0 if d(φ, ψ) = 2;
(2) gφψ = cφψ(ψ − φ)g if d(φ, ψ) = 1.

In particular, our old definition of (α)g, given in [22], is compatible with the new one:
when they are both meaningful (i.e., for root elements that are unipotent and for roots
α such that ∠(α, δ) = π/3), their values coincide.

§3. Unipotent elements

Suppose g ∈ U2 is a unipotent, and xα(a), α ⊥ δ, is an elementary root element.
Lemma 2.3 implies that

g = E +
∑

β;∠(β,δ)=π/3

(β)geβ +
∑

i,j;i∈I1,j∈I3

gij .

Conjugating this by xα(a), we obtain

xα(a)gxα(−a) = E +
∑

β;∠(β,δ)=π/3

(β)gxα(a)eβxα(−a) +
∑

i∈I1,j∈I3

xα(a)gijxα(−a).

Denote xα(a)gxα(−a) by g′. The second sum is equal to
∑

i,j;i∈I1,j∈I3
g′ij by [22, Prop. 4].

Consider the first sum. The angle between α and β can be equal to π/3, π/2, or 2π/3. If
it is equal to π/3 or π/2, then xα(a) commutes with xβ(b), so that xα(a)eβxα(−a) = eβ .
On the other hand, if ∠(α, β) = 2π/3, then xα(a)eβxα(−a) = eβ +Nαβeα+β . We have
proved the following statement.

Lemma 3.1. Suppose that g ∈ U2 is a unipotent, and that xα(a), α ⊥ δ, is an elementary
root element, g′ = xα(a)gxα(−a). If ∠(α, β) = π/3, then (β)g′ = (β)g +Nαβa(β − α)g;
otherwise (β)g′ = (β)g.

Lemma 3.2. Suppose g ∈ U2 is a unipotent, and that there exists a root β such that
∠(β, δ) = π/3 and (β)g 
= 0. Conjugating g, if necessary, by an element of D, we may
assume that (α)g 
= 0 for α = 12321

1 .
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Proof. It is clear that the roots α and β can be connected by a sequence of roots β =
β0, β1, . . . , βn = α such that ∠(δ, βi) = ∠(βi−1, βi) = π/3 for all 1 ≤ i ≤ n. It remains to
show that if (βi−1)g 
= 0, then, conjugating g by an element of D, we may assume that
(βi)g 
= 0. This follows easily from Lemma 3.1 for α = βi − βi−1. �

Lemma 3.3. Suppose g ∈ U2 is a unipotent, and that (α)g 
= 0 for α = 12321
1 . Conju-

gating g, if necessary, by an element of D, we may assume that (α′)g = 0 for all roots
α′ such that ∠(α′, δ) = ∠(α′, α) = π/3.

Proof. Let β be a root such that ∠(β, δ) = ∠(β, α) = π/3. Assume that (β)g 
= 0.
Conjugate g by xβ−α(a). By Lemma 3.1 such conjugation affects only the coefficients for
the roots forming an angle of π/3 with β − α. We have ∠(α, β −α) = 2π/3; therefore, if
α′ is a root such that ∠(α′, α) = π/3, then all the coefficients except for the root β stay

the same. Substituting
−Nαβ(β)g

(α)g
for a, we obtain (β)g = 0. Repeating this for all β such

that ∠(β, δ) = ∠(β, α) = π/3, we finish the proof. �
Consider the roots forming an angle of π/3 with δ, and their expansions into simple

roots. In this expansion, the coefficient of α2 is equal to 1. Note that there is exactly one
root with coefficient 3 of α4, namely, α = 12321

1
, and exactly one root with coefficient 0,

namely, δ−α = 00000
1 . The other roots have coefficient 1 or 2, and there are nine roots of

each type. Finally, α forms an angle of π/3 with the roots with coefficient 2 of α4, and
α is orthogonal to the roots with coefficient 1 of α4; while for δ − α we have the reverse
situation.

Lemma 3.4. Suppose g ∈ U2 is a unipotent, (α)g 
= 0 for α = 12321
1 . Moreover, suppose

(α′)g = 0 for all roots α′ such that ∠(α′, δ) = ∠(α′, α) = π/3. Suppose there exists a root
γ ⊥ α such that ∠(γ, δ) = π/3 and (γ)g 
= 0. Conjugating g, if necessary, by an element
of D, we may assume that (β)g 
= 0 for β = 11100

1
.

Proof. It is easy to show that the angle between the roots β and γ is either π/3 or π/2.
In the latter case there exists a root γ′ such that ∠(γ′, γ) = ∠(γ′, β) = ∠(γ′, δ) = π/3.
We prove that if there are two weights γ1, γ2 such that ∠(γ1, γ2) = ∠(γi, δ) = π/3,
∠(γi, α) = π/2 for i = 1, 2, and (γ1)g 
= 0, then, conjugating g by an element of D, we
may assume that (γ2)g 
= 0. By Lemma 3.1, it suffices to show that after conjugating
g by the root element xγ2−γ1

(a) we still have (α)g 
= 0 and (α′)g = 0. Note that
γ2 − γ1 has coefficient 0 of α4 in its expansion into simple roots. The rest follows from
Lemma 3.1. �
Lemma 3.5. Suppose g ∈ U2 is a unipotent and (α)g 
= 0 for α = 12321

1 . Moreover,
suppose (α′)g = 0 for all roots α′ such that ∠(α′, δ) = ∠(α′, α) = π/3. Suppose (β)g 
= 0
for β = 11100

1 . Conjugating g, if necessary, by an element of D, we may assume that
(β′)g = 0 for all roots β′ such that ∠(β′, δ) = ∠(β′, β) = π/3.

Proof. The proof is similar to that of Lemma 3.3. Let γ be a root such that ∠(γ, δ) =
∠(γ, β) = π/3. Suppose (γ)g 
= 0. Conjugate g by xγ−β(a). As was shown in the proof
of Lemma 3.3, this conjugation does not affect the coefficients of the roots β′ 
= γ with
∠(β′, δ) = ∠(β′, β) = π/3. Note that γ − β has coefficient 0 of α4 in its expansion into
simple roots. By Lemma 3.1, the coefficients of α and α′ are not altered either. Choosing
a scalar a such that (γ)g becomes 0, and repeating this procedure for all γ such that
∠(γ, δ) = ∠(γ, β) = π/3 and (γ)g 
= 0, we finish the proof. �
Lemma 3.6. Suppose g ∈ U2 is a unipotent. Conjugating g, if necessary, by an element
of D, we may assume that (γ)g = 0 for all γ 
= 12321

1
, 11100

1
, 01110

1
, 00111

1
, 00000

1
such that

∠(γ, δ) = π/3.
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Proof. We apply Lemmas 3.2–3.5. It remains to conjugate g by an element of D in order
to get (011111 )g = (001101 )g = 0 (without changing the other coefficients). Suppose that

one of (01111
1

)g and (00110
1

)g is not 0. Conjugating g, if necessary, by root elements xγ′(a)

for γ′ = −00001
0

or 01000
0

, we may assume that (01110
1

)g 
= 0. Then, conjugating g by root

elements xγ′(a) for γ′ = 00001
0 and −01000

0 , we may assume that (011111 )g = (001101 )g = 0,
as required. �

Theorem 2. Every unipotent g ∈ U2 can be expressed as a product of at most three root
elements.

Proof. By Lemma 3.6, we may assume that (γ)g = 0 for all roots γ 
= 12321
1 , 11100

1 ,
01110

1 , 00111
1 , 00000

1 such that ∠(γ, δ) = π/3. Suppose (000001 )g 
= 0. Then, conjugating

g by xγ′(a), where γ′ = 00111
0

, we may assume that (00111
1

)g = 0. However, after this

conjugation we can have nonzero coefficients of 11211
1

and 01221
1

. In other words, the
unipotent g is expressed as a product of elementary root elements corresponding to the
roots 00000

1 , 01110
1 , 11100

1 , 11211
1 , 01221

1 , 12321
1 , and maybe 12321

2 . Notice that a product of two
root elements forming an angle of π/3 is also a root element. Indeed, [22, Prop. 1] allows
us to assume that those root elements are elementary, and the claim becomes obvious.
Thus, the products of the first and second, of the third and fourth, and of the remaining
three root elements are in fact three root elements, and their total product is g.

The only remaining case is (00000
1

)g = 0. If either one of the remaining coefficients is
also 0, the theorem is obvious. Otherwise, suppose that the remaining four coefficients
are nonzero. Conjugate g by the root element xγ′(1), where γ′ = −11100

0 . The coefficients

of 00000
1 and 01221

1 become nonzero. Now, conjugating g by xγ′(a) for γ′ = 00111
0 , we may

assume that (00111
1

)g = 0. Thus, the coefficient of 11211
1

becomes nonzero. In other words,
as in the first case, g can be expressed as a product of elementary root elements corre-
sponding to the roots 00000

1 , 01110
1 , 11100

1 , 11211
1 , 01221

1 , 12321
1 , and maybe 12321

2 . Therefore, g
is again a product of three root elements. �

Remark. It is easily seen that the roots 12321
1 , 111001 , 011101 , 001111 , and 00000

1 from Lemmas

3.2–3.6, and also the maximal root δ = 12321
2 , lie in a root subsystem of type D4. This

means that the proof of Theorem 2 in fact happens inside D4.

We shall often consider the (6×6)-submatrix of g situated at the top right corner. This
matrix will be denoted by sg = {gij}i∈I1,j∈I3 . It takes the subspace V3 to V1. However,
it is clear that there is a standard isomorphism between V1 and V3 taking ei to ei−δ for
i ∈ I1. In order to simplify the notation, we shall implicitly make use of this isomorphism
and talk about conjugation of sg, its Jordan normal form, etc.

The following definition was mentioned in the Introduction.

Definition. A field K is n-closed if every nonconstant polynomial over K of degree at
most n has a root.

Assertion 1.

(1) Suppose g ∈ U2 is a unipotent. Then sg is conjugated to⎛
⎜⎜⎜⎜⎜⎜⎝

a 0 0 kx 0 0
0 a 0 0 ky 0
0 0 a 0 0 kz
yz 0 0 b 0 0
0 xz 0 0 b 0
0 0 xy 0 0 b

⎞
⎟⎟⎟⎟⎟⎟⎠

for some a, b, k, x, y, z ∈ K.
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(2) Suppose K is 2-closed and g ∈ U2 is a unipotent. Then the Jordan normal form
of sg looks like one of the following matrices:⎛

⎜⎜⎜⎜⎜⎜⎝

a 0 0 0 0 0
0 a 0 0 0 0
0 0 a 0 0 0
0 0 0 a 0 0
0 0 0 0 a 0
0 0 0 0 0 a

⎞
⎟⎟⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎜⎜⎝

a 1 0 0 0 0
0 a 0 0 0 0
0 0 a 0 0 0
0 0 0 a 0 0
0 0 0 0 a 0
0 0 0 0 0 a

⎞
⎟⎟⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎜⎜⎝

a 1 0 0 0 0
0 a 0 0 0 0
0 0 a 1 0 0
0 0 0 a 0 0
0 0 0 0 a 1
0 0 0 0 0 a

⎞
⎟⎟⎟⎟⎟⎟⎠

,

or ⎛
⎜⎜⎜⎜⎜⎜⎝

a 0 0 0 0 0
0 a 0 0 0 0
0 0 a 0 0 0
0 0 0 b 0 0
0 0 0 0 b 0
0 0 0 0 0 b

⎞
⎟⎟⎟⎟⎟⎟⎠

for some a 
= b ∈ K.
(3) Suppose K is 2-closed and A ∈ M(6,K) is a matrix such that its Jordan form is

one of the matrices described above. Then there exists a unipotent g ∈ U2 such
that sg = A.

We shall say that a matrix A ∈ M(6,K) is of type † if it is conjugate to a matrix as
in (1). Note that A may fail to be invertible.

Proof. It is easy to check that if we conjugate g by f ∈ D, then the submatrix sg is
multiplied by f |V1

on the left and by f−1|V3
on the right. Since f−1 ∈ D, we have

f−1|V3
= f−1|V1

= (f |V1
)−1. Therefore, if we conjugate g by f , the submatrix sg is

conjugated by f |V1
. We apply Lemma 3.6. In order to prove (1), it remains to show

that if g is as in Lemma 3.6, then sg has the form we need. Take i ∈ I1, j ∈ I3 such that
i 
= j + δ. Since g∗j is a singular vector, Q(ek, g∗j) equals 0 for all k ∈ I2 nonadjacent
to both i and j. On the other hand, the description of Q shows that Q(ek, g∗j) =
±gijgjj ±gi−δ,jgj+δ,j +

∑
±gljgmj . By [22, Prop. 6], the last sum consists of three terms

and l,m ∈ I2; at the same time, gjj = 1 and gi−δ,j = 0. Now, direct computation shows
that gij has the value we need for i 
= j + δ. The required relations for the diagonal
elements of sg, say, for gi,i−δ and gj,j−δ, can be deduced by a similar computation from
the fact that Q(ek, g∗,i−δ + g∗,j−δ) = 0 for k ∈ I2 and d(k, i) = d(k, j) = 2.

The second part follows directly from the first. Now we prove the third part. It is
easily seen that there exist unipotents g such that sg has the same Jordan normal form
as A. Moreover, as was mentioned in the previous paragraph, if we conjugate g by
f ∈ D, the submatrix sg is conjugated by the matrix f |V1

∈ SL(6,K). Conversely, by the
corollary to Proposition 3, for any B ∈ SL(6,K) there exists a matrix f ∈ D such that
f |V1

= B. Thus, it remains to show that A is conjugated to some matrix as in (2) by a
matrix from SL(6,K). This follows from the fact that K is a 2-closed field and that the
smallest size of a Jordan block in the matrices in (2) is 1 or 2. �

§4. Products

1. Reducing products of matrices in Gsc(E6, 0)K to products of matrices in
GL(6,K) and to unipotent elements. Suppose g ∈ U2 is a unipotent. The last six
columns of g span a six-dimensional singular subspace W . By [22, Theorem 2], there
exists a root element h such that V h = W . Moreover, by [22, Lemma 3.5] we have
(−δ)h 
= 0. Therefore, we have a map θ from U2 to the set of root elements RootEl−δ =
{h;h is a root element}, (−δ)h = 1}. Notice that by Lemma 2.3, the unipotent g is
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uniquely determined by the six-dimensional singular subspace W . Thus, θ is an injection.
Also, if g ∈ U2 and h = θ(g) ∈ RootEl−δ, then the first six columns of h − e coincide
with the last six columns of g. In other words, hρσ − δρ,σ = gρσ−δ for ρ ∈ Λ and σ ∈ I1.
In particular, (γ)g = ±(γ − δ)h for every root γ such that ∠(γ, δ) = π/3.

We apply [22, Theorem 1] to the case we are interested in: α = −δ. In that theorem, it
was proved that every element of RootEl−δ is obtained by conjugation of an elementary
root element x−δ(1) by the root elements xβ+δ(·), where β, β + δ ∈ E6, and by xδ(·). In
other words, for every h ∈ RootEl−δ we have h = gx−δ(1)g

−1 for some g ∈ U2. Thus, we
have a map η : RootEl−δ → U2 that takes h to g. Comparing heλ with gx−δ(1)g

−1eλ,
we see that η is inverse to θ; hence θ is a bijection. Furthermore, both η and θ are
invariant under the conjugation of U2 and RootEl−δ by elements of D. It is clear that
there are three more similar bijections besides θ. The first is the bijection between U2

and RootEl−δ that takes a unipotent g to a root element h such that Vh = 〈gi∗; i ∈ I1〉.
The second is the bijection between U−

2 and RootElδ that takes a unipotent g to a root
element h such that V h = 〈g∗i; i ∈ I1〉. The third is the bijection between U−

2 and
RootElδ that takes a unipotent g to a root element h such that Vh = 〈gi∗; i ∈ I3〉. We
have proved the following assertion.

Assertion 2.

(1) For every root element h with (−δ)h 
= 0, there exists a unipotent g ∈ U2 such
that V h = 〈g∗i; i ∈ I3〉.

(2) For every root element h with (−δ)h 
= 0, there exists a unipotent g ∈ U2 such
that Vh = 〈gi∗; i ∈ I1〉.

(3) For every root element h with (δ)h 
= 0, there exists a unipotent g ∈ U−
2 such

that V h = 〈g∗i; i ∈ I1〉.
(4) For every root element h with (δ)h 
= 0, there exists a unipotent g ∈ U−

2 such
that Vh = 〈gi∗; i ∈ I3〉.

Corollary.

(1) Suppose g is a root element and either (δ)g or (−δ)g is nonzero. Then the
matrices {gij}6i,j=1 and {gij}27i,j=22 are of type †.

(2) Suppose K is a 2-closed field. Then for every matrix A of type † there exist root
elements g, h such that (δ)g 
= 0, (δ)h 
= 0, {gij}6i,j=1 = A, and {hij}27i,j=22 = A.

Proof. Both parts follow from Assertions 1 and 2. �
Remark. It is clear that the conditions (δ)g 
= 0 and (δ)h 
= 0 in part (2) can be replaced
with (−δ)g 
= 0 and (−δ)h 
= 0.

We studied the groups U2 and U ′
2 in §2. There we noticed that U2 ≤ U ′

2. Now we can
easily prove that these groups are in fact equal.

Assertion 3. U ′
2 = U2.

Proof. It remains to show that U ′
2 ≤ U2. Suppose g

′ ∈ U ′
2. The last six columns of g′ span

a six-dimensional singular subspace V ′. By [22, Corollary to Theorem 2], there exists
a root element h ∈ RootEl−δ such that V h = V ′. By Assertion 2, there exists g ∈ U2

such that the subspace spanned by the last six rows of g coincides with V ′. This means
that gV1 = g′V1 = V ′. Thus, g−1g′ stabilizes V1, i.e., g

−1g′ ∈ P−. Now Proposition 4
(more precisely, its transposed version, cf. remark after Proposition 4), combined with
the definition of U ′

2, implies that g−1g′ = E. This concludes the proof. �
Suppose J ∈ Gsc(E6,K) is a matrix equal to wδ(1) = xδ(1)x−δ(−1)xδ(1). Consider

the set L′ obtained by multiplication of the Levi subgroup L by J from the right: L′ =
{AJ ;A ∈ L}.
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Remark. We use this new notation for wδ(1) in order to distinguish between multiplica-
tion and conjugation by it. As before, by the “action of wδ(1)”, we mean conjugation by
this element.

Theorem 3. Suppose g ∈ Gsc(E6,K) is a matrix with det sg 
= 0. Then g = vdw for
some v, w ∈ U−

2 and d ∈ L′.

Proof. Consider the six-dimensional subspace W spanned by the last six columns of g.
Let h be a root element such that V h = W . By assumption, we have det sg 
= 0, and
then [22, Lemma 3.5] yields (δ)h 
= 0. Therefore, 1

(δ)h
(h − E) + E ∈ RootElδ. This

implies that there exists a unipotent v ∈ U−
2 such that the subspace spanned by the

first six columns of v coincides with V
1

(δ)h
(h−E)+E

= V h = W . Furthermore, consider
the six-dimensional subspace W ′ < V ∗ spanned by the first six rows of g. Transposing
the previous argument, we obtain the existence of a unipotent w ∈ U−

2 such that the
subspace spanned by the last six rows of w coincides with W ′.

Now we put d = v−1gw−1. Consider the subspace V ′ generated by the last six rows
of d. At the same time w−1V3 = V3, so that V ′ = v−1gw−1V3 = v−1V . From our
choice of v it follows that V = vV1, whence V ′ = V1. In other words, dij = 0 for
7 ≤ i ≤ 27, 22 ≤ j ≤ 27. Similarly, transposing the argument above, we obtain dij = 0
for 1 ≤ i ≤ 6, 1 ≤ j ≤ 21. Finally, consider dJ−1. It is easy to check that this matrix
belongs to the parabolic subgroups P and P−. Therefore, dJ−1 ∈ L and d ∈ L′. �

Proposition 6.

(1) Suppose g1, g2 are two root elements such that (δ)g1 and (δ)g2 are both nonzero.
Then g1g2 is of type †.

(2) Suppose K is a 2-closed field. Let g1 be a root element such that (δ)g1 
= 0. Then
for every matrix A of type † there exists a root element g2 such that g1g2 = A.

Proof. We prove (1). By [22, Theorem 1], we have g1 = fxδ(a)f
−1 for some f ∈ U−

2 .
It is easy to show that for every g ∈ Gsc(E6,K) and every unipotent u ∈ U−

2 the ma-

trix sg is equal both to ug and to gu. In particular, g1g2 = f−1g1g2f = xδ(a)(f−1g2f).

Furthermore, xδ(a)(f−1g2f) = f−1g2f + a{(f−1g2f)ij}i,j∈I3 . Since g2 is a root ele-

ment, the matrix f−1g2f = g2 is scalar. By the corollary to Assertion 2, the matrix
{(f−1g2f)ij}i,j∈I3 is of type †; therefore, g1g2 is also of type †.

Now we prove (2). As before, g1g2 = xδ(a)(f−1g2f) = f−1g2f + a{(f−1g2f)ij}i,j∈I3 ,
where f and a depend on g1 only. For h = f−1g2f we have g1g2 = sh+a{hij}i,j∈I3 . Here
h can be an arbitrary root element. Since (δ)h = (δ)g2 , the condition (δ)g2 
= 0 becomes
(δ)h 
= 0. Now the corollary to Assertion 2 concludes the proof. �

Theorem 4.

(1) Suppose g1 and g2 are two elements of Gsc(E6,K) such that both det g1 and det g2
are nonzero. Then g1g2 = g1Ag2, where A is a matrix of type †. In particular,
if g2 is a root element, then g1g2 = g1A.

(2) Suppose K is a 2-closed field. Take g1 ∈ Gsc(E6,K) with det g1 
= 0. Then for
any matrix A of type † there exists a root element g2 such that g1g2 = g1A.

Proof. Let f1 be a root element such that 〈{f1}i∗; i ∈ I1〉 = 〈{g1}i∗; i ∈ I1〉 and (δ)f1 = 1.
In other words, if W = 〈{g1}i∗; i ∈ I1〉 and h1 is a root element such that V h1 = W and
(δ)h1

= 1, then f1 = x−δ(1)h1x−δ(−1). Similarly, let f2 be a root element such that
〈{f2}∗i; i ∈ I3〉 = 〈{g2}∗i; i ∈ I3〉 and (δ)f2 = 1. Then for i ∈ I1, j ∈ I3, and k ∈ Λ we
have {g1}ik =

∑
l∈I1

{g1}i,l−δ{f1}lk, because the ith row of g1 is the sum over l of the rows
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of f1 with number l multiplied by {g1}i,l−δ; similarly {g2}kj =
∑

m∈I3
{g2}m+δ,j{f2}km.

Therefore,

{g1g2}ij =
∑
k∈Λ

{g1}ik{g2}kj =
∑
k∈Λ

(∑
l∈I1

{g1}i,l−δ{f1}lk
)( ∑

m∈I3

{g2}m+δ,j{f2}km
)

=
∑
l∈I1

∑
m∈I3

(
{g1}i,l−δ{g2}m+δ,j

(∑
k∈Λ

{f1}lk{f2}km
))

=
∑
l∈I1

∑
m∈I3

({g1}i,l−δ{f1f2}lm{g2}m+δ,j).

This expression is precisely what we need in (1), if we recall the standard implicit
isomorphism V3 → V1. Now, part (2) follows from this argument and Proposition 6. �

2. Products of matrices in GL(6,K). Here we work with Jordan normal forms of
(6 × 6)-matrices. For brevity, we denote the block diagonal matrices with the blocks
B1, . . . , Bk by D(B1, . . . , Bk). Denote by (a, . . . , a) the Jordan block corresponding to
the eigenvalue a, where the number of a’s is equal to the size of the block. We denote
different eigenvalues by different letters. For example, D(a, a, (b, b), b) denotes the matrix⎛

⎜⎜⎜⎜⎝

a 0 0 0 0
0 a 0 0 0
0 0 b 1 0
0 0 0 b 0
0 0 0 0 b

⎞
⎟⎟⎟⎟⎠ .

Now we need a more precise version of the term “matrices of type †”. We say that a
matrix A ∈ GL(6,K) is a matrix of type ‡ if it is conjugate to a matrix D(a, a, a, b, b, b)
for some a, b 
= 0. In particular, every matrix of type ‡ is of type †.

Lemma 4.1. Suppose K is a 2-closed field.

(1) Let A =
(
a 0
0 b

)
and B =

(
c 0
0 d

)
be two arbitrary nonscalar matrices in GL(2,K).

Then every nonscalar matrix in GL(2,K) with the determinant abcd can be ex-
pressed as a product of matrices A′ and B′, where A′ is conjugate to A, and B′

is conjugate to B.
(2) Suppose A ∈ GL(6,K) is a block diagonal matrix with three nonscalar blocks of

size 2 × 2 with the same determinant. Then it is a product of two matrices of
type ‡.

(3) Suppose a matrix B ∈ GL(6,K) has the eigenvalues x, 1
x , y,

1
y , z,

1
z in K and that

they are pairwise distinct. Then B is a product of two matrices of type ‡.

Proof. It is easily seen that in order to prove (1) it suffices to show that the product
A′B′ can have arbitrary trace. Put A′ = A and B′ =

(
x y
z t

)
. Note that B′ is conjugate

to B if and only if x+ t = c+ d and xt− yz = cd. Furthermore, the trace of A′B′ equals
ax+ bt. Since a 
= b, the linear system⎧⎪⎨

⎪⎩
x+ t = c+ d,

ax+ bt = k,

xt− yz = cd

has a solution for every k. This proves (1). Now (2) directly follows from (1), and (3)
from (2). �
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Lemma 4.2. Suppose K is a 2-closed field and A ∈ SL(6,K) is a block upper-triangular
matrix with three diagonal (2× 2)-blocks. Moreover, suppose that either

(1) all diagonal blocks are nonscalar, or
(2) exactly one of the three diagonal blocks is scalar.

Then A is a product of three matrices of type ‡.

Proof. 1. Denote by a, b, c the determinants of the first, the second, and the third block,
respectively. We have abc = 1. Moreover, it is easily seen that every 2-closed field is
infinite. Consider any nonscalar matrix P = D(p, 1

p , p,
1
p , p,

1
p ), i.e., p 
= ±1. Then, by

Lemma 4.1 (1), we can conjugate P by a block diagonal matrix Q ∈ GL(6,K) with
(2 × 2)-blocks such that AQPQ−1 has the eigenvalues {x, a

x}, {y,
b
y}, and {z, c

z} in the

corresponding diagonal blocks for some x, y, z ∈ K∗ with x 
= a
x , y 
= b

y , z 
= c
z . Now we

need to pick x, y, z such that AQPQ−1 satisfies the assumption of Lemma 4.1 (3).
2. Suppose neither of a, b, c is equal to 1. Take y = x

a and z = y
b = cx. Now

AQPQ−1 has the eigenvalues x, 1
y , y,

1
z , z,

1
x . For AQPQ−1 to satisfy the assumption

of Lemma 4.1 (3), we need to choose x ∈ K∗ such that all eigenvalues of this matrix
are pairwise distinct. This condition yields a system of 15 inequalities on x. It is easy
to check that all these inequalities are polynomial (or can be made polynomial after
multiplication by x). Since K is infinite and we have finitely many inequalities, in order
to pick x we only need to show that there are no inequalities of degree −∞, i.e., of
the form 0 
= 0. Note that we have exactly 6 inequalities of degree at most 0. At the
same time, the inequalities expressing the fact that x, y = x

a , and z = cx are pairwise
distinct, follow from the fact that a, b, c 
= 1 (together with the fact that x 
= 0); similar
inequalities for 1

x ,
1
y ,

1
z also follow. Therefore, all inequalities have degree at least 0, and

we can pick x ∈ K∗ we need. With this x, the matrix AQPQ−1 satisfies the assumption
of Lemma 4.1 (3); therefore, it is the product of two matrices of type ‡. Hence, A is the
product of three matrices of type ‡.

3. We need to consider two cases: a = 1 with b, c 
= 1 and a = b = c = 1. In the
latter case, the matrix AQPQ−1 has the eigenvalues x, 1

x , y,
1
y , z,

1
z . In the former case,

substituting z = y
b we obtain the same matrix. For this matrix to satisfy the assumption

of Lemma 4.1 (3), it must satisfy the same 15 inequalities in two (in the former case) or
three (in the latter case) variables. It is easy to show that, as before, this system does
not contain inequalities of degree −∞, hence it has a solution. As in the previous case,
we conclude that A is the product of three matrices of type ‡, which proves the first part
of the lemma.

4. Now we prove the second part. Assume that the first block is the scalar block
D(d, d) with d2 = a. It is easily seen that, as in the first part, to obtain AQPQ−1 we
need to take not an arbitrary P but the one with p = x

d (since x, y, z do not depend on
p, we can pick p after the choice of x, y, z). In this case, since p 
= ±1, we have two more
inequalities on x, namely, x 
= ±d. Since these inequalities have degree 1, the proof of
the first part applies. �

Theorem 5. Suppose K is a 6-closed field. Then every matrix A ∈ GL(6,K) is a
product of at most 4 matrices of type †.

Proof. Since K is 6-closed, all the eigenvalues of A are in K. Therefore, the Jordan form
of A is in GL(6,K), and A is conjugate to it. Moreover, since matrices of type † are
defined up to conjugation, we may assume that A coincides with its Jordan form. We
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list all Jordan forms of matrices in GL(6,K). We partition them in accordance with
eigenvalues.

I D(a, b, c, d, e, f)
II a) D(a, b, c, d, e, e), b) D(a, b, c, d, (e, e));
III a) D(a, b, c, d, d, d), b) D(a, b, c, d, (d, d)), c) D(a, b, c, (d, d, d));
IV a) D(a, b, c, c, d, d), b) D(a, b, c, c, (d, d)), c) D(a, b, (c, c), (d, d));
V a) D(a, b, c, c, c, c), b) D(a, b, c, c, (c, c)), c) D(a, b, c, (c, c, c)),

d) D(a, b, (c, c), (c, c)), e) D(a, b, (c, c, c, c));
VI a) D(a, b, b, c, c, c), b) D(a, b, b, c, (c, c)), c) D(a, b, b, (c, c, c)),

d) D(a, (b, b), c, c, c), e) D(a, (b, b), c, (c, c)), f) D(a, (b, b), (c, c, c));
VII a) D(a, a, b, b, c, c), b) D(a, a, b, b, (c, c)), c) D(a, a, (b, b), (c, c)),

d) D((a, a), (b, b), (c, c));
VIII a) D(a, b, b, b, b, b), b) D(a, b, b, b, (b, b)), c) D(a, b, b, (b, b, b)),

d) D(a, b, (b, b), (b, b)), e) D(a, b, (b, b, b, b)), f) D(a, (b, b), (b, b, b)),
g) D(a, (b, b, b, b, b));

IX a) D(a, a, b, b, b, b), b) D(a, a, b, b, (b, b)), c) D(a, a, b, (b, b, b)),
d) D(a, a, (b, b), (b, b)), e) D(a, a, (b, b, b, b)), f) D((a, a), b, b, b, b),
g) D((a, a), b, b, (b, b)), h) D((a, a), b, (b, b, b)), i) D((a, a), (b, b), (b, b)),
j) D((a, a), (b, b, b, b));

X a) D(a, a, a, b, b, b), b) D(a, a, a, b, (b, b)), c) D(a, a, a, (b, b, b)),
d) D(a, (a, a), b, (b, b)), e) D(a, (a, a), (b, b, b)), f) D((a, a, a), (b, b, b));

XI a) D(a, a, a, a, a, a), b) D(a, a, a, a, (a, a)), c) D(a, a, a, (a, a, a)),
d) D(a, a, (a, a), (a, a)), e) D(a, a, (a, a, a, a)), f) D(a, (a, a), (a, a, a)),
g) D(a, (a, a, a, a, a)), h) D((a, a), (a, a), (a, a)), i) D((a, a), (a, a, a, a)),
j) D((a, a, a), (a, a, a)), k) D((a, a, a, a, a, a)).

Since the matrices of type † can be multiplied by a scalar, we may assume that
detA = 1; moreover, in Case XI we assume that a = 1.

Notice that Cases I, II, III, IV, V without a), VI, VII, VIII without a), b), and c), IX
without a) and f), X, and Cases h), i), k) in XI satisfy the assumption of Lemma 4.2 (1).
Therefore, the theorem is proved for those cases. Furthermore, Cases V a), VIII b), c),
IX a), f), XI d)–g), j) satisfy the assumption of Lemma 4.2 (2). Therefore, it remains to
consider Cases VIII a) and XI a)–c). It is easy to check that we can take two, one, or zero
matrices with Jordan normal form D(1, 1, 1, 1, (1, 1)) in Case XI c), b), a) respectively.
Clearly, in the remaining Case VIII a) we can take four matrices of type †. �

Corollary. Suppose K is a 6-closed field and A ∈ GL(6,K). Then there exists g ∈
Gsc(E6,K) such that sg = A and g is a product of five root elements.

Proof. By the preceding theorem, A is a product of four matrices of type †; we denote
them by A1, A2, A3, A4. Observe that all these matrices are invertible. Take a root
element g0 = xδ(1). By Theorem 4 (2) there exists a root element g1 such that g0g1 =
g0A1 = A1. Applying Theorem 4 (2) three more times, we get g0g1g2g3g4 = A1A2A3A4 =
A, as claimed. �

§5. Nondegeneracy theorem

Our goal in this section is to prove the following theorem.

Theorem 6. For every noncentral element g ∈ Gsc(E6,K) there exists h ∈ Gsc(E6,K)
such that the submatrix {hgh−1}ij, where i ∈ I1 and j ∈ I3, is invertible.
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Recall that we denote the submatrix {gij}i∈I1,j∈I3 of g ∈ Gsc(E6,K) by sg.
We need some auxiliary results.

Lemma 5.1. Let u and v be two singular vectors.

(1) If v = au, then there exists a matrix h ∈ Gsc(E6,K) such that hu = e1 and
hv = ae1.

(2) If 〈u, v〉 is a two-dimensional singular subspace, then there exists a matrix h ∈
Gsc(E6,K) such that hu = e1 and hv = e22.

(3) If the subspace 〈u, v〉 is not singular, then there exists a matrix h ∈ Gsc(E6,K)
such that hu = e1 and hv = e23.

Proof. The first two parts follow immediately from [22, Theorem 2]. We prove the third
part. By [22, Theorem 2], we may assume that u = e1. Since the subspace 〈u, v〉 is not
singular, by [22, Prop. 7] there exists a weight k such that it is nonadjacent to the first
weight and vk 
= 0.

Furthermore, let l be a weight adjacent to k such that vl 
= 0. Multiply v by the root
element h1 = xl−k

(
− clk

vl
vk

)
. Now, it is easy to check that vl = 0. By [22, Corollary

to Prop. 2], the other coordinates corresponding to the weights adjacent to k do not
change. The coordinate corresponding to k does not change either. Finally, observe that
h1e

1 
= e1 if and only if the coordinate corresponding to α1 in the decomposition of l− k
into simple roots is equal to −1. Clearly, this coordinate can be either 0 or 1, so that
u = e1 is invariant under h1. Repeating this argument for every l, we can show that the
coordinates of v corresponding to all weights adjacent to k are zero. At the same time,
we still have vk 
= 0 and u = e1. Now [22, Prop. 13] yields v = vke

k.
It remains to show that we can obtain the pair (e1, e23) from the pair (u, v) = (e1, aek)

for d(1, k) = 2. It suffices to show that we can obtain the pair (e1, el) for any weight l
adjacent to k and nonadjacent to 1 from (u, v) = (e1, aek). This can be achieved by
transforming (u, v) = (e1, aek) into (e1, aek + bel), where l is as before, and b ∈ K is
arbitrary. It is clear that we can do that by multiplying u and v by xl−k(clk

b
a ). �

Lemma 5.2. Suppose A ∈ M(6,K).

(1) If rkA = 1, then there exists B ∈ SL(6,K) such that {BAB−1}ij = 0 for
1 ≤ i ≤ 6, 1 < j ≤ 6;

(2) If rkA = 3, then there exists B ∈ SL(6,K) such that {BAB−1}ij = 0 for
1 ≤ i ≤ 6, 4 ≤ j ≤ 6, and the submatrix {BAB−1}ij, where 4 ≤ i ≤ 6,
1 ≤ j ≤ 3, is invertible.

Proof. This is obvious. �

Assertion 4.

(1) Suppose v is a singular vector with v22 
= 0 and vi = 0 for 22 < i ≤ 27. Then v
is adjacent to e1.

(2) Suppose u, v are two singular vectors, u ∈ V1, v /∈ V1⊕V2. Assume that uivj−δ =
ujvi−δ for every i, j ∈ I1. Then u is adjacent to v.

Proof. First, we prove that for every k ∈ I2 nonadjacent to the 22nd weight we have
vk = 0. Suppose the contrary. Then there exists a weight k ∈ I2 nonadjacent to both k
and the 22nd weight with vk 
= 0. Let j ∈ I1 be a weight that is nonadjacent to both
k and the 22nd weight. By definition, Q(ej , v) =

∑
±vlvm, where d(j, l) = d(j,m) =

d(l,m) = 2 and the pair {l,m} is unordered. By [22, Prop. 5], one of the weights in
each of the pairs {l,m} belongs to I3. Therefore, all the terms in that sum except for
±vkv22 are zero. From the singularity of v it follows that Q(ej , v) = 0, whence vk = 0, a
contradiction. Furthermore, by [22, Corollary to Prop. 2] and [22, Prop. 6] the weights
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nonadjacent to the first weight are precisely the weights j with 22 < j ≤ 27 and the
weights k ∈ I2 nonadjacent to the 22nd weight. Therefore, the corresponding coordinates
of v are equal to zero. Now the explicit description of F shows that F (v, e1, x) = 0 for
every x; therefore, v is adjacent to e1.

Now we prove the second part. Let A1 be a matrix in SL(V1,K) taking u to e1. As
before, there exists a matrix A ∈ D such that A|V1

= A1. Put v
′ = Av. Since AV1

= AV3

and uivj−δ = ujvi−δ for all i, j ∈ I1, we have v′i = 0 for 22 < i ≤ 27. Since v /∈ V1 ⊕ V2,
we have v′ /∈ V1 ⊕ V2, whence v′22 
= 0. It remains to apply the first part, and we are
done. �
Lemma 5.3. Suppose g ∈ Gsc(E6,K) and gij = 0 for 1 ≤ i ≤ 6 and 22 < j ≤ 27.
Suppose also that there exists i such that gi,22 
= 0. Then there exists h ∈ Gsc(E6,K)
such that (hgh−1)i∗ = e22.

Proof. Assume that i = 1. Transposing Assertion 4 (1) and applying it to v = gi∗, we
see that the covector gi∗ is adjacent to e1. This means that we can apply the transpose
of Lemma 5.1 (2) to obtain a matrix f ∈ Gsc(E6,K) such that e1f = e1 and g1∗f = e22.
Hence, e1f

−1gf = e22. Therefore, we can take h to be f−1.
Assume that i 
= 1. Applying the transpose of [22, Lemma 2.2] to v = gi∗ and u = ei,

we see that the covector gi∗ is adjacent to ei. In this case we can apply the transpose of
Lemma 5.1 (3). This means that there exists a matrix f ∈ Gsc(E6,K) such that eif = ei
and gi∗f = e22. Hence, eif

−1gf = e22. Therefore, we can take h to be f−1. �
Lemma 5.4. Suppose rk sg = 1, {sg}ij = 0 for all 1 ≤ i ≤ 6, 22 < j ≤ 27, and there
exists 1 ≤ i ≤ 6 such that sgi,22 
= 0. Then there exist weights 6 < k < 22, 22 < j ≤ 27
such that d(i, k) = 1, j 
= i− δ, and gkj 
= 0.

Proof. Suppose the contrary. Take any weight 22 < j ≤ 27 not equal to i − δ. By
assumption, gkj = 0 for every k ∈ I2 such that d(i, k) = 1. Suppose l ∈ I2 and d(i, l) = 2.
Furthermore, let m ∈ I3 be a weight such that d(i,m) = d(l,m) = 2. Consider the pair
of singular vectors ge22, gej . They should span a two-dimensional singular subspace of
V , so that F (ge22, gej , em) = 0. By the definition of F , the left-hand side is equal to∑

±(ge22)s(ge
j)t, where the sum is taken over all ordered pairs of nonadjacent weights

s, t nonadjacent to m. Note that any weight t nonadjacent to m is either nonadjacent to
i and, by [22, Prop. 6], equals l, or is adjacent to i, or equals i. However, by assumption,
gtj = 0 for every t 
= i− δ such that d(i, t) ≤ 1. Since i− δ is adjacent to m, all the terms
in that sum except for ±gi,22glj are zero. Therefore, glj = 0 for every l < 22.

Now we have gej ∈ V3 = 〈e22, e23, e24, e25, e26, e27〉 for every j such that 22 < j ≤ 27,
j 
= i − δ. Moreover, gej ∈ gV3. By [22, Prop. 12], if the intersection of two six-
dimensional singular subspaces contains a four-dimensional subspace, they coincide.
Therefore, V3 = gV3 and ge22 ∈ V3. In particular, gi,22 = 0, which contradicts our
assumption. �
Lemma 5.5. Suppose g ∈ Gsc(E6,K), i1, i2, i3 ∈ I1, and gij = 0 for 1 ≤ i ≤ 6, 25 ≤
j ≤ 27. Moreover, suppose that det{gij} 
= 0 for i = i1, i2, i3, and 22 ≤ j ≤ 24. Then
there exists h ∈ Gsc(E6,K) such that (hgh−1)ij = 0 for i = i1, i2, i3, and j 
= 22, 23, 24.

Proof. Consider the three-dimensional subspace

W = 〈gi∗; i = i1, i2, i3〉 < V ∗.

By assumption, it has a basis l1, l2, l3 such that lts = δt,s+δ for s ∈ I3. Since W is
singular, we may apply the transpose of [22, Lemma 4.2] to obtain a root element f
such that fi∗ = li for 1 ≤ i ≤ 3. At the same time we have (δ)f = 1. Furthermore,

put f ′ = x−δ(−1)fx−δ(1). It follows that V f ′
= 〈fi∗; i ∈ I1〉 and f ′

ij = fij + δi,j
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for every i ∈ I1. Assertion 2 (4) shows that there exists a unipotent h ∈ U−
2 such

that V f ′
= 〈hj∗; j ∈ I3〉. As before, this means that fij = f ′

ij − δi,j = hi−δ,j for
every i ∈ I1, whence W = 〈hi−δ,∗; 1 ≤ i ≤ 3〉. In other words, h takes the subspace
〈e22, e23, e24〉 < V ∗ to W , while fixes the subspace 〈ei; i = i1, i2, i3〉 < V ∗ (because
h ∈ U−

2 ). This implies that eihgh
−1 = eigh

−1 = gi∗h
−1 ∈ 〈e22, e23, e24〉 for i = i1, i2, i3,

completing the proof. �

Proof of Theorem 6. 1. By [22, Prop. 1], we can use conjugation to map any pair of
root subgroups to any other pair with the same angle between them. Notice that the
conjugation of a root element X by some f ∈ Gsc(E6,K) is the same as the action of f

on the subspace V X . In other words, fV X = V fXf−1

. By [22, Corollary to Theorem
2], any pair of six-dimensional singular subspaces can be mapped to any other pair with
the same angle between them (= angle between the corresponding root subgroups) by
multiplication (= by a change of basis). This means that the relative position of two
six-dimensional singular subspaces is determined by the angle between them.

Consider the six-dimensional singular subspaces V3 and gV3. The argument above
shows that there exists an element f ∈ Gsc(E6,K) such that fV3 = V3 and fgV3 is
equal to one of the following: V X−δ = V3, V X−α2 , V Xα1 , V Xα2 , V Xδ = V1. Since
f(gV3) = (fgf−1)(fV3), we can conjugate g if necessary and assume that gV3 is one of the
five subspaces described in the previous sentence. Moreover, fV3 = V3 implies f ∈ P−.
Thus, rk sg = rk fgf−1. It remains to show that this rank is determined by the angle
between the subspaces V3 and gV3: if gV3 = V3 or V

X−α2 , i.e., ∠(V3, gV3) = 0 or π/3, then
the matrix sg is zero; if gV3 = V Xα1 , i.e., ∠(V3, gV3) = π/2, then rk sg = 1; if gV3 = V Xα2 ,
i.e., ∠(V3, gV3) = 2π/3, then rk sg = 3; finally, if gV3 = V1, i.e., ∠(V3, gV3) = π, then
rk sg = 6. Suppose W is a six-dimensional singular subspace such that ∠(W, gW ) = π
and fW = V3 for some f ∈ Gsc(E6,K). Then the angle between W and gW is the
same as the angle between V3 = fW and f(gW ) = fgf−1V3. Therefore, the claim of
the theorem is equivalent to the existence of a six-dimensional subspace W forming the
angle π with gW .

Since g is noncentral, there is a singular vector not proportional to its image. By
Lemma 5.1, we can map this vector to either e22 or e23, while its image maps to e1.
This means that the angle between V3 and gV3 is at least π/2. We need to conjugate
g in order to make this angle equal to π. We prove that if this angle is equal to π/2
or 2π/3, we can increase it. As was mentioned in §3, the conjugation of g by a matrix
A ∈ D corresponds to the conjugation of sg by A1 = A|V1

. Since we can take A1 to be
an arbitrary matrix in SL(6,K), we can apply Lemma 5.2 in both cases.

2. Assume that the angle between V3 and gV3 equals π/2. We write the matrix sg in
the form described in Lemma 5.2. Since rk sg = 1, it is clear that there exists i ∈ I1 such
that gi,22 
= 0. By Lemma 5.3, we may assume that git = 0 for t 
= 22. If gkj is still
nonzero for some 1 ≤ k ≤ 6, 22 < j ≤ 27, then rk sg > 1, and this is exactly what we need
(as was mentioned above, if rk sg > 1, then the angle between V3 and gV3 is greater than
π/2). Otherwise, we can pick k and j in accordance with Lemma 5.4. Let i1 = i, i2, i3
be three of the first six weights adjacent to k and not equal to j + δ (if d(k, j) = 1, there
are exactly three such weights; otherwise there are four and we pick any three of them).
Let i4, i5, i6 are the remaining weights, and assume that d(k, i4) = 1.

Let α = i4 − k ∈ E6. By [22, Prop. 4], ∠(α, δ) = π/3. We conjugate g by a
root element xα(a). Notice that after multiplication of g by xα(a) on the left, i.e., after
replacing g with xα(a)g, the rows ρl−α multiplied by ±a add to the rows ρl if ρl−α ∈ Λ.
In particular, the row i4 is replaced by the sum of that row and the row k multiplied
by ±a. By [22, Corollary of Prop. 2], all the weights ρl except for i4 are nonadjacent
to k. By [22, Prop. 4], there are exactly three weights ρl in I1; hence, these are the
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weights i4, i5, and i6. Furthermore, multiplying g by xα(−a) on the right, i.e., replacing
g with gxα(−a), we see that the columns σl for σl+α ∈ Λ are replaced with the sums of
those columns and the columns σl + α multiplied by ±a. In particular, the column k is
replaced by the sum of that column and the column i4 multiplied by ±a. All the weights
σl except for k are adjacent to k and nonadjacent to i4 (by [22, Corollary to Prop. 2]).
By [22, Prop. 4], there are exactly three weights σl in I3, and [22, Prop. 6] shows that
these are the weights i1 − δ, i2 − δ, and i3 − δ.

Consider the impact of the conjugation of g by xα(a) on sg. First, something is added
to the rows i4, i5, i6. Note that the row k multiplied by ±a gets added to the row i4.
The result is that gi4,j equals ±agkj 
= 0 (by the choice of k and j), while still git = 0 for
t 
= 22. Next, something gets added to the columns i1 − δ, i2 − δ, i3 − δ. Thus, gi4,j 
= 0
(since j 
= i1 − δ, i2 − δ, i3 − δ), while still git = 0 for t 
= 22. It remains to observe that
the rank of the result is greater than 1.

3. Assume that the angle between V3 and gV3 equals 2π/3. We write the matrix
sg in the form described in Lemma 5.2. Suppose that the submatrix {gij}, 1 ≤ i ≤ 3,
22 ≤ j ≤ 24, is invertible. Then, by Lemma 5.5, we can conjugate g and assume that
gij = 0 for every 1 ≤ i ≤ 3 and j 
= 22, 23, 24. If there exists i ∈ I1 and 25 ≤ j ≤ 27
such that gij 
= 0, then rk sg > 3, and we are done. Otherwise, since g is invertible, there
are covectors x1, x2, x3 such that xig = ei+24 for 1 ≤ i ≤ 3. They are singular, because
their images are singular. Together with e1, e2, e3 they span a six-dimensional singular
subspace in V ∗.

Applying the transpose of [22, Prop. 7] several times, we see that the covectors x1, x2,
x3 may have nonzero coefficients only at the positions 1–8 and 12. By the definition of
xi, since gij = 0 for 1 ≤ i ≤ 6, 25 ≤ j ≤ 27, the (3× 3)-submatrix on the intersection of
the rows 7, 8, 12 with the last three columns is invertible.

Conjugate g by the elementary root unipotent xα2
(1). Multiplying g by xα2

(1) from
the left, i.e., replacing g with xα2

(1)g, we add the rows 7, 8, 12 to the rows 4, 5, 6,
respectively (here we list only the changes in the submatrix sg). Therefore, after this
multiplication we still have det{gij} 
= 0, 1 ≤ i ≤ 3, 22 ≤ j ≤ 24, and gij = 0, 1 ≤ i ≤ 3,
25 ≤ j ≤ 27. At the same time, det{gij} 
= 0, 4 ≤ i ≤ 6, 25 ≤ j ≤ 27. Notice that,
after multiplication of xα2

(1)g by xα2
(−1) from the right, the columns 25, 26, 27 stay

the same, and the columns 22, 23, 24 are replaced by the sum of these columns and the
columns 19, 20, 21, respectively. Observe that we still have det{gij} 
= 0, 1 ≤ i ≤ 3,
22 ≤ j ≤ 24, gij = 0 for 1 ≤ i ≤ 3, 25 ≤ j ≤ 27, and det{gij} 
= 0 for 4 ≤ i ≤ 6,
25 ≤ j ≤ 27. Clearly, the rank of this matrix is 6. This completes the proof.

4. It remains to consider the case where the angle between V3 and gV3 equals 2π/3 and
the matrix {gij}, 1 ≤ i ≤ 3, 22 ≤ j ≤ 24, is not invertible. Recall that the matrix {gij},
4 ≤ i ≤ 6, 22 ≤ j ≤ 24, is invertible by Lemma 5.2. By Lemma 5.5, we may assume
that gij = 0, 4 ≤ i ≤ 6, j 
= 22, 23, 24. Consider the subgroup D′ = 〈Xα;α ⊥ δ, α2〉.
It is clear that D′ < D and D′ ∼= SL(3,K)× SL(3,K), because SL(3,K) = Gsc(A2,K)
coincides with Esc(A2,K) (we mentioned this in the Introduction), i.e., it is generated

by transvections. Suppose A ∈ D′ and A1 = A|V1
. Then A1 =

(A1
1 0

0 A2
1

)
, where A1

1 and

A2
1 belong to SL(3,K). Suppose sg =

(
X1 X3

X2 X4

)
, where the Xi are (3× 3)-matrices. If we

conjugate g by A, the submatrix X1 gets conjugated by the submatrix A1
1, while X

4 gets
conjugated by A2

1. At the same time, the submatrix X2 is multiplied by A2 from the left
and by (A1

1)
−1 from the right. Finally, the submatrix X3 is multiplied by A1

1 from the
left and by (A2

1)
−1 from the right. In our case X3 = X4 = 0 and detX2 
= 0, detX1 = 0.

It is well known that there exists a matrix A1
1 ∈ SL(3,K) such that the first row of X1

is zero. Consider the first six basis covectors. Since they span a six-dimensional singular
subspace in V ∗, their images also span a six-dimensional singular subspace. Applying
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[22, Prop. 7] several times, we see that if a covector is adjacent to e22, e23, and e24, then
all of its nonzero coefficients are at the positions 7, 8, 12, and at the last six positions.
In particular, g1j = 0 for j 
= 7, 8, 12. Furthermore, denote by X5 the submatrix {gij},
1 ≤ i ≤ 3, j = 7, 8, 12. The conjugation of g by the same matrix A corresponds to the
multiplication of X5 by A1

1 from the left and by (A2
1)

−1 from the right. It is easily seen
that we can choose A1

1 and A2
1 such that

(1) the first row of X1 is zero;
(2) X2 is a diagonal matrix;
(3) g1,7 is not equal to 0.

Consider the six-dimensional singular subspace W = 〈e1, e5, e6, e16, e17, e19〉 < V ∗ and
its image. Suppose e1g = ae7 + be8 + ce12; it is clear that e5g = ke23 and e6g = le24. As
above, e19g can have nonzero coordinates 7, 8, 12 and the last six. Since g is invertible,
at least one of the three last coordinates is nonzero. Since the first weight is adjacent to
the 19th weight, e19g is adjacent to e1g = ae7 + be8 + ce12. The explicit description of F
shows that

e19g = m(ae7 + be8 + ce12) + n(ae25 + be26 + ce27) + g19,22e22 + g19,23e23 + g19,24e24.

Moreover, n 
= 0. By [22, Prop. 7], there exists a unique (up to a scalar multiplication)
covector in W adjacent to e23, and a similar statement holds true for e24. Furthermore, it
is easily seen that this statement is true also for ae7+be8+ce12 and for eT19g. However, in
the latter case it is simpler to check this for the covector n(ae25+ be26 + ce27)+ g19,22e22
in Wg. Now, by the transpose of [22, Prop. 12], the subspaces W and Wg are opposite;
in other words, the angle between them equals π. Now we can transpose the argument
used in (1) to finish the proof. �

§6. Main theorem

In this section we prove the main theorem of the present paper.

Main theorem. Suppose that K is a 6-closed field, i.e., every polynomial of degree at
most 6 has a root in K. Then every element in Gad(E6,K) can be expressed as a product
of at most eight root elements.

Proof. 1. As was noted in §1, Gad(E6, L) = Gsc(E6, L)/μ3 for every 3-closed field L.
For each element of Gad(E6,K) there are three elements of Gsc(E6,K); they differ from

each other by a factor of 3
√
1. Let g ∈ Gsc(E6,K) be any element corresponding to our

element in Gad(E6,K). By Theorem 6 we may assume that det sg 
= 0. Furthermore,
by the corollary to Theorem 5, there exists a product h of five root elements such that
sh = sg. By Theorem 3, g = v1A

′w1 and h = v2B
′w2, where v1, w1, v2, w2 ∈ U−

2 and
A′, B′ ∈ L′. Moreover, it is clear that A′ = sg = sh = B′.

2. Suppose A = A′J−1 and B = B′J−1, where J = xδ(1)x−δ(−1)xδ(1). Then, by
definition, both A and B lie in L. By the definition of L, A (respectively, B) is a block
diagonal matrix with three blocks A1 = A|V1

(respectively, B1 = B|V1
), A2 = A|V2

(respectively, B2 = B|V2
), and A3 = A|V3

(respectively, B3 = B|V3
). Therefore, A′ and

B′ consist of three blocks on the antidiagonal, and A1 = A′ = B′ = B1 (as before, here
we use the standard isomorphism V3 → V1, see §3). By Theorem 1, either A = B (and,

therefore, A′ = B′), or there exists ξ = 3
√
1 such that B2 = ξA2 and B3 = ξ2A3. Assume

that A′ 
= B′. Conjugate h by a diagonal matrix f such that fρρ = ξ2 for ρ ∈ I1, fρρ = 1
for ρ ∈ I2, and fρρ = ξ for ρ ∈ I3. Notice that f belongs to Gsc(E6,K) by Lemma 2.1 and
[22, Prop. 5]. It is easily seen that v3 = fv2f

−1 and w3 = fw2f
−1 still belong to U−

2 ,
whereas C ′ = fB′f−1 belongs to L′. Put C = C ′J−1. Clearly, C1 = C|V1

= ξB1 = ξA1,
C2 = C|V2

= B2 = ξA2, and C3 = C|V3
= ξ2B3 = ξA3. Thus, C = ξA and C ′ = ξA′.
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Furthermore, since we are interested in elements of Gad(E6,K), we can replace g with
ξg = v1(ξA

′)w1 = v1C
′w1. Therefore, we may assume that A′ = B′.

3. The first two parts of the proof imply that g = v1A
′w1 and h = v2B

′w2 = v2A
′w2,

whereas h is a product of five root elements. Conjugating g with the unipotent w1, and
h with w2, we may assume that g = v1A

′ and h = v2A
′. Thus, gh−1 = v1v

−1
2 ∈ U−

2 is
a product of three root elements by Theorem 2. Therefore, g is a product of eight root
elements. �

References

[1] A. Borel, Properties and linear representations of Chevalley groups, Seminar on Algebraic Groups
and Related Finite Groups (Inst. Adv. Study, Princeton, NJ, 1968/1969), Lecture Notes in Math.,
vol. 131, Springer-Verlag, Berlin–New York, 1970, pp. 1–55. MR0258838 (41:3484)

[2] N. Bourbaki, Lie groups and Lie algebras. Ch. 4–6, Springer-Verlag, Berlin, 2002. MR1890629
(2003a:17001)

[3] , Lie groups and Lie algebras. Ch. 7–9, Springer-Verlag, Berlin, 2005. MR2109105
(2005h:17001)

[4] N. A. Vavilov, Can one see the signs of structure constants? Algebra i Analiz 19 (2007), no. 4, 34–
68; English transl., St. Petersburg Math. J. 19 (2008), no. 4, 519–543. MR2381932 (2009b:20087)

[5] N. A. Vavilov and M. R. Gavrilovich, An A2-proof of structure theorems for Chevalley groups of
types E6 and E7, Algebra i Analiz 16 (2004), no. 4, 54–87; English transl., St. Petersburg Math.
J. 16 (2005), no. 4, 649–672. MR2090851 (2005m:20115)

[6] N. A. Vavilov, M. R. Gavrilovich, and S. I. Nikolenko, The structure of Chevalley groups: A proof
from The Book, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 330 (2006),
36–76; English transl., J. Math. Sci. (N.Y.) 140 (2007), no. 5, 626–645. MR2253566 (2007k:20108)

[7] N. A. Vavilov and A. Yu. Luzgarev, The normalizer of the Chevalley groups of type E6, Algebra i
Analiz 19 (2007), no. 5, 37–64; English transl., St. Petersburg Math. J. 19 (2008), no. 5, 699–718.
MR2381940 (2008m:20077)

[8] N. A. Vavilov, A. Yu. Luzgarev, and I. M. Pevzner, The Chevalley group of type E6 in the
27-dimensional representation, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI)
338 (2006), 5–68; English transl., J. Math. Sci. (N.Y.) 145 (2007), no. 1, 4697–4736. MR2354606
(2009b:20022)

[9] N. A. Vavilov and I. M. Pevzner, Triples of long root subgroups, Zap. Nauchn. Sem. S.-Peterburg.

Otdel. Mat. Inst. Steklov. (POMI) 343 (2007), 54–83; English transl., J. Math. Sci (N.Y.) 147
(2007), no. 5, 7005–7020. MR2469413 (2009j:20067)
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